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Light quark pseudoscalar densities and anomaly matrix elements for 1 and ' mesons
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Matrix elements of flavor-diagonal light quark pseudoscalar densities and axial anomaly operators
between vacuum and 7 and 7’ meson states have been determined. This has been done by evaluating
current-current correlators of octet-octet and octet-singlet axial currents using QCD sum rules. The
numerical values obtained for the matrix elements compare well with those obtained in the current

literature.
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I. INTRODUCTION

Matrix elements of pseudoscalar density operators be-
tween vacuum and 7 and 1’ mesons are useful in the study
of processes involving the production and decay of these
mesons. In particular, they play an important role in semi-
leptonic and nonleptonic B-meson decays involving 7 and
1’ mesons [1-8]. These, as well as the anomaly matrix
elements, are useful in the discussion of pseudoscalar
glueballs [9]. The latter have also been used in the study
of the gluonic components of n-n’ mesons [10]. These
matrix elements also appear in the discussion of two-parton
light-cone distribution functions of these mesons where
there is no direct relation between the coupling constants
of twist-3 operators and those of twist-2 operators for 7
and n’ mesons [11]. In this work, we will determine the
matrix elements
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using the QCD sum rule. For this, we first consider the
correlators of two axial vector currents,
11gf, = [t QU0 5 OHO) (b =8,0),
(3
where
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Tos = J—g(ﬁvwsu +dy,ysd + 5y,7ss).
We had earlier considered the correlators of Eq. (3) in

Ref. [12] and determined the decay constants of 1 and 7’
mesons for the above octet and singlet currents defined by
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in the limit m, = m; = 0. In this work, we determine
their values while keeping all the quark masses nonzero.
In the current literature, the decay constants f§ are pa-
rameterized as
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On forming the divergences of the polarization tensor
1142, (g) with the momentum, we get

g*11%.(q)q" = — P (%) 4% (7)

where P¢’(q?) is free from kinematic singularities. The
divergences of currents are given as
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where we have defined the dual field strength tensor as

1
Gamr = ESMVP‘TGzU_, 0B = 41, 9)

We will assume isospin symmetry in the quark matrix
elements,

Olm, @iysuln) = Olmgdiysdln) = myA,  (10)
Olm,iiysuln'y = Olmydiysdln’)y = m A, (11)

and call
O|m siyss|n) = mA,, (12)
Olm,5iyss|n’y = m,Al, (13)

while the anomaly matrix elements will be denoted as
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In Egs. (10) and (11), m, is the average of the up- and
down-quark masses. The strange-quark matrix elements A;
and A{ will be determined in the limit m, = 0. For this, we
require the values of meson masses m,, and m,, also in the
same limit. From the diagonalization of the m,-m,  mass
matrix [13], one obtains values for 17 and 75’ masses:

mn, = (m% +m /2)

1 1 2 8
+ z\/<2m%( —2m2 — 3m%70) + §m‘,‘m. (16)
2

Here, my, is the gluonic mass term having a rigorous
interpretation through the Witten Veneziano mass formula
[14,15]. On taking the value m% = 0.73 GeV?, Eq. (16)
agrees with the physical masses w1th1n a 10% range. The
dependence of mg and m, on light quark masses is well
known [16]. From this, we find that m,, decreases by 2.2%
while m,,; decreases by 0.65% on setting m, = 0. Using
this result for the experimental masses m, = 0.547 GeV
and m,, = 0.958 GeV, we find that the values of 1 and 7’
masses are

m, =0535GeV, ity =0952GeV  (17)
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in a world where m, = 0. We will assume 7 and 7’ to be
made up of only light quarks with no mixing with the c¢
system or any glueball state. Among half a dozen functions
considered in Ref. [12], we will consider here sum rules
only for P$ and P%. Sum rules for these functions were
independent of any instanton contribution, and the quality
of the fit of the phenomenological side with the OPE side
was best obtained for these functions. In addition to this,
these sum rules give us sufficient information for our
purpose.

To use the method of the QCD sum rule for this purpose,
as is well known, one calculates PZ” using OPE on the
one hand, and it is evaluated phenomenologically using
a dispersion integral on the other hand. The Borel trans-
form of the two sides is matched over an appropriately
chosen Borel window. After the Borel transform, the phe-
nomenological side is dominated by the ground-state con-
tribution, while the resonance and the continuum
contributions are parameterized by the loop diagrams of
the OPE side with a continuum threshold. Matching of the
two sides determines the phenomenological quantity of
interest in terms of QCD parameters, which include vac-
uum condensates.

II. SUM RULES

From P38, we get the following sum rule, which is an
extension of the corresponding Eq. (33) in Ref. [12], with
my # 0, as

1 _ 8 1 7m2, M?
Kgs +3 W(quq — myA,) e /M 3 2 (myAy — myA{)e %
n '
1 a, (17 M2 wAH 8 16 (5s) 2 mg
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-3 772 T Ks(8s)? — 3 M4 <sg‘a' Gs) — —m £aq9) t53 2M2{ (— 2y —2In e )}EO(W)
1 m2 o, 32, a m
73 #(? @)= 5™ ke (19)

In the above equation, M is the Borel mass parameter; u is
the renormalization point; « and «, are different from 1 to
account for contributions from beyond the ground-state
factorization of four-quark condensate [17], not considered
in Ref. [12]; v is Euler’s constant; W is the continuum
threshold; Ey(x) = 1 — e™; and (au) = {(dd) = {(Gq). As
explained in Ref. [12], Ky is the residue of a spurious pole
in P8 at g> = 0, which is introduced due to the approxi-
mate form of P8 obtained by OPE. For up- and down-
quark contributions to the rhs of the sum rule, we have
retained terms up to quadratic in m,, since the linear term
will contribute only to Kgg. Also, clearly we have relations

such as § i%(quq — m,Ag)* = m3(f3)?, etc. [12]. Upon
setting m, = 0, we get the sum rule
~ 8 1 o 8 1 —in?,/M?
K88 + g W(msAs)ze m%/Mz + g mz (mSAé)ze "

n n'

2
= izm%MZ{l + a_(” +2y —2in %)}E()(W )
m 7 \3 N M?

8 16 5 2 m? G
ms(Ss) + = m <]lils2> 3M < 2>
64 m 4 m
-5 2 %s —% ky(3s)* — 3 MS (5g,0.Gs). (19)
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We have used the following constants in Egs. (18) and (19)
[12,18]:

a,(1 GeV?) = 0.5, a = —2m)*gq) = 0.55 GeV?,
(55) = 0.8(gq), b = (g2G* = 0.5 GeV*,
(5g,0.Gs) = m}(5s) with m3 = 0.8 GeV?,

my, = 0.153 GeV, m, = 0.005 GeV,

K=Kk, = 2.5, uw=1GeV and W? =23 GeV>
(20)

Equation (19) was used in Ref. [12] with «;, =1 and
physical masses of 7 and n’. The range of M? over which
the two sides of a sum rule are matched is decided as
follows: The smaller the M?, the more important are the
higher-dimensional operators, which puts a lower limit on
M?; while the larger the M?, the more important are the
resonance and continuum states, which puts an upper limit
on M?. We fit the two sides of each of Eqgs. (18) and (19)
over a range 1.0 GeV? < M? < 1.7 GeV?. It is observed
that in the specified range, the operators of highest dimen-
sion included in the OPE are contributing less than 1%, and
the resonance and the continuum states, transferred on the
OPE side and contained in Ey(W?/M?) in perturbative
terms, are contributing less than 25% to the OPE side
result. This is well within the accepted criteria for the
standard treatment of QCD sum rules [18]. We have shown
the plots of the rhs of Eq. (18) and a fit as the lhs in Fig. 1.
Also shown are the rhs of Eq. (19) along with a fit as the lhs
in Fig. 2. Equation (18) gives slightly changed results for
the decay constants:

f§, = 159.1 MeV (165.6 MeV),

/8, = —66.4 MeV (—62.2 MeV),

21

BT[-P$¥]
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FIG. 1 (color online). Plots of the two sides of Eq. (18) (called
BT[—P%]) as a function of M? for m, = 5 MeV. The best fit in
the region 1.0 GeV? = M? =< 1.7 GeV?> corresponds to
(f8 2 2 = 0.00758 GeV* and (ff],)zm%, = 0.00404 GeV*.

= 4.7 X 1073 (N = 20) for the fit in the designated interval.
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where the quantity in the bracket is from Ref. [12]. This
gives us fg = 172.4 MeV, 03 = —22.6°. If we show the
quality of the fit by x?, defined as

Z [f(x) = frlx) P
1[f0) + fre)

where f(x;) stands for the rhs of Egs. (18) and (19) and
fit(x;) for the lhs of the corresponding equation, we find
that for N = 20, y = 4.7 X 107> for both the curves. The
result of the fit for Eq. (18) gives

(22)

8 1

37 (myA, — mA))? =7.58 X 1073 GeV*,
'f]

8 1 / 12 -3 4

37 —-(m Al — mAl)? = 4.04 X 1073 GeV*, (23)
"I

Kgs = 1.41 X 1073 GeV4,
while that for Eq. (19) gives

(mA)2—752><10 3 GeV4,

(m,AL)? = 4.22 X 1073 GeV*, (24)

Kgs = 1.20 X 1073 GeV*.

Equation (19) was obtained from Eq. (18) by setting
m, = 0 consistently on both sides of the equation, and
this includes the theoretical values of n”ﬁ? and 72, as well
in the same limit. Hence, Egs. (23) and (24), obtained from
fittings of Eqs. (18) and (19), respectively, are two self-
consistent independent algebraic equations. As is shown
below for Ag and Ay [see Eqgs. (28) and (30) below]
following a similar procedure, taking the limit m, = 0

BT[-P]

1 n n L L 1 L L Ty
1.5 2.0

FIG. 2 (color online). Plots of the two sides of Eq. (19) (called
BT[—P$]) as a function of M? for m, = 0. The best fit in the
region 1.0 GeV? = M? = 1.7 GeV? corresponds to (ff,)znﬁ%, =
0.00752 GeV* and (fg,)zﬁtfl, = 0.00422 GeV*. The masses i,
and 7,y are the phenomenological masses obtained for m, = 0
[see Eq. (17)]. x = 4.7 X 107> for the fit in the designated
interval.
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does not change these matrix elements in a significant way.
We solve Egs. (23) and (24) to obtain the following results:

—m,A, = 0.02841 GeV?,
m,Al = 0.03786 GeV?, (25)
myA, =745 X107* GeV?,
m Al = 5.53 X 107* GeV>.

82
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With the constants as given by Eq. (20), we have fitted
Eq. (26) in the range 1.0 GeV? < M? < 1.9 GeV? and
displayed it in Fig. 3. The upper end of the range of M?
for this fit is kept somewhat higher than that for the fit of
P, because the required fit is better on the upper-end side
and not so well on the lower-end side, as is clear from a
comparison of Fig. 3 with Fig. 1. In the next section, we

BT[-P{]
—-0.0040
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—-0.0050
—-0.0055

—0.0060

FIG. 3 (color online). Plots of the two sides of Eq. (26) (called
BT[—P]) as a function of M? for m, = 5 MeV. The best fit in
the region 1.0 GeV? = M? =< 1.9 GeV? corresponds to
9, i %, =4.64 X 107* GeV* and £ f% m? = —6.414 X
'y
1073 GeV*. y = 1.29 X 1073 (N = 20) for the fit in the des-
ignated interval.
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The sign of m A, is fixed from the requirement that in the
limit of m, =0, —mA, = ‘f’ %mn, which is positive.
Equation (24) gives us fg = 1759 MeV and 63 =

—22.8°. From P%, we get the following sum rule, which
is an extension of the corresponding Eq. (39) in Ref. [12]

with m, # 0:

82
3m2’(mq

I 3\ et
Al —m ALY X (qu; +=m, AL — —A’C;)e /M

2770 4

17 M? w2
2M2{1+ <3~|—2y 2ln—s )E()( )

2 m?

3M2

1 a.m M?

=" N1=y+in—

G> \/_WM2< G>< Y ln,uz)
2\/_m

< >2 +— 4<Sgso- GS>

(26)

have analyzed the effect of variation of the range of M?
over which fitting has been carried out. In this case also, the
contribution of the highest-dimensional operator has been
found to be less than 1%, while the resonance and contin-
uum contribution is less than 25% to the OPE side result.
The quality of fit is somewhat poor: y = 1.3 X 1073, From
the fit we get

82
?)m%7
= 4.64 X 107* GeV*,

82 (

3Im 2 (m A/ - msA/s)

1 3
(m A - m AS)<quq + EmSAS - ZAG)

1 3
moAy + S mAL - ZAfc)

— —6.414 X 1073 GeV*,
Kos = —3.152 X 1073 GeV*. 27)

P and P provide two independent sum rules in which
the phenomenological side of P contains two additional
parameters, Ag and AL, not present in P$. In both the sum
rules, the same parameters, including condensates and the
continuum threshold have been used, although the range of
the fit of M? is slightly larger for P3. Once the four
parameters, namely m,A,, m A}, m A and m A%, have
been determined from the P8 sum rule, this information
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BT[-P{]

FIG. 4 (color online). Plots of the two sides of Eq. (26) (called
BT[—P®]) as a function of M? for m, = 0. The best fit in the
region 1.0 GeV? = M? = 1.9 GeV? corresponds to f% E,m%, =
7.3 X 107* GeV* and f%,fi/nﬁfl, = —6.689 X 1073 GeV*. The
masses 71, and 7,y are the phenomenological masses obtained
for m, = 0 [see Eq. (17)]. x = 9.97 X 10~* (N = 20) for the fit
in the designated interval.

can be fed into the P sum rule to determine A and Al.
From Egs. (25) and (27), we get

Ag=—0.02197 GeV?, A, = —0.03704 GeV>.  (28)

Equation (26) with m, = 0 on both sides of the equation
has also been analyzed in a similar way, and the fit has been
displayed in Fig. 4. For this fit, y = 1.0 X 1073, This fit
gives

82 1 3
T\/_zmSAS<—mSAS - —AG) = —73X 1073 GeV*4,
3m,, 2 4

82 3

1
WmSAé(z msA§ - ZA/G)
n

6.69 X 1073 Gev4,  (29)

Ko = —3.33 X 1073 GeV*.

Upon substituting m A, and m A’ from Eq. (25), we get

Ag = —0.02199 GeV?, AL = —0.03616 GeV?.
(30)

This shows that while A; remains practically unchanged,
|AZ| decreases by = 2.4% from the values given by
Eq. (28). We will check the sensitivity of our result on
my later. We also find that Eq. (27) gives

fo = 105.7 MeV, 0, = —5.3°, (D
while Eq. (29) gives
fo = 110.0 MeV, 6, = —8.1°, (32)

compared to f, = 142.3 MeV and 6, = —11.1° [12]. Part
of the reason for this significant change is the use of 71,

and m, as against m, and m, used in Ref. [12] and

n n n
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different x and «, in this work, and part of the reason is
a small mistake in the numerical evaluation of the mixed
condensate term in our previous work [12].

ITI. ANALYSIS AND DISCUSSION

In order to show that our results are sufficiently sensitive
to distinguish the cases with m, # 0 from those with
m, = 0, we have displayed the two curves (with m, =
5MeV and m, = 0) on the same plot in Fig. 5 for
BT[—P%] and in Fig. 6 for BT[—P%], where BT stands
for Borel transform.

We have also checked the sensitivities of our results to
variations of the parameters used in the computation. We
have shown the plots of BT[—P%] in Fig. 7 as (gq) is
varied by 20% and (* G?) is varied by 40%; in Fig. 8 as
both & and m are varied by 10% each; and in Fig. 9 as the
continuum threshold W? is varied by 0.1 GeV?2. Plots of
BT[—P%] are shown in Figs. 10-12, respectively, for
similar variations of parameters. The quark pseudoscalar
densities and anomaly matrix elements for 7 and n’ me-
sons for each one of these variations have been determined
separately. We have also determined these matrix elements

BT[-P§]
0.0105
0.0100
0.0095
0.0090
0.0085
0.0080

0.0075

FIG. 5 (color online).  Plots of the two forms of BT[—P%] as a
function of M? for mg =5 MeV (solid line) and for m, = 0
(dashed line).

BT[-P}*]

—0.0040
—0.0045
-0.0050
-0.0055

—0.0060

t‘ s 10 12 14 Nfe\\;\n\‘\is e
FIG. 6 (color online). Plots of the two forms of BT[—P%] as a
function of M? for m, =5 MeV (solid line) and for m, = 0
(dashed line).
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BT[-P§*]

0.011F

0.010F

0.0091

0.0081

FIG. 7 (color online). Plots of BT[—P$] as a function of M?
for normal (solid), quark condensate changed by 20% (dashed),

and gluon condensate changed by 40% (dotted).

BT[-P}]

0.012
0.011
0.010

0.009

P T S E 2.
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

FIG. 8 (color online). Plots of BT[—P$] as a function of M>

for normal (solid), a; changed by 10% (dashed), and m, changed

by 10% (dotted).

BT[-P}’]
0.0105
0.0100
0.0095
0.0090
0.0085
0.0080

0.0075

FIG. 9 (color online). Plots of BT[—P$] as a function of M?
for W2 = 2.3 GeV? (solid line), for W? = 2.4 GeV? (dashed
line), and for W2 = 2.2 GeV? (dotted line).

when the range of the Borel mass squared, M2, over which
fitting is carried out, is changed by +0.1 GeV? for both
cases of BT[—P%] and BT[—P%]. k and «, appear in the
matrix elements of the operators with the highest dimen-
sion used whose contributions to the sum rule happen to be

PHYSICAL REVIEW D 88, 096005 (2013)

—0.0050
—0.0055
-0.0060

-0.0065

FIG. 10 (color online). Plots of BT[—P%] as a function of M?>
for normal (solid), quark condensate changed by 20% (dashed),
and gluon condensate changed by 40% (dotted).

BT[-P}’]
~0.004
—0005F

—-0.006

FIG. 11 (color online). Plots of BT[—P%] as a function of M?>
for normal (solid), &, changed by 10% (dashed), and m, changed
by 10% (dotted).

BT[-P]
—-0.0040
—0.0045
—0.0050
—0.0055
—-0.0060

-0.0065

FIG. 12 (color online). Plots of BT[—P%] as a function of M?
for W2 = 2.3 GeV? (solid line), for W? = 2.4 GeV? (dashed
line), and for W2 = 2.2 GeV? (dotted line).

less than 1%. Hence, the error due to the uncertainties in
their values will be small. The errors arising due to the
uncertainties in the numerical values of «, k as well as m,,
and 7,y being small have been neglected. Our final result
of this analysis is as follows:

096005-6



LIGHT QUARK PSEUDOSCALAR DENSITIES AND ...

myA, X 10* (GeV?) = 7.4575 3 (m) 318 (a ) 705

m AL X 10* (GeV?) = 5.5303(m,) "0 2 (ary) T4

mgA; X 10% (GeV?) = —2.841, 338

mgAL X 102 (GeV?) = 3.7867937 (m,) *0 143 (a,)*
Ag X 102 (GeV3) = —2.19770201 (1) 0.064 (o s)+08?§(<qq>)+8§§§(<

A X 107 (GeV) = ~3704, 834 m) 31 350380 (5

In Table I, we compare our results with those obtained
by other authors. We give the total theoretical errors in our
results of the matrix elements by adding the six individual
theoretical errors, as given in Eq. (33), in quadrature. The
maximum error, ~34%, is for quq, while the minimum
error, ~13%, is for m A,,.

While the authors of Refs. [4,6,8] use 1/N, improved
chiral perturbation theory and the FKS scheme [8] for 5-7’
mixing, GK [5] have used low-energy effective theory of
QCD in the large-N limit with one mixing angle scheme
for n-n' in the octet-singlet basis. Their results on matrix
elements of pseudoscalar densities and anomaly are con-
sistent with our results with error bars, except for Ag
obtained by Feldmann [8], which is numerically smaller
than our result. It may be pointed out that Feldmann has set
up- and down-quark masses to zero for this derivation,
which is equivalent to neglecting M2 compared to M% in
his derivation.

Pham [3] has used nonet symmetry for the matrix ele-
ments of the pseudoscalar densities in the 1 and 7’ states to
calculate A; and A, by extending the symmetry for the
masses of pseudoscalar nonets that includes the effect of
the U(1), QCD anomaly. Results on A; and Aj; obtained
by Novikov et al. [19] are based on SU(3)q,vor Symmetry
and the QCD sum rule in the limit of m, = 0 (q = u, d).

TABLE 1.

PHYSICAL REVIEW D 88, 096005 (2013)

Caasi((Ze?)) g,
caan3((% Gz»f:‘%(wz)tg;;g(w),
m) ) B ((Se)) g,

@ ggs((Ze)

(33)
W) 0

6?)). . VIR0
+0.258 ’

6)) . Vi),
+0.539

These results for both pairs of the matrix elements agree
with our results.

Cheng et al. [9] have introduced a new element, used
neither by the other authors referenced in Table I nor in the
present work, in the form of 1-7'-G mixing, where G is the
pseudoscalar glueball. The present work, based on the two-
angle scheme for 77-7’ mixing in the octet-singlet basis and
on the QCD sum rule approach, is also free of contamina-
tion of higher mass states due to the explicit use of con-
tinuum threshold. In addition, we have retained the three
light quark masses as nonzero.

For many applications, it is convenient to introduce the
quark flavor basis states:

1 _
| = —|uii + dd),
74) 7 )

The physical states n and ' are related to the flavor states
through a unitary matrix U(¢) [[1,2,4]]:

lm\ _ Inq>) 3
(In’>> Uw)(lm)’ G

Ulp) = (cos @

sin ¢

In,) = |s3). (34)

where

—sin ¢ ) 36)

cos ¢

Comparison of our results on pseudoscalar densities and anomaly matrix elements of 7 and 1’ mesons with those obtained

by other authors (for Ref. [3], numerical evaluation was done by us).

Reference myA, X 10* (GeV?) m Al X 10% (GeV?) mA; X 107 (GeV?) m AL X 102 (GeV?) Ag X 102 (GeV?) Ay X 10% (GeV?)
This work 7.45+ 401 5.53%12% —2.84753% 3.797041 —2.2055¢ —3.7074%
Gerard and Kou [5] 6.25 5.46 (=27 £0.4) 5.45 = 0.8

(=2.9) (3.45)
Pham [3] —2.52 3.63
Cheng et al. [9] —2.56 —5.4

(—2.80) (=5.7)

Novikov et al. [19] —-2.1 —-3.5
AG [6] —2.85 3.55
BN [4] 3.54 £ 10.62 3.54 £7.08 —2.75 3.40 —22%0.2 —57%0.2
Feldmann [8] 7.07 5.66 —2.65 3.25 —-1.2 -2.9
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TABLE II. Values of our calculated matrix elements of quark
pseudoscalar densities and anomaly operators (as given by
central values in Table I) for quark flavor basis states.

Values of matrix

Matrix elements elements (GeV?)

Olm,diysu + mydiysd|n,) 1.854 X 1073
Olm, @iysu + mydiysd|n,) —0.88 X 107*
Olm,5iyss|m,) 0.047317
(Olm,5iyssing) 2.028 X 1073
0l £G4, G In,) —0.040460
01 £G4,G*|n,) —0.014698

In the singlet-octet basis, where the angles 6, and 6g are
small and their difference is comparable to these angles
themselves, it is pertinent to keep them distinct. On the
other hand, in the quark flavor basis,

g — Ps

< 1. 37)
YT @5

Hence, one generally deals with only one mixing angle
¢ = ¢, = @, in this basis for the sake of convenience [8].
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In Table II, we have displayed the matrix elements of
quark pseudoscalar densities and anomaly operators for
quark flavor basis states for ¢ = 39.3° [1,4] using the
central values of matrix elements given in Table 1. We
observe that OZI-preserving and OZI-violating matrix el-
ements of pseudoscalar densities differ by an order of
magnitude. This, again, indicates that the numerical values
of A, and A} will not be affected in a significant way when
my is set to zero. Also, notice that the anomaly matrix
element is larger for the state |7,) than |7,), since it is
energetically favorable for gluons to pair produce lighter
quarks.

In summary, current-current correlators using QCD sum
rules give a reasonable estimate for the matrix elements of
flavor-diagonal light quark pseudoscalar densities and ax-
ial anomaly operators between vacuum and 7 and 7’
meson states.
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