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Perturbative nonequilibrium thermal field theory
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We present a new perturbative formulation of nonequilibrium thermal field theory, based upon
nonhomogeneous free propagators and time-dependent vertices. Our approach to nonequilibrium dynam-
ics yields time-dependent diagrammatic perturbation series that are free of pinch singularities, without the
need to resort to quasiparticle approximation or effective resummations of finite widths. In our formalism,
the avoidance of pinch singularities is a consequence of the consistent inclusion of finite-time effects and
the proper consideration of the time of observation. After arriving at a physically meaningful definition of
particle number densities, we derive master time evolution equations for statistical distribution functions,
which are valid to all orders in perturbation theory. The resulting equations do not rely upon a gradient
expansion of Wigner transforms or involve any separation of time scales. To illustrate the key features of
our formalism, we study out-of-equilibrium decay dynamics of unstable particles in a simple scalar model.
In particular, we show how finite-time effects remove the pinch singularities and lead to violation of
energy conservation at early times, giving rise to otherwise kinematically forbidden processes. The non-

Markovian nature of the memory effects as predicted in our formalism is explicitly demonstrated.
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L. INTRODUCTION

As modern particle physics continues to advance at both
the energy and intensity frontiers, we are increasingly
concerned with transport phenomena in dense systems of
ultrarelativistic particles, the so-called density frontier.
One such system is the deconfined phase of quantum
chromodynamics, known as the quark-gluon plasma [1],
whose existence has been inferred from the observation of
jet quenching in Pb-Pb collisions by the ATLAS [2], CMS
[3] and ALICE [4] experiments at the CERN Large Hadron
Collider. In addition to laboratory experiments, an under-
standing of such ultrarelativistic many-body dynamics is of
interest in theoretical astroparticle physics and cosmology.
Predictions about the evolution of the early universe rely
upon our understanding of the dynamics of states at the end
and shortly after the phase of cosmological inflation.

The Wilkinson Microwave Anisotropy Probe [5,6] mea-
sured a baryon-to-photon ratio at the present epoch of
n = ng/n, = 6.1167013 X 1071°, where n,, is the num-
ber density of photons and ng = n;, — n;is the difference in
number densities of baryons and antibaryons. This observed
baryon asymmetry of the universe (BAU) is also consistent
with the predictions of big bang nucleosynthesis [7]. The
generation of the BAU requires the presence of out-of-
equilibrium processes and the violation of baryon number
(B), charge (C) and charge-parity (CP), according to the
Sakharov conditions [8]. One such set of processes is
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prescribed by the scenarios of baryogenesis via leptogene-
sis [9-11], in which an initial excess in lepton number (L),
provided by the decay of heavy right-handed Majorana
neutrinos, is converted to a baryon number excess through
the B + L-violating sphaleron interactions. The description
of such phenomena require a consistent approach to the
nonequilibrium dynamics of particle number densities.
Further examples to which nonequilibrium approaches are
relevant include, for instance, the phenomena of reheating
and preheating [12—15] and the generation of dark matter
relic densities [16].

The classical evolution of particle number densities in the
early universe is described by Boltzmann transport equa-
tions; see for instance [17-25]. A semiclassical improve-
ment to these equations may be achieved by substituting the
classical Boltzmann distributions with quantum-statistical
Bose-Einstein and Fermi-Dirac distribution functions for
bosons and fermions, respectively. However, such im-
proved approaches take into account finite-width and off-
shell effects by means of effective field-theoretic methods.
Hence, a complete and systematic field-theoretic descrip-
tion of quantum transport phenomena would be desirable.

The first framework for calculating ensemble expect-
ation values (EEVs) of field operators was provided by
Matsubara [26]. This so-called imaginary-time formalism
(ITF) of thermal field theory is derived by interpreting the
canonical density operator as an evolution operator in nega-
tive imaginary time. Real-time Green’s functions may then
be obtained by subtle analytic continuation. Nevertheless,
the applicability of the ITF remains limited to the descrip-
tion of processes occurring in thermodynamic equilibrium.
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The calculation of EEVs of operators in nonstatic sys-
tems is performed using the so-called real-time formalism
(RTF); see for example [27,28]. In particular, for nonequi-
librium systems, one uses the closed-time path (CTP)
formalism, or the in-in formalism, due to Schwinger
and Keldysh [29,30]. The correspondence of these results
with those obtained by the ITF in the equilibrium limit
are discussed extensively in the literature [31-37]. A non-
perturbative loopwise expansion of the CTP generating
functional is then provided by the Cornwall-Jackiw-
Tomboulis (CJT) effective action [38,39], which was sub-
sequently applied to the CTP formalism by Calzetta and
Hu [40,41]. The CIJT effective action has been used
extensively in applications to 1/N expansions far from
equilibrium [42-46].

Recently, the computation of the out-of-equilibrium
evolution of particle number densities has received much
attention, where several authors put forward quantum-
corrected or quantum Boltzmann equations [1,47-77].
Existing approaches generally rely upon the Wigner trans-
formation and gradient expansion [78,79] of a system of
Kadanoff-Baym [80,81] equations, originally applied in
the nonrelativistic regime [79,82-84]. Often the truncation
of the gradient expansion is accompanied by quasiparticle
ansaetze for the forms of the propagators. Similar ap-
proaches have recently been applied to the glasma [85].
Dynamical equations have also been derived by expansion
of the Liouville-von Neumann equation [86,87] and using
functional renormalization techniques [88].

In this article, we present a new approach to nonequilib-
rium thermal field theory. Our approach is based upon
a diagrammatic perturbation series, constructed from
nonhomogeneous free propagators and time-dependent
vertices, which encode the absolute spacetime dependence
of the thermal background. In particular, we show how the
systematic inclusion of finite-time effects and the proper
consideration of the time of observation render our pertur-
bative expansion free of pinch singularities, thereby ena-
bling a consistent treatment of nonequilibrium dynamics.
Unlike other methods, our approach does not require the use
of quasiparticle approximation or other effective resumma-
tions of finite-width effects.

A key element of our formalism has been to define
physically meaningful particle number densities in terms
of off-shell Green’s functions. This definition is unambig-
uous, as it can be closely linked to Noether’s charge, asso-
ciated with a partially conserved current. Subsequently, we
derive master time evolution equations for the statistical
distribution functions related to particle number densities.
These time evolution equations do not rely on the truncation
of a gradient expansion of the so-called Wigner transforms;
neither do they involve separation of various time scales.
Instead, they are built of nonhomogeneous free propagators,
with modified time-dependent Feynman rules, which ena-
ble us to analyze the pertinent kinematics fully. Our analysis
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shows that the systematic inclusion of finite-time effects
leads to the microscopic violation of energy conservation at
early times. Aside from preventing the appearance of pinch
singularities, the effect of a finite time interval of evolution
leads to contributions from processes that would otherwise
be kinematically disallowed on grounds of energy conser-
vation. Applying this formalism to a simple scalar model
with unstable particles, we show that these evanescent
processes contribute significantly to the rapidly oscillating
transient evolution of these systems, inducing late-time
memory effects. We find that the spectral evolution of
two-point correlation functions exhibits an oscillating pat-
tern with time-varying frequencies. Such an oscillating
pattern signifies a non-Markovian evolution of memory
effects, which is a distinctive feature governing truly out-
of-thermal-equilibrium dynamical systems. A summary of
the main results detailed in this article can be found in [89].

The outline of the paper is as follows. In Sec. II, we
review the canonical quantization of a scalar field theory,
placing particular emphasis on the inclusion of a finite time
of coincidence for the three equivalent pictures of quantum
mechanics, namely the Schrodinger, Heisenberg and Dirac
(interaction) pictures. In Sec. III, we introduce the CTP
formalism, limiting ourselves initially to consider its ap-
plication to quantum field theory at zero temperature and
density. This is followed by a discussion of the constraints
upon the form of the CTP propagator. With these prereq-
uisites reviewed, we proceed in Sec. IV to discuss the
generalization of the CTP formalism to finite temperature
and density in the presence of both spatially and temporally
inhomogeneous backgrounds. In the same section, we
derive the most general form of the nonhomogeneous free
propagators for a scalar field theory. The thermodynamic
equilibrium limit is outlined in Sec. V. Subsequently, in
Sec. VI, we define the concept of particle number density
and relate this to a perturbative loopwise expansion of the
resummed CTP propagators. In Sec. VII, we derive new
master time evolution equations for statistical distribution
functions, which go over to classical Boltzmann equations
in the appropriate limits. In Sec. VIII, we demonstrate the
absence of pinch singularities in the perturbation series
arising in our approach at the one-loop level. Section IX
studies the thermalization of unstable particles in a simple
scalar model, where particular emphasis is laid on the early-
time behavior and the impact of the finite-time effects.
Finally, our conclusions and possible future directions are
presented in Sec. X.

For clarity, a glossary that might be useful to the reader to
clarify polysemous notation is given in Table I. Appendix A
provides a summary of all important propagator defini-
tions, along with their basic relations and properties. In
Appendix B, we describe the correspondence between the
RTF and ITF in the equilibrium limit at the one-loop level
for a real scalar field theory with a cubic self-interaction.
The generalization of our approach to complex scalar fields
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TABLE 1. Glossary for clarifying polysemous notation.

T Thermodynamic temperature

t Macroscopic time

f Microscopic real time

T Microscopic negative imaginary time
t Complex time

T(T) Time-(anti-time-)ordering operator
Path-ordering operator

Wavefunction renormalization
Partition function/generating functional
Statistical distribution function
Boltzmann distribution
Bose-Einstein distribution

Ensemble function

Density operator/density matrix
Number density

Total particle number

= NN

2:‘0\1;5

is outlined in Appendix C. Appendix D contains a series
expansion of the most general nonhomogeneous Gaussian-
like density operator. In Appendix E, we summarize the
derivation of the so-called Kadanoff-Baym equations and
their subsequent gradient expansion. Lastly, in Appendix F,
we describe key technical details involved in the calculation
of loop integrals with nonhomogeneous free propagators.

II. CANONICAL QUANTIZATION

In this section, we review the basic results obtained
within the canonical quantization formalism for a massive
scalar field theory. This discussion will serve as a precursor
for our generalization to finite temperature and density,
which follows in subsequent sections.

As a starting point, we consider a simple self-interacting
theory of a real scalar field ®(x) with mass M, which is
described by the Lagrangian

1

3 gD (x)

£() = 59, D@3 b(x) — 3 M) —

_1 AD*(x), 2.1

4!
where g and A are dimensionful and dimensionless
couplings, respectively. Throughout this article, we
use the short-hand notation: x = x* = (x°, x), for the
four-dimensional space-time arguments of field operators,
and adopt the signature (+, —, —, —) for the Minkowski
space-time metric 7,,,,.

It proves convenient to start our canonical quantization
approach in the Schrodinger picture, where the state vec-
tors are time dependent, whilst basis vectors and operators
are, in the absence of external sources, time independent.
Hence, the time-independent Schrodinger-picture field
operator, denoted by a subscript S, may be written in the
familiar plane-wave decomposition

ds(x;7) = f dIT, (as(p:7)e®™ +al (p;F)e®X),  (2.2)
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where we have introduced the short-hand notation:

Fp 1 d
/dHp =[P b

@) 2Ep) J @n)
for the Lorentz-invariant phase space (LIPS). In (2.3),

E(p) = +/p> + M? is the energy of the single-particle
mode with three-momentum p and 6(p,) is the generalized
unit-step function, defined by the Fourier representation

276(py)8(p* — M?),

(2.3)

1 >
L[t dé e iPog 1’ po =0
opo =i [T =k =0 Q4
O, pO < 0,

where € = 0. It is essential to stress here that we define
the Schrodinger, Heisenberg and interaction (Dirac) pic-
tures to be coincident at the finite microscopic boundary
time 7;, such that

(Ds(X; fl) = (I)H(fi’ X; ;l) = (D](fl', X; fi)’ (25)

where implicit dependence upon the boundary time 7; is
marked by separation from explicit arguments by a
semicolon.

The time-independent Schrodinger-picture operators
ag (p; #;) and ag(p; 7;) are the usual creation and annihila-
tion operators, which act on the stationary vacuum |0),
respectively creating and destroying time-independent
single-particle momentum eigenstates. Their defining
properties are

ad(p;7)I0) = Ips 7y), (2.62)
as(p; 7,)lp's &y = 2m)32E(p)d®(p — p))l0),  (2.6b)
as(p; 7;)|0) = 0. (2.6¢)

Note that the momentum eigenstates |p;7;) respect the
orthonormality condition

' 7lps 1) = (2m)*2E(p)s® (p — p)).

We then define the time-dependent interaction-picture
field operator ®;(x;7;) via

(I)I(X; fl) = eng(Xoffi)(DS(X; fl,)e*l'Hg(Xoffi)y

2.7

(2.8)

where HY is the free part of the Hamiltonian in the
Schrodinger picture. Using the commutators

[HY, as(p;7})] = —E(p)as(p; 7)),
[HY, al(p;7)] = +E(p)al(p;7),

the interaction-picture field operator may be written

(2.92)
(2.9b)

Di(xify) = [ dlly(ag(p: eI
+ al(p; 7)) e E®t0—h) g=ipx) (2.10)

or equivalently, in terms of interaction-picture operators
only,
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D57 = [ dlly(a(p, 0:F)e Fem

+ af (p, 0; 7)) E@x0 g —ipx), @2.11)

Notice that in (2.11) the time-dependent interaction-picture
creation and annihilation operators, a ;r (p,%;7;) and a;(p, 7, F;),
are evaluated at the microscopic time 7 = 0, after employ-
ing a relation analogous to (2.8). We may write the four-
dimensional Fourier transform of the interaction-picture
field operator as

Oy(p:1;) = fd4xeip‘xq)1(x§ )
= 2775(1?2 - Mz)(B(pO)al(p, 0;7;)
+0(—po)aj (—p, 0; 7).

In the limit where the interactions are switched off
adiabatically as 7; — —oo, one may define the asymptotic
in creation and annihilation operators via

(2.12)

') =271 lim ai'(p.0:7)

_ Z—1/2~lim a(ST)(p;ZTi)e+(—)iE(p)f,-’

f——o00

(2.13)

where Z = 1 + O(#) is the wave function renormalization.
Evidently, keeping track of the finite boundary time 7;
plays an important role in ensuring that our forthcoming
J

iA%(p, p'sM?) :/ d*xd*ye’P*e Vi (x, y; M?)

=27e(p)d(p> — M*)(2m)*8W(p — p'),
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generalization to perturbative thermal field theory remains
consistent with asymptotic field theory in the limit
f; — —oo. Hereafter, we will omit the subscript I on
interaction-picture operators and suppress the implicit
dependence on the boundary time #;, except where it is
necessary to do otherwise for clarity.

We start our quantization procedure by defining the
commutator of interaction-picture fields

[(x), P(y)] = iA(x, y; M?), (2.14)

where iA%(x, y; M?) is the free Pauli-Jordan propagator.
Herein, we denote free propagators by a superscript 0. The
condition of microcausality requires that the interaction-
picture fields commute for spacelike separations (x — y)? <
0. This restricts iA%(x, y; M?) to be invariant under spatial
translations, having the Poincaré-invariant form

iAO(x, y;M2) — [de(e—iE(p)(x"—yO)eip'(x—y) —(x=y).
(2.15)

Observe that iA%(x, y; M?) represents the difference of two
counterpropagating packets of plane waves and vanishes for
(x—y)?<o.

It proves useful for our forthcoming analysis to intro-
duce the double Fourier transform

(2.16a)
(2.16b)

where (py) = 0(py) — 6(— py) is the generalized signum function. Note that we have defined the Fourier transforms such
that four-momentum p flows away from the point x and four-momentum p’ flows towards the point y.
From (2.14) and (2.15), we may derive the equal-time commutation relations

iA%(x, y; Mz)lxn:yo:; =[®(F x), (7 y)] =0,
04, A (x, ys M) o_yo_; = [7(7, x), D(7y)] = —-i8%(x —y),
34,0, iA%(x, y; M2)|xo=y0=; = [7(7 x), #(7,y)] = 0,

where 7(x) = d,, ®(x) is the conjugate-momentum opera-
tor. In order to satisfy the canonical quantization relations
(2.17), the creation and annihilation operators must respect
the commutation relation

la(p, D), al (p/, )] = 2m)32E(p)5P(p — p/)e @1,
(2.18)

with all other commutators vanishing. Here, we emphasize
the appearance of an overall phase ¢~ #®=7) in (2.18) for
f# 7 [cf. Sec. IVA].

The vacuum expectation value of the commutator
of Heisenberg-picture field operators may be expressed

(2.172)
(2.17b)
(2.17¢)

as a superposition of interaction-picture field commuta-
tors by means of the Kéllén-Lehmann spectral representa-
tion [90,91]:

OI[@u (), Pu()0) = iA(x y) = [O * dso()iA0(x, y; s),

(2.19)

where iA%(x, y;s) is the free Pauli-Jordan propagator in
(2.15) with M? replaced by s and iA(x, y) is the dressed or
resummed propagator. The positive spectral density o(s)
contains all information about the spectrum of single- and
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multiparticle states produced by the Heisenberg-picture
field operators ®y. If o(s) is normalized, such that

[000 dso(s) = 1,

the equal-time commutation relations of Heisenberg-
picture operators maintain exactly the form in (2.17).
Note that for a homogeneous and stationary vacuum |0),
o (s) is independent of the space-time coordinates and the
resummed Pauli-Jordan propagator maintains its transla-
tional invariance. In this case, the spectral function cannot
depend upon any fluctuations in the background. Clearly,
for nontrivial “vacua,” or thermal backgrounds, the spectral
density becomes in general a function also of the coordinates.
The spectral representation of the resummed propagators
may then depend nontrivially on space-time coordinates,
i.e. o = o(s;x,y); see for instance [57]. In this case, the
convenient factorization of the Killén-Lehmann representa-
tion breaks down.

The retarded and advanced causal propagators are
defined as

(2.20)

IAR(x, y) = 0(xg — yo)iA(x, y),

(2.21)
iAA(x, y) = —0(yo — x0)iA(x, y).

Using the Fourier representation of the unit-step function
in (2.4), we introduce a convenient representation of these
causal propagators in terms of the convolution

dko iA(po — ko, Py — ko,P,P)
27 ko + (—)ie

ZAR(A)(ll P N =

(2.22)

The absolutely ordered Wightman propagators are
defined as

A~ (x, y) =(P)D(y),  iA(x y) = (DP()P(x)).

(2.23)

We note that the two-point correlation functions A(x, y),
A~ —(x,y) and Ag A(x, y) satisfy the causality relation:

A(X, y) = A>(X, y) —-A AR(x’ y) - AA(xr )’)
(2.24)

<(.7C, J’) =

Our next step is to define the noncausal Hadamard
propagator, which is the vacuum expectation value of the
field anticommutator

Correspondingly, the time-ordered Feynman and anti-time-
ordered Dyson propagators are given by

iAg(x, y) = (T[P(x)P(y)]),
iAp(x, y) = (T[P(0)P ()]

(2.25)

(2.26)
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where T and T are the time- and anti-time-ordering opera-
tors, respectively. Explicitly, Ar(x, y) and Ap(x, y) may be
written in terms of the absolutely ordered Wightman
propagators A~ (x, y) and A_(x, y) as

Ap(x, y) = 0(xg — y0)A=(x, y) + 0(yo — x0)A=(x, y),
(2.27a)

AD(-X’ J’) = e(xo - yo)A<(.X, J’) + ‘9()’0 - Xo)A>(.X, J’)
(2.27b)

The propagators A;(x, y), A~ ~(x,y) and Agp(x, y) obey
the unitarity relations:

Ay(x,y) = Ap(x, y) + Ap(x, y) = A
= 2iImAg(x, y).

(x,y) + A-(x,y)
(2.28)

Finally, for completeness, we define the principal-part
propagator

Ap(3) = 5 (Ag(x2) + 8o 1) = Rey(xy). (2.29)
Here, we should bear in mind that
Re(Im)Ag(x, y)
U Cp OB e Re(m)Ae(p. ), (230)
em 2m**
implying that
Ap(p, p') # Rel(p, p'), (2.31)

unless Ap(p, p’) = Ap(—p, —p’), which is not generally
true in nonequilibrium thermal field theory [cf. (A4f)].

The definitions and the relations discussed above are valid
for both free and resummed propagators. In Appendix A,
we list the properties of these propagators in coordinate,
momentum and Wigner (see Sec. IV B) representations, as
well as a number of useful identities, which we will refer to
throughout this article. More detailed discussion related to
these propagators and their contour-integral representations
may be found in [92]. In Appendix C, these considerations
and the analysis of the following sections are generalized to
the complex scalar field.

III. THE CTP FORMALISM

In this section, we review the CTP formalism, or the
so-called in-in formalism, due to Schwinger and Keldysh
[29,30]. As an illuminating exercise, we consider the CTP
formalism in the context of zero-temperature quantum field
theory and derive the associated 2 X 2 matrix propagator,
obeying basic field-theoretic constraints, such as CPT
invariance, Hermiticity, causality and unitarity. Finally,
we discuss the properties of the resummed propagator in
the CTP formalism.

In the calculation of scattering-matrix elements, we are
concerned with the transition amplitude between in and out
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asymptotic states, where single-particle states are defined
in the infinitely distant past and future. On the other hand,
in quantum-statistical mechanics, we are interested in the
calculation of EEVs of operators at a fixed given time r.
Specifically, the evaluation of EEVs of operators requires a
field-theoretic approach that allows us to determine the
transition amplitude between states evolved to the same
time. This approach is the Schwinger-Keldysh CTP for-
malism, which we describe in detail below.

For illustration, let us consider the following observable
O in the Schrodinger picture (suppressing the spatial
coordinates x and y):

O 7) = j [dD(2)](D(2), 72 7| D (x: 7)) D (y: T)

X |®(2), 773 T))s, (3.1)

where [d®] represents the functional integral over all field
configurations ®(z). In (3.1), |®(z), 7;7;)s is a time-
evolved eigenstate of the time-independent Schrodinger-
picture field operator ®g(x;7;) with eigenvalue ®(x) at
time 7, = #;, where the implicit dependence upon the
boundary time 7; has been restored.

We should remark here that there are seven independent
space-time coordinates involved in the observable (3.1).
These are the six spatial coordinates, x and y, plus the
microscopic time 7;. In addition, there is one implicit
coordinate: the boundary time 7;. As we will see, exactly
seven independent coordinates are required to construct
physical observables that are compatible with Heisenberg’s
uncertainty principle. We choose the seven independent
coordinates to be

t=1;—1, = %(x +y), p, (3.2)
where ¢ and X are the macroscopic time and central space
coordinates and p is the Fourier-conjugate variable to the
relative spatial coordinate R = x — y.

In the interaction picture, the same observable @ in (3.1)
is given by

O(I)(;f;fi) = /[dfb(z)]l<®(z), if;;im)l(if: X;;i)CDI(Ef: y:1;)

X |D(2), 775705 (3.3)

and, in the Heisenberg picture, by
@(H)(ff;fi) = [[dq)(l)]H(q)(Z);fi|q)H(ff,X;fi)q)H(ffa y: fi)

X |D(2); 7)u. (3.4)

Notice that the prediction for the observable @ does not
depend on which picture we are using, i.e. O)(7s;7;) =
Ow(is;1;) = Oy (is; 7). This picture independence of O
is only possible because the time-dependent vectors and
operators in O are evaluated individually at equal times.
Otherwise, any potential observable, built out of time-
dependent vectors and operators that are evaluated at
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different times, would be picture dependent and therefore
unphysical. Moreover, the prediction of the observable ©
should be invariant under simultaneous time translations of
the boundary and observation times, 7; and 7;, i.e.

Oy 1) = O(t;0) = OQ), (3.5)

where t = 7, — 7; is the macroscopic time, as we will see
below. Herein and throughout the remainder of this article,
the time arguments of quantities that are invariant under
such simultaneous translations of the boundary times are
written in terms of the macroscopic time ¢ only.

A. The CTP contour

In order to evaluate equal-time observables of the form
in (3.4), we first introduce the in vacuum state |0j,;7;),
which is at time 7; a time-independent eigenstate of the
Heisenberg field operator ®y(x;7;) with zero eigenvalue;
see [40,41]. We then need a means of driving the amplitude
(0in; 7:105; 7,9, which can be achieved by the appropriate
introduction of external sources.

The procedure may be outlined with the aid of Fig. 1 as
follows. We imagine evolving our in state at time 7; for-
wards in time under the influence of a source J (x) to some
out state at time 7, in the future, which will be a superpo-
sition over all possible future states. We then evolve this
superposition of states backwards again under the influ-
ence of a second source J_ (x), returning to the same initial
time 7; and the original in state. The sources J.(x) are
assumed to vanish adiabatically at the boundaries of the
interval [7;, 7,]. We may interpret the path of this evolution
as defining a closed contour C = C; U C_ in the complex-
time plane (t-plane, t € C), which is the union of two
antiparallel branches: C., running from 7; to 7, — i€/2;
and C_, running from 7, — ie/2 back to 7; — ie. We refer to
C; and C_ as the positive time-ordered and negative anti-
time-ordered branches, respectively. As depicted in Fig. 1,
the small imaginary part € = 0" has been added to allow
us to distinguish the two, essentially coincident, branches.

Imt

Ret
21) = 5 — e c 2(1/2) = ty —ie/2
macroscopic time t = ReZ(u) — i
bemmmmm e -
initial conditions: observation:
macroscopic timet = 0 macroscopic time

t =1t — 1

FIG. 1 (color online). The closed-time path, C=C,UC_,
running first along C, from 7; to 7, — i€/2 and then returning
along C_ from 7; — ie/2to f; — ie. The relationship between the
complex microscopic time Z(x) and the macroscopic time ¢ is
indicated by a dashed black arrow.
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We parametrize the distance along the contour, starting
from 7;, by the real variable u € [0, 1], which increases
monotonically along C. We may then define the contour by
apath Z(u) = #(u) — i7(u) € t, where #(0) = #(1) = 7; and
1(1/2) = i;. Thus, the complex CTP contour Z(x) may be
written down explicitly as

Hu) = 0(% - u)[fi T 2u(i, — 7)]
n 0<u - %)[f,- 1201 - wi, — )] — iew, (3.6)

with #(0) = 1/2, as given in (2.4).

To derive a path-integral representation of the generating
functional, we introduce the eigenstate |P(x), 7; 7;) of the
Heisenberg field operator ®y(7, x; 7;), satisfying the eigen-
value equation

Oy, x; P P(x), 1, 7;) = )| D(x), 7). (3.7)

The basis vectors |®(x), 7; 7;) form a complete orthonormal
basis, respecting the orthonormality condition

f [dOM)NID(x), 7: iNOx), £7l =1 (3.8)

We may then write the CTP generating functional

Z[J, t] as
Z[Jir t]
= [[d‘b(x)]L Oip, 735 fi|q)(X), ff;fi><<1>(X), if; iiloin’ 75 ;i>J+

_ [
= [y st 7 )

- ir .
X |D(x), 7 I N D), T T T D0 G5y,
3.9

where the x° integrations run from 7; to 7, and the “latest”
time (with u = 1) appears furthest to the left.

In order to preserve the correspondence with the ordi-
nary S-matrix theory in the asymptotic limit 7; — —oo,
we take

With this identification, the CTP generating functional
Z[J+, t] becomes manifestly CPT invariant. This enables
one to easily verify that microscopic CPT invariance con-
tinues to hold, even when time translational invariance is
broken by thermal backgrounds, as we will see in Sec. I'V.
Given that 7; is the microscopic time at which the three
pictures of quantum mechanics coincide and the inter-
actions are switched on, it is also the point at which the
boundary conditions may be specified fully and instanta-
neously in terms of on-shell free particle states. The micro-
scopic time 7; is therefore the natural origin for a
macroscopic time

PHYSICAL REVIEW D 88, 085009 (2013)
(3.11)

where the last equality holds for the choice in (3.10). This
macroscopic time is also the total interval of microscopic
time over which the system has evolved. This fact is
illustrated graphically in Fig. 1.

We denote by @ (x) = ®(x° € C., x) fields with the
microscopic time variable x° confined to the positive and
negative branches of the contour, respectively. Following
[40,41], we define the doublets

P(x) = (P (x), P_(x)),
Dy (x) = 174 P (x) = (P (x), —P_(x)),

where the CTP indices a, b = 1, 2 and 7., = diag(1, —1)
is an SO(1, 1) “metric.” Inserting into (3.9) complete sets
of eigenstates of the Heisenberg field operator at inter-
mediate times, we may derive a path-integral representa-
tion of the CTP generating functional:

t= tf - ti = 2tf’

(3.12)

Z[J, 1]
N [ [dqw]exp[i(s[cpa, 0+ [Q d4xJa(x)®“(x))],
| (3.13)
where 2N is some normalization and
Q, =[—1/2,1/2] X R3 (3.14)

is the Minkowski space-time volume bounded by the
hypersurfaces x° = +¢/2. In (3.13), the action is

S[de, 1] = f d4x|:%nabaﬂ(b“(x)6“q)b(x)
Q,
= 3 (P, = el P WD)

- 8 PP ()

1
M PO O D | 315
where 1, =+l fora=b=c=---=1, Ny =
—lfora=b=c="---=2,and n,,. = 0 otherwise.

In (3.15), the € = 0" gives the usual Feynman prescrip-
tion, ensuring convergence of the CTP path integral. We
note that the damping term is proportional to the identity
matrix [,, and not to the metric 7,,. This prescription
requires the addition of a contour-dependent damping
term, proportional to &(} — u), which has the same sign
on both the positive and negative branches of the contour,
C; and C_, respectively.

In order to define properly a path-ordering operator T,

we introduce the contour-dependent step function
O = 3°) = O, — uy), (3.16)

where x° = Z(u,) and y° = Z(u,). By analogy, we intro-
duce a contour-dependent delta function
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(= uy) _ 8w, —uy) _ 8(u, — u,)
El 207, — 7| T
3.17)

0
8clx” — ) =

As a consequence, a path-ordered propagator A-(x, y) may
be defined as follows:

iAc(x, y) = (Te[Px)P(y)]).

For x” and y° on the positive branch C_, , the path-ordering
T is equivalent to the standard time-ordering T and we
obtain the time-ordered Feynman propagator i Ag(x, y). On
the other hand, for x° and y° on the negative branch C_, the
path-ordering T, is equivalent to anti-time-ordering T and
we obtain the anti-time-ordered Dyson propagator
iAp(x, y).Forx®onC, andy’ onC_, x is always “earlier’”
than y* and we obtain the absolutely ordered negative-
frequency Wightman propagator iA_(x, y). Conversely,
for y’ on C, and x° on C_, we obtain the positive-frequency
Wightman propagator (A~ (x, y). In the SO(1, 1) notation,
we write the CTP propagator as the 2 X 2 matrix

AF(X;)’) A<(ny)]
A>(-x7y) AD(-xry) .
(3.19)

(3.18)

A (x, y) = (T[ P (x) D (y)]) = i[

In this notation, the CTP indices a, b are raised and lowered
by contraction with the metric 7., e.g.

iAab(xr )’) = naciACd(x’ y)ndb
AF(X, y) —A_(x, )’) ]
= . 3.20
l[ _A>(X, y) AD(-x’ y) ( )

Notice the difference in sign of the off-diagonal elements in
(3.20) compared with (3.19). An alternative definition
iA®(x,y) of the CTP propagator uses the so-called
Keldysh basis [36] and is obtained by means of an orthogo-
nal transformation:

) 0 Aplx,y)
Aab : = OaCOb ACd ; — A ])
(x, y) A% (%) [AR(x, y) Aixy)

ab — L I !
o ﬁ[ . (3.21)

In Sec. IV, we will generalize these results to macro-
scopic ensembles by incorporating background effects in
terms of physical sources. In this case, the surface integral
$.0, ds, P“(x)9* D" (x) may not in general vanish on the
boundary hypersurface d{), of the volume (),. However,
by requiring the “+- and “—"’-type fields to satisfy

(I)+(x)a’uq)+(x)|xﬂeaﬂt = ®7(x)aﬂ®7(x)|xﬂeaﬂr, (322)

we can ensure that surface terms cancel between the posi-
tive and negative branches, C; and C_, respectively. In this
case, the free part of the action may be rewritten as

PHYSICAL REVIEW D 88, 085009 (2013)

1
s, = [ ity 00@al e, (23)
Q,
where
A% y) = 8@ (x — W[~ (02 + MYy, + i€l,y]
(3.24)
is the free inverse CTP propagator and 02 = axLﬂ % is the

d’ Alembertian operator. Note that the variational principle
remains well defined irrespective of (3.22), since we are
always free to choose the variation of the field 6®“(x) to
vanish for x* on 9(},.

We may complete the square in the exponent of the CTP
generating functional Z[J,, f] in (3.13) by making the
following shift in the field:

D(x) = D(x) - [Q dyA b (e )T, (3.25)

where iA%“?(x, y) is the free CTP propagator. We may then
rewrite Z[J,, t] in the form

Z[J,, t] = Z°[0, t]exp[if d4x£i“t(l o )]
Q, i 0J,

x eXpI:—% JJ exatyravee a0
! (3.26)

where L is the interaction part of the Lagrangian and
Z9[0, ] is the free part of the generating functional

Z%0,t]= N f [dDa]eiS'[@1]) (3.27)

with the free action S°[®4, ¢] given by (3.23). We may then
express the resummed CTP propagator iA“?(x, y, 743 T;) as
follows:

1 1 6 1 ¢

- A ab 7o) = - n
IAP(x, y, Tr3 1) Z[0,t] i 8J,(x) i 6J,(y)

21 My,

(3.28)

where Z[0, 1] is the generating functional with the external
sources J,, set to zero. The functional derivatives satisfy

é 4y Th(v) = ab §@ (v —
5.0 J, 40 = e ),
with x*, y* € Q,. We will see in Sec. IVC that the
resummed CTP propagator A®(x, y, 1;;1;) is not in general
time translationally invariant.

In the absence of interactions, eigenstates of the free
Hamiltonian will propagate uninterrupted from times infi-
nitely distant in the past to times infinitely far in the future.
As such, we may extend the limits of integration in the free
part of the action to positive and negative infinity, since

(D)Z{ + M2)®“(x)|xo§£[_,/2,,/2] = O, (330)

(3.29)
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i.e. the sources J,(x) vanish for x° & [—¢/2, t/2]. The free
CTP propagator A% (x, y) is then obtained by inverting
(3.24) subject to the inverse relation

/d“zAg’b_l(x, AP(z,y) = 1, 6W(x —y), (331

where the domain of integration over z° is extended to
infinity. We expect to recover the familiar propagators
of the in-out formalism of asymptotic field theory, which
occur in S-matrix elements and in the reduction formalism
due to Lehmann, Symanzik and Zimmermann [93].
The propagators will also satisfy unitarity cutting rules
[94-97], thereby maintaining perturbative unitarity of the
theory. Specifically, the free Feynman (Dyson) propagators
iAg(D)(x, y) satisfy the inhomogeneous Klein—-Gordon
equation

= (OF + MDA (x, y) = (5)idW(x — y);  (3.32)

0

and the free Wightman propagators i A>( <

)(x, y) satisfy the
homogeneous equation

— (Of + MY)iA2 _ (x,y) = 0. (3.33)

In the double momentum representation, the free part of
the action (3.23) may be written as

dp dip 1 .
S = /j (2771;4 (2:)4 5 PP (p, PP (=p),

(3.34)
where
2 —m?+ie 0
AO,—I ) N — p m
w (PP |: 0 —(p* —m? — ie)
X 2m)*6W(p — p') (3.35)

AO,ab —
(») [ &(p)8(p* — M?)

The &;(p) = 0(po)ci(p) + 0(—poy)ci(p) are as yet undeter-
mined analytic functions of the four-momentum p, which
may in general be complex. The diagonal elements are the
Fourier transforms of the most general translationally
invariant solutions to the inhomogeneous Klein-Gordon
equation (3.32), whilst the off-diagonal elements are the
most general translationally invariant solutions to the
homogeneous Klein-Gordon equation (3.33).

The remaining freedom in the matrix elements of
A% (p) is determined by the following field-theoretic
requirements:

(1) CPT invariance. Since the action should be invariant
under CPT, the real scalar field ® should be even
under CPT. From the definitions of the propagators
in (Al), we obtain the CPT relations in (A3).

(p* — M? +ie)~' + &/(p)8(p* — M?)

PHYSICAL REVIEW D 88, 085009 (2013)
is the double momentum representation of the free inverse
CTP propagator, satisfying the inverse relation

d*q
(2m)*

A% (p, @) A< (q, p') = n,cQm)*8W(p — p').

(3.36)

Given that the free inverse CTP propagator is proportional
to a four-dimensional delta function of the two momenta, it
may be written more conveniently in the single Fourier
representation as

p>P—m?+ie 0

0,-1/ \_
Ay (p) [ 0 (-t —ie)

:|. (3.37)

Hence, for translationally invariant backgrounds, we may
recast (3.35) in the form

Ay (p)A%Pe(p) = n,c, (3.38)
where
AO b d4pl AO b !
ab(p) = ab(p, 3.39
(p) o) (p, P (3.39)

is the single-momentum representation of the free CTP
propagator.

B. The free CTP propagator

We proceed now to make the following ansatz for the
most general translationally invariant form of the free CTP
propagator, without evaluating the correlation functions
directly:

&(p)8(p? — M?)

—(p* — M —ie)”! + &y(p)d(p* — M?) ] (3.40)

Consequently, the momentum representation of
these relations in (A4) imply that

Cray(p) = ¢1a(—p), &(p) = &(—p). (341

(i1) Hermiticity. The Hermiticity properties of the cor-
relation functions defined in (Al) give rise to
the Hermiticity relations outlined in (A4). These
imply that

&(p) = —&(=p). (342)

cy(p) = —¢(p),

In conjunction with (3.41), we conclude that ¢,(p)
and &;(p) must be purely imaginary-valued func-
tions of the four-momentum p.
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(i) Causality. The free Pauli-Jordan propagator

A°(x, y) is proportional only to the real part of the
free Feynman propagator ReAY(x, y) [cf. (A6a)].
The addition of an even-parity on-shell dispersive

PHYSICAL REVIEW D 88, 085009 (2013)

convenience. The explicit form of the free
Pauli-Jordan propagator in (2.16b), along with
the causality relation (2.24), give rise to the
constraint

part to the Fourier transform of the free Feynman
propagator A%(p) will contribute to the free Pauli-
Jordan propagator terms that are nonvanishing for
spacelike separations (x — y)?> <0, thus violating
the microcausality condition outlined in Sec. II. It
follows then that El(p). and ¢4(p) are also purely Fo(p) + F3(p) = 1+ F1(p) + Fulp).  (3.44)
imaginary-valued functions. We shall therefore re-
place the & (p) by the real-valued functions f;(p) Solving the system of the above four constraints for
through &(p) = —2if;(p), where the minus sign  f;34(p), we arrive at the following expression for the
and factor of 27 have been included for later =~ most general translationally invariant free CTP propagator:
J

(p> — M? +ie)™! —2mif(—py)d(p> — M?)
—2mif(py)d(p* — M?)  —(p* — M* —ie)™!

F2(p) = fa(p) = e(py). (3.43)

(iv) Unitarity. Finally, the unitarity relations in (2.28)
require that

Vb (p) = [ ] —2mif(p)o(p? — MZ)[ oo ] (3.45)

All elements of A%“?(p) contain terms dependent upon the same function
F(p) = Fi(p) = 0(po)f(p) + 6(—po)f(—p). (3.46)

These terms correspond to the vacuum expectation of the normal-ordered product of fields (:®(x)®(y):), which vanishes
for the trivial vacuum |0). Therefore, we must conclude that f(p) also vanishes in this case. We then obtain the free vacuum
CTP propagator A%ab( p), which contains the set of propagators familiar from the unitarity cutting rules of absorptive part
theory [94,97]:

(3.47)

R0t () — [ (P =M* +ie)™!  —2mif(=py)d(p* — M?) }

—27i0(po)8(p*> —M?)  —(p* —M* —ie)”!
We may similarly arrive at (3.45) by considering the free CTP propagator in the Keldysh representation A*“?(p) from

(3.21). The constraints outlined above allow us to add to the free Hadamard propagator A(p) any purely imaginary even
function of p proportional to 8(p?> — M?), that is

0 [(po — i€)* — p> — M*]!

A 0,ab —
A (P) [[(po + ié)z _ p2 _ MZ]*I _277.15(172 _ MZ)

5 0 0
} — 272 f(p)d(p? — M2)|: 0 1 ] (3.48)

We note that there is no such freedom to add terms to the free retarded and advanced propagators, A% (p) and A9 (p), which
is a consequence of the microcausality constraints on the form of the free Pauli-Jordan propagator A°(p). Employing the

fact that
0 0 111 1 1 —1
o’ 0= ., 0={0}= 3.49
[0 1] 2[1 1] {0} [1 1] (349)

we recover (3.45), which serves as a self-consistency check for the correctness of our ansatz for the free CTP propagator.

C. The resummed CTP propagator

In order to obtain the resummed CTP propagator, we must invert the inverse resummed CTP propagator on the restricted
domain [—¢/2, t/2] subject to the inverse relation

f d4ZA;hl (X, 2, ff; fi)Abc(Z, Y, ;f; fi) = 77ac5(4)(x - y), (3.50)
Q,

for x*, y* € (),. We shall see in Sec. IV A that this restriction of the time domain implies that a closed analytic form for the
resummed CTP propagator A®’(x, y, 74, 7;) is in general not possible, for systems out of thermal equilibrium (see also our
discussion in Sec. V).
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The double momentum representation of the inverse
relation (3.50) takes on the form

d*q d*q'
f [ Qm)* 2m)*
X AP(q', p', T E) = m, 2m)* 61 (p = p).
where we have defined
8 (p—p) =5 (po — )% —p)
(277_)4 f d*xd*yeirxe "y §W (x — y).

(3.52)

A (p g TsT)2m* 8 (g — ¢)

(3.51)

The restriction of the domain of time integration has led to
the introduction of the analytic weight function

P [(Po‘l’é) ]_ 1 sin[(py — pp)3]
=— t|=——m——"712,
Po) 5 sine 5 7 po—pl
(3.53)

8.(po—

which has replaced the ordinary energy-conserving delta
function. As expected, we have

lim 8,(po = o) = 8(po — P), (3.54)
so that the standard description of asymptotic quantum
field theory is recovered in the limit 7; = —¢/2 — —oo.

Moreover, the weight function J, satisfies the convolution

+o00
[_ dgo6,(po — q0)6,(q0 — p}) = 8,(po — pp).  (3.55)

The emergence of the function J, is a consequence of our
requirement that the time evolution and the mapping be-
tween quantum-mechanical pictures (see Sec. II) are gov-
erned by the standard interaction-picture evolution operator

UG, 7) = Texp <—i [ " AT z,.)). (3.56)
4
This evolution is defined for times greater than the boundary
time 7;, at which point the three pictures are coincident. We
stress here that the weight function &, in (3.53) is neither a
prescription, nor is it an a priori regularization of the Dirac
delta function.

As we will see later, the oscillatory behavior of the sinc
function in 9, is fundamentally important to the dynamical
behavior of the system. Let us therefore convince ourselves
that these oscillations persist, even if we smear the switch-
ing on of the interactions, or equivalently, if we impose an
adiabatic switching off of the interaction Hamiltonian for
microscopic times outside the interval [—/2, t/2]. To this
end, we introduce to the interaction Hamiltonian H™ in
(3.56) the Gaussian function

22
AP = exp (— %) (3.57)

such that the evolution operator takes the form
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Mt=10
200 L] L] L]
----- 6t .
1.5 ;“ b
- s, M
it
':‘ 1
1.0 ll| -
m A 4
© I'l ]
x A '
© 1] 1
0.5F - b
i '
RN
e N ”l ',\ Ao
,7ﬁ¢l;\~'a7“ 'l.\l B L N | ,l,\ - "..'J_'-,d '
0.0 . ":\"\!I\,',",‘\l\['r’ 7
bl
_0.5 N i N
-10 -5 0 10
(Po-Po") /M

FIG. 2 (color online). Comparison of &,(py — pg) (black
dotted) and 84(po — p{,) (blue dashed). The arbitrary mass M
is included so that axes are dimensionless.

UG, 7) = Texp(—i / " 4TA, (D H i,-)). (3.58)

Clearly, for7 > t,A,(f) — 0, whereas for 7 < t, A,(f) — 1.
To account for the effect of A,(7) in the action, the follow-
ing replacement needs to be made:

8:(po — py) = Sa(po — pp)
= L[ gremitrmriia )
27 —t/2
t R 1 —2i(py — pH)t
= 3(po p)t[Ef( 0 0)
e 2 0 T
227 22

1+ 2i(2]:})_2_— p6)t)i|.

Due to the error functions of complex arguments in (3.59),
the oscillatory behavior remains. The analytic behavior of
both the functions 8,(py — p(,) and 8,(py — p{) is shown
in Fig. 2 in which we see that the smooth smearing by the
Gaussian function A,(7) has little effect on the central
region of the sinc function, as one would expect.

+ Erf( (3.59)

IV. NONHOMOGENEOUS BACKGROUNDS

Until now, we have considered the vacuum to be an
“empty” state with all quantum numbers zero. In this
section, we replace that empty vacuum state with some
macroscopic background, which may in general be inhomo-
geneous and incoherent. This nontrivial vacuum is described
by the density operator p. Following a derivation of the CTP
Schwinger—Dyson equation, we show that it is not possible
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to obtain a closed analytic form for the resummed CTP
propagators in the presence of time-dependent backgrounds.
Finally, we generalize the discussions in Sec. III B to obtain
nonhomogeneous free propagators in which space-time
translational invariance is explicitly broken.

The density operator p is necessarily Hermitian and,
for an isolated system, evolves in the interaction
picture according to the von Neumann or quantum
Liouville equation

((ii(pi(ii,%)) _ _l-[Hinl(f; fi)’ p(f, fi)];

where H'(7; ;) is the interaction part of the Hamiltonian
in the interaction picture, which is time dependent. Notice
that the time derivative appearing on the lhs of (4.1) is
taken with respect to the time translationally invariant
quantity 7 — 7;. Developing the usual Neumann series, we
find that

.1

p(t:5) = UG &)p(: iU (7 1),

where U is the evolution operator in (3.56). Hence, in the
absence of external sources and given the unitarity of the
evolution operator, the partition function Z = Trp is time
independent. On the other hand, the partition function of an
open or closed subsystem is in general time dependent due
to the presence of external sources.

We are interested in evaluating time-dependent EEVs
of field operators {e), at the macroscopic time z, which
corresponds to the microscopic time 7, = #/2, where the
bra-ket now denotes the weighted expectation

_ TT(P(fﬁ i))e)
Trp(fﬁ;i) .

4.2)

(o) (4.3)
In this case, EEVs of two-point products of field operators
begin with a total of nine independent coordinates: the
microscopic time of the density operator and the two
four-dimensional space-time coordinates of the field op-
erators. As discussed in the beginning of Sec. III [cf. (3.2)],
this number is reduced to the required seven coordinates,
i.e. one temporal and six spatial, after setting all micro-
scopic times equal to 7, = t/2. Hence, physical observ-
ables in the interaction picture are, for instance, of the form

Te(p(i:7) D (G, X F) D, 3 )

(D ~ .7 q) 7 .7 — PoR—
(D77, x; 1) D (7, y5 1)), Trp(7p: 1)

(4.4)

In the presence of a nontrivial background, the out state
of Sec. Il is replaced by the density operator p at the time
of observation 7, = t/2. Consequently, the starting point
for the CTP generating functional of EEVs is

Zlp.Jert) = Te(Te Lo 00

x (Te' o, -0y 4.5)
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Within the generating functional Z in (4.5), the Heisenberg-
picture density operator py; has explicit time dependence, as
it is built out of state vectors that depend on time due to the
presence of the external sources J.. In the absence of
such sources, however, the state vectors do not evolve in
time, so py and the partition function Z[p, J. = 0, 1] =
Trp in (4.5) become time-independent quantities.

It is important to emphasize that the explicit microscopic
time 7, = t/2 of the density operator py(7;;;) appearing
in the CTP generating functional (4.5) is the time of 0b-
servation. This is in contrast to existing interpretations of
the CTP formalism, see for instance [61], in which the
density operator replaces the in state and is therefore fixed
at the initial time 7; = —¢/2, encoding only the boundary
conditions. As we shall see in Sec. VIII, this new inter-
pretation of the CTP formalism will lead to the absence of
pinch singularities in the resulting perturbation series.

A. The Schwinger-Dyson equation
in the CTP formalism

In order to generate a perturbation series of correlation
functions in the presence of nonhomogeneous backgrounds,
we must derive the Schwinger-Dyson equation in the CTP
formalism. Of particular interest is the explicit form of the
Feynman-Dyson series for the expansion of the resummed
CTP propagator. We will show that, in the time-dependent
case, this series does not collapse to the resummation
known from zero-temperature field theory. In particular,
we find that a closed analytic form for the resummed CTP
propagator is not attainable in general.

We proceed by inserting into the generating functional Z
in (4.5) complete sets of eigenstates of the Heisenberg field
operator @y at intermediate times via (3.8). In this way, we
obtain the path-integral representation

ZLp )= [la IO (0. Tyl pu i F)I O (30,77

Xexp[i(S[‘D“,t] + L 2 d4xJa(x)¢>“(x))].
, (4.6)

As before, we may extend the limits of integration to
infinity in the free part of the action and the J-dependent
term, due to the fact that the external sources vanish out-
side the time interval [ —¢/2, t/2]. It is only in the interac-
tion part of the action that the finite domain of integration
must remain.

Following [41], we write the kernel (®_(x), 7; AP
pu(f )| P4 (x), 74;7;) as an infinite series of poly-local
sources:

(®_(x), 773 fi|PH(ff; )P, (x), ir;1;) = exp (iK[ D7, 1]),
4.7)

where
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K[®% 1] = K + f A3k, (x, 7y 1) D4 (x)
Q,

1 .~

+ = d*xd*x' K, (x, X/, 3 ;) P (x) PP (x')
2 M, f

T 4.8)

is a time translationally invariant quantity and only depends
ont = f; — f;. The poly-local sources K, encode the state
of the system at the microscopic time of observation 7, =
t/2,1.e. the time at which the EEV is evaluated, according to
Fig. 1. It follows that these sources must contribute only for
Xg = x{), = = 1, and therefore be proportional to delta
functions of the form &(xy —7;)8(x;, —7;).... For instance,
the bilocal source K, in the double momentum representa-
tion must have the form

Kop(x, X, 175 1;)

.[/ (;1;1;4 ((;477)14

— . CIY - H — !\
ip xpip'x el(pg po)thab(p’ p/’ l),

4.9)
|
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so that the p, and p{, integrations yield the required delta
functions. Here, it is understood that the bilocal K ,;, sources
occurring on the lhs and rhs of (4.9) are distinguished by the
form of their arguments. We emphasize that K ,,(x, x', 7 7;)
is not a time translationally invariant quantity due to the
explicit dependence upon 7, on the rhs of (4.9). In contrast,
K,,(p, p', 1) is time translationally invariant.

Notice that we could extend the limits of integration to
infinity for the time integrals in the expansion of the kernel
given in (4.8) also. Nevertheless, for the following deriva-
tion, all space-time integrals are taken to run over the
hypervolume (), in (3.14) for consistency. We should
reiterate here that the limits of time integration can be
extended to an infinite domain €, in all but the interaction
part of the action. We will also suppress the time depen-
dencies of the action S and sources K, for notational
convenience.

We now absorb the constant K in (4.8) into the overall
normalization of the CTP generating functional Z and the
local source K, into a redefinition of the external source J,,.
Then, Z may be written down as

2l K,y .. ] = j [d@”(x)]exp[i(S[qD“]-i- / d4xJa(x)(I)“(x)+% j dxd*yK, (x, /) D) DP (')

1
+ ¢ [[ d*xd*x/d* X" Ky, (x, X!, XY D4 (x) D (x)De(x) + - - )]

(4.10)

The CJT effective action [38] is given by the following Legendre transform:

F[(i)a’ gab’ gahc’ .. ] = W[Jar Kab’ Kabc] - [d4xja(x)d>a(x)

—% f d*xd* X' K, (x, x' ) (D () DO (x)) + ihGe (x, x'))

1 N A AL A,
~5 ]/ d*xd*x'd*x" K ;. (x, X/, x”)((IJ“(x)(IJb(x’)(D‘(x”) + 3ihG? (x, x’)qf)(x”)

_ h2gabc(x’ X/, x//)) + e,

where W[J,, Ko, Koper - .1 = —itiIn Z[J,, Ky Koo - -
functions. We obtain an infinite system of equations:

@.11)

.] is the generating functional of connected ensemble Green’s

ca W
d (x)—m—@ (x)), (4.12a)
. a N — sW _ & Ho (N — W _ a N — (da /
ihG b(x,x)—2m O (x) P (x') = zhm—m@ ()PP (X)) — (P ()PP (x')),  (4.12b)
—h2G*e(x,x', x") =6 oW —3ih G (x, ") D) (x'') — D (x)DP (') DC (x) = — W (4.12¢)

SK e (x,x',x")

8J,(x)8J,(x") 8/ (x")

and
8T o 1 £b0 Nde .
5 () —Ja(x) — fd4x’Kab(x, x)P7(x) _5,[ d*x'd*x"K o (x, 1, XY (DP () D () + inGPe(x!, X)) — - -,
(4.13a)
5@'%&#) = —%Kab(x, x') = % f A2 K g (2, AN () = -, (4.13b)
o i Kope(x, X', x") + -, (4.13¢)

5gabc(x, x, x') - g
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where the parentheses (abc) on the rhs of (4.12¢) denote
cyclic permutation with respect to the indices a, b, c.

The above infinite system of equations (4.12) and (4.13)
may be simplified by assuming that the density operator p
is Gaussian, as we will do later in Sec. IV C. In this case,
the trilocal and higher kernels (K., K pcq - - -) can be set
to zero in (4.13), neglecting contributions from thermally
corrected vertices [see (4.66)], which would otherwise be
present for non-Gaussian density operators. Within the
Gaussian approximation, the three- and higher-point con-
nected Green’s functions (G¢*¢, G*<?, .. ) may be elimi-
nated as dynamical variables by performing a second
Legendre transform

[, Gob] = 11d°, Gob, G, .. ], (4.14)

I, g*] = s[d] + % Tr[LnDetyy Gy + (G = Kap) ¥ G = ']+ w1,[07, G

PHYSICAL REVIEW D 88, 085009 (2013)

where the G’s are functionals of ®“ and G* given by

ol . >abe
2 [d Gk, G, .. ] =o.
sg 196767

The effective action is evaluated by expanding around
the constant background field ®g(x)=®%(x)—ha'/2¢*(x),
defined at the saddle point
S5S[D9]
SP(x)

(4.15)

+J,(x) + ]d4x’Kab(x, x)Ph(x') = 0.
D=,

(4.16)

The result of this expansion is well known [38,39] and,
truncating to order A%, we obtain the two-particle-
irreducible (2PI) CJT effective action

4.17)

where a subscript x and the *’s indicate that the trace, logarithm and products should be understood as functional

operations. The operator G, is defined by

2T dpa
G, %y, x!) = %
8D (x)6P”(x')

+ K (x, x') = Ag'h_l(x, x) +

52Sint[(i)a]

———————— + K, (x, X)),
5D (x)8 D (x) (%)

(4.18)

where Ag’;] (x, x') is the free inverse CTP propagator in (3.24) and S™[®“] is the interaction part of the action. Obviously,
all Green’s functions depend upon the state of the system at the macroscopic time ¢ through the bilocal source K. For the

Lagrangian in (2.1), we have

o o 1 o o
G;bl (q)a;x’ xl) = 6(4)()(? - )C/)I:_(D)% + Mz)nah + iel]ub - gnubcq)c(x) - E Anubcdq)c(x)q)d(x)] + Kah(x; xl)’ (419)

where 7,,... = +1 for all indices a=b="---=1, 4. = —1 for all indices a=b="---=2 and 0y, =0

otherwise.

The overall normalization (7,%) of (4.17) has been chosen so that when K, (x, x') = 0, we may recover the conventional
effective action [98] by making a further Legendre transform to eliminate G as a dynamical variable:

~ A~ ~ ih
T[] = T[d*, G*°] = S[d*] + ‘3 Tr,Ln,Det,, G| + O(2).

Here, G;;' has been replaced by G,/ and G* is a functional of ®“.
In the CJT effective action (4.17), I,[®“, G**] is the sum of all 2PI vacuum graphs:

Ha oa . 1 1
FQ[(I) 7g b] = —1 Z [8% 5ab + ﬁ a@b‘| )
a,b=1,2 a

where combinatorial factors have been written explicitly and we associate with each n-point vertex a factor of

iS (@ x) =

and each line a factor of iG**(d%; x, y). The three- and four-point vertices are

iS(;)(Ci)“;x) = _ig'r’aaa - i/\naaaad\)a(x)’

4.20)

(4.21)

M (4.22)
8(d“(x))"

iSSP (D x) = —iAMyaqa- (4.23)

Upon functional differentiation of the CJT effective action (4.17) with respect to G**(x, y), we obtain by virtue of (4.13b)

the Schwinger-Dyson equation

G 1% x5 y) = G 1D x, y) + T, (D%, G5 x, y),

(4.24)
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=

where

. . 5F2 [a\)a gab]
o (%, G = —2ih—F+-——""-—
ab( ag 7T7y) g 5gab(m7y)

is the one-loop truncated CTP self-energy. A combinatorial
factor of % has been absorbed into the diagrammatics.

Suppressing the & and G* arguments for notational
convenience, the CTP self-energy I1,,(x, y) may be written
in matrix form as

II(x,
M,y (x, y) = [ (v 5)

_H>(-xr Y)

_H<(X, )’)

R 4.26
(s, y) ] (%20

Hl(-xJ J’) = H>(X, )’) + 1_I<()Cr y) = H(}C, )’) - H*(X, )’) = 2lImH(X, }’),

M55 3) = 5 (T ) + T ) = ReTl(x ),
21MF(X, )’) = H>(x7 )’) - H<(-x: y) =

which satisfy relations analogous to those described in
Appendix A. I'(x,y) in (4.27c) is related to the usual
Breit-Wigner width in the equilibrium and zero-
temperature limits. The Keldysh representation [see
(3.21)] 11, (x, y) of the CTP self-energy reads

IT;(x,y)  Hr(x,y)
HA(X: )’) 0

In the limit ®%x)—0, the
equation (4.24) reduces to

I, (x y) = [ ] (4.28)

Schwinger-Dyson

A;bl(x, Y Ef;fi) = AS’b"(x, y) + Kap(x, y, ff;fi)

+ Iy (x, y, 73 1), (4.29)

in which A} (x,y, 7 1) = G (D =0;x,y, iy;1;) and
Ag’b_l(x, y) is the free inverse CTP propagator defined in
(3.24). We have reintroduced the dependence upon 7, and 7;
for clarity. Notice that due to the explicit 7, dependence of
the bilocal source K,,(x,y,7;;7;) in (4.9), the inverse
resummed CTP propagator A;bl (x,y,%s; ;) and the CTP
self-energy I1,,(x,y, 7;;7;) are not time translationally
invariant quantities.

In order to develop a self-consistent inversion of the
Schwinger-Dyson equation in (4.29), the bilocal source
K,.,(x, v, T5;7;) is absorbed into an inverse nonhomogene-
ous CTP propagator

DY (x, y, i3 1) = A% N y) + Kop(x, 3, 713 7), (4.30)

whose inverse, to leading order in K, is the free CTP
propagator A®?(x, y, 7 7)), i.e.

DV (x,y, s 7)) = AVP(x, y, 71 T) + O(K?),  (4.31)

PHYSICAL REVIEW D 88, 085009 (2013)

HR(X’ y) - HA(X’ )’) = 2iImHR(xy Y)

6ab + % ] (425)
a

where I1(x, y) and —I1*(x, y) are the time- and anti-time-

ordered self-energies; and Il (x, y) and I1_(x, y) are the
positive- and negative-frequency absolutely ordered self-
energies, respectively. In analogy to the propagator defini-
tions discussed in Sec. II and Appendix A, we also define
the self-energy functions

(4.27a)

(4.27b)
(4.27¢)

as we will illustrate in Secs. IV C and V. The contribution
of the bilocal source K ,;, is now absorbed into the free CTP
propagator A% (x, y, 7;;7,), whose time translational
invariance is broken as a result. The Schwinger-Dyson
equation (4.29) may then be written in the double momen-
tum representation as

Au (0. P T5s7) = Agy ' (p.p)) + Ty (p, P T ). (432)
Since the stationary vacuum |0) has been replaced by the
density operator p at the microscopic time 7, = t/2, we
must consider the following field-particle duality relation
in the Wick contraction of interaction-picture fields:
Ol (x; 7)at (k, 7 7)|0) = e *kxeER - (4.33)
Here, the extra phase ¢/?®) arises from the fact that the
creation and annihilation operators of the interaction-
picture field ®(x;7;) are evaluated at the microscopic
time 7 = 0 [cf. (2.14) and (2.20)], whereas the operator
at(k, 7;; 7;), resulting from the expansion of the density
operator p (see Sec. IV C), is evaluated at the microscopic
time 7, = 7/2. Analytically continuing this extra phase to
off-shell energies and in consistency with (4.9), we asso-
ciate with each external vertex of the self-energy
I, (p, p', 175 1) in (4.32) a phase:
eiroiy, (4.34)
where p, is the energy flowing into the vertex. This
amounts to the absorption of an overall phase
ei(P()7176)ff'

(4.35)

into the definition of the self-energy I1,,(p, p', 7;:1;).
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Convoluting from left and right on both sides of (4.32)

first with the weight function (277)* 8W(p — p') from (3.53)
and then with A%(p, p',7;7) and A“(p, p/, T 1)),
respectively, we obtain the Feynman-Dyson series

AP (p, p', 1p51;) = A% (p, p' 1y 1) — [ f
d4q/ d4q// d4qlll
Qm)* 2m)* 2m)*
X A%<(p, g, fo i)Q2m)?
x 8{%(q — ¢"Malq’, q", T; )2
< 554)(61" _ q”/)Adb(q/”, P/, ;f; ;i)r
(4.36)

@2m)*

where 8 (p — p/) is defined in (3.52). Because of the form
of 8,(po — p{) in (3.53), we see that this series does not
collapse to an algebraic equation of resummation, as known
from zero-temperature field theory. As we will see in
Sec. IV B, one cannot write down a closed analytic form
for the resummed CTP propagator A“*(p, p', T;; 7;), except
in the thermodynamic equilibrium limit, see Sec. V.

Given that &, satisfies the convolution in (3.55), the
weight functions may be absorbed into the external vertices
of the self-energy Il,,(p, p',7s;7;); see Sec. IX. The
Feynman-Dyson series may then be written in the more
concise form

o L d4q d4ql
Aab ) l,t f) = AO,ab ) /,[ 7)) — [j‘

X A%<(p, g, ff; i cq(q, q', ZTf; )

X A?(q', p', T ). (4.37)

Note that for finite ¢, 6,(py — p() is analytic for all py,
including po = p{. As we shall see in Sec. VIII, the
systematic incorporation of these finite-time effects en-
sures that the perturbation expansion is free of pinch
singularities.

B. Applicability of the gradient expansion

Here, we will look more closely at the inverse relation
(3.50) that determines the resummed CTP propagator. We
will show that a full matrix inversion may only be per-
formed in the thermodynamic equilibrium limit. Hence,
the application of truncated gradient expansions and the
use of partially resummed quasiparticle propagators, par-
ticularly for early times, become questionable in out-of-
equilibrium systems.

We define the relative and central coordinates

xt 4+ y#

Rij = x# — yH, Xffy = 5 ,

(4.38)

such that
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lR,’:y, yr =X — lRffy. (4.39)
2 2
We then introduce the Wigner transform (see [78]), namely
the Fourier transform with respect to the relative coordi-
nate R%, only. Explicitly, the Wigner transform of a func-
tion F(R, X) is

xt = X5+

F(p, X) = f d*RelPRF(R, X). (4.40)

The resummed CTP propagator A*’(x, y) respects the
inverse relation in (3.50). Here, we suppress the 7, and 7
dependence of the propagators for notational convenience.
Inserting into (3.50), the Wigner transforms of the
resummed and inverse resummed CTP propagators, the
inverse relation takes the form

d“p dp' ik iR A~
[ [[ Qmt 2m*© P Reem R AN (p, Xo2)

X Abe(p, X@)

d*p’ .
e ipx ip'yanC 2 46(4) _ /,
ﬂ(27)4 277_)4 e 7’(1( 7T) t (p p)
“4.41)

where the z° domain of integration is restricted to be in the
range [—1/2, t/2].

In the case where deviations from homogeneity are
small, i.e. when the characteristic scale of macroscopic
variations in the background is large in comparison to
that of the microscopic single-particle excitations, we
may perform a gradient expansion of the inverse relation
in terms of the soft derivative 9y = 9/9X,, ,. Writing
X, = X,, + R;/2 and X, = X,, — R,,/2 and after inte-
grating by parts, we obtain

4
jf p d ! 7,p'xe[p/.y(277_)48£4)(p _ p,)
2m)* (27T)4
X {A;b1 (P; X) eXpI:—%(E)p . é)X — SX . é)p,):IAbc(p/’ X)}

p d'p’ : 45
e ipx ip'ya,, C 2 5 o/ i
'[[(277_)4 (277_)4 e na ( 7T) t (p p )

(4.42)

where X = X,,
curly brackets.
‘We now define the central and relative momenta

and the derivatives act only within the

pt + p™
2 b

which are the Fourier conjugates to the relative and central

coordinates, R* and X*, respectively. It follows that

1
w — 0 e
P q 2Q-

q* = oK = pt —p'*, (4.43)

1
pt =gt 508 (4.44)

We may then Fourier transform (4.42) with respect to R,
to obtain
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d* ;
ﬁew*(zwﬁaﬁ‘”(@ exp[—i(Cyx + 205 4]
oo L)oo 2.9)
d4Q —i0- c
= [ Gy O niamie o) (443)

where, following [52,59,60], we have introduced the dia-
mond operator

=+ 1 +
@ px\AHB} = 2{A B, (4.46)

and {A, B}, y denote the symmetric and antisymmetric
Poisson brackets

0A 9B . dA OB

ap* X, ~ 9X* ap,

{A By = (4.47)

For ¢t > 0, we may perform the integral on the rhs of (4.45),
yielding
d*Q
2m)*
“faa(or 30f(o 2]

= 150t = 2|X,)),

eTeX2a)* 8P (Q)exp[—i(Oy + 205 4)]

(4.48)

In the above expressions, of particular concern is the
< 4.x operator, where the relative momentum @ and the
central coordinate X are conjugate to one another. Thus, if
the derivatives with respect to X are assumed to be small,
then the derivatives with respect to Q must be large. In this
case, all orders of the gradient expansion may be signifi-
cant, so it is inappropriate to truncate to a given order in the
soft derivative 9% .

As t — oo, we have the transition 654)(Q) — 8¥(Q) and
(4.48) reduces to

e A (g, XOHAY (g, X)} = m,°.

Even for these late times, we can perform the matrix inver-
sion exactly only if we truncate the gradient expansion in
(4.49) to zeroth order. However, such a truncation appears
valid only for time-independent and spatially homogeneous
systems. Employing a suitable quasiparticle approximation

(4.49)
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to the Wigner representation of the propagators, it can be
shown [79] that this inversion may be performed at first order
in the gradient expansion. However, off-shell contributions
are not fully accounted for in such an approximation.

In conclusion, a closed analytic form for the resummed
CTP propagator may only be obtained in the time-
independent thermodynamic equilibrium limit. The trunca-
tion of the gradient expansion may be justifiable only to the
late-time evolution of systems very close to equilibrium,
even for spatially homogeneous thermal backgrounds. A
similar conclusion is drawn from different arguments in [99].

C. Nonhomogeneous free propagators

Unlike the resummed CTP propagator, the free CTP
propagator can be derived analytically, even in the pres-
ence of a time-dependent and spatially inhomogeneous
background. The nonhomogeneous free propagator will
account explicitly for the violation of space-time transla-
tional invariance. Our derivation relies on the algebra of the
canonical quantization commutators of creation and anni-
hilation operators described in Sec. II. Subsequently, we
make connection of our results with the path-integral rep-
resentation of the CTP generating functional in (4.10).
Finally, we introduce a diagrammatic representation for
the nonhomogeneous free CTP propagator.

We note that the derived propagators are “free” in the
sense that their spectral structure is that of single-particle
states, corresponding to the free part of the action (see
Sec. IIT). Their statistical structure, on the other hand, will
turn out to contain a summation over contributions from all
possible multiparticle states. The time-dependent statisti-
cal distribution function appearing in these propagators is
therefore a statistically-dressed object. This subtle point is
significant for the consistent definition of the number
density in Sec. VI, the derivation of the master time evo-
lution equations in Sec. VII and the absence of pinch
singularities, described in Sec. VIII.

The starting point of our canonical derivation is the
explicit form of the density operator p. We relax any
assumptions about the form of the density operator and
take it to be in general nondiagonal but Hermitian within
the general Fock space. We may write the most general
interaction-picture density operator at the microscopic
time 7, = /2 as

p(ff;f,.)=Cexp[—dek,Wm(kI:O)af(kl,ff)—dek,] Wm(o;kQ)a(k',ff)—Hdnk,dnk,l Wy (kK at (k.7 )ak), 7))

11

L (ﬁdHkl_)(ﬂdnk)wnm({ki}:{k;})l_]jauk,»,fpf[la(ka, )

(4.50)

where the constant C can be set to unity without loss of generality. The complex-valued weights W,,,,,({k},; {k’},,) depend
on the state of the system at time 7 = #/2 and satisfy the Hermiticity constraint:

Won (k) Ak Y,) = Wi, (k) {k ).

(4.51)
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The density operator p may be written in the basis of
momentum eigenstates by multiplying the exponential
form in (4.50) by the completeness relation of the basis
of Fock states at time 7, = ¢/2:

1= [0)0] + ii(ﬁ [ty Jwe it @52
€=1€! k=1 ‘

where |{p};, 7;) is the multimode Fock state |pi,7;)®
|2, 77) ® - - - ® |py, 7;). This usually gives an intractable
infinite series of n-to-m-particle correlations. Taking all
weights W,,,,({k},:{k},,) to be zero if n + m > 2, i.e. tak-
ing a Gaussian-like density operator, it is still possible
to generate all possible n-to-m-particle correlations. In
Appendix D, we give the expansion of the general
Gaussian-like density operator, where only sufficient terms
are included to help us visualize its analytic form.

We may account for our ignorance of the series expan-
sion of the density operator by defining the following
bilinear EEVs of interaction-picture creation and annihila-
tion operators as

<a1-(pl’ ff’ ii)a(p; ;f’ ii))t = 2g(pr p/)fo(p’ p/r t))

(a(p', Tp: )a(p, T 7,)), = 2E(p, p")g°(p. p', 1),
consistent with the commutation relations in (2.18). The
energy factor 2&(p, p’), having dimensions E!, arises from
the fact that the “number operator” a¥(p, 7; 7,)a(p, 7; 7;) of
quantum field theory has dimensions E~2, i.e. it does not
have the dimensions of a number. Bearing in mind that the

density operator is constructed from on-shell Fock states, a
natural ansatz for this energy factor is

£(p,p") = {EP)E@P.

The complex-valued distributions f° and g° have dimen-
sions E~3 and satisfy the identities:

pp. 0= r"@.p o),
g(p,p’. 1) = g(p’, p, 0.

(4.53a)
(4.53b)

(4.54)

(4.55a)
(4.55b)

We refer to f and g as statistical distribution functions. In
particular, we interpret the Wigner transform

(p? — M? + ie)"!

AO,ab } ”f;;i =
(p, P 153 1) |:—i2770(p0)5(P2_M2)

—i2m0(— po)8(p*> — M?)
_(p2 _ M2 _ ié)_l
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FQ o Q 0

n’(q, X, 1) = [ a2 eQ Xfo(q a5 t) (4.56)
as the number density of spectrally free particles at macro-
scopic time ¢ in the phase-space hypervolume between q
and q + dq and X and X + dX. Notice that n%(q, X, ) is
real thanks to the Hermiticity constraint (4.55a). Hereafter,
except where it is necessary to make the distinction, we
will omit the superscript O on the spectrally free statistical
distribution functions for notational convenience.

The EEV of the two-point product (a(p,7;#;)X
at(p’, 11:1;)), follows from the definition (4.53a) and the
canonical commutation relation in (2.18), giving

(a(p, fo f,-)af(p/, ff; i)
= (2m)2E(p)8% (p —p') +2E(p, p)f(p, ', 1).
Hermitian conjugation of (4.53b) yields
(al(p, Ty 1)al (p/, 75 1)), = 2E(p, p))g*(p, P/, 1), (4.58)

Note that (4.53), (4.57), and (4.58) are consistent with the
canonical quantization rules in (2.14) and (2.17).

When the linear terms in the exponent of the density
operator p in (4.50) are nonzero, we may consider the
EEVs of single creation or annihilation operators

(a(p, 713 1)) = y2E(@)w(p, 1).

In this case, we may define the connected distribution
functions

(4.57)

(4.59)

(4.60a)
(4.60b)

feon(@, P, ) = f(p, ', 1) — w(p, Hw(p’, 1),
Zeon(@ P, 1) = g(p, P, 1) — w(p, Hw(p’, 1),

which obey the same symmetry properties given in (4.55).
We are now in a position to derive the most general form
of the double momentum representation of the nonhomoge-
neous free CTP propagator, satisfying the inverse relation
(3.36). Proceeding as in Sec. III B, we make the following
ansatz for the most general solution of the Klein-Gordon
equation in the double momentum representation:

:|(27T)45(4)(p - p)

» D 11
— i2m2po|'28(p* — MP)f(p, p', e’ PP 2ar|2pg| 2 8(p" — MZ)[ 11 ] ob

which we confirm by evaluating the EEVs directly, using
the algebra of (4.53).

In (4.61) the phase factor PPy arises from the fact
that the creation and annihilation operators appearing in
the Fourier transform of the field operator given in (2.14)
are evaluated at the time 7 = 0. The density operator, on

the other hand, is evaluated at the time ff. As a conse-
quence, in the evaluation of the EEV, we have, for instance,

(a®(p', 0: 7)a(p, 0: 7)), = 2E(p, p')f (p, ', ) E®—E®,
(4.62)
which directly results from (4.53a).
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The form of the function f(p, p/, 1) is

f~(p’ pl’ t) = g(pO)a(p(/))f(p’ pl: t)

+ 0(=po)0(=py)f*(=p. —p". 1)

+0(po)0(—py)g(p. —p'. 1)

+0(=po)0(pp)g™(—p, p', 1).
The function f satisfies the relations: f(p, p’,t) =
f(=p',—p,t) = f*(—p, —p', 1), consistent with the prop-
erties in (A4). It also contains all information about the
state of the ensemble at the macroscopic time ¢. For this
reason, we refer to f as the ensemble function.

In the double momentum representation, the retarded
and advanced propagators are

1
(po+(—)ie)* —p?

(4.63)

A (. P) = — Qm)*6W(p - p').

(4.64)

The Pauli-Jordan A°(p, p'), Hadamard A{(p, p’, 7;; 7;) and
principal-part A%(p, p) propagators become
A%(p, p) = —i2me(po)8(p* — M*)2m)*8“ (p — p'),
(4.65a)
AY(p. p',1y:1y) = —i2m8(p* = M*)2m)* 89 (p — p')
—i27|2po|'28(p* = M?)2f (p, p', 1)
X ei(Po=py)iy 27T|2P6|1/25(p'2 _ M2),
(4.65b)

1
A%(p,p') = Tm(27)45(4)([9 =) (4.65¢)

Thus, at the tree level, only the Hadamard correlation
function A{(p, p',7;;7;) depends explicitly on the back-
ground and macroscopic time ¢, through the ensemble
function f(p, p’, 1) in (4.63). This is a consequence of the
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causality of the theory, as we would expect from the
spectral decomposition (2.22) of the retarded and advanced

propagators Ag( A)()c, y) in terms of the canonical commu-

tation relation (2.14). Notice that the complex phase factor
¢!(Po=r)ir has only appeared in the Hadamard propagator
(4.65b) and so it does not spoil causality. Beyond the tree
level, the background contributions are expected to modify
the structure of the Pauli-Jordan and causal propagators,
according to our discussion of the Killén-Lehmann spec-
tral representation in Sec. II. The full complement of non-
homogeneous free propagators is listed in Table II.

For the most general non-Gaussian density operator, we
must account for all n-linear EEVs of creation and anni-
hilation operators. We will then obtain n-point thermally
corrected vertex functions, given by

Lo(pispos oo Do B3 1) =AP(p 13 1) (s 1) ... P(pys 1)),

= (ITemt2o 200 — b2y

i=1

X FuP1, P2 ees P D), (4.66)

where the interaction-picture field operator ®(p;7;) is
defined in (2.12). The n-point ensemble function
Fo(P1, Pas -y P t) generalizes (4.63). In the remainder
of this article, we will work only with Gaussian density
operators, as discussed in Sec. IVA, for which all but
Wi (k:k') in (4.50) are zero.

It would be interesting to establish a connection between
these canonically derived nonhomogeneous free propaga-
tors and those derived by the path-integral representation
of the CTP generating functional Z. This will be achieved
through the bilocal source K,, via the tree-level
Schwinger-Dyson equation in (4.30). The role of the bilo-
cal source K,;, will be illustrated further, when discussing
the thermodynamic equilibrium limit in Sec. V.

TABLE II. The full complement of nonhomogeneous free propagators, where f(p, p/, 1) is the ensemble function defined in (4.63)

and P denotes the Cauchy principal value.

Propagator

Double momentum representation

Feynman (Dyson)
x2ml2pp)28(p" — M)
+(—)ve-freq. Wightman

iAoy (P, P T 1) = ity @) 89 (p — p) + 22| 28(p? — MO (p, p', 1)e ool

A _\(p, P T3 1) = 2m0(+ (=) pe)8(p* — MP)2m)*8W(p — p')

+2m|2pol'28(p> — MM f(p, p', e’ 2a|2py V2 6(p" — MP)

Retarded (advanced)
Pauli-Jordan

Hadamard
x2al2pp 28(p — M)
iNy(p, p') =P

Principal-part B

iy (Po P) = Gy @) 89 (p = p)
iA(p, p') = 2me(po)(p* — MH)(2m)* 8@ (p — p)
iM{(p, p', T3 F) = 2m8(p* — MP)2m)* 8D (p — p') + 2al2po|'28(p* — MP)2f (p, ', )e’ =P

i Qm)*8W(p — p)
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P " i
G- ———&—-————-p———-0 )

FIG. 3. The Feynman-diagrammatic interpretation of the
nonhomogeneous free CTP  propagator iA®(p, p', 7, 7;)
for the real scalar ®, where the double line represents
momentum-violating coupling to the thermal background
through the bilocal source K, (p, p', T: T;).

We proceed by replacing the exponent of the CTP
generating functional Z in (4.10) by its double momentum
representation. Subsequently, we may complete the

210, K, 1] = 290, K, 1] exp{ smt[ S ]} f [dq)’“]exp{
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square in this exponent by making the following shift in
the field:

d4(p) = D'“(p) — A®, (p)Ib(—p),

where A% (p) is the free vacuum CTP propagator in
(3.47) in which the ensemble function f of (4.61) is set
to zero. Notice that the normal-ordered contribution does

(4.67)

not appear in A% (p), as it is sourced from the bilocal
term K,;,. Upon substitution of (4.67) into the momentum
representation of (4.10), the CTP generating functional Z
takes on the form

ﬂ(d4p d4 !

T ) [J4(P)A® S (P)Kop(p, p', )P (—p')

+ ®(p)K o (p, p', DAY, (p)IP (= p') + T4 (YA (p)2m)* 8D (p — p')

— A C(p)Koalp, P r)AO’db@/»Jb(—p’)]}.

For the Lagrangian in (2.1), the cubic self-interaction part (—

. 4 4 4
—ig ([T €', d'py d'p3 454)
2m)*8; +py+
3 ﬁ(27)4 (277_)4 (277_)4 abc( 77) (pl P2 p3)
Hence, in the three-point vertex, the usual energy-

conserving delta function has been replaced by J,, defined
in (3.53), as a result of the systematic inclusion of finite-
time effects. This time-dependent modification of the
Feynman rules is fundamental to our perturbative approach
to nonequilibrium thermal field theory and will be discussed
further in Sec. IX in the context of a simple scalar model.
In (4.68), the remaining terms linear in the external
source J yield contributions to the free propagator propor-
tional to K? upon double functional differentiation with
respect to J. As we shall see in Sec. V, these contributions
may be neglected. Employing (3.28), we find that the non-
homogeneous free CTP propagator A%*(p, p’, 7;; 7;) may
be expressed in terms of the free vacuum CTP propagator
A% (p) and the bilocal source K, (p, p', 17:1;) as follows:

l'AO’ab(Py p/’ ff;fl.) = iAO'ab(p)(27)45(4)(P - Pl)

+ i (p)iK o(p, p', T T)IAY P (p),
4.70)

where

Ku(p, p' i 1) = PP K, (p,pl ). (471)

The form of the free CTP propagator A% (p, p, 7;; 1))
in (4.70) is consistent with a perturbative inversion

(4.68)
g®?) of the action may be written down explicitly as

1 6
lrlt
i5 [l 8J, ]

) 1 1) 1 1)
i 8J,(p1) i 8J,(py) i 5JC(P3)

(4.69)

of (4.30) to leading order in the bilocal source K_,.
It is also consistent with the canonically derived form of
the nonhomogeneous free propagators in (4.61).

The result in (4.70) may be interpreted diagrammati-
cally, where the nonhomogeneous free CTP propagator
iA%b(p, p!, 17 1;) for the real scalar ® is associated with
the Feynman diagram displayed in Fig. 3. The bilocal source
K.(p, p'.17:1;) plays the role of a three-momentum-
violating vertex that gives rise to the violation of transla-
tional invariance, thus encoding the spatial inhomogeneity
of the background.

V. THE THERMODYNAMIC
EQUILIBRIUM LIMIT

In this section, we derive the analytical forms of the free
and resummed CTP propagators in the limit of thermal
equilibrium. The results of this section are of particular
importance for the discussion of pinch singularities in
Sec. VIII. We also show the connection between the equi-
librium Bose-Einstein distribution function and the bilocal
source K, introduced in Sec. IV C.

In the limit of thermal equilibrium, the density opera-
tor p is diagonal in particle number, so all amplitudes
except Wy, vanish in (4.50). In this limit, the general
density operator p, given explicitly in (D1), reduces to
the series
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1
p=10)01+ [[ all attyg (226000 (ky ~ ki) = Way k) + 5 [y Waslkisan) Was(a k) + - )k k

+%f --fdl'lk]dedek/]de«z((27r)32E(kl)5(3>(kl —Kkf) — Wy (k;:k))

1
+ B deql Wik y:q) Wy (q k) + - ')((27T)32E(k2)5(3)(k2 — k%) — Wy (ky:k))

1
+§[qule1(k2:q2)W”(q2:k’2) +-- ')|k1,k2><k',k’2| +

(5.1)

where the time arguments in the multimode Fock states have been omitted for notational convenience. In the equilibrium
limit, the statistical distribution function g(p, p’, #) is trivially zero. Instead, f(p, p’, ¢) is calculated from (4.53) and takes

the form of the series

28(p, p)f(p. ', 1) = 2m)*2E(p)8° (p — p') — Wy (p:p’) + % j dITg Wy (p:q@)Wy(q:p)) + - -

+ deq((Zﬂ)32E(p)5(3)(p —q) — Wy(p:q) + - )((2m)*2E(q)5®(q — p') — Wy (q:p)) + -+ )

>

where disconnected parts have been canceled order-by-
order in the expansion by the normalization Trp in (4.3).
The factor E(p, p’) is defined in (4.54).

The equilibrium density operator p., must also be
diagonal in the momenta and is thus obtained by making
the replacement:

W, (k:k') = BEK)2m)2EKk)8P(k — k') (5.3)

in (5.1), where B8 = 1/T is the inverse thermodynamic
temperature. In detail, we find

0 1 n n
pa = 10001+ 30 [ [ TIN50 @ 1K)
X é(kil,

i=1

(5.4)

where the amplitudes are the Boltzmann distributions
fp(k) = e PEX) [cf. (5.7)]. This last expression of pe,
can be shown to be fully equivalent to the Gaussian form

pa = exp(~6 [ EWat Ka0), 539

which corresponds to the standard Boltzmann density
operator

— 0

Peq = € BH, (5.6)

where H° is the free part of the interaction-picture

Hamiltonian. Note that our convention for the normalization

of the density operator p, including p.,, is chosen so that

the canonical partition function Z(B) = Tre BH' appears
explicitly in the definition of the EEV in (4.3).

(5.2)

We may now substitute the limit (5.3) into the series
expansion of the statistical distribution function f in (5.2).
Using the identities of summation

© ©
Z (_-X':)n — e—x, z xn — X
n=0 n: n=1

(5.7

1—x’

we find the following correspondence in the equilibrium
limit:

FP.p o0 p) = 2m)36% (p—p)fs(E(P)). (5.82)

g(p.p, t);;geq(p, p)=0, (5.8b)

where

1

f(po) = oPro—

1 (5.9

is the Bose-Einstein distribution function. The equilibrium
statistical distribution functions in (5.8) depend only on the
magnitude of the three-momentum p via the on-shell energy
E(p). This is a consequence of the homogeneity and isotropy
implied by thermodynamic equilibrium. Moreover, the mul-
tiplying factor §®(p — p’) on the rhs of (5.8) necessarily
restores translational and rotational invariance.

It is well known that the pinch singularities present in
perturbative expansions cancel in the equilibrium limit [28]
(see Sec. VIII) and we can safely take the limit t — oo
throughout the CTP generating functional, as we should
expect for a system with static macroscopic properties.
Working then in the single-momentum representation, we
obtain from (3.45) and (3.46) the free equilibrium CTP
propagators
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iAY(p) = (AR(p))" = i(p? — M? + ie)™" + 2afy(Ipo)8(p* — M?),
iA%(p) = 27(0(po) + fr(lpoD)8(p* — M?) = 2me(po)(1 + f5(po))d(p* — M?),
iA%(p) = 27(0(~py) + f5(Ipo))8(p? — M) = 27e(po) f5(p0)(p* — M)

The form of the Wightman propagators written in terms of
the signum function &(p,) prove very useful in the calcu-
lation of loop diagrams, as detailed in Appendix B.

Returning to the free CTP generating functional Z in
(4.68), it follows from the results above that in equilibrium
the bilocal source K, (p, p', T; f;) must be proportional to
a four-dimensional delta function of the momenta, i.e.

Kaup(p, 11y ;i);;KZ?;(p’ p) = @m)*eW(p — p)K:}(p).
(5.11)
In addition, K} (p) must satisfy

A" (p)K(p)A* ™ (p)
11
= 2mid(p* — Mz)fB(E(P))I: 11 ] (5.12)

Solving the resulting system of equations, keeping terms to
leading order in €, and noting that K_; (p) should be written
in terms of the three-momentum only, we find

K (p) = 2i6fB(E(p))[ _11 _11 ] (5.13)

By virtue of the limit representation of the delta function

1 €
8(x) = lim — ——,
() =lim —

(5.14)
we can verify that we do indeed recover (5.12) and the
correct free CTP propagator by means of (4.70). We also
confirm that the terms linear in J remaining in (4.68) may
safely be ignored, since they yield contributions to the free
propagator proportional to K> ~ €2 upon double functional
differentiation with respect to J.

Alternatively, interpreting the Boltzmann density opera-
tor in (5.6) as an evolution operator in negative imaginary
time and using the cyclicity of the trace in the EEV, we
derive the Kubo-Martin-Schwinger (KMS) relation (see for
instance [100])

Ac(@x®—y0x—y)=A_(x*—y+iBx—y). (515
In the momentum representation, the KMS relation reads
A= (p) = ePPA(p), (5.16)
which offers the final constraint on f(p) in (3.46):
F(p)=0(po)fs(po) + 0(=po)fa(=po) = fa(lpol). (5.17)

Furthermore, the KMS relation also leads
fluctuation-dissipation theorem

to the
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(5.10a)

(5.10b)
(5.10c)

Ai(p) = (1 +2f5(po)A(p),

relating the causality and unitarity relations in (2.24) and
(2.28). Subsequently, by means of the KMS relation, we
may write all propagators in terms of the retarded propa-

gator Agr(p):

(5.18)

ReAp(p) =ReAg(p), (5.19a)
ImAg(p) = £(po)(1 + 215 (| po])ImAR(p), (5.19b)
A= (p)=2ie(po)(0(po) + fe(lpoD)ImAR(p),  (5.19¢)

A_(p) =2ie(po)(0(—po) + fe(lpol)ImAR(p). (5.19d)

In the homogeneous equilibrium limit of the Schwinger-
Dyson equation in (4.29), the inverse resummed CTP
propagator is given by

AN (p) = A% (p) + T (p).

In the absence of self-energy effects, the free equilibrium
CTP propagator is obtained by inverting the equilibrium
limit of (4.30):

Dy, '(p) = AG, ' (p) + Ko (p).
Knowing that K;; ~ € from (5.13), the inversion of (5.21)
can be done perturbatively to leading order in K53 (p), in
which case the expression (4.70) gets reproduced. Beyond
the tree level, however, the contribution from the bilocal
source Kzg(p) may be neglected next to the self-energy

term I1,,(p) and the inverse resummed CTP propagator is
explicitly given by

p* = M* + I(p)
—H>(p)

(5.20)

(5.21)

I
8o = | .

—p*+ M = 11" (p)
(5.22)

In this equilibrium limit, (5.22) may be inverted exactly,
yielding the equilibrium resummed CTP propagator

A®(p) = [(p*> — M? + Rellg(p))* + (ImIIg(p))’]™"!
« [pz — M + 11" (p) —-(p) i|
—I1.(p) —p* + M —Tl(p)
(5.23)
The results obtained above in (5.23) may only be compared
with existing resummations, see for instance [101,102], in
the thermodynamic equilibrium limit, as we have discussed
in Secs. IVA and IV B.

In this single-momentum representation, the self-
energies satisfy the unitarity and causality relations
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II,(p) = I-(p) + L(p) = IL(p) — IT"(p)

= 2iImII(p), (5.24a)
2iMT (p) = I1.(p) — I -(p) = Hr(p) — A(p)
= 2iImIIR(p), (5.24b)

where I'(p) is the Breit-Wigner width, relating the absorp-
tive part of the retarded self-energy Ilx(p) to physical
reaction rates [103,104]. Notice that the KMS relation
(5.15) leads also to the detailed balance condition

II.(p) = e'BPOH<(P)-

Given the relations in (5.24), we find, in compliance with
(5.19), an analogous set of relations for the elements of the
CTP self-energy:

(5.25)

Rell(p) = Rellg(p), (5.262)
ImII(p) = e(po)(1 + 2f5(| pol))ImIIg (p), (5.26b)
1. (p) =2ie(po)(0(po) + fu(lpol)ImIIg(p),  (5.26¢)

I _(p) =2ie(py)(0(—po) + fu(|po)ImIIg(p). (5.26d)

Ignoring the dispersive parts of the self-energy, we ex-
pect to recover the free CTP propagators given in (5.10) in
the limit ImIT(p) — € = 0*. This limit is equivalent to

ImIIz(p) — er = e(py)e. (5.27)

Expressing the equilibrium resummed CTP propagator in
(5.23) in terms of the retarded absorptive self-energy
ImIIz(p), we can convince ourselves that we do indeed
reproduce the free equilibrium CTP propagators (5.10) in
the limit (5.27).

In Appendix B, we discuss the correspondence of
the results of this section with the ITF, clarifying the
analytic continuation of the imaginary-time propagator
and self-energy.

VI. THE PARTICLE NUMBER DENSITY

It is important to establish a direct connection between
off-shell Green’s functions and physical observables. Such
observables include the particle number density for which
various interpretations have been reported in the literature
[57-61,65,67,68,70-73]. In this section, we derive a physi-
cally meaningful definition of the particle number density
in terms of the resummed CTP propagators.

In order to count off-shell contributions systematically,
we suggest to ‘“measure’” the particle number density in
terms of charges, rather than by quanta of energy. The latter
approach would necessitate the use of a quasiparticle
approximation to identify ‘‘single-particle” energies,
which we do not follow here. Instead, we analytically
continue the real scalar field to a pair of complex scalar
fields (®, ®1). We may then introduce the Noether charge
9 (xy; £;) of the global U(1) symmetry for the Heisenberg-
picture field ®y(x; 7;) operator:

PHYSICAL REVIEW D 88, 085009 (2013)

Q (xp37;) = ifd3X(<1>II(x; )6 ) — ma(n ) Pl ).
(6.1)

Here, my(x;7;) = ade);[I(x; f;) is the conjugate-momentum
operator and we include all time dependencies explicitly
for clarity. In the absence of derivative interactions, the
Noether charge depends only on the quadratic form of the
kinetic term in the Lagrangian. Hence, this analytic con-
tinuation may be employed even for real scalar theories
with interaction terms that break the Z, symmetry. Up to
the infinite 7 = 0 vacuum contribution, the EEV of the
operator Q (xy; ;) in (6.1) is zero on analytically continu-
ing back to the original real scalar field ®, since the
identical particle and antiparticle contributions cancel.
Therefore, we need to devise a method by which to sepa-
rate the particle from the antiparticle degrees of freedom in
the EEV of (6.1).

We note that the Noether charge of the local U(1)
symmetry of the complex scalar theory is gauge dependent
and therefore unphysical. The physical conserved matter
charge remains that of the global U(1) symmetry and is
recovered in the temporal gauge A° = 0. In this case, the
conserved charge in (6.1) would be written in terms of the
fields and their time derivatives and not the conjugate
momenta of the full Lagrangian.

For the general case of a spatially and temporally
inhomogeneous background, we need to generalize the
Noether charge operator Q (x,; ;) by writing it in terms
of a charge density operator Q (p, X, X,;7;) as

3
Qi) = [ox [ (;7")3 Q. X. Xp:7).  (62)

In the above, the three-momentum p is conjugate to the
spatial part of the relative space-time coordinate R* =
x* — y# and X* = (X0, X) = (x* + y*)/2 is the central
space-time coordinate [cf. (3.2)]. To this end, we proceed
by inserting into (6.1) unity in the following form:

1= [ato9 - y)
4 dp . (x—y)
=fd yf(zw)3e PV (xg — yo)-

Observe that in what follows, x =y = X° thanks to
8(xp — yo). Subsequently, symmetrizing the integrand in
x and y, we may write the charge operator as

- ' a3 A
X (D (v F) (6 7)) — (i F) Py s 7)
+ (=) (6.4)

In terms of the central and relative coordinates, X* and R*,
the charge density operator 9 (p, X, X,;7;) may be
appropriately identified from (6.4) as

(6.3)
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Q. X, Xo; 1)

X R R
2 2
R . R .
(6.5)
Substituting for the definitions of the conjugate-momentum

operators 7y and 77';[[, we may rewrite Q (p, X, Xo; f;) in the
following form:

Q(p: X5 XO» El)
‘| gdR,—ipR T R - R -
=] | d*Re” P 5(R0)6R0 (I)H X_E,tl (I)H X+§’tl

R R
— ot X +=:7 oy x — =7 )
H( 2”’) H( 2”’)

The EEV of 9 (p, X, X,; 7;) at the macroscopic time ¢ is
then obtained by taking the trace with the density operator
p as given in (4.3) in the equal-time limit X, = 7. We have
seen in Sec. III that the equal-time limit is necessary to
ensure that the observable charge density is picture inde-
pendent and that the number of independent coordinates is
reduced to seven as required. Thus, we have

(Q(p. X, 77 1,)),
— lim i [ d*Re™ PR S(Ry)ig, (iA-(R. X, T1:T)

Xo—i

(6.6)

where we use the notation

- R . R .
13
(6.8)

for the resummed CTP Wightman propagator.

Let us comment on the two terms iA_(R, X, ff; f;) and
iA-(—R, X, is;1;) that occur on the rhs of (6.7). The first
term iA_(R, X, 1;;7;) comprises ensemble positive-
frequency particle modes and ensemble plus vacuum
negative-frequency antiparticle modes. The second
one iA_(—R,X,7;;1;) comprises ensemble plus vacuum
positive-frequency antiparticle modes and ensemble
negative-frequency particle modes. Hence, we may
extract the number density of particles by taking the
sum of the positive-frequency contribution from
iA(R X, 1;;7;) and the negative-frequency contribution
from iA_(—R, X, i/ 1;).

We separate the positive- and negative-frequency parts
of (6.7) by decomposing the equal-time delta function
8(Ry)) via the limit representation

8(Ry) = L

1 1
( — = . ) (6.9)
2m\Ry +ie Ry— i€
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with € = 0*. Thus, a physically meaningful definition of
the number density of particles at the macroscopic time ¢ is
given by

n(p, X, 75;7;)
e [dRy( 1
=—lim [d’R ”"'R/—()( dr iA_(R X, 7,T;
X()lin'if ¢ 27 \Ry + i€ Ryt B<( 7350)
TR O iA<(-RX, 'ff;'f,.)). (6.10)

Using time translational invariance of the CTP contour,
this observable may be recast in terms of the Wigner
transform of the Wightman propagators as

n(p, X, 1) = n(p, X, 1;,0)

) d :
= 1im [ L2 p(6(pe)iA~(p. X, £;0)
Xo—t 27

= 0(=po)id(=p. X, 1;0)).

Note that the number density of antiparticles n¢(p, X, ?) is
obtained by C conjugating the two negative-frequency
Wightman propagators in (6.11). Useful relations between
correlation functions and their C-conjugated counterparts
are given in Appendixes A and C.

We reiterate from (4.56) that the n(p, X, )d’pd®*X is
interpreted as the number of particles at macroscopic
time ¢ in the volume of phase space between p and
p + dp and X and X + dX. The particle number per unit
volume is obtained by integrating over all momentum
modes, i.e.

(6.11)

d3
n(X, 1) = f 1;3 n(p, X, 1), (6.12)

Qm

and finally the total particle number, by integrating over all
space, i.e.

N(f) = f EXn(X, 1) 6.13)

By inserting the inverse Wigner transform

d*pP
Qm**

. P P
iA(p.X, t;0)=/ "P'XiA<(p+§,p—5, t;O),

(6.14)

into (6.11), the particle number per unit volume n(X, 7)
may be expressed in terms of the double momentum rep-
resentation of the Wightman propagators via (6.12). After
making the coordinate transformation p — —p in the
negative-frequency contribution, we then obtain

4 4
P
n(X,t)=lim2/f dp d

o~ J) @)t @m)?

. P P
X e*”"Xe(po>poiA<(p +op=5, r;o), (6.15)
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The particle number per unit volume n(X, f) in (6.15) is
related to the statistical distribution function f, through

. P P
iP-X + — _—,t),
e f(p > P

(6.16)

d*p d&*P

"X ) Gay ) Gy

cf. (4.56). Here, we must emphasize that (6.16) is under-
stood in the Heisenberg picture. Working instead in the
interaction picture, (6.15) and (6.16) define the statistical
distribution function at a given order in perturbation theory.
Explicitly, the n-loop statistical distribution function is
defined in terms of the n-loop negative-frequency

Wightman propagator via
P P
(n) —p—-—
f (p TP t)
. de dPO
= lim2 | 2£2 =20
Xlomt [[ 2a 2

. P P
X e"”f'x“ﬁ(po)poiA@<p t5p— 3

> IR O). (6.17)

It is instructive to check that our definitions for the
number density lead to the expected results for the free
and quasiparticle equilibrium cases. Substituting the free
equilibrium Wightman propagator (5.10c) of the real scalar
field into (6.11), we obtain

ngq(p’ X’ t) = fB(E(P)),

exactly as we would expect for the number density of
spectrally free particles in thermodynamic equilibrium.
Inserting instead the resummed equilibrium Wightman
propagator given in (5.23) in the narrow width limit, we get

nep(@, X, 1) = fa(E(p)), (6.19)

[t

4 4
= nu@m?a(p —po) [ é;’)z (i;’)i

(6.18)

Mo (p1, 1, T3 7)) 8 (g1 — 42)AC, (g2, o, T3 T),
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where E(p) is the solution to the gap equation,

E%(p) = p* + M? — Rellx(E(p) + i€, p), (6.20)

and nqp(p, X, 1) then represents the number density of
quasiparticles.

VII. MASTER TIME EVOLUTION EQUATIONS
FOR PARTICLE NUMBER DENSITIES

Having established a direct relationship between the
nonhomogeneous CTP propagators and the particle num-
ber density in Sec. VI, we are now in a position to derive in
this section master time evolution equations for the particle
number density n(X, ¢) and the statistical distribution func-
tion f(p, p’, #). This is achieved in analogy to the derivation
of the well-known Kadanoff-Baym equations [80,81] by
partially inverting the CTP Schwinger-Dyson equation
obtained in Sec. IVA. Our approach, however, differs
significantly from other methods in that we do not rely
on a truncation of a gradient expansion of the resulting
expressions. More details of the gradient expansion can be
found in Sec. IV B and Appendix E. In the next section,
we will employ a loopwise truncation of the time evolu-
tion equations in terms of nonhomogeneous free CTP
propagators. As we will see, these dynamical equations
are nonetheless resummed fo all orders in a gradient
expansion.

We begin our derivation of the time evolution equations
with the double momentum representation of the Schwinger-
Dyson equation in (4.32). We convolute (4.32) consecutively
from the right with the weight function m)*6W(q,—q»)
defined in (3.52) and then with the resummed CTP propa-
gator A“?(q,, p, 7;;7;). By making use of the inverse rela-
tion (3.51), we obtain the following expression:

o1 g™ 8 (g1 — 4)AC (g, poy T T)

(7.1)

where the contribution of the bilocal source K, is neglected next to the self-energies. It is essential to remark that the lhs of

(7.1) has the following coordinate-space representation:

[ d*zA% (x, )AL (2, y, 113 T).

Substituting for the free inverse CTP propagator A
the g, and ¢, integrals on the lhs of (7.1) yields

d* d* _ -
[[ 1 12 A 1(Pl, 611)(277)4554)(41 — ¢2)A, (92, Pa, tf;ti)

Qm)* Qm)*

(7.2)

l()c y) given in (3.24), we may then confirm via (7.2) that evaluating

= (p7 = MH)A (P, o, T3 1) (7.3)

Recalling that the self-energy I1,,(p, p’, 7, 7;) contains 8W(p — p') functions in the vertices, we may perform the ¢,
integral on the rhs of (7.1) by making use of (3.55). Consequently, (7.1) may be written down in the following concise form:
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- d*q - ..
(P} = MOA 4 (py, pa 13 F) = 0y @m)* 6P (py — py) — /W I, (p1, g, 17 1) A (g, pa, 173 T)). (7.4)

At this point, it is essential to remark that, in any loopwise truncation of (7.4), the external propagator A, (p, p’, 7 7;),
appearing on both the left- and right-hand sides, must be evaluated at the same order. This constraint ensures that the
delta function on the rhs of (7.4) is present order-by-order in such an expansion and that the convolution in (7.1) remains
self-consistent.

With the definition of the particle number per unit volume n(X, ¢) from (6.12) in mind, we equate the element (a, b) =
(1, 2) of each side of (7.4) to extract the interacting Klein-Gordon equation of the negative-frequency resummed Wightman
propagator:

R d* R . . - -
(pi = M)A (py, po, T3 1) = —/ﬁ(ﬂ(m,q, I3 1)A(q, po 173 1) — W(py, ¢, 153 1) Ap(q, po, B135).  (7.5)

Using the decomposition of Ap(p, p’, 7;7;) from (A6d) and an analogous identity for II(p, p’, ;;7;), we may rewrite
(7.5) as
2 _ A SN d4‘1H 7oA z .7
(P71 JA(p1, P2, 155 17) Q) p(p1, @, T3 1)A(q, po, 113 17)

dig . .. ..
= 2 o )4[H>(p1 q, 15 0)A(q, po, 173 1) — H(py, q, 115 1) (A (q, po, 173 1) — 2A9p(q, P2, 145 73))], (7.6)

where the subscript P denotes principal-part evaluation of the functions given in (2.29) and (4.27b).
Introducing the central and relative momenta, p = (p; + p,)/2 and P = p; — p,, respectively, we write (7.6) in the
following form:

Er I ] S o ) R i ) R A A )
- E(p+=-)|a - + v+ p——int)=Clp+=p—=isf .
[(po 2) |y ) <p 2:p 2tf9 fp 27p Zrtf’tl Cp ng Z’If’tl’ (77)

where we have defined

P P . d*q P P _ .
+ L =T i) = A L .
}‘(p 5P 5 t,,t,) o )4 ( z,q,tf, )1 ( 5 i t,), (7.8a)
P P . . 1 d*q P P _ . P _
+ o p =T i) =2 T (p + A A R AT s B R Y
C<p 2:p 2 tf7t1) 2 (277)4[1 ><P 2,61, tfa ) ( 2:tfstl> 1 <(P 2,(1, tfstl)
. P . . . P _ .
X (1A>(q, P — 5, tf; ti) - 21A7)<q, p— E tf' t))] (78b)

With the aim of finding a master time evolution equation for the particle number density n(X, ¢) in (6.12), we integrate
both sides of (7.7) with the measure

d* d* )

Explicitly, this gives

[ (5 -l 5

“ff (d4p (314 e P F s N | (;:;4 (g; X0 + 3.0 =351

(7.10)
Adding to (7.10) the complex conjugate of the same expression with P — — P and using the identities in (A4), we may
extract the terms proportional to p - P on the lhs of (7.10). In this way, we obtain

Nl
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d'p &P,y P P dtp d*'p . P P _
e PXg PA + =, —, Ik e PXg ( ( +—,p—=, ;t-)
[f o Q€ (po)p - (p 5P~ ) f[ o Qn) (P Flpr 5 P~y I
P

P p d4P __ P P _ P o
P ; iPX +=,p—= )+ Clp—=.p+ =, i1 )
2P tf’ )) 1](277)4 277')4 0(p0)<C<p Pl t’) ¢ (p 5P 2,tf,t,))

s

The first term on the lhs of (7.11) may be rewritten as

d‘p d*p o P P
[[ 0(po)ipodx, — p - Pe 'PXA<<P t=p— 5,1 ti)-

Qm)* @m)?
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(7.11)

5 5 (7.12)

Using time translational invariance of the CTP contour and taking the limit X, — ¢ in (7.12), we recognize that the
derivative term with respect to ¢ is precisely the time derivative of the particle number density n(X, ) in (6.12). Hence,
from (7.11) and (7.12), we arrive at our master time evolution equation for n(X, 7):

d‘p d*
an(X,1)— 2_[_[(277{;4 5 1;4 71P'XP'P9(P0)A<(IJ

BTG W T

) [ s (r(p - )
g, t;O)+C*<p —I;,p +P t 0))

(7.13)

with X, = ¢, where F and C are defined in (7.8a) and (7.8b). Comparing with the full nontruncated form of the Kadanoff-
Baym kinetic equation in (E4b), the series of nested Poisson brackets in (E4b) has been replaced by a single convolution

integral over the central momentum P in (7.13).

In addition to the master time evolution equation for the particle number density n(X, ) in (7.13), we may respectively

find a time evolution equation for the statistical distribution function f(p + g, pP—

g, t). Specifically, given the relation

(6.16) and the differential equation (7.13), the following time evolution equation may be derived for the resummed

statistical distribution function f:

tf(p +P

bl ) f[dpﬂ 4Py - ipy:
27 2

P P
P PH(PO)A<(P + R p— 2 I 0)

d dP PP .
[/ Po Ay ﬂpozg(po)(}*( 5 p— > t;O) + j?*(p R p+ 2 t;O))

dp, dP0 y ( ( P P ) ( P P ))
- i - 10)+ —Z p+2,10))
[[277 = 6(po) 50 P 2,t,O Clp 50 P 2,t,O

It is important to stress here that (7.14) provides a self-
consistent time evolution equation for f valid to all orders
in perturbation theory and to all orders in gradient expansion.

We note that a physical interpretation may be attributed
to the different terms contributing to (7.14). Specifically,
all terms on the lhs of (7.14) may be associated with the
total derivative in the phase space (X, p), appearing in the
classical Boltzmann transport equation [105]:

D, =9, +v-Vx +F-V, (7.15)

where v is the average nonrelativistic velocity of the par-
ticle distribution and F is the force acting on this distribu-
tion. In particular, the F terms on the lhs of (7.14) are the
force terms, generated by the potential due to the dispersive
part of the self-energy. On the rhs of (7.14), the C terms
represent the collision terms.

It would be interesting to discuss the spatially homoge-
neous limit of (7.14) at late times. In this case, energy
conservation holds to a good approximation, so the time-
dependent weight functions &, may be replaced by the

(7.14)

|

standard Dirac delta functions, even in the vertices of the
self-energies contained in the force F and collision C
terms of (7.14). Moreover, as a consequence of the
assumed spatial homogeneity, all propagators and self-
energies, which in general depend on two momenta p;
and p,, will now be proportional to the four-dimensional
delta function (27)*8™¥(p, — p,). Likewise, the statistical
distribution function f takes on the form

(p+3.p-3.1) = CaraP®)slpl.n. (.10

Because of the above simplifications, one can then work in
the single-momentum representation, by integrating over
the three-momentum P. Thus, we find the following time
evolution equation for f(|p/, 7):

,ﬂmwr—[ 0 0(po) (T (p, )iA-(p, 1)
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where the purely imaginary force term F and off-shell
effects from A p have vanished for P# = (0, 0). This result
corresponds to the semiclassical Boltzmann transport
equation or, equivalently, to the zeroth-order truncation
of the gradient-expanded Kadanoff-Baym kinetic equation
in (ESb) with X, = 1.

It is a formidable task to provide an evaluation of
(7.14) to all orders in perturbation theory. For this reason,
let us now consider the perturbative loopwise truncation of
(7.14). Notice however that this truncation will remain
valid to all orders in a gradient expansion.

As identified immediately below (7.4), in any perturba-
tive loopwise truncation, the external propagators must be
evaluated at the same order. At lowest order, we insert the
free propagators of Sec. IV C for the external legs in (7.14).
By (6.17), the lhs of (7.14) must depend on the tree-level
statistical distribution function f*), where we have written
the superscript 0 explicitly for clarity. For the homogene-
ous limit in (7.17), we would then obtain

9720010 = [ 26T (p. 0102 (p, )

Hereafter, the choice of order of the external legs iA= p in
(7.14) is referred to as spectral truncation.

Notice that the external self-energies ill- » may be
truncated independently at a different order to the external
legs iA= p. Inserting a given loop order of external self-
energy in (7.14), we restrict the set of processes contributing
to the statistical evolution. The choice of external self-
energy is therefore referred to as statistical truncation. As
was the case for the external legs, the set of external self-
energies must be truncated to the same order amongst
themselves. This ensures that the master time evolution
equations vanish in the equilibrium limit by virtue of the
KMS relation (5.16) and detailed balance condition (5.25).

The origin of these two independent perturbative trun-
cations can be understood by recalling that, in the interac-
tion picture, the relevant objects of quantum-statistical
mechanics are EEVs of operators of the form

Tr P(ff; fi)@(ff; f).

In (7.19), there are two distinct objects: the density operator
p, describing the background ensemble, and the operator O,
corresponding to our chosen observable. The time evolution
of p is determined by the quantum Liouville equation (4.1)
and O, by the interaction-picture analogue of the Heisenberg
equation of motion. In the context of the master time evolu-
tion equations, the perturbative truncation of the former
corresponds to the statistical truncation, restricting the set
of processes driving the background evolution. The trunca-
tion of the latter corresponds to the spectral truncation,
determining what we have chosen to observe through O.
Thus, with the external insertion of free propagators, (7.14)
describes the statistical evolution of the number density of
spectrally free particles, due to a given set of processes.

(7.18)

(7.19)
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Inserting instead one-loop propagators in the external
legs, the lhs of (7.14) depends on the one-loop statistical
distribution function f! by (6.17). In the homogeneous
limit, we then obtain

d . :
oS Vel 1) = [ 572 0(po) 1L (p. 16D (p, )

— il (p, NiAY (p, 1)). (7.20)

The evolution equation now describes the statistical evo-
lution of one-loop spectrally dressed particles. Again, we
are free to insert any order of self-energy.

In summary, there are two independent perturbative
loopwise truncations of (7.14): (i) the spectral truncation
of the external leg determines what we have chosen to
count as a ‘““particle” and (ii) the statistical truncation of
the external self-energy restricts the set of processes con-
tributing to the statistical evolution. In the next section, we
describe this perturbative loopwise expansion explicitly at
the one-loop spectral and n-loop statistical level, with
reference to the absence of pinch singularities and the
approach to equilibrium at late times.

VIII. PERTURBATIVE ONE-LOOP SPECTRAL
EXPANSION WITHOUT PINCH SINGULARITIES

Pinch singularities, or so-called secular terms, normally
spoil the perturbative expansion of nonequilibrium Green’s
functions [101,106-108]. These mathematical pathologies
arise from ill-defined products of delta functions with
identical arguments. In this section, we demonstrate ex-
plicitly, in contrast to [61,109], that such pinch singular-
ities do not occur in our perturbative approach.

The absence of pinch singularities is ensured by (a) the
systematic inclusion of finite-time effects, as shown in
Fig. 1, and (b) the proper consideration of the dependence
upon the time of observation ¢. The finite-time effects in (a)
result in finite upper and lower bounds on interaction-
dependent time integrals, leading to the microscopic vio-
lation of energy conservation. We emphasize that these
finite-time effects are not included a priori and that the
removal of pinch singularities is achieved without any
ad hoc regularization or obscure resummation. In addition,
we note that our treatment differs from the semi-infinite
time domains employed in the existing literature [53,110].
As a result of (b), the statistical distribution functions
appearing in the nonhomogeneous free propagators are
evaluated at the macroscopic time ¢, as noted in Sec. IV C.
In this case, the role of the Feynman-Dyson series is to dress
the spectral structure of the propagators only. The evolution
of the statistical distribution functions is determined by the
master time evolution equations, derived in Sec. VII.

For early times, the microscopic violation of energy
conservation prevents the appearance of pinch singular-
ities. On the other hand, at infinitely late times, the system
thermalizes and the time-dependent statistical distribution
functions are replaced by the equilibrium Bose-Einstein
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distributions. In this equilibrium limit, pinch singularities
are known to cancel by virtue of the KMS relation (5.15)
[28]. In this section, we demonstrate the absence of pinch
singularities explicitly at the one-loop level. In addition,
we illustrate how the perturbative loopwise truncation,
used in our approach, successfully captures the dynamics
on all time scales. To this end, we calculate the one-loop
nonequilibrium CTP propagator in the late-time limit.

|

A, T37) = A0, T~ ]

d4q d4q/
Qm)* 2m)!

PHYSICAL REVIEW D 88, 085009 (2013)

Proceeding perturbatively, we truncate the Feynman-
Dyson series in (4.37) to leading order in the couplings
and set the bilocal source K, to zero. This corresponds to
keeping free CTP propagators A%“*(p, p/, 7;;7;) and one-
loop CTP self-energies Hglb)(p, p', 15 1;), containing free
propagators, on the rhs of (4.37). We then have the one-
loop-inserted CTP propagator

AYe<(p, q, 7 f,-)HE}d)(q, q, 1) A (g, p' T 7). (8.1)

It will prove convenient to work in a mixed CTP-Keldysh basis by inserting the transformation outlined in (3.21) between
the external legs and self-energies on the rhs of (8.1). In this mixed CTP-Keldysh basis, we have

AWt (p, pl, 75 1) = AP (p, p!, T3 1) — 5 [[

where, making use of the relations in (A6),

Qm

Ae(p, q, ;f; ;)

Aii(p g 155 1) = [ .
et f A>([)’ q; tf’ tl)
_ [ Ar(p. g, 155 )
Ar(p, g, T3 1)

and

Al (P q ip5 1) = [1

AA(p) q, ff’ fl)

[ Ax(p, g, T 1) + 2A-(p, q, 143 1)

d4q d4

1 -1 }[ Ae(p, q. 753 1)
1 L As(p g 13 1)

Oac

ret (p)q’tf’t)H(cd)(q’q tf’t)AadV (f] P tf’t)

Ac(p g ipt) ][1 1]
—Aipg. i) L -1 1

Ar(p. g, 153 1) + 2A-(p, q, 153 T;) ]

8.2)

(8.3)

—Ar(p, g, 13 5) + 2A-(p, q, 155 1)

A-(p, q, if; ;) ]
Ax(p, g, 173 17)
Aa(p, q. 153 1) ] ®.4)

—AAp g 15 1) + 2A(p, q. 15 1))

In the same mixed CTP-Keldysh basis, the one-loop-inserted Feynman Ag)( p. P, t7;1;) and Wightman A(zl)(p, pLint)

propagators may be written in the following forms:

n d*q d*q’
AR (p, pl 1) = AR(p, p' T3 1) — j/(z ¥ 2

+ A%p, QNI (g, ¢, T3 T)AL(G, p' T T) + A2(p, g, T )TTWN(g, ¢, T T)AY(G, p)),

/

d4
Wy 7.5
Az (p’p’tf’tl) >(P’P tf’t) ﬂ(z )4 (2 )4

+ A%(p, NI (g, ¢, T P)AL(G, P T T) + AL(p, ¢, T3 2T\ (g, ¢/, T3 T)AQ(G, p)),

where we have used the identities

I(p, p', 15 0) + Hr(p, P 15 1) + HA(p, P 115 1) =

H](p) p/) ’ffs fl) *

AY(p, T1V(q, ¢, T3 T)AS (4", p')

(8.5a)
A p, 9T1(q, ¢', 13 7) A, p')
(8.5b)
21(p, p', 113 ), (8.6a)
Ug(p, p', 13 6) + Ua(p, p', T3 1) = 21L=(p, p', 3 13), (8.6b)

which can be derived from relations between the self-energies analogous to those in (A6).
At late times or, equivalently, infinitesimal departures from equilibrium, the free CTP propagator is spatially homoge-

neous and may be written as

A%ab(p, p!, T 1) = A% (p, )(2m)*6W (p — p').

In addition, the one-loop self-energy may be written as

N0(p, p', 73 7) = T (p, D@m)*6P (p — p')eilroriir,

(8.7)

(8.8)
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We note that the one-loop CTP self-energy iH(alb) (p, P, 173 1;) is manifestly free of pinch singularities for all times
(see Appendixes B and F). Using (8.7) and (8.8), the one-loop expansions in (8.5a) and (8.5b) become

AL (p, p T T) = P PI[AY(p, 2m)* 8D (p — p) — (AX(PTTD(p, DAL (P)) + AY(P)IR (p, DAL (', 1)

+ A2 (p, DT (p, AR (PN 2m)* 8 (p — p))], (8.92)
AD(p, p', T3 1) = o= [AL(p, D) 6@ (p — p) — (AYPITTL (p, DAL (P') + AX(P)TIR (p, DAL(P', 1)
+ AL(p, DTV (p, DA (p")2m)* 89 (p — p')] (8.9b)

We note the appearance of the overall phase e/?~70% in (8.9a) and (8.9b). This free phase ensures that the inverse
Fourier transform of AV (p, p’, 115 1;) with respect to p, and p, depends only on the macroscopic time ¢ = 7, — 7; in the
equal-time limit, i.e.

ADab(x,y, 1) = AlDab(y, y, i fi)lxo:yu:ff - i [/
X0, )o—’ f

Expanding around the equilibrium Bose-Einstein distribution fg, we write the spectrally free statistical distribution
function

d4 /
Qm)* 2m)*

,lp.xeip’-yA(l),ab(p’ P, ff;'fl.), (8.10)

oUpl, ) = fe(E()) + 87°(pl, 0. 8.11)

Using the expansion in (8.11), the single-momentum representation of the spatially homogeneous free CTP propagator
iA%?(p, t) in (8.7) may be decomposed as

1 1
iM% (p, 1) = iAei” (p) + 2m8(p* — MH)Sf (Ipl, t)[ | ] (8.12)
where lA b p) is the free equilibrium CTP propagator d1scussed in Sec. V. Analogously, we may introduce the following
decomposmon of the homogeneous one-loop self-energy H (p, 1):
i) (p, 1) = iTI() , (p) + i8TIL)(p, 1), (8.13)

where 5Hfllg(p, f) contains terms of order 8f° and higher. Substituting the expansions (8.12) and (8.13) into (8.9a), we
obtain, for the one-loop Feynman propagator,

A (p, ', 753 7)) = AL (p) + 278(p? — M) S f2(Ipl, ) 2)* 89 (p — p')
+ e PP (A ()Tl (p, 0)2m8(p™ — M*)8£0(Ip'l, ) + 28 (p? — M) S f(Ipl. )il (p, )AL (p')
+ A (p)isTIO (p, 0iA (p') + A (p)iSTIY (p, DIAL o (p")
+iA2  (p)isTI (p, idQ (p))2m)* 8\ (p — ). (8.14)

Potential pinch singularities arlse only from the 5 and ST dependent terms in (8.14), since pinch singularities cancel in
the equilibrium contribution zAF ec‘( p), as we will see below.
Let us first consider the terms

IAQ(P)TLY (p, ) 2m)* 81 (p—p)2m 8 f0(Ip'|, 08 (p? — M) +278£(Ipl, )8 (p> ~ MP)iTLY (p, ) 2m)* 81 (p — p)iAL(p').
(8.15)

The real and imaginary parts of the free retarded propa- ImAS (p) = —me(po)S(p> — M?). (8.17)

gator A%(p) are given by
By considering the limit representation of the Cauchy

1 . .
ReAd(p) = Q)pz — (8.16) principal value

X
ZP— = lim 8.18
where P denotes the principal value integral, and x e0x2+ €& (8.18)
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and the limit representation of the delta function in (5.14),
we may then show that the product

a
ReAR(p)ImAR(p) = 7 8(po)d'(p* = M), (8.19)
where 6'(x) is the derivative of the delta function,
satisfying

[T wewym = yo, 620

provided the function y(x) is analytically well behaved at
x = 0. Hence, for late times, in which only the potential
pinching regime p, = pj, survives, the terms in (8.15) yield
|

[—(Ao(p))ziﬁﬂ(“(p, D27 fg(lpol) &' (p>— M) STV (p, 1)

PHYSICAL REVIEW D 88, 085009 (2013)

27T<ReHg)(p, 08'(p? — M?)

— L e(pomI(p, o (p? M2>)

E(p)
X 8f%(Ipl, N2m)*6W(p — p'), (8.21)
where we have used the fact that
278,(po = Po)lpy=py, = 1. (8.22)

by 1I’Hopital’s rule.
Proceeding similarly for the SII dependent terms in
(8.14), we obtain the contribution

+ w(#a@z — M) =i (p? - MZ))(Imm“(p, ) = e(po)(1 + 251 poh)ImITY (p, r))]<zw>4a<4><p —p). (823)

E(p)

Putting everything back together, we obtain the one-loop Feynman propagator

_i(p? = M2 +ie — 1W(p, 1)

iAg)(p, 2 (p* — M? + ie)?
+2m8(p2 = M) £k 0~ S (6P 1 + 2/l DI . )~ 1V, )
+ 208/ = M) £20pl DTV (1) + 2 (o)1 + 2/(pl, NI (p, 1) — ImT1V(p 1) | (824
where
[1(p) = Rellr(p) + ie(po)ImIlg(p) (8.25)

is a self-energy-like function, bearing by itself no direct physical meaning. In the thermodynamic equilibrium limit, the
fluctuation-dissipation theorem in (5.18) is restored and the term linear in ¢ in (8.24) vanishes by virtue of (5.26). We then
obtain the equilibrium one-loop Feynman propagator, which is free of pinch singularities. Notice that in the zero-

temperature limit, only the first term in (8.24) survives, as we would expect.

For the one-loop Wightman propagators, we obtain

—iH;)(p,t)
(p>—M?*+ie)?

+2ms(p? —MZ)[(e(t o)+ f2(pl. )

iA(Zl)(p, )=

o
2E(p)

(26(po) (6(= po) + O(pl NIMITY (p, 1) + TV (p, r))]

+28'(p? = M) (0 po)-+ £ UBl VT () +2 2 (po) O o)+l DT )+ T2 1) |

in which the potential pinch singularity again cancels in the
equilibrium limit by virtue of (5.26). The one-loop propa-
gators in (8.24) and (8.26) are consistent with the properties
and relations in Appendix A.

From (8.21), we see that these potential pinch singular-
ities are controlled by 8 f°(|p|, 7). In addition, the potential
pinch singularities are proportional to the Breit-Wigner
width T (p, 1) = Imﬂg)(p, 1)/M, illustrating that the
origin of these dangerous terms lies in the resummation

(8.26)

of absorptive effects. This is consistent with conclusions in
existing approaches that pinch singularities arise as a result
of Fermi’s Golden Rule [109].

In order to show that pinch singularities do not appear in
this one-loop spectral expansion for late, but nonetheless
finite times, we must show that f° approaches equilibrium
more rapidly than a power law in ¢. Moreover, in order to
demonstrate that we capture the late-time dynamics cor-
rectly, the approach to equilibrium of f° must be such that
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the appearance of terms linear in ¢ does not lead to time
sensitivity in the perturbative truncation. For instance, one
might be concerned that if 8 fO(|p|, £) ~ e "), the nth order
truncation would contain terms controlled by e 1?), de-
laying the thermalization of the system to later and later
times. In order to show that this is not the case, we will

|
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now consider the master time evolution equation of the
one-loop spectrally dressed statistical distribution function
U for late times.

By inserting the one-loop negative frequency Wightman
propagator from (8.26) into (6.17), we obtain the one-loop
spectrally dressed statistical distribution f(1:

d
Olpl. ) = £k (1 = s 5 Rl () = s 1 (. ) )
7000 = 200k (1 = 555 7 o R0 = gl 0) | —
1 d  Po ) [dpo Y (p, 1)
—— 11 1) — | =—26 — 8.27
where we reiterate that the one-loop self-energy I1(") contains free propagators. Using the fact that
1 1
———— =P+ ind(p* — M?), 8.28
M rier  Lpr oy T M (828
the imaginary parts of the last two terms on the rhs of (8.27) cancel and we obtain
Jd  po 1 1
Ollpl, ) = £k {1~ 575 5 0 Rell () — s T (. )
700l = 100101 = 555 7 gy R 0 iy MR P) |
(1
100 f dpg , il (p, 1)
- il (p, - 0(po) P . (8.29)
26@) P pre Jo 22 PTG =R
|
In (8.29), the final term on the rhs counts all off-shell —Lrs W (p)t
contributions with p, # E(p) > 0. Notice that the terms 5f%Ipl. 1) = PR =OTEY S%(pl, 1), (8.32)
linear in 7 in fV cancel in equilibrium by virtue of (5.26). E(p) Leq (p)t
We truncate the Markovian approximation of the master valid for
time evolution equation in (7.20) spectrally and statisti-
cally at the one- and n-loop levels, respectively. Hereafter, 1>ty > (8.33)

we neglect the off-shell and dispersive contributions in
(8.29). With this simplification, we have

df(pl. o) _

M o, 00l 0

dr N E( )
(n) (1)
1+ .
#2000+ 7 pl o). (530
where the partial widths " Z(p )= —i H(z") (p, 1)/2M relate

to the absorptive part of the respective n-loop self-energies. In
(8.30), the four-momentum p is understood to be on shell
with py = E(p). Substituting (8.29) into (8.30) and approx-
imating the partial widths by their equilibrium values, we
obtain the following evolution equation for f°(|pl, #):

d O(l |, t) ) .
f d? ol )(F( '(p)Fpl ) = T, (p))
: T () £
"I fr(l)(p) E( y (Lea (D) (Il 1)
E(p) Fg’é)( )

T, (p )) (8.31)

1

Using the expansion in (8.11), the terms proportional to
fs(E(p)) cancel by virtue of the identities in (5.26) and we
find that the deviation from equilibrium is

T
AL (p)

Note that the factor (1 — #p) Félf( p)t)~ ! in (8.32) originates
from threshold effects, see e.g. [111], becoming singular at
t= (% Fé}f( p))~!. However, this singularity is canceled in
the one-loop spectrally-corrected distribution function f(V.

Returning then to (8.21), we see that, for ¢ > ¢, the potential
pinch singulan'ty goes like

=27 s elpo) T (p, 05(p% = M2)5°(pl.
M0 it
— 2me(po)d(p? - )Wfp) A0S 10(|pl, 1),

(8.34)

We conclude therefore that the terms linear in ¢ appearing in
(8.24) and (8.26) do not lead to time sensitivity in the pertur-
bative loopwise truncation of the master time evolution equa-
tions and that the late-time dynamics is correctly captured.
In summary, for early times, the analytic #-dependent
vertices lead to microscopic violation of energy conserva-
tion. This energy nonconservation regularizes potential pinch
singularities. For intermediate times, the free time-dependent
statistical distribution functions evolve towards equilibrium.
For times ¢ = 1/T, the approach to equilibrium occurs faster
than energy conservation is restored and such that the
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perturbative truncation does not induce time sensitivity. In
the limit  — oo, the time-dependent statistical distribution
functions appearing in the nonhomogeneous free propaga-
tors are replaced by their equilibrium forms via the corre-
spondence in (5.8). We then obtain the well-known
equilibrium thermal field theory in which energy conserva-
tion is fully restored and pinch singularities cancel exactly by
virtue of the KMS relation. In conclusion, we have demon-
strated explicitly at the one-loop level how pinch singularities
do not arise in our perturbative approach.

IX. THERMALIZATION IN A SCALAR MODEL

We now apply the formalism developed in the proceed-
ing sections to a simple scalar model. In particular, we
introduce the modified Feynman rules that result from the
systematic inclusion of finite-time effects and the violation
of both energy conservation and space-time translational
invariance. As a playground for studying the kinematics in
the early-time energy-non-conserving regime, we calculate
the time-dependent thermal width of a heavy scalar ®. We
show that processes, which would normally be kinemati-
cally disallowed, contribute significantly to the prompt
shock regime of the initial evolution. We also show that
the subsequent dynamics exhibit non-Markovian behavior,
acquiring oscillations with time-dependent frequencies.
This evolution signifies the occurrence of memory effects,
as are expected in truly out-of-equilibrium systems.
Finally, we look in more detail at the time evolution
equations of this simple model and demonstrate the

|

a--+»-

b1
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importance of the violation of energy conservation to the
statistical dynamics.

We consider a simple scalar theory, which comprises
one heavy real scalar field ® and one light pair of complex
scalar fields (x*, x), described by the Lagrangian

£0) = 53, 2W3b(x) — 3 M)
+ 0,0 W x() = M ()x()
~ P W) — A YW, O

where M > m. Appendix C describes the generalization of
our approach to the complex scalar field y.
We formulate a perturbative approach based upon the
following modified Feynman rules:
(1) Sum over all topologically distinct diagrams at a
given order in perturbation theory.
(i) Assign to each ®-propagator line a factor of

n /

P . D = iAy P (p,p T )
0 — > —8& - -0)

(iii) Assign to each y-propagator line a factor of

P P = iAY(p,p' i) -

(iv) Assign to each three-point @ vertex a factor of

= —ignave (2m)*6,(X1_1 po.) 6@ (X1 pi) -

where 9, is defined in (3.53) and the prefactors 7,,. are given after (3.15).

(v) Assign to each four-point y vertex a factor of
a b

d C

(vi) Associate with each external vertex a phase

X - 77:)\77(1,1)(11 (271')4(5t ( 2?21 pOl) 5(3) ( Z?:] p,) .

ipof,
eP()f’

where p, is the energy flowing into the vertex.
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(vii) Contract all internal CTP indices.
(viii) Integrate with the measure

=

over the four-momentum associated with each
contracted pair of CTP indices.

(ix) Consider the combinatorial symmetry factors,

where appropriate.

Notice that there are a number of modifications with
respect to the standard Feynman rules. In particular, the
familiar energy-conserving delta function has been re-
placed by 6, in the vertices. This is indicated diagrammati-
cally by the dotted line terminated in a cross, representing
the violation of energy conservation. This loss of energy
conservation is a consequence of Heisenberg’s uncertainty
principle, due to the finite macroscopic time of observation
t, over which the interactions have been switched on. The
time-dependent vertices vanish in the limit t — 0, as we
should expect. The loss of space-time translational invari-
ance leads to a doubling of the number of integrations with
respect to the zero-temperature and equilibrium cases.

At the one-loop level, we have three diagrams. The local
x self-energy shown in Fig. 4:

Hloc(l)(q’ q, l‘f,l‘ )

—l)t dk  d*k
L ——l|
(27w M Fomripmrti !

X 55‘”(4 — g — k+ k)N apeai NGk K T3 T),

9.2)

and the two nonlocal diagrams for the ® and y self-
energies shown in Fig. 5:

(a) ), (a.d' Iy 1i)

FIG. 5.
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(1 - -
i1y, (q.q.7:7)

(_lg) (277'//«)26 i(go—qp)ts

(A% Ak dky K
2 (2m)
Qm)i 2m)* 2m* 2m)
X 8 (g — ky — k) 2m)*8\ 0 (q' — K, — k) M aea

X A (g, K, FpsE)IATY (o, kb, BT Moy (9.32)
1 ~ ~
I )ab(qu/ thfi)

_(= tg)

(2 p)?€eiao=a)
[ /‘ddk d4k’ d*k, d4k’ (2 y
@m? 2m)* 2m)* (2 )4
X 817 (q — ki — k) 2m)* 8,7 (g — K} — k)M ca
X iAQC (ky, K, T3 )iASY (ky, K, ff; ) Nesr

(9.3b)

A detailed description of the techniques required to per-
form these loop integrals is provided in Appendix F.

A. Time-dependent width

In this section, we study the time-dependent width of the
heavy scalar ®. In particular, we investigate the spectral
evolution that results from the restoration of energy con-
servation, without solving explicitly the system of evolu-
tion equations for the statistical dynamics.

We consider the following situation. We prepare two
isolated but coincident subsystems Sg and S, both sepa-
rately in thermodynamic equilibrium and at the same
temperature 7, with all interactions turned off. The sub-
system Sg contains only the real scalar field @, whilst S,
contains only the complex scalar y. At macroscopic time
t = 0, we turn on the interactions and allow the system
8§ = 8¢ U S, to rethermalize. For our numerical analysis,
we take for definiteness the thermodynamic temperature to
be T = 10 GeV, the mass of the heavy ® scalar M =
1 GeV, the mass of the complex y scalar m = 0.01 GeV,
and their trilinear coupling g = 0.1 GeV.

The free propagators of the fields ® and y at time r = 0
are the equilibrium propagators in (5.10) and (C25),

<
-
Q\

(b) Y (a.q Ep3 )

Nonlocal one-loop ® (a) and y (b) self-energies.
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containing the Bose-FEinstein distributions at temperature 7.
We take the chemical potential of the complex scalar to be
vanishingly small in comparison to the temperature, i.e.
w/T < 1, such that f,(Ipl, 0) = f{(Ipl, 0) = fB(E,(p)).
Without solving the system of time evolution equations, the
form of the statistical distribution functions of the ® and y
scalars is unknown for ¢ # 0. We assume that the heat bath
of x’sis sufficiently large so as to remain unperturbed by the
addition of the real scalar ®. Specifically, we may consider
the number density of y’s to remain unchanged and the free
equilibrium y propagators in (C25) to persist for all times.

By the optical theorem, the width I'g, of the scalar ® is
defined in terms of the absorptive part of the retarded ®
self-energy ImIl g r via

Talan 42 7370 = 3 Ilalan 4 750, (94
where
ImIlgr(q1, g2, 73 1)

= 5o 42 737) = T (@1, 02 75 5)). O

At the one-loop level, the self-energies Hill),)z (g1, 42, T3 1)
are given by (9.3a).

Employing the relative and central momenta, Q =
g1 — q» and g = (q; + ¢»)/2, and using the results of
Appendix F, the Laplace transform with respect to the
macroscopic time ¢ of the one-loop ® width is

T+ 0/2,9—0/25)

1
=0Qm)=——"
@) Q2+4 32 2M

[d3 1 ajay 1+ fyla E) + fa(ayEy)
{a}

lQoff6(3)(Q)

a E1E2 (q(Z) - alEl - a2E2)2 + Sz,

(9.6)
|
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where we use the short-hand notation {a} for the summa-
tion over «, a, = *1. For the sake of generality, we
distinguish the Y™ and y~ decay products by assigning
them different masses m; and m,, respectively, so that

E> = E>(q — k) =/IkI? — 2[kllqlcos 0 + |q* + m3.
(9.7b)

In our numerical analysis,
my = m.

Performing the inverse Wigner transform with respect to
Q of (9.6) in the equal-time limit X, = 7, and subsequently
the inverse Laplace transform with respect to s, we obtain
the time-dependent ® width

g2
6477'2M{z [

— ayE))t](1 + fpla Ey) + fplayEy)).

however, we take m; =

Ie(q 0=

— SlnC[(qO alEl
El 2

9.8)

In the limit ¢+ — oo, the sinc function on the rhs of (9.8)
yields the standard energy-conserving delta function:

.
}nglo; sinc[(go — @1 Ey — ay Ex)t] = 8(qg — a Ey — ),
9.9)

thereby recovering the known equilibrium result.

Figure 6 contains a series of contour plots of the differen-
tial one-loop ® width d2rg’ evaluated over the dominant
region of the |k|-6 phase space, where the four-momentum
g* of the @ scalar is on shell, i.e. g> = M?. For late times,
the integrand is highly oscillatory and we expect the domi-
nant peak of the sinc function to approach the region of phase
space permitted in the limit £ — oo [cf. (9.9)], for which

k| =

M?|qlcos 6 + /(Iq]> + M*)[M*

— 4m*(M? + |q|*sin?6)]

For early times, the admissible phase space is greatly
expanded. For later times, the frequency of oscillation
increases and the width of the central peak of the sinc
function narrows, lying along a curve in the phase space.
To proceed further, we need to develop a method for dealing
with the kinematics in the absence of exact energy
conservation.

B. Generalized two-body decay kinematics

At zero temperature and density, it is convenient to
analyze the two-body decay kinematics by performing a
Lorentz boost to the rest frame of the decaying particle.

2(M? + |q|%sin20)

(9.10)

|
However, at finite temperature, the dependence on the
thermodynamic temperature of the heat bath breaks the
Lorentz covariance of the integral. As such, we cannot
eliminate dependence upon the the three-momentum of
the decaying particle by any such Lorentz boost; the de-
pendence will reappear in the “boosted” temperature:

©.11)

where

9.12)
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FIG. 6 (color online). Contour plots of |k| versus 6 for dZFg) for discrete values of Mt, with g> = M? and |q| = 10 GeV. The region
of phase space permitted in the # — oo limit is shown by the blue dashed line, corresponding to the delta function in (9.9).

is the usual Lorentz boost factor for the heavy scalar field
®. As aresult, we are compelled to analyze the kinematics
of the two-body decay in the rest frame of the heat bath,
which we define to be the frame in which the EEV of the
three-momentum operator (f’) is minimized. For an iso-
tropic heat bath, this is the frame in which (P) = 0, that is
the comoving frame. In this section, we look more closely
at the kinematics in the absence of energy conservation.
For this purpose, let us introduce the variable

u= (qO - alEl - Clez)t, (913)

which may be interpreted in terms of energy borrowed
from or lent to the heat bath. We shall hereafter refer to
the variable u as the evanescent action of the process, since
it has the correct dimensions and quantifies the extended
kinematically allowed phase-space configurations. We also
define the evanescent energy

1
2(g(1) — lgl*cos *0)

k®(1)] =

with b = *1 and

Alx, y,2) = (x—y—2)? —4yz

After a little algebra, we obtain the energies

1

D)

EY (1) =

V) = e T [qPeos?0)

au() = g0~ . 9.14)

which satisfies

lim gq,(t) = q. (9.15)
u/t—0

With this substitution, we obtain the kinematic constraint

qu(t) - alEl - a2E2 = 0. (916)
Since u can take large positive values, g,(#) is not neces-
sarily restricted to positive values for early times, even

when gy = +/Iq|> + M?> >0 is on shell. Processes with
u/t # 0 are referred to as evanescent.

In order to make the coordinate transformation |k| — u
in (9.8), we must solve (9.16) for the magnitude of the
three-momentum |k (z)|, which becomes implicitly time
dependent. Specifically, we find

[(g2(1) — la? + m? — md)lal cos 6 + ba, (W A(GE(D) — lal2 m? m3) — 4m?|q[2sin26),

9.17)

(9.18)

[(q2(0) — lql? + m} — m3)q, (1) + blglcos 0/ A(¢3(1) — lqI%, m?, m3) — 4m?|q|sin26],

(9.19)
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1
(q2(1)— lq|*cos?6)

EP(1)= ar

PHYSICAL REVIEW D 88, 085009 (2013)

[(42(r) — lal?cos 26 — m? + m3)q,, (1) — blgl cos 6y A(g2 (1) — I, m3, m3) — 4m?|q sin26],

(9.20)

where the overall factors of | and «, are necessary to satisfy the initial constraint (9.16). It is clear that these results
collapse to the kinematics of equilibrium field theory in the limit u/t — 0.
Keeping m, and m, distinct, the ® width for ¢ > 0 is given by

2
Vg n=—_%

sin 6

64M

/”dej”*(’)d inc(u)
u sinclu
{abb==+170 (1) (q2(t) — |ql*co

7 [A(G3(t) — |q|*, m3, m3) — 4m?|q|?sin26] /2

X [(gz(0) — lqI* + m} — m3)|q| cos 6 + bqu(t)\//\(qi(t) — lql?, mi, m3) — 4milq[*sin >0

X ayar(1+ fy(a EV(0) + f(ar EY (1)),

The reality of the loop momentum |Kk(z)| in (9.17) requires
that the discriminant

AGx(t) — lql*, m3, m3) — 4m3|q|?sin%20 = 0,  (9.22)

which is now a time-dependent kinematic constraint.
Furthermore, we require |k (¢)| = 0, E(lb) (1) = m; and
E(zb)(t) = m,. For t>0, the limits of integration u (¢)
are given in Table III, where we have defined

lql? )1/2
(my +my)?)

(9.23)

wo(q, ay, ay) = qo— (aym; + azmz)(l +

which is the angular frequency of the sine-integral-like
oscillations of the integral. For r = 0, u.(f) = 0 and the
domain of integration over u collapses to zero. Given
the analytic behavior of the integrand in the limit  — O,
the integral vanishes, as we expect.

For on-shell decay modes with ¢g> = M?, the angular
frequency wq(g, 1, 1) in (9.23) becomes

wo(|‘l|, 1) 1) = wo(% 1’ 1)I[]Z:M2

=lal? + M2 =yl + (m; +mp)2.  (9.24)

Thus, the evolution of the phase space for on-threshold
decays with M? = (m, + m,)? is critically damped. We
note that in the large momentum limit |q| > M,
M? = (my + my)*
2lq] ’

wo(lql: 1» 1)||q|>>M = (925)

TABLE III. Limits of integration of the evanescent action u for
each of the four processes contributing to the nonequilibrium
thermal @ width of our specific model for >0, where the
angular frequency wg(q, @, ;) is defined in (9.23).

a; = a, = +1 ;= —a, ay =a, = —1
uy (1) wo(q, ay, a)t wo(q, ay, a)t +oo
u_() —00 0 wo(q, ay, a))t

9.21)

such that the evolution of the phase space for high-
momentum modes is similarly damped. The momentum
dependence of wy(|ql, a;, @,) is shown in Fig. 7.

The summation over «; and «, yields four distinct con-
tributions to the decay width [45,61]. For a1 = a, = +1,
we obtain the contribution from the familiar 1 — 2 decay
process presented in Fig. 8(a). For a; = —a, = *£1, we
obtain the two 2 — 1 Landau-damping contributions dis-
played in Fig. 8(b). For &y = a, = —1, we obtain the
3 — 0 total annihilation process shown in Fig. 8(c). In the
latter, the decay “‘products’ appear in the initial state along
with the decaying particle. For late times, the Landau
damping and total annihilation processes are kinematically

102k
= 10%E
~ E
~
[+]
s 10°F
5
s
S 10-1F

10-2:

10-2 10-1 10° 101 102
lgl/M

FIG. 7 (color online). The dependence of wy(|q|, @, ay)/M on
|q|/M for processes related to 1 — 2 decay (solid black), Landau
damping (blue dotted) and 3 — O total annihilation (red dashed),
where g> = M? and m; = m, = m = 0.01 GeV. The latter two
of these processes become highly oscillatory for large |q|/M.
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(a) “(b) (@

FIG. 8. Processes contributing to the time-dependent ® width:
(a) the familiar 1 — 2 decay, (b) 2 — 1 Landau damping, and
(c) 3 — 0 total annihilation.

disallowed, as we would expect. They are only permitted in
the evanescent regime at early times.

Figures 9-11 contain contour plots of u versus 6 for the
four contributions to the on-shell differential width szg).
The equilibrium kinematics are obtained in the large-time
limit + — oo as follows. As can be seen from the (u, 0)
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contour plots in Fig. 9, for the 1 — 2 decay process, the
limits of integration grow to encompass the full range of
the sinc function. At the same time, the u dependence
of the phase-space prefactors vanishes, since g,(f) — g,
as t — oo. For the 3 — 0 total annihilation process, the
domain of integration vanishes in the large-time limit
t — oo, Given that the integrand is finite in the same limit,
the contribution therefore vanishes as expected, which is
confirmed by our (1, #) contour plots in Fig. 10. For the two
Landau-damping contributions, the large-time behavior be-
comes more subtle. As t — oo, the domain of integration
covers approximately all positive u. However, the kinemati-
cally allowed phase space cannot be attained with any
values of u and 6, so that the two Landau-damping contri-
butions also vanish in the large-time limit. This behavior is
reflected in our (1, #) contour plots of Fig. 11. Thus, only the
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FIG. 9 (color online). Contour plots of u versus 6 for the 1 — 2 decay contribution to dzrg) for discrete values of Mt, with g> = M?
and |q| = 10 GeV. The solid excluded regions to the right of the red dotted line lie exterior to the limits of integration over u.

Mt=0 Mt=0.01
3F 3
2} 2
() (0]
1f 1
0 . ok
0 10 20
u
3 3
2 2
() (0]
1 1
0 0
u u

5
Mt=0.05 v s
3 i
~
o 2 § 10}
1 o
~
0 ~ 0
" 5
= el
u °
. oF
Mt=1 3
3 ; s
2 =
m o
T
1 ® _10
0 =
0 10 20 o
M o_15
u N
b

FIG. 10 (color online). Contour plots of u versus @ for the 3 — 0 total annihilation contribution to dzI‘EI],) for discrete values of Mt,
where g = M? and |q| = 10 GeV. The regions to the left of the red dotted line are exterior to the domain of integration over u.
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FIG. 11 (color online). Contour plots of u versus 6 for the two Landau-damping contributions (a) a; = —a, = +1 and
(b) a; =—a, =—1to dzrg) for discrete values of Mt, assuming g> = M? and |q| = 10 GeV. The regions to the right of the red

dotted line are exterior to the domain of integration over u. The contour plots differ between the two contributions due to the asymmetry of

the integrands in the ® three-momentum.

usual 1 — 2 energy-conserving decay remains for late
times.

In order to reduce the statistical error in our Monte Carlo
integration over the (u, 6) phase space, we use a Gaussian
sampling bias to ensure that the majority of sampling
points fall over the dominant region of the sinc function
of u in (9.21). We define the weight function

d _ 2
o) = - = xp(— %) (9.26)
where
Erf 1 u—ugy — Erf 1 u_—up
r(u) = e G ) e0,1] (927

- Erf(ds ) — Erf(ds ")

After performing the change of the variable # — rin (9.21)
for uy =0, the limits of integration become time-
independent and are identical for the decay, total annihila-
tion and Landau-damping contributions. The dependence
upon the limits u, (¢) and u_(¢) appears instead within the
transformed integrand of (9.21) in the new variables (r, 6).

The width of the dominant region of the u phase space is
taken to be the distance between the central maximum and
the maximum at which the amplitude of the sinc function
has fallen to 0.1% with respect to the central maximum.
Hence, we require for the distant maximum to be at the
location where sincu,, ~ 0.001. The extrema u,, of the sinc

function satisfy the transcendental equation
u, = tanu,,

(9.28)

whose solutions for n = 1 may be expressed as [112]
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FIG. 12 (color online). The four separate contributions to the ratio 1:511,) in (9.30) versus Mt, for on-shell decays with |q| = 1 GeV, 10
and 100 GeV. The two Landau-damping contributions are identical up to numerical errors.

1-¢
1+¢

L1 1 L\
u, = inﬂ'exp{—[ dfg arg[(l +§§ln iimf)
TJo

+ n2772§2:|}. (9.29)

The required extremum is then given by n = 318, the
159th maximum of the sinc function, with u3;3 = 1000.
The Gaussian weight function @(u) in (9.26) is then taken
to have a variance of o2 = (u3,53/2)?, such that 95% of the
sampling points fall within this dominant region.

Our interest is in the deviation of the one-loop P
width I‘g) from the known equilibrium result. It is there-
fore convenient to define the ratio fg)(lql, ) of the
time-dependent width to its late-time equilibrium value
for g> = M?:

_ Tgal 0
I'(lql, 1 — o)

_ TG gl ) + 20" (gl o) + T (g, 0
Ty (Iql, t — o)

T(ql, )

(9.30)

In Fig. 12, we plot separately the four contributions from
Fig. 8 to this ratio as a function of Mt for a series of discrete
momenta. The evanescent Landau-damping processes
yield a prompt contribution, which can be as high as
10%—-20% at early times. The evanescent total annihilation
process contributes similarly at the level of about 5%.

In Fig. 13, we plot the total ratio f‘g,)(lql, t) as a function

of Mt. The total ® width Fg)(lql, t) is vanishing for
Mt = 0, as we would expect. This is followed promptly
by a sharp rise, which is particularly pronounced in the
infra-red modes, resulting from the sudden switching on of
the interactions. This so-called shock regime is followed
by the superposition of transient oscillations of angular
frequency w, with short time scales and non-Markovian
oscillations of longer time scales. The latter of these oscil-
lations exhibit time-dependent frequencies, the origin of
which will be discussed in the next section.

C. Non-Markovian oscillations

As we have seen in Figs. 12 and 13, the time-dependent
@ width contains a superposition of damped oscillatory
contributions. The longer lived of these oscillations ex-
hibit time-dependent frequencies. These non-Markovian
oscillations are illustrated more clearly in Fig. 14 for the
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FIG. 13 (color online). The ratio fg) in (9.30) versus M¢, for
on-shell decays with |q] = 1 GeV (solid black), 10 GeV (blue
dotted) and 100 GeV (red dashed).

|ql = 1 GeV mode in which a moving time average is
carried out to eliminate the higher-frequency Markovian
oscillations. In this section, we describe the origin of the
time-dependent oscillations and show that they are not a
numerical artefact, but are instead an intrinsic feature
inherent to the dynamics of truly out-of-equilibrium sys-
tems. To this end, we consider the high-temperature limit
T > M of the time-dependent ® width.

In this high-temperature limit 7 > M, the Bose-
Einstein distribution may be approximated as follows:

v ot [

F(l),T>>M {
(0] ( ’ ) 32 2M

- L(sin [(go — a1 E)t]Ci(ayEyt) — cos[(gg — alEl)t]Si(Olezl)):l,

qo — a1 E;

PHYSICAL REVIEW D 88, 085009 (2013)
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FIG. 14. Non-Markovian oscillations of the 1 — 2 decay con-
tribution to the ratio Fg) in (9.30) against Mt, by performing a

moving average over bins of 150 in Mt.

T
folE) = —. 9.31)
Returning to the ® width Fg) in (9.8) and substituting for
(9.31), we may perform the angular integration by making
the following change of variables:

2 2 2
k|* +IqI*> + m3

osf =
2[k]|q]

(1 —x%). (9.32)

Then, the high-temperature limit 7 >> M of the time-
dependent width of the heavy scalar ® becomes

T T

+ )Si[(% —aE| — ;yE))t]
aE; g0 — o E; !

(9.33)

where Si(x) and Ci(x) are respectively the sine integral and cosine integral functions. We have introduced the short-hand
notations: {a} for the summation over «;, a,, @y = *1; and

Ey = Ik + m2, (9.34)
Ey = y/IkI? = 2a,kllg] + lqP? + m3. (9.35)

In terms of the evanescent action u given in (9.13), the high-temperature limit of the one-loop ® width reads
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2 s (1) q.(1) m? + m3 m? —m3 \2
TOT>M () — 8 o [ du{ u [ 1 2 _( 1 2 ) ]
v 32W2Mf{a},bz=i, o IR0 — lal md md) Lgi0 — TaP - \gi(0) — lqP
200 + laP)m2 — m2 T T
2|q| (g7(0) — lql*) o (g ut) q,t)— wy(qurt)

0" (q, u, 1

where a)(]b) (g, u, t) and w(zb)

w(lb)(q’ u, t) = 4o

(u(zh)(q, u, t)

: (sin (@{”(q. u, DDCi(wy (g, u, )1) = cos (@ (g, u, NDSi(wy (g, u, r)t))], (9.36)
(g, u, t) are time-dependent non-Markovian frequencies defined as
(g0 = |ql* + m? — m3)q, (1) + baylqlA (g2 (1) — |qI?, m}, m)) (9.372)
2(q2(n) — lq]?) ’ '
_ (@0 — laP — m} + ma(n) — baylalA(gi(0) ~ Il i, md) 037

The time dependence of the frequency w(lb)(q, u, f) is shown
in Fig. 15 for @y = +1, with the on-shell constraint g> =
M?. The b = 1 contribution persists for late times, at which
point the frequency of the modulations have decayed to zero.
The b = —1 contribution is disallowed for late times, such
that the amplitude of this constant-frequency modulation is
damped to zero. For ay = —1,the b = +1 and b = —1
contributions are interchanged, such that the frequency of
the b = —1 contribution reduces to zero for late times. Thus,
we obtain the expected kinematics and equilibrium behavior
in the late-time limit. We have not plotted a)(zb), as its
behavior is indistinguishable from w(lb) ,form; = m, = m.

3011TI'.‘ T T T T T

20F

[
[}

w;(®) (1q|,u,t)/M
(=]

[ —— u;, b=+1 === u;, b=-1 ]
-10 -
I — u,, b=+1 =-=-- u,, b=-1 |
— u3, b=+1 =--=- wu;, b=-1
_20. P 1 i1 1
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Mt /1000

FIG. 15 (color online). w(lb)(q, u, t)/M versus Mt for the first
three extrema of sinc(u): u; = 4.49 (leftmost black lines), u, =
7.73 (central blue lines) and u3 = 10.90 (rightmost red lines),
obtained by (9.29), for ¢> = M?, |q| = 10 GeV and ay = +1.
Solid lines correspond to » = 1 and dashed lines, » = —1 in
(9.37a). The dotted lines mark the upper limit of the kinemati-
cally disallowed region.

2(q2(t) — 1ql%)

Looking again at (9.36), we observe that these non-
Markovian oscillations occur only for 7 # 0. We conclude
therefore that this behavior signifies a genuine nonequilib-
rium statistical effect.

D. Perturbative time evolution equations

In this section, we carry out a loopwise expansion of the
time evolution equations derived in Sec. VII to leading
order in the coupling g, evaluating their one-loop structure
for our simple scalar model. For perturbatively small cou-
plings, such a loopwise expansion is expected to accurately
capture the early-time dynamics of nonequilibrium sys-
tems. This is a regime, in which the applicability of trun-
cated gradient expansions becomes questionable, according
to our discussion in Sec. IV B. Given the closed analytic
form of the free CTP propagators, both the amplitudes of
contributing processes and the resulting phase-space inte-
grals describing the kinematics can be analytically deter-
mined. The systematic treatment of these kinematic effects
is essential to understand the consequences on the early-
time dynamics. In particular, we illustrate the significance
of contributions from the energy-non-conserving evanes-
cent regime to the dynamics of the system.

Let us first return to the Boltzmann-like equation in
(7.17), in which we artificially imposed energy conserva-
tion. The collision terms for the real scalar ® are

Hcl),>(P, I)A¢,<(P: 1) — Hfb,<(l7, I)Aq),>(p» 1.

Since we have assumed that the two subsystems S¢ and S,
are separately in thermodynamic equilibrium at the same
temperature 7T at the initial time ¢ = 0, the ® propagators
and self-energies will initially satisfy the KMS relation, i.e.

(9.38)

Ag~(p,0) = eProAg -(p, 0),

(9.39)
H<I>,>(p, O) = E'BPOH(I),<(p) O)

As a consequence of the KMS relation, the collision terms
in (9.38) are identical to zero. This is true also in the
collision terms of the truncated gradient expansion of the
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Kadanoff-Baym kinetic equation in (E5b). With no
external sources present to perturb the combined system
S from this noninteracting equilibrium, we are faced with
the problem that the statistical distribution functions
will not evolve from their initial forms. In reality, after
the quantum quench, we anticipate that the system
should evolve to some new interacting thermodynamic
equilibrium for late times. We conclude therefore that the
|
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energy-non-conserving evanescent regime described by
our approach is entirely necessary to account correctly
for the evolution of this system.

We now turn our attention to the master time evolution
equation (7.14). Truncating to leading order in the coupling
g, the rhs of this time evolution equation contains free
propagators and one-loop self-energies. For instance, the
one-loop collision terms in (7.14) are obtained from

P 1 [ d P P
—, 1 0) =_ —q[iﬂg)<p +—-,q9t 0>iA(i<q, p— =t 0)
2 T 2 2
P
t .AO< ’ )
)(l >\q P 3

(9.40)

t O) - 2iA%,<q, p— g, t O))]

We insert the one-loop integrals (9.3a) and (9.3b), containing the homogeneous and spectrally free ® and y distribution

functions, f4(|pl, #) and f(C)(IpI, 1), into the full time evolution equation (7.14) for the ® and y fields. Note that the f
distribution functions are real in this spatially homogeneous limit. We tacitly assume that a system initially prepared in a
spatially homogeneous state remains spatially homogeneous throughout its evolution. This assumption is reasonable if the
system has infinite spatial extent.

We may perform the loop and convolution integrals using the techniques and results of Appendix F. After carrying out
the p,y and P integrals in (7.14), we obtain the following one-loop time evolution equation for the spatially homogeneous
statistical distribution function f¢(|pl, ¢) of the real scalar field:

1 1
(277)3 2E¢(p) 2E, (k) 2E,(p — k) 2
X {77 + 2Si[(al‘?q;(p) + o E\ (k) + ayE,(p — K))t/2]{(6(—a) + fo(lpl. 1)
X[0(a)(1 + £ (Kl 0) + 0(=a) (kL D]0(e)(1 + f5(Ip — kI, 7))
+0(=ay)f,(Ip = kI, ] = (8(a) + fo(lpl. )[O(a))f (K], )
+0(—a)(1 + fL(Ikl )I0(ar)f5(Ip — kI, 1) + 0(—ax)(1 + £, (Ip — k|, )]}

d.fa(lpl. 1) = sinc[(aEq(p) — a1 Ey(K) — arE, (p — K))1/2]

9.41)

where Si(x) is the sine integral function and {«} is the short-hand notation for the summation over «, a, a, = *1. With
the summation over {a}, the statistical factors in the braces of the last four lines of (9.41) contain the difference of
contributions from the four processes shown in Fig. 8 and their inverse processes. For early times, all of these evanescent
processes and inverse processes contribute, as can be seen from Fig. 12. The presence of Si(x) ensures that the correct late-
time limit and kinematics are obtained on restoration of energy conservation. This factor is missing in the existing
descriptions, see e.g. [50,67]. The dispersive force term and off-shell collision term vanish in the spatially homogeneous
case, thanks to the symmetry of the self-energy under P — —P.
In the large-time limit # — oo, we have

i sinc[(aEq(p) — oy E,(K) — ayE, (p — k))t/2[{m + 2Si[(eEe(p) + a,E\ (k) + oy E, (p — K))1/2]}
I:OZWG(a)é(Eq,(p) — a,E, (k) — ayE,(p — k)). (9.42)
The kinematic constraints then force « = o = a, = +1 and we obtain
fallpln = -5 [k 1] L 2m8(Ey(p) ~ E,(K) ~ E,(p ~ k)
(27)’ 2Eq(p) 2E,(k) 2E,(p — k) X X
X [fq>(|p|, D1+ £ (kL)1 + fE(p = kI ) = (1 + fa(lpl ) f, (K| Of5(lp — k|0l (9:43)

Equation (9.43) corresponds to the semiclassical Boltzmann equation [cf. (7.17)].
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By analogy, the one-loop time evolution equation for the spatially homogeneous statistical distribution function

fy(Ipl, ) of the complex scalar field y is given by
d’k 1 1 1

_ g
a.fy(Ipl.t) = Zf(%)s 2Eq(p) 2E (k) 2E (p — k) 27

SlnC[(aE (p) — a1 Eg(K) — oz E, (p — K))1/2]

X{m+2Si[(aE\(p) + a1 Ee (k) + &y E\ (p — k))t/2]H[0(a) f, (Ipl, ) + (=) (1 + £ (Ipl. )]
X (0(ay) + fo(lkl, ))[0(a)(1+ £\ (Ip — K|, 1) + O(—ar) £ (Ip — K|, )]
—[0(a)(1+ £\ (Ipl.0) + 0(=a) f5(Ipl. D](O(= 1) + fa(lpl. 1))

X[0(ar)f,(Ip — k1) + 0(=ar)(1+ f{(Ip — K|, )]}

In the large-time limit # — oo, the kinematics restrict @« = a| =

&’k 1 1 1

_ g
el = =5 [ G ) 25,0 1)
X [(1+ fo(lkl, 0)f (Ipl, 0S(p — kI ) = fo(lkl, (1 + f,(Ipl, 0)(1 + fS(Ip = K, )]

This result is consistent with (9.43), differing by an overall sign, as one should expect.
At t = 0, the semiclassical Boltzmann transport equation in (9.43) becomes

&’k 1 1

gZ
o.fo(lpl o = — %

where we remind the reader that energy conservation is arti-
ficially imposed. By virtue of this energy conservation, the first
product of statistical factors in (9.46) satisfies the identity

fe(Ea(@)(1 + fo(E,(K)) + fE(E,(p — k)
= fo(E,(K)fE(Ey(p — k).

As a result, the rhs of (9.43) is exactly zero at ¢t = 0.
Consequently, the energy-non-conserving evanescent regime
plays a fundamental role in the description of the evolution of
the system S.

We now wish to show that the master time evolution
equations (9.41) and (9.44) of our perturbative approach
describe a nontrivial evolution of the system S. For
this purpose, we consider the time evolution equation
of the heavy scalar @ in (9.41) and assume that the y
statistical distribution functions f(c)(lpl, t) of the rhs
remain in their initial equilibrium forms for all

times, ie. £\ (Ipl, 1) = fa(E, () (u/T < 1). With this
|

9.47)

ad =01~
Salpl = 0.0~ - £

(2m)* 2E¢(p) 2E, (k) 2E,(p — k)
X [fa(Ea(P)(1 + fo(E,(K)) + fE(E,(p — k) — fo(E,(K)fF(E,(p — k)],

(I +2fs(Ipl =0, z)) lim S12(Az)

(9.44)
—ay = +1, giving
278(Eg(k) — E(p) — E,(p — k)
(9.45)
1
278(Ep(p) — E(K) — Ey(p — k)
(9.46)

assumption, we see from Fig. 16 that the rhs of (9.41) is
nonzero for early times. Thus, the system S is indeed
perturbed from its noninteracting equilibrium by the
evanescent processes described by our perturbative time
evolution equations (9.41) and (9.44).

Let us finally have a closer look at the early-time be-
havior that immediately follows after the switching on of
the interactions. We expect that this prompt behavior is
dominated by the ultraviolet contribution to the phase-
space integral on the rhs of (9.41) due to the Heisenberg
uncertainty principle. From Fig. 13, we see that this shock
regime contributes dominantly to the prompt evolution of
the infrared modes of fq(|pl, #). In this regime, we take
[pl = 0 and m = 0 in (9.41) and introduce the ultraviolet
cutoff A in the limits of the phase-space integrals of the
rhs. Assuming that the y distribution functions are tem-
pered, vanishing faster than a power law for large mo-
menta, we may ignore their contribution in the ultraviolet
limit. Hence, 9,f¢(Ip| = 0, ) can be approximated by

(9.48)

Clearly, 9,fo(Ip| = 0, £) vanishes in the limit r << 1/A — 0, as we expect. Expanding Si(Az) about Ar = 0, i.e. for times

infinitesimally close to zero, we obtain

atf(b(lpl =01~

5+ 270 (lpl = 0.0) lim (Ar.

(9.49)
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FIG. 16. Numerical estimates of d,f¢(|pl, ), as a function
of Mt, assuming that the Y statistical distribution func-
tions f)()(lpl t) on the rhs of the time evolution equation
(9.41) maintain their equilibrium Bose-Einstein form for all
times.

For small but finite times, ultraviolet contributions are
rapidly varying. It is apparent from this discussion and
Figs. 13 and 16 that the effect of the transient behavior
of the system upon its subsequent dynamics is signifi-
cant, since the quantum memories persist on long time
scales Mt > 1. We may therefore conclude that as op-
posed to other methods relying on a truncated gradient
expansion, our approach consistently describes this
highly oscillatory and rapidly evolving early-time be-
havior of the system.

E. Inclusion of thermal masses

In this section, we describe how local thermal-mass
corrections may be incorporated consistently into our
approach.
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The local part of the one-loop y self-energy shown in
Fig. 4 has the explicit form

O (p, p 1)
A NI
= =5 @m*8, (p — p@mppeeroris

y [[ dk  d*K ( i
Q@) Qm)*\kK> —m? + i

+2m8(k* — m?)|12kol V2 f  (k, K/, z)

(277)45<4>(k k')

X ei(kn_ké)ff|2k6|1/227T5(k/2 - m2)>, (9.50)

with d = 4 — 2e (cf. Appendix F). The first term yields the
standard zero-temperature UV divergence, which is usu-
ally removed by mass renormalization. The second term
yields

loc(1 ~ .7
eV (p, p i)

_ _(277)4554)(17 _ P/)ei(17o—176)ffmt2h(ff; ), (9.51)

where the time-dependent thermal mass my(7;;17,),
given by

d3k’

X (f(k, K, t)e’[E(k) ()i
+ fC(—k, —K/, f)e TER—ERT)

th(tf’t)
2E ,(K')

(9.52)

is UV finite. Notice that a unique thermal mass may not be
defined in the spatially inhomogeneous case due to the
explicit dependence on 7;.

From the Schwinger-Dyson equation in (4. 32) the in-
verse quasiparticle CTP propagator A ah(p, P, tf,t) of

the complex scalar field y takes the form

AL (p. Pl B B) = Q)oY (p — p)elro=r)is
X [(p? = m§ (T 1)) map + i€lyy],
(9.53)

in which we have assumed my,(r) > m. If the quartic y
self-interaction is switched on sufficiently long before
t = 0, then for ¢t = 0, we may replace the §, function in
the inverse quasiparticle propagator (9.53) by an exact
energy-conserving delta function. This imposition of en-
ergy conservation constitutes a quasiparticle approxima-
tion, allowing us to invert (9.53) exactly, using the
arguments of Secs. I[II B and IV C, to obtain the following
quasiparticle y propagators:
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(p> - mtzh(ff;fi) +ie)”!

AY“(p, p' i) = [ o
X i —i276(py)d(p* — m%h(l‘f; 7))

—276(— po)8(p* — m3 (13 1))
—(p*— mtzh(if;;i) —ie)”!
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}(ZW)“(S(‘”(p -p')

s o o T11
— i2a2po| 28 (p? — mA (T T F  (p. P, 1)e'Po ”0)’f27TI2p6|1/25(p’2—mlzh(tf;t,»))[1 1]. (9.54)

If the subsystem S, is in a state of thermodynamic
equilibrium at the initial time ¢ = 0, the thermal mass
reduces to the known result

AT?

mtzh(t =0) = o4
form = 0 and u << T. In order to describe completely the
dynamics of the combined system S = S¢ U S, we couple
the evolution of the thermal mass m,,(f) to the perturbative
time evolution equations (9.41) and (9.44) for the ® and y
statistical distribution functions. This is achieved by differ-
entiating (9.52) with respect to ¢, such that

A d’k 1 1
(0= 35 | Gy 3 i 2 /1D

+0,/5(kl, 7). (9.56)

Here, o,f,(Ikl,7) and 0,fS(Ik|,7) depend implicitly
upon my(f) via the coupled first-order differential
equations (9.41) and (9.44), derived using the quasiparticle
X propagators in (9.54). On dimensional grounds, we may
estimate that the leading contribution to d,m,() is of order
AM/2gT. The latter estimate provides firm support that our
time evolution equations may consistently incorporate ther-
mal masses and so describe the main nonperturbative
dynamics of the system.

(9.55)

X. CONCLUSIONS

We have developed a new perturbative approach to non-
equilibrium thermal quantum field theory. Our perturbative
approach is based upon nonhomogeneous free propagators
and time-dependent vertices, which explicitly break space-
time translational invariance and properly encode the de-
pendence of the system on the time of observation. The
forms of these propagators are constrained by fundamental
field-theoretic requirements, such as CPT invariance of the
action, Hermiticity properties of correlation functions, cau-
sality and unitarity. We have shown that our perturbative
approach gives rise to time-dependent diagrammatic per-
turbation series, which are free of pinch singularities. The
absence of these pinch singularities results from the system-
atic inclusion of finite-time effects and the proper consid-
eration of the time of observation. We emphasize that this is
achieved without invoking ad hoc prescriptions or effective
resummations of finite widths. In our formalism, we have
derived the new master time evolution equations (7.13) and
(7.14) for particle number densities and statistical distribu-
tion functions, which are valid to all orders in perturbation
theory and fo all orders in gradient expansion. Furthermore,
the master time evolution equations (7.13) and (7.14)

[

respect CPT invariance and are also invariant under time
translations of the CTP contour. As opposed to other meth-
ods, in our perturbative approach, we do not need to employ
quasiparticle approximation and no assumption is neces-
sary about the separation of time scales.

We have shown how the effect of a finite time interval since
the start of evolution of the system leads to violation of energy
conservation, as dictated by the Heisenberg uncertainty prin-
ciple. Our approach permits the systematic treatment of the
pertinent generalized kinematics in this evanescent regime.
We have found that the available phase space of 1 — 2 decays
increases and would-be kinematically disallowed processes
can still take place at early times, contributing significantly to
our time evolution equations. Within a simple scalar model,
we have illustrated that these kinematically forbidden eva-
nescent processes are the 2 — 1 processes of Landau damp-
ing, as well as 3 — 0 processes of total annihilation into the
thermal bath. The processes of Landau damping and total
annihilation have been shown to contribute promptly to the
particle width, to a level as high as 20%. The switching on of
the interactions leads to a quantum quench in the system,
which manifests itself as a rapid change in both the particle
width and the collision terms of the time evolution
equations. These early-time effects give rise to an oscillat-
ing pattern, which persists even at later times. We have
demonstrated that these late-time memory effects exhibit a
non-Markovian evolution characterized by oscillations with
time-dependent frequencies. The latter constitutes a distinc-
tive feature of proper nonequilibrium dynamics, which is
consistently predicted by our perturbative approach.

We note that the rapid transient behavior of the system
makes the method of gradient expansion unsuitable for
early times. We emphasize that in our approach no as-
sumption was made as to the relative rate of thermalization
of either the statistical or spectral behavior of the system.
For the considered initial conditions of thermal equilib-
rium, we have found that the spectral evolution resulting
from evanescent contributions is critical to the early-time
statistical dynamics of the system. Consequently, it would
have been inappropriate to assume a separation of time
scales at early times. A more accurate numerical solution
to our time evolution equations turns out to be computa-
tionally intensive and may be presented elsewhere.

Finite-time effects, which are systematically incorporated
in our perturbative approach, are also relevant to many-body
systems whenever a natural characteristic time scale for
perturbations arises in such systems. Thus, in addition to
possible applications to reheating and preheating, of par-
ticular interest are first-order phase transitions. For instance,
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such characteristic time scales result from the bubble wall
velocity of nucleation in the electroweak phase transition,
e.g. see [113,114]. In the vicinity of the bubble wall, eva-
nescent contributions may weaken the constraints of decay
and inverse decay thresholds and so affect the washout
phenomena and the generation of relic densities. This eva-
nescent regime is particularly relevant to prethermalization
[115] and isotropization [63] time scales, which are known
to be shorter than the time scale of thermalization.

It is straightforward to generalize our perturbative ap-
proach to theories that include fermions and gauge fields.
Thus, it would be very interesting to extend the classical
approaches [86,116] to kinetic equations of particle mixing
to nonhomogeneous backgrounds, by including finite-time
evanescent effects in line with the nonequilibrium formal-
ism presented in this paper.
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APPENDIX A: PROPAGATOR PROPERTIES
AND IDENTITIES

In this appendix, we give a detailed summary of the
transformation properties and identities that relate the vari-
ous propagators defined in Sec. II. In detail, the pertinent
two-point correlation functions for the complex scalar field
X are given by

iA(x, y) = ((x(), xT ], (Ala)
iA(x,y) = {x (), xTO)D, (Alb)
iAg(x, y) = 0(xg — yo)iA(x, y), (Alc)
iAA(x’ y) = _a(y() - X())iA(X, )’); (Ald)
i) = 3 e~ Y0 XTI, (Ale)
iA=(x,y) = (Y(O)xXT ), (Alf)
iA-(x,y) = (X T)x()) (Alg)
iAR(x, y) = (TIx)xT ), (Alh)
iAp(x, y) = (TLx(x)xT ()] (Ali)

The definitions of the charge-conjugate propagators follow
from the unitary transformation

Uix(x)Uc = xC(x) = nxt(x),
Ulxt(0)Uc = x“1(x) = 7" x(x),

where the complex phase 7 satisfies |9]*> = 1.

It follows from the definitions that the propagators sat-
isfy the transformations listed below under charge and
Hermitian conjugation:

(A2a)
(A2b)
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Alx, y) = —A*(y, x) = —A%(y, »), (A3a)
Aj(x,y) = —A(, x) = Af(y, x), (A3b)
Ap(x,y) = A%y, x) = AG(y, x), (A3c)
Ar(x, y) = A (x, y) = AL (3, x) = AS(y, %), (A3d)
Ao(x,y) = —AL(nx) = AS(y,x) = —AS(x,y), (A3e)
Ap(x,y) = AS(y, x) = —AL(nx) = —AS*(x,y),  (A3D)

where the action of charge conjugation is trivial in the case
of a real scalar field. In the double momentum representa-
tion, these identities take the form:

A(p,p')=—A*(p',p)=—A°(=p',—p), (Ada)
A(p, p")=—A%(p, p)=AS(—=p',—p), (A4b)
Ap(p, p')=A%((p, p)=A%(—p',—p), (Adc)

Ar(p, p") = AL (=p, —p") = A%(p', p) = A{(=p". — D),

(Add)
Ao(p,p))=—A%L(p,p)=AS(=p',—p)
=—A%(—p,—p), (Ade)
Ap(p, p)=AL(=p', —p)=—As(p', p)
= —AG(~p.—p). (A4f)

Finally, in the Wigner representation, the propagators sat-
isfy the following properties:

A(g, X)=—A%(g,X)=—A(—¢,X), (A5a)
A(g, X)=—A%(g, X)=Af(—¢,X), (A5b)
Ap(g, X)=A%(q,X) = A%(—¢,X), (A5c)
Ar(g, X)=AF" (¢, X) =A% (q. X) =A{(—¢.X), (A5d)

Ao(g.X)=—A%(g.X)=A%(—¢,X)=—A%(—¢,X),
(A5e)

Ar(g, X)=AE(—=q.X) = —A}(g. X) = —A§(—¢,X).
(ASf)

We also list the following set of useful identities:

Alxy)=A-(xy)—A<(xy)
=Ar(xy) —Ax(xy),
=g(xg—yo)(Ap(x,y) — Ap(x,y)), (Aba)
Aj(xy)=A=(xy) +A(xy)=Ap(x,y) + Ap(x,y),

(A6Db)
AR(A) (x,y)=Ap(x,y)— A<(>)(?Cy y)
:_AD(x:y)+A>(<)(x)y): (A6C)
1
App)(x,y) =§((—)2Ap(x, V) FA-(xy)+A(xy),
(A6d)
1
Ap(x,y) :E(AR(X) y)+AAxY)
1
:_(AF(x’y) - AD()C’)’))- (A6e)

2
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We note that analogous relations hold for the correspond-
ing self-energies and that these identities and relations are
true for free and resummed propagators.

APPENDIX B: CORRESPONDENCE BETWEEN
IMAGINARY AND REAL-TIME FORMALISMS

In this appendix, we briefly outline a number of relevant
details of the ITF of thermal field theory. These details are
discussed in the context of the real scalar field theory
introduced in Sec. II. Subsequently, we identify the corre-
spondence of the ITF ®-scalar propagator and its one-loop
nonlocal self-energy with results calculated explicitly in
real time, using the CTP formalism of Sec. IIl in the
equilibrium limit discussed in Sec. V.

The equilibrium density operator p.q in (5.6) permits a
path-integral representation in negative imaginary time.
The ITF generating functional is

2] = f [dcp]exp(—s‘[cp] + f( )ﬁ dr, [ d3xJ()‘c)(I)(x)),
(B1)

with action

_ B 1 1

S[®] = [ dr, fd3x(5 9, D), P(x) + EMzclﬂ(;z)
0

+ % g®3(x) + %)\Cb“()‘c)). (B2)
We emphasize the restricted domain of integration over the
imaginary time 7, € [0, 8]. Four-dimensional Euclidean
space-time coordinates are denoted by a horizontal bar, i.e.
%, = (7,,x). In the limit 8 — oo, (Bl) is precisely the
Wick rotation to Euclidean space-time of the Minkowski-
space generating functional via the analytic continuation
Xo — —IT,.

The free imaginary-time propagator A° may be written
as follows:

A%(x )
1§ &dp .
=_ 2 fo(=m)+p &=DIA (i, B3
B(}_ -~ (277_)36 0(1(1)( p)) ( )
where
- 1
AO | X = B4
(l(()({ p) a)% i p2 +M2 ( )

is the so-called Matsubara propagator. The discrete
Matsubara frequencies w, = 27€¢/8, £ € Z, arise from
the periodicity of the imaginary-time direction in order to
satisfy the KMS relation [cf. (5.15)]

Az —3) = MG -5+ ). (BS)
The resummed Matsubara propagator is given by the
imaginary-time Schwinger-Dyson equation
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A Yiwg, p) = A" Yiwe, p) + H(iw, p),  (B6)

where Il(w, p) is the imaginary-time self-energy.
Equation (B6) may be inverted directly to obtain

1
w? +p* + M? + (iw, p)

Aliwe, p) = (B7)
The free Matsubara propagator in (B4) may also be
written in the following spectral representation:

dko A°(ko, p)

AO ) ) = —i )
(iwe p) ! 2T iwg — kg

(B8)

where

iA%(ko, p) = 2me(ko)8(ks —p* —M?)  (BY)

is the single-momentum representation of the free Pauli-
Jordan propagator, consistent with (2.16a). Making the
analytic continuation iw, — p, + i€ to real frequencies
and comparing with the spectral representation of the
retarded propagator Ay in (2.22), we may establish the
correspondence

Aiwg — po + i€, p) = —A%(p). (B10)

This correspondence must also hold for the resummed
Matsubara propagator A via (B6). As such, the analytic
continuation of the ITF self-energy II,

M(iwe — py + i€, p) = —r(p), (B11)

yields the equilibrium retarded self-energy Ily.

Thus, in thermodynamic equilibrium, an exact correspon-
dence can be established between the ITF and the real-time
approach of the CTP formalism, by means of retarded
propagators and self-energies. The full complement of
propagators exhibited in Table II and the corresponding
self-energies may be obtained using the constraints of cau-
sality (2.24) and unitarity (2.28) in combination with the
KMS relation (5.16) and the condition of detailed balance
(5.25). The relationships between the retarded and CTP
propagators and self-energies are listed explicitly in (5.19)
and (5.26).

To illustrate the correspondence in (B11), we consider
the one-loop bubble diagram of the real scalar theory in
(2.1). The real and imaginary parts of the retarded self-
energy IIz may be calculated in the CTP formalism from
the time-ordered I1 and positive-frequency Wightman I1-
self-energies, respectively, using the relations in (5.26).

The real part of the one-loop retarded self-energy Hg) is
given by

(—ig)* [ d*k
2 2m)*

(B12)

where iA%(k) is the equilibrium CTP Feynman propagator
in (5.10a). Explicitly, we have
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¢k 1
Rell{ [ f
R (p) 2 (277)3 4E\E, a==1 (p—k)>#M?
2E1
+ dk 56
a;ﬂ j;z;&Mz 02 2 (po —
where E; = E(k) and E, = E(p — k). The integral sub-

scripts remind us that the integration around the on-shell
poles is understood in the Cauchy principal value sense.
Integration over k yields the result

&Pk o,

(277' )3 4E E2

% 1+ fB(alEl) + fe(arEs)
Po— a 1By — arE,

RellR(p) =

,  (B14)

where we have used the short-hand notation {a} to denote
summation over a;, a, = *1.

The one-loop positive-frequency Wightman self-energy
is given by

zg) d4k

i (p) = FIAL(K)IAL(p — k). (B1S)

Using the signum form of the equilibrium positive-
frequency Wightman propagator iA% (k) in (5.10b), we
obtain

(1) . a;a;
H> (p)_”TgZ%f(z )3f 4E|E2
X 8(ko — a E)8(po — ko — ar Ex)(1 + fg(ko))
X (1+ fg(po — ko)) (B16)

The product of Bose-Einstein distributions in (B16) satis-
fies the following relation:

Fe(ko)fe(po — ko) = fe(po)(1 + f(ko) + fB(Po — ko))
(B17)
Thus, upon integration over k,, we find
1) _ 2 d3k a1y
M) =im1+ fp0) 3 [ 5
X 8(po— @ E| — asE))
X (1+ fglaEy) + fo(ayEy)). (B18)

Using the relation in (5.26¢), the imaginary part of the one-
loop retarded self-energy may then be written down as

1) '7Tg dk a1a2
ImIT (p) = Z[ () 4E,E;

X 8(po — a,E)
X (1+ fglaEy) + fplazEy)).

a By —
(B19)
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2F,

kao a1k )( +fB(k0))

b= a3+ folpo — ko) ] (B13)
|
In the ITF, the one-loop self-energy is given by
—~ W (iw, p)
2 4o
-2 s K R 00, A0 — ,), p— K).
e (2 )
(B20)

After performing the summation over n (see for instance
[100]), we obtain

! B g d’k o,
H( )(l(l)f, p) Z,[(Q/JT)S 4E1E2

1 + felaiE)) + felayEr)
l(l)g - alEl - CY2E2 )

(B21)

Making the analytic continuation iw, — po + i€ and sub-
sequently extracting the real and imaginary parts, the result
in (B21) agrees with (B14) and (B19) via the correspon-
dence in (B11).

APPENDIX C: THE COMPLEX SCALAR FIELD

This appendix describes the generalization of the results
in Secs. IV C and V to the case of a complex scalar field y.
In particular, we derive the full complement of nonhomo-
geneous free propagators and expand upon the ITF corre-
spondence identified in Appendix B.

Our starting point is the complex scalar Lagrangian

L&) = 9, xT(0)a# x(x) = m?xt(x) x(x)
— AT )X ()P (CDH

In analogy to (2.11), the complex scalar field y(x) may be
written in the interaction picture as

X Ty) = f 4T, (a(p, 0 7, e E W ¢ipx
+ bT(p, 0; Ei)eiE(P)xoe—ipx), (CZ)

where af(p, 0;7,) and a(p, 0; 7;) (bT(p, 0;7;) and b(p, 0; 7))
are the interaction-picture particle (antiparticle) creation
and annihilation operators, respectively. Under C conjuga-
tion [cf. (A2a)] these creation and annihilation operators

satisfy the transformations
Uta(p. :7)Uc = nb(p. 7). )
UébT(P, f Ei)UC = naT(p, f ;i)‘

Introducing the four-dimensional LIPS measure from
(2.3), the field operator (C2) and its Hermitian conjugate
may be recast in the form
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- d4 . -

x(x; 1) = [ (2771;46‘”’"‘)((19;%), (C4a)
- d4 . -

o) = [ (277’;4e—ww(—p; £).,  (C4b)

where the Fourier amplitudes are given by
x(p: 1) = 2mw8(p* — m*)(0(po)a(p, 0; 7))

+ 6(—po)bT(—p, 0: 7).
For the real scalar field, the quantization scheme was only
dependent on the restriction placed upon the form of the
field commutator. In the case of the complex scalar field, we

have 2 degrees of freedom to fix. Thus, we begin with the
following two commutators of interaction-picture fields:

x@), xN]1=0, [x(x), xT(]=iA’xy;m?), (C6)

where the Pauli-Jordan propagator has precisely the form in
(2.15). In analogy to the real scalar field, we may derive
from (C6) the equal-time commutation relations

iA(x, y; m?)|o—yo—; = [x(7 x), X7, y)] = 0, (CTa)
3y, 1A% (x, y; m?) oo yo—; = [t (7 %), X (7 y)]

(C5)

= —i6C(x —y), (C7b)
Ay, 1A (x, yim?)|o_jo_; = [x(7 x), w(7,y)]
=i8¥(x —y), (C7c)
94,03, 1A (x, ys )| o_yo_; = [71 (7, x), w(7, y)] = 0,
(C7d)

where 7(x) = 9, x1(x) is the conjugate-momentum opera-
tor. The particle and antiparticle creation and annihilation
operators necessarily satisfy the algebra

La(p, 7), aJ‘(p’, )] = [b(p, D), bJr(p/’ )]
= 2m)*2E(p)50 (p — ple @I,

(C8)
|
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with all other commutators vanishing. We stress again that
the phase factor e ““£®)7=7) on the rhs of (C8) has appeared
due to the difference in microscopic times of the interaction-
picture creation and annihilation operators.

In addition to the C-conserving propagators listed in
Appendix A, we may also define C-violating propagators.
As an example, the C-violating Hadamard propagator
Ay¢(x, y) would read

iAp(x, y) = {x(x), x(D, (C9)
which satisfies
Ag(x y) = Ay, x) = —=n* A y). (C10)

This Hadamard correlation function may, in general, be non-
zero for early times, thus permitting extra C-violating eva-
nescent processes in addition to those described in Sec. IX.

In analogy to (4.53), we write the following set of EEVs
of two-point products of particle and antiparticle creation
and annihilation operators:

(at(p', 7 1)alp, ;7)) = 26(p, p)f(p. P’ 1), (Clla)
b(p', iy31)alp, i 1)), = 2E(p, p)g(p, P’ 1), (Cllb)
(a(p’, i1; 1})a(p, i 1)), = 2E(p, p)h(p, p', 1),  (Cllc)

(b, T T)alp, T3 1)), = 2E(p, p)d(p, p’, 1), (Cl1d)

where the remaining EEVs are obtained by Hermitian
and charge conjugation. The four statistical distribution
functions f, g, h, d satisfy the following identities:

fp,p. 1) = f(p.p 1) (C12a)
gp.p’, 1) =g(pp 1), (C12b)
h(p,p’, 1) = h(p’, p. 1), (C12c)
d(p,p', 1) = n*d (p’, p, 1). (Cl12d)

The nonhomogeneous free propagators of the complex
scalar field y may be written as listed in Table II with the
substitution of the following ensemble function:

F(p. p's 1) = 6(pe)6(pp)f(p, ', 1) + 6(= po)6(— po) f*(=p, =P, 1) + 6(po)8(— pp)g(p, —p'. 1)

+ 0(—po)8(py)g< (—p, p'. 1),

(C13)

satisfying the relations: f(p, p, 1) = f¢(—p’, —p, 1) = f<*(—p, —p', 1) in accordance with (A4). The free C-violating
Hadamard propagator A?(Z(P’ p', 17 1;), defined in (C9), may be written down as

Aig(p, pl i 1) = —i2md(p* — m?)12po|'/22d(p, p', 1)e! PP |2 |12 8(p? — m?),

(C14)

where we have defined the C-violating ensemble function d(p, p',1). Evaluating the EEVs directly, we find

d(p, p', 1) = 0(py)0(ph)d(p, p', 1) + 6(—po)O(—ph)*d*(—p, —p', 1) + 0(py)O(—ph)h(p, —p', 1)

+ 6(=po)0(p) n*h*(—p, p', 1),

satisfying the relations: d(p, p', 1) = d°(—p/, —p,t) = 7

2 a?C*

(C15)

(=p,—p' ).

The inclusion of the C-violating distribution functions requires the addition of the C-violating source [, to the
expansion of the kernel of the density operator in the CTP generating functional, according to our discussion in
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Sec. IVA. Omitting the ¢ dependence of the sources for notational convenience, the CTP generating functional for the

complex scalar field y takes the form

Wl K L) = =it [[Ta0eexp e[ SDet 1+ [ il + xdwye o)

+ ,[[Ql dxdx! (T o)k (x, &) P (') + %X“(x)llb(x, ) xP(x) + %Xﬂ(x)lah()ﬁ )Pt E) + - ]}

The bilocal sources k,, and [,, necessarily satisfy the
identities

kap 6, x') = k5 (%), Ly x) = L,(x, ), (C17)

to ensure that the exponent of the generating functional is
CPT invariant. The subsequent derivation of the effective
action then follows analogously to Sec. IV.

The Lagrangian in (C1) is invariant under the global
U(1) transformation
()= Y0 =e"xx), x')—xTx)=e“xt),

(C18)
entailing the conserved Noether current
Ju () = i T ()9, x(x) = (8,1 () x(x),

with corresponding conserved charge

19 (x): = fd3x:j0(x):

(C19)

= [ alty (@t b, 0)a(p.0) ~ b (p. 0)b(p.0),

(C20)
|

iA)p) = i(p? — m? + ie)” ' + 2m(0(po) fa(po) + (= po)f§(—po)S(p* — m?),
iAL(p) = 2a[0(po)(1 + f5(po)) + 0(=po)f§(—po)18(p* — m?),
iAL(p) = 270(po) fa(po) + 6(—po)(1 + f5(=po))16(p? — m?).

(Cl6)

|

where :: denotes normal ordering. The existence of this
conserved charge necessitates the introduction of a chemi-
cal potential p and, as such, the equilibrium density op-
erator is of the grand-canonical form

p(B, p) = e PH 1O, (C21)
In the presence of this chemical potential, the KMS rela-
tion in (5.15) generalizes to
AL =y, x —y)=e PFA(X* =Y +iB x —y)
(C22)
or, in the momentum representation,
A-(p) = eﬁ(pO_M)A<(P)- (C23)
Proceeding as in Sec. III, we find that the final constraint on
f(p), generalizing (5.17), is

F(p) = 0(po)fa(po) + 0(=po)fS(=po),  (C24)

where flgc)(po) = (ePlro=(Hul — 1)~1 is the particle (anti-
particle) Bose-Einstein distribution function. In equilib-
rium, translational invariance is restored and the elements
of the free CTP propagator may be written in the single-
momentum representations

(C25a)
(C25b)
(C25¢)

In order to define the ITF generating functional for the grand-canonical partition function in (C21), one may consider the
Hamiltonian form of the path integral directly (see for instance [100]). We may write

Z[j] - f [d(t, M)A, X)]CXP{_ [0 P dr, f Ox[H (7D, yD) = (D), x @) + 71 (@9, (D)

— ip(at (@) )T (%) — m(@)x () — jT @) x(x) - x*(@j(fc)]},

where

H (D, V) = 7t (@) m(x) + VYT (%) - Vy(E) + m?xT (@) x(x) + H"(xT, x)

(C26)

(C27)

is the Hamiltonian density and J{ ™ is the interaction part. Expanding the fields and conjugate momenta in terms of 2 real

degrees of freedom y,(X) and 7 ,(%) as
1 N
X (%) = \/—5()(1 (X) + ix2 (%)),

1

NGl

(%) = —=(m (%) — imy (%)), (C28)

we may analytically calculate the Gaussian integrals over 7 ,(%), yielding

Z[j] - f [d(xt )] exp[— [0 ’ dr, [ Bx((8,, + wWxt @, — wWx® + Vat® - V@ + mxt @x(@)

+ Hit(t ) — HExE) - /\/T(J?)j()?))}

(C29)
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In order to derive the form of the ITF y propagator, we
insert into (C29) the Fourier transform

= 1 < d3p ilwer+p-x] (;
X(%) ~ 5 > fwe TPy (iwg, p),  (C30)
{=—o00

where w, are the discrete Matsubara frequencies described
in Appendix B. The effect of the chemical potential is to
shift the poles of the Matsubara propagator, which becomes

1
(we +iw)? +p> +m?

A(iwy = p,p) = (C3D)
In generalization of the correspondence in (B10), the equi-
librium retarded propagator Ay is obtained by the analytic
continuation iw, — u — po + i€ via

A%iwy — p— po + i€, p) = —AY(p). (C32)

PHYSICAL REVIEW D 88, 085009 (2013)

Correspondingly, the equilibrium retarded self-energy Iy
is given by

H(iwe — p — po + ie) = —Ig(p), (C33)

thereby generalizing (B11).

APPENDIX D: NONHOMOGENEOUS
DENSITY OPERATOR

In (D1), we highlight the full form of the series expansion
of the general Gaussian-like density operator described in
Sec. IV C. Symmetric and asymmetric multiparticle states
are built up by summing over all possible convolutions of
the W amplitudes. To facilitate our presentation task, the
time dependence and phase-space integrals have been omit-
ted. In fact, all momenta are integrated with the LIPS
measure given in (2.3).

1 1
p= (1 +§W10(P130)W01(03P1) "‘ZW20(P1,P230)W02(03P2:Pl) +-- )

o 0XO1+ (= Wi (150) + 31, K 50 Wio(a150) + 3 Wa(K . 1200 Won (0:0,) -+ - Yk, YO

1 1
(= Wor (00) 3 Wor a0 Was(askl) + 5 Won O] Wao(aii0) - )IO)K]|

1
+ ((277)32E(k1)5(3)(k1 — k1) — Wy (k k) + Wio(k,:0) W, (0:k}) +§W11(k13Q1)W11(‘11 k')

1
Wk 4120 W (0 k) +- )k )

1 1 1
+ §<_ Wao(k 1, K5:0)+ Wio(k:0)W)o(k,:0)+ EWI 1(k:q)Wy(q;, ky:0) + §W1 1(Ko:q ) Wao(qy, ky:0)+ - ‘>|k1, k)0l

1 1 1
+ §<_ Woz(o:k/, k/2)+W01 (Ok/l)WOI(Ok/Z)—i_EWOZ(Ok/l’ ql)Wll((h:klz)‘i' EWoz(O:k/, QI)WII(QI k/l) + - ')|O><kl, k/2|

2

1
+ _(Wll(kl :kll)WIO(kZ:O) + Wll(kZ:k/l)Wlo(kl 0) + Wzo(kl, k20)W01(0k/1) + - ')lkl, k2><klll

1
+ E(Wll(kl KD Woi(0:K5) + Wiy (K k) Wy (0:k ) + W (0:k G, K5 Wio(Kk:0) + -+ +) [k )k, K |

1

1
+ E(Wzo(kb k,:0)Wio(k3:0) + - -) [k, ko, k30| + E(Woz(()ik',k/z)Wm(Oikg) + - )|0)(k}, k5, K5

1 1
+ |:§<(27T)32E(k1)5(3)(k1 — k1) — Wy (k; k) + Wio(k:0) Wy, (0:k1) +§W1 1(k:q)Wi(qp:k))

1
W01, 4, 0)Wos(0:q, k) + - -)((277)32E(k2)5<3)(k2 — Kb) — Wy (Katkb) + Wy (Ka:0) Woy (0:KD)

1 1 1
+ §W11(k2¢Q2)W11(Q25k/2) + szo(kz» q2:0)Wp(0:qp, k) + - ) + Z<—W20(k1y k,:0) + Wyo(k;:0) W (k,:0)

1 1
+ §W11(k1¢Q1)W20(Q1, k,:0) + §W11(k21Q1)W20(Q1: k:0)+-- ')(—Woz(()ik/p k5) + Wy, (0:k ) Wo,(0:K5)

2

1 1
+ =W (0:k}, q) Wy, (q,:k)) +§W02(03k/2’Q1)W11(QI5k/1) +-- ')]|k1, ko) (ki K5+ - }

(DD
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APPENDIX E: GRADIENT EXPANSION OF the partial inversion of the Schwinger-Dyson equation

KADANOFF-BAYM EQUATIONS derived in Sec. IVA. Herein, we omit the 7, and #; depen-

In this appendix, we outline the derivation and gradient dence (_)f all propagators and self-energies for notational
convenience.

expansion of the Kadanoff-Baym equations [80,81]. The
resulting time evolution equations are included here for
comparison with the new results described in Secs. VII
and IX. The Kadanoff-Baym equations are obtained by
|

Inverse Fourier transforming (7.5), we obtain the
coordinate-space representation of the partially inverted
Schwinger-Dyson equation

— (O3 + MP)A=(x y) + jﬂ d*z(Il=(x, 2)Ap(z, y) + IIp(x, 2)A=(z, y)

_ % [ 2= (x, A= (2 y) = M= (x, DA(z,¥), ED
Q!

where we have also included the positive-frequency contribution for completeness. Introducing the relative and central
coordinates R* and X* via (4.38), we may show that the d’ Alembertian operator may be rewritten as

1

Performing a gradient expansion of the Wigner transform of (E1), as described in Sec. IV B, we obtain

1 a0
2-M?+ig- oy — 0% )A= +
(q M= +iq-dyx 4DX)A<(q, X) f(277)4

(= 5 x)ae(a = 50} s = 5 0)}ao(a = 5 2))
92 5@ expl-itQ X + 07y + 205 ({11-(a+ 2. x)Ha- (- 5. %)}

R )

2 ) 2n)?
The diamond operators < *{e}{e} are defined in (4.46) and (4.47) of Sec. IV B. Subsequently separating the Hermitian and
anti-Hermitian parts of (E3), we find the so-called constraint and kinetic equations

Qm)* 8" (Q) exp[—i(Q - X + Oy + 205 )]

1 d*
<q2 - M? - ZD%)A;(Q, X) + _[(27TQ)4 Qm)*8W(0)cos (0 - X + Cox 205

(=5 el =5 ) ol - 5 )ffa=(o -5

-3 (“2‘;% o (@)sin(@ X + 0,y +205 ({1-(a+ 7 fa<a- T J)

B )

g ixbsa. 0~ [ %(zﬂ“&“(g) sin(@ X+ 0, + 205 )([112(g+ £ x)fas(s - £.%)]

o oo 49)

_ 5 f (;“34 m)*6(Q) cos (Q - X + Oy + 2°é,x>({“>(‘f * %’ X)HA<<" - %’ X)}

o L9~ )

respectively.
In the late-time limit t — oo, the Q dependence is removed and the microscopic violation of energy conservation
resulting from the uncertainty principle is neglected. As was established in Sec. IX, this microscopic violation of energy
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conservation is significant to the early-time dynamics of the system. Subsequently, keeping terms to zeroth order in the
gradient expansion, the above expressions reduce to the following differential equations [1,59,60,80,81]:

(¢* — M*)A=(g, X) = —(T=(q, X)Ap(g, X) + T p(g, X)A=(g, X)), (E5a)
i
q : aXAz(qy X) = E(H>(q: X)A<(qy X) - H<(Q» X)A>(Q; X)) (ESb)
|
The kinetic equation (E5b) is to be compared with the Bg:O(q, my, ny)
semiclassical Boltzmann transport equation and the 44k
energy-conserving limit of our time evolution = Q)+ j - = 1 1 .
equations in (7.17). im K — m% +ie(k—q)* — m% tie
(F1)

APPENDIX F: NONHOMOGENEOUS LOOP
INTEGRALS

In this final appendix, we outline the techniques we have
been using to perform the loop integrals that occur with the
modified time-dependent Feynman rules of this new per-
turbative approach. In particular, we develop a method
for dealing with the energy-non-conserving vertices that
utilizes the Laplace transform. Lastly, we summarize the
time-independent equilibrium and time-dependent spa-
tially homogeneous limits of these integrals.

We begin by defining a generalization of the zero-
temperature B, function [117]

|
dik, d*k, d*k, d*K

To this end, we define the nonhomogeneous CTP B, func-
tion shown in Fig. 17, which may be written in the 2 X 2

matrix form as
B B
Bep=| 0 70 | (F2)
Bo —BS

consistent with the propagators and self-energies of the
CTP formalism in Secs. I1I and IV. The elements of B¢’ are
given by the following integral:

BI(q1, o my, my, T2 1) = Qa0 [ s f

im Qm)* Qm)* Qm

)24 Qm*8\¥ (g — ki — k) 2m)*

X 8 (g, — ki — k) d A (ky, Ky, my, T3 T)AG (g, Ky, o, T T, (F3)

where 6\ is defined in (3.52) and (3.53), A% (p, p/, 1) is
the free CTP propagator derived in Sec. IV C and the upper-
case roman C denotes the charge-conjugate free CTP propa-
gator. We reiterate that lower-case roman CTP indices are
raised and lowered by contraction with the SO(1, 1) metric
1. = diag(l, —1) and that ., = +1lisfora =b =c =
1, . = —1fora =>b = c = 2and n,,. = 0 otherwise.

In the definition (F3), we have assumed that the statis-
tical distribution functions are cut off in the ultraviolet.
Thus, any ultraviolet divergences anticipated from the
superficial degree of divergence of the integral will be
those that result from the homogeneous zero-temperature
contribution. As a result, the dimensional regularization of
the integral has been restricted to the k; dependence only.

FIG. 17. The nonhomogeneous B3> function.

|

In order to deal with the product of time-dependent
energy-non-conserving vertices, we make the following
replacement:

o+io ds 2 45 1
5,08, = [ et ,
()8,(y) ,[g'—ioo 27’ P (x—y)? +4s% (x +y)> + 45>
(F4)

where the rhs is the inverse Laplace transform and s € C s
a complex variable. The Bromwich contour is chosen so
that o € R is larger than the real part of the rightmost pole
in the integrand, in order to ensure convergence. We then
introduce the representation B&%(q,, g5, my, my, s) of the
nonhomogeneous CTP B function through

B(qy, g2, my, my, ff; ;)
o+ico dg

= [ — "B (g1, g2, my, my, 5).  (F5)
o—ico 2TTL

Note that Bgb(q,, gy, my, my, s) is not the exact Laplace
transform of B&®(q,, g,, my, my, t), since we have not trans-
formed the 7 dependence of the distribution functions. We
suppress the dependence of Bg’(qy, g5, my, m,, s) on 7; and
f; for notational convenience.

After making the replacement (F4) in (F3), we obtain the
integral
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Bgb(qy, g my, my, s)=8(27w)4*"e"(‘1?‘qg)’7f'"f

im 2m)* 2m)* (2

)4(2 7389 (q; — ki — k) (27)?

X 89 (qy — K| — k)4s[(q) — g9 — k) + K0 — k3 + kD)* + 45217 '[(q) + g5 — & — K — kY — k})?
+4S2]_ naCdAoe(kl’ k/]yml’ tfvt )A (k2’ k/2’ m2’ ;f’ fi)ngfb’ (F6)
|
in which the analytic structure of the product of formerly _ N \/7,
t-dependent vertex functions is now manifest. €i = &k, ki) = yE(k)E,(kj). (F10)
For conciseness, throughout this appendix we use the Products of unit-step functions are denoted by
short-hand notation:
0(x,y,...,27) = 0(x)0(y)...0(2). (F11)

> (F7)

{a}

for summation over only the a; = *1 and &/ = =1 that
appear explicitly in an expression. On-shell energies are
denoted by

E; = Eik;) = k2 +m )
E) = El(k}) = {k? + m?,

and on-shell four-momenta by
k= k* = (a;E;(k;), k,),
b= R = (k). ) ")
k= kF = (EN(K]), K).

For the energy factor in (4.54), we use the notation

dk; d*k| d*k, d*K)

1. Time-ordered functions

The (a, b) = (1, 1) element of (F3) coincides with the
time-ordered function B, which we may separate into four
contributions (suppressing all arguments):

By = 1V + 1) 4 pliiw) 4 (ib) (F12)
These four contributions are the zero-temperature limit
[1?], the purely thermal term [/)] and the cross terms
[I(iiia) and I(iiib)]_
(1) The zero-temperature part may be extracted from the
product of terms that remain in the limit of vanishing
statistical distribution functions. This part is

Ji0) Gy, My, My, 8(2 4—d t(ql—q)t/[ [ 27)36® —k,)2m7)3
(ql q2, My, My S) ( 7T,LL) l7T (277_)4 (27T)4 (2 )4( 77) (ql 2)( 77)
X 68 (q, — I - k’2)4s[(q1 - q2 — k(l) k’lo — 2 k/20)2 + 4s2]71[(q(1) + qg - k(l) - k’lo — k0 — k/20)2
. 1 1
+ 452] lk% — i€(277)46(4)(k1 —k’l)ﬁ@w)“ﬁ(‘”(k ) — k). (F13)
The kP and kY integrations are performed by means of the delta functions, giving
. d d" 'k, &k} d’k, d’Kk)
19(gy, go, my, my, 5) = Qarp)*= el )tff f 2 Qn} 2n) Q) dk{dk(2m)3 6% (q; — k;y — ky)
0 2 -1
X 2Ps9(q, — k| — kg);[(ql — QO + 47T [(—‘h;"z - kg) + s2]
1 1
2m)38%(k; — k)2m)P8%(k, — k). (F14)

oy

—E} +ie (K))? — E3 + ie

By virtue of the residue theorem, we may perform the k9 and k9 integrations by closing contours in the lower halves of the
kY and k9 complex planes. After collecting together the resulting terms, we find

I(i)(QI’ q2, My, My, S) = _2(277.)3#‘/47(161'((]?

d'k, &’k} Pk, &k}

Qm)d1 2m)? Qm)® 2n) E E2

—q';)ffzf...f
(al

(277)35(3)((11 k; — k;)

1 0. .0 ) -1
X (2m)50(qs — K — kD) —[(g] — 492 + 45T [ — (B, + E — ,s)]

X 2m)3 80 (k, —

k))(2m)38%(k, — kb)),

2

(F15)

or, in terms of the Lorentz-invariant phase-space measures in (2.3),
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19(g1, g2, my, my, 5) = =8(2m) ey f - f dIT{ I dIL, dIT (27)° 6% (g, — ki — ko)27)°
{a}

3) / N0 o 21-1,, | 44+43 !
) (‘h‘kl_kz);[(ﬂh—%) +4s* ] oy | 252 — ay (B + E; — is)
X 2m)32E18%(k, — k!)(2m)*2E, 89 (k, — Kb), (F16)

where the superscript d — 1 indicates that the k; integration is to be taken over a (d — 1)-dimensional phase space.
The Laplace transform F(s) of a complex-valued function F(z) has the following properties:

LReF)(s) = 3[F() + (FG)'] (F172)
£[imEs) = 2. [F ) = (F6™) (FI7b)

We may then identify the dispersive and absorptive parts of the 7-dependent B, function with the parts symmetric and
antisymmetric in s, respectively. With this separation, (F16) becomes

19(q1, g2, my, my, 5) = 8(277)3M4_d€i(q?_qg);-fz'[' o [dH'/fl_lde’]dedek’z(ZW)35(3)(Q1 - k; — ky)27)?
{a}

1 04,0 2
X 690(a — ki = K016 — g + 41 [ 15 - ey + B |+ 7

X {—al[q?;qg — (B + E2)] T is}(277')32E’1 89k, — K)Q@m 2Bk, — Ky, (FI8)

where the delineation between dispersive and absorptive parts is identified within the second set of curly brackets.
Isolating the dispersive part of this result and performing all but one of the remaining phase-space integrals, we find

) 1 1 . - E,+E, 1
Displ (g, o my 0, 8) = Q) — ———_§0)(q, — i(q)—adiy {_ 2 4—dfdd—1k 1 2 -
ispl"(q1, g2, my, my, s) = (2) - (51(1) — q2)2 T 452 (q; — q)e" % Qmu) 1 E\E, =
2 -1
X [(@ — ias) —(E, + E2)2] } (F19)

where Disp stands for the dispersive part. We compare this result to the form of the zero-temperature B, function (F1) after
the k, integration has been performed:

E, +E,

1
E,E, ;[61(2) —(E; + Ep*] 7L (F20)
1

Bl =%(q, my, my) = _(277,“)4#[(1’1711(1

Hence, we may write

. : 1 1 (0 0VF - 0440
_ 4 3 _ - =04t _ ;. aitq
Displ (g1, gz, my, my, s) = (2m)* — (@O — O + 45 89(q; — qp)e™ qz)tf%Bo ( L — s, V5, my, mz), (F21)
where, for d = 4 — 2€ dimensions,
_ 1 4 1 m?
BI=%(¢° — ias, q, my, my) = —— yg + In + I:mz—m2 In—
0 (q q 1 2) € YE myn, (q() _ ias)2 _ q2 ( 2 ]) m%

(F22)

2 + 2 _ 0 _ » 2 + 2
+ AV2((g° — ias)? — q% m3, m%)cosh_l(ml my (g~ ias) + g >]

2m1m2

containing the zero-temperature UV divergence [117]. In (F22), g is the Euler constant and w is the ’t Hooft mass scale.
(i) The purely thermal part is more straightforward to analyze:

085009-56



PERTURBATIVE NONEQUILIBRIUM THERMAL FIELD THEORY PHYSICAL REVIEW D 88, 085009 (2013)

N , - d?k, d*k] d*k, d*Kk,
10(qy, g, my, my, s) = —8Q2mu)*~4 ,(qo_qg_)),,/___[ L= 2L =72 =72 0m)380)(q, — k; — k,)(2m)°
(1, 2 my, . ) = —8(2pa)* el 7 G Gt Gy 270 — Ky~ k)27

X 88(qy — ki — Khas[(q) — ¢3 — kY + k? — k3 + KY)? + 452]7!

X [(q% + g5 — &) — kP — k9 — k)2 + 4521 127 5(k3 — m3)|2k0|1/2

X fi(ky, K, 1)K 200112275 (k2 — m3)2mw8 (k3 — m3)|2k9|1/2

X FS (ky, kb, )" =R0 200 /22778 (K2 — m3). (F23)
Performing the four zeroth-component momentum integrations by virtue of the on-shell delta functions §(k? — m?) and

8(k?? — m?) in (F23), we find

I(ii)(Chy qa, My, My, S) = 8(277)3M4_d6i(q?7q2)ifz[. N ,/del_lde’ldedek’z(27T)35(3)(Q1 -k — ky)27)’
{a}
X 89(q, — k| —K)[(qY — ¢) — @\ E| + &|E} — ayE; + a)ES)? + 457!

0440 E +a E E +a' E'\2 -1 ~ A A . _ -
< [(l]] q, aE\talE]  ayEyta) 2) + S2 21S251f1(k1,k'1, t)et(alE] a|E))iy

2 2 2
X 2, S (ky, kb, t)eil@rBrmearEr)iy, (F24)
Note that the purely thermal part in (F24) contains only absorptive contributions.
(ii1)) The cross terms yield both dispersive and absorptive contributions. The first of the cross terms yields
. - Ak, d*k) d*k, d*k
16 (g, gy, my, my, s) = —8i(2m 4*de’<q?‘43>’/f---[ L — "1 2 2
(ql q2, 1M 2 ) ( M) i772 (277_)4 (277_)4 (277_)4

X 83 (qy — k| —Kk5)4s[(q) — g3 — k9 + K — kS + kD)? + 457!

27)* 6% (q; — k; — ky)(2m)’?

1
X[(q9+q5 — k) — K — k3 — k)% + 4s2]*1—k% i i6(277)45(4)(k1 — kD278 (k3 — m3)124k9|'/?
X fS (o, Ky, 1)K | 210|122 778 (K2 — m3). (F25)

After evaluating the k/°, k9 and k% integrals by virtue of the delta functions, we perform the k¥ integral by closing a contour
in the lower half of the k} complex plane. Equation (F25) may then be written in the more compact form

159(q,, gy, my, my, 5) = =8Pt delai= By f - f dIT{ " dTTg dIT, AT 27)* 6% (g, — ky — ko))’
{a}

1 _
X 89 (q, — k| — ké);[(q? — qg — ayE, + a’QE’z)2 + 452]7!

0440 @B +alE N ~m A A . T
x al[‘“;"z _ B o (E, - ls)] Q2] 89, — K| 2E, 7S 6y, R, 1)ei@aEriBL)E,

2
(F26)
Separating again into dispersive and absorptive parts as in (F18), I1i® may be written as
16 (g1, gy, my, my, s) = 8Q2m) - deli=a)i Yy / e f dIT{ Iy dITy dTT g 2m)* 8% (q) — Ky — ko) (2m)°
{a}
1 _ 04 0 a,Ey+al E 2 -1
X 60)(q, — K| — ki) —{(4) — g — s s + a4 EL + 4] 1[(—%;% - oy E, - B E ) + s2]

X {—al(q?g U R “éE%) " is}(277)32E’1 5k, — k|28, 7S (ky, R, eileaFa et )y

(F27)

Similarly, for the second cross term I(i?) in (F12), we obtain
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160 (g, gy, my, my, s) = 8(27)* el di=a)i Yy f = f dIT{ 1 dIT ATl Ty (27)* 69 (q; — Ky — ko) (27)°
{a}

1 040 o E' 2 -1
X 60(qy — k{ — kb [(q8 — 43 — e By + a{ +4s2]*l[(—"1§"2 _ bl a2E2> +s2]

% {_a2(q?;qg - alEl;a/]_E/' - a2E2> " is}(27)32El25(3)(k2 - kl2)251f1(/€1y A S

(F28)
Collecting the four contributions from (F18), (F24), (F27), and (F28) together, we find the full time-ordered function

By(q1, g2, my, my, 5) = 8(277)3M47d€i(q(‘}_q2);fz'[' o fdnﬁ?ldegdedek;(zﬂ)S(SG)((h -k, — ky)2m)?
{a}

. IAY: . 18°AY3 1
X 500(g, — K — KD2E, - EVI2E, BB [(gf) — ) =, + al B}

_ 0+40 aE\+a' E aEyt+a EL\? -1
—a2E2+a’2E’2)2+452] 1[(‘11242_ 1 12 | R ) 22 2 2) + 52

(g - e BBV, ) + s (8, ) (F29)

where {£} = (&, &, &y, lgé} is the set of on-shell four-momenta. The statistical structure is contained within the distribu-
tions FR({k}, t) and F'({k}, ¢) defined as follows:

FR{EY 1) = Qa3 80k, — k)7 80 (ky — kY)(O(ay, o), ar, o) — 0(=ay, —a), —ay, —ab))

+2m)?80 (ky — k)(O(ay, a)) — 0(—ay, —a))f§ (k. Ky, 1)

+ filky, &, D2m)3 8% (ky — k) (0(ay, ab) — 0(—ay, —ad)), (F30a)
F'{&) 1) = @m)3 80 (k, — k21380 (ky — k) (0(ar), af, ay, ab) + O(—ay, —a), —ay, —ab))

+ 2m)?80 (k, — k)(O(ay, a)) + 0(—ay, —a))f§ (k. Ky, 1)

+ filky, B, 0Q2m)? 8 (ky — K5)(O(ar, ab) + 0(—ay, —ah)) + 2 (ky, k5, 0)fS (ks Ko 1) (F30b)

For completeness, the anti-time-ordered function, obtained from the rhs of (F29) by taking s — —s and multiplying by
an overall minus sign, is given by

—~Bi(q1, o, my, mo, 5) = B pt et~y f . f dIT{ ! dIT dT, AT 27)* 6% (g, — ky — ky)@m)?
{a}

. IR Ay . I8 AY: 1
x 8%)(q, — K — k’z)Zfle'(“‘El_“1E1)t/2526’(a2E2_a2E2)’/;[(q? — ¢ — a\E| + a\E|

_ 0449 aE|+a E! aEy+al B \? -1
—a2E2+a’2E’2)2+4s2] ]I:(‘ilz‘iz_ 1 12 T I 22 2B +s2

x {(‘fﬁjq‘z’ _ B “zEzgaﬁEé)FR({zé}, 0+ isF' (&), t)}. (F31)
Finally, from (4.27a), the “Hadamard” function B}, is given by

By(q1. g my, mo, s) = 16(2m)* = ai= by f . f dIT{ " dlT dIT,dIT (2m)* 6% (g, — Ky — ko)27)°
{a}

. RY: . 18°AY3 1
X 500(gy = K — KD2E, XA EVI2E, BB [(gf) — ) = i + al B}

gl AY -1 ~
— a,Ey + a12E12)2 + 4s2]—1|:(q?§q(z) _ alEl*z'a]El _ aZEZ;azEz) + SZ:I isF'({k}, 1), (F32)

which depends only on F'({k}, 1), as one should expect.
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2. Absolutely ordered functions

We turn our attention now to the (a, b) = (2, 1) and (a, b) = (1, 2) elements of (F2). These are the positive- and
negative-frequency absolutely ordered functions, respectively:

0 0y d9k, d*k! d*k, d*k)
By g1, gz my, my, 5) = —8Qar )t deitdi~a)is f . [ i7T21 (277)]4 (277-)24 (277)24 2m)*8%(q; — k; — ky)(2m)?

X 89 (q, — ki — k’2)4s[(q(1) — qg — k(l) + k’lo - kg + k/20)2 + 452]7!

X [(q) + g3 — & — k? — kS — k)% + 4521727 8(k} — m?)|1269|2(0((—)KS, (—)k)(2m)?

X 8 (ky — ki) + filky, Ky, 0)e D0 2001227 S(KPE = m?)

X 278 (k3 — m3) |2k 2(0((—)KS, (—)k)(2)3 6 (k, — k)

+ F§ (ka, kb, 1)/ SR 20011227 5(KE — m3), (F33)

where 0(x, y) is defined in (F11).
After carrying out the zeroth-component momentum integrals, we obtain

BO>(<)(41, G, My, My, §) = 16(277)3/-Lzlidei(q(lj_qg);fZ ,[ h _[dHﬁ?lde’ldedek§(27)35(3)(Q1 - ki — ky)(@2n)?
{a}

. IAY: . 18°AY3 1
X 50(g, — K — KD2E, - AE VT2, BT [(gf) — ) = + af B}

I aErt+al E 2 -1,
— wEs + a)EY)? + 452]*1[(‘1?3‘13 _ @EAE bt E) + s2] iSO, 0, (F34)

2 2
where
F=O3R, 0= (0((—)ay, (=)a))@m)* 6P (ky — ki) + F(ky, &, 0)(0(—) ez, (—) ) (2m)3 8% (ky — k) + F (ky, k), 1).
(F35)
We may confirm the following relations between the F’s:
FREEY, 0 = F= (k) 1) — F=({&} 1), (F36a)
F'({&} 1) = F> (kY 0 + F={k}, 1), (F36b)

which are in line with our notation for the propagators and the self-energies.

3. Causal functions

We are now in a position to obtain the causal counterparts. Given the relations in (A6c), the retarded and advanced
functions Bg(A) are given by

By M (q1, g my my, 5) = —8QmPpt ety f . f dIT{;dTT dIT, AT 2m)* 6% (g, — ky = ky)2m)?
{a}

x 8¥(q, — k| — ké)ZElei(“lEl7“/1E’l)ffZEZe"(“ZEf“/zE/z)ffl[(q? — ¢ — a,E| + a|E]
T

04 0 Il 1 -1 ~
_ a2E2 + a/ZE/z)z + 4S2]—1<q1;f12 _ alEleralEl _ azEz;agEQ 4 (—)is) FR(A)({k}, t), (F37)

where FRU{k}, 1) = FA{EY, 1).

4. The thermodynamic equilibrium limit

In the thermodynamic equilibrium limit, we expect to be able to recover the results from the discussions of Sec. V, using
the correspondence identified in (5.8). It follows that the various distribution functions satisfy the following factorization:
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FQk, 1) — @a)P 6@k, — k)(0(ay, of) + 0(—a;, —a))2m) 6% (k, — kb)(0(ay, o)

+ 0(—ay, —ay))ajarFog(a Ey, arEy), (F38)
where
Fo(ayEy, ayEy) = (1 + fa(a Ep))(1 + f§(arEy)), (F39a)
Fo(a\Ey, arEy) = frlaiE))f§(arEy). (F39b)
Using the above expressions, we may perform all but one of the three-dimensional phase-space integrations and both of the
“primed” summations in the various B functions. We then obtain the following set of ““‘equilibrium™’ results:
. 1 _
Bo(=By)(q1, g2, my, 1y, 5) = Qmyt 7@ QP as e~ §0)(q; — qp)2mp)*
[dd 'k, — ] ala2[<q‘+q2 —aE; — CYQEZ) +52i|71
7 E\E
{a}
<[ (5~ 1B~ b P (@ By asE) +isFy(a B ask) | (F40a)
1 0 0Vy _
B(?’<’l(QIJ o, My, My, S) (277-)4 Wwel([]? q(z))tfa(:;)(q] - q2)(27TM)4 d

1 2 -1
jdd lkl p Zlgz [(q];r‘h - alEl - Cl’zEz) + S2] 2isFe>cl’<’1(a1E1, a'zEz), (F40b)
{a} 2

1 . .
BOR(A)(ql,qz,ml,mz,s) —(277) 4( — A eildl—q 2)06(3)((11_%)(27,.“)4 d
1 -1
[ 41k, Wg‘gz<q1;qz alEl—a2E2+(—)is> FR™(a,E, aE»), (F40c)
{a}

with ng(alEl, azEz) = Fél(alEl, CY2E2).
At this point, we caution the reader that (F40a)—(F40c) are not the exact equilibrium B, functions. For late times, we may
use the final value theorem
}LHJOF(I) = ls%sﬁ,[F](s) (F41)

to obtain the true time-invariant equilibrium functions:

1 1
Bo(—B2)(q1, qa my, my) = ) 8@ (g, — q) Q)4 [d" 'k “1“2( FR (@, Ey, arE
o(=Bo)(q1, g2, my, my) = (277) (g1 = q2)2mp) % lEEz (+ )27Tq(1’—oz1El—a2E2 cqlaiEy, anE)
i
+§5(CI(1) —aE - a2E2)Féq(a1Elra2E2)>’ (F42a)
> <1 45(4) ya=d d-1y d1%2
By =Ygy, g2 my, my) = iQm)*6W(qy — qo) Qm )Y [ d?7 'k,
o 'E 1E»
X 8(q(1) - alEl - azEz)F;' ! (alEl, CYZEQ), (F42b)
1 1
BR® g, — (28D (g, — ) 4—d fdd—lk @@y L
0 (g1, qamy,my) (2m) (1 — q2)2mp) {%_ 1E1E2 27Tq(1)_a1E1 —wE, + (—)ie
X ng(alEl, azEz). (F42C)

The above expressions are consistent with known results calculated in the ITF or equilibrium CTP formalism (see
Appendix B).

5. The homogeneous limit

Lastly, we summarize the time-dependent homogeneous limit of the By functions. In the spatially homogeneous case,
the F’s satisfy the following factorization:
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F(} 1) — @m0k, — K)(0(a, af) + 0(—a;, —a)))2m)? 8D (k, — Kb)(0(ay, ah)
+ 0(—ay, —a)))From(ay, as, ki, k). (F43)

The set of homogeneous distributions Fj,,,, can be obtained from

Fro Ny, a0, Ky, ko, 1) = (0(=)ay) + 0(a))f (k| 1) + 0(=a) fE(k, |, 0)(O((—)az) + 0(ez) fE (1Ko, 1)
+ 0(—ay)f(Ik,l, 1)), (F44)

using the relations in (F36). Substituting these distributions into the nonhomogeneous B, functions, we perform all but one
of the three-dimensional phase-space integrals and both primed summations. Subsequently, with the aid of an inverse
Laplace transformation with respect to s, the following set of t-dependent homogeneous B, functions are obtained:

BO(_BS)(QD 4o, My, My, ;f’ ;l)
atdy _

_ (0 ,0VF _ 1 1 alEl - azEz
= @m*a0(qy — a)@muy e BT [ otk ] () :
1 : % 1E1E2 27 (qY) — a1 Ey — ayE>) (g3 — a Ey — ayEy)

i
X (8,(qY =g — 8,(q% + @5 — 2a,E| — 20, E)))FR _(ay, @y, ki, qp — Ky, 1) + §5z(f](1) —aE| — ayE))
X 8,(¢0 — a\Ey — atE>)FL. (ay, as k1 4y — k. z)], (F45a)

> <1 - =
BO (QI: 42, My, My, tf9 tl)

) o 1
= i2m)*6%(q, - %)(277'#)47‘16’("?_"2])'/2fdd71k1 8/(q) — v E| — ayE,)

{a} EIEZ
X 8t(q(2) - alEl - azEZ)Fli),;,l(al: ay, kl; ql - kl’ t)r (F45b)
B(l}(A)(QI, q2, My, My, ;f9 ;1)
0_ 07 1 1 M - alEl - a2E2
= 2m)*8V(q) — qu)Qmu)t deln w2 fdd?lkl I:_ 5= .
% E\EL 27 (q) — a\E) — a:E))(¢) — a1 E| — ayEy)

i
X (0la] ~ 49 = 8} + 4~ 2y~ 2:E) + ()3 8,a) — iy — BB}~ any — sk |
X Fign (@, a0, ka1 = kg, 1) (F45c)
In the limit £ — oo, using (3.54) and making the replacement

From(ay, an, ki, qp — Ky, 1) = ajarFe(ay, an, ky, qp — ky), (F46)

we recover the time-independent equilibrium results in (F42).

[1] J.-P. Blaizot and E. lancu, Phys. Rep. 359, 355 (2002). [7] G. Steigman, Phys. Scr. T121, 142 (2005).

[2] G. Aad et al. (ATLAS Collaboration), Phys. Rev. Lett. 105 [8] A.D. Sakharov, Pis’ma Zh. Eksp. Teor. Fiz. §, 32 (1967)
252303 (2010). [JETP Lett. 5, 24 (1967)].

[3] S. Chatrchyan et al. (CMS Collaboration), Phys. Rev. C [9] V.A. Kuzmin, V. A. Rubakov, and M. E. Shaposhnikov,
84, 024906 (2011). Phys. Lett. 155B, 36 (1985).

[4] K. Aamodt er al. (ALICE Collaboration), Phys. Lett. B [10] M. Fukugita and T. Yanagida, Phys. Lett. B 174, 45 (1986).
696, 30 (2011). [11] M.Fukugitaand T. Yanagida, Phys. Rev. D 42, 1285 (1990).

[51 D.N. Spergel et al. (WMAP Collaboration), Astrophys. J. [12] L. Kofman, A.D. Linde, and A. A. Starobinsky, Phys. Rev.
Suppl. Ser. 148, 175 (2003). Lett. 73, 3195 (1994).

[6] D.N. Spergel et al. (WMAP Collaboration), Astrophys. J. [13] D. Boyanovsky, H.J. de Vega, R. Holman, D.S. Lee, and
Suppl. Ser. 170, 377 (2007). A. Singh, Phys. Rev. D 51, 4419 (1995).

085009-61


http://dx.doi.org/10.1016/S0370-1573(01)00061-8
http://dx.doi.org/10.1103/PhysRevLett.105.252303
http://dx.doi.org/10.1103/PhysRevLett.105.252303
http://dx.doi.org/10.1103/PhysRevC.84.024906
http://dx.doi.org/10.1103/PhysRevC.84.024906
http://dx.doi.org/10.1016/j.physletb.2010.12.020
http://dx.doi.org/10.1016/j.physletb.2010.12.020
http://dx.doi.org/10.1086/377226
http://dx.doi.org/10.1086/377226
http://dx.doi.org/10.1086/513700
http://dx.doi.org/10.1086/513700
http://dx.doi.org/10.1088/0031-8949/2005/T121/021
http://dx.doi.org/10.1016/0370-2693(85)91028-7
http://dx.doi.org/10.1016/0370-2693(86)91126-3
http://dx.doi.org/10.1103/PhysRevD.42.1285
http://dx.doi.org/10.1103/PhysRevLett.73.3195
http://dx.doi.org/10.1103/PhysRevLett.73.3195
http://dx.doi.org/10.1103/PhysRevD.51.4419

PETER MILLINGTON AND APOSTOLOS PILAFTSIS

[14]
[15]
[16]

(17]
(18]

J. Baacke, K. Heitmann, and C. Pitzold, Phys. Rev. D 585,
7815 (1997).

L. Kofman, A.D. Linde, and A. A. Starobinsky, Phys. Rev.
D 56, 3258 (1997).

C.M. Bender and S. Sarkar, J. Math. Phys. (N.Y.) 53,
103509 (2012).

E. W. Kolb and S. Wolfram, Nucl. Phys. B172, 224 (1980).
M. S. Carena, M. Quiros, M. Seco, and C. E. M. Wagner,
Nucl. Phys. B650, 24 (2003).

G.F. Giudice, A. Notari, M. Raidal, A. Riotto, and A.
Strumia, Nucl. Phys. B685, 89 (2004).

A. Pilaftsis and T. E.J. Underwood, Nucl. Phys. B692, 303
(2004).

W. Buchmiiller, P. Di Bari, and M. Pliimacher, Ann. Phys.
(Amsterdam) 315, 305 (2005).

A. Pilaftsis and T.E.J. Underwood, Phys. Rev. D 72,
113001 (2005).

S. Davidson, E. Nardi, and Y. Nir, Phys. Rep. 466, 105
(2008).

FE.F. Deppisch and A. Pilaftsis, Phys. Rev. D 83, 076007
(2011).

S. Blanchet, P. Di Bari, D. A. Jones, and L. Marzola,
J. Cosmol. Astropart. Phys. 01 (2013) 041.

T. Matsubara, Prog. Theor. Phys. 14, 351 (1955).

K.-C. Chou, Z.-B. Su, B.-L. Hao, and L. Yu, Phys. Rep.
118, 1 (1985).

N.P. Landsman and C. G. van Weert, Phys. Rep. 145, 141
(1987).

J.S. Schwinger, J. Math. Phys. (N.Y.) 2, 407 (1961).

L. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964) [Sov.
Phys. JETP 20, 1018 (1965)].

R. Kobes, Phys. Rev. D 42, 562 (1990).

P. Aurenche and T. Becherrawy, Nucl. Phys. B379, 259
(1992).

H.-H. Xu, Phys. Rev. D 47, 2622 (1993).

R. Baier and A. Niégawa, Phys. Rev. D 49, 4107 (1994).
T.S. Evans and A.C. Pearson, Phys. Rev. D 52, 4652
(1995).

M. A. van Eijck, R. Kobes, and C.G. van Weert, Phys.
Rev. D 50, 4097 (1994).

B.-R. Zhou, Commun. Theor. Phys. 37, 49 (2002).

J.M. Cornwall, R. Jackiw, and E. Tomboulis, Phys. Rev. D
10, 2428 (1974).

M. E. Carrington, Eur. Phys. J. C 35, 383 (2004).

E. Calzetta and B.L. Hu, Phys. Rev. D 35, 495 (1987).
E. Calzetta and B. L. Hu, Phys. Rev. D 37, 2878 (1988).
G. Aarts and J. Berges, Phys. Rev. Lett. 88, 041603
(2002).

G. Aarts, D. Ahrensmeier, R. Baier, J. Berges, and J.
Serreau, Phys. Rev. D 66, 045008 (2002).

G. Aarts and J.M. Martinez Resco, Phys. Rev. D 68,
085009 (2003).

J. Berges, Phys. Rev. D 70, 105010 (2004).

A. Arrizabalaga, J. Smit, and A. Tranberg, J. High Energy
Phys. 10 (2004) 017.

S. Mréwczynski and P. Danielewicz, Nucl. Phys. B342,
345 (1990).

S. Mrowczynski and U. Heinz, Ann. Phys. (Amsterdam)
229, 1 (1994).

A. Berera, M. Gleiser, and R. O. Ramos, Phys. Rev. D 58,
123508 (1998).

[50]
(51]
[52]
[53]
[54]
[55]
[56]
[57]
[58]
[59]
[60]

[61]
[62]

[63]
[64]
[65]
[66]
[67]
[68]
[69]
[70]
[71]
[72]
(73]
[74]
[75]
[76]
(771

[78]
[79]

[80]
[81]

085009-62

PHYSICAL REVIEW D 88, 085009 (2013)

D. Boyanovsky, H.J. de Vega, R. Holman, S.P. Kumar,
and R.D. Pisarski, Phys. Rev. D 58, 125009 (1998).

A. Niegawa, Prog. Theor. Phys. 102, 1 (1999).

W. Cassing and S. Juchem, Nucl. Phys. A665, 377 (2000).
I. Dadi¢, Phys. Rev. D 63, 025011 (2000); 66, 069903(E)
(2002).

Y. Ivanov, J. Knoll, and D. Voskresensky, Nucl. Phys.
A672, 313 (2000).

W. Buchmiiller and S. Fredenhagen, Phys. Lett. B 483,
217 (2000).

K. Morawetz, M. Bonitz, V. Morozov, G. Ropke, and D.
Kremp, Phys. Rev. E 63, 020102 (2001).

G. Aarts and J. Berges, Phys. Rev. D 64, 105010
(2001).

S. Juchem, W. Cassing, and C. Greiner, Phys. Rev. D 69,
025006 (2004).

T. Prokopec, M. G. Schmidt, and S. Weinstock, Ann. Phys.
(Amsterdam) 314, 208 (2004).

T. Prokopec, M. G. Schmidt, and S. Weinstock, Ann. Phys.
(Amsterdam) 314, 267 (2004).

J. Berges, AIP Conf. Proc. 739, 3 (2004).

A. Arrizabalaga, J. Smit, and A. Tranberg, Phys. Rev. D
72, 025014 (2005).

J. Berges, S. Borsanyi, and C. Wetterich, Nucl. Phys.
B727, 244 (2005).

M. E. Carrington and S. Mréwczynski, Phys. Rev. D 71,
065007 (2005).

M. Lindner and M. M. Miiller, Phys. Rev. D 73, 125002
(2000).

F. Fillion-Gourdeau, J.-S. Gagnon, and S. Jeon, Phys. Rev.
D 74, 025010 (2006).

A. De Simone and A. Riotto, J. Cosmol. Astropart. Phys.
08 (2007) 002.

V. Cirigliano, A. De Simone, G. Isidori, I. Masina, and A.
Riotto, J. Cosmol. Astropart. Phys. 01 (2008) 004.

B. Garbrecht and T. Konstandin, Phys. Rev. D 79, 085003
(2009).

M. Garny, A. Hohenegger, A. Kartavtsev, and M. Lindner,
Phys. Rev. D 81, 085027 (2010).

V. Cirigliano, C. Lee, M. J. Ramsey-Musolf, and S. Tulin,
Phys. Rev. D 81, 103503 (2010).

M. Beneke, B. Garbrecht, C. Fidler, M. Herranen, and P.
Schwaller, Nucl. Phys. B843, 177 (2011).

A. Anisimov, W. Buchmiiller, M. Drewes, and S.
Mendizabal, Ann. Phys. (Amsterdam) 326, 1998 (2011).
K. Hamaguchi, T. Moroi, and K. Mukaida, J. High Energy
Phys. 01 (2012) 083.

C. Fidler, M. Herranen, K. Kainulainen, and P. M. Rahkila,
J. High Energy Phys. 02 (2012) 065.

F. Gautier and J. Serreau, Phys. Rev. D 86, 125002
(2012).

M. Drewes, S. Mendizabal, and C. Weniger, Phys. Lett. B
718, 1119 (2013).

J. Winter, Phys. Rev. D 32, 1871 (1985).

T. Bornath, D. Kremp, W.D. Kraeft, and M. Schlanges,
Phys. Rev. E 54, 3274 (1996).

G. Baym and L. P. Kadanoff, Phys. Rev. 124, 287 (1961).
L.P. Kadanoff and G. Baym, Quantum Statistical
Mechanics: Green’s Function Methods in Equilibrium
and Nonequilibrium Problems (Addison-Wesley Publishing
Company, New York, 1989).


http://dx.doi.org/10.1103/PhysRevD.55.7815
http://dx.doi.org/10.1103/PhysRevD.55.7815
http://dx.doi.org/10.1103/PhysRevD.56.3258
http://dx.doi.org/10.1103/PhysRevD.56.3258
http://dx.doi.org/10.1063/1.4753990
http://dx.doi.org/10.1063/1.4753990
http://dx.doi.org/10.1016/0550-3213(80)90167-4
http://dx.doi.org/10.1016/S0550-3213(02)01065-9
http://dx.doi.org/10.1016/j.nuclphysb.2004.02.019
http://dx.doi.org/10.1016/j.nuclphysb.2004.05.029
http://dx.doi.org/10.1016/j.nuclphysb.2004.05.029
http://dx.doi.org/10.1016/j.aop.2004.02.003
http://dx.doi.org/10.1016/j.aop.2004.02.003
http://dx.doi.org/10.1103/PhysRevD.72.113001
http://dx.doi.org/10.1103/PhysRevD.72.113001
http://dx.doi.org/10.1016/j.physrep.2008.06.002
http://dx.doi.org/10.1016/j.physrep.2008.06.002
http://dx.doi.org/10.1103/PhysRevD.83.076007
http://dx.doi.org/10.1103/PhysRevD.83.076007
http://dx.doi.org/10.1088/1475-7516/2013/01/041
http://dx.doi.org/10.1143/PTP.14.351
http://dx.doi.org/10.1016/0370-1573(85)90136-X
http://dx.doi.org/10.1016/0370-1573(85)90136-X
http://dx.doi.org/10.1016/0370-1573(87)90121-9
http://dx.doi.org/10.1016/0370-1573(87)90121-9
http://dx.doi.org/10.1063/1.1703727
http://dx.doi.org/10.1103/PhysRevD.42.562
http://dx.doi.org/10.1016/0550-3213(92)90597-5
http://dx.doi.org/10.1016/0550-3213(92)90597-5
http://dx.doi.org/10.1103/PhysRevD.47.2622
http://dx.doi.org/10.1103/PhysRevD.49.4107
http://dx.doi.org/10.1103/PhysRevD.52.4652
http://dx.doi.org/10.1103/PhysRevD.52.4652
http://dx.doi.org/10.1103/PhysRevD.50.4097
http://dx.doi.org/10.1103/PhysRevD.50.4097
http://dx.doi.org/10.1103/PhysRevD.10.2428
http://dx.doi.org/10.1103/PhysRevD.10.2428
http://dx.doi.org/10.1140/epjc/s2004-01849-6
http://dx.doi.org/10.1103/PhysRevD.35.495
http://dx.doi.org/10.1103/PhysRevD.37.2878
http://dx.doi.org/10.1103/PhysRevLett.88.041603
http://dx.doi.org/10.1103/PhysRevLett.88.041603
http://dx.doi.org/10.1103/PhysRevD.66.045008
http://dx.doi.org/10.1103/PhysRevD.68.085009
http://dx.doi.org/10.1103/PhysRevD.68.085009
http://dx.doi.org/10.1103/PhysRevD.70.105010
http://dx.doi.org/10.1088/1126-6708/2004/10/017
http://dx.doi.org/10.1088/1126-6708/2004/10/017
http://dx.doi.org/10.1016/0550-3213(90)90194-I
http://dx.doi.org/10.1016/0550-3213(90)90194-I
http://dx.doi.org/10.1006/aphy.1994.1001
http://dx.doi.org/10.1006/aphy.1994.1001
http://dx.doi.org/10.1103/PhysRevD.58.123508
http://dx.doi.org/10.1103/PhysRevD.58.123508
http://dx.doi.org/10.1103/PhysRevD.58.125009
http://dx.doi.org/10.1143/PTP.102.1
http://dx.doi.org/10.1016/S0375-9474(99)00393-0
http://dx.doi.org/10.1103/PhysRevD.63.025011
http://dx.doi.org/10.1103/PhysRevD.66.069903
http://dx.doi.org/10.1103/PhysRevD.66.069903
http://dx.doi.org/10.1016/S0375-9474(99)00559-X
http://dx.doi.org/10.1016/S0375-9474(99)00559-X
http://dx.doi.org/10.1016/S0370-2693(00)00573-6
http://dx.doi.org/10.1016/S0370-2693(00)00573-6
http://dx.doi.org/10.1103/PhysRevE.63.020102
http://dx.doi.org/10.1103/PhysRevD.64.105010
http://dx.doi.org/10.1103/PhysRevD.64.105010
http://dx.doi.org/10.1103/PhysRevD.69.025006
http://dx.doi.org/10.1103/PhysRevD.69.025006
http://dx.doi.org/10.1016/j.aop.2004.06.002
http://dx.doi.org/10.1016/j.aop.2004.06.002
http://dx.doi.org/10.1016/j.aop.2004.06.001
http://dx.doi.org/10.1016/j.aop.2004.06.001
http://dx.doi.org/10.1063/1.1843591
http://dx.doi.org/10.1103/PhysRevD.72.025014
http://dx.doi.org/10.1103/PhysRevD.72.025014
http://dx.doi.org/10.1016/j.nuclphysb.2005.08.030
http://dx.doi.org/10.1016/j.nuclphysb.2005.08.030
http://dx.doi.org/10.1103/PhysRevD.71.065007
http://dx.doi.org/10.1103/PhysRevD.71.065007
http://dx.doi.org/10.1103/PhysRevD.73.125002
http://dx.doi.org/10.1103/PhysRevD.73.125002
http://dx.doi.org/10.1103/PhysRevD.74.025010
http://dx.doi.org/10.1103/PhysRevD.74.025010
http://dx.doi.org/10.1088/1475-7516/2007/08/002
http://dx.doi.org/10.1088/1475-7516/2007/08/002
http://dx.doi.org/10.1088/1475-7516/2008/01/004
http://dx.doi.org/10.1103/PhysRevD.79.085003
http://dx.doi.org/10.1103/PhysRevD.79.085003
http://dx.doi.org/10.1103/PhysRevD.81.085027
http://dx.doi.org/10.1103/PhysRevD.81.103503
http://dx.doi.org/10.1016/j.nuclphysb.2010.10.001
http://dx.doi.org/10.1016/j.aop.2011.02.002
http://dx.doi.org/10.1007/JHEP01(2012)083
http://dx.doi.org/10.1007/JHEP01(2012)083
http://dx.doi.org/10.1007/JHEP02(2012)065
http://dx.doi.org/10.1103/PhysRevD.86.125002
http://dx.doi.org/10.1103/PhysRevD.86.125002
http://dx.doi.org/10.1016/j.physletb.2012.11.046
http://dx.doi.org/10.1016/j.physletb.2012.11.046
http://dx.doi.org/10.1103/PhysRevD.32.1871
http://dx.doi.org/10.1103/PhysRevE.54.3274
http://dx.doi.org/10.1103/PhysRev.124.287

PERTURBATIVE NONEQUILIBRIUM THERMAL FIELD THEORY

[82]
[83]

[84]
(85]

[86]
[87]

[88]
(89]
[90]
[91]
[92]
(93]
[94]

[95]

P. Danielewicz, Ann. Phys. (N.Y.) 152, 239 (1984).

P. Lipavsky, V. Spi¢ka, and B. Velicky, Phys. Rev. B 34,
6933 (1986).

J. Rammer and H. Smith, Rev. Mod. Phys. 58, 323 (1986).
J. Berges and S. Schlichting, Phys. Rev. D 87, 014026
(2013).

G. Sigl and G. Raffelt, Nucl. Phys. B406, 423 (1993).
J.-S. Gagnon and M. Shaposhnikov, Phys. Rev. D 83,
065021 (2011).

T. Gasenzer, S. Kessler, and J. M. Pawlowski, Eur. Phys.
J. C 70, 423 (2010).

P. Millington and A. Pilaftsis, Phys. Lett. B 724, 56 (2013).
G. Killén, Helv. Phys. Acta 25, 417 (1952).

H. Lehmann, Nuovo Cimento 11, 342 (1954).

W. Greiner and J. Reinhardt, Field Quantization (Springer,
New York, 1996), p. 138-140.

H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo
Cimento 1, 205 (1955).

G. 't Hooft and M. J. G. Veltman, NATO Adv. Study Inst.
Ser. B Phys. 4, 177 (1974).

R.L. Kobes and G. W. Semenoff, Nucl. Phys. B260, 714
(1985).

R.L. Kobes and G. W. Semenoff, Nucl. Phys. B272, 329
(1986).

M.J. G. Veltman, Diagrammatica: The Path to Feynman
Diagrams (Cambridge University Press, Cambridge,
England, 1994), p. 183-206.

R. Jackiw, Phys. Rev. D 9, 1686 (1974).

J. Berges and S. Borsanyi, Phys. Rev. D 74, 045022 (2006).

[100]

[101]
[102]

[103]
[104]

[105]
[106]
[107]
[108]
[109]
[110]
[111]
[112]
[113]
[114]
[115]
[116]

[117]

085009-63

PHYSICAL REVIEW D 88, 085009 (2013)

M. Le Bellac, Thermal Field Theory (Cambridge
University Press, Cambridge, England, 2000).

T. Altherr, Phys. Lett. B 341, 325 (1995).

B. Garbrecht and M. Garny, Ann. Phys. (Amsterdam) 327,
914 (2012).

R. Kobes, Phys. Rev. D 43, 1269 (1991).

M. A. van Eijck and C.G. van Weert, Phys. Lett. B 278,
305 (1992).

E. Kolb and M. Turner, The Early Universe (Westview
Press, Boulder, CO, 1994), p. 116.

T. Altherr and D. Seibert, Phys. Lett. B 333, 149 (1994).
H. A. Weldon, Phys. Rev. D 45, 352 (1992).

I. Dadié, Phys. Rev. D 59, 125012 (1999).

C. Greiner and S. Leupold, Eur. Phys. J. C 8, 517 (1999).
P.F. Bedaque, Phys. Lett. B 344, 23 (1995).

L. Joichi, Sh. Matsumoto, and M. Yoshimura, Phys. Rev. D
58, 045004 (1998).

E.E. Burniston and C. E. Siewert, Proc. Cambridge Philos.
Soc. 73, 111 (1973).

S.J. Huber and M.G. Schmidt, Nucl. Phys. B606, 183
(2001).

S.J. Huber and M. Sopena, Phys. Rev. D 85, 103507
(2012).

J. Berges, S. Borsanyi, and C. Wetterich, Phys. Rev. Lett.
93, 142002 (2004).

D. Boyanovsky and C. M. Ho, Phys. Rev. D 75, 085004
(2007).

G. 't Hooft and M.J. G. Veltman, Nucl. Phys. B153, 365
(1979).


http://dx.doi.org/10.1016/0003-4916(84)90092-7
http://dx.doi.org/10.1103/PhysRevB.34.6933
http://dx.doi.org/10.1103/PhysRevB.34.6933
http://dx.doi.org/10.1103/RevModPhys.58.323
http://dx.doi.org/10.1103/PhysRevD.87.014026
http://dx.doi.org/10.1103/PhysRevD.87.014026
http://dx.doi.org/10.1016/0550-3213(93)90175-O
http://dx.doi.org/10.1103/PhysRevD.83.065021
http://dx.doi.org/10.1103/PhysRevD.83.065021
http://dx.doi.org/10.1140/epjc/s10052-010-1430-3
http://dx.doi.org/10.1140/epjc/s10052-010-1430-3
http://dx.doi.org/10.1016/j.physletb.2013.05.044
http://dx.doi.org/10.1007/BF02783624
http://dx.doi.org/10.1007/BF02731765
http://dx.doi.org/10.1007/BF02731765
http://dx.doi.org/10.1016/0550-3213(85)90056-2
http://dx.doi.org/10.1016/0550-3213(85)90056-2
http://dx.doi.org/10.1016/0550-3213(86)90006-4
http://dx.doi.org/10.1016/0550-3213(86)90006-4
http://dx.doi.org/10.1103/PhysRevD.9.1686
http://dx.doi.org/10.1103/PhysRevD.74.045022
http://dx.doi.org/10.1016/0370-2693(95)80010-U
http://dx.doi.org/10.1016/j.aop.2011.10.005
http://dx.doi.org/10.1016/j.aop.2011.10.005
http://dx.doi.org/10.1103/PhysRevD.43.1269
http://dx.doi.org/10.1016/0370-2693(92)90198-D
http://dx.doi.org/10.1016/0370-2693(92)90198-D
http://dx.doi.org/10.1016/0370-2693(94)91021-9
http://dx.doi.org/10.1103/PhysRevD.45.352
http://dx.doi.org/10.1103/PhysRevD.59.125012
http://dx.doi.org/10.1007/s100529901095
http://dx.doi.org/10.1016/0370-2693(94)01533-I
http://dx.doi.org/10.1103/PhysRevD.58.045004
http://dx.doi.org/10.1103/PhysRevD.58.045004
http://dx.doi.org/10.1017/S0305004100047526
http://dx.doi.org/10.1017/S0305004100047526
http://dx.doi.org/10.1016/S0550-3213(01)00250-4
http://dx.doi.org/10.1016/S0550-3213(01)00250-4
http://dx.doi.org/10.1103/PhysRevD.85.103507
http://dx.doi.org/10.1103/PhysRevD.85.103507
http://dx.doi.org/10.1103/PhysRevLett.93.142002
http://dx.doi.org/10.1103/PhysRevLett.93.142002
http://dx.doi.org/10.1103/PhysRevD.75.085004
http://dx.doi.org/10.1103/PhysRevD.75.085004
http://dx.doi.org/10.1016/0550-3213(79)90605-9
http://dx.doi.org/10.1016/0550-3213(79)90605-9

