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Nucleon lifetimes for various decay modes via dimension-6 operators are calculated in the anomalous

Uð1ÞA grand unified theory (GUT) scenario, in which the unification scale �u becomes smaller than the

usual supersymmetric (SUSY) unification scale �G ¼ 2� 1016 GeV in general. Since the predicted

lifetime �ðp ! �0 þ ecÞ falls around the experimental lower bound, though it is strongly dependent on

the explicit models, the discovery of the this nucleon decay can be expected in the near future. We explain

why the two ratios R1 � �
n!�0þ�c

�
p!�0þec

and R2 � �
p!K0þ�c

�
p!�0þec

are important in identifying the grand unification

group, and we show that three anomalous Uð1ÞA SUSY GUT models, with SUð5Þ, SOð10Þ and E6 grand

unification groups, can be identified by measuring the two ratios. If R1 is larger than 0.4, the grand

unification group is not SUð5Þ, and moreover, if R2 is larger than 0.3, the grand unification group is

implied to be E6.
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I. INTRODUCTION

Grand unified theory (GUT) [1] is one of the most
promising possibilities among models beyond the standard
model (SM). Theoretically, it can unify not only the three
gauge interactions into a single gauge interaction, but also
quarks and leptons into fewer multiplets. Moreover, ex-
perimentally, not only can measured values of the three
gauge couplings in the SM be explained quantitatively in
the supersymmetric (SUSY) GUTs, but also the various
hierarchies of masses and mixings of quarks and leptons
can be understood qualitatively by the unification of quarks
and leptons in one generation into the 10 and �5 of SUð5Þ, if
it is assumed that the 10 matter induces stronger hierar-
chies for Yukawa couplings than the �5 matter [2].

One of the most important predictions in the GUTs is
nucleon decay [1,3–5]. In general, GUTs require some new
particles which are not included in the SM. Some of these
new particles induce the nucleon decay. For example, the
adjoint representation of the SUð5Þ group has 24 dimen-
sions, while the sum of the dimensions for the adjoint
representations of the SM gauge groups is just 12. There
are new gauge bosons in the SUð5Þ GUT, Xð�3; 2Þ5

6
and

�Xð3; 2Þ�5
6
, where �3 and 2 mean the antifundamental repre-

sentation of SUð3ÞC and the fundamental representation of
SUð2ÞL, respectively, and 5

6 is the hypercharge. These new

gauge bosons induce dimension-6 effective operatorswhich
break both the baryon and lepton numbers and induce the
nucleon decay. Usually, the main decay mode of the proton
via these dimension-6 operators is p ! �0 þ ec. Since the
mass of the superheavy gauge boson can be roughly esti-
mated by the meeting scale of the three running gauge

couplings, the lifetime of the nucleon can be estimated
in principle. Unfortunately, in the SM, the three gauge
couplings do not meet at a scale exactly, and the lifetime
is proportional to the unification scale to the fourth power,
and therefore, the prediction covers quite a wide range.
However, if supersymmetry is introduced, the unification
scale �G becomes 2� 1016 GeV, and therefore, the life-
time can be estimated at roughly 1036 years, which is much
larger than the experimental lower bound, 1034 years [6].
The partner of the SM doublet Higgs, which is called the

triplet (colored) Higgs, also induces nucleon decay through
Yukawa interactions. Since the Yukawa couplings for the
first- and second-generation matter are much smaller than
the gauge couplings, the constraint for the colored Higgs
mass from the experimental limits of the nucleon decay is
not so severe without SUSY. However, once SUSY is
introduced, dimension-5 effective operators can break
both the baryon and lepton numbers and induce nucleon
decay [5]. This can compensate for the smallness of the
Yukawa couplings. Actually, in the minimal SUð5Þ SUSY
GUT, the lower bound for the colored Higgs mass becomes
larger than the unification scale �G [7,8]. The experimen-
tal bound from the nucleon decay via dimension-5 opera-
tors gives severe constraints for SUSY GUTs.
These constraints for the colored Higgs mass lead to the

most difficult problem in SUSY GUTs, i.e., the doublet-
triplet splitting problem. As noted above, the colored Higgs
mass must be larger than the unification scale, while the SM
Higgs must be around the weak scale. Of course, a fine-
tuning can realize such a large mass splitting even in the
minimal SUSY SUð5Þ GUT, but it is unnatural. In the
literature, a lot of attempts have been proposed to address
this problem [9]. However, in most of the solutions, some
terms which are allowed by the symmetry are just ne-
glected, or the coefficients are taken to be very small.
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Such requirements are, in a sense, fine-tuning, and there-
fore, some mechanism is required which can realize such a
large mass splitting in a natural way.

Another famous problem in the SUSY GUTs concerns
the unrealistic Yukawa relations. The unification of matter
results in the unification of the Yukawa couplings, which
often leads to unrealistic mass relations. In the minimal
SUð5Þ GUT, the Yukawa matrix of the down-type quarks
becomes the same as that of the charged leptons, which
gives unrealistic predictions between masses of these par-
ticles. In the minimal SOð10Þ GUT, all the Yukawa matri-
ces become equivalent due to the unification of all quarks
and leptons in one generation into a single multiplet, 16.
This Yukawa unification leads to unrealistic relations be-
tween the masses of quarks and leptons.

It has been pointed out that if the anomalousUð1ÞA gauge
symmetry is introduced, the doublet-triplet splitting prob-
lem can be solved under the natural assumption that all the
interactions which are allowed by the symmetry of the
theory are introduced with Oð1Þ coefficients [10–14].
Note that the introduced interactions include higher-
dimensional interactions. In the scenario, the nucleon decay
via dimension-5 operators can be strongly suppressed
[10,11]. Moreover, with this natural assumption, realistic
quark and lepton masses and mixings can be obtained
[10,13]. In this paper, we denote such SUSY GUTs as the
natural GUTs. One of themost interesting predictions of the
natural GUTs is that the nucleon decay via dimension-6
operators is enhanced; i.e., the unification scale�u becomes
lower than �G. In the natural GUT, the unification scale is
given as

�u � ��a�G; (1)

where� < 1 is the ratio of the Fayet-Iliopoulos parameter to
the cutoff�, which is taken to be the usual SUSYGUTscale
�G in the natural GUT in order to explain the success of the
gauge coupling unification [11,12]. Since a is the anoma-
lous Uð1ÞA charge of the adjoint Higgs and is negative, the
unification scale becomes smaller than the usual SUSY
GUT scale.

In this paper, we study the nucleon decay via dimension-
6 operators in the natural GUTs. The grand unification
group is SUð5Þ,1 SOð10Þ, or E6. In SOð10Þ and E6 uni-
fication, we have additional gauge bosons which induce
nucleon decay in addition to the X gauge bosons in SUð5Þ
GUT. We will include these new effects due to the extra
gauge bosons. Moreover, we will include the effects of the
matrices which make Yukawa matrices diagonal. The di-
agonalizing matrices are roughly fixed in the natural GUT
in order to obtain the realistic quark and lepton mass
matrices. In the estimation, we will use the hadron matrix
elements calculated by lattice [16].

II. DECAY WIDTHS OF THE NUCLEON

In this section, we show how to estimate the partial
decay widths of nucleons from the effective Lagrangian
which induces nucleon decays. The description in this
section is based on Ref. [16].
In the standard model (SM), the dimension-6 operators

which induce nucleon decay are classified completely [4]
and are written by one lepton l and three quarks q as

���	ðlc�q1��Þðqc2�0�q3�0	Þ, where �, �, and 	 are color

indices. Here, lc is a charge-conjugated field of the lepton
l, and in this paper we denote lc� as ðl�Þc, with the chirality
indices �, �0 ¼ L, R. In the following, the color indices �,

�, and 	 are omitted in the operator ���	ðlc�q1��Þ�
ðqc2�0�q3�0	Þ; i.e., we write it as ðlc�q1�Þðqc2�0q3�0 Þ for sim-

plicity. Once we calculate the effective Lagrangian which
induces nucleon decays as

Leff ¼
X
I

CI½ðlc�q1�Þðqc2�0q3�0 Þ�I; (2)

whereCI is a coefficient of the operator ½ðlc�q1�Þðqc2�0q3�0 Þ�I,
we can estimate the partial decay widths of the nucleon as
follows:
In order to calculate the decay widths, we must know the

hadron matrix elements with the initial nucleon state
jNðk; sÞi, with the momentum k and the spin s, and the
final meson state hmesonðpÞj, with the momentum p. These
can be written as

hmesonðpÞjq1�ðqc2�0q3�0 ÞjNðk; sÞi
¼ P�½W��0

0 ðq2Þ � i6qW��0
q ðq2Þ�uNðk; sÞ; (3)

where W��0
0 , W��0

q are form factors and q � p� k is a

momentum of the antilepton. Here, P� is a chiral projec-
tion operator and uNðk; sÞ is a wave function of the nu-
cleon. Usually, the first term in Eq. (3) dominates over the
second term because the antilepton is lighter than the
nucleon. Therefore, the hadron matrix elements can be
estimated as

hmesonðpÞjq1�ðqc2�0q3�0 ÞjNðk; sÞi ’ P�W
��0
0 ðq2ÞuNðk; sÞ:

(4)

In our calculation, we use the form factor W��0
0 , which has

been calculated by lattice [16] as in Table I.
Then, we can estimate the partial decay widths for the

process N ! mesonþ lc as

�ðN ! mesonþ lcÞ

¼ 1

2mN

Z d3p

ð2�Þ3
1

2Ep

d3q

ð2�Þ3
1

2Eq

� jMðmN ! pþ qÞj2ð2�Þ4
ð4Þðk� p� qÞ
’ mN

32�

�
1�

�
mmeson

mN

�
2
�
2
��������
X
I

CIWI
0ðN ! mesonÞ

��������
2

;

(5)

1Strictly, in the literature, SUð5Þ natural GUT has not been
proposed. However, we think that SUð5Þ natural GUT is possible
if the missing partner mechanism [15] is adopted.
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wheremN andmmeson correspond to the masses of nucleons
and mesons, respectively. Partial lifetimes of the nucleon
are defined as the inverse of the partial decay widths.

Therefore, once the coefficient CI, which is dependent
on the concrete models, is known, the partial decay widths
can be calculated.

III. CALCULATION OF THE COEFFICIENT CI

In this section, we explain how to obtain the coefficients
of the dimension-6 operators CI at the scale � ¼ mN .
Firstly, we discuss the effective interactions which are
induced via superheavy gauge boson exchange. Secondly,
we consider the effect of the unitary matrices which trans-
form the flavor eigenstates to the mass eigenstates of
quarks and leptons. Finally, we calculate the renormaliza-
tion factors by using the renormalization group.

The coefficients are strongly dependent on the explicit
GUT models. Therefore, we have to fix the GUT models
which we consider in this paper. First of all, we fix the
grand unification group as SUð5Þ, SOð10Þ, or E6, since the
superheavy gauge bosons which induce the nucleon decay
are dependent on the grand unification group. We introduce
the 10 of SOð10Þ in addition to the 16 in SOð10Þ GUT as
matter fields. This is important in obtaining realistic quark
and lepton masses and mixings in a natural way [10,11].
[In E6 GUT [17,18], the fundamental representation 27
includes a 10 of SOð10Þ as well as a 16.] Moreover, we
adopt Cabibbo-Kobayashi-Maskawa (CKM)-like matrices
and Maki-Nakagawa-Sakata (MNS)-like matrices as the
unitary matrices which transform flavor eigenstates to
mass eigenstates of the 10 matter of SUð5Þ and the �5
matter, respectively.

A. Dimension-6 effective interactions via superheavy
gauge boson exchange

Before discussing the dimension-6 interactions which
induce nucleon decay, let us recall how to unify the quarks
and leptons in the SM into E6 GUTmultiplets, because it is
important to understand the embedding in E6 GUTs in
calculating the nucleon decay and in grasping the meaning

of the GUT models discussed in this paper. All quarks and
leptons are embedded into three 27 multiplets of E6. The
fundamental representation 27 is divided into several mul-
tiplets of SOð10Þ as

27 ! 16þ 10þ 1: (6)

The spinor 16 and the vector 10 of SOð10Þ contain the SM
multiplets as

16 ! qLð3; 2Þ1
6
þ ucRð�3; 1Þ�2

3
þ ecRð1; 1Þ1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

10

þ dcRð�3; 1Þ13 þ lLð1; 2Þ�1
2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�5

þ �c
Rð1; 1Þ0|fflfflfflffl{zfflfflfflffl}

1

; (7)

10 ! Dc
Rð�3; 1Þ13 þ LLð1; 2Þ�1

2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�50

þDc
Rð3; 1Þ�1

3
þ LLð1; 2Þ1

2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
5

;

(8)

where the numbers denote the representations under the
SM gauge group SUð3ÞC � SUð2ÞL �Uð1ÞY . Note that we
have two �5 fields in one 27. Therefore, if we introduce
three 27’s for three generations of quarks and leptons, we
have six �5 fields of SUð5Þ. Three of the six �5’s become
superheavy with three 5 fields after breaking E6 into the
SM gauge group. The other three �5 fields and three 10’s of
SUð5Þ become quarks and leptons in three generations in
the SM. In this paper, �50 denotes the �5 fields from the 10 of
SOð10Þ to distinguish them from the �5 fields from the 16. In
the literature, it has been argued that the main components
of matter in the SM come from the first- and second-
generation 271 and 272 as ð�51; �501; �52Þ [13], which plays

an important role in obtaining realistic quark and lepton
masses and mixings. Here the index denotes the original
flavor index for the 27 of E6. More details will be discussed
in the next subsection. Note that we are required to calcu-
late the dimension-6 interactions not only for the usual
unified fields (10 and �5 fields), but also for the �50 fields for
E6 GUT models. [Also, in SOð10Þ GUT models, the inter-
actions which induce �50 fields must be calculated, because
we introduce the 10 of SOð10Þ as a matter field.]
In SUð5Þ GUTs, the superheavy gauge bosons for the

nucleon decay are X and �X, which are included in the
adjoint gauge multiplet 24 of SUð5Þ. Since SUð5Þ is a
subgroup of SOð10Þ and E6, the X field contributes to
nucleon decay even in SOð10Þ and E6 GUTs. The X field
induces the effective dimension-6 interactions, which can

be written in SUð5Þ notation as ð10yi 10i þ �5yi �5i þ �50yi �50iÞ�
ð10yj 10j þ �5yj �5j þ �50yj �50jÞ, where 10i and �5i of SUð5Þ are
matter fields with flavor indices i, j. Here, the terms
including �50 must be taken into account in SOð10Þ or E6

GUT. In SOð10Þ GUT models, additional fields X0 and X0
also induce nucleon decay. They are included in the adjoint
gauge field 45, divided as

TABLE I. Form factors for nucleon decays, which have been
calculated by lattice [16]. The first and second error values
given for WRL

0 , WLR
0 represent statistical and systematic error,

respectively.

Matrix element WRL
0 , WLR

0

h�0jðudÞujpi, h�0jðduÞdjni �0:103ð23Þð34Þ
h�þjðudÞdjpi, �h��jðduÞujni �0:146ð33Þð48Þ
hK0jðusÞujpi, �hK�jðdsÞdjni 0.098(15)(12)

hKþjðusÞdjpi, �hK0jðdsÞujni �0:054ð11Þð9Þ
hKþjðudÞsjpi, �hK0jðduÞsjni �0:093ð24Þð18Þ
hKþjðdsÞujpi, �hK0jðusÞdjni �0:044ð12Þð5Þ
h�jðudÞujpi, �h�jðduÞdjni 0.015(14)(17)
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45 ! Gð8; 1Þ0 þWð1; 3Þ0 þ Xð3; 2Þ�5
6
þ Xð�3; 2Þ5

6
þ Ncð1; 1Þ0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

24

þ X0ð3; 2Þ1
6
þU0c

R ð�3; 1Þ�2
3
þ E0c

R ð1; 1Þ1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
10

þ X0ð�3; 2Þ�1
6
þU0c

R ð3; 1Þ23 þ E0c
R ð1; 1Þ�1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

10

þ N0cð1; 1Þ0|fflfflfflfflffl{zfflfflfflfflffl}
1

: (9)

The effective interactions induced by the X0 field are
included in the effective interaction ð10yi �5iÞ � ð�5yj 10jÞ.
Note that it does not include �50 fields, because the super-
field 5’s will inevitably appear in the effective interactions
with �50 fields. In E6 GUTs, the additional superheavy
gauge bosons X00 and X00 can produce the nucleon decay.
The new superheavy gauge bosons are included in 16 and
16 of SOð10Þ in the adjoint 78 of E6, which is divided as

78 ! 45þ 16þ 16þ 1: (10)

The X00 field is included in 10 of SUð5Þ in 16 and has the
same quantum numbers as X0 under the SM gauge group.
This X00 field induces the effective interactions included in
ð10yi �50iÞ � ð�50yj 10jÞ.

By using the technique of decomposition of E6 into
the subgroup SUð3ÞC � SUð3ÞL � SUð3ÞR [18,19], the
dimension-6 effective interactions for quark and lepton
flavor eigenstates can be calculated as

Leff ¼ g2GUT
M2

X

fðecRiuRjÞðucLjdLiÞ þ ðecRiuRjÞðucLidLjÞ

þ ðecLiuLjÞðucRjdRiÞ þ ðEc
LiuLjÞðucRjDRiÞ

� ð�c
LidLjÞðucRjdRiÞ � ðNc

LidLjÞðucRjDRiÞg

þ g2GUT

M2
X0

fðecLiuLjÞðucRidRjÞ � ð�c
LidLjÞðucRidRjÞg

þ g2GUT
M2

X00
fðEc

LiuLjÞðucRiDRjÞ � ðNc
LidLjÞðucRiDRjÞg;

(11)

where gGUT is the unified gauge coupling, and the super-
heavy gauge boson masses MX, MX0 , and MX00 are depen-
dent on the vacuum expectation values (VEVs) of the GUT
Higgs which break E6 into the SM gauge group. In this
paper, we assume that the adjoint Higgs has a Dimopoulos-
Wilczek (DW)-type VEV [20],

h45Ai ¼ i�2

x

x

x

0

0

0
BBBBBBBB@

1
CCCCCCCCA
; (12)

to solve the doublet-triplet splitting problem. Here 45A is
the 45 component field of the E6 adjoint Higgs A in SOð10Þ
decomposition, and �iði ¼ 1; 2; 3Þ is the Pauli matrix. This

is because in the anomalous Uð1ÞA GUTs, the DW-type
VEV can be obtained in a natural way, and it is easier to
obtain the realistic quark and lepton masses and mixings
than with the other mechanism for solving the doublet-
triplet splitting problem. This DW-type VEV breaks
SOð10Þ into SUð3ÞC�SUð2ÞL�SUð2ÞR�Uð1ÞB�L. The
superheavy gauge boson masses are given by2

M2
X ¼ g2GUTx

2; M2
X0 ¼ g2GUTðx2 þ v2

cÞ;
M2

X00 ¼ g2GUT

�
1

4
x2 þ v2



�
:

(13)

Here, v and vc are the VEVof the E6 Higgs�ð27Þ, which
breaks E6 into SOð10Þ, and the VEVof the SOð10Þ Higgs
Cð27Þ, which breaks SOð10Þ into SUð5Þ, respectively. [And
��ð27Þ and �Cð27Þ are also needed to satisfy the D flatness
conditions of E6.] Note that the mass of the X0 gauge boson
is almost the same as that of X in anomalous Uð1ÞA GUT,
because vc � x in order to obtain the DW-type VEV in a
natural way [10,11]. In some of the typical E6 GUTs with
anomalous Uð1ÞA[14], v is smaller than x. And therefore

the X00 as well as the X0 can play an important role in
nucleon decay.
Note that the interactions induced by the X00 gauge

boson are only between the 10 and �50 fields, while the
interactions induced by X0 are only between the 10 and �5
fields, and those induced by X include various interactions
among 10, �5, and �50 fields. Therefore, the X00 gauge boson
contributes to the nucleon decay only for the restricted
models in which some of the first and second generations
of quarks and leptons include the �50 fields as the
components.
These VEVs can be fixed by their anomalous Uð1ÞA

charges as

x���a�; vc���1
2ðcþ �cÞ�; v���1

2ðþ �Þ�; (14)

where a, , �, c, and �c are the anomalous Uð1ÞA charges

for A,�, ��, C, and �C, respectively [13]. Each VEV has an

2Under the SUð3ÞC � SUð3ÞL � SUð3ÞR decomposition of E6,
the gauge fields �X, X0, and X00 are included in the ð3; 3; 3Þ
representation. Since �X and X0 are SUð2ÞR doublets, the same
contribution to the masses comes from the adjoint Higgs VEV x,
which breaks SOð10Þ into SUð3ÞC � SUð2ÞL � SUð2ÞR �
Uð1ÞB�L. From the fact that the B� L charge is proportional
to �L

8 þ �R
8 , which is one of the generators of SUð3ÞL and

SUð3ÞR, we can calculate the contributions to the masses of X,
X0, and X00 as in Eq. (13). Here �A ðA ¼ 1; 2; . . . ; 8Þ denotes the
Gell-Mann matrices.
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Oð1Þ uncertainty that comes fromOð1Þ ambiguities in each
term in the Lagrangian. As mentioned in the Introduction,
the unification scale�u � hAi � x becomes lower than the
usual GUT scale, �G � 2� 1016 GeV, because the cutoff
� ¼ �G, � < 1, and theUð1ÞA charges for the Higgs fields
like A are negative in general. Therefore, the nucleon decay
via dimension-6 operators is enhanced in the anomalous
Uð1ÞA GUT scenario [11]. Here we consider two typical
Uð1ÞA charge assignments: (a ¼ �1, þ � ¼ �1, cþ
�c ¼ �4) and (a ¼ �1=2, þ � ¼ �2, cþ �c ¼ �5)
[14]. In this paper we take �� 0:22. Note that the relation
x � vc is always satisfied in the anomalous Uð1ÞA GUT
with the DW-type VEV, because the term which destabil-
izes the DW-type VEV is allowed if cþ �c becomes larger.
It means that the X0 gauge boson has a sizable contribution
to the nucleon decay in the anomalousUð1ÞA GUTs. On the
other hand, the relation v > x is obtained in the former

model, but v < x in the latter model. In this paper, we

study the latter model because its X00 gauge boson has a
larger contribution to the nucleon decay. The prediction of
the former model is similar to that of the SOð10Þ model,
because the contribution of the E6 gauge boson X00 be-
comes smaller.

The results in Eq. (11) in E6 GUTmodels can be applied
to the SOð10Þ GUTs in the limit MX00 ! 1, and to the
SUð5Þ GUTs in the limit MX00 , MX0 ! 1. If the 10 of
SOð10Þ is not introduced in SOð10Þ models, just neglect
the terms which include the �50 fields in Eq. (11).

B. Realistic flavor mixings in anomalous Uð1ÞA
GUT models

One of the most important features in the anomalous
Uð1ÞA models is that the interactions can be determined by
the anomalous Uð1ÞA charges of the fields except for the
Oð1Þ coefficients. For example, the Yukawa interactions
and the right-handed neutrino masses are

Yij
u qLiu

c
Rjhu þ Yij

d qLid
c
Rjhd þ Yij

e lLie
c
Rjhd þ Yij

�D
lLi�

c
Rjhu

þMij
�R
�c
Ri�

c
Rj; (15)

where the Yukawa matrices and the right-handed neutrino
masses can be written as [21]

Yij
u ¼ �qLiþucRjþhu ; Yij

d ¼ �qLiþdcRjþhd ;

Yij
e ¼ �lLiþecRjþhd ; Yij

�D
¼ �lLiþ�c

Rjþhu ;

Mij
�R

¼ ��c
Riþ�c

Rj�: (16)

Here, hu and hd are the Higgs doublets for up quarks and
for down quarks, respectively. We have used the notation in
which the matter and Higgs fields and the minimal SUSY
SM Higgs hu and hd and theUð1ÞA charges are represented
by the same characters as the corresponding fields. By
unitary transformation,

c 0
Li ¼ ðLy

c Þijc Lj; c 0c
Ri ¼ ðRy

c Þijc c
Rj; (17)

where c ¼ u, d, e, �, these Yukawa matrices can be
diagonalized. Since uLð�LÞ and dLðeLÞ are included in
qLðlLÞ, we use qL ¼ uL ¼ dL ðlL ¼ �L ¼ eLÞ as their
Uð1ÞA charges. Here, c 0 is a mass eigenstate, and c is a
flavor eigenstate. What is important in the anomalous
Uð1ÞA theory is that not only quark and lepton masses,
but also the CKM matrix [22] and the MNS matrix [23],
which are defined as

UCKM ¼ Ly
uLd; UMNS ¼ Ly

�Le; (18)

can be determined by their anomalous Uð1ÞA charges as

mui ¼�qLiþucRiþhuhhui; mdi ¼�qLiþdcRiþhdhhdi;

mei ¼�lLiþecRiþhdhhdi; m�i
¼�2lLiþ2hu

hhui2
�

;

ðUCKMÞij ¼�jqLi�qLjj; ðUMNSÞij ¼�jlLi�lLjj; (19)

except for Oð1Þ coefficients. Any mass hierarchies can be
obtained by choosing the appropriate Uð1ÞA charges, but
we have several simple predictions for mixings:
ðUCKMÞ13�ðUCKMÞ12ðUCKMÞ23, ðUMNSÞ13 � ðUMNSÞ12 �
ðUMNSÞ23, ðUMNSÞ423�ðm2

�3�m2
�2Þ=ðm2

�2�m2
�1Þ. Note that

a normal hierarchy for neutrino masses is also predicted.
Not only are these predictions consistent with the observa-
tions, but also realistic quark and leptonmasses andmixings
can be obtained by choosing the Uð1ÞA charges. For ex-
ample, if we take qL1 � qL2 ¼ 1 and qL2 � qL3 ¼ 2, we
can obtain the realistic CKMmatrix when�� 0:22. Taking
lL1 � lL2 � lL3, the neutrino mixings become large.
In the SUð5Þ unification, because of the unification of

matter, we have some constraints among their Uð1ÞA
charges, as ai � qLi ¼ ucRi ¼ ecRi and �fi � dcRi ¼ lLi.
Then, basically, these charges are fixed in order to obtain
realistic quark and lepton mixings. It is quite impressive
that even with these charges, realistic hierarchical struc-
tures of quark and lepton masses are also obtained.
Actually, the requirement results in up-type quarks having
the largest mass hierarchy, neutrinos having the weakest,
and down-type quarks and charged leptons having middle
mass hierarchies. These are nothing but the observed mass
hierarchies for quarks and leptons, though the first-
generation neutrino mass has not been observed yet. The
unrealistic GUT relation Yd ¼ Yt

e can easily be avoided in
anomalous Uð1ÞA GUT, because the higher-dimensional

interaction �aiþ �fjþaþhdAiA �FjHd, which breaks the unreal-

istic GUT relation Yd ¼ Yt
e after developing the VEVof the

adjoint Higgs A as hAi � ��a, gives the same order con-
tribution to the Yukawa couplings as the original Yukawa

interactions �aiþ �fjþhdAi
�FjHd. Here Ai is 10 matter of

SUð5Þ, and �Fi is �5 matter.
However, in the minimal SOð10Þ GUT, all quarks and

leptons in one generation can be unified into a single
multiplet, and therefore, the Uð1ÞA charges for qL become
the same as lL. That leads to the same mixings of quarks
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and leptons. This is an unrealistic prediction in the minimal
SOð10Þ GUT with the anomalous Uð1ÞA gauge symmetry.

There are several solutions that realize realistic flavor
mixings in SOð10Þ GUT models. One of them is to intro-
duce one or a few additional 10’s of SOð10Þ fields as matter
fields. When one of the �5 fields of SUð5Þ from a 10 of
SOð10Þ becomes quarks and leptons, we have a different
Uð1ÞA charge hierarchy for �5 fields from that for a 10 of
SUð5Þ. As a result, the realistic quark and lepton masses
and mixings can be obtained [10,11].

One of the most important features in E6 unification is
that the additional 10’s of SOð10Þ fields in SOð10Þ unifica-
tion are automatically introduced, because the fundamental
representation 27 includes a 10 in addition to a 16 of
SOð10Þ. Moreover, the assumption in SUð5Þ unification
that the 10 fields induce stronger hierarchical Yukawa cou-
plings than �5 fields can be derived in E6 unification. Since
three 27 matters are introduced for the quarks and leptons,
we have six �5 fields. Three of the six �5 fields become
superheavy with three 5 fields, as noted in the previous
subsection. Since the third-generation field 273 has larger
Yukawa couplings due to smallerUð1ÞA charge, it is natural
that two �5 fields from 273 become superheavy, and there-
fore, threemassless �5fields come from the first- and second-
generation fields 271 and 272 [13]. As a result, we can obtain
amilder hierarchy for �5 fields than the original hierarchy for
10 fields, which is nothing but what we would like to
explain. The main modes of three typical massless �5 fields
are �51, �5

0
1, and

�52. It is important that the Yukawa couplings

of �50 can also be controlled byUð1ÞA charges of matters and
Higgs. Therefore, we can choosewhich �5 field becomes a �501
by fixing the Uð1ÞA charges. In order to obtain the larger
neutrino mixings, it is the best that the main component of
the second-generation �5 be �501. Though we do not discuss

here the details for the realistic models and explicit charge
assignments, we can obtain realistic mixing matrices as

UCKM ¼
1 � �3

� 1 �2

�3 �2 1

0
BB@

1
CCA; UMNS ¼

1 �
1
2 �

�
1
2 1 �

1
2

� �
1
2 1

0
BB@

1
CCA:

(20)

These matrices have Oð1Þ uncertainties which come from
Oð1Þ ambiguities of Yukawa interactions.

For the calculation of the nucleon decay widths, the
explicit flavor structure is quite important. Strictly speak-
ing, these massless modes have mixings with the super-
heavy fields �502, �503, and �53, but in our calculation, we

neglect these mixings because their contribution is quite
small. We just consider the mixings between �51 and �501, and
�52 in E6 unification.

C. Renormalization factor

To calculate coefficients for the dimension-6 effective
interactions at the nucleon mass scale, we have to consider

the renormalization factors. For the calculation, we have to
divide the scale region into two parts. The first region is
from the GeV scale to the SUSY-breaking scale. We call
the effect from this region the ‘‘long-distance effect,’’ and
the renormalization group factor is written as ARl[24]. The
other region is from the SUSY scale to the GUT scale. We
call the effect from this region the ‘‘short-distance effect,’’
and the renormalization group factor is written as ARs

[25,26]. The total renormalization factor AR is defined as
follows:

AR ¼ ARl � ARs: (21)

To calculate coefficients of dimension-6 effective interac-
tions at the GeV scale, we multiply the renormalization
factor by the dimension-6 effective interactions at the GUT
scale.
One-loop calculation gives the renormalization factor

for each region and for each gauge interaction as

ARi ¼
�
�iðMendÞ
�iðMstartÞ

�Ai
bi ; (22)

	i ¼ �2Ai

g2i
ð4�Þ2 ; �i ¼ bi

g3i
ð4�Þ2 ; (23)

where 	i is the anomalous dimension for dimension-6
operators for each SM gauge interaction, and �i is the
� function for each gauge coupling. Mstart and Mend

are the energy scales of the boundaries of each region
(Mend >Mstart).
The value is dependent on the explicit GUT model. In

this paper, we use the renormalization factor of the mini-
mal SUSY SUð5Þ GUT AR ¼ 3:6 for the dimension-6
operators which include a right-handed charged lepton
ecR, and we use AR ¼ 3:4 for the operators which include
the doublet leptons l as the reference values [26]. In order
to apply our results to an explicit GUT model, the correc-
tion for the renormalization factor is needed. For example,
in an anomalousUð1ÞA SUSY SOð10ÞGUT [explicitUð1ÞA
charges are given in the caption of Fig. 1 in Ref. [11]], the
renormalization factor can be estimated as AR ¼ 3:2
ðARl ¼ 1:5; ARs ¼ 2:1Þ for the operators which include
the singlet charged lepton ecR. In this model, the gauge
couplings become larger because there are a lot of super-
heavy particles, which increases the renormalization factor.
However, the unification scale is lower, which decreases
the renormalization factor. The latter effect is larger in
this model. Therefore, the nucleon lifetime in this anoma-
lous Uð1ÞA SUSY SOð10Þ GUT model3 is ð3:2=3:6Þ�2 ¼
1:3 times longer than the calculated values when using
the renormalization group factor in the minimal SUð5Þ
SUSY GUT model.

3Strictly, the absolute value of the adjoint Higgs VEV hAi in
this model is different from the VEVs adopted in this paper. The
correction about ð2Þ�4 is needed for the lifetime of the nucleon.
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IV. GUT MODELS

In order to obtain realistic quark and lepton masses and
mixings in an anomalous Uð1ÞA GUT scenario, the diago-
nalizing matrices for �5 fields have large mixings as MNS
matrices, while those for 10 fields have small mixings as
CKM matrices. Namely,

Lu � Ld � Ru � Re �UCKM; (24)

Rd � Le � L� �UMNS: (25)

Since the quark and lepton mixings are determined by the
charges of left-handed quarks and leptons, respectively, the
above result for diagonalizing matrices is inevitable in
the anomalous Uð1ÞA GUT.

We calculate various nucleon decay modes in the fol-
lowing anomalous Uð1ÞA GUT models:

(1) SUð5Þ Model—In SUð5Þ unification, without loss of
generality, we can take one of the diagonalizing
matrices for 10 fields and one of the diagonalizing
matrices for �5 fields as unit matrices by field rede-
finitions. In this paper, we take Ru ¼ 1 and Rd ¼ 1.

Because of the relations UCKM ¼ Ly
uLd and

UMNS ¼ Ly
�Le, we have three independent diago-

nalizing matrices in SUð5Þ unification.
(2) SOð10Þ Model 1—In SOð10Þ unification, one 10 of

SOð10Þ is introduced as an additional matter field in
order to obtain realistic quark and lepton masses and
mixings. It is essential that since �53 becomes super-
heavy with 5 and is replaced with the �50 from the
additional fields, the diagonalizing matrices for �5
fields can be much different from a 10 of SUð5Þ
fields. Note that the main modes of �5 fields become
ð�51; �50; �52Þ. It is reasonable that the �50 becomes the
second-generation �5 field to obtain the large neu-
trino mixings. Without loss of generality, we can
take one of the diagonalizing matrices as a unit
matrix, and in this paper, we take Ru ¼ 1. Because

of the relations UCKM ¼ Ly
uLd and UMNS ¼ Ly

�Le,
we have four independent diagonalizing matrices in
SOð10Þ unification.

(3) E6 Model 1—In E6 unification, the additional 10 of
SOð10Þ matter is included in the fundamental repre-
sentation 27 of E6 in addition to 16. It is reasonable
that �5 fields from 273 become superheavy because
they have larger couplings than 271 and 272.
Therefore, �5 fields in the standard model come
from 271 and 272. The main modes become
ð�51; �501; �52Þ. If the �501 becomes the second-generation
�5 field, the large neutrino mixings can be obtained as
noted in the previous section. We have four indepen-
dent diagonalizingmatrices as in SOð10Þ unification.

The values of the GUT Higgs VEVs are also important
in calculating the partial decay widths of nucleons. In the
anomalous Uð1ÞA GUT, these are fixed by their Uð1ÞA
charges. In these models, we take these VEVs as

x ¼ 1� 1016 GeV; vc ¼ 5� 1014 GeV;

v ¼ 5� 1015 GeV: (26)

We have two typical Uð1ÞA charge assignments in E6

unification, which yield (x� �0:5�G, vc � �2:5�G, v �
��G) and (x� ��G, vc � �2�G, v � �0:5�G). We

adopted the former assignment in these models because
the contribution from the E6 gauge boson X00 becomes
larger. The latter assignment gives similar results to the
SOð10Þ model.

V. NUMERICAL CALCULATION

In our calculation, the ambiguities in the diagonalizing
matrices are considered by randomly generating ten uni-
tary matrices for each independent Lf and Rf (f ¼ u, d,

e, �). The unitary matrices must satisfy the following
requirements:
(1) We take real unitary matrices for simplicity.

(2) Lu ¼ LdU
ðexpÞy
CKM and L� ¼ LeU

ðexpÞy
MNS , where [27–29]

U
ðexpÞ
CKM ¼

0:97 0:23 0:0035

�0:23 0:97 0:041

0:0086 �0:040 1:0

0
BB@

1
CCA;

U
ðexpÞ
MNS ¼

0:83 0:54 0:15

�0:48 0:53 0:70

0:30 �0:65 0:70

0
BB@

1
CCA:

(27)

(3) Lu � Ld � Re �UCKM and L� � Leð�RdÞ �
UMNS, where

UCKM ¼
1 � �3

� 1 �2

�3 �2 1

0
BB@

1
CCA;

UMNS ¼
1 �0:5 �

�0:5 1 �0:5

� �0:5 1

0
BB@

1
CCA:

(28)

Each component has the Oð1Þ coefficient Cij, and

we take 0:5 	 Cij 	 2.

Since we have three independent diagonalizing matrices in
SUð5Þ unification, we examine 103 model points. In
SOð10Þ and E6 unification, four independent diagonalizing
matrices lead to 104 model points.

A. Various decay modes for the proton

We calculate the lifetime of the proton for various decay
modes. The results are shown in Figs. 1–3. We plot the
lifetime of the most important decay mode, p ! �0 þ ec,
on the horizontal axis and the lifetime of the other decay
modes on the vertical axis. In Fig. 1, the large gray circles
show the predictions of the minimal SUð5Þ GUT model in
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which all the diagonalizing matrices can be fixed [8],
although it has unrealistic GUT relations for the Yukawa
couplings between the charged leptons and the down-type
quarks. Here, we have used the same value for the VEV xas
the value we adopted in this paper.
We have several comments on these results. First, the

predicted lifetime of the p ! �0 þ ec decay mode is not
far from the experimental lower bound, �ðp ! �0 þ ecÞ>
1:29� 1034 years [6]. Note that these results are obtained
for models with a unification scale �u � 1� 1016 GeV.
Therefore, for the models with a ¼ �1 (typically �u �
5� 1015 GeV), the predicted value becomes more than 1
order shorter. Of course, since we have the Oð1Þ ambiguity
for the unification scale, which easily leads to a predicted
lifetime more than 1 order longer, and the hadron matrix
elements have still large uncertainties, these models
(a ¼ �1) cannot be excluded by this observation. What
is important here is that we should not be surprised if
nucleon decay via dimension-6 operators is observed in
the very near future. Second, the lifetimes of the decay
modes which include an antineutrino are calculated by
summing up the partial decay widths for different antineu-
trino flavors, because the flavor of the neutrino cannot be
distinguished by the present experiments for nucleon
decay. As a result, the lifetime of the decay modes which
include an antineutrino have less dependence on the
parameters, because the dependence can be canceled due
to unitarity of the diagonalizing matrix L� [30]. Third,
the flavor-changing decay modes—for example, the p !
�0 þ�c and p ! K0 þ ec decay modes—have a stronger
dependence on the explicit Oð1Þ parameters in the diago-
nalizing matrices than the flavor-unchanging decay modes,
p ! �0 þ ec and p ! K0 þ�c. This is mainly because
off-diagonal elements have stronger ambiguities than the
diagonal elements in diagonalizing matrices. Fourth, we
comment on the shape for the p ! �0 þ�c, p!K0þec,
and p ! K0 þ�c modes. Because of the unitarity of Le

and Re, the longer lifetime of p ! �0 þ ec leads to a
shorter lifetime for the p ! �0 þ�c and p ! K0 þ ec

modes and a longer lifetime for the p ! K0 þ�c mode.
These tendencies can be seen in the figures.
Finally, we comment on the shape of the figure for the

decay modes which include an antineutrino. In the figures, a
lot of lines which parallel the horizontal axis can be seen.
This is because the Oð1Þ parameters in the diagonalizing
matrices,Le andRe, change the lifetime of thep ! �0 þ ec

decay mode, but they do not change the lifetime of decay
modeswhich have an antineutrino in the final state.Le would
change the lifetime of decay modes with antineutrinos

through the relation L� ¼ LeU
ðexpÞy
MNS . However, as noted

above, the different L�’s have the same contribution to the
decaymodes with antineutrinos in which all different flavors
are summed up, because of the unitarity of L�.
In the next subsection, we would like to discuss how

to identify the GUT models by the nucleon decay modes.
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FIG. 1. Various lifetimes for the proton in the SUð5Þ model
with MX¼gGUTx and x ¼ 1� 1016 GeV. The large gray circles
show the predictions of the minimal SUð5Þ GUT model [8].
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FIG. 2. Various lifetimes for the proton in SOð10Þ model 1

with MX ¼ gGUTx, MX0 ¼ gGUT
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p
, x ¼ 1� 1016 GeV,

and vc ¼ 5� 1014 GeV.
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FIG. 3. Various lifetimes for the proton in E6 model 1 with

MX¼gGUTx,MX0 ¼ gGUT
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p
,MX00 ¼ gGUT
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q
, x ¼

1� 1016 GeV, vc ¼ 5� 1014 GeV, and vc ¼ 5� 1015 GeV.
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For identification, we use the p ! �0 þ ec, n ! �0 þ �c,
and p ! K0 þ�c decay modes because these are less de-
pendent on the Oð1Þ parameters, where the n ! �0 þ �c

mode has also only small dependenceon theOð1Þ parameters
as the p ! �þ þ �c has.

B. Identification of GUT models

In this subsection, we discuss how to distinguish GUT
models by the nucleon decay. We emphasize that the ratios
of the partial decay widths for p ! �0 þ ec, n!�0þ�c,
and p ! K0 þ�c are important for the identification of
GUT models. The partial decay width is strongly depen-
dent on the explicit values of the VEVs. However, by
taking the ratio, part of the dependence can be canceled.
The results become independent of the absolute magni-
tudes of these VEVs and are dependent only on the ratios
of the VEVs. Therefore, the results can be applied to other
GUT models with different VEVs, but with the same ratios
of VEVs.

First, we would like to explain that the ratio of the decay
width for the n ! �0 þ �c mode to the decay width for the
p ! �0 þ ec mode is useful for distinguishing GUT mod-
els [31], especially the grand unification group. In SUð5Þ
GUT models as in Eq. (11), there are four effective inter-
actions which are important for nucleon decay. Three of
them induce the decay modes which include ec in the final
state, while just one of them causes the decay modes which
include �c. Therefore, in SUð5Þ unification, the ratio be-
comes quite smaller than 1. In SOð10Þ unification, two
effective interactions are added which contribute to the
decay modes with ec and to those with �c equivalently.
In E6 unification, two effective interactions with Ec and
with Nc are added, and the contribution to n ! �0 þ �c

through the flavor mixings becomes larger than the con-
tribution to p ! �0 þ ec. Here the essential point is that
the SOð10Þ superheavy gauge boson X0 and the E6 super-
heavy gauge boson X00 induce only the effective interac-
tions which include �5 fields of SUð5Þ, while the SUð5Þ
superheavy gauge boson X can also induce the effective
interactions which include only a 10 of SUð5Þ. Therefore,
basically, the models with the larger grand unification
group lead to the larger ratio if the contributions from X0
and X00 are not negligible. This feature is useful for iden-
tifying the grand unification group, especially when the X0
andX00 bosons are as light as the X. In the anomalousUð1ÞA
GUT models, the masses of X0 and X00 can be comparable
to the X mass, or even smaller than the mass of X.
Therefore, this identification is quite useful.

We calculate the ratio of the decay width for the p !
�0 þ ec mode to the decay width for the n ! �0 þ �c

mode for the anomalous Uð1ÞA GUT models as

R1 � �n!�0þ�c

�p!�0þec
¼

8>><
>>:

0:18–0:34 SUð5Þmodel

0:35–0:90 SOð10Þmodel 1

0:38–2:5 E6 model 1

: (29)

It is obvious that the ratio
�
n!�0þ�c

�
p!�0þec

becomes larger for the

larger grand unification group. However, we cannot distin-
guish these GUTmodels by this ratio perfectly, because we
have the Oð1Þ ambiguities in the diagonalizing matrices.
There is a region in which both SOð10Þ and E6 GUTs are
allowed.
In order to distinguish the SOð10Þ and E6 models,

we propose an additional ratio of partial decay widths,

R2 � �
p!K0þ�c

�
p!�0þec

. One important fact is that the SOð10Þ
superheavy gauge boson X0 cannot induce the effective
interactions which include the second-generation fields
which come from the 10 of SOð10Þ. On the other hand,
the E6 superheavy gauge boson X00 induces only the effec-
tive interactions which include the second-generation

fields from the 10 of SOð10Þ. Therefore, the ratio �
p!K0þ�c

�
p!�0þec

can play an important role in identifying the grand uni-
fication group. See Fig. 4, in which we plot R1 on the
horizontal axis and R2 on the vertical axis. The figure
shows that various model points can be classified into three
regions corresponding to the three grand unification
groups, SUð5Þ, SOð10Þ, and E6. These three GUT classes
can be distinguished by these observations.
Of course, these results are strongly dependent on

the explicit models and their parameters, especially the
VEVs, which we have taken as x¼1�1016GeV, vc¼5�
1014GeV, and v ¼ 5� 1015 GeV. However, we should

note that the effect of the SOð10Þ superheavy gauge boson
X0 is almost maximal in these VEVs because vc � x. On
the other hand, the contribution from the E6 superheavy
gauge boson X00 can be larger, because the contributions to
the X00 mass from the VEV v and from the VEV x are

comparable in these parameters. Therefore, if the ratio R1

SU 5 model

SO 10 model 1

E6 model 1

0.5 1.0 1.5 2.0 2.5

0.1
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0.5

0.6

n 0 c p 0 ec

p
K

0
c

p
0

ec

FIG. 4 (color online). In SUð5Þ, we have 103 model points,
because we have three independent diagonalizing matrices, and
we generate 10 unitary matrices for each independent matrix. In
SOð10Þ and E6, we have 10

4 model points, because we have four
independent diagonalizing matrices. VEVs are taken as x ¼ 1�
1016 GeV, vc ¼ 5� 1014 GeV, and v ¼ 5� 1015 GeV.
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is observed to be much larger than 1, the observation
suggests the E6 gauge group strongly.

If anomalous Uð1ÞA symmetry is not adopted, usually
the VEV relations vc, v 
 x are required in order to

explain the gauge coupling unification. Of course, if vc,
v � x, then the predictions of SOð10Þ models and E6

models become the same as those of SUð5Þ models. Here,
we show another plot by taking x ¼ vc ¼ v, which

makes the X0 and X00 contributions maximal in these mod-
els without anomalous Uð1ÞA symmetry, keeping the suc-
cess of the gauge coupling unification. The results are
shown in Fig. 5. It is understood that the SOð10Þ model
points come closer to the SUð5Þ model points, and the E6

model points come closer to the SOð10Þ model points.
To conclude this subsection, we shall explain why we

adopt the n ! �0 þ �c mode instead of the p ! �þ þ �c

mode.We have two reasons: First, the formermode is easier
to detect experimentally. Since the decay of�þ includes an
invisible neutrino, the latter decay mode is more difficult to
observe. Second, the hadron matrix element of the former
mode is the same as that of the p ! �0 þ ec mode, and
therefore in the ratio R1 these hadron matrix elements are
canceled.

VI. DISCUSSION AND SUMMARY

We have calculated the lifetime of the nucleon for
various decay modes via dimension-6 operators in the
anomalous Uð1ÞA GUT models. Since the anomalous
Uð1ÞA GUT models predict a lower unification scale in
general, it is important to predict the nucleon lifetime via
dimension-6 operators. The lifetime �ðp ! �0 þ ecÞ has
been calculated as Oð1034Þ years for the unification scale
�u ¼ 1� 1016 GeV, which is a typical value for the uni-
fication scale in an anomalous Uð1ÞA GUT scenario with
theUð1ÞA charge of the adjoint Higgs a ¼ �1=2. Although
we have several ambiguities in the calculation from Oð1Þ
coefficients or the hadron matrix elements, the discovery of
the nucleon decay in near-future experiments [32] can be

expected because the present experimental lower limit is
1:29� 1034 years. The predicted value can become
Oð1033Þ years for the anomalous Uð1ÞA GUT models
with a ¼ �1. In the calculation, we have taken into ac-
count the ambiguities from the quark and lepton mixings
by generating the various diagonalizing unitary matrices
randomly. One of the largest ambiguities for the predic-
tions comes from the Oð1Þ coefficient of the unification
scale. Since the lifetime is proportional to �4

u, the factor 2
in the unification scale can make the prediction of the
lifetime 16 times larger. Moreover, the ambiguities from
the hadron matrix elements can easily change the predic-
tion by a factor of 2. Therefore, we cannot reject the
anomalous Uð1ÞA GUTwith a ¼ �1 by these predictions.
We can expect the observation of the nucleon decay in
near-future experiments.

We have proposed that the two ratios R1 � �
n!�0þ�c

�
p!�0þec

and

R2 � �
p!K0þ�c

�
p!�0þec

are important to identify the anomalous

Uð1ÞA GUT models. The ratio R1 becomes larger for the
larger rank of the grand unification group if the masses of
the SOð10Þ and E6 superheavy gauge bosons X

0 and X00 are
comparable to or even smaller than the SUð5Þ superheavy
gauge boson mass. This is because the superheavy gauge
bosons X0 and X00 induce only the effective interactions
which include the doublet lepton l, while the SUð5Þ super-
heavy gauge boson X induces both the effective interac-
tions with l and the effective interactions with ecR. What is
important is that in the anomalous Uð1ÞA GUT models, the
X0 mass is always comparable with the X mass. The X00
mass can be smaller than the X mass, which is dependent
on the explicit models. Therefore, at least in the anomalous
Uð1ÞA GUT scenario, measuring this ratio is critical in
distinguishing the SUð5Þ models from the other models.
The ratio R2 is important for distinguishing E6 models
from SOð10Þ models. In most of the anomalous Uð1ÞA
GUT models with SOð10Þ and the E6 unification group,
the �50 field from the 10 of SOð10Þ becomes the main
component of the second-generation �5 field to obtain large
neutrino mixings. What is important here is that the X0
boson does not induce the effective interactions which
include �50 fields, while the X00 boson induces only the
effective interactions which include �50’s. Therefore, in E6

unification, the nucleon decay widths for the second-
generation quark and lepton must be larger than in
SOð10Þ unification. We have plotted various model points
in several figures in which the horizontal axis is R1 and the
vertical axis is R2. And we have concluded that we can
identify the grand unification group by measuring these
ratios if x ¼ 1� 1016 GeV, vc ¼ 5� 1014 GeV, and
v ¼ 5� 1015 GeV, which are typical values in the mod-

els with a ¼ �1=2, cþ �c ¼ �5, and þ � ¼ �2. Of
course, this conclusion is dependent on the parameters. For
example, when v � x, it becomes difficult to distinguish

the E6 models from the SOð10Þmodels because the mass of

SU 5 model

SO 10 model 2

E6 model 2
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FIG. 5 (color online). In SUð5Þ, we have 103 model points; in
SOð10Þ and E6, we have 104 model points, as noted in the
caption of Fig. 4. VEVs are taken as x ¼ vc ¼ v.
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X00 becomes much larger than the other superheavy gauge
bosons. However, since it is difficult to realize R1 > 0:4 in
SUð5Þ unification, if R1 is observed to be larger than 0.4,
then the grand unification group is not SUð5Þ. Moreover, if
R2 is larger than 0.3, E6 unification is implied. An impor-
tant point is that �ðn ! �0 þ �cÞ and �ðp ! K0 þ�cÞ
can be comparable with �ðp ! �0 þ ecÞ in E6 unification.

Note that our calculations can apply to the usual SUSY
GUT models, in which the unification scale is around
�G ¼ 2� 1016 GeV, although the predicted lifetime be-
comes much longer. And taking account of the gauge
coupling unification, the VEVs vc and v must be larger

than �G usually. Therefore, the effects of superheavy

gauge bosons X0 and X00 are not so large. However, the
ratios R1 and R2 must be important in identifying GUT
models even without anomalous Uð1ÞA gauge symmetry.
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