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In a previous study, the flavor-changing fermion-graviton interactions have been analyzed in the

framework of the standard model, where analytical results for the relevant form factors were obtained at

the leading order in the external fermion masses. These interactions arise at one-loop level by the charged

electroweak corrections to the fermion-graviton vertex, when the off-diagonal flavor transitions in the

corresponding charged weak currents are taken into account. Because of the conservation of the energy-

momentum tensor, the corresponding form factors turn out to be finite and gauge invariant when external

fermions are on shell. Here we extend this previous analysis by including the exact dependence on the

external fermion masses. Complete analytical results are provided for all the relevant form factors to the

flavor-changing fermion-graviton transitions.
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I. INTRODUCTION

In a previous analysis [1], following the study of
Ref. [2], we have discussed the structure of the perturbative
corrections to the graviton-fermion-antifermion (Tf �f) ver-
tex in the standard model (SM), focusing our attention on
the flavor diagonal sector. On the other hand, in Ref. [2] the
one-loop electroweak corrections which generate the off-
diagonal graviton-fermion-antifermion vertex were com-
puted at the leading order in the external fermion masses.
These studies address the structure of the interactions
between the fermions of the standard model and gravity,
beyond leading order in the weak coupling, which have
never been presented before in their exact expressions.
The choice of an external (classical) gravitational back-
ground allows one to simplify the treatment of such inter-
actions where the coupling is obtained by the insertion
of the symmetric and improved energy-momentum tensor
(EMT) into ordinary correlators of the standard model.

We have addressed some of the main features of the
perturbative structure of these corrections, presenting their
explicit form, parameterized in terms of a certain set of
form factors. We have also discussed some of their radia-
tive properties with regard to their infrared finiteness and
renormalizability, the latter being inherited directly from
the standard model, when the coupling of the Higgs to the
gravitational background is conformal.

In general, one expects that such corrections are small,
although they could become more sizable in theories with a
low gravity scale [3–8]. In particular, one can consider
the possibility of including, in these constructions, back-
grounds which are of dilaton type, with dilaton fields
produced by metric compactifications. The same vertices
characterize the interaction of a dilaton of a spontaneously
broken dilatation symmetry with the ordinary fields of the
standard model [9–12]. This second possibility is particu-
larly interesting, in view of the recent discovery of a Higgs-
like scalar at the LHC.
Perturbative studies of these vertices have their specific

difficulties due to the proliferation of form factors, and the
results have to be secured by consistency checks using some
relevant Ward identities, which reduce the number of inde-
pendent contributions and that will be discussed below.
These identities need to be derived from scratch by using

the full Lagrangian of the standard model, as discussed in

Refs. [1,13]. In this study we are going to reconsider the

gravitational form factor of a standard model fermion in

the presence of a background graviton in the off-diagonal

flavor case, which has been discussed before [2], extending

that analysis. One of the goals of this reanalysis is to

include all the mass corrections to the related form factors,

which have not been given before. These corrections are

important in order to proceed, in a follow-up work, with a

systematic phenomenological study of their implications.

In this respect, mass corrections are important in order to

extract the exact behavior of these form factors in the

infrared and ultraviolet limits, which may be of experi-

mental interest. We have compared our new results against

the previous ones given in Ref. [2] in the limit of massless

external fermions and found complete agreement.
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Strada Costiera 11, I-34151 Trieste, Italy.
emidio.gabrielli@cern.ch

§luca.trentadue@cern.ch

PHYSICAL REVIEW D 88, 085008 (2013)

1550-7998=2013=88(8)=085008(12) 085008-1 � 2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.88.085008


Our work is organized as follows. In Sec. II, we give the
theoretical framework of the standard model Lagrangian
in a curved space-time, assuming as a background metric
the usual four-dimensional one. In Sec. III, we discuss the
contributions coming from the counterterms of the wave-
function renormalization and derive the structures of the
unrenormalized and renormalized Ward identities. We
have checked that these are satisfied by the reducible set
of the 12 factors chosen for the presentation of the final
result. These will be explicitly given in Sec. IV, and finally,
in Sec. V, we present our conclusions.

II. THE LAGRANGIAN

We follow closely the layout of our previous work [1],
where more details concerning the general structure of the
action describing the coupling of the standard model to
gravity can be found. We just recall, in order to make our
treatment self-contained, that the interaction of the stan-
dard model fields with gravity is described by the action
integral

S ¼ � 1

�2

Z
d4x

ffiffiffiffiffiffiffi�g
p

Rþ
Z

d4x
ffiffiffiffiffiffiffi�g

p
LSM (1)

together with a term of improvement

SI ¼ �
Z

d4x
ffiffiffiffiffiffiffi�g

p
RHyH; (2)

where R is the scalar curvature and H is the Higgs doublet.
The identification of this second term goes back to
Ref. [14]. The coefficient � is an arbitrary parameter,
which at the special value �c � 1=6 renders the
Lagrangian conformally symmetric when the scalar is
massless and guarantees its renormalizability at the leading
order in the gravitational �, where �2 ¼ 16�GN , with GN

being the gravitational Newton’s constant. For instance, in
the case of the Higgs field, this takes place if we drop the
quadratic terms in the Higgs potential. As in our previous
work, our results are given for an arbitrary �.

The standard model action SSM is obtained by promoting
the ordinary SM Lagrangian to a curved background,
which is parameterized by the metric expansion g�� ¼
��� þ �h��, where ��� ¼ ðþ;�;�;�Þ and h�� denotes

the fluctuation of the graviton field around the flat limit. At
this order the graviton-matter interactions, which we are
going to evaluate in the flavor-changing fermion sector, are
described by Green’s functions with a single insertion of
the energy-momentum tensor

T�� ¼ 2ffiffiffiffiffiffiffi�g
p �

�g�� ½SSM þ SI�g¼�: (3)

The complete standard model energy-momentum tensor
includes several contributions which can be found in
Ref. [13].

III. THE PERTURBATIVE EXPANSION

The interaction of one graviton with two fermions of
different flavor is summarized by the vertex function

T̂�� � ihfi; pijT��ð0Þjpj; fji (4)

that we intend to study. Here pj (fj) and pi (fi) indicate the

momenta (flavor) of initial and final fermions, respectively.
We will restrict to the case of flavor-changing transitions,
namely, fi � fj. In order to simplify the results, we will

also use the combinations of momenta p ¼ pi þ pj and

q ¼ pj � pi. The external states are taken on their mass

shell, p2
i ¼ m2

i and p2
j ¼ m2

j , and can be either leptons or

quarks. From now on, we will assume that mi � mj. In the

last case, since the EMT is diagonal in color space, the
color structure is rather trivial and therefore we omit it.
At tree level the flavor-changing gravitational interac-

tion is absent, so that the leading order contribution comes
from the quantum corrections. At one-loop level, instead,

we decompose the T̂�� matrix element as

T̂�� ¼ T̂
��
W þ T̂

��
CT ; (5)

where the first term on the right-hand side represents the
pure vertex corrections induced by the W� gauge boson

and its Goldstone �� exchanges, while the last term, T̂��
CT ,

includes the self-energy diagrams plus the usual counter-
terms (CT) coming from the wave-function renormaliza-
tion insertions on the external legs. The inclusion of this

last term T̂��
CT is needed in order to get finite results for the

matrix element T̂��, as it will be extensively discussed in
Sec. III A. The finiteness of the result is just a consequence
of the nonrenormalization theorem of conserved currents,
when applied to the case of a conserved EMT.
We choose to work in theR	 gauge, where every massive

gauge field is always accompanied by its unphysical lon-

gitudinal part. The diagrammatic expansion of T̂��
W is de-

picted in Fig. 1 and is made of one contribution of triangle
topology plus contact terms [see Figs. 1(c) and 1(d)] with
a fermion and a graviton pinched on the same external
point. The Feynman rules are listed in Appendix A. The
computation of these diagrams has been performed in
dimensional regularization using the on-shell renormaliza-
tion scheme [15]. In this scheme the renormalization con-
ditions are fixed in terms of the physical parameters of
the theory to all orders in perturbation theory. These are
the masses of physical particles, the electric charge, and the
quark mixing matrix. Moreover, the renormalization con-
ditions on the fields are obtained by requiring a unit residue
of the full two-point functions on the physical particle
poles. This implies that, in the on-shell renormalization

scheme, the T̂��
CT takes contributions only from the usual

counterterms coming from the wave-function renormaliza-
tion insertions on the external legs.
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A. Contribution from the wave-function
renormalization

As we have just mentioned, the T̂��
W matrix element

corresponding to the vertex corrections is ultraviolet diver-
gent, and, due to the nonrenormalization theorem of the
conserved EMT, it is made finite by adding the contribu-
tions from the wave-function renormalization on the exter-

nal legs, namely, T̂
��
CT . This last contribution can be easily

determined by using the following method, as illustrated in
Ref. [1]. We promote the counterterm SM Lagrangian to a
curved background and then extract in the usual way the
appropriate renormalized Feynman rules for single inser-
tions of the EMT on the fields of the standard model. The
metric is taken to be flat after all the functional differ-
entiations. Then, for the off-diagonal flavor contributions

(i � j) to T̂��
CT , we have

T̂��
CT ¼ ihpi; fijT��

CT ð0Þjpj; fji
¼ i

4
�uiðpiÞfð
�p� þ 
�p�ÞðCLþ

ij PL þ CRþ
ij PRÞ

þ 2���½CL�
ij ðmiPL �mjPRÞ

þ CR�
ij ðmiPR �mjPLÞ�gujðpjÞ; (6)

where

CL�
ij ¼1

2
ð�ZL

ij��ZLy
ij Þ; CR�

ij ¼1

2
ð�ZR

ij��ZRy
ij Þ; (7)

with �ZL;R
ij being the fermion wave-function renormaliza-

tion constants. In the on-shell renormalization scheme,
which we have chosen for our computation, the renormal-
ization conditions are fixed in terms of the physical parame-
ters of the standard model to all orders in the perturbative
expansion. In particular, for the fermion wave-function
renormalization constants with i � j, one obtains

�ZL
ij ¼

2

m2
i �m2

j

fRefm2
j�

L
ijðm2

j Þ þmimj�
R
ijðm2

j Þ

þ ðm2
i þm2

j Þ�S
ijðm2

j Þg;

�ZR
ij ¼

2

m2
i �m2

j

fRefm2
j�

R
ijðm2

j Þ þmimj�
L
ijðm2

j Þ

þ 2mimj�
S
ijðm2

j Þg:

(8)

The symbol fRe gives the real part of the scalar integrals in
the self-energies, but it has no effect on the Cabibbo-
Kobayashi-Maskawa matrix elements. Its presence yields

�Zy
ij ¼ �Zijðm2

i $ m2
j Þ. Remember also that if the mixing

matrix is real, fRe can obviously be replaced with Re.
For completeness we give the standard model flavor-

changing self-energies (i � j)

�L
ijðp2Þ ¼ � GF

4�2
ffiffiffi
2

p X
f

VifV
y
fj½ðm2

f þ 2m2
WÞ

�B1ðp2; m2
f; m

2
WÞ þm2

W�;

�R
ijðp2Þ ¼ � GF

4�2
ffiffiffi
2

p mimj

X
f

VifV
y
fjB1ðp2; m2

f;m
2
WÞ;

�S
ijðp2Þ ¼ � GF

4�2
ffiffiffi
2

p X
f

VifV
y
fjm

2
fB0ðp2; m2

f;m
2
WÞ; (9)

where

B1ðp2; m2
0; m

2
1Þ ¼

m2
1 �m2

0

2p2
½B0ðp2; m2

0; m
2
1Þ

�B0ð0; m2
0; m

2
1Þ� �

1

2
B0ðp2; m2

0; m
2
1Þ:
(10)

We have explicitly checked that the counterterm in Eq. (6)
is indeed sufficient to remove all the ultraviolet divergen-

ces of the T̂
��
W matrix element so that T̂�� is finite, as

expected.

B. The Ward identity from the conservation
of the EMT

The conservation of the energy-momentum tensor con-

strains the T̂�� matrix element reducing the 12 form factors
defined above to a smaller subset of six independent con-
tributions. We can derive the Ward identity by imposing
the invariance of the one-particle irreducible generating
functional—which depends on the external gravitational
metric—under a diffeomorphism transformation and then
functional differentiating with respect to the fermion fields.
We omit the details of this procedure, which has been
discussed extensively in [13] and in [1] for the TVV 0 and

FIG. 1. Diagrams of one-loop SM corrections to the flavor-changing graviton-fermion vertex, where fi;j and pi;j specify the fermion
flavors and corresponding momenta, respectively, with fi � fj.
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the Tf �f vertices, respectively. The analysis, in this
new case, follows similar steps. In momentum space, for
the unrenormalized matrix element we obtain the Ward
identity

q�T̂
��
W ¼ �uiðpiÞfp�

i �ijðpiÞ � p�
j�ijðpjÞ þ

q�
2
ð�ijðpiÞ���

� ����ijðpjÞÞgujðpjÞ; (11)

where ��� ¼ ½
�; 
��=4 and �ijðpÞ is the fermion two-

point function which is given by

�ijðpÞ ¼ i½�L
ijðp2Þ6pPL þ�R

ijðp2Þ6pPR

þ �S
ijðp2ÞðmiPL þmjPRÞ�: (12)

The off-diagonal (in flavor space) two-point form
factors �L;R;Sðp2Þ are explicitly given in Eq. (9). After
renormalization, one can show that the Ward identity will
take the simpler form

q�T̂
�� ¼ 0; (13)

which corresponds to the conservation of the energy-
momentum tensor.

C. The Ward identity in the reducible basis

Because of the chiral Vector/Axial-Vector nature of the
W interactions, we expand the flavor-changing matrix
element in terms of 12 invariant amplitudes fk and tensor
operators Ok as

T̂�� ¼ i
GF

16�2
ffiffiffi
2

p X12
k¼1

fkðq2Þ �uiðpiÞO��
k ujðpjÞ (14)

with the tensor basis given by

O��
1 ¼ð
�p�þ
�p�ÞPL; O��

7 ¼���M�;

O��
2 ¼ð
�q�þ
�q�ÞPL; O��

8 ¼p�p�M�;

O��
3 ¼���Mþ; O��

9 ¼q�q�M�;

O��
4 ¼p�p�Mþ; O��

10 ¼ðp�q�þq�p�ÞM�;

O��
5 ¼q�q�Mþ; O��

11 ¼
mimj

m2
W

ð
�p�þ
�p�ÞPR;

O
��
6 ¼ðp�q�þq�p�ÞMþ; O

��
12 ¼mimj

m2
W

ð
�q�þ
�q�ÞPR;

(15)

where PL;R ¼ ð1� 
5Þ=2 and M� � mjPR �miPL, and

ui;jðpi;jÞ are the corresponding fermion bispinor ampli-

tudes in momentum space.
This is the most general rank-2 tensor basis that can be

built out of two momenta, p and q, a metric tensor and
Dirac matrices 
� and 
5, whose expression has been
given in [2].

The renormalized flavor-changing matrix element T̂��

satisfies the Ward identity in Eq. (13). This generates
homogeneous equations (2) for the renormalized form
factors fkðq2Þ given by

p � qf1ðq2Þ þ q2f2ðq2Þ ¼ 0; f3ðq2Þ þ q2f5ðq2Þ þ p � qf6ðq2Þ þ p � q
2m2

W

f12ðq2Þ ¼ 0;

p � qf4ðq2Þ þ q2f6ðq2Þ þ p � q
2m2

W

f11ðq2Þ ¼ 0; f2ðq2Þ þ f7ðq2Þ þ q2f9ðq2Þ þ p � qf10ðq2Þ � p2 þ q2

4m2
W

f12ðq2Þ ¼ 0;

f1ðq2Þ þ p � qf8ðq2Þ þ q2f10ðq2Þ � p2 þ q2

4m2
W

f11ðq2Þ ¼ 0; p � qf11ðq2Þ þ q2f12ðq2Þ ¼ 0; (16)

which allow one to reduce the number of independent
contributions to the T̂�� matrix element to six from the
original 12.

IV. FLAVOR-CHANGING FORM FACTORS:
EXPLICIT EXPRESSIONS

In this section, we present the explicit expressions of
the renormalized form factors fk appearing in Eq. (14) and
using the following notation:

fkðq2Þ ¼
X
f

�fFkðq2; mfÞ; (17)

where we have factorized the term �f � VfiV
�
fj (the

external fermions are assumed here to be quarks of down

type), with Vij the corresponding CKM matrix element.

They have been computed in the on-shell case retaining the
full dependence on the internal ðmf;mWÞ and external

masses ðmi;mjÞ and on the virtuality q2 of the graviton

line. They are expressed in terms of the dimensionless
ratios xS ¼ ðm2

i þm2
j Þ=q2, xD ¼ ðm2

j �m2
i Þ=q2, xf ¼

m2
f=q

2, and xW ¼ m2
W=q

2 and of the combination

� ¼ x2D � 2xS þ 1. We recall that mf is the mass of the

fermion of flavor f running in the loop.
Because of their complexity, we expand our results

onto a basis of massive one-, two-, and three-point scalar
integrals as

Fkðq2; mfÞ ¼
X7
l¼0

Cl
kIl; (18)
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where

I0 ¼ 1; I4 ¼B0ðq2;m2
f;m

2
fÞ;

I1 ¼A0ðm2
fÞ�A0ðm2

WÞ; I5 ¼B0ðq2;m2
W;m

2
WÞ;

I2 ¼B0ðm2
j ;m

2
f;m

2
WÞ; I6 ¼ C0ðm2

j ;q
2;m2

i ;m
2
f;m

2
W;m

2
WÞ;

I3 ¼B0ðm2
i ;m

2
f;m

2
WÞ; I7 ¼ C0ðm2

j ;q
2;m2

i ;m
2
W;m

2
f;m

2
fÞ:
(19)

We have chosen to give the explicit results for the renor-
malized form factors F1, F3, F4, F7, F8, and F11, while the
remaining six can be obtained by exploiting the Ward
identities derived in the previous section, which give

F2 ¼ �xDF1; F5 ¼ � 1

q2
F3 þ x2DF4 þ x2D

m2
W

F11;

F6 ¼ �xDF4 � xD
2m2

W

F11;

F9 ¼ 2
xD
q2

F1 � 1

q2
F7 þ x2DF8 � xSxD

m2
W

F11;

F10 ¼ � 1

q2
F1 � xDF8 þ xS

2m2
W

F11; F12 ¼ �xDF11:

(20)

The explicit form of the coefficients Cl
k appearing in the

expansion of the Fk’s in Eq. (18), due to their lengthy
expressions, can be found in Appendix C. However, as a
strong check of our computation, we have computed all 12
form factors fiðq2Þ appearing in Eq. (14) and verified that
they satisfy the Ward identity in Eq. (16).

Finally, we remark that the F3, F5, F7, and F9 form
factors show a dependence on the parameter � which

appears in the gravitational coupling of the �� Goldstone
bosons through the improved energy-momentum tensor.

V. CONCLUSIONS

We have presented the computation of the structure of
the gravitational form factors of the standard model fermi-
ons in the off-diagonal flavor sector. The analysis has been
developed according to our previous study [1], where
we have discussed the electroweak corrections in the
flavor-conserving case. The work extends a previous in-
vestigation [2] of the same flavor-changing vertex in which
the external mass dependence has not been included.
The exact expressions presented in our work are relevant
for a phenomenological study of the small and intermedi-
ate momentum behavior of these form factors, which we
plan to address in the near future.
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APPENDIX A: FEYNMAN RULES

We collect here all the Feynman rules involving a gravi-
ton that have been used in this work. All the momenta are
incoming.
(i) Graviton–gauge boson–gauge boson vertex

(A1)

where V stands for the vector gauge boson W.
(ii) Graviton-fermion-fermion vertex

(A2)

(iii) Graviton-scalar-scalar vertex
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(A3)

where S stands for the Goldstone �� of the gauge boson W. The first line is the contribution coming from the minimal
energy-momentum tensor, while the second is due to the improvement term.

(iv) Graviton-scalar-fermion-fermion vertex

(A4)

where the coefficients are defined as

CL
�þ �c c

¼ i
effiffiffi
2

p
sW

m �c

mW

V �c c ; CR
�þ �c c

¼ �i
effiffiffi
2

p
sW

mc

mW

V �c c ;

CL
�� �c c

¼ �i
effiffiffi
2

p
sW

m �c

mW

V�
�c c

; CR
�� �c c

¼ i
effiffiffi
2

p
sW

mc

mW

V�
�c c

:
(A5)

(v) Graviton–gauge boson–fermion–fermion vertex

(A6)

with

CL
Wþ �c c

¼ i
effiffiffi
2

p
sW

V �c c ; CL
W� �c c

¼ i
effiffiffi
2

p
sW

V�
�c c

; CR
W� �c c

¼ 0: (A7)

The tensor structures C, D, and E which appear in the Feynman rules defined above are given by

C��
� ¼ ��
��� þ �����
 � ����
�;

D��
�ðk1; k2Þ ¼ ���k1�k2
 � ½���k�1k


2 þ ��
k1�k2� � �
�k1�k2� þ ð� $ �Þ�;

E��
�ðk1; k2Þ ¼ ���ðk1
k1� þ k2
k2� þ k1
k2�Þ � ½���k1�k1
 þ ��
k2�k2� þ ð� $ �Þ�:
(A8)

APPENDIX B: SCALAR INTEGRALS

In this Appendix, we collect the definitions of the scalar integrals appearing in the computation of the matrix element.
One-, two-, and three-point functions are denoted, respectively, as A0, B0, and C0 with
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A0ðm2
0Þ ¼

1

i�2

Z
dnl

1

l2 �m2
0

; B0ðp2
1; m

2
0; m

2
1Þ ¼

1

i�2

Z
dnl

1

ðl2 �m2
0Þððlþ p1Þ2 �m2

1Þ
;

C0ðp2
1; ðp1 � p2Þ2; p2

2; m
2
0; m

2
1; m

2
2Þ ¼

1

i�2

Z
dnl

1

ðl2 �m2
0Þððlþ p1Þ2 �m2

1Þððlþ p2Þ2 �m2
2Þ
:

(B1)

APPENDIX C: FORM FACTORS

Here we list the coefficients Cj
i which appear in the expansion of the form factors F1, F3, F4, F7, F8, and F11 defined in

Eq. (18). The remaining ones, as already mentioned, can be computed by using the Ward identities in Eq. (20).

(i) Coefficients Ci
1 entering in F1:

C0
1 ¼

q2

12�
f3ðx2D � x2SÞ þ 6ð1� xSÞðxf � 6xWÞ þ 16ðxf � xWÞðxf þ 2xWÞg;

C1
1 ¼ � 2xf � 3xS þ 4xW þ 3

6�
;

C2
1 ¼

q2

8�2xD
fx4Dð6xf þ xS � 16xW � 2Þ þ x3DðxSð�10xf þ 18xW þ 3Þ þ 12ðxfxW þ x2f þ xf � 2x2WÞ � 32xW � 3Þ

� x2Dðx2Sð20xf � 46xW � 6Þ þ xSð�28xfxW � 4xfð7xf þ 4Þ þ 56x2W þ 54xW þ 4Þ þ 24ðxf � xWÞðxf þ 2xWÞ
þ 6xf þ x3S � 26xW � 1Þ þ xDðx2Sð8xf þ 6xW þ 3Þ � 2xSð2xfxW þ xfð2xf þ 5Þ � 4x2W þ xWÞ
� 8ðxf � xWÞðxf þ 2xWÞ � 3x3S þ 10xWÞ � ð1� 2xSÞ2ð2xWð2xf þ xSÞ þ ðxS � 2xfÞ2 � 8x2WÞg;

C3
1 ¼

q2

8�2xD
fx4Dð�ð6xf þ xS � 16xW � 2ÞÞ þ x3DðxSð�10xf þ 18xW þ 3Þ

þ 12ðxfxW þ x2f þ xf � 2x2WÞ � 32xW � 3Þ þ x2Dðx2Sð20xf � 46xW � 6Þ
þ xSð�28xfxW � 4xfð7xf þ 4Þ þ 56x2W þ 54xW þ 4Þ þ 24ðxf � xWÞðxf þ 2xWÞ þ 6xf þ x3S � 26xW � 1Þ
þ xDðx2Sð8xf þ 6xW þ 3Þ � 2xSð2xfxW þ xfð2xf þ 5Þ � 4x2W þ xWÞ � 8ðxf � xWÞðxf þ 2xWÞ
� 3x3S þ 10xWÞ þ ð1� 2xSÞ2ð2xWð2xf þ xSÞ þ ðxS � 2xfÞ2 � 8x2WÞg;

C4
1 ¼

q2

12�2
fx2Dð3ð8xf � 3ÞxS � 2xfð16xf þ 32xW þ 11Þ þ 10xW þ 9Þ � 3x2Sð8xf þ 26xW þ 3Þ

þ 4xSð�7xfxW þ xfð13xf þ 5Þ þ 42x2W þ 34xWÞ þ 24ð6xf � 7Þx2W þ 92xfxW � 2xfð2xf þ 1Þð12xf � 1Þ
þ 9x3S � 96x3W � 68xWg;

C5
1 ¼

q2

3�2
fxfð8xWðx2D þ xS � 2Þ � 2x2D þ 3x2S � 2xS � 36x2W þ 1Þ

þ 4xWðx2Dð�3xS þ 4xW þ 5Þ þ ðxS � 3xW � 2Þð3xS � 2xW � 1ÞÞ � 12x2fðxS � 1Þ þ 12x3fg;

C6
1 ¼

q4

2�2
f8x3Wð�2x2D þ 5xf þ 4xS � 2Þ � 4x2Wðx2Dð�2xf � 2xS þ 3Þ þ ðxf þ xSÞð6xf þ xSÞ � 5xf � 2xSÞ

� 2xWð�4x2fðx2D þ xS � 2Þ þ 3xfðx2Dð2xS � 3Þ � ðxS � 2ÞxSÞ þ 2ðx2D � x2SÞðx2D � xSÞ þ 4x3fÞ
þ xfð2xf � xS þ 1Þð�x2D þ ðxS � 2xfÞ2 þ 4xfÞ � 16x4Wg;

C7
1 ¼

q4

8�2
f2x2DðxSðxfð�4xf þ 32xW þ 7Þ � 8xW � 2Þ þ ð2� 6xfÞx2S þ 2ð3� 16xfÞx2W

þ 4xfð4xf � 9ÞxW þ xfð2xf � 1Þð8xf þ 5Þ þ 8xW þ 1Þ þ x4Dð4xf � 1Þ þ 16x3Wð10xf þ 9xS � 9Þ
� 4x2Wð34xfxS þ 24x2f � 50xf þ 3xSð9xS � 16Þ þ 24Þ þ 8xWð�ðxf þ 8Þx2S þ ð4ðxf � 1Þxf þ 6ÞxS þ 6xf

� 4x2fðxf þ 2Þ þ 4x3S � 2Þ � ðxS � 2xfÞ2ð2xfðxS � 1Þ � 8x2f þ 3x2S � 4xS þ 2Þ � 64x4Wg; (C1)

(ii) Coefficients Ci
3 entering in F3:
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C0
3 ¼

q2

6�
f�xSð3x2D þ 32xf � 20xW þ 3Þ þ 2xfð7x2D þ 4xW þ 9Þ � 4xWð2x2D þ 4xW þ 3Þ þ 8x2f þ 6x2Sg;

C1
3 ¼

1

3�ðx2S � x2DÞ
f�x2DðxSð6xf þ xS þ 12xW þ 4Þ � 4xf � 8xW � 3Þ þ x4D þ xSð4xS � 3Þð2xf þ xS þ 4xWÞg;

C2
3 ¼

q2

4�2ðxD þ xSÞ
fx5Dð�2xf þ xS þ 2xW þ 2Þ þ x4Dð4xWð2xf þ xS þ 1Þ � 2xfxS þ 8x2f � 2xf � x2S þ xS � 16x2WÞ

þ x3Dð2xWð2xfðxS þ 3Þ þ x2S þ xS þ 2Þ þ 4x2fxS þ 2xfxS þ 12x2f � 2xf � 8ðxS þ 3Þx2W � x3S � 2x2S � 5xS þ 2Þ
þ x2Dð2x2Sð�2xf þ xW � 4Þ þ xSð2xfð2xW þ 9Þ þ 4x2f � 2xWð4xW þ 9Þ þ 5Þ � 4xfxW � 2xfð2xf þ 5Þ þ x3S

þ 8x2W þ 12xW � 1Þ þ xDðx3Sð�8xf þ 4xW � 1Þ þ 2x2Sðxfð4xW þ 6Þ þ 4x2f � xWð8xW þ 9Þ þ 2Þ
� 2xSðxfð10xW � 3Þ þ 10x2f þ ð3� 20xWÞxW þ 1Þ þ 2ð5� 2xfÞxW � 4xfðxf þ 2Þ þ 2x4S þ 8x2WÞ þ x6D

þ x3Sð�8xf þ 4xW þ 1Þ � 2xSð2xfð5xW þ 2Þ þ 10x2f � 5xWð4xW þ 1ÞÞ þ x2Sð8xfðxW þ 2Þ þ 8x2f

� 2xWð8xW þ 9Þ � 1Þ þ 4ðxf � xWÞðxf þ 2xWÞ þ 2x4Sg þ �
2q2

�
f2ðxD þ 1Þxf � ðxD � 1ÞðxD þ xSÞg;

C3
3 ¼ � q2

4�2ðxD � xSÞ
f�x5Dð�2xf þ xS þ 2xW þ 2Þ þ x4Dð4xWð2xf þ xS þ 1Þ � 2xfxS þ 8x2f � 2xf

� x2S þ xS � 16x2WÞ þ x3Dð�2xWð2xfðxS þ 3Þ þ x2S þ xS þ 2Þ � 4x2fxS � 2xfxS � 12x2f þ 2xf þ 8ðxS þ 3Þx2W
þ x3S þ 2x2S þ 5xS � 2Þ þ x2Dð2x2Sð�2xf þ xW � 4Þ þ xSð2xfð2xW þ 9Þ þ 4x2f � 2xWð4xW þ 9Þ þ 5Þ
� 2xfð2xW þ 5Þ � 4x2f þ x3S þ 4xWð2xW þ 3Þ � 1Þ þ xDðx3Sð8xf � 4xW þ 1Þ � 2x2Sðxfð4xW þ 6Þ þ 4x2f

� xWð8xW þ 9Þ þ 2Þ þ xSðxfð20xW � 6Þ þ 20x2f � 40x2W þ 6xW þ 2Þ þ 4xfðxW þ 2Þ þ 4x2f � 2x4S

� 2xWð4xW þ 5ÞÞ þ x6D þ x3Sð�8xf þ 4xW þ 1Þ � 2xSð2xfð5xW þ 2Þ þ 10x2f � 5xWð4xW þ 1ÞÞ
þ x2Sð8xfðxW þ 2Þ þ 8x2f � 2xWð8xW þ 9Þ � 1Þ þ 4ðxf � xWÞðxf þ 2xWÞ þ 2x4Sg

� �
2q2

�
f2ðxD � 1Þxf þ ðxD þ 1ÞðxD � xSÞg;

C4
3 ¼

q2

6�2
fx2Dð�12xSð2xf þ xWÞ þ 4xfð3� 8xWÞ � 28x2f þ 3x2S þ 4xWð3xW þ 5Þ þ 1Þ þ x4Dð8xf � 2Þ

þ xSð4xfð4xW � 7Þ þ 44x2f þ 4xWð9xW � 1Þ � 1Þ þ ð22xf þ 2Þx2S � 8ð�xfxWð9xW þ 2Þ þ 3x3f þ 2x2f

þ 6x2WðxW þ 1ÞÞ þ 10xf � 3x3S � 4xWg;

C5
3 ¼ � q2

6�2
f�x2Dð4ðxf � 10ÞxW þ 2xf þ 15xSð2xW þ 1Þ þ 44x2W � 7Þ þ x4Dð8xW þ 4Þ þ x2Sð�18xf þ 28xW þ 5Þ

þ xSð8xfðxW þ 5Þ þ 36x2f þ 26xWð2xW � 3Þ � 4Þ � 4ðxfð�18x2W þ xW þ 5Þ þ 6x3f þ 9x2f

þ 2xWð6x2W þ xW � 4ÞÞ þ 3x3Sg þ �
4q2

�
ðx2D � 2xf � xSÞ;

C6
3 ¼

q4

4�2
f40x3Wð�x2D þ 2xf þ xSÞ � 4x2Wð�x2Dð8xf þ 4xS þ 5Þ þ 2x4D þ 4ðxf þ 2ÞxS þ 4ð3x2f þ xf � 1Þ þ 3x2SÞ

þ 2xWðx2D � 2xf � xSÞð5x2D � 4ðxf þ 3ÞxS þ 4xfðxf þ 1Þ þ x2S þ 6Þ þ 4x2DxS � x4D � 2x2D � 8xfx
3
S þ 24x2fx

2
S

þ 24xfx
2
S � 32x3fxS � 48x2fxS � 24xfxS þ 16x4f þ 32x3f þ 24x2f þ 8xf þ x4S � 4x3S þ 2x2S � 32x4Wg

� �
2q4

�
fx2Dð2xW � 1Þ � 2xWð2xf þ xSÞ þ ðxS � 2xfÞ2 þ 4xfg;

C7
3 ¼ � q4

4�2
f�2xWðx2D þ 2xf þ xS � 2Þ þ ð�2xf þ xS � 1Þðx2D þ 2xf � xSÞ þ 8x2Wgfx2Dð4xf � 1Þ

� 4xSðxf þ xWÞ þ 4ððxf � xWÞ2 þ xWÞ þ x2Sg: (C2)
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(iii) Coefficients Ci
4 entering in F4:

C0
4 ¼

2

3�2
fxfðx2D� 7xSþ 10xW þ 6Þ� xWð7x2D� 19xSþ 20xW þ 12Þþ 10x2fg;

C1
4 ¼

2

3q2�2ðx2D� x2SÞ
fx2Dð6xfxS� 10xf þ 12xSxW � 2x2Sþ xS� 20xW � 3Þþ 2x4D�ðxS� 3ÞxSð2xf þ xSþ 4xWÞg;

C2
4 ¼

1

�3ðxDþ xSÞ
fx4DðxfðxSþ 4xW þ 2Þþ 4x2f þ xWð�9xS� 8xW þ 4ÞÞþ x3Dðxfð2ðxSþ 6ÞxW þ x2S� 2xSþ 7Þ

þ 2x2fðxSþ 6Þ� xWð4ðxSþ 6ÞxW þ 7x2S� 10xSþ 5ÞÞþ 2x2Dðxfð2xSð�4xSþ 5xW þ 6Þ� 7xW � 4Þ
þ x2fð10xS� 7Þþ xWð5xSð3xS� 4xW � 4Þþ 14xW þ 7ÞÞþ xDð�xfðxSðxSð12xS� 16xW � 15Þþ 22xW þ 6Þ
þ 8xW þ 3Þþ 2x2fðxSð8xS� 11Þ� 4Þþ xWðxSðxSð24xS� 32xW � 29Þþ 44xW þ 2Þþ 16xW þ 7ÞÞ
� 2x5DxW þ xWð2xfð2ðxS� 4ÞxSþ 1Þþ xSð6ðxS� 2ÞxSþ 7ÞÞþ xfðxSð4xfðxS� 4Þ� 2x2Sþ 2xS� 3Þþ 2xfÞ
� 4ð2ðxS� 4ÞxSþ 1Þx2Wg;

C3
4 ¼

1

�3ðxD� xSÞ
f�x4DðxfðxSþ 4xW þ 2Þþ 4x2f þ xWð�9xS� 8xW þ 4ÞÞþ x3Dðxfð2ðxSþ 6ÞxW þ x2S� 2xSþ 7Þ

þ 2x2fðxSþ 6Þ� xWð4ðxSþ 6ÞxW þ 7x2S� 10xSþ 5ÞÞþ 2x2Dðxfð2xSð4xS� 5xW � 6Þþ 7xW þ 4Þ
þ x2fð7� 10xSÞþ xWð5xSð�3xSþ 4xW þ 4Þ� 7ð2xW þ 1ÞÞÞþ xDð�xfðxSðxSð12xS� 16xW � 15Þ
þ 22xW þ 6Þþ 8xW þ 3Þþ 2x2fðxSð8xS� 11Þ� 4Þþ xWðxSðxSð24xS� 32xW � 29Þþ 44xW þ 2Þ
þ 16xW þ 7ÞÞ� 2x5DxW � xWð2xfð2ðxS� 4ÞxSþ 1Þþ xSð6ðxS� 2ÞxSþ 7ÞÞþ xfðxSð2xSð�2xf þ xS� 1Þ
þ 16xf þ 3Þ� 2xfÞþ 4ð2ðxS� 4ÞxSþ 1Þx2Wg;

C4
4 ¼

1

6�3
fx2DðxSð36xf � 6xW � 9Þ� 2ð2xfxW þ 5xfð8xf þ 3Þþ 6x2WÞþ 6x2Sþ 40xW þ 11Þ� 4x4Dð2xf þ 1Þ

� x2Sð10xf þ 108xW þ 5Þþ 2xSð2ð�58xfxW þ 25x2f þ xf þ 81x2WÞþ 77xW � 1Þ� 4ð6ð13� 15xfÞx2W
� 59xfxW þ xfð5xfð6xf þ 1Þ� 2Þþ 60x3W þ 20xWÞþ 3x3Sg;

C5
4 ¼

1

6�3
f�x2Dð�3xSð8xf � 26xW þ 3Þþ 50xfð2xW þ 1Þþ 24x2f þ 6x2S� 4xWð55xW þ 4Þþ 11Þþ 4x4Dð8xW þ 1Þ

� 20x2Wð18xf þ 13xS� 2Þþ 2ð2xS� 1ÞxWð50xf þ 7xSþ 8Þþ 42xfx
2
S� 132x2fxS� 56xfxSþ 120x3f

þ 156x2f þ 40xf � 3x3Sþ 5x2Sþ 2xSþ 240x3Wg;

C6
4 ¼

q2

4�3
fx4Dð2xWð8xf � 4xSþ 5Þþ 4xf � 2xS� 56x2W þ 3Þþ 2x2Dðx2Sð�6xf þ 13xW � 2Þþ xSð�5ð4xf þ 5ÞxW

þ 12x2f þ 16xf þ 52x2W þ 1Þþ 2ð5ð12xf þ 1Þx2W þð5� 6xfÞxfxW � xfð4xfðxf þ 3Þþ 7Þ� 50x3WÞþ x3S

þ 10xW � 1Þ� 2x3Sð8xf þ 5xW þ 1Þþ x2Sðxfð28� 44xWÞþ 72x2f þ 4ð6� 11xWÞxW þ 2Þ� 4xSð6x2fð5� 7xWÞ
þ xfð60x2W � 26xW þ 4Þþ 32x3f þ xWð10ð1� 5xWÞxW þ 3ÞÞþ 8ð50xfx3W þ 2ð1� 15x2fÞx2W
� xfð2xfð5xf þ 9Þþ 7ÞxW þ xfðxf þ 1Þð2xfð5xf þ 4Þþ 1Þ� 20x4WÞþ x4Sg;

C7
4 ¼

q2

4�3
fx4Dð4xfð4xf � 2xW þ 1Þþ 2xS� 2xW � 3Þ� 2x2Dðx2Sð6xf � 3xW � 2Þþ xSð10xfð2xf � 4xW � 1Þ

þ 17xW þ 1Þþ 6ð4xf � 3Þx2W þ 2xfð6xf þ 25ÞxW � 4xfð10x2f þ xf � 2Þþ x3Sþ 4x3W � 16xW � 1Þ
þ 8x3Wð50xf þ 37xS� 36Þ� 12x2Wð8ð4xf � 3ÞxSþ 4ðxfð5xf � 9Þþ 3Þþ 15x2SÞþ 2xWðð26xf � 34Þx2S
þð28xfð3xf � 2Þþ 22ÞxSþ 44xf � 8x2fð5xf þ 9Þþ 19x3S� 8Þ
� ðxS� 2xfÞ2ð�20x2f þðxS� 2ÞxSþ 2Þ� 160x4Wg: (C3)

(iv) Coefficients Ci
7 entering in F7:
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C0
7 ¼

q2xD
6�

f3x2D þ xSð4xf � 4xW � 6Þ � 8ðxf � xWÞðxf þ 2xWÞ � 4xf þ 4xW þ 3g;

C1
7 ¼

2xD
3�ðx2D � x2SÞ

fx2Dð�ðxf þ xS þ 2xW � 1ÞÞ þ xSðxSð�2xf þ xS � 4xW � 1Þ þ 6ðxf þ 2xWÞÞ � 3ðxf þ 2xWÞg;

C2
7 ¼

q2

4�2ðxD þ xSÞ
f�x4Dðxfð�2xS þ 4xW þ 2Þ þ 4x2f þ 2xWð6xS � 4xW þ 1Þ � 1Þ þ x3Dð3x2Sð4xf � 4xW � 1Þ

þ xSð34xW � 6ð4xfxW þ 4x2f þ xf � 8x2WÞÞ þ 16ðxf � xWÞðxf þ 2xWÞ þ 2xf � 18xW þ 1Þ
þ x2Dðx3Sð8xf � 8xW � 2Þ þ x2Sð�4xfð4xW þ 1Þ � 16x2f þ 4xWð8xW þ 9Þ þ 1Þ � 2xSð3xf þ xW þ 1Þ
þ 16ðxf � xWÞðxf þ 2xWÞ þ 6xf � 10xW þ 1Þ þ xDðxSðxSð�24xf þ 8xW � 7Þ þ 8ðxf � xWÞðxf þ 2xWÞ
þ 22xf þ 6x2S � 2xW þ 2Þ � 2ð2xf þ xWÞÞ þ x5Dð�2xf � 8xW þ 1Þ þ ð1� 2xSÞ2ð�2xf þ xS þ 2xWÞ

� ðxS � 2ðxf þ 2xWÞÞg � �
2q2

�
f2xfðxD þ 2xS � 1Þ � xDxS þ x2D þ xD � 2x2S þ xSg;

C3
7 ¼

q2

4�2ðxD � xSÞ
f�x4Dðxfð�2xS þ 4xW þ 2Þ þ 4x2f þ 2xWð6xS � 4xW þ 1Þ � 1Þ þ x3Dð3x2Sð�4xf þ 4xW þ 1Þ

þ xSð6ð4xfxW þ 4x2f þ xf � 8x2WÞ � 34xWÞ � 16ðxf � xWÞðxf þ 2xWÞ � 2xf þ 18xW � 1Þ
þ x2Dðx3Sð8xf � 8xW � 2Þ þ x2Sð�4xfð4xW þ 1Þ � 16x2f þ 4xWð8xW þ 9Þ þ 1Þ � 2xSð3xf þ xW þ 1Þ
þ 16ðxf � xWÞðxf þ 2xWÞ þ 6xf � 10xW þ 1Þ þ xDð2ð2xf þ xWÞ � xSðxSð�24xf þ 8xW � 7Þ
þ 8ðxf � xWÞðxf þ 2xWÞ þ 22xf þ 6x2S � 2xW þ 2ÞÞ þ x5Dð2xf þ 8xW � 1Þ þ ð1� 2xSÞ2ð�2xf þ xS þ 2xWÞ

� ðxS � 2ðxf þ 2xWÞÞg þ �
2q2

�
fxDð�2xf þ xS � 1Þ þ x2D � ð2xS � 1ÞðxS � 2xfÞg;

C4
7 ¼ �q2xD

6�2
ð�2xf þ xS � 4xW � 1Þfx2Dð8xf � 2Þ � 2xSð2xf þ 6xW þ 1Þ þ 12ðxf � xWÞ2 � 4xf þ 3x2S þ 12xW þ 1g;

C5
7 ¼

q2xD
6�2

f�48x3W þ 4x2Wð�8x2D þ 18xf þ 7xS þ 1Þ þ ð�2xf þ xS � 1Þðx2D � 4ð3xf þ 2ÞxS

þ 4ð3xfðxf þ 1Þ þ 1Þ þ 3x2SÞ þ 2�xWð�8xf þ 4xS þ 9Þg þ �
4q2xD
�

ð2xf � xS þ 1Þ;

C6
7 ¼ �q4xD

4�2
f2x2Dð�xSðxWð8xf þ 4xW þ 23Þ � 2Þ þ xWðxfð8xW � 2Þ þ 8x2f þ 2ð7� 8xWÞxW þ 9Þ þ 2x2SxW � 1Þ

þ x4Dð12xW � 1Þ � 2x3Sð4xf þ 3xW þ 2Þ þ x2Sð4ð5xfxW þ 6xfðxf þ 1Þ þ x2WÞ þ 42xW þ 2Þ
� 4xSð2x2fðxW þ 6Þ þ xfð6� 4xWðxW þ 1ÞÞ þ 8x3f þ xWð2ð5� 3xWÞxW þ 7ÞÞ þ 8ðð10xf þ 1Þx3W
� 2ðxf þ 1Þð3xf � 1Þx2W � xfð2x2f þ xf þ 2ÞxW þ xfðxf þ 1Þð2xfðxf þ 1Þ þ 1Þ � 4x4WÞ þ x4S þ 4xWg

þ �
2q4xD
�

f�x2D þ ðxS � 2xfÞð�2xf þ xS þ 2xWÞ þ 4xf � 2xWg;

C7
7 ¼

q4xD
4�2

ð�2xf þ xS � 4xW � 1Þð2xf þ xS � 2xW � 1Þfx2Dð4xf � 1Þ � 4xSðxf þ xWÞ þ 4ððxf � xWÞ2 þ xWÞ þ x2Sg:
(C4)

(v) Coefficients Ci
8 entering in F8:

C0
8 ¼

10xD
3�2

ðxf � xWÞð�2xf þ xS � 4xW � 1Þ;

C1
8 ¼

2xD
3q2�2ðx2D � x2SÞ

fx2Dð4xf � 5xS þ 8xW þ 5Þ þ xSð5xSð�2xf þ xS � 4xW � 1Þ þ 12ðxf þ 2xWÞÞ � 6ðxf þ 2xWÞg;
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C2
8 ¼

xW � xf

�3ðxD þ xSÞ
fx4Dð4xf � xS þ 8xW þ 6Þ þ x3Dð9xSð2xf � xS þ 4xW þ 2Þ � 16xf � 32xW � 7Þ

� 2x2Dð�2x2Sð3xf þ 6xW þ 2Þ þ 9xf þ 3x3S þ xS þ 18xW þ 2Þ þ xDðxSðxSð24xf � 12xS þ 48xW þ 17Þ
� 10ð3xf þ 6xW þ 1ÞÞ þ 4xf þ 8xW þ 1Þ þ 2x5D � ð2xS � 1Þ3ðxS � 2ðxf þ 2xWÞÞg;

C3
8 ¼

xf � xW

�3ðxD � xSÞ
fx4Dð�4xf þ xS � 8xW � 6Þ þ x3Dð9xSð2xf � xS þ 4xW þ 2Þ � 16xf � 32xW � 7Þ

þ 2x2Dð�2x2Sð3xf þ 6xW þ 2Þ þ 9xf þ 3x3S þ xS þ 18xW þ 2Þ þ xDðxSðxSð24xf � 12xS þ 48xW þ 17Þ
� 10ð3xf þ 6xW þ 1ÞÞ þ 4xf þ 8xW þ 1Þ þ 2x5D þ ð2xS � 1Þ3ðxS � 2ðxf þ 2xWÞÞg;

C4
8 ¼

xD
6�3

fx2Dðð13� 16xfÞxS þ 32xfðxf þ 2xWÞ þ 26xf � 34xW � 13Þ þ x2Sð2xf þ 120xW þ 19Þ
� 2xSð�56xfxW þ 2xfðxf þ 2Þ þ 150x2W þ 86xW þ 3Þ þ 2ð�2xfð90x2W þ 44xW þ 1Þ þ 60x3f � 14x2f

þ xWð30xWð4xW þ 5Þ þ 43Þ þ 1Þ � 15x3Sg;
C5
8 ¼

xD
6�3

f4x2Wð�16x2D þ 90xf � 13xS þ 29Þ þ ð�2xf þ xS � 1Þð�13x2D � 4ð15xf þ 1ÞxS
þ 60xfðxf þ 1Þ þ 15x2S þ 2Þ þ 2�xWð�16xf þ 8xS � 9Þ � 240x3Wg;

C6
8 ¼

q2xD
4�3

f2x2DðxSð12ð2xfxW � xf þ x2WÞ þ 7xW � 4Þ � 6ð4xf þ 3Þx2W � 6xfð4xf þ 5ÞxW þ 12xfðxf þ 1Þ
þ x2Sð3� 6xWÞ þ 48x3W � 5xW þ 2Þ þ x4Dð4xW � 1Þ þ 2x3Sð20xf þ 7xW þ 4Þ � 2x2Sð18xfðxW þ 2Þ þ 60x2f

þ ð13� 6xWÞxW þ 2Þ þ 4xSð�6x2fðxW � 8Þ þ 12xfð�3x2W þ xW þ 1Þ þ 40x3f þ xWð2ðxW � 3ÞxW þ 5ÞÞ
þ 4ð�2ð50xf þ 13Þx3W þ 6ð2xfð5xf þ 4Þ þ 1Þx2W þ ð2x2fð10xf þ 9Þ � 1ÞxW
� 4xfðxf þ 1Þð5xfðxf þ 1Þ þ 1Þ þ 40x4WÞ � 5x4Sg;

C7
8 ¼

q2xD
4�3

f2x2DðxSð�2xfð18xW þ 5Þ þ 15xW þ 4Þ þ ð6xf � 3Þx2S þ 6ð8xf � 3Þx2W � 3ð2xfð4xf � 9Þ þ 5ÞxW
� 24x3f þ 8xf � 2Þ þ x4Dð1� 4xfÞ � 2x3Sð2xf þ 25xW þ 4Þ þ 4xSð72ðxf � 1Þx2W � 3ð2ðxf � 3Þxf þ 5ÞxW
þ 4x3f � 2xf � 70x3WÞ þ x2Sðxfð8� 36xWÞ þ 90xWð2xW þ 1Þ þ 4Þ þ 8ð5ð7� 10xfÞx3W þ 6ðxf � 1Þð5xf � 3Þx2W
þ xfð2xf þ 3Þð5xf � 3ÞxW þ 2ð2� 5xfÞx3f þ 20x4WÞ þ 5x4S þ 20xWg: (C5)

(vi) Coefficients Ci
11 entering in F11:

C0
11 ¼

q2xW
6�

f2xf � 3xS þ 28xW þ 3g;

C1
11 ¼

xW
3�ðx2D � x2SÞ

fx2S � x2D þ 6ð1� xSÞðxf þ 2xWÞg;

C2
11 ¼

q2xW
4�2xDðxD þ xSÞ

fx4Dð�2xf þ xS þ 10xW þ 2Þ � x3DðxSð6xf � 40xW � 5Þ þ 8ðxf � xWÞðxf þ 2xWÞ

þ x2S þ 28xW þ 2Þ � x2Dð2xWð2xfðxS þ 4Þ � 15x2S þ 11xS þ 8Þ þ 4xfx
2
S þ 4x2fxS � 8xfxS þ 16x2f þ 6xf

� 8ðxS þ 4Þx2W þ x3S þ 1Þ þ xDðx2Sð24xf � 2xW þ 6Þ � 2xSð10xfxW þ xfð10xf þ 11Þ � 20x2W þ 4xW þ 1Þ
þ 4ðxfxW þ x2f þ xf � 2x2WÞ � 7x3S � 2xWÞ þ x5D � ð1� 2xSÞ2ð2xWð2xf þ xSÞ þ ðxS � 2xfÞ2 � 8x2WÞg;

C3
11 ¼ � q2xW

4�2xDðxD � xSÞ
f�x4Dð�2xf þ xS þ 10xW þ 2Þ � x3DðxSð6xf � 40xW � 5Þ þ 8ðxf � xWÞðxf þ 2xWÞ

þ x2S þ 28xW þ 2Þ þ x2Dð2xWð2xfðxS þ 4Þ � 15x2S þ 11xS þ 8Þ þ 4xfx
2
S þ 4x2fxS � 8xfxS þ 16x2f þ 6xf

� 8ðxS þ 4Þx2W þ x3S þ 1Þ þ xDðx2Sð24xf � 2xW þ 6Þ � 2xSð10xfxW þ xfð10xf þ 11Þ � 20x2W þ 4xW þ 1Þ
þ 4ðxfxW þ x2f þ xf � 2x2WÞ � 7x3S � 2xWÞ þ x5D þ ð1� 2xSÞ2ð2xWð2xf þ xSÞ þ ðxS � 2xfÞ2 � 8x2WÞg;
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C4
11 ¼

q2xW
6�2

fx2Dð8xf � 2Þ � 2xSð2xf þ 15xW þ 1Þ þ 12ðxf � 4xWÞðxf � xWÞ � 4xf þ 3x2S þ 30xW þ 1g;

C5
11 ¼

q2xW
3�2

f�2x2Dð8xW þ 1Þ � 2xSð6xf � 4xW þ 1Þ þ 12ð4xfxW þ x2f þ xf � 5x2WÞ þ 3x2S þ 8xW þ 1g;

C6
11 ¼

q4xW
2�2

f�12x2Wð�2x2D þ 6xf þ xS þ 1Þ � 2xWðx2Dð4xf � 2xS þ 3Þ þ ð4xf � 2ÞxS
� 4xfð3xf þ 2Þ þ x2SÞ þ ð�2xf þ xS � 1Þðx2D � ðxS � 2xfÞ2 � 4xfÞ þ 40x3Wg;

C7
11 ¼

q4xW
4�2

f4xWðx2Dð4xf � 1Þ þ 4xfð3xf þ xSÞ � 8xf þ xSð3xS � 4Þ þ 2Þ � ð2xf þ xS � 1Þðx2Dð4xf � 1Þ
þ ðxS � 2xfÞ2Þ � 36x2Wð2xf þ xS � 1Þ þ 32x3Wg: (C6)
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