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Elastic pp scattering from the optical point to past the dip:
An empirical parametrization from ISR to the LHC
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We describe the main features of recent LHC data on elastic pp scattering through a simple
parametrization to the amplitude, inspired by a model proposed by Barger and Phillips in 1973, comprised
of two exponentials with a relative phase. Despite its simplicity, this parametrization reproduces two
essential aspects of the elastic differential cross section: the well-known precipitous descent in the forward
direction and a sharp ‘““dip” structure. To include a complete description of data sets near —¢ = 0, we
correct the original parametrization. We examine two possibilities: the presence of the two-pion threshold
singularity or a multiplicative factor reflecting the proton form factor. We find good descriptions of LHC7
and ISR data in either case. The form-factor model allows simple predictions for higher energies through
asymptotic theorems and asymptotic sum rules in impact parameter space. We present predictions for this
model at higher LHC energies, which can be used to test whether asymptotia is reached. The black-disk
limit in this model is seen to be reached only for /s ~ 10° TeV.
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I. INTRODUCTION

The total pp cross section and the elastic differential
cross section offer a unique opportunity to study confine-
ment and the transition to perturbative QCD, as they are
influenced by large and small distances.

We now have data for the total and the elastic differential
cross section from LHC running at /s = 7 TeV (LHC7)
[1]. Data from LHC running at /s = 8 TeV (LHCS) [2]
are available for the total cross section, and are expected
soon for the differential cross section. We notice that data
at /s = 14 TeV (LHC14) may be, for a long time, our last
chance to study p p scattering and explain it in fundamental
terms. A tool to help in this endeavor is a good phenome-
nological understanding of the data, without the bias im-
posed by models. To present one such phenomenological
description is the aim of this paper.

In what follows we shall propose an empirical descrip-
tion of the differential elastic pp cross section to be used
at LHC8 and LHC14. This description follows from the
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original proposal by Barger and Phillips (BP) [3], who
described ISR data with a five-parameter fit, i.e. writing
the scattering amplitude as

Al(s, 1) = i[JVA(s)eBO2 4 ¢i¢6)JC(5)ePW12], (1)

In Ref. [4], we had applied this parametrization to prelimi-
nary TOTEM results at LHC7 for the elastic differential
cross section [5]. In this paper we refine that analysis by
presenting an improved description of published data [1],
which includes the very small —¢ value, i.e. parametrizing
both the total and the elastic cross section within a few
percent of the present LHC7 data.

The idea in the present paper, as in our previous one [4],
is to dissect the elastic differential cross section into its
basic building blocks—namely the optical point, the for-
ward peak, the dip and the tail—and study the energy
dependence of each of them in a single simple analytical
expression. We hope in this way to gain insight on a
problem which has so far defied a complete description.
We find that the optical point requires the introduction of
the proton form factor, and we modify Eq. (1) accordingly.

The energy dependence of the parameters in this model
is a priori unknown. However, asymptotic theorems
can be invoked for a possible extension of the model to
higher energies. In particular, since the parameters A and B
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control the total cross section and the diffractive peak, we
use the Froissart-Martin bound [6,7] and unitarity to pro-
pose an expression for their energy dependence. For the
second term, which is nonleading at small —¢-values, we
use the Khuri-Kinoshita theorem [8] and total absorption in
impact parameter space at infinite energy [4]. While this
procedure introduces more parameters, it also clarifies
the role played by each term in Eq. (1) and allows us to
study the black-disk limit. We shall show that, with this
parametrization, the black-disk limit is only obtained for
energies well beyond the reach of present-day cosmic-ray
or accelerator experiments.

II. THE BARGER AND PHILLIPS
MODEL AND LHC7 DATA

The parametrization, given in Eq. (1), corresponds to a
complex amplitude, which is composed of two terms, and a
relative phase ¢, which was found phenomenologically to
be ~2.8 rad at LHC7, and can be interpreted as corre-
sponding to contributions from opposite parities, C = *1.
The publication of the actual data by the TOTEM collabo-
ration [1] requires an update and also a revision of the
analysis we performed to preliminary TOTEM data in
Refs. [4,9]. Applying Eq. (1) to the published data and
using the same parameters as in Ref. [4], we find that, when
both statistical and systematic errors are included in the fit,
the description is still acceptable with y?/d.o.f. ~ 2.6.
However, when the analysis is performed with only statis-
tical errors, the y? for the entire range becomes unaccept-
ably large. In particular, the parametrization of Eq. (1)
reproduces poorly the measured value of the total cross
section at LHC7. The problem therefore seems to lie with
the optical point. To pinpoint the origin of the problem, we
have fitted TOTEM LHC7 data [1] by implementing differ-
ent cuts of 7,,;, for which the BP model provides a suitable
description. Specifically, any result with y?/d.o.f. < 3 is
considered acceptable. In Table I we display a grid of
possible cuts and the respective x?/d.o.f. values. We also
calculate the corresponding values obtained for the differ-
ential cross section at the optical point and the total cross

TABLE 1. Statistical results of fits to TOTEM data for the
elastic differential pp cross section at LHC7 [1] with the simple
BP model of Eq. (1), with y? calculated for the range —¢ >
—tmin and the resulting values for the optical point and the total
cross section.

~Imin da—el/dtlt=0 T ot
(GeV?) d.o.f. x?/d.o.f. (mbGeV~2) (mb)
0.01 156 9.40 490.2 97.9
0.10 118 6.33 422.8 90.9
0.20 94 2.66 282.0 74.2
0.30 80 1.62 181.8 59.6
0.40 70 1.41 212.1 64.4
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section. We find that, when the fit with the BP amplitude is
able to reproduce the optical point, the statistical descrip-
tion is not very good. On the other hand, the fit becomes
quite good for 0.2 GeV? < |t, | <0.3 GeV?, even
though the total cross section obtained in these cases is
too low. From Table I we conclude that, past the very small
—1 < 0.2 GeV? values, the parametrization of Eq. (1) is
suitable to describe two essential features of the differen-
tial elastic cross section at high energies, namely the dip
structure and the larger 7] region, as one can also see from
Fig. 1. Notice that the exponential fit in the range |z| >
1.0 GeV? can be taken to be as good as the power-law fit
|t| =" presented by the TOTEM Collaboration in Ref. [5].
This is shown in the inset of Fig. 1 where we display both
fits in the large —t range, following TOTEM’s fit proce-
dure, namely, taking only the data in the range 1.5 GeV? <
—t < 2.0 GeV?. In this sense, the comparison with their fit
is immediate. We notice at this point that, for the BP model
of Eq. (1) to give a good global description from the optical
point to past the dip, the very small |7| behavior must
receive a correction, while, at the same time, the region
past —t = 0.2 GeV? should still be described through two
exponentials (and the phase). Namely, since the BP model
gives a very good description of LHC7 data except that in
the forward region, there is no phenomenological reason to
modify it either around the dip or in the tail. We thus
propose to ameliorate the very small —¢ behavior by
modifying only the first term in Eq. (1) with a factor
G(s, t) such that G(s,0) = 1, and suggest to parametrize
existing and future pp data with the amplitude

A(s, 1) = i[G(s, DWA(5)eBO2 + i C(5)eP1/2] (2)

We have examined two possibilities:

(i) A factor G(s,t) = exp[—y(s)W4u> —t —2u)]
reflecting the presence of the nearest t-channel
singularity, i.e. the two-pion threshold [10,11]

—— BPfit
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FIG. 1 (color online). Fit to the differential pp cross section at
7.0 TeV [1] with the BP parametrization of Eq. (1) in the range
0.38 =< |7| = 2.4 GeV? with x?/d.o.f. in this interval. Inset: The
power-law fit |¢| 7", with n = 8, compared to the exponential fit
in the range 1.5 = [¢| = 2.0 GeV?2.

094019-2



ELASTIC pp SCATTERING FROM THE OPTICAL ...

discussed in Refs. [12,13]; this possibility is labelled
the mBP1 model,

(i) A factor G(s,t) = F3=1/(1 —t/ty)* modeled
after the proton form factor, which describes phe-
nomenologically the probability that the proton
breaks up as the squared momentum transfer
increases; this is labelled the mBP2 model.

The mBP1 model and other possible modifications of the
BP models are discussed in detail in Appendices A and B.
In the appendices we shall also present further details, such
as analytic expressions for the elastic cross section and, in
Appendix C, the impact parameter profile functions for
both the mBP1 and mBP2 models.

III. THE PROTON FORM-FACTOR
MODIFICATION: m BP2

In this section, and the ones to follow, we present a
modification of the BP model at very small ¢ values
obtained through the proton form factor. As a viable
parametrization of LHC data, we analyze the physics
content of the following model for the elastic scattering
amplitude:

A(s, 1) = i[FR(OVA(5)eBO2 + 1?6 C(5)ePW1/2], (3)

with A, B, C, D, ¢ and ¢, as free parameters. We display
our results with this model (henceforth called mBP2) in
Fig. 2. ISR data sets used in the fits comprise the data
collection by Amaldi and Schubert [14] and all experimen-
tal information available from 1980 onwards [15-18].
LHC?7 data are from Ref. [1].

A point to notice is that at the ISR energy ./s =
53 GeV, the data beyond —¢ =~ 7 GeV? suggest the pres-
ence of a second wiggle in the amplitude, as would be
expected by simple eikonal models. In this range the
present parametrization does not reproduce this behavior.
Data are scant here, but it is also possible for the parame-
trization not to hold for the entire —¢ range explored at
ISR. Namely no conclusion can be drawn about the valid-
ity of the model at ISR beyond —¢ =~ 7 GeV2. On the other
hand, no second wiggle is seen at higher energies in the
TOTEM data and the increase with energy of the slope
D(s) (see Table II) could cover any wiggle beyond the first
dip. This is a specific prediction of this model, in this |¢|
range.

Another comment still concerns the tail at LHC7. In this
model, the large —¢ behavior is described by an exponen-
tial with the slope D(s). This differs from the power-law
behavior proposed by the TOTEM collaboration [1].
A similar power law was also proposed by Barger and
Phillips in Ref. [3] and could be ascribed to a large —¢
proton form-factor behavior. A QCD interpretation as a
triple-gluon exchange was proposed in Refs. [19,20]. Our
proposal follows the empirical scope of this and our pre-
vious paper [4] in providing a parametrization for the entire
—t range under consideration. Figure 2 shows the two fits,
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FIG. 2 (color online). Fits to the ISR and LHC7 data sets with
the model mBP2, and with #; a free parameter. Data sets are as
described in the text. Inset: LHC7 data near the optical point are
shown in comparison with the present model, which includes the
proton form-factor modification.

TOTEM and ours, extrapolated up to —¢ = 2.5 GeV? and
highlights both fits outside the narrow range 1.5 GeV? <
—1<2.0 GeV2.

We summarize the results of the fit in Table II, while
plots and fit results for the model with the two-pion
threshold correcting the ¢ ~ 0 behavior can be found in
Appendix A. From this table we notice that the value of
the parameter ¢, is larger at ISR energies than at LHC7,
where its value is consistent with Fp(z) being the elec-
tromagnetic (EM) form factor, i.e. f#,~ 0.71 GeVZ.
Namely, it would appear that asymptotically, #, corre-
sponds to its EM form factor value. In fact, fits to the
LHC?7 data with this value give a y?/d.o.f. = 2.5 just as
in the case of the free fit. This difference between ISR
and LHC probably corresponds to low-energy contribu-
tions to this parameter. We reproduce this result in the
last two rows, which correspond to the fit to LHC7
data obtained by using for 7, the results from the fit
(six-parameter fit) or keeping #, fixed at 0.71 GeV?
(five-parameter fit).

From the mBP2 model the analytical expression for the
elastic cross section is
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The first six rows give values of the free-fit parameters A, B, C, D, t, and ¢ for the model mBP2 at each energy analyzed.

In the last row, the scale parameter £ is kept fixed. A and C are expressed in units mbGeV 2, B and D in units of GeV 2, ¢, in units of

GeV? and ¢ in radians.

J5 (GeV) A B C(X1073) D fo ¢ dof.
24 74808  40=0.1 48+07  203+006  1.06*0.03 3.31 = 0.01 128 12
31 83702  3.90 * 0.07 5405 2122004 099 =001 3.06 = 0.01 200 1.6
45 89.6£02  4.27+0.05 2402  1.84£002 09120009 283 %00l 201 37
53 93.0=0.1 451 =0.05 25201  1.84=001 09470008 279 *0.0l 33 47
63 97.4*02  43=0.1 35504 1972004 090001 2.86 * 0.06 159 21
7000 565 = 2 8.2 %0.2 137070  4.66+0.04  0.69+001 27550008 155 25
7000 562 = 1 854+003  1280=34 4612003 071 (fixed) 27440004 156 25

C
Ta(s) = AtgeBEg(B1y) + D

“4)

N B+ D)t
+ 2(+/AC cos ¢)t0e(B+D)’0/2E4(%)’

with E,(x) = [{°dye ™ /y". In Table III we present the
values of the total and elastic cross sections as obtained
from both models, mBP1 and mBP2, together with the
optical point for LHC7 and ISR energies. Parameter values
for the mBP1 model can be found in Appendix A.

We shall now apply to the modified amplitude the
asymptotic sum rules presented in our previous analysis
[4]. The sum rules correspond to the ansatz of total absorp-
tion in b space, namely, SR, = ImA(s,b =0) = 1 and
SRy = Me A(s, b = 0) = 0 at asymptotic energies, where
A(b, s) is the Fourier transform of the scattering ampli-
tude in b space. For the mBP1 model, the analytical
expressions for the sum rules for the imaginary and real
parts of the amplitude are presented in Appendix A. As
discussed in Ref. [4], for the satisfaction of the first sum
rule, SRy = 0, it is necessary to introduce a real part for the
first term, the one dominant at small —¢, for which
C = +1. Let us denote with p(s) the contribution to the

TABLE III. Cross sections and the optical point following
from models mBP1 and mBP2.

\/E T ot Tel da—el/dtltzo
Model (GeV) (mb) (mb) (mbGeV~2)
24 40.0 6.80 82.0
31 40.6 7.15 84.3
45 42.1 7.14 90.9
mBP1 53 42.9 7.43 94.0
63 437 7.68 97.8
7000 101 25.6 524
24 37.9 6.65 736
31 40.1 7.20 82.4
45 41.6 7.13 88.7
mBP2 53 424 7.42 92.1
63 433 7.60 96.3
7000 100 25.5 515

ratio of the real part to the imaginary part of the first term.
For mBP?2 the sum rules give the following results:

1 00
SR, = —— dTr
! 2ﬁfo |:

A e—BT/2

L+ p*[1+(T/1)]*

— JCe ™ PT/2| cos ¢|] = \};[—flcos o|
1—§155§§e3m/2£4(3r0/2)], 5)
SRy Z&[—\/Dﬁsind)
T fﬁzﬁtioeB'O/zEzt(Bfo/Z)} (6)

Using the tight bound
1 1

——  <[e¢*E < =12
— <EWI< g n= 12, ()
we have
[L] < t—Oero/2E4(Bt0/2) < [;] (8)
B+ 8/t 2 B+ 6/t

Hence, a simple analytical result for the sum rules can be
obtained in the modified mBP2 model by taking the mean
value 7 in the denominator, so that

N ’

_ —
1 C Viti? N 7
SR) = —= —%—Icosqﬁl—i— L B=B+—,

JT B fo

©))
— — -

1 C Vi+s - 7
SRy = —= —£sin¢+ IAPZ[) ; B=B+—.

JT D B t
(10)

Asymptotically, we expect the following:

SR, — 1—; SRy— 0 +. (11)
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In order to estimate the values taken by SR, and SR; and
check whether total absorption has been taking place, an
estimate for p is needed. To this aim we use the soft-k,
resummation model of Ref. [21] where the leading term
of the cross section is driven by QCD mini-jets. In this
model the asymptotic behavior of the total cross section
is obtained as o ~ (Ins)'/? [22], where the parameter
p controls the large-b behavior of the impact-parameter
distribution and obeys the constraint 1/2<p <1.
Asymptotically then, p(s) = 7/2plns.

We show in Table IV the numerical results for SR; and
SR, for both models, mBP1, where the small —¢ modifi-
cation is obtained through a term reflecting the two-pion
loop singularity, and mBP2, where the form factor is
dominating the # =0 behavior. The table indicates that
the modified models ameliorate the satisfaction of the
sum rules with respect to the simpler BP parametrization,
but the asymptotic value SR; = 1 is not yet reached.

‘We also notice that in the BP model (and in its modified
versions as well), the real-to-imaginary part of the elastic
amplitude in the forward direction, p(s), is given by

p(s)— ~{(sing —p ﬂ/ [p|008¢|—smd>]
1—\/C|cos¢|

12)

r /C/A < 1. We shall make use of Eq. (12) when
discussing asymptotic predictions.

Before leaving this section, we present the results one
obtains when the model mBP2 is applied to elastic pp
data. We show the results of the fits to pp data in
Fig. 3. Data are from Refs. [23-25] for SppS and from
Refs. [26-28] for the Tevatron. We note the absence of a
distinctive dip in pp, but also its faint appearance as the
energy increases. From this and other indications, one can
argue that, at those energies where pp data are available,
asymptotia has not yet been reached. For the fits, a value
for the parameter #; in the form factor needs to be chosen.
Interpolating between ISR and the LHC, we obtain for ¢,
the values indicated in the figure. At the end of this paper,

TABLE IV. Sum rules for modified BP models at ISR23,
ISR53 and LHC?7.

Model p J5 (GeV) SR, SR,
24 0.721 0011

ces 53 0.722 0.049

mBP1 0.66 7000 0.953 0.067
0.77 7000 0.956 0.046

24 0.719 0.021

cos 53 0.717 0.049

mBP2 0.66 7000 0.950 0.070
0.77 7000 0.953 0.048
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we shall comment more on the differences between the
energy behavior of the parameters for pp and pp.

A. Slope parameter in the modified models

The introduction of a general factor, G(s, 1), given either
as in Eq. (A2) or by the square of the proton form factor,
leads to a change of curvature in the local slope.
This behavior should be expected since the new model is
influenced by G(s, 1) as follows:

do-el

Beg(s, 1) =( 7

+ CDeP" ++JAC(B + D)G(s,1)eB+P12 cos

dG(s, t
+ 2\/AC€(B+D)’/2%COS (;5]. (13)

) [ABeB’G2(s 1)+ 2465 G(s, z)dG(: L

In Fig. 4 we display data for the effective forward slope
Bei(s) = Beg(s, t = 0), compared with the local slope
B (s, 1), at ISR53 and LHC7, following from the above-
mentioned models. We notice from this figure that the
modification with the square root in the exponential,
mBP1, appears to overrate near-forward slopes. In fact,
the respective forward slopes exceed by some 10% the
measurements at ISR53 and LHC7. This provides yet
another reason to focus on the form-factor-modified model,

207.92+ 0.69 mbGeV?| Bernard - PLB 198 (1987) 583

3.76 + 0.1 mb

Jat],

o  Battiston - PLB 127 (1983) 472
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FIG. 3 (color online). The mBP2 model applied to pp data.
The values for parameters thus obtained are shown in the plots.

094019-5



FAGUNDES et al.

25

- — BIFER(LHCY) Amaldi 1971

SR . Bfg“TB"(Lch . ga:'(biellir; 71 :72
20 aksay

= — BfFBP(ISR53

o e ( ) e Ambrosio 1982
s | 7 + Antchev 2012

BS""EP(ISR53)

Local Slopes

PHYSICAL REVIEW D 88, 094019 (2013)

22

—— B,4(s) = 11.04 + 0.028In%s
—}— Forward slope data from ISR to LHC7

20

B,(LHC7) = 19.8 GeV?
B,4(LHC8) = 20.1 GeV?
B.(LHC14) = 21.3 GeV?
B,(AUGERS57) = 24.5 GeV™

B,y (GeV?)

o
o
N
of
'S
o
o

Itl (GeV?)

FIG. 4 (color online).
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compared with a fit in (In s)?> and from the model approximation of Eq. (14), using results from Table II for pp (black dots). Red dots

indicate the result for pp, with the scale ¢, as in Fig. 3.

mBP2. We also notice that, from a numerical point view,
while in the original BP model B(s) = B.g(s), in the case of
mBP?2 the following approximation holds:

B(s) = Bu(s) — (14)

lo

as one can easily check using Eq. (13). For this model, we
also show in the right panel of Fig. 4 the comparison
between B.g(s) from experimental results from ISR to
LHC. The parametrization applied in Fig. 4 for B.g(s) is
inspired by the asymptotic theorems, and is consistent with
the result for the effective slope by Schegelsky and Ryskin
[29]. Indeed, when fitting B.(s) with an additional term
with a linear In s dependence, the respective coefficient is

consistent with zero. This leads to the best fit shown in
Fig. 4, with B (s) ~ (Ins).

IV. ASYMPTOTIC PREDICTIONS OF THE
EMPIRICAL MODEL m BP2

The original BP model of Eq. (1) had purported
to present a ““‘model independent analysis of the structure
in pp scattering” [3]. As such, and as pointed out by
Uzhinsky and Galoyan [30], the BP parametrization does
not, in itself, possess a predictive power. However, its
simplicity can be exploited to make higher-energy predic-
tions. In fact, the model has the virtue of allowing a simple
implementation of the asymptotic sum rules we presented
in Ref. [4], and thus to obtain the asymptotic behavior of
the parameters which can lead to the predictions of the
present model for the elastic differential cross section at
LHCS8 and LHC14. We shall now proceed to illustrate such
an asymptotic, and partly empirical, realization of the
mBP2 model.

This model has six parameters, i.e. two amplitudes
VJA(s) and /C(s), two slopes B(s) and D(s), a phase ¢
and a scale 7. The fits to ISR and LHC7 data suggest t, —
0.71 GeV? at LHC energies, and thus for asymptotic

predictions we fix t; to acquire the value of the EM form
factor of the proton, i.e. t, = 0.71 GeV?. As for the phase
¢, the same fits support the approximation ¢ ~ const in
energy. In Regge models, the phase would be ¢ dependent,
and, in such case, the phase, as used here in the empirical
model, would represent a value averaged over the range At
of validity of this model.

Having thus made the ansatz that both 7, and ¢ are
asymptotically constant, we remain with four energy-
dependent parameters. As we shall shortly discuss in detail,
to comply with asymptotic theorems +/A(s) and B(s)
should have the same asymptotic behavior, namely at
most like (In s)2. For the slope of the second (nonleading)
term, an asymptotic normal Regge behavior would be the
most appealing possibility. The amplitude of the second
term is so far unconstrained. From the asymptotic sum

rules, the amplitude 4/C(s) can either have a constant or a
logarithmic energy dependence. We shall now see how this
behavior can be understood in more detail.

The satisfaction of the sum rules for elastic scattering at
higher energies, namely, SR; — 1 and SR, — O, is sug-
gested by our results, presented in Table I'V. Based on their
saturation, we propose to make predictions concerning the
energy behavior of the parameters A(s), B(s), C(s) and
D(s). We begin with the simple BP model, which contains
the asymptotics of the sum rules, since both y(s) and #, of
the modified versions of the model are approximately
constant in energy. The asymptotic sum rules read

_[AG__#)  JCWsing
o T p07 vmBe)  ven) Y
SR, A(s) 1 4 JC(s) cos ¢ ~1 16

1+ psP JmB(s)  JaD(s)

Since ¢ is approximately constant throughout the range
from ISR and beyond, and if p(s) ~ 1/Ins, one can then
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obtain the following asymptotic relationships between the

parameters:
JA(s) _C (s

B(s) D(S) (17)
VA(s) _ VT ~ const, (18)

Bo) (1 +309)

where s, the squared c.m. energy, is meant to be in units of
GeV2.

We now start from the fact that to leading order in In s,
the parameter A(s) « oZ,. The satisfaction of asymptotic
theorems [31] suggests that asymptotically oy, ~ B(s),
which is also in agreement with Eq. (18).

We consider here a specific realization of the Froissart-
Martin bound [6,7], namely the case of maximal energy
saturation. The more general case of o7y ~ (In s)'/? with
1/2 < p <1 will be discussed elsewhere. Then,

~4/C(s)Ins.
(19)

The above results are proposed in the context of the simple
BP model, with five parameters. The form-factor modifi-
cation of Eq. (3) may introduce some changes, but, if we
assume the parameter ¢, to asymptote to a constant value
(of 15 ~=0.71 GeV?), its introduction will not spoil the
simple relations of Egs. (17) and (18). We point out that
the ansatz B(s) ~ (Ins)? is asymptotically consistent with
data, as discussed in Ref. [29] and seen in Fig. 4. However,
at nonasymptotic energies the parameter B(s) may have a
slower growth.

To estimate the energy dependence of the parameters of
the nonleading term, i.e. D(s) and C(s), is more compli-
cated. An important consequence of Eq. (12) is that 4/C(s),
if at all, must increase less than In s, if both p(s) and p(s) ~
(Ins)~! asymptotically. Namely, we have the following:

(i) If the first term, 4/A(s), in the elastic amplitude

indeed represents a C = +1 vacuum term, then

pls) = . (20)
n

A(s) ~ (Ins)*, B(s) ~ (In s)?, D(s)

(i1) If the Froissart-Martin bound is indeed saturated,
then we have the Khuri-Kinoshita theorem accord-
ing to which also

p(s) — % [with the same coefficient 77]. (21)
s

(iii) If both Egs. (20) and (21) are simultaneously true,
then we must have that

[V(C/A)]In(s) — 0. (22)

(iv) The above precludes 4/C(s) from growing asymp-
totically as In (s), if /A(s) ~ [In (s)]?.

PHYSICAL REVIEW D 88, 094019 (2013)

In the logarithmic approximations we are using here, the
simplest assumption—albeit not the only one—satisfying
the sum rules, the Froissart bound and the Khuri-Kinoshita
theorem [8] is then

v C(s) ~ const. (23)

In other words, when the Khuri-Kinoshita asymptotic
behaviour for the real part of the amplitude is satisfied,
one can choose the amplitude C(s) — const and the sum
rules dictate a normal Regge-like behavior for the slope of
the nonleading term, D(s). However there are some caveats
and subtleties to be aware of:

(i) The phenomenology presented for pp, and pp
scattering as well, shows that 4/C(s) increases very
rapidly from ISR to LHC7, and hence a constant
behavior over this energy range is not observed
(see Table II).

(ii) For a large range of the energy interval p(s) ~ const

[average value 0.12] and thus over the same range

C(s) may increase in order to keep SRy ~ 0. This

seems to be borne out by the phenomenology.
Thus it is quite possible that, at least in the energy range in
which p(s) ~ const, +/C ~In(s). Unfortunately, with
present data, no unique limit can be prescribed. We shall

D(s) ~Ins,

thus resort to an empirical parametrization for /C(s), as
shown shortly below.

A. Phenomenological results for the parameters
and their physical meaning

In this section we propose an empirical description of
the differential elastic pp cross section to be used at LHC8
and LHC14. This parametrization follows Eq. (3) and
refines the one proposed in Ref. [4], presenting an optimal
description of the very small —¢ value, in addition to the
already mentioned good description of the dip and the tail.

Following the above discussion, and fits to ISR
and LHC7 data we propose the following asymptotic
parametrization:

44/7A(s)(mb) = 47.8 — 3.81ns + 0.398(Ins)%,  (24)

B(s5)(GeV™?) = Bgg(s) — —
0
= 11.04 + 0.028(In 5)* — 8
' ' 0.71
= —0.23 + 0.028(In 5)?, (25)
9.6 — 1.81Ins + 0.01(In s)3
4J7C b) = , 26
mCs)(mb) 1.2 + 0.001(In 5)° (26)
D(s)(GeV~2) = —0.41 + 0.291n 5. (27)

The parametrization for C(s) is empirical, y/A(s) and B(s)
follow asymptotic maximal energy saturation behavior,
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FIG. 5 (color online). Energy behavior of the model parameters /A(s), B(s), /C(s), D(s) described in the text. Black dots
correspond to parameter values determined by a fit to pp scattering data. Red dots correspond to the parameter values fitting pp data,
and were not used to determine the parametrization given in Egs. (24)—(27). The indicated parametrizations follow asymptotic sum
rules and theorems and cannot expect to be valid for lower ISR energies. The dashed curve in the B(s) panel accounts for the behavior

of 7y at nonasymptotic energies.

and D(s) shows normal Regge behavior. In Fig. 5 we plot
the parametrizations from Egs. (24)—(27), and indicate the
results of the fit to the elastic differential cross sections for
pp data (black dots). The red dots indicate the value of the
parameters obtained when fitting pp data with the mBP2
model. Notice that pp data were not used to determine the
parametrization given in Egs. (24)—(27). A comment on the
difference between the results of the fit of pp and pp can
be found in the next section.

B. A simple Regge-model for constant average ¢

We have mentioned that, for the purpose of the
empirical parametrization described by this model, the
phase ¢ is to be considered as averaged over the range of
momentum transfer under consideration. The previous phe-
nomenology also indicates that it is approximately constant
in energy. Here we shall show the connection between an
arbitrary phase such as ¢ and the contribution to the am-
plitude from C = *1 states, commenting on the energy
dependence. This follows if, in Regge language, the two
trajectories contributing to the amplitude are degenerate.

Consider a C = +1-state contribution to the elastic
amplitude. It reads

AW s, 1) = ic+(§)[(se_m/2)]a*('), (28)

So

where «, (7) is the positive-signature trajectory, R stands
for a general Regge parametrization, and s, is a generic
energy scale. For a C = —1 state, on the other hand, we

have
—im/2\ Ja_(1)
A= (5] @

where «_(#) is the negative-signature trajectory. Notice,
the absence of i in the second term.

We consider the two trajectories to be degenerate
(in analogy to the often invoked ‘“standard” exchange
degeneracy between f,-a, and p-w trajectories, which is
so essential for a lack of resonances in “exotic’’ channels).
Consider the limit

a,(f) = a_(1). (30)
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If as usual we assume them to be linear and just for
simplicity also assume that a.(0) = 1 (the case of the
“old” wuncritical Pomeron), we may write their total
contribution as

A r(s, 1) = iC+ —ic- eta'(n(s/s,)—im/2) 31

o

If we define

C, =s5,Ccos ¢; Cc_=
we may rewrite Eq. (31) as

A R(Sr t) — iCeta’(ln(s/s{,)—i7r/2)ei¢. (33)

Apart from the “extra” phase e ®'7/2_ this corresponds
to the second term of the Barger-Phillips amplitude, the
“C-term.” Notice that this phase is present in any Regge
amplitude.

Now we turn to some numerics related to this identifica-
tion. Clearly, D(s) = 2a'In(s/s,). Our phenomenological
value gives approximately D(s) = 0.291n(s/s,) GeV 2,
which corresponds to o’ ~ 0.145 GeV~2. This “extra”
phase A(r) = —ta’7/2 [which is constant in s and hence
nonleading with respect to In (s/s,)] in our case is bounded
between 0 < A(7) < 0.23 as 0 < |t] < 1 GeV?, an order of
magnitude smaller than the values of ¢ = 2.7 + 2.9 rad
found.

Figure 5 shows that the fit values for C(s) and the slope
D(s) for pp scattering do not completely follow the pa-
rametrization obtained for the case of pp amplitudes. In
Regge language, this corresponds to different nonleading
contributions from the Regge trajectories. The essential
point is that while the leading terms for pp and pp are
the same by virtue of asymptotic theorems, the nonleading
terms [characterized by C(s), D(s) and the phase] are not,
leading to different ratios of charge-conjugation C = *1
terms for the two cases. In this paper we shall not discuss
this point further, leaving a Regge analysis of this model to
future studies.

—s,Csin ¢, (32)

C. The position of the dip

Although the phase ¢ is consistent with a constant as
the energy increases, its value fluctuates. In the range
/s = 53-7000 GeV, the fits for pp and pp indicate ¢ =~
2.7 + 2.9 rad. We note that the value used for ¢ influences
the position and depth of the dip. In order to choose a value
for ¢, we then study how the dip moves as a function
of energy. The simplest asymptotic assumption for the
dip position as a function of energy is to assume geomet-
rical scaling, namely 74,0 ~ const. In the maximal
saturation model, in which o, ~ (Ins)?, one can then
parametrize the dip position as

a

fyoo= —— 34
dip 1 + b(Ins)? (34

In Fig. 6 we compare data for the position of the dip in pp
scattering with a parametrization obtained from Eq. (34)
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FIG. 6 (color online). Experimental values for the position of
the dip in pp and pp elastic scattering vs models suggested by
geometrical scaling [32] or a simple logarithmic energy rise.

and with other predictions from amplitudes obeying
geometrical scaling as discussed in Ref. [32]. A linear
logarithmic fit is also shown for comparison. Using these
different possibilities, one can calculate the position of the
dip at LHC8 and LHC14, as shown in Table V. In this table,
G S1 refers to the parametrization of Eq. (34), and GS2 and
GS3 refer to different applications of the geometrical
scaling model of Ref. [32]. The geometrical scaling values
are in good agreement with recent predictions for the dip
position at LHC14 from Refs. [33,34].

V. PREDICTIONS FOR LHC8 AND LHC14
AND THE BLACK-DISK LIMIT

We are now in a position to predict the ¢ dependence of
the elastic differential cross section in pp scattering at
higher LHC energies, using the empirical asymptotic
model described in the previous section. In Fig. 7 we
show these predictions for pp elastic differential cross
sections at LHC8 and LHC14. This model does not include
a second dip, or a wiggle, as in many eikonal models, such
as that seen in Ref. [35]. On the other hand, at present, at
LHC?7, in the interval 0 < —¢ < 2.5 GeV2 TOTEM data do
not allow one to establish the presence of a second dip or
wiggle. Finally, the dotted and full line correspond to
different values of the phase ¢ and the figures confirm
the sensitivity of the dip depth and position to the chosen
value for the phase ¢.

‘We now turn to higher energies and consider one favorite
test of asymptotia, namely the black disk limit for the ratio

TABLE V. Dip position from ./s =8 TeV onwards as
predicted by geometrical scaling models and simple linear
logarithmic evolution.

STeV) g G2 1SS
8 0.510 0.518 0.495 0.511
14 0.417 0.471 0.439 0.452
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FIG. 7 (color online). mBP2 model predictions for the differ-
ential elastic cross section at LHC8 and LHC14 in a maximal-
energy-saturation model, o, ~ (Ins)>.

of the elastic to the total cross section, Ry = 0,/ 0. AS
was also noticed in Ref. [36], present data from LHC7
indicate that we are still far from this limit. The question
is, how far?

Using the energy parametrization discussed in the pre-
vious section, an approximately constant scale 7, and a
band of values for ¢, we obtain the result shown in Fig. 8.
We notice that this ratio is in agreement with Auger results
[37]. Moreover, the asymptotic behavior is dictated by the
sum rules, which reinforcing the condition of total absorp-
tion of partial waves, lead to the saturation of the black-
disk limit, i.e. R; — 1/2 as s — oo. From the parameters
presented in Table VI, we estimate that R, =~ 1/2 at \/s =
10'° GeV (corresponding to the energy in the lab frame
E ~10% GeV), i.e. at energies typically larger than the
Planck scale.

As expected, the ratio R, is less sensitive to variations in
¢, since the contribution arising from the dip region to the
integrated elastic cross section is minimal. Therefore, not-
withstanding the observable effect in the elastic differential
cross section, shown in Fig. 7, the predictions of
this model for different values of ¢ lead to practically
overlapping curves.

We now summarize the physics content of the proposed
parametrization as follows:

(1) The first term in which the amplitude is split corre-

sponds to a leading positive charge-conjugation term,
C = +1, and the second term corresponds to a
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FIG. 8 (color online). Experimental data from accelerators for
the ratio Ry = Oejagic/ Tioa @S compiled from Refs. [1,2,38,39]
and this model’s expectations. The Auger datum has been ex-
tracted from the ratio o/ 0w at /s = 57 TeV, which comes
from estimates presented in Ref. [37]. For this point, the inner bars
(green) comprise only statistical and systematic uncertainties
combined quadratically and the outer bars (black) incorporate
the total uncertainty, with errors from Glauber calculations also
summed in quadrature. Inner bars: RS (57 TeV) = 0.31414;
outer bars: RSO (57 Tev) = 0.31+017.

mixture of C = +1 and C = —1 exchanges. The
value of the phase, ¢ ~ 7r but # 77, 7/2 indicates
that the second term is predominantly C— even, and
thus the interpretation of the tail as due only to a three-
gluon exchange [19] is not observed in this model.

(2) The parameters of the first term control the total
cross section, via A(s), and the diffraction peak with
B(s); the parametrization of their energy behavior is
valid for both pp and pp. This is in keeping with the
Pomeranchuk theorem.

(3) For the second term, the slope D(s) can be inter-
preted as arising from nonleading Regge and
Pomeron exchanges. These contributions differ for
pp and pp. This is confirmed by the fact that its
energy behavior is not quite the same for the two
processes. A similar argument can be used for the
energy dependence of the nonleading amplitude
C(s), which is a mixture of C— even and C— odd
exchanges.

094019-10



ELASTIC pp SCATTERING FROM THE OPTICAL ...
TABLE VL

PHYSICAL REVIEW D 88, 094019 (2013)

Values of mBP2 parameters used in the predictions at LHC8, LHC14 and AUGERS57 and the ratio R at each c.m.

energy. In all cases the values of #, have been frozen at 0.71 GeV? and bands for ¢ were considered. These bands determine the

uncertainty in the predictions for the ratio.

J5 (TeV) A (mbGeV2) B (GeV™2) C (mbGeV2) D (GeV™2) ¢ (rad) O/ Tt

8 596 8.8 47 2.72-2.81 0.257 = 0.001
14 739 10.0 5.1 2.76-2.92 0.270 = 0.001
57 1233 132 2.30 5.9 2.72-2.92 0.304 = 0.001

(4) The proton form factor multiplying the first term is
used to describe the probability that the proton does
not break up at —¢ = 0.

VI. CONCLUSIONS

We have shown that the pp differential elastic cross
section in the range measured by the TOTEM experiment
at LHC can be parametrized through two exponentials and
a phase, provided the first term is modified by a multi-
plicative factor to optimize the description of the forward
peak. Two different modifications were proposed. For the
model with a proton form factor to modify the —¢ =0
behavior, we extracted predictions at LHC8 and LHC14,
and calculated the ratio of the elastic to the total cross
section up to and beyond /s = 57 TeV.

The parametrization of pp elastic cross-section data
presented in this paper is not meant to be exact, but rather
to indicate how to break up the amplitude in a set of
building blocks, and apply this dissection to the data as
the energy increases. This parametrization addresses the
following basic elements:

(1) the value of the differential cross section at r = 0,

namely the optical point value;

(i1) a rapid decrease, characterized by a slope, which,
between —¢ = 0 and the dip, is not a constant;

(iii) the occurrence of a dip in pp at all energies from
ISR to LHC;

(iv) an exponential decrease after the dip, with a
nonleading slope and an amplitude much smaller
than before the dip.

This behavior is described by an empirical model, with two
amplitudes, two different slopes, a phase and the proton
form factor to multiply the amplitudes. This empirical
model might help us to understand the elastic pp differ-
ential cross section [40]. It describes the data well and, as
such, can be used by model builders and experimentalists
alike.

The interpretation of the model is in parts straightfor-
ward, but not completely. In our previous analysis of
TOTEM data for the elastic differential cross section
[4], we have commented on the physical meaning of the
model. Our considerations were that the two terms in the
amplitude receive contributions from different charge-
conjugation processes: the first term is purely from C =
+1, while the second nonleading term has contributions
from both C = *1 terms, which, at high energies, render

¢ # m, /2. The energy behavior of the leading ampli-
tude A(s) is consistent with many eikonal models, but the
exponential behavior in the momentum transfer before and
after the dip is not, and it is probably due to rescattering
effects in the final state. On the other hand, the modifica-
tion of the model with a form factor which reproduces the
proton electromagnetic form factor at high energy suggests
the need to include rescattering effects within each collid-
ing hadron, namely the probability that the proton does not
break up as the momentum transfer increases.
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APPENDIX A: TWO-PION THRESHOLD EFFECTS
ON THE BP MODEL: MBP1

We discuss here a model where the very small —¢
behavior is influenced by the nearest r-channel singularity
of the scattering amplitude. In this model, which we call
mBP1,

Al(s, 1) = i[VA(5)eBO2G (s, 1) + e/ C(5)eP2], (Al)

with G(s, 0) = 1 in order to not spoil the good description
of the dip by Eq. (1), as discussed in the text. Such a factor
would arise from the contribution of the two-pion loop
in the Pomeron trajectory, as was originally proposed
in Refs. [10,11], and more recently discussed by Khoze,
Martin and Ryskin [12] and Jenkovszky [13,41]. In par-
ticular ap(?), at very small ¢, should include a square-
root singularity at ¢ = 4u?, with u = m,, being the pion
mass. Mindful of such possibilities, we have applied the
following correction to the first term of Eq. (1), namely we
shall use

G(s, 1) = e YO 4 =1-2p), (A2)
with y(s) a free parameter. Being applied to the near-
forward region, such a term shall influence the small-|
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TABLE VII.

PHYSICAL REVIEW D 88, 094019 (2013)

Values of the free fit parameters A, B, C, D, y and ¢ at each energy analyzed. A and C are expressed in units of

mbGeV~2, B and D in units of GeV ™2, y in units of GeV~! and ¢ in radians.

J5 (GeV) A B C(x107%) D y ¢ xr

24 82810  63*0.1 23+02 1794004  215+007  294+001 2 =11
31 851202  6.99 *0.06 1.9 *0.1 1794002 179003  3.02%+001 Sl —1¢
45 91.5£02 7512005  LI8*0.06 162002  192+0.03  273£002  ;0_=40
53 94601 778005  149+0.05  170£001  179+0.02  2.68+0.01 40— 4.8
63 98502  7.98=0.09 17%0.1 1754003 174004  275%0.03 22 =21
7000 565+ 2 13.7+0.2 970 + 40 4432003  201£006 27030007  2L.=32

behavior of the elastic differential cross section, producing
a changed curvature in the effective slope Beg(s, t) in this
region. The original expressions for the total cross section
and the optical point remain unchanged, but the modifica-
tion of the model of Eq. (1) given by Egs. (A1) and (A2)
introduces an additional ¢ dependence in the first term,
through a square root, and hence a sixth parameter. Using
the modified BP model of Egs. (A1) and (A2), we update
our fits [4] to LHC7 data samples as well as to the ISR data
sets in the full range for pp data with /s =(23+63)GeV,
as displayed in Table VII and Fig. 9. ISR data sets used in
the fits comprise the data collection by Amaldi and
Schubert [14] and all experimental information available
from 1980 onwards [15-18]. This table shows that this

A
9 +  AMALDI, NP B 166 (1980) 301
= AMBROSIO, PL B 115 (1982) 495
10" AMOS, NP B 262 (1985) 689
o BREAKSTONE, NP B 248 (1984) 253
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FIG. 9 (color online).
the model mBP1.

Fits to the ISR and LHC?7 data sets with

modification gives an acceptable statistical description
from the optical point to the full |7| range. In Fig. 10 we
present the energy dependence of the fit parameters for the
mBP1 model. The continuous (dotted) lines in these fig-
ures are computer parametrizations drawn to guide the eye.

We now make two comments. Firstly, the square-root
factor is only used for the first term of the BP amplitude, as
this factor comes from the contribution of the pion loop to
the leading vacuum term and it may not be present for the
second nonleading term, which, for a generic ¢, also has
contributions from C = —1 processes. The second com-
ment comes from an inspection of Table VII and the energy
dependence of the parameter y(s). This energy dependence,
displayed in Fig. 10 from ISR to LHC7, shows a very slow
increase, even compatible with a constant in energy, shed-
ding doubt on a straightforward interpretation of this factor
in terms of a small-7 contribution to the Pomeron trajectory.

The elastic cross section for this model from Egs. (A1)
and (A2) is obtained as

oa9) = [ ddAG 0P

C
= Ae*=v ]| + D + 2+/ACe*"Y cos ¢ I5, (A3)
where the integrals J, and J; are given as
0
I, = f dteBszy\Mm%,fz, (A4)
I, = fo dteBTD)/2—y[4m%—1 (A5)

An analytical evaluation can be obtained, using the result
0 >

I(a B, 8) = f dreat BT

Lo BT

a 2a3/2
X Erfc[/a(8 + B/2a)]ex® B /4

(A6)

where Erfc(x) = % e ef"zdy denotes the complemen-

tary error function. Thus, from Egs. (A4)—(A6) it follows
that
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FIG. 10 (color online). Energy behavior of parameters from the mBP1 model.
A C 4JAC Y 2 2
gals) ==+ — cos Erfc \/I_E(Zm + —)]64’”7(3”/’"7)” /B
el( ) B D (B + D) ¢ \/_ 3/2 [ T B
— /87 VACYy cos ¢ Erfc 5+D o+ — 1) |2 B+D+y/mo) v /2(B+D). (A7)
(B+ D)? 2 T B+D

In the above expression one can see that the contributions with positive sign come from the simple BP amplitude, as can
easily be checked by taking the limit v — 0. Thus, the presence of negative terms in Eq. (A7), being due to G(s, 1), reflects
the importance of modifying the first term of the original BP amplitude.

The sum rules for the elastic amplitude presented in Ref. [4] can be applied to this model, and used to check the
saturation of the elastic amplitude at LHC energies. One has

1 A A B )
SR, = — + Ve Cosp — 4= —— Y Eife —(me + Z) e2ma(BEy/ma)+y’ /2B (A8)
JaB\1+ p?  JaD 21+p2B2 2 B

5 A \C e s |
P12 1+ p? B2 Erfc |:\/;<2m77 + E) o2 (B+y/my) /2B (A9)

J7B\1+ 57 Jmp e~

(ii) Both terms of the BP amplitude are multiplied by a
form factor (squared), but with difference scales, ¢,
and 7, namely

Als, 1) = i[p;)(t),/A(S'eB(m/z

SRO =

As above for the elastic cross section, the first two terms
come from the original BP amplitude and the input G(s, )
produces the last term.

APPENDIX B: OTHER FORM-FACTOR

MODIFICATIONS OF THE BARGER + e F2 () C(s eD(s)t/Z], (B3)
AND PHILLIPS MODEL
. . . . ith
We examine here two more possible modifications of the W
Barger and Phillips model, complementary to the form- F2 _ 1 (B4)
factor modification of the first term, presented in the text. 1 —t/to)*
(1) The entire BP amplitude is multiplied by a factor .
with 1, o free parameters.
F = 1 (B1) We show the results of the fit in Fig. 11. In Tables VIII
(1—1t/t )4’ and IX we indicate the values taken by the parameters for
. the best fits of Fig. 11. An inspection of these fits indicates
with 7, a free parameter, namely that an overall multiplicative factor, corresponding to the
first top plots, is the least favored of the above two possi-
— 2 [ 9)t/2
Als, 1) = iF P(t)[ A(s)eB(Y)t/ bilities (and less favored than the one chosen in the text,
. . 2
ib(s) [T D(s)1)2 mBP2). From the point of view of the y*, the fits do not
te Cls)e ] (B2) favor the second possibility relative to the choice mBP2,
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FIG. 11 (color online).  Fits to ISR53 and LHC7 data sets with the two other modified BP models described by Egs. (B2) and (B3),
with ISR fits on the left hand side and LHC fits on the right hand side. Top row: BP amplitude multiplied by an overall form factor like
term. Bottom row: the two terms in BP amplitude are multiplied by form factors with different scales.

discussed in the text: multiplying both terms by form factors APPENDIX C: IMPACT-PARAMETER STRUCTURE

with different scales or only the first term as in mBP2, gives

an equally good fit, both at ISR and at LHC. However, we IN'THE MODIFIED MODELS

notice a problem with the fits of the bottom figures, when Besides the sum rules, the impact-parameter structure of
the two terms are each multiplied by a different factor,  the models mBP1 and mBP2 provides us useful informa-
namely these fits are quite insensitive to the second scale.  tion about unitarity saturation. From our fits with both
Phenomenologically, therefore, this possibility is not par-  models, we extract the elastic profile, through the Hankel
ticularly useful, albeit it could be further studied. transform of the amplitude (A1),

TABLE VIII. Fit parameters of the model with an overall form factor. A and C are in units of mbGeV~2, B and D are in units of
GeV~2, ¢ is in radians and f, is in units of GeV?.

/5 (GeV) A B Cc D ¢ to dxzf

LO.1.
53 1312 2.90 = 0.04 34+0.3 0.10 = 0.01 3.008 = 0.006 0.811 = 0.005 % =153
7000 2180 £ 210 43 +0.1 580 = 110 1.54 £ 0.07 3.043 £ 0.007 0.582 = 0.004 % =27

TABLE IX. Fit parameters of the model with two scale form factors. A and C are in units of mbGeV~2, B and D are in units of
GeV 2, ¢ is in radians, and ¢, and ¢, are in units of GeV?.

J5 (GeV) A B C D ) fo t x

LO.1.
53 93302 44=01 0004*0001 11*02 2811+002 093001 7.2+23 s —_47
7000 565+2  82%02  137+007  465%+007 2755+0008 0.69*001 62%+247 3B_—15
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As, b) = —i fo " qdglo(qh) Als, ). (CD)

On the one hand, the dominant contribution comes from
the real part, which assumes distinct forms for the models
mBP1 and mBP2,

VC s
D

ARBPY (s, b) = JAe2m= T (s, b) + cosé, (C2)

C
AmBPY (s, by = A1 K(s, b) + %—e% cos¢, (C3)
where the integrals 7 (s, b) and K(s, b) are given as

T (s,b) = fo " qdado(gb)e BE R (g
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Energy evolution of the profile functions (real and imaginary) from ISR to LHC7.

—Bq*/2

e
Wt

K (s, b) = ﬁ) ® qdalo(qb)

On the other hand, the imaginary part turns out to be the
same,

A mBPLmBP (g p) — f ¢~ sin . (C6)

Unfortunately, due to the introduction of corrections into
the first term of the original BP parametrization, the inte-
grals (C4) and (C5) can no longer be solved analytically.
Therefore, we perform numerical evaluations of such
integrals. In Fig. 12 we present these calculations and the
energy evolution of the elastic b distributions, following
from Egs. (C2)-(C6), from ISR energies to LHC7.
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