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Testing leptoquark models in B — D" 7
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We study potential new physics effects in the B — D™ 75 decays. As a particular example of new
physics models, we consider the class of leptoquark models and put the constraints on the leptoquark
couplings using the recently measured ratios R(D®)) = B(B — D™ r5)/B(B — D™ 7). For consis-
tency, some of the constraints are compared with the ones coming from the current experimental bound on
B(B — X,vv). In order to discriminate various new physics scenarios, we examine the correlations
between different observables that can be measured in the future.
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I. INTRODUCTION

An excess of exclusive semitauonic decays of the B
meson, B — D™, has been reported by the BABAR
and Belle collaborations. In order to test the lepton univer-
sality with less theoretical uncertainty, the ratios of the
branching fractions are introduced as observables,

B(B— DY 7rp)

Y= = 7/
RO™) =BG = sy

(M

where ¢ denotes e or u. The present experimental results
coming from the BABAR experiment are given by [1,2]

R(D)BABAR = (.440+0.072, R(D*)BABAR =(.332+0.030,
(2)

with their correlation p = —0.27, where the statistical and
systematical errors are combined assuming Gaussian dis-
tribution. For the corresponding results from several Belle
publications [3-5], we combine the results that have
the smallest errors for each charge mode, and obtain the
following numbers:

R(D)Belle = (0,390 £0.100,  R(D*)Belle = (0.347 + 0.050,

3)

where the unknown correlation is assumed to be zero in
this case. Further combining Egs. (2) and (3), we obtain

R(D) = 0.421 = 0.058, R(D*) = 0.337 = 0.025, (4)

with the correlation to be —0.19. Comparing these experi-
mental results with the Standard Model (SM) predictions,

R(D)M =0.305%0.012, R(D*)M=0.252+0.004, (5)
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we find that the discrepancy is 3.50° combining R(D) and
R(DY).

From the theoretical point of view, the two-Higgs-
doublet model of type II (2HDM-II) [6], which is the
Higgs sector of the minimal supersymmetric Standard
Model (MSSM) [7], has been studied well in the literature
[8—12] as a candidate of new physics (NP) that significantly
affects the semitauonic B decays. Based on these theoreti-
cal works and their experimental data, the BABAR
Collaboration shows that the 2HDM-II is excluded at
99.8% confidence level (C.L.) [1,2].

This observation has stimulated further theoretical activ-
ities for clarifying the origin of the above discrepancy. Several
authors have studied various NP scenarios other than 2HDM-
II. Possible structures of the relevant four-fermion interaction
are identified and models that induce such structures are
proposed in the literature [13-22]. One of the interesting
four-fermion operators is the scalar type generated in the
2HDMs with flavor changing neutral currents, the so-called
2HDM of type III [23]. It is shown that this operator, men-
tioned as (OIS2 below, explains the experimental data. Another
compelling possibility is the tensor operator O%.. Two of us
have shown that O’ describes the present experimental re-
sults with a reasonable range of its Wilson coefficient and
predicts 7 and D* polarizations different from (QIS2 [24]. They
have also studied a leptoquark model as an intriguing example
that induces these operators. The effect of the tensor operator
also has been studied recently in Ref. [25] in a model-
independent way and in Ref. [26] in leptoquark models.

In this work, we extend the analysis in Ref. [24] to all
possible leptoquark models [27]. It is shown that three of
them explain the present experimental data quite well. In
our study, we carefully investigate theoretical uncertainty
in the evaluation of NP contributions in B — D" 77 by
employing two different sets of relevant hadronic form
factors. The rest of the paper is organized as follows. The
effective Hamiltonian including all possible four-fermion
operators, the relevant helicity amplitudes of B — D™ 77,
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and the analytic formulas of differential decay rates are
presented in Sec. II. After introducing all possible
leptoquark models, we evaluate Wilson coefficients of
the effective Hamiltonian in Sec. III. Constraints from
B— D®75 as well as those from B — X,v7 are also
shown in Sec. III. Section III also contains a discussion
on theoretical uncertainty in the constraints from B —
D™ 7p. In Sec. IV we study all possible correlations be-
tween various observables in order to distinguish different
NP models. Section V is devoted to our conclusions. Some
details of hadronic form factors and decay distributions are
relegated to appendixes.

II. EFFECTIVE HAMILTONIAN AND
HELICITY AMPLITUDES

Assuming the neutrinos to be left-handed, we introduce
the most general effective Hamiltonian that contains all
possible four-fermion operators of the lowest dimension

for the b — ¢, transition,
|
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4G
Her = \/EF Vepl(8): + CY) Oy, + Cy O,
+ CISI(Q.ZSI + Clsz@éz + CZT(QH, (6)

with the operator basis defined as

@é/l =(@Lyb)(7, Yu Vi), @i/z = (ERYMbR)(fLYM viL),
@él = (ELbR)(q_—R VZL)) @g‘z = (C_.RbL)(%R VIL),

O} = (ero™ by )(TRT 4y Vir)- (7)

Since the neutrino flavor [ is not determined experi-
mentally in B decays, we consider [ =e¢, u or 7. In
the SM, the Wilson coefficients are set to zero, C§( =0
X =Vi2, 812 D).

Using this effective Hamiltonian in Eq. (6) and calculat-
ing the helicity amplitudes (for the details see Ref. [24]),
one finds the differential decay rates as follows:

dU'(B— D7) GlV,1* , [t m2\2 , . mi\, o, [ 3mi
dqz = 192773m%q )\D(q )(1 - ?) X {Ial'r + Cvl + CV2| [( 2q )HVO + 5 q_HVt]
121, + ¢l PHE + 8|CL 1+2’" HP + 3Re[(8), + Cl, + Cl,)(Cl + Cl) 2= HyHy
2 M SH S q IT Vi vV, S5 \/? SVt
m
— 12Re[(8), + C}, + C,)CE1 = my 0}, )
V7
and
dU'(B— D*ti)) _ GE|V,|* , m2\2
_ c A 2 1 =27
e 19273 VA0 )< q2)
2 3
X {(lah +Cp P+ |C(,2|2)|:<1 + mg)(Hé+ FHY o H) s H%,]
q ' q
5 m? 3 m?
C R[5, + C{,I)C(,Z]Kl + —2)(H + 2y Hy ) + 5 H%,,t]
3 2m
+31ck, - ¢ P+ sich( )(HT+ FHL_ 4 H)
p ,
+3Re[(8); + C), — C)(Cs — C5)] J_HSHV,
q>
— 12R[(8); + C, )Cl*] ~(HroHy + Hr,+Hy + — Hr,_Hy )
s
m
2R i - Hyty.) ©)
g
where Apw(g?) = ((mg — mD(*)_)2 — ¢ ((mg + mpw)* — ¢%).
The hadronic amplitudes in B — M7v;, (M = D, D*) are defined as
Vlz ¥ (@) = gL (WM Ay)ley (1 F ys)blB), H§f;A(q2) = (M(A\y)le(1 = y5)b|B), a0)

Hp"(q?) = —Hp", (¢7) = L (Ve (VXM (Ay)|ea (1 — ys)bl B),
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where Ay, and A denote the meson and virtual intermediate boson helicities (Ay; = s and Ay, = 0, =1 for D and D",
respectively, and A = 0, =1, ¢) in the B rest frame, respectively. A detailed description of the matrix elements can be found

in Appendix A. The nonzero amplitudes are given below.

(i) B— Drw:

o)
Hyyo(q?) = Hy, o(q?) = Hy, o(q?) = \/ qu Fi(g?),

(11a)
s (L 2\ — 17s 2\ — 178 2_’"%_’"%) 2

Hy,(¢*) = Hy, (¢°) = Hy, (q°) = TFO(Q ), (11b)

(.2 s (2 s (2 my — mp 2
Hy(q%) = Hg (¢7) = Hy,(q°) = ———=Fy(q"), (11c)

my, m.

VAp(g?)
H3(g?) = Hy., (¢%) = H}.0(g?) = —~"2T 2 p(g), (11d)

mB + mD

(i) B— D*ri:
+ - — V)\ * 2)
Hy .(¢%) = Hy, +(¢*) = —Hy, = (¢°) = (mp + mp)A,(¢*) + D—(L]V(qz), (12a)
mB + mD*
mg + mp- Ap(q?)
Huolg®) = HY,o(?) = ~HY, (") = "2 72 [ (o — iy, = A + 22 ag | az
V,0 q V.,0 q V5,0 q 2mD*J52— B D q 1\q (mB + mD*)z 2\g
Ap-(g?
Hy () = HY () = ~HY, () = — "] JAo(a?) (120)
Vi (@)
Hylq?) = HY (¢) = —HO (g) = - Y22 @) 4 () (124)
my, + m,
. 1
Hr-(q*) = *H7 . (¢*) = ﬁ[i(m% = m3)Ts(q%) + Y Ap (gH)T1(g)] (12e)
2\ — 10 2y — g0 2y (2 2 _ 2 2 Ap(q?) 2
Hyo(q%) = Hy . _(q”) = Hy,(q%) = > (my + 3mp. — ¢°)T2(q°) + ———5-T5(q°) | (121f)
mp: my — my,.

In Egs. (11c) and (12d), the equations of motion are used
for the quark fields.

Up to now all experimental and phenomenological
analyses of B— D™ 7% decays have been made highly
relying on the heavy quark effective theory (HQET).
Although it provides an extremely useful tool in describing
the nonperturbative dynamics of QCD, an alternative de-
scription of these decays that does not rely on HQET is
welcome. Therefore, in order to be conservative and to
estimate the sensitivity of NP constraints to the B — D
transition matrix elements, two different sets of hadronic
form factors are examined:

(i) HQET form factors, parametrized by Caprini et al.
[28] with the use of parameters extracted from ex-
periments by the BABAR and Belle collaborations;

(i1) form factors, computed by Melikhov and Stech
(MS) using a relativistic dispersion approach based
on the constituent quark model [29].

f
III. TESTING LEPTOQUARK MODELS

A. Effective Lagrangian and Wilson coefficients

Many extensions of the SM, motivated by a unified
description of quarks and leptons, predict the existence
of new scalar and vector bosons, called leptoquarks, which
decay into a quark and a lepton (with a model-dependent
branching fraction). These particles carry nonzero baryon
and lepton numbers, color, and fractional electric charge.

Although for the leptoquark masses that are within
experimental reach at collider experiments, the flavor-
changing neutral current (FCNC) processes favor lepto-
quarks that couple to quarks and leptons of the same
generation, in this work we study the leptoquarks which
couple to the third and the second generation. We use the
Lagrangian with the general dimensionless SU(3). X
SU((2); X U(1)y invariant flavor nondiagonal couplings
of scalar and vector leptoquarks satisfying baryon and
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lepton number conservation, introduced by Buchmiiller
et al. [27]. The interaction Lagrangian that induces
contributions to the b — c€¥ process is given as follows:

L L
L0 = LFgO + LFg—Z’

-E;cho = (R, Quy*Lj + hirdigy*€;r)Uy,,
+ h3 Qioy*L; Us,

+ (gL + h3pQirioslip)Ry,

(g1, Q5 ioaLyy + gipitiplp)S,

+ 84,05 i0,0°L ;. S;
+ (g5, dry" Ly + 85k

where Q; and L; are the left-handed quark and lepton

SU(2), doublets, respectively, while u;g, d;g, and €z are

the right-handed up, down quark and charged lepton

SU(2), singlets; indices i and j denote the generations of

quarks and leptons; and ¢ = CiT = Cy°4* is a charge-

conjugated fermion field. For simplicity, the color indices
|

LQ _
Lp= )=

_fL7M€jR)V2M: (13)
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TABLE I. Quantum numbers of scalar and vector leptoquarks
with SU(3). X SU(2); X U(1)y invariant couplings.

S S; Vs R, U, U,
spin 0 0 1 0 1 1
F=3B+1L -2 -2 -2 0 0 0
SU(3), 3* 3* 3" 3 3 3
SU(2), 1 3 2 2 1 3
U(D)y—g-1, 1/3 1/3 5/6 7/6 2/3 2/3

are suppressed. The quantum numbers of the leptoquarks
are summarized in Table L.

We note that the fermion fields in Eq. (13) are given in
the gauge eigenstate basis in which Yukawa couplings of
the up-type quarks and the charged leptons are diagonal.
Rotating the down-type quark fields into the mass eigen-
state basis and performing the Fierz transformations, one
finds the general Wilson coefficients at the leptoquark
mass scale for all possible types of leptoquarks contribut-
ing to the b — c7v; process:

v, 2\/'GF V., & 2MS}/3 ZMS;” M?]?ﬁ M?@“
cy, =0, (14b)
3 23 21 1. k3%
2 2h7i h
Cls Z gszng _ 1L2 IR jl’ (14c)
! 2\/—GF k=1 M 1/3 MU2/3
1
Cl > gng%;* _ h%ihé{%* 14d
Sz 2\/—G Z 2M2 2M2 4 ( )
F k=1 1/3 R§/3
3 B % %
" 2\2GV,, GF o = 8M51/3 8M§§/3

where V3 denotes the Cabibbo-Kobayashi-Maskawa ma-
trix elements and the upper index of the leptoquark denotes
its electric charge. In the following we will neglect double
Cabibbo suppressed @(A?) terms and keep only the leading
terms proportional to V33 = V.

The vector and axial vector currents are not renormal-
ized and their anomalous dimensions vanish. The scale
dependence of the scalar and tensor currents at leading
logarithm approximation is given by

Cslua) = [j“((z))]fg’”[“f(z’;jg)]ﬁ@(mm),
T ’ (15)
SR e L

where the anomalous dimensions of the scalar and tensor
operatorsare yg = —6Cp = —8, y; = 2Cp = 8/3, respec-
tively, and 8§ = 11 — 2n,/3 [26]. Taking into account the

most recent constraints on the scalar and vector leptoquark
masses by the ATLAS and CMS collaborations [30,31], in our
numerical analysis we assume that all scalar and vector lep-
toquarks are of the same mass my o = 1 TeV. The b-quark
scale is chosen to be w, = m;, = 4.2 GeV.

One can easily notice from Eq. (14) that in the simplified
scenario with a presence of only one type of leptoquark,
namely, RY* or §1/3, the scalar C§, and tensor C7- Wilson
coefﬁ01ents are no longer independent: one finds that at the
scale of leptoquark mass C§ (myq)=*+4C}(mq). Then,
using Eq. (15), one obtains the relation at the bottom mass
scale,

C} (i) = £7.8CH(,). (16)

B. Constraints from B — X, vv

Recent progress in experiment and theory has made
FCNCs in B decays good tests of the SM and powerful
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probes of NP beyond the SM. Along with the b — sy and
b — s€* €~ processes, the b — sy decay is also sensitive
to extensions of the SM. From a theoretical point of view,
the inclusive decay B — X, v¥ is a very clean process since
both perturbative a, and nonperturbative 1/m? corrections
are known to be small, what makes it to be well suited to
search for NP.

The b — sv;v; process can be described by the follow-
ing effective Hamiltonian:

4G * ij ij i1j AL
H o = 2V V(6,5 + cHoY + cioy], a7

N

where the left- and right-handed operators are defined as

O] = GLy b)) y,va). (18)

(9% = (SrY*bR) (P Y uVir)-

In the SM, the Wilson coefficient is determined by box and
Z-penguin loop diagrams computation which gives

@

CoM = o X(m? /M), (19)

2arsin“ 6y,

where the loop function X(x,) can be found e.g. in
Ref. [32].

As one can notice from Eq. (13), the scalar leptoquarks
S },/33 and vector leptoquarks Vzl/ * and Uy /3 give the

following contribution to b — sv;v;:

PHYSICAL REVIEW D 88, 094012 (2013)

In the following, for simplicity we neglect the subleading
O(A) terms in Eq. (20) and keep only the V,, Vi = 1 term.

One has to note that the U 1/3 leptoquark does not affect
b — c€v. In this way, as can be seen from Eq. (14), only
the gi(3, g1y, couplings of the S}g) leptoquarks can be
constrained using both b — ctv; and b — sv,.v; pro-
cesses. Nevertheless, assuming that the leptoquarks from
the same SU(2) triplet, namely, U, 173 and Ug/ 3 have
masses of the same order, one can combine the constraints
on h3) h33*.

Summing over all neutrino flavors and taking into ac-
count that the amplitudes with i # j do not interfere with
the SM contribution, the branching ratio can be written as

dB(B — X,vD) G> .
S ——— TBT;WthumiS(X)
3
x [3c<LSM>2 + S (CUP +|CUP)

ij=1

3
+2cPMy :Re[cg'*]], Q1)
i=1

where x = E,;./m;, and the S(x) function describes the
shape of the missing energy spectrum [33]. In our estima-
tion we set m; = 0 (therefore 1/2 < x = 1) and neglect
the a; and 1/m3 corrections.

Using the experimental limit on the inclusive branching
ratio, determined by the ALEPH Collaboration [34],

- 1 3 gmig"j*
Cy = NIRRT Y VsV j/; L (20a)  BHP(B— X,vP) < 64X 107* at the90%C.L,  (22)
2 2(;thb ts mn=1 V21/3
g 1 3 . and assuming for simplicity that only one specific ij
L=~ 2BGV VP Z ViizVi combination of one type of leptoquarks contributes, we
FUtb7es mn=1 obtain constraints on the leptoquark couplings depicted
« gmgly N gnighy 3 2h% by (20b) in Elg. 1. In the case that the coupl.lngs are real, the
M2 M2 M2 : obtained numbers are consistent with the result of
1/3 1/3 -1/3
s)/ sy Uy Grossman et al. [33].
(a) (b ©
0.2F 02r , . 02F :
m i =
i=j 1=
0.1+ _ ol \ 0.1k
5 G % M
3 00 =00 52 00
%" 52 N;; \V
-0.1 = -0.1 1 - -0.1}
-0.2} ~0.2l ] -0l
-02 -01 00 ol 02 02 -01 00 01 02 02 -01 00 01 02

i 2j*
Relg3; g57]

FIG. 1 (color online).
limit on B(B — X,vDp).

3i 2jx
Relg73). 813)1]

Re[h3] h3]]

Constraints on the leptoquark couplings contributing to the b — sv;¥; process using the experimental upper
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C. Constraints from B — D7 and B — D* v

Using the Wilson coefficients in Eq. (14), in Figs. 2—4
we provide constraints on various leptoquark effective
couplings at the bottom quark mass scale and combine
some of them with available bounds coming from
B(B — X,vv), discussed in the previous subsection. We
consider the general case that the flavor of neutrino is
arbitrary. The numerical results of two different sets of
form factors are shown for comparison, including the
theoretical uncertainties sketched in Appendix A.

In Fig 2, as an example, we present the constraints on
the g3 L L ¢233* product of couplings of the SI/* leptoquark
assuming that the other couplings are zero. The other

constraints on g3Lg§z* of the SY° leptoquark and

h 21 h33*
163)L™MEB)L
by rescaling and/or reflecting the constraints from R(D®)
in Fig. 2 [see Eq. (14a)].
Figures 2(c) and 2(d) represent the zoomed areas
around the origin of the plots in Figs. 2(a) and 2(b),

of the U, ] (3) leptoquark can be easily obtained

(a)

m 1o (=3)
30 (=3)
W 1o (#3)
30 (1#3)

N

Im(gi} g1
(=}

Relg}} g17]

(©)

| o (=3)
0.4 L m 30 =3)
G
W 30 (1#3)

0.2

0.0

Im[g3} ¢}71

-0.2

-0.4

-0.2 0.0 0.2 0.4 0.6 0.8

Relgl} ¢i7]

FIG. 2 (color online).
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respectively, combined with the constraints from Fig. 1(b).
As one can notice, the case of ¥, # 7, is excluded since
the constraints on g3/ ¢23* coming from B — D® 7% and
B — X,vv are inconsistent, namely, there is no overlap
between red (disk) and green/yellow (centered annulus)
allowed regions in Figs. 2(c) and 2(d). The results for the
case of ¥; = v, are consistent only at the 3o level and
force the couplings to be rather small. For other models,

the similar conclusion can be made for g3t g% and

h3} h33*. On the contrary, the U? leptoquark couplings,
h3! h33*, remain unconstrained from B — X v¥ and the
magnitude of the order of O(1) can be sufficient to explain
the current measurements of R(D) and R(D*).

We find that the model with the vector Vzl/ ? leptoquark
exchange with g3} g33* couplings is hardly possible due to the
low compatibility with the experimental data as can be seen
from Fig. 3. We note that the allowed regions of 99% C.L. and
99.9% C.L. are shown in Fig. 3 since there is no allowed region

even at 95% C.L. The h?,h3%* couplings of the U?

(b)

W o (=3)
30 (=3)
| Lo (#3)
30 (1£3)

~

Im(gi} g3
(=}

Relgir 171

(d

W 1o (=3)
0.4 | M 30 (=3
W Lo (#3)
30 (1#3)

0.2

0.0

Im[gi} ¢37]

-0.2

-0.4

-0.2 0.0 0.2 0.4 0.6 0.8

Relg}] ¢i7]

Constraints on the leptoquark effective couplings at w; scale contributing to the Cy, Wilson coefficient

coming from the y? fit of R(D) and R(D*). The constraints are obtained by use of form factors evaluated in the HQET (a),(c) and the
ones computed by Melikhov and Stech (b),(d). The zoomed areas around the origin of the plots in (a) and (b) are depicted in (c) and (d),
respectively. The light gray (orange) and [dark gray (red) circles show the constraints from the experimental upper limit on

B(B — X,v, ;) for [ = 7 and [ # T, respectively.
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(b)

(@)
1.0 1.0
B 99% CL (1=3) M 99% CL (I=3)
99.9% CL (I=3) [ 99.9% CL (1=3)
I 99% CL (1+3) 99% CL (I#3)
0.5 B 99.9% CL (1+3 0.5 99.9% CL (I#3,
R g
o o
=3 00 =3 00
29 29
£ £
-0.5 -0.5
~1.0 HQET -1.0
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
% Relg3z 8371

Relg3] g3%]

FIG. 3 (color online). Constraints on the leptoquark effective couplings at w,, scale contributing to the Cs, Wilson coefficient coming
from the y? fit of R(D) and R(D*). The constraints presented in Figs. (a) and (b) are obtained by use of form factors evaluated in the

HQET and the ones computed by Melikhov and Stech, respectively.

(@ (b)

6 W Lo (=3)
W 30 (=3)
W 1o (#3)
30 (1£3)

6 W 1o (=3)
30 (1=3)
o (#3)
W 30 (1#3)

&~

Imlg}} g7%]
Imlg}} g7%]
o

-4
-6
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
Re[g}] g% Re[g}] g%
© ()
W 1o (=3) W lo(=3)
AL M 30 (=3) 4L 30 (=3)
W 1o (1#3) W lo (#3)
W 30 (1#3) 30 (1#3)
MS
-6 -4 -2 0 2 4 ) -4 -2 0 2 4

Re[h3] h3¥] Re[h37 h3%]

FIG. 4 (color online). Constraints on the leptoquark effective couplings at u, scale contributing to the Cg, and Cy Wilson
coefficients coming from the y? fit of R(D) and R(D*). The constraints presented in Figs. (a),(c) and (b),(d) are obtained by use of form

factors evaluated in the HQET and the ones computed by Melikhov and Stech, respectively.
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leptoquark have the same allowed space as g3} ¢33 of the V)/*
leptoquark in Fig. 3 [see Eq. (14c)].

In Fig. 4 we demonstrate that the scalar § :/ > and Rg/ :
leptoquark effective couplings, g3} g2%* and A3} b3y, of
O(1) are sufficient to explain the present data for the
leptoquark mass scale of the order of 1 TeV. It is interesting
to note from Figs. 4(c) and 4(d) that the Rg/ 3 leptoquark
couplings are favored to be purely imaginary which could
be tested directly by studying y angular distribution in
B — D*(— Dm)tp (where y is the azimuthal angle
between the planes formed by the W — 7 and D* — D
systems in the B rest frame).

D. Sensitivity of the constraints to hadronic
form factors

To conclude this section, we discuss the sensitivity of the
NP constraints to hadronic form factors and their theoreti-
cal uncertainties. In Figs. 2—4 we show the comparison of
the resulting constraints on leptoquark effective couplings,
obtained by using the form factors evaluated in the HQET
by Caprini ef al. [28] and the ones computed by Melikhov
and Stech in the constituent quark model [29]. These two
sets have fairly different uncertainties although both of
them describe the experimental results of B — D®{p
and are consistent with the heavy quark symmetry.

We find that both sets of form factors give similar
allowed regions in the parameter space for most leptoquark
models. The constraints on the product of couplings of the

scalar S}(/;) and vector Uf(/;) leptoquarks with only left-
handed couplings [g}(s,&1(3, and hijz i35, . respec-
tively] in Fig. 2 look practically identical and therefore

the effect of the choice of the form factor set is negligible.
In our study we observe that in the case of the vector

V2l /3and U f/ 3 leptoquarks with both left- and right-handed
couplings (g3/ g5 and h3} hiy", respectively), the degree
of exclusion highly depends on the employed form factors
(see Fig. 3). One can notice from Fig. 3(b) that for the case
of the MS form factors there is practically no allowed
region at 99% C.L. which makes this model disfavored.
This means that we must be careful about theoretical
uncertainties when excluding NP models.

In Fig. 4 we show the resulting constraints on the scalar
S173 and R¥? leptoquark effective couplings (g3! g23* and
h3} h33', respectively) which contribute to both Cg, and Cr
Wilson coefficients and therefore are sensitive to tensor
form factors. One can notice that, compared to Fig. 2, the
constraints in Fig. 4 look slightly different for two sets of
form factors. The form factor uncertainty tends to cancel in
the ratios R(D™) for the case of the SM-like operators,
(9{,] , as can be seen in Fig. 2. On the other hand, we do not
expect such cancellation in the case of the scalar and tensor
operators, (OZS12 and O}. This makes the NP constraints

more sensitive to the tensor form factor uncertainties and
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TABLE II. Comparison of the *1¢ allowed ranges for the
leptoquark effective couplings using the form factors evaluated
in the HQET and the ones computed by Melikhov and Stech. The
intervals for g3; g33" are given at 99% C.L. level due to the
absence of the allowed space at 10 and 20 levels. The products

of couplings are assumed to be purely real or imaginary.

HQET MS

| Im[h33 33 ]l [1.92; 2.42] [1.99; 2.44]

Imlgi; g1x’]

Relgh g3] [—1.12; —0.85] [—1.16;—0.71]
[4.40; 5.17]

Re[h? hiF] [—2.97; —2.85] [—3.01; —2.88]
[0.15; 0.27] [0.18; 0.31]

| Tm[h33 h33+]| [0.65; 0.90] [0.73; 0.97]

Relg3: ¢33 [—0.35; —0.10] [—0.27; —0.24]

Imlg3] g3 ] [0.34; 0.68]

hence can explain the difference between the HQET and
MS results in Fig. 4.

In Table II we give explicitly some numerical results for
the allowed parameter space compatible with the experi-

mental data at 1o level (except for the vector Vzl/ 3 lepto-
quark couplings g3; g5%", for which we present the ranges
at 99% C.L. due to the absence of the allowed space at 1o
and 20 levels). For illustration, we assume the product of
couplings to be purely real or purely imaginary. As one can
see from Table II, the allowed ranges are well consistent for

two sets of form factors. The exception is the Vzl/ 3 lepto-
quark couplings g3; g3%* which have a very tiny parameter
space at 99% C.L. for the MS form factors.

Incidentally, we would like to note that the HQET
parameters, p%,’ p- and Ry,(1) (see Appendix A 3), are
extracted from experiments by the BABAR and Belle col-
laborations [35-38] assuming only the SM contribution to
the total amplitude of B — D" €5, (€ = e, u). Therefore,
in order to use the fitted HQET form factors, one has to
make an important assumption that couplings of NP parti-
cles to light leptons are significantly suppressed as in the
2HDM-II and NP effects can be observed only in the
tauonic decay modes.

IV. CORRELATIONS BETWEEN OBSERVABLES

In order to distinguish between various NP models, we
study the following observables which could be sensitive
to NP:

(i) 7 forward-backward asymmetry,

| _dr _ [0 _dr
A 0 Teogdcosd — [0 -4 —dcos 6
FB

Tl
Sl 7L dcos o

- [ bo(¢*)dg®
1—1 b

(23)
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where 6 is the angle between the three-momenta of 7
and B in the 77 rest frame;
(i) 7 polarization parameter by studying further 7

decays,

P, =

F(A, =1/2) —T(A, =

~1/2)

T(A, = 1/2) + T(A,

~1)2)

;@

(iii) D* longitudinal polarization using the D* — D

decay,

Pp:

T Ty =0) +T(Ay =

0.6

0.4t

0.2¢

AR

0.0r

-0.2}

-04

0.2

0.10

03 04 05 06 07
R(D)

0.05

(D)
AFB
=3
=3
S

-0.05

-0.10

SM

020 0.25

030 035
R(D")

0.40 045

0.2F

0.0}

(D7)

- —0.2¢

P

—0.4}

-0.6

SM %

-0.

0.00

)
AFB

10 -0.05

D+Ty = 1)

(25)

0.7
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Here, for brevity, I denotes B — D(*)TI_/). The ¢° dis-
tributions for various 7 and D* polarization states together
with by(g?) can be found in Appendix B.

In order to determine # angle, the 7 momentum recon-
struction is necessary. It is not apparent whether this is
possible due to the two or more missing neutrinos in the
decay modes under consideration [9]. Here we mention a
proposal in LHCb to utilize the information on the verti-
ces of B and 7 production/decay for identifying a B —
D*7p process in their environment [39,40]. The 7 pro-
duction/decay vertex information, which can be obtained
using the D* — D#/7 — 3hv decays, allows us to deter-
mine the three-momentum of 7 in the lab frame with a
two-fold ambiguity. Then, the same solution can be

061

05¢

PO
T
<
~

M Cs,=7.8Cr
M Cs,=-78Cr

0.2

0.5 0.6 0.7

0.0r

(D)
T

—0.2+

P.

—0.4}
SM %

-0.6
020 025 030 035 040 045
R(D")

0.00

)
A FB

-0.2 0.0 0.2
p)

0.05 0.10

FIG. 5 (color online). The correlations between various observables [R(D™), Agg, P, and Pp-] for four different NP scenarios
assuming / = 7: the generic scalar [gray (green)] and tensor [black (blue)] contributions to the ng and C} Wilson coefficients, respectively;

only Rg/ 3 [dark gray (red)] and S i/ 3 [light gray (orange)] leptoquark contribution—the specific cases giving C5,(np) = =7.8C7(u). The
correlations were obtained by applying the constraints on the NP couplings from the y? fit of R(D) and R(D*) at 30 level. The star
corresponds to the SM prediction. The current experimental measurements of R(D™) within = 1o range are shown in vertical bands.
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applied for the B meson case, knowing the B production/
decay vertices and the 7 momentum. As a result, perform-
ing a boost to the 7 rest frame, 6 can be determined with
a four-fold ambiguity. If a similar technique is available
at super B factories, this ambiguity can be reduced to a
two-fold one due to the full knowledge of the initial B
meson kinematics.

The longitudinal 7 polarization is measurable without
reconstructing the 7 momentum as is discussed in
Ref. [12]. The expected precision at super B factories
with 50 ab=! is 6P, ~ 0.04(0.03) for the D*) mode. The
D polarization is also measurable from the pion distribu-
tion in the D* decay. The precision at super B factories
with 50 ab~! is estimated as Pp: ~ 5 X 1073,

In Fig. 5 we present the correlations between various
observables for four different scenarios assuming [ = 7 N

(1) the generic NP scalar contribution to Cg [gray

(green)];
(2) the generic NP tensor contribution to C7 [black
(blue)];

(3) the Rg/ 3 leptoquark contribution to Cs, and C7

giving Cg = 7.8C7 [dark gray (red)];

(4) the S i/ ? leptoquark contribution to Cs, and C7

giving Cg = —7.8C7 [light gray (orange)].
The correlations are obtained by applying the constraints
on the NP couplings from the y? fit of R(D) and R(D*) at
30 level employing the central values of the HQET form
factor parameters. The star corresponds to the SM predic-
tion. The current experimental measurements of R(D™)
within =10 interval are shown in vertical bands.

One can easily rewrite Egs. (24) and (25) in the
following forms:

(1 - Pl =2I'(A, = —1/2),
(1-Pp )T =T(Ap = 1)+ T(Ap = —1).

(26)

Then, we notice that the right-hand sides of Eq. (26) do not
contain the scalar NP contribution [see Egs. (A23)-(A25)].
Therefore, in the scenario 1, the correlations between
P./Pp- and R(D™) are uniquely determined.

Ascanbe seen from Fig. 5, for some parameter spaces, one
can clearly discriminate these four scenarios or at least ex-
clude some of them. In particular, the longitudinal D* polar-
ization could be very useful to discriminate the models that
have the generic scalar and tensor operators, (9;2 and O7.

V. CONCLUSIONS

We have studied possible new physics explanations of
the observed excess of B— D®7p over the SM

'Note that the contribution to CIVl of the Uf/ 3 leptoquark,

whose effective couplings /7% 733" remain unconstrained by
B(B — X,vv), gives the same asymmetry and polarizations as
the SM.

PHYSICAL REVIEW D 88, 094012 (2013)

predictions focusing on the leptoquark models. It has

turned out that the S }/ 3 scalar leptoquark with a nonvanish-

ing product of couplings g?’L g%%* and R§/3 with h%lL h%%*

describe the present experimental data quite well. The
required magnitudes of effective couplings are O(1) for
the leptoquark mass of 1 TeV. The interesting feature of
these scenarios is that two favourable operators, namely,
one of the scalar operators (Qfg2 and the tensor one O,
simultaneously appear and their Wilson coefficients are
unambiguously related as C = F4C7 at the leptoquark
mass scale.

Apart from the above two scenarios, the U%/ > vector
leptoquark with nonvanishing /3] h33* that generates the

V — A operator @{/l is also acceptable. The other scenarios

. . o 3 . 2/3
in which Of, is induced, S 1(/3) with g{(;), 13, and U3/

with h3! h33*, are hardly consistent because the experimen-
tal constraint from B — X v ¥ is mostly incompatible with
those from B — D™ 7. The scenarios that generate the
scalar operator Of , VI3 with g3l g% and UY? with
h3t b33, are disfavored as in the 2HDM-II.

Theoretical uncertainties in the hadronic form factors
are carefully treated in our analysis. In particular, we
have compared the results of two sets of the form
factors, HQET and MS. These sets have rather different
uncertainties although both of them describe the experi-
mental results of B — D™¢p and are consistent with the
heavy quark symmetry. We have shown that they give
similar allowed regions in the parameter space of the
leptoquark models in most cases. In some cases with
small probabilities, however, the degree of exclusion
highly depends on the employed form factors. This
means that we must be deliberate about theoretical
uncertainties in new physics contributions as well as
the SM contributions in order to exclude models of
new physics.

For further tests and discrimination of the allowed lep-
toquark models, we have examined correlations among the
7 forward-backward asymmetries A g, the 7 polarizations
P., and the D* longitudinal polarization Pp- in some
favorable cases. We have found that Pj- is a sensitive
observable to discriminate Of , O7 and their mixture.

Measurements of these observables in addition to a more
precise determination of R(D™) are the key issues in order
to identify the origin of the present excess of B — D™ 7.
LHCb and super B factories are capable of exploring new
physics in this context together with the new particle
search at LHC.
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APPENDIX A: HADRONIC MATRIX ELEMENTS
1.B—D

The SM contribution is determined by the vector current
operator and the relevant matrix element is written as

2 2
inIFl(qZ)

(DWley, B = [ (p + 1, ~ 2

2
mpg

— 2
tgq TDFO(QZ), (A1)

7
where F(0) = F(0) in order to cancel the divergence at
2 _
q” = 0.
Using the equation of motion,

id,(cy*b) = (m, — m,)ch, (A2)
one can write the scalar operator matrix element as
_ 1 _
(D(K)|eb|B(p)) = ————q,(D(k)|ey*bIB(p))
my, m.
m — m2
=L Fy(q). (A3)
my — me

In our numerical analysis we use m;, = (4.8 = 0.2) GeV
and m, = (1.4 = 0.2) GeV [28,29] and treat the quark
masses as a source of theoretical uncertainty.

The tensor” matrix element can be parametrized as

2FT(Q2)

<D(k)|E(TW,b|B(P)> = _i(p,ukll B k,upV) mp + mD.

(A4)

Comparing the respective matrix elements in
Egs. (Al), (A4), (A14), and (A20), one finds the following

PHYSICAL REVIEW D 88, 094012 (2013)

Fi(q?) = wﬁ“’"f? + mp)hs (w(g?)
- (mB - mD)h—(W(qz))],

2\ 1 (mB+mD)2_q2h wia?
Fold?) = g | s 044
_ (mg — m_D)2 - q2 h,(W(q2)):|,
mB mD
Fr(g®) = 25270 1 (u(g?)). (AS5)

24 /NMghip

2.B— D~
The vector and axial vector operator matrix elements can
be written as

* = D . PES o 2V(q2)
<D (k: 8)|C7’Mb|B(P)> = _le,u,vpa'g pPk m,
(D*(k, €)cy,, ysb|B(p))
. .\ Ag?)
= 4" (my + mp)Ai(q?) — (p + B, (e"q) —2 T —
mpg + mpx
.\ 2Mpe
—q.(e"q) qu [A3(q?) — Ao(g?)] (A6)
where
mp + mp- Mmp — Mp+
As(q?) = 2 —2 A1) — —Z—LAgD), (AT)
2mD* 2mD;‘£

The pseudoscalar matrix element can be determined by
using the equation of motion,

relatiqns between the F'y o 7 and A 7 form fact(?rs, .usually 0, (Ey" vSb) = —(my, + m,)éyh, (A8)
used in the HQET (for the HQET parametrization see
Appendix A 3): and is given by
* — D 1 % — S11D % 2mD‘ 2
(D*(k, &)|cysb|B(p)) = — ————q,(D*(k, &)|cy*y’b|B(p)) = —(e"q) ————Ao(q"). (A9)
my, + m, my, + m,
The tensor operator contribution can be parametrized as
(D*(k, &)|ca ., bIB(p))
m3 — m2,.
= E,LLVp(r{_S*p(p + k)(TTl (qz) + 8*pq0%[]‘1 (612) - TZ(QZ)]
(" q) oL N N q2 2
+2——=—=pPk?| Ti(q°) — T2(q°) — ———T3(q°) |}, (A10)
q mg — my,.
where the 7T; form factors, commonly used in semileptonic B decays, are usually determined as
ZPseudotensor matrix element can be evaluated using the relation ¢o wrYsb = — é €uva ﬁéa'“ﬂ b. In this work we use the convention

60123 = —1.
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PHYSICAL REVIEW D 88, 094012 (2013)
(D*(k, e)l¢a,,q"b|B(p)) = €

pwpa€ PPRI2T (%),
2
(D*(k, &)lca ., vsq"blB(p)) = —[(m§ — mb)e™ — (e*q)(p + k), IT(q%) — (S*q)[qﬂ - ngimz(l’ + k)u]Ts(flz)-
B p*

(A11)
Analogously, matching Eqgs. (A6) and (A10) to Egs. (A14) and (A20), the form factors V, A; and T; can be related to Ay,
ha,, and hy, as follows:

mg + mp:- (mg+mp)?—q*
V() =2 ), AP =22 h 2)),
(¢%) NS vw(g?)),  Ai(q?) Nt 4,(w(g%)
mpg + mp:
1“2((]2)=u

mp
] i g+ ) |

(A12)
2 1 (mg +mp:)*—q? ) _m%—m%ﬁ-ﬁ-(f 5 _m%—sz*—q2 5
M) = | g () = () T () |
T\(q*) = W[(m‘g + mD*)th (w(g?)) — (mp — mD*)hTZ(W(qz))],
2) — 1 (mB + ’/nD*)2 - (]2 2\ (mB - mD*)2 - q2 2
) = g | ) = ) | (A13)
T5(q%) =

;[(’” — e g 00(q%)) — (g + e g () — 250y o 2)>]
2 /mgmp. B p*)hr, \Wlg B p )T, (wlq my r,(w(g?)) |

3. HQET form factors
We define the form factors of the vector and axial vector operators as

(DW"|ey,blB(v)) = Jmpmplhs(w)(v + V'), + h-(w)(v — v)),.] (Al4a)
(D*(V, )|y, bIB(v)) = ifmpmp:hy (W)€, p0e™ v V7,
(D*(V', e)|ey , ysb|B(v)) = JmgmpThy (W)(w + Dej, — (7 - v)(hy,(Wv, + ha,(W)v,)],

(A14b)
where v = pg/mg, v/ = k/mpe and w(g?) = v - v/ = (m} + m%m —q%)/2mgmpye.
In turn, using the parametrization of Caprini et al. [28], the HQET form factors can be expressed as
1
he08) = gy [ rPr = DV (1= 12w 108,00
(1—rp)w+1)
h_ = S -V , AlS
(w) 201 = 2er)[ 1(w) = Vi(w)] (Al5a)
R,(w) — R3;(w) R,(w) + Ry(w)
W) = RiWha, (0), g, () = =5 =5y (), By (w) = ==y (W), (ALSD)
D*
where 7« = mp«/mg. The w dependencies are parametrized as [28]
Vilw) = Vi(D[1 — 8ppz + (51pp — 10)22 — (252pF, — 84)7°],
ha,(w) = hy (D[1 = 8p%.z + (53p3. — 15)2% — (231p3. — 91)Z%], (A16)
Ry(w) =R;(1) — 0.12(w — 1) + 0.05(w — 1)?, R,(w) = Ry(1) + 0.11(w — 1) — 0.06(w — 1),
Ry;(w) = 1.22 — 0.052(w — 1) + 0.026(w — 1)?,
where z(w) = (vw + 1 — +/2)/(v/w + 1 + +/2). The S,(w) form factor is taken from Ref. [12],
S (w) =V,(w)[1+ A(—=0.019 + 0.041(w — 1) — 0.015(w — 1)?)], (A17)
with A =1+ 1.
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The fitted parameters, determined by the HFAG, are [41]

p% = 1.186 = 0.054, p3. = 1.207 = 0.026, R;(1) = 1.403 = 0.033, R,(1) = 0.854 = 0.020. (A1B)

Although the form factor normalizations, V(1) and /4 (1), vanish in the R(D) and R(D") ratios, for completeness we
provide below the latest lattice QCD calculations from Refs. [42,43], respectively,

V(1) = 1.074 = 0.024, hs (1) = 0.908 = 0.017. (A19)

The matrix elements of the tensor operator can be expressed in the following way [24]:

(Do ,,b|B(v)) = —imgmphr(w)[v,v), — v,V ], (A20a)
(D*(v!, 0)107,, bIB(v)) = — AT € upollr, W)E(v + 1) + By, (W)e* (v — v/}
+ hT3(W)(8* cv)(v + V)P (v — V)] (A20b)

As in the case of scalar operators, the equation of motion,
d,(Ea""b) = —(my, + m)cy’b — (id"c)b + ¢(id”b), (A21)

gives us the following relations between the tensor and vector form factors:

- 1+
hy(o0) = 22 () = 2 (o) | (A220)
mB+mD l—rD
1 my, —m my, +m
hy (w) = (1= rp)2(w+ Dhy (W) = —2 "¢ (14 rpe)2(w — 1 ]
B = ST Sy L e (= PO D o) = (1w = Dy o)

13F
12F
L1E
S0l
<09
08 f
07
0.6 L

¢* [GeV?]

FIG. 6 (color online). The B — D form factors evaluated in the HQET [dark gray (red)], calculated by Melikhov and Stech [29]
[black (blue)] and by Cheng et al. [44] [gray (green)]. The calculation of the scalar and tensor form factors is absent in Ref. [44],
therefore the equations of motion in the quark currents are used in order to express it in terms of F(g?).
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FIG. 7 (color online). The B — D* form factors evaluated in HQET [dark gray (red)], calculated by Melikhov and Stech [29] [black
(blue)] and by Cheng et al. [44] [gray (green)]. The calculation of the scalar and tensor form factors is absent in Ref. [44]; therefore, we
used the equations of motion in the quark currents in order to express T » 3(¢?) in terms of vector and axial vector form factors, V(g?)
and Ag,(¢q?). Here T5(q?) is defined as T5(¢%) = T5(¢*)q*/(m} — m3.).

Q- )w+1) [ my,—m, my, + m,
h = b [ “h -——h ]
r,(w) 2(1 + r3. = 2rpw) Lmp — mpy (W) mg + mp v(w)
1 my, —m my, —m
h = - 2 < rp-(w + 1)h +——=0+r —2rp
r,(w) 21+ rp)(1 + 13 — 2rD*w)|: mg — mps row + Dhg, (W) mg — mD*( "D rorw)
my, + m,
X (g (0) = e (00) = 22 (1 (o) | (A22b)
mpg + mpy«

where the residual momenta of O(Aqcp) are neglected.
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4. Comparison of the form factors

Here we compare three sets of form factors, evaluated in the HQET, computed by Melikhov and Stech [29], and Cheng
et al. [44]. Theoretical uncertainties are not quoted directly in Refs. [29,44]; however, from the fine agreement obtained in
the cases where the checks are possible, the authors of Ref. [29] believe that the accuracy of their predictions do not exceed
10%. Therefore, to be conservative, we vary the values of the form factors at g> = 0 within +10% around their central
values. As for the HQET form factors, all theoretical parameters are supposed to have flat distributions and are randomly
varied within a =10 region.

The heavy quark limit behavior is examined in Refs. [29,44] and the requirement of the heavy quark symmetry is
satisfied. Therefore, as can be seen from Figs. 6 and 7, there is a reasonable agreement among these three sets.

APPENDIX B: DISTRIBUTIONS AND POLARIZATIONS

The ¢ distributions for a given polarization of 7 are as follows:

dl4=V2(B— D7) GHV,I* , m2\2
_ GVl 2<1_ )
g 19270m3 p(q") 7

1 m?2 3
X {Elah +Cy, + C{,ZIZ?(HQ,?O +3H,) +31Cs, + C, PHS + 8ICrI2Hy?

+3Re[(8,.+Cy, +Cy)(CS +CE

v M1 S IJS
—4Re[(8), + C}, + C{,Z)Céi‘]—HTHV'O},

m'T
Ve Vo

(A23a)
drt==12(B— Drp)) G|V, |? 5 m2\2
= ¢ A 2 (1 — _T>
dq? 19270m3 TV o)1=
m2 m, .
X {lsh +Cl, + C}, PHP + 16|CLP =L H? — 8Re[(8), + Cl, + C,)Ch > THV,O},
9’ v
(A23b)

ATV2B = Diry)  GRVLP N
dq? = 192773,23 qz\//\u*(qz)(l _?) X{_(|5’T+C’v] > +1cy, P ) (H s HHy_+Hy o+ 3H7)

2
— Rel(8); + C},)CY ] ZT(H%,O +2Hy  Hy _ +3H} ) += |C1
q
— Cy |°H3 + 8|CLI*(H7 . + H7 _ + H7 ) + 3Re[(5;, + C’V] = C)(CE —CY)]

mT % mT
X J——szHv,t —4Re[(5;; + C{/,)CZT]J——Z(HT,OHV,O + Hy yHy — Hy _Hy,)
q q

+ 4’Re[C

-~ Hyty) (A24a)

\/_

dT="12(B — D*r)) _ G|V, m2\2
; c= qszD*(qz)(l - —2) X {(IBIT + Cl 2+ 1CL, ) (H, . + HY _ + HE )
dq 1927° my, q ! 2

2
% m
—2Re[(8,, + C},))Cy (Hy o + 2Hy  Hy, ) + 16|C1T|2q—27(H%+ +H; _ + H3)

- 8R€[(6[T + Ci/l)

m’T
T > - HT,va,f)
V7
+ 8Re[Cl, C“‘] " (HpoHyo + Hy Hy _ HT,_HV,+)}. (A24b)

Vi

For the fixed polarization of D", the distributions are given by
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dT=*1(B— D* 1)) G12p|V~b|2 2 me?
_ (4 Aps 2 (1 __T)

m?
><{<1+2—q2)(|5,T+ClV1|2H3,i+|C1Vz|2H$, —2Re[(8,,+Cy,)Cy Hy,  Hy, )

2m2 m m
1|2 \2 — 1 =1 M 1 T
+8Ic| ( qz )HT:+12’Re[(8,T+CVI) Y < 2RACL ) ,_}
(A25a)
dFAD (B—’D*’le[) G%lVL.bIZ 2 P m% 2
2 3 3 (@) 1——
dq 1927°m
3m
I _ 2 2 2
><{lélT—i_C‘Vl CV2| [( 2(,] )HV0+2 2HVt]
+2\ct — L PH2 +8IC) |2( 2m )H%O +3R (8, +Cl, — Cl,)(Cl -l
2 q 2 1 2 \/6]—2—
— 12Re[(8), + Cl, — c’vz)cl;]\’/"—%HT‘oHV,O}. (A25b)
q
We note that the distributions for A, = —1/2 and Ap- = %1 do not contain C gl , Which makes them totally insensitive to
the NP scalar operators.
Writing the angular distribution as
a’T 2 2 2 2
———— = ay(q”) + by(g”) cos 0 + cy(g°)cos 6, (A26)
dg*dcos
the angular coefficient by, which determines the lepton forward-backward asymmetry, is given by
W) = SVl o (1 - m_%)z
o 1287 ms, TN~ q°
m, s
X {|5h +Cy, +C, |2 HSVOHSV, + Re[(8), + Cy, + C})(CY + C§ S HHY
Vi
— 4Re[(8), + C, + C{,Z)CZT* \/q_Tz — 4Re[(C§, + Clsz)cl;]H;Hg}, (A27a)

. G2|V |2 m2 2
pPI)(g2) = TF Vb QA*Z(I——T)
o (@) lzsﬂgm%q\/ p(q°) e
1
X {5(|5lr +Cy, 1P = ICy, P)HY, . — HY, ) +18,, + Cy, — Cy, |2 HVOHVt + 8| |2 (H - Hi_)
* mT
“HgHy — 4Re[(5;; + C{/I)CIT]—(HT,OHVJ

Vo

T Hy Hy_ + Hyp _Hy )

+ Rel[(3), + C}, — Cl)(CE — €)=

Vg

+ HT,+HV,+ + HT,*HV,f) + 4R€[C{/2Cl;

mT
Ve

— 4Re[(C§, — c’SZ)C’T*]HT,OHS}. (A27b)
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