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Fermion in a multi-kink-antikink soliton background, and exotic supersymmetry
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We construct a fermion system in a multi-kink-antikink soliton background, and present in an explicit
form all its trapped configurations (bound state solutions) as well as scattering states. This is achieved by
exploiting an exotic N = 4 centrally extended nonlinear supersymmetry of completely isospectral pairs of
reflectionless Schrodinger systems with potentials to be n-soliton solutions for the Korteweg—de Vries
equation. The obtained reflectionless Dirac system with a position-dependent mass is shown to possess its
own exotic nonlinear supersymmetry associated with the matrix Lax-Novikov operator being a Darboux-
dressed momentum. In the process, we get an algebraic recursive representation for the multi-kink-
antikink backgrounds, and establish their relation to the the modified Korteweg—de Vries equation.
We also indicate how the results can be related to the physics of self-consistent condensates based on the

Bogoliubov—de Gennes equations.
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I. INTRODUCTION AND SUMMARY

Fermion systems in soliton backgrounds describe a
variety of phenomena in particle, condensed matter, and
atomic physics. The applications include, inter alia, had-
ron physics, charge and fermion number fractionalization,
conducting polymers, superfluidity, superconductivity, and
Bose-Einstein condensation [1-10]. The properties of such
systems are inherently related to different aspects of sym-
metries of the very diverse nature. Much attention to
investigation of fermions in soliton backgrounds was given
in the context of supersymmetry [11-17].

Classical solitons and quantum reflectionless systems
are known to be intimately related [18,19]. Reflectionless
potentials associated with the soliton solutions to the
Korteweg—de Vries (KdV) equation can be constructed,
particularly, by applying Darboux-Crum transformations
to a free Schrodinger particle [20]. In this picture there
appear two distinct differential operators of the even and
odd orders, which intertwine a reflectionless Hamiltonian
supporting n bound states with the Schrodinger
Hamiltonian of the same n-soliton type [21]. Any pair of
n-soliton Schrodinger systems can be described then by an
exotic nonlinear supersymmetry. This is generated not by
two, as it should be expected for an ordinary supersym-
metric pair of Hamiltonians, but by four higher-order
differential supercharges alongside with the two bosonic
integrals having the nature of the Lax-Novikov operators
of the KdV hierarchy. Such exotic supersymmetry was
studied by us recently in [21], where we found that its
general structure, particularly the differential order of the
irreducible supercharges, depends essentially on a relation
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between the scattering data of the partner Hamiltonian
operators.

In this paper we show that, within a family of completely
isospectral pairs of the n-soliton systems, there is a peculiar
subset for which two of the four supercharges are the first
order matrix differential operators, while the other two have
the differential order 2n. The first order supercharges are
composed from differential operators intertwining the iso-
spectral reflectionless partners directly. The supersymmetry
associated with them is spontaneously broken, and the scale
of the breaking is correlated with a relative shift of soliton
phases of the partner potentials. Another pair of super-
charges is constructed from the operators that intertwine
the Hamiltonians via a virtual free particle Schrodinger
system. One of the two nontrivial bosonic integrals, which
are the Lax-Novikov differential operators of order 2n + 1,
transmutes, in comparison with a general case of n-soliton
paired systems, into a central charge of the nonlinear super-
algebra. The condition of commutativity of the central
charge with any of the two first order supercharges can be
interpreted as a stationary equation of the hierarchy of the
modified Korteweg—de Vries (mKdV) system represented
according to the Zakharov-Shabat—Ablowitz-Kaup-Newell-
Segur (ZS-AKNS) [22,23] 2 X 2 matrix scheme. The sec-
ond nontrivial bosonic integral generates a kind of rotation
between the two types of supercharges.

A remarkable possibility for alternative interpretation of
one of the two first order supercharges as a Hamiltonian of
a Dirac particle with a position-dependent mass provides
us then with a fermion system in a multi-kink-antikink
soliton background. All the scattering and bound states
(trapped configurations) of the fermion system are con-
structed by Darboux dressing of the free massive Dirac
particle. The obtained reflectionless Dirac system is shown
to possess its own exotic nonlinear supersymmetry that
effectively encodes its spectral peculiarities. In the process,
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we get a recursive representation for the multi-kink-antikink
backgrounds. We also indicate how to relate the results to
the physics of self-consistent condensates based on the
Bogoliubov—de Gennes (BdG) equations. In this context,
the multi-kink-antikink backgrounds we construct and study
correspond to a generalization of the fermion-antifermion
bound state solutions of Dashen, Hasslacher, and Neveu [2]
for the Gross-Neveu model [1]. In the past years, investiga-
tion of self-consistent solutions to the Gross-Neveu model
and physics related to them experiences a renovation of
interest [8,9,24-29].

The paper is organized as follows. In the next section
we summarize shortly the general properties of the
Schrodinger n-soliton potentials constructed by the inverse
scattering method, and their relation to the KdV evolution
equation and to the stationary KdV hierarchy. Then we
discuss a construction of the corresponding reflectionless
n-soliton systems from a free Schrodinger particle by
means of the Darboux-Crum transformations, and show a
relation of them to the nonlinear Schrédinger equation. We
also obtain a recursive representation for the multisoliton
potentials, and describe briefly how the exotic supersym-
metric structure of a general form emerges in the extended
quantum systems composed from the pairs of reflectionless
n-soliton Schrodinger Hamiltonians. In Sec. III we prove
that for any value of n, there is a very special (2n + 1)-
parametric 2 X 2 matrix quantum system given by a pair of
completely isospectral n-soliton Schrodinger partners
intertwined by the first order differential operators. We
also present there the explicit form of the superalgebra of
the corresponding exotic N = 4 centrally extended nonlin-
ear supersymmetry. We reinterpret the obtained special class
of supersymmetric systems in Sec. IV by considering one of
its two first order supercharges as a Dirac Hamiltonian. The
obtained fermion system in a multi-kink-antikink back-
ground is associated then with the mKdV evolution system
presented in the ZS-AKNS 2 X 2 matrix scheme. In Sec. V
the reflectionless fermion system is treated as a Darboux-
dressed form of the free massive Dirac particle, and its own
exotic nonlinear supersymmetry is identified. Section VI is
devoted to the concluding comments, where we discuss
briefly some further interesting developments and applica-
tions of the results. We indicate, particularly, how they can
be related to the physics of self-consistent condensates with
both zero and nonzero values of a topological charge. In two
Appendices we summarize shortly some aspects of the
Dabroux and Miura transformations, which are used in the
main text.

II. REFLECTIONLESS SCHRODINGER
POTENTIALS AND EXOTIC SUPERSYMMETRY

We review here briefly some properties of the soliton
solutions to the KdV equation, and identify the exotic
nonlinear supersymmetric structure of the extended sys-
tems composed from the reflectionless pairs of n-soliton
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Schrédinger Hamiltonians. In the process we observe a
relation of the bound state eigenvalue problem for the
n-soliton potential with the coupled system of nonlinear
Schrodinger equations, and obtain a recursive representa-
tion for multisoliton potentials.

A. Reflectionless potentials and the KdV

There exists a variety of possible ways to construct
reflectionless quantum mechanical systems. This can be
done, particularly, by the inverse scattering method
[18,19], by Bécklund [30,31], and by Darboux-Crum [20]
transformations. In the inverse scattering method, a reflec-
tionless potential supporting n bound states can be presented
in a form [18,19],

U,(x) = —2iK,,(x, X), K,(x, x) = a In [det K.
dx dx

2.1)
Here XK is the n X n matrix with elements

+ BIBJ e—(Ki+Kj)x
K; + Kj

Kij=26

= (2.2)

ij
given in terms of 2n real parameters «; and B;, j =

L...,n, k, > K,—1 >k >0, B; > 0. Parameters «;

correspond to the energies of the bound states, E; = —K?,
and B; are associated with their normalization constants.
Reflectionless potential U, (x) satisfies an ordinary nonlin-
ear differential equation of order 2n + 1, that is a so-called
Novikov equation, or a stationary equation of the KdV
hierarchy [32].

Introducing a dependence of B; on an evolution parame-
ter ¢ in the form B,(1) = B j(O)e4Kf?l, we obtain a function
U, (x, 1), which describes an n-soliton solution to the KdV
equation [18],

u, — 6uu, + u, =0,

where u, = % u, u, = (f—x u. For large positive and negative

values of ¢, the U, (x, 1) decouples into a linear sum of the n
one-soliton solutions of the amplitudes 2K12<, which move to
the right at the speeds v; = 4«7,

n
U,(x, 1) = — Z 2k5sech?x;(x — 4Kt *+ x5;)
=1 (2.3)

as t — *oo,

The phases, or centers xa:j of solitons are expressed in terms
of the 8;(0) and scaling parameters «;. At finite values of ¢,
the U, (x, t) describes a nonlinear interaction of z solitons.
As a result of the soliton scattering, the phases suffer
certain displacements, x;; — xo; = Axg;(«), which depend
only on the scaling parameters [33].

A choice of B;(t) = B;(0)exp (Py4(x;)?) instead of
Bi(t) =B j(O)e4"'7", where P, (k) is an odd polynomial
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Proi1(K) = apk® ™ + ap k2 4+ -+ a3+ apk
given in terms of a set of constants ay, . .., a,, generates an
n-soliton potential which will evolve in time in accordance
with some equation of the KdV hierarchy.

B. Darboux-Crum transformations, reflectionless
potentials, and nonlinear Schrodinger equation

Another representation of the soliton systems, which is
based on the Darboux transformations, is more convenient
for the supersymmetric structure we are going to study.
The Schrodinger Hamiltonian H, = Hy + U,(x) of a re-
flectionless system with n bound states can be obtained by
applying the Darboux-Crum transformation, which is a
composition of n Darboux transformations, to a free par-
ticle described by Hy = — ;—;. A reflectionless potential in

this case is represented as

d2
U,(x) = —2=— InW,(x) (2.4)

dx
in terms of the Wronskian W,(x) = W(¢,,..., #,),
W(f, ..., f,) = detW;;, W;; =<, which is con-

structed from nonphysical, exponentially divergent at in-
finity eigenfunctions ¢ ; of the free particle Hamiltonian,

HO‘#; = _K‘?(pj’

coshk;(x + 7;), j=odd

ik, 7)) = { (2.5)

sinh k;(x + 7;), j = even.

The scaling parameters k;, 0<k; <k <::+<kK;_ <Ky,
are the same here as in (2.2), while the translation parame-
ters 7;, j = 1,..., n, may take arbitrary real values, and can
be related with the parameters B; in representations (2.1)
and (2.2). The subsets of wave functions (2.5) with even and
odd values of index j can be transformed mutually into each
other by a complex shift of the translation parameters,
cosh k;(x + 7, + izin) = isinh k;(x + 7;), or by a differ-
entiation. A specific choice of the free particle Hamiltonian
eigenstates in (2.5) guarantees that the Wronskian W, (x)
is a nodeless function that generates a nontrivial,
2n-parametric nonsingular potential (2.4) [21], U, =
U,(x;ky,..., Ky, Ty, ..., T,). The Wronskian here can be
related to the determinant in representations (2.1) and (2.2),
W, (x) = Ce?* det K, where C = C(k, 7) and p = p(k, 7)
are some constants.

According to the Darboux-Crum construction, the
eigenstates #[n, A] of the Schrodinger operator H,,,
H,y[n, A] = Ay[n, A], are obtained from the free particle
eigenfunctions /[0, A], Hys[0, A] = A¢[0, A],

W1, 0, 910D

Yln; Al = (2.6)

W(lpl’ RS l//n)
Unnormalized physical bound states w[n, —sz-], j=
1, ..., n are constructed, particularly, from the nonphysical

free particle eigenfunctions,
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0, _KJZ'](X) = 1“'(35; Kj, T})
{sinh ki(x+7;), j=odd

Jj = even.

2.7
cosh k;(x + 7)), @D

Functions (2.7) form a set complementary to (2.5),
Hyy', = —K? . As it was noted, the set (2.7) can be
related to (2.5) by a simple complex shift of translation
parameters, or by a differentiation,

1 d
Pl kg, 7)) =  dx b i(x; k5, 7). (2.8)

Relation (2.6) can be presented in an equivalent form,

l/’[m A] = An ‘/’[O, A]» An = AnAnfl .. -Al: (29)
which will play a key role in the further analysis. Here the
first order differential operators A; are defined recursively

in terms of the functions (2.5),

d 1 d
A= lﬁlaﬁ—a_(lnﬁbl)» (2.10)
d 1
A= (Aj—llpj)am
d .
=E_(ln(Aj—1¢j))x’ j=2.... (2.11)

Indeed, the equivalence of (2.9) to (2.6) for n =1, 2 is
checked directly. Assuming that

Wy, .. ¢ 105 A])
A, [0 2] = 2.12
29105 A] W) (2.12)
is valid for n > 2, Egs. (2.11) and (2.12) give
A1 [0;A] = A, (A, 05 A])
d 1
= ) 3 (g P10 41),
(2.13)
and
o WL+ 1) W(, ..., n)
Anerg10: A1 = W(,...,n) (W(l,...,n,n +1)
W(,...,n0)
WAL )

_ WW(,...,n,n+ 1), W(,...,n0)
W(,...,n)W(,...,n,n+1)
(2.14)

where W(1,...,n,n+1)=W(¢,..., ¥, 1), W(,...,n,0)=
W(iy,..., ¥, #[0;A]). The Wronskian identity
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WS fon & DW(S1, - f)
:W(W(fl)'--’fn! g)’ W(fl)---)fm h))r (215)
which is true for any choice of the functions f1, ..., f,, &

and & [34], allows us to represent the fraction (2.14) in the
form of the right-hand side of (2.12) with n changed for
n + 1. This proves the equivalence of (2.9) to (2.6) by
induction.

Definition (2.11) and relation (2.12) provide also the
following alternative representation for the operator A,,:

An = i - (ln’&n*l ¢n)x

dx

(i )
dx an,l X
d

=—+ W, (2.16)
dx

where
th = Qn - Qn*lr Qn = _(lnwn)x' (2.17)

Then (2.17) together with Eq. (2.4) gives one more useful
representation for the n-soliton potential,

U, =2Q,. (2.18)

Having in mind this relation, we call (), a prepotential of
the n-soliton system. Coherently with Eqgs. (2.12) and
(2.10), in (2.16) and (2.17) we assume W, = 1, Q5 = 0,
Vo = 0, and have W, = cosh k;(x + 7)),

Ql = —Kj tanhKl()C + 7'1),
202 2.19)

U=-—— "
! cosh?k(x + 7)

As follows from (2.11), the first order differential opera-
tor A; annihilates a nodeless nonphysical eigenfunction
A;_ ¢ of H;_; of eigenvalue —K?. On the other hand,
A}L annihilates a function 1/(A,_, ), which is a physical
bound (ground) state of H; of energy — K?. This means that
U, and U,_ are related by the Darboux transformation,
see Appendix A. Explicitly, we have the relations

U,= W2+ W, —«2

Uyt = W2 = W, — 2 220

AAY=H,+ 2  AlA,=H,, +& (221
In correspondence with (2.21), the first order Darboux
generators A,, and A} intertwine the n- and (n — 1)-soliton
systems,

= Hn—lAIr

Aan—l = HnAn: AIHn
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and relate their eigenstates,

yln; Al = A, gln — 154],
Al gl Al = (A + &)l — 1,7

cf. (2.9). The order n differential operators A, and Al
intertwine, on the other hand, H, with a free particle
Hamiltonian H,,
A,Hy=H,A,  AlH,=HAl. (222
As follows from (2.9), the free particle’s plane wave
states e¢’** are mapped into the eigenfunctions of H, of
the form ¢ ,(x, k) = P,(x, k)e’**, where P, is a polynomial
of order n in k, H, s ,(x, k) = k>, (x, k). This means that
U,(x) is a Bargmann-Kay-Moses reflectionless potential
[19], for which the transmission coefficient can be easily
computed. For functions (2.5) we have i ;(x) ~ e*</*7)
as x — *oo. Then we find that A; — d% * kjas x — F 0o,
and in these limits P, — P,z = [1}_,(ik = ;). For the
transmission amplitude #(k) = P, /P,_ this gives

) = ﬁ<k+ l'Kj).

joi Nk~ K

(2.23)

A class of reflectionless systems we consider turns out
also to be related naturally to another completely inte-
grable system, namely, to the nonlinear Schrodinger
equation.

To see this, we first show that the reflectionless potential
U, (x) can be presented in the form

U,(x) = =4 «;ih7 ;(x) (2.24)
j=1
in terms of the normalized bound states of the
Hamiltonian H,,
B0 = N1 gln, —2)
Nf = 2k; l_[ |2 — K12~|,
0=1,0%j
400 A
f i (x)dx = 1, (2.25)

where it is assumed that at n = 1 the product in expression

for N? is reduced to 1. Using relation LW, =

Z;;l W(e, .. .,%, ..., ¥,), we can rewrite Eq. (2.4) in
dir

a form U,(x)= —ZZ;?:lW(W”, W(gb,,...,%,...,

,))/W2. The Wronskian identity (2.15) allows us to

represent the potential equivalently as
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Wy,
U 0 = —2 3 P Y
j=1
A relation
diy;
W 3 e ooy ‘)—j!"" n)
(T
1
:EKJ'NJZW(Q[/],...,Q[/],],¢j+],...,§[/”), (227)

where N 3 is defined in (2.25), follows from basic identi-
ties of determinants. Using this last relation together with
|

P (2.26)

Egs. (2.6), (2.7), and (2.8), we rewrite (2.26) in terms of
unnormalized bound states of H,,

U,(x) = —4 i ij\fj_zlpz[n, —K?](x). (2.28)
j=1

Employing once more the identity (2.15) we get

1(W(w1, L ¢n)) W g B b U W b Wi ) o
dx W, W2 ’ ’
Equation (2.27) gives us then %(W(lpl,...,%,..., v,/ U, +U,_, =2(Q, —Q,_)? -2k (2.33)

W,)=2xk; N 72 4*[n, —k3](x). Integrating this equality
from —oo to +o0, and using relations lim ,_,+,, W(#, ...,
%, L) /W, = *k;, we reproduce (225), and
present (2.28) in the form (2.24).

Because of relation (2.24), the equations H, fbn i =
—K?l;/\/n’ j for n normalized bound states can be presented

in a form of the system of n coupled nonlinear ordinary
differential equations:

- {i/n,jxx —4 z Kilzzl,i!:\bn,j + Kil’\pn,j =0. (2.30)
i=1

Introduce an evolution parameter f, and define ¢ j(x, 1) =
exp (i sz» 1) fpn ;(x). Then we find that these functions satisfy
a system of n coupled nonlinear Schrodinger equations,

n
g = = qju =4 Y KilaiPq;. 2.31)
i=1
In the simplest case n = 1, this reduces to a focusing case
of the nonlinear Schrodinger equation,

iq, + g, +4xlgl*q = 0. (2.32)

So, n bound state solutions to the linear time-dependent
quantum Schrédinger equation for reflectionless time-
independent n-soliton potential provide also a solution to
the system of n coupled nonlinear Schrodinger equations.

C. Recursions for n-soliton prepotentials and potentials

Here we obtain a recursion representation for n-soliton
potentials of a general form. This will allow us in what
follows to get also a recursion representation for multi-
kink-antikink backgrounds, which are reflectionless Dirac
potentials.

Let us take a sum of two relations in (2.20) with making
use of (2.17),

Changing in (2.33) n for j, we multiply both sides of the
equality by (—1)"/, and sumup from j = 1 to j = n. Asa
result we obtain

N =

U, =02+ Y (=D)"77120,0,_, + £3). (234
j=1

Assume now that the chain of reflectionless potential U;
with j = 1..., n is constructed by using the same chain of
states (2.5) in which, however, the last two states, i/,,_; and
Y, are permuted. In such a way we get a chain of func-
tions Q,(1),..., Q,({1,...,n—=2), Q,,(1,...,n—
2,n), Q,1,...,n—=2,n,n—1). Since W(l,...,n—
2,n,n—1)=-W(,...,n—2,n—1,n), we have
Q0,1,.,n-2nn—-1)=Q,(1,..,n—2,n—1,n), and in the
indicated chain of prepotentials only the penultimate
term Q, (1,...,n—2,n) is different from the corre-
sponding term Q, ;(1,...,n —2,n — 1) in the initial,
nonpermuted chain. The same is valid for the correspond-
ing chain of potentials by virtue of relation (2.18).
Notice that Qfl,] =0, ,1,...,n—2,n) and Uﬁ,l
U,.(1,...,n—2,n) are singular functions of x € R.
Particularly,

Qf = 91(2) = —TKp coth Kz(x + 7'2),
2k3

Sinthz(x + 7'2) '

(2.35)
Uf =U,(2) =

Let us write the analog of relation (2.34) assuming that we
construct U,, via the described chain with permuted two
last states,

085034-5



ARANCIBIA, GUILARTE, AND PLYUSHCHAY
n—2 )

Uy, =02+ > (=) 71200, + k?)
j=1

+(20F_ 0, 5+ K2

| =

- (29,0f  + 2.
(2.36)

Subtracting (2.36) from (2.34), we get the equality

ZQn(Qﬁq Qn—l) + 2gln—Z((ln—l - Qﬁ—]) + 2(K%l—] -

k2) = 0, which gives a recursive relation for the prepoten-
tials ),

K2 — 2
Q,=0Q, ,+—1 _n =2 2.37
n n—2 Qn71 _anl, n ( 3 )
Equation (2.37) for the first two cases n = 2, 3 gives
K2 — 12
0 =0(1,2) = ———F=——,
e Q1) = 0,(2) (2.38)
K3 — K3
Q5 = 05(1,2,3) = Q(1) + :

and corresponding singular prepotentials are obtained from
these by changing the last arguments, Qg = 0,(1, 3),
Q§ = ;(1, 2,4). Reflectionless n-soliton potential U,

with n = 2 can be calculated now recursively, by employ-
ing Eqgs. (2.18), (2.19), and (2.37),

2 2
U =U,_ 2+21(M),
QO

=2 ....
dx —Qﬁ_l "

(2.39)
Particularly, for n = 2, Egs. (2.39), (2.19), and (2.35) give

U2 = _2(K% -

K2) K% + K%
"\cosh? inh2
X1 sSmh=x»

X (K2 coth X2 — Ky tanh Xl)_z! (240)

where y; = Kj(x + 'rj),j =1, 2

Relation (2.39) together with (2.37) corresponds to the
recursive representation of n-soliton solutions of the KdV
equation obtained by Wahlquist and Estabrook by employ-
ing Bécklund transformations [30,31].

D. Exotic supersymmetry of reflectionless
n-soliton pairs

In this subsection we describe shortly an exotic N = 4
supersymmetric structure that appears in the pairs of
n-soliton Schrodinger systems of the most general form
[21], and observe the peculiarity of the case of completely
isospectral soliton partners. These results will be used then
in the next sections to identify within the family of iso-
spectral n-soliton pairs a very special subfamily related to
reflectionless Dirac systems, which correspond to a fer-
mion in a multi-kink-antikink soliton background.

Let us consider two reflectionless systems H, and H,
constructed by using two sets of the parameters,

PHYSICAL REVIEW D 88, 085034 (2013)

(Kl! e Ky T, ee e, Tn) and (R’l, ceey Rn, 7~'1, ey f'n) Each
of these two Hamiltonians can be related to the free particle
system H| by the corresponding intertwining operators of
order n, A, and A,,, and by the conjugate operators Al and
AI. Relations (2.22) and similar relations for A, together
with the observation that - is the integral of the free
particle allow us to construct the operators which inter-
twine the n-soliton reflectionless systems H,, and H,,,

Y, = A, Al X, —A N (2.41)
\DI’LFIH = Hﬂ\l]ﬂ’
JiH, = 7, (2.42)
where J, =Y, X,,.

Operator Y, is the differential operator of the even order
2n, while X,, is the differential operator of the odd order
2n + 1. On the other hand, differential operators of
order 2n + 1,
d nt t
Z,=A,—A, 7,=A, An, (2.43)
dx
being the Darboux-dressed forms of t~he free particle
integral dix, are the integrals for H,, and H,,,

[Z,H,]=0, [Z,H,]=0. (2.44)

Operator Z,, can be presented ina form Z,, = (—1)" X

% + z | Ao J(x) e ;, where coefficients a,,_ ;(x)

are some functlons of the potential U, and its derivatives
Uper -+ - sz +—: U,. The relation of commutativity of Z,, and
H,, [Z,, H,] =0, is the Novikov equation, or, equiva-
lently, a stationary higher equation of the KdV hierarchy,
which defines an algebro-geometric potential U, (x)
[33,35]. In correspondence with the Burchnall-Chaundy
theorem [36], commuting differential operators Z, and
H, of the mutually prime orders 2n + 1 and 2 satisfy
identically a  relation 72 = P,,.,(H,), where
Py,1(H,) = H, [T}—(H, + «3)* is a degenerate spectral
polynomial of the n-soliton system [21]. In correspondence
with this relation, integral Z, annihilates all the singlet
physical states, which are bound states of energies E; =
—«3, j=1,...,n, and the state ¢[n;0] = A,1 of zero
energy being the lowest state of the continuous part of the
spectrum, cf. Eq. (2.9). Other n states annihilated by Z,, are
the nonphysical eigenstates of H, of energies E; = —K?,
which can be related to the corresponding bound states by
an equation of the form of (AY).

In the simplest case n = 1, the pre-prepotential and
potential are given by Eq. (2.19), and we have Z, = { Z; +
k?Z,, where Zy =4 and Z, = —4;—; +6U, 4 +3U,,
are the Lax operators corresponding to the first two evolu-
tionary equations from the KdV hierarchy, u, —u, =0
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and  wu, — 6uu, +u,, =0. Relation [Z,,H]=0
reduces here to the Novikov equation of the form
— 13Uy, — 3U} — 4k1U)), = 0, which is satisfied due
to the equality

Ui — 33U = 43U, =0, (2.45)
valid for the one-soliton potential (2.19).

By virtue of relations (2.42) and (2.44), the composed
system, described by the matrix 2 X 2 Hamiltonian H, =
diag(H,, H,), possesses six nontrivial self-adjoint

integrals,
S 0 X,
e (XZ 0 )
0 Y,
Qn,l = (YZ 0 )r

zZ, 0
Pp=—i - )
=5 2)

and Sn,Z = iO-SSn,h Qn,z = ia3gn,17 Tn,Z = 0-3Tn,1' A
choice of the diagonal Pauli sigma matrix o3 as the
Z,-grading operator identifies integrals S, , and @, ,, a =
1, 2, as the fermion operators, {03, S,, .} = {03, @,,..} = 0,
while P, , are identified as the boson ones, [o3, P, ,] = 0.
Together with H ,, they generate a nonlinear superalgebra,
in which the Hamiltonian J{, plays a role of the multi-
plicative central charge. The superalgebraic structure given
by the anticommutation relations of these integrals, whose
explicit form can be found in [21], is insensitive to trans-
lation parameters 7; and 7;. Here we only write down the
explicit form of the commutation relations of the bosonic
integrals with the supercharges,

[,‘Pn,l’ Sn,a] = lg-[nlpn_(g-[m K, R)Qn,a’
[?Vl,l’ Qn,a] = _iP;(}[w K, R)Sn,a’

(2.46)

(2.47)

and the commutators for ,, have a similar form but
with P, (H,, k, &) changed for P, (H ,, «, &), where
Pr(H,, k&) =P,(H, k) +P,(H, &), and

P,(H,, k) = ﬁ(ﬂn + Kk31), (2.48)
j=1

with 1 to be a unit 2 X 2 matrix. From definition of P; it
follows that while the P, is always a polynomial of order n
in the matrix Hamiltonian 2 ,, the P, in a generic case is
a polynomial of order (n — 1) in H ,. Moreover, in a
completely isospectral case given by the conditions x; =
kj, j=1,...,n, P, reduces to the zero operator. This
means that in such a completely isospectral case the bo-
sonic integral P, | transmutes into the central charge of the
nonlinear superalgebra. In the next section we show that
the family of the systems FH , composed from completely
isospectral pairs H, and H, with pairwise coinciding
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bound states energies Ej = Ej = —K?, j=1...,n,
contains a special subset of Schrodinger supersymmetric
systems in which the supercharges S, .. a =1, 2, of
differential order (2n + 1) are reduced to the two super-
charges to be matrix differential operators of the first order.

II1. SPECIAL FAMILY OF ISOSPECTRAL
n-SOLITON SYSTEMS AND THEIR
EXOTIC SUPERSYMMETRY

The described intertwining operators and, as a conse-
quence, fermionic integrals for the extended system F ,
are irreducible as soon as all the discrete energy levels of
the subsystem H,, are different from those for the subsys-
tem H,, i.e., when k; # Ky for any values of j and j', j,
j'=1,...,n. As it was shown in [21], when any r, 0 <
r = n, discrete energy levels of one subsystem coincide
with any r discrete energy levels of another subsystem, one
or both of the intertwining operators (2.41) are reducible in
such a way that the total order of the two basic intertwining
generators reduces to 4n — 2r + 1. The superalgebraic
structure acquires then a dependence on the corresponding
r relative translation parameters. As we have just seen, the
case of a complete pairwise coincidence of the discrete
energy levels, Kj = Kj, j=1,...,n,is detected by trans-
formation of the bosonic integral P, into the central
charge of the superalgebra. It was also made an observation
in [21] that within such a class of the systems, there is a
special, infinite family #,, n = 1,2,..., such that the
corresponding completely isospectral reflectionless part-
ners H, and H, are intertwined by the first order differen-
tial operators X,, and X!. The first order intertwiners X,
and X! replace the reducible operators X, and X} of the
odd order 2n + 1, while the intertwining generators Y, and
Y,JE of the even order 2n remain to be the same as in (2.41).
More precisely, in [21,37] it was fqund that the reflectionless
systems H, = H,(k,, 7;) and H | = H,(x,, 7|) can be
related by the first order intertwining operators X; and X Ir ,

X, =dii+91 -0, +¢, (3.1
so that
X\ X! =H, + XIx,=H,+C, (32
where O, = Q(x,, #,) and
C, = k;coth (7, — 7). (3.3)

Similarly, for the next case of n = 2, completely isospec-
tral Hamiltonians H, and H, satisfy the relations XZX;r =
Hy+Cand X1X, = H, + C}if ¢, = 7, — 7, is fixed in
terms of ¢, = 7, — ¥, # 0 by a condition C; = C,, where
C, and X, are given by relations of the form (3.3) and (3.1)
with the index 1 changed for 2. Based on these two special
cases withn = 1 and n = 2, it was conjectured in [21] that
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such a picture with the first order intertwining generators
can be generalized for the case of arbitrary n.

We will show now that any two completely isospectral
reflectionless Hamiltonians H, and H, with translation
parameters constrained by a condition

Ci=C=---=(C,=C, (3.4)

are indeed related by the first order operators X,, and X 1,
xn=%+9n—()n+c, (3.5)

X, X! =H,+ tx,=H,+C (3.6
X'H,=H,X!, X,H,=HX, (3.7)

where C; = «k;coth k;(7; — 7;), and C is a real parameter
restricted by inequality C? > k2.

To prove the validity of the statement, we first rewrite
Eq. (3.3) in the form

0,0, -«
e (3.8)
Q- Q,
by using the elementary identity coth(a — B) =

(1 — tanh a tanh B)/(tanh a — tanh B). The chain of con-
straints (3.4) can be presented equivalently as

_20)00) - &

; = =_, j=1,...,n. (3.9
T00) - G)
Relations (3.5) and (3.6) imply two equalities
U, +C=1Q,-Q,+02+(Q,-0,,. (3.10)
07[ +C = (Qn - Qn + C)2 - (Qn - Qn))v (3.11)

To prove (3.6) under condition (3.4) we have to demon-
strate the validity of relations (3.10) and (3.11). A differ-
ence of these two relations gives U, — U, =
2(Q, — f)n)x, that is true because of (2.18). Denoting
U,=U,+0,-2[Q, —Q, +C?—C?], we have to
show that U, = 0. For n = 1, the equality ‘U; = 0 is
checked directly by using (2.19) and (3.3). Then it is
sufficient to prove that U, + ‘U,_, = 0 for any n > 1.
From Eq. (233) we have U,+ U, —2[(Q, —
Q,_1)> — k2] =0. Let us add this last equality to its
analog obtained by changing 7; — 7;. Subtracting the
obtained left-hand side expression (equal to zero) from
U, + ‘U,_,, we arrive finally at the equality
Fn = _K% + (Qn - Qn—l)(ﬂn - Qn—l)
—-CQ,+Q,.,-0,-0,.)=0 (3.12

which has to be proved. Remembering that (), = QO =0,
the validity of I'; = 0 follows from (3.8). Assume that the
relation I',, = 0 is valid for an arbitrary value of n > 1 with
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any admissible set of parameters satisfying the constraint
(3.4). Some algebraic manipulations with employing re-
cursive relation (2.37) with n — n + 1 gives rise to the
equality

r =T + Kp1 ~ Kn T, —T%,  (3.13)
@, -G, -0h T T

where I'f is obtained from I, by changing in (3.12) Q, and
()n for O# and Qﬁ, and «, for k,,|, and we have taken
into account here constraint (3.4) extended for the case
n—n+ 1. The equality I',.; = 0 follows then from
I', = 0, which proves the validity of relations (3.6) for
completely isospectral pairs of reflectionless rn-soliton
Hamiltonians with translation parameters constrained by
the condition (3.4).

Condition (3.4) allows us to fix the shifts ¢; = 7; — 7},

j=1,...,n, in terms of the free parameter C, > K2,
and «;,
1 C+ k; 1
@(k;,C) = 2_K, lnC — K; = K—jarctanh(Kj/C). (3.14)

A reflectionless system F, from the special infinite
family characterized by the properties (3.4), (3.5), (3.6),
and (3.7) is given therefore by 2n + 1 parameters.
Denoting

A,(x)=A4,(x; Kj Tj, 0)
=Q,(k;(x+ 7)) = Q,(x;(x+ 7, — ¢;(x;,0))) + C,
(3.15)

we present the first order intertwining operator in the form

d
Xn(X; Kj7 Tj; C) = E—‘r An(x; ij Tj; C)x (316)
which can be compared with the structure of the first order
differential operator A, =4 +Q, - Q, ;=4 +"W,.

In correspondence with (3.10), we have
A2+ A, =U,+C, A2—A,. =U,+C @3.17)
cf. (2.20). It is worth noting here that the change

C— —C, T, > 7 —¢i(k;,C) =17 (3.18)
induces the changes A,(x) — —A,(x), U,(x) < U,(x).
Note also that the points x,, where the values of potentials
U, and U, coincide, U, = U,, correspond in general to
local extrema of A,, see Fig. 1 illustrating the cases n = 1
and n = 2 with C > 0.

The first order operators X,, A,, and A, satisfy the

intertwining relation,
AX,_ =X,A,. (3.19)

To show this, we note that (3.19) is equivalent to the
equality
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Cc+Q,.—0,)Q, -9,
= (Qn - Qn*l)X'

- Qn—l + Qn—l)
(3.20)

By virtue of relations U, = 2Q),, and (3.11), and the
second equality from (2.20), we have

(Qn - Qn*l)x = (anl - Qn)(ZQn - Qn - Qn*l)
+20(Q, - Q,) + 2. (3.21)

As a consequence, (3.20) is reduced to the equality I',, = 0,
see Eq. (3.12), which proves the validity of relation (3.19).
Having in mind the definition (3.6), intertwining relation
X,H,=H,X, and that H,=H,(k;7), H,=

H,(k; 7;), it is convenient to write X, = X, (7}, 7)).

Then X,I(Tj, 7)) = —X,(7,,7;), and a conjugation of
(3.19) after the change 7; < 7; gives us also the intertwin-

ing relation,

X, Al = Alx,. (3.22)

Using (3.19) and (3.22), we find that the intertwining
operator X, of order 2n + 1 defined in (2.41), in the
present case of the special isospectral pairs of the
Hamiltonians reduces as

X, = =¢Y, + [|H, + <) - X,. (3.23)
=1

J

Equivalently, this can be presented in the form

_ n d
A XA =TTH, + «2) - X, X,=—+C (324
n0"n jl:[l( n K/) n 0 dx ( )

Equation (3.24) shows that the intertwining operator X,, is a
Darboux-dressed form of the operator X,. The operator X
intertwines the Hamiltonian H,, of the free particle with
itself, [Xo, Ho] = 0.

Because of the reducible character of the operator X,,,
integrals S, , of the system H , = diag(H,,, H,) from the
special family we consider are also reducible, S, , =
—CQ,.+ n7=1(-7'[n + Kf):g,w, where S, , have a struc-
ture as in (2.46) but with differential operators X, and XZ
of the order 2n + 1 changed for the first order operators X,
and X;|. The nontrivial integrals S’M, Q.. and P, , gen-
erate together with the Hamiltonian #{ ,, a nonlinear super-
algebra with the following nontrivial (anti)commutation
relations:

{S‘al Sb} = 25(11)(}[11 + CZ)’

{Qw Qb} = 2511/7”:0%’ (325)
{Sw Qb} = 25ubcpn + 26(1}1?1’
[Py, 8,]1=2i(H, +CHQ, — CP,S,),
(3.26)

[TZ» Qa] = lepn(CQa - H:Dn:sa)’
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where P, =P,(H,, k) is the operator defined in
Eq. (2.48), and to simplify expressions, we omitted index
n in notation of the integrals :SM, Q.4 and P, . Integral
P, ; commutes with all other integrals, and plays a role of
the central charge of the superalgebra.

As follows from (3.25) and (2.48), and relation C* > &7,

the first order supercharges S'a are the positive definite
operators, and the part of supersymmetry associated with
them is spontaneously broken. According to the first rela-
tion from (3.25), the kernels of these two supercharges are
formed by nonphysical eigenstates of J{,. On the other
hand, each of the two supercharges @, detects all the
doubly degenerate discrete eigenvalues of JH , by annihi-
lating all the 2n bound states of the matrix Hamiltonian
operator. The central supercharge 7, |, generated via the
anticommutation of supercharges :Sa and 9, with a # b,
annihilates not only all the bound states, but also detects
two zero energy states at the edge of the continuum part of
the spectrum of J{,, by annihilating them. The rest of the
continuous part of the spectrum of FH , with E > 0 is the
fourth-fold degenerate. The second nontrivial bosonic inte-
gral, P, ,, not appearing in the anticommutation relations of
the supercharges, plays a role of the operator acting on the
pairs of supercharges (S,, @) witha =1 anda =2 as a
rotation-type operator. Note that from (3.26) it follows,
particularly, that [P,, CQ, — P, 8,1 = —2iP,H , Q..

IV. DIRAC REFLECTIONLESS SYSTEMS
AND THE mKdV SOLITONS

Let us look at the obtained results from a completely
different, though related, perspective. Take one of the two
integrals Sn,a, say 5',,,1, and identify it as a Dirac-type
Hamiltonian,

0 X, 0 a,+ A,
HD = ; = . @D
X! 0 -9, +A, 0

According to Eq. (3.24), in the case n = 0 operator (4.1)
describes a free Dirac particle of the mass |C|, HE =
~iL g, +Coy, while HP with n =1 is a Darboux-
dressed form of H 5, ﬂlnﬂ-[oDﬂlI = 5’-[’,,3]'[;;1 (HPY2+
(k3 —CH1), where A, = diag(A,, A,), see Eq. (3.24). In
the last section it will be indicated that the first order matrix
reflectionless operator JH 2 can also be considered as the
BdG Hamiltonian in Andreev approximation [38]. Then
function A, (x) appearing in its structure has, in depen-
dence on a physical context, a meaning of a gap function, a
condensate, an order parameter, or just a position-
dependent mass. Note that relations (3.16), (3.14), (2.37),
(2.19), and (2.38), allow us to construct A, (x) recursively
for any n.

The Dirac reflectionless system (4.1) has a nontrivial
matrix integral P, ; given by Eqs. (2.46) and (2.43), which

is a dressed form of the linear momentum integral —i dix

085034-9



ARANCIBIA, GUILARTE, AND PLYUSHCHAY

of the free Dirac particle HE, P, = A,(-iL DHAS.
The relation of commutativity [H 2, P, ] = 0, following
immediately from the Darboux-dressed nature of the ma-
trix operators JH 2 and P, is equivalent to the intertwin-
ing relation,

Z,X,=X,2, (4.2)

and to the conjugate relation, Xt Z, = ZnX,J{, which fol-
lows from (4.2) under the change 7; — 7.
Consider as an example in more detail the simplest

nontrivial case n = 1 [2]. We have

A = k(—tanh k(x + 7) + tanh k(x + 7)) + C,
C = kcoth k(t — 7), (4.3)
and so the sign of C coincides with the sign of (7 — 7). To
simplify notations, we omitted here index 1 in A, « and 7.
This gap function satisfies an ordinary nonlinear differen-
tial equation,

Ai=(A-0*A-6,)A-6.),
where 8. = —C * 2J(C* — k2.

From (4.3) it follows that A(x) is an even function with
respect to the point x = x, = —1(7 + 7), where it takes a
minimum (or maximum) value 6, (or 6 _) forC > 0 (C<0).
Its form for the case C > 0 is shown in Fig. 1.

As a consequence of (4.4), A(x) satisfies also equations

A, =2A% + 2022 — 3C) +4C(C* — K3),  (45)

(4.4)

A, = 6A%A, +2A (2k* — 3C?). (4.6)

With taking into account relation (2.45), we find that for
n =1 the intertwining relation (4.2) is equivalent, as a

FIG. 1 (color online).
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condition of equality to zero of the coefficients at
d*/dx*, d/dx and 1, to the three equations: U — U =
2A,, 2U—-0O)A + (U, —-30,)=4A,, and (6U +
4k*)A, +3(U, — U)A —30,, = 4A,,.. The first two
of these equations are satisfied by virtue of (3.17). The
third equation is then satisfied by taking into account (2.45)
and the relation of the same form for U.

Let us present equality (4.6) satisfied by the function
A= A(x;7,C) in the form 6A%A, — A, = (6C* —
4k*)A,. Assume now that A depends additionally on an
evolution parameter ¢ in such a way that A(x,t = 0) =
A(x; 7, C), and fix such a dependence in the form

Alx, t) = Alx + (6C* — 4k3)t; 7, C). 4.7)

Then A, = A, (6C?> — 4k?), and function A(x, ) will sat-
isfy the mKdV equation A, —6A%A + A, =0.
Equation (4.6) in this case will be a stationary equation
of the mKdV hierarchy.

The described observation can be generalized for the
case of arbitrary n. For this we first note that if U, (x; «;, 7;)
is a general 2n-parametric n-soliton potential constructed
in accordance with the inverse scattering method for r = 0,
the dependence on ¢ in correspondence with the KdV

equation is obtained by the substitution 7; — —4Kft +

T?, where T(}, j=1,...,n, are constant parameters. The
KdV equation possesses Galilean symmetry: if u(x, ) is a
solution of the KdV equation, then U(x,t) = u(x +
6¢t, t) + c is also a solution for any value of a constant c.
Let us make a shift x — x + 6¢f in both sides of two
relations in (3.17), and rewrite the obtained right-hand
sides in equivalent forms (U,(x + 6¢t) + ¢) — ¢ + C?
and (U, (x + 6¢1) + ¢) — ¢ + C>. Put now ¢ = C? and de-
note U, (x + 6C*t) + C> = u™(x, 1), U,(x + 6C%t) + C* =
u=(x, 1), A,(x + 6Ct) = v(x, t). Exploiting then a relation

Left: One-soliton isospectral potentials of the Poschl-Teller form (2.19), and corresponding superpotential

(kink-anti-kink background) A . Relative phase 7; — 7, coincides here with the distance between minima of potentials U/, and U, and
defines the asymptotic value C of the superpotential via the relation (3.3). The A;(x) has a mirror-symmetric form, and n = 1 is a
unique case for which U, is a simple translation of U,,. Right: Isospectral two-soliton potentials of the general form (2.40), with
relative soliton phases subjected to the condition (3.4), or, equivalently, with the translation parameters shifts related by Eq. (3.14). The
values of potentials coincide in three different points, where the corresponding superpotential A, has three extrema, two of which
correspond to two local minima. Note that A, with n > 1 not obligatorily has n minima. For instance, the potential U, with «, = 2k
and 7, = 7 will have a symmetric form, similar to the form (2.19) of the one-soliton Poschl-Teller potential U; with the amplitude
coefficient —2«? changed for —6«2. In this case the isospectral potential U, with translation parameters given by Eq. (3.14) will have a
form different from that of U, and will coincide with it only in one point, and corresponding superpotential (reflectionless Dirac
potential, see below) A, will have only one minimum.
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between the KdV and the mKdV equations, which is
described in Appendix B, we conclude that the function

A, 1) = Q,(£) — Q,() +C

where ¢£; = x;(x + (6C* — 4«7)t + 79), Ei=¢&— K,
(Kj,C), j=1,...,n, is the n-soliton solution of the mKdV

equation v, — 6v?v, + v,,, = 0. In the particular case
n =1, Eq. (4.8) corresponds to (4.7).

(4.8)

V. FERMION SYSTEM IN A MULTI-KINK-
ANTIKINK BACKGROUND AS A DARBOUX-
DRESSED FREE MASSIVE DIRAC PARTICLE

Here we show that the reflectionless Dirac system
described by the first order matrix Hamiltonian (4.1), or
which is the same, a fermion system in a multi-kink-
antikink background, possesses its own exotic supersym-
metry that is rooted in the peculiar supersymmetry of the
associated Schrodinger system studied in Sec. II1. It can be
understood as a dressed form of the supersymmetric struc-
ture of the free massive Dirac particle. This also will allow
us to present the trapped configurations (bound states) and
scattering states of our fermion system in an explicit
analytic form.

Consider a free Dirac massive particle described by the
Hamiltonian,

st~

Its eigenfunctions and corresponding eigenvalues are

0 a, +C)
: 5.1

—a.+C 0

eikx
k = — 2 2
‘I’O,i(x) (ieik(xﬂp(kyc)) ), E.k) = £NC* + k2.
(5.2)
Here
1 C— ik
=—In—— .
ok O) = Nk (5-3)

is the function even in k, ¢(—k, C) = ¢(k, C), and odd in C,

o(k, —=C) = — ¢(k, C), and the quantity e*¢(*0) = %is

a pure phase, |e*¢*0| = 1. The wave numbers +k and
—k, k>0, correspond to the same, doubly degenerate
energy value. The plane wave states (5.2) with k > 0 and
k < 0 are distinguished by the momentum integral —i d—‘i 1.
The eigenvalues £..(0) = *|C| at the edges of the upper
and lower continuous bands are nondegenerate. The inter-
val —|C| < & < |C| corresponds to the energy gap in the
spectrum of the free massive Dirac particle.

Consider now the Dirac reflectionless system (4.1). The
Hamiltonian JH 2 anticommutes with ¢5. Coherently with
Eq. (5.2) corresponding to the n = 0 case, this implies that
if U¢ is an eigenstate of H?, HOW, = EV,, then o3V,
is an eigenstate of eigenvalue —&.
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The eigenstates from the upper and lower continuums in
the spectrum of JH 2 are obtained by Darboux dressing of
the plane wave states (5.2) of the free particle, ¥ . (x) =
A,V L (x), HPWE  (x) = . (k)PE _(x), where A, is
the diagonal 2 X 2 matrix, A, = diag(A,, A,). The bound
states of JH 2 are constructed by Darboux dressing of the
appropriate nonphysical eigenstates from the energy gap of
H D First, we note that function (5.3) for pure imaginary
values k = ik, k; > 0, reduces to the relative soliton shifts
¢;(k;, C) given by Eq. (3.14). Taking linear combinations
of the states of the form (5.2) with k = +ik; and k =
—ik;, j=1,...,n, 0<k <- Kk, <k,<|C|, we
construct the formal, nonphysical eigenstates of H D of

eigenvalues £ . (j) = +4/C? — K3

cosh k;(x + 7;)
* coshkj(x + 7;) )
sinh k;(x + 7;) ) G4

*sinh k;(x + 7))

\I’é’i(x) = (
‘I’é,i(x) = (

HEV] . (x)=Ep+ ()W) . (x), where 7; = 7; — ¢;(k;, C).
Here the first (second) set of the states has to be taken for
the odd (even) values of the index j, cf. (2.5). The set of 2n
functions (5.4) forms a kernel of the matrix differential
operator A, of the order n. The unnormalized bound
states of 2 are given by W) . (x) = le,,Kl, 4y (%),
cf. (2.8). The normalized bound states of F2 can be
expressed in terms of eigenstates of the associated super-

symmetric Schrodinger pair of the systems, ¥ ,’fi (x)= \/iz X

(P00, = ,(0), HOW =€, (W ., €,.() =

+JC*— K%, j=1,...,n, where Jr;(x) is given by

Eq. (2.25), and ¢ ;(x) are the corresponding eigenstates
of H,. The spectra for the cases n =1 and n = 2 are
illustrated by Figs. 2 and 3.

The nontrivial integral for the Dirac system ZH P
is P, = ﬂln(—id% ]l)ﬂll, which is the central charge
P, of the associated reflectionless supersymmetric
Schrodinger system FH ,,. It is this operator that distin-
guishes the degenerate eigenstates WX _(x) with k>0
and k < 0 in the continuum part of the spectrum of FH 2,
P,VE . (x) = kT (&= (k) + K?)‘I’ﬁ,i(x). It also de-
tects all the 2(n + 1) nondegenerate eigenstates of FH P
by annihilating them. The 2n of these states correspond to
the bound states inside the energy gap between the positive
and negative continuums in the spectrum of F{ 2. The two
other states are the states \Ifgyi(x) at the edges of the gap.

The trivial Lie-algebraic relation [H?, P,] =0 does
not show by itself a special nature of the higher-order
matrix integral 2,. This can be revealed by identification
of its own supersymmetric structure of the Dirac reflection-
less system JH 2. Consider the following operator:
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A AB £

FIG. 2 (color online). Left: The form of reflectionless Dirac
potential A;(x) is shown by a continuous curve for the case
C > 0, while the dashed curve corresponds to isospectral kink-
antikink background —A,(x) obtained by means of (3.18).

Horizontal lines show two nondegenerate energy levels & =

i‘/CZ — 2 of the bound states, and two nondegenerate energy

levels £ = *=C at the edges of the doubly degenerate continuum
part of the spectrum with £ > C and £ < —C. Right: Dependence
of the spectrum for reflectionless Dirac system JH- D on the
parameter ;. The curves correspond to the discrete energy
levels *4/C> — k7 of the bound states. Two nonzero energy
levels at 0 < k; <C transform into one zero energy level in
the limit case x; = C. The kink-antikink background described
by A,(x) transforms into an antitank background W, =
— K tanh k{(x + 7;) in the indicated limit (see also the discus-
sion in the last section). In another limit, x; — 0, C = const,
A (x) transforms into the homogeneous background Ay = C.

I =RR, 05 (5.5)

Here R, is a reflection operator for variable x, R .x =
—xR,, R2 = 1, whereas R, makes the same job for the

parameters 7; and C, R, o7, = —7,R ¢, j=1,...,n,
s AD2 &
¢ - — —

I\I S
C

5714{/‘
_ =

Yy

RN
N

FIG. 3 (color online). Left: The form of the potential and
corresponding spectrum of the reflectionless Dirac system FH 2
with the same notations as in Fig. 2. Right: Spectrum of reflec-
tionless Dirac system 2 in dependence of the parameter
varying in the interval k; < k, < C. In the limit case x, = ki,
inhomogeneous reflectionless Dirac potential A, transforms into
the homogenous background A, = C, see Egs. (2.38) and (3.15),

and the corresponding discrete energy levels =4/C? — %, shown

by blank circles, disappear from the spectrum. In another limit
Ky =0C, H D transforms into a reflectionless Dirac system with
three nondegenerate energy levels, one of which has zero value.
The square of FH D in this second limit gives a pair of almost
isospectral reflectionless Schrodinger systems, one of which is
described by a two-soliton potential supporting the bound state
of zero energy, the potential of the other subsystem is one-soliton
with nonzero energy of the bound state.
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R,c.C=—CR,¢, ’Ric = 1. Operator (5.5) commutes
with the Hamiltonian JH? and anticommutes with P,,
[T, HP]=o0, {T,P,} =0. Since I'> =1, (5.5) can be
treated as the Z,-grading operator, which identifies JH ?
and P, as bosonic and fermionic operators, respectively.
So, the reflectionless Dirac system JH 2 is described by its
own exotic supersymmetry given by a nonlinear super-
algebraic relation,

{P.. P} = 2P

2(n+1y

(5.6)
Ph, 0 = (22 = OTTCHDR + 16~ )
1

The roots of the polynomial P5 ., (H7) correspond
to the 2(n+ 1) nondegenerate eigenvalues of the
Hamiltonian H?. Denoting P?, =P, and defining
PP, = iI'PP, as a second supercharge, a nonlinear N =
2 superalgebra is generated for the n-soliton Dirac system:
{Pho PR, =28,P8, 1), [HP, PR1=0,a,b=1,2

It may seem that the nature of the grading operator (5.5)
is rather unusual' since it includes in its structure the
operator anticommuting with C, that in the case n = 0 is
just a mass parameter. Recall that C can be presented in
terms of the parameters 7; and 7; constrained by the
relation (3.4), ie., C = k;cothk;(r;, — 7)), j=1,...,n.
Then we see that the operator R, . can alternatively be
treated in a more symmetric way as the operator R, ;,
which reflects the soliton translation parameters, R, ;7; =

— 2 = & 2
TjRTj—, RT,,;T]‘ = TjiR,qu-:, RT,‘T‘ = 1.

VI. CONCLUDING COMMENTS AND OUTLOOK

We have constructed a quantum reflectionless fermion
system, which corresponds to the Dirac particle in a fixed
background of a multi-kink-antikink soliton A,(x). The
(2n + 1)-parametric function A, (x) can be considered as
an ““instant photograph” of a 2n-soliton solution v(x, 1) =
A,(x, 1) to the mKdV equation given by Eq. (4.8).
Parameter C corresponds here to the same nonzero asymp-
totic, A, (x) = C # 0, as x — —oo and x — +oco, while
other 2n parameters, «; and 7;, are the scaling and trans-
lation soliton parameters. As we saw, this mKdV solution
can be related to two distinct solutions u™ = U, (x +
6C21) + C?and u~ = U,(x + 6C21) + C? of the KdV equa-
tion by means of relations v> * v, = u*. The second
order Schrodinger operators H* = — j—;z + u™ are factor-
ized then in terms of the first order operators A = d% +v
andAT = —4 + o H* = AAT, H~ = ATA, which have a
sense of the Darboux intertwining operators, ATH™ =
H AY, AH- = H'A. In the most generic case of real

"For other appearances of exotic supersymmetric structures
based on the grading operators related to reflections, see
[27,37,39,40].
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nonsingular potentials u* and u~, the first order scalar
Darboux intertwining operators may relate either
(i) a completely isospectral pair of 1D Schrodinger
Hamiltonians, or

(ii) almost isospectral Hamiltonians with spectra differ-

ent only in one bound (ground) state.

When nonsingular u* and u~ are two distinct finite-gap
solutions to the KdV equation, the first possibility (i) may
correspond either to the case of two completely isospectral
finite-gap periodic (or almost periodic) systems, or to a pair
of completely isospectral n-soliton systems. We investi-
gated here the soliton case with A = X,, H* = H, + C?
and H- = H, + C?>, which can be considered as an
infinite-period limit of some isospectral pair of finite-gap
periodic systems. The exotic supersymmetric structure of
isospectral one-gap periodic pairs of the Schrodinger
(Lamé) systems, and the corresponding Dirac particle in
the kink-antikink crystal were investigated in [27] in the
context of physics related to the Gross-Neveu model. It
would be very interesting to generalize the analysis for the
case of periodic finite-gap systems with the number of
prohibited bands n > 1.

The second possibility (ii) corresponds to the situation
when the quantum systems H* and H~ are given by n- and
(n — 1)-soliton reflectionless potentials having, respec-
tively, n and n — 1 bound states of the same energy, except
the ground state of the n-soliton potential having in this case
zero energy. In the simplest case, such a picture is realized
by the pairs of reflectionless Poschl-Teller systems [40]. The
general case of almost isospectral soliton pairs given by
Egs. (220) and (2.21) requires a separate consideration.
This, particularly, will give us a possibility to relate fermion
systems in multi-kink-antikink backgrounds considered
here and characterized by zero topological number, with
fermion systems in the kink-type backgrounds with nonzero
values of a topological charge, and to investigate exotic
supersymmetric structure appearing in the extended Dirac
systems. Such a generalization of the results obtained here
seems to be interesting, particularly, from the perspective of
their application to the physics of carbon nanostructures.

We considered the quantum mechanics of the Dirac
particle in a fixed background of a multi-kink-antikink
soliton. The multi-kink-antikink, as well as kink-type sol-
itons are also interesting from another perspective, related
to the physics associated with the BdG equations [41,42].

In many physical applications reflectionless potentials
A(x) appear as stationary solutions for fermion self-
consistent inhomogeneous condensates. These are given
by the system of (1 + 1)D Dirac equations

(if = A, =0, 6.1
subject to the constraint
N -
A== batha (6.2)
a=1 occ
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where Y'¥_ | corresponds to summation in degenerate states,
with « denoting a generalized flavor (possibly, including
spin) index, and Y .. is a sum over the energy levels
occupied by each flavor.? Particularly, these equations ap-
pear in the superconductivity, in the physics of conducting
polymers, and in the Gross-Neveu model [1,2,4,9,38,43,44].

In the context of the Bardeen-Cooper-Schrieffer theory of
superconductivity, A corresponds to a “pair potential.” Itis a
phonon field generated by moving electrons via their inter-
action with ions. Dirac Eq. (6.1) with N = 1 appears in the
BdG method after diagonalizing the effective mean field
Hamiltonian by application of Bogoliubov transformations,
and by making use of the Andreev approximation, which
corresponds to linearization of the nonrelativistic energy
dispersion near the Fermi points, or, equivalently, by neglect-
ing second derivatives of the Bogoliubov amplitudes [45].
The so-called gap equation, or self-consistency equation (6.2)
for the pair potential appears in the theory from a condition of
stationarity of the free energy [38]. In the physics of conduct-
ing polymers, A corresponds to the order parameter. The
order parameter is related to the Peierls instability, which
underlies the phenomenon of charge and fermion-number
fractionalization [3,4,7]. In the Gross-Neveu model [1],
being a (1 + 1)D toy model for strong interactions that
mimics several important properties of QCD, the term
-g*yN_, 4 ¥, corresponds to a nonlinear interaction of
fermions with N flavors. As it was demonstrated by Dashen,
Hasslacher, and Neveu [2], in the t"Hooft limit N — oo, with
gzN fixed, the model can be reduced to the quasiclassical
model (6.1) and (6.2) [44]. Particularly, they showed that for
stationary solutions, the Schrodinger potentials V. = A2 +
A, — A3 have to be reflectionless. Their results were devel-
oped in diverse directions in [8,9,24-29].

In the stationary case the Dirac equation (6.1) takes the
form (y°E + iy'd, — A)y(x) = 0, where we omitted the
generalized flavor index «. With the choice y° = o, and
y' = —io, this is reduced to the equation H 2 = Eq,
where H 2 is given by Eq. (4.1). Therefore, to relate the
system we studied with the BdG system it is necessary to
provide an appropriate interpretation for the consistency
equation (6.2) by making use of the obtained results. We
are going to present the corresponding investigation else-
where, having also in mind a relation between condensates
with zero and nonzero topological charges that has been
indicated above.
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APPENDIX A: DARBOUX TRANSFORMATIONS

Here we summarize shortly the basic aspects of Darboux
transformations used in the main text and in Appendix B.

Let #(x) be an eigenstate of the second order
Schrédinger operator H = — j—; + u(x) of eigenvalue E,
Hy = Ei. Then

M_E:¢2+¢xr

Deﬁne the first order differential operator A = ¢ 4 Y @ =

— ¢. By definition, ¢ is akernel of A, Ay = 0, whlle -
is a kernel of the Hermitian conjugate operator AJr =

where ¢ = (In ¢),. (Al)

— ¢ < dyy = — d—‘i — ¢. By Eq. (Al), shifted for a constant
Hamiltonian H is factorized as
AtA=H-E (A2)
Define another Hamiltonian operator H = — Lo+ q by
dx
AAY = A - E, (A3)

sothat it — E = ¢> — ¢,. If potential u(x) is nonsingular,
and eigenfunction i(x) is nodeless, then & = u — 2¢, is
also a nonsingular potential; otherwise it will have singu-
larities at zeros of ¢(x). Note that the function ¢ can be
expressed in terms of the pair of potentials u and i as

_lu, +1a,

2 u—ia - (AD)

In accordance with (A2) and (A3), operators A and At
intertwine the Hamiltonians H and H, AH = HA, ATH =
HAT. As a consequence, if ¢, is an eigenstate of H of
eigenvalue A # E, Hiy, = A, then A, = zAﬂ,\ is an
eigenstate of H of the same eigenvalue, H J/ L= )\Q/ A
The operator AT acts in the opposite direction as At o =
A—E),.

The described picture corresponds to the Darboux trans-
formation generated by the first order differential operators
A and A, which transform mutually the eigenstates of the
Schrodinger operators H and H with any eigenvalue A #
E. For eigenvalue E, the second, linear independent from
i solution of the Sherodinger equation can be presented as

P () = w(x>[ e

W(i, ) = 1. The action of the A on it produces the kernel
of AT, Ay = ¢ = 1 JATg =0. As a consequence, Hfb =
(ATA + E)z// Ez,// and, on the other hand, H t,l/ =

(AAJr + E)zp Er. Analogously, the second eigenstate
of H of the eigenvalue E is

(A5)

7 2
J(x) ¢() ] YAEdE. (A6)
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The application of At to it produces the kernel of A,
Aty = —y.
APPENDIX B: KdV AND mKdV EQUATIONS,
AND MIURA TRANSFORMATION

Here we describe shortly the relation between the KdV
equation,

u, — 6uu, + u, =0, B1)
and the modified KdV equation (mKdV),
v, — 6v*v, + v, = 0. (B2)

Given a function v = v(x, f), let us define another

function u™ = u™(x, t) by

ut =v*+ v,

(B3)

Assume that v = v(x, 1) satisfies the mKdV equation (B2).
Then u = (v + 9,)(6v%v, —v,,,) and —6uTu;
ul, = —Qv+ d,)(6v*v, — v,,), and so function (B3)
defined in terms of some solution of the mKdV equation
satisfies automatically the KdV equation.

The mKdV equation (B2) is invariant under the change
v — —uv, while (B3) transforms into

u- =v:—v,. (B4)

Therefore, function u~ defined by (B4) in terms of a
solution of the mKdV equation also satisfies the KdV
equation.

Consider now relations (B3) and (B4) from another
perspective. Let us assume that we are given a function
ut(x, t), and treat relation (B3) as a nonlinear Riccati
equation that defines function v. If we assume that u™ =
u" (x, t) satisfies the KdV equation (B1), then we find that
the function v(x, ¢) defined by (B3) satisfies not the mKdV,
but the equation

Qv+ ) (v, — 6v%v, + v,,,) = 0. (B5)
From the latter it follows a relation v, — 6v%v, + v,,, =
C(t)exp (=2 [*v(¢, 1)d€), where C(¢) is an arbitrary func-
tion. This is reduced to the mKdV equation only in a
particular case of C(r) = 0. In the described interpretation,
relation (B3) corresponds to the Miura transformation
u* — v [46], which can be compared with Eq. (Al).

If instead of (B3) we define a function v by (B4),
and assume that u~ (x, ¢) satisfies the KdV equation, then

instead of (B5) we obtain the equation

Qv —a)(v, — 6v*v, + v,,) =0 (B6)

For each of the two Miura transformations, (B3) or (B4), a
KdV solution generates a function v which satisfies not the
mKdV equation, but the equation of a more general form,
(B5) or (B6).
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Let us assume now that we have two different functions
ut =u*(x,t)and u~ = u_(x, t) given by (B3) and (B4) in
terms of one function v(x, ¢), and suppose that both functions
ut and u~ satisfy the KAV equation. In this case function
v(x, 1) has to satisfy simultaneously the two equations (B5)
and (B6). Adding these equations, we obtain 4v(v, —
6v?v, + v,,,) = 0, which implies that v has to satisfy the

PHYSICAL REVIEW D 88, 085034 (2013)

mKdV equation (B2). Note that in this case the solution of
the mKdV equation can be expressed in terms of solutions u ™"

and u~ of the KdV equation as v = % L’{%Z{, cf. (A4).

We conclude therefore that, if two different solutions u™
and u~ of the KdV equation can be expressed by means of
relations (B3) and (B4) in terms of one function v, the

latter ought to be a solution of the mKdV equation.
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