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The effect of transverse gluons on the chiral symmetry patterns of excited mesons is studied in a

Coulomb gauge QCD model. The linear rising static quark-antiquark potential and the transverse gluon

propagator known from lattice studies are input into the model. The nonperturbative quark propagator,

which enters the meson bound state equations, is derived from the Dyson-Schwinger equations and a

complete set of mesons for general spin quantum number is presented. From analyzing the bound state

equations for large spins it is demonstrated that chiral and axial symmetry are restored. In this limit a

complete degeneracy of all multiplets with given spin is observed. The effect of the transverse gluon

interaction is shown to vanish rapidly as the spin quantum number is increased. For vanishing dynamical

quark mass the expected meson degeneracies are recovered.
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I. INTRODUCTION

Understanding the two cornerstones of nonperturbative
QCD—confinement and chiral symmetry breaking—is one
of themost important challenges ofmodern particle physics.
The hadron spectrumoffers a unique possibility to get insight
into the underlying mechanisms of both these phenomena
and their interplay. For instance, we certainly know that for
the low energy quark sector of QCD the chiral symmetry and
its spontaneous breaking are crucially important. Quark
condensation in the vacuum breaks the ULðNFÞ �URðNFÞ
symmetry group of massless QCD to the vector subgroup
UVðNFÞ, preventing the ground state parity partners from
having equal masses and giving rise to N2

F pseudoscalar
Goldstone bosons. The mass of the �0 particle is shifted up
due to the anomalous breaking of the UAð1Þ symmetry.

However, higher states in the light hadron spectrum
show a different picture: mesons and baryons tend to
form chiral multiplets, signaling the ‘‘effective’’ restora-
tion of the UAðNFÞ symmetry [1]; see Ref. [2] for an
overview. However, for a final proof missing states have
to be experimentally confirmed. The physical picture is the
following: for high-lying states the valence quarks should
become unaffected by the condensate, since one enters the
semiclassical regime, where the quantum fluctuations are
suppressed; see Ref. [3]. This phenomenological picture
has been tested, however, with only a static quark-
antiquark Lorentz-vector confining potential entering the
system, which has either been chosen to be of harmonic
oscillator type [4] or linearly rising [5]. Here we close a gap
and show that highly excited high-spin mesons form ap-
proximately degenerate chiral multiplets also for a trans-
verse gluon type of interaction.

The Nambu–Jona-Lasinio type mechanism of spontane-
ous breaking of chiral symmetry has been successfully

analyzed in effective potential models (Refs. [6–8]), how-
ever, with the low energy chiral properties of the theory
predicted too low. It has been observed that an additional
transverse gluon exchange increases the values of the quark
condensate and dynamical quark mass substantially to-
wards their phenomenological values (Refs. [9–13]).
Most recently, in Ref. [12] this has been shown by applying
the variational approach to the quark sector of Coulomb
gauge QCD. Since transverse gluons have a significant
effect on chiral symmetry breaking we here ask the ques-
tion if they also affect high-spin mesons, where chiral
symmetry is expected to be effectively restored.
In Refs. [5,14] it has been shown that in a model with

chiral quarks and a color-Coulomb linear potential mesons
fall into parity multiplets for large spins. Here we general-
ize the model and include transverse gluons. We demon-
strate that the additional interaction respects chiral
ULð2Þ �URð2Þ symmetry as well.
The organization of the paper is as follows: in Sec. II we

review the model Hamiltonian generalized to transverse
gluon interaction and specify the interaction kernels
from lattice Coulomb gauge studies. In Sec. III the quark
propagator dressing functions are obtained from the
Dyson-Schwinger equations in a rainbow truncation and
the infrared divergencies of these quantities are discussed.
The symmetry properties of noninteracting quarks are
listed in Sec. IV. A complete spectrum of meson Bethe-
Salpeter equations for arbitrary orbital quantum number
are presented in Sec. V. The limit of vanishing dynamical
quark mass is discussed in Sec. VI. In Sec. VII the
equations are studied for large spins J. It is shown by
numerically analyzing the angular integrals of the coupled
system that the effect of transverse gluons rapidly vanishes
for increasing spin. Effective chiral symmetry restoration
is found to persist for such an interaction. In Sec. VIII
we summarize our main findings. Irreducible tensor rela-
tions and the Bethe-Salpeter equations are collected in
Appendixes A and B.
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II. MODEL HAMILTONIAN

The model Hamiltonian generalized to transverse gluons
is defined as (see Refs. [9,14])

H ¼ HF þHI; HI ¼ HC þHT; (1)

where

HF ¼
Z

d3xc yðxÞð�i� � @þ �m0Þc ðxÞ (2)

is the free Hamiltonian of the quark field c ðxÞ. Here �, �
are the usual Dirac matrices satisfying f�i; �jg ¼ �ij and

f�;�ig ¼ 0, m0 is the current quark mass. The interaction
Hamiltonian HI is split up into the instantaneous linear
confining Coulomb term

HC¼1

2

Z
d3xd3yc yðxÞTac ðxÞVab

C ðjx�yjÞc yðyÞTbc ðyÞ;
(3)

with Ta being the Hermitian generators of the gauge group
SUðNÞ in the fundamental representation and the trans-
verse gluon interaction of the form

HT ¼ � 1

2

Z
d3xd3yc yðxÞ�iT

ac ðxÞ
�Dab

ij ðjx� yjÞc yðyÞ�jT
bc ðyÞ: (4)

Here a comment is in order: the interaction Hamiltonian (3)
arises naturally in Coulomb gauge QCD from the kinetic
energy of the longitudinal modes after resolving Gauss’s
law. Using a perturbative gluon propagator and integrating
out the gluonic degrees of freedom leads to an additional
quark interaction due to transverse gluons, Eq. (4). A recent
Coulomb gauge study supports such an interaction kernel.
Using the so-called variational approach to QCD in
Coulomb gauge, a quark vacuum wave functional is

suggested, which goes beyond the typical BCS approxima-
tion and includes a coupling between quarks and transverse
gluons; see Ref. [12]. The additional transverse gluon in-
teraction increases the chiral condensate and the constituent
quark mass of about 20%–60%. These findings are in
agreement with the study of Ref. [13], where a potential
of the form (4) is used to describe transverse gluons. For a
gluon propagator which vanishes for small momenta,
both these approaches lead to a constituent quark mass of
�200 MeV. In Fig. 1 on the left-hand side the dynamical
quark mass is plotted and compared to the cases without the
additional transverse gluon interaction and to most recent
lattice Coulomb gauge data; see Ref. [15]. For the purpose
of our work it is much more convenient to use a model
Hamiltonian as considered in Eq. (4).
We now specify the interaction kernels Vab

C ðjx� yjÞ and
Dab

ij ðjx� yjÞ, appearing in Eqs. (3) and (4). Both are

diagonal in color space. From the variational approach to
Coulomb gauge (Refs. [16,17]), one finds a potential which
at large distances rises linearly:

VCðrÞ ¼ �Cr; r ! 1; r ¼ jx� yj: (5)

The same behavior is found on the lattice (Ref. [18]), with
a Coulomb string tension �C of

�C � ð2 . . . 3Þ�W; (6)

where
ffiffiffiffiffiffiffiffi
�W

p ¼ 440 MeV is the Wilsonian string tension. It

is well known that the linearly rising confinement potential
VCðrÞ in Eq. (3) leads to infrared divergences in momentum
space, which, however, cancel from the observable quan-
tities as shown in Ref. [8]. For the actual computation we
introduce an (infrared) cutoff parameter, which, in the end
of the calculation, is sent to zero. For the definition of the
infrared regular confinement potential we adopt the con-
vention of Refs. [9,14], given as (in momentum space)
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FIG. 1 (color online). Left panel: Dynamical quark mass for �C ¼ 2�W and
ffiffiffiffiffiffiffiffi
�W

p ¼ 440 MeV comparing the results from the
variational approach to QCD in Coulomb gauge (Ref. [12]) to the lattice data obtained in Ref. [15]. The dashed curve is obtained with
the additional coupling of quarks to transverse gluons while the dash-dotted curve is obtained using the color-Coulomb potential only;
for details see Ref. [12]. Right panel: Instantaneous transverse gluon propagator DðpÞ. Data points show the lattice results of Ref. [19].
The dashed curve is the result of the variational analysis using a Gaussian vacuum (Ref. [16]) and the full curve shows the extension to
non-Gaussian wave functionals. The plot is taken from Ref. [20].
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VCðpÞ ¼ 8��C

ðp2 þ�2
IRÞ2

; (7)

with �C the Coulomb string tension and �IR the infrared
cutoff parameter. Due to asymptotic freedom the color-
Coulomb potential also has an ordinary short-range 1=r
part, which influences the UV part of the dynamical quark
mass. Since we want to investigate the role of transverse
gluons for chiral symmetry restoration in highly excited
mesons, the Coulomb potential is not required and can be
neglected.

As static transverse gluon propagatorDðpÞ in Eq. (4) we
use the result from lattice studies (Ref. [19]) in Coulomb
gauge QCD, which can nicely be fitted by Gribov’s
formula

Dab
ij ðpÞ ¼ �abtijðpÞDðpÞ; with

D�1ðpÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM4

G

p2

s
;

(8)

where MG � 880 MeV is a mass scale referred to as
Gribov mass and the transverse projector is defined as

tijðxÞ ¼
Z

}
3pð�ij � p̂ip̂jÞeip�x;

}3q � d3q

ð2�Þ3 ; p̂ ¼ p

jpj :
(9)

On the right-hand side of Fig. 1 the transverse gluon
propagator is presented and compared to results in the
variational approach to QCD (Refs. [16,20]).

III. QUARK PROPAGATOR AND GAP EQUATION

Due to the static interaction kernels (3) and (4), the
dressed inverse quark propagator can be decomposed as

iS�1ðp0;pÞ ¼ �0p0 � � � p̂BðpÞ � AðpÞ; (10)

with AðpÞ, BðpÞ denoting scalar and vector dressing func-
tions. Within this large-NC model only the rainbow dia-
grams contribute to the gap equation (see Refs. [7,8] for a
detailed derivation)

AðpÞ ¼ mþ 1

2

Z
}3q½VðkÞ þ 2DðkÞ� AðqÞ

!ðqÞ ; (11)

BðpÞ ¼ jpj þ 1

2

Z
}
3q½VðkÞðp̂ � q̂Þ

þ 2DðkÞðp̂ � k̂Þðq̂ � k̂Þ� jqj
!ðqÞ ; (12)

with k ¼ p� q and !2ðpÞ ¼ A2ðpÞ þ B2ðpÞ. We stress
that the quark-gluon vertex is taken to be bare and it is
assumed that no infrared divergence occurs in the trans-
verse gluon sector. Spontaneous chiral symmetry breaking
reflects itself in a nonvanishing scalar dressing function
AðpÞ and in an infrared finite dynamical quark mass func-
tion MðpÞ, which is defined as (see Fig. 1)

MðpÞ ¼ jpjAðpÞ
BðpÞ : (13)

The plateau value at zero momentumMð0Þ is interpreted as
constituent quark mass. For highly excited states, where
the typical quark momentum is large, the valence quarks
become less affected by the quark condensate; hence in this
regime the behavior of the quark dressing functions (11)
and (12) for large momenta p is essential. At tree level in
the chiral limit they approach

Aðp ! 1Þ ! 0; Bðp ! 1Þ ! jpj; (14)

and the dynamical quark massMðpÞ goes to zero. For later
purpose it is important to project out the infrared diver-
gences, which has explicitly been done in Ref. [14] for the
case of a purely linear color-Coulomb potential and is not
changed by the additional transverse gluon interaction. We
therefore quote the result of Ref. [14], given as

AðpÞ ¼ �

2�IR

AðpÞ
!ðpÞ þ AFðpÞ; (15)

BðpÞ ¼ �

2�IR

jpj
!ðpÞ þ BFðpÞ; (16)

!ðpÞ ¼ �

2�IR

þ!FðpÞ; (17)

with AFðpÞ, BFðpÞ, !FðpÞ being infrared-finite.

IV. SYMMETRY PROPERTIES OF
NONINTERACTING QUARKS

Before we proceed with deriving the meson bound state
equations, we discuss the expected degeneracies in case of
nonbroken chiral symmetry. The two-quark amplitudes
then follow from Poincaré invariance and ULð2Þ �URð2Þ
symmetry. The complete list of �qq-meson SULð2Þ �
SURð2Þ multiplets is given as (see Refs. [1,2] for a detailed
explanation) (k ¼ 1; 2; . . . )

J ¼ 0:

( ð1=2; 1=2Þa: 1; 0�þ $ 0; 0þþ

ð1=2; 1=2Þb: 1; 0þþ $ 0; 0�þ (18)

J ¼ 2k:

8>>>>><
>>>>>:

ð0; 0Þ: 0; J�� $ 0; Jþþ

ð1=2; 1=2Þa: 1; J�þ $ 0; Jþþ

ð1=2; 1=2Þb: 1; Jþþ $ 0; J�þ

ð0; 1Þ � ð1; 0Þ: 1; Jþþ $ 1; J��

(19)

J ¼ 2k� 1:

8>>>>><
>>>>>:

ð0; 0Þ: 0; Jþþ $ 0; J��

ð1=2; 1=2Þa: 1; Jþ� $ 0; J��

ð1=2; 1=2Þb: 1; J�� $ 0; Jþ�

ð0; 1Þ � ð1; 0Þ: 1; J�� $ 1; Jþþ

(20)
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The axial UAð1Þ symmetry mixes the states from the
ð1=2; 1=2Þa and ð1=2; 1=2Þb chiral multiplets with
the same isospin but opposite parity. Moreover, from
theoretical arguments (Ref. [21]) and from the analysis
with a color-Coulomb potential in the limit J ! 1
(Ref. [14]), one expects an even higher degree of
degeneracy

½ð0; 1=2Þ � ð1=2; 0Þ� � ½ð0; 1=2Þ � ð1=2; 0Þ�; (21)

i.e., all states with given spin should become degenerate.
Next we turn to the interacting case, where the quark

self-energy breaks chiral and UAð1Þ axial symmetry.
Chiral symmetry restoration then means that the splittings
within the multiplets vanish in the limit J ! 1. It will be
interesting to observe if the transverse gluon interaction
still allows for such a degeneracy for large orbital quan-
tum numbers. To investigate the effect of transverse glu-
ons we derive bound state equations for the model
Hamiltonian (1).

V. BETHE-SALPETER EQUATIONS
FOR MESONS

The homogeneous ( �qq)-meson Bethe-Salpeter equation
(BSE) with total and relative four momenta P, p and
individual momenta q� P=2 of the (anti)quarks is con-
veniently set up in momentum space:

	ðP;pÞ¼�i
Z d4q

ð2�Þ4KðP;p;qÞSðqþP=2Þ	ðP;qÞSðq�P=2Þ;
(22)

with KðP;p; qÞ the Bethe-Salpeter kernel, Sðq� P=2Þ the
quark propagator and 	ðP; pÞ the meson vertex function.
Dirac and color indices are suppressed. As a first step one
usually chooses the rest frame, where the (anti)quark mo-
menta have equal magnitude, so that P� ¼ ð�;p ¼ 0Þ.
Due to the instantaneous interactions of our model the
Bethe-Salpeter kernel and the vertex function depend
only on three-momentum and the BSE (in the ladder
approximation, which is exact within this large-NC model)
simplifies as (see Ref. [9])

	ð�;pÞ ¼ �i
Z d4q

ð2�Þ4 VðkÞ�0S

�
q0 þ�

2
; q

�
	ð�; qÞ

� S

�
q0 ��

2
; q

�
�0 þ i

Z d4q

ð2�Þ4 DijðkÞ�i

� S

�
q0 þ�

2
; q

�
	ð�; qÞS

�
q0 ��

2
; q

�
�j: (23)

This equation is solved in the standard fashion: theq0 integral
is taken explicitly, the vertex function 	ð�; qÞ of a given
meson type is expanded in terms of all possible Poincaré-
invariant amplitudes (see Appendix B) and, by applying
appropriate traces of Dirac matrices, the independent tensor
components	i [see Eqs. (B1)–(B3)] are projected out. Since
we are interested in meson bound states for general orbital
excitations J, irreducible tensor products occur in the con-
struction of the independent vertex components, which can
be simplified by using formulas listed in Appendix A.
As in Ref. [14] three different types of mesons with

total angular momentum, parity and C-parity JPC are
constructed:

Category 1:

(
J�þ; J ¼ 2n

Jþ�; J ¼ 2nþ 1

Category 2:

(
Jþþ; J ¼ 2n

J��; J ¼ 2nþ 1

Category 3:

(
J��; J ¼ 2ðnþ 1Þ
Jþþ; J ¼ 2nþ 1:

A fourth possible category with ð2nÞþ�, ð2nþ 1Þ�þ is
absent in a system with only instantaneous interactions.
In Appendix B the coupled integral equations for all meson
categories are presented.
In Ref. [14] it has been shown that in the limit J ! 1 all

states for a given J are completely degenerate. Here we
repeat the calculation for an additional transverse gluon
interaction and investigate if the same degree of degeneracy
is still present. As a first step towards this study we have to
analyze the BSEs regarding the infrared limit �IR ! 0.
Mesons of category 1 are described by two coupled integral
equations [see Eqs. (B7a) and (B7b) (k ¼ p� q)

!ðpÞhðpÞ¼ 1

2

Z
}
3qðVCðkÞþ2DðkÞÞPJðp̂ � q̂Þ

�
hðqÞþ �2

4!ðqÞgðqÞ
�
; (24a)

�
!ðpÞ� �2

4!ðpÞ
�
gðpÞ¼hðpÞþ1

2

Z
}
3qVCðkÞ

�
AðpÞAðqÞPJðp̂ � q̂ÞþBðpÞBðqÞð Jþ1

2Jþ1PJþ1ðp̂ � q̂Þþ J
2Jþ1PJ�1ðp̂ � q̂ÞÞ

!ðpÞ!ðqÞ
�
gðqÞ

�1

2

Z
}3q2DðkÞ

�
AðpÞAðqÞPJðp̂ � q̂ÞþBðpÞBðqÞð Jþ1

2Jþ1F1þ J
2Jþ1G1Þ

!ðpÞ!ðqÞ
�
gðqÞ; (24b)

where we have defined the following quantities:

F1 ¼ ðk̂ � q̂Þ
jkj ðjpjPJðp̂ � q̂Þ � jqjPJþ1ðp̂ � q̂ÞÞ; (25)
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G1 ¼ ðk̂ � q̂Þ
jkj ðjpjPJðp̂ � q̂Þ � jqjPJ�1ðp̂ � q̂ÞÞ; (26)

which appear for the transverse gluon interaction. With help of Eqs. (15)–(17) we rewrite Eqs. (24a) and (24b) as

!FðpÞhðpÞ ¼ �2

4
gðpÞ þ 1

2

Z
}3qðVC;FðkÞ þ 2DðkÞÞPJðp̂ � q̂ÞhðqÞ; (27a)

!FðpÞgðpÞ ¼ hðpÞ þ 1

2

Z
}3qVC;FðkÞ

�
AðpÞAðqÞPJðp̂ � q̂Þ þ BðpÞBðqÞð Jþ1

2Jþ1PJþ1ðp̂ � q̂Þ þ J
2Jþ1PJ�1ðp̂ � q̂ÞÞ

!ðpÞ!ðqÞ
�
gðqÞ

� 1

2

Z
}
3q2DðkÞ

�
AðpÞAðqÞPJðp̂ � q̂Þ þ BðpÞBðqÞð Jþ1

2Jþ1F1 þ J
2Jþ1G1Þ

!ðpÞ!ðqÞ
�
gðqÞ: (27b)

In addition we have used that

lim
�IR!0

�IR

�2

Z
d3q

1

ðk2 þ�2
IRÞ2

fðqÞ ¼
Z

d3q�ðp� qÞfðqÞ ¼ fðpÞ; (28)

VC;FðkÞ ¼ VCðkÞ � �C

�IR
ð2�Þ3�ðkÞ and that the integral

1

2

Z
}
3q2DðkÞPJðp̂ � q̂Þ �2

4!ðqÞgðqÞ 	Oð�IRÞ; (29)

vanishes in the limit �IR ! 0. We note that the transverse gluon propagator DðkÞ [Eq. (8)] is finite for �IR ! 0.
Four linearly independent equations (B14a)–(B14d) describe mesons in category 2 given in the infrared limit as

[PJ ¼ PJðp̂ � q̂Þ]

!FðpÞh1ðpÞ¼�2

4
g1ðpÞþ1

2

Z
}
3qVC;FðkÞ

��
J

2Jþ1
PJþ1þ Jþ1

2Jþ1
PJ�1

�
h1ðqÞþAðqÞ

!ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þp
2Jþ1

ðPJþ1�PJ�1Þh2ðqÞ
�

�1

2

Z
}3q2DðkÞ

��
J

2Jþ1
F2þ Jþ1

2Jþ1
G2

�
h1ðqÞþAðqÞ

!ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þp
2Jþ1

ðF1�G1Þh2ðqÞ
�
; (30a)

!FðpÞg1ðpÞ¼h1ðpÞþ1

2

Z
}
3qVC;FðkÞ

�
BðpÞBðqÞPJþAðpÞAðqÞð J

2Jþ1PJþ1þ Jþ1
2Jþ1PJ�1Þ

!ðpÞ!ðqÞ g1ðqÞ

þAðpÞ
!ðpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þp
2Jþ1

ðPJþ1�PJ�1Þg2ðqÞ
�

þ1

2

Z
}3q2DðkÞ

�
BðpÞBðqÞHJ þAðpÞAðqÞð J

2Jþ1F2þ Jþ1
2Jþ1G2Þ

!ðpÞ!ðqÞ g1ðqÞ�AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þp
2Jþ1

ðF1�G1Þg2ðqÞ
�
; (30b)

!FðpÞh2ðpÞ¼�2

4
g2ðpÞþ1

2

Z
}
3qVC;FðkÞ

�
BðpÞBðqÞPJþAðpÞAðqÞð Jþ1

2Jþ1PJþ1þ J
2Jþ1PJ�1Þ

!ðpÞ!ðqÞ h2ðqÞ

þAðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þp
2Jþ1

ðPJþ1�PJ�1Þh1ðqÞ
�

þ1

2

Z
}3q2DðkÞ

�
BðpÞBðqÞPJþAðpÞAðqÞð Jþ1

2Jþ1F1þ J
2Jþ1G1Þ

!ðpÞ!ðqÞ h2ðqÞ�AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þp
2Jþ1

ðF2�G2Þh1ðqÞ
�
; (30c)

!FðpÞg2ðqÞ¼h2ðpÞþ1

2

Z
}
3qVC;FðkÞ

��
Jþ1

2Jþ1
PJþ1þ J

2Jþ1
PJ�1

�
g2ðqÞþAðqÞ

!ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þp
2Jþ1

ðPJþ1�PJ�1Þg1ðqÞ
�

�1

2

Z
}
3q2DðkÞ

��
Jþ1

2Jþ1
F1þ J

2Jþ1
G1

�
g2ðqÞþAðqÞ

!ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þp
2Jþ1

ðF2�G2Þg1ðqÞ
�
; (30d)

with the quantities F1, F2 [Eqs. (25) and (26)],

F2 ¼ jpj
jkj2 ½jpjðPJ�1ðp̂ � q̂Þ � ðp̂ � q̂ÞPJðp̂ � q̂ÞÞ þ jqjððp̂ � q̂ÞPJþ1ðp̂ � q̂Þ � PJðp̂ � q̂ÞÞ�; (31)
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G2 ¼ jpj
jkj2 ½jpjðPJþ1ðp̂ � q̂Þ � ðp̂ � q̂ÞPJðp̂ � q̂ÞÞ þ jqjððp̂ � q̂ÞPJ�1ðp̂ � q̂Þ � PJðp̂ � q̂ÞÞ�; (32)

and

H ¼ jpjjqj
jkj2 ððp̂ � q̂ÞPJðp̂ � q̂Þ � PJþ1ðp̂ � q̂ÞÞ (33)

entering the transverse gluon part. We note that for the 0þþ state several vertex function components in Eq. (B2) are absent
and therefore only two independent functions h2ðpÞ and g2ðpÞ remain.

Finally, let us turn to the Bethe-Salpeter equations (B18a) and (B18b) for mesons of category 3, which for�IR ! 0 have
the form

!FðpÞgðpÞ ¼ hðpÞ þ 1

2

Z
}
3q

�
VCðkÞPJðp̂ � q̂Þ þ 2DðkÞH

J

�
gðqÞ; (34a)

!FðpÞhðpÞ ¼ �2

4
gðpÞ þ 1

2

Z
}
3qVCðkÞ

�
AðpÞAðqÞPJðp̂ � q̂Þ þ BðpÞBðqÞð J

2Jþ1PJþ1ðp̂ � q̂Þ þ Jþ1
2Jþ1PJ�1ðp̂ � q̂ÞÞ

!ðpÞ!ðqÞ
�
hðqÞ

� 1

2

Z
}
3q2DðkÞ

�
AðpÞAðqÞ HJ þ BðpÞBðqÞð J

2Jþ1F2 þ Jþ1
2Jþ1G2Þ

!ðpÞ!ðqÞ hðqÞ
�
; (34b)

where we have used the definitions (31)–(33). For the state 0�� there would only be one independent vertex tensor
component; see Eq. (B3). However, inserting it into the BSE gives zero. Hence, such a state is absent in our instantaneous
model (Ref. [14]).

All equations listed in this section now serve as a laboratory to study the influence of transverse gluons on mesons for
large orbital excitations. By analyzing the occurring angular integrals we are going to observe that the transverse gluon
interaction is suppressed for highly excited meson states.

VI. CHIRAL SYMMETRY STRUCTURE OF THE BETHE-SALPETER EQUATIONS FOR THE
NONINTERACTING CASE

In this section we discuss the special case of noninteracting quarks and show that the BSEs fulfill the expected meson
degeneracies [Eqs. (18)–(20)]. For vanishing dynamical quark mass MðpÞ ¼ 0 the integral equations (27a) and (27b) for
mesons of category 1 simplify as [using Eq. (14) and !ðpÞ ¼ jpj]

!FðpÞhðpÞ ¼ �2

4
gðpÞ þ 1

2

Z
}3qðVC;FðkÞ þ 2DðkÞÞPJðp̂ � q̂ÞhðqÞ; (35a)

!FðpÞgðpÞ ¼ hðpÞ þ 1

2

Z
}3qVC;FðkÞ

�
J þ 1

2J þ 1
PJþ1ðp̂ � q̂Þ þ J

2J þ 1
PJ�1ðp̂ � q̂Þ

�
gðqÞ

� 1

2

Z
}3q2DðkÞ

�
J þ 1

2J þ 1
F1 þ J

2J þ 1
G1

�
gðqÞ; (35b)

with F1 andG1 given in Eqs. (25) and (26). Inserting the tree-level dressing functions into the last two equations for mesons
of category 2 [(30c) and (30d)] yields

!FðpÞh2ðpÞ ¼ �2

4
g2ðpÞ þ 1

2

Z
}3qðVC;FðkÞ þ 2DðkÞÞPJðp̂ � q̂Þh2ðqÞ; (36a)

!FðpÞg2ðqÞ ¼ h2ðpÞ þ 1

2

Z
}3qVC;FðkÞ

�
J þ 1

2J þ 1
PJþ1ðp̂ � q̂Þ þ J

2J þ 1
PJ�1ðp̂ � q̂Þ

�
g2ðqÞ

� 1

2

Z
}
3q2DðkÞ

�
J þ 1

2J þ 1
F1 þ J

2J þ 1
G1

�
g2ðqÞ; (36b)

and one ends up with identical equations, which yield the expected degeneracies J�þ $ JþþðJ ¼ 2nÞ and
Jþ� $ J��ðJ ¼ 2nþ 1Þ. The remaining two equations (30a) and (30b) for mesons of category 2

M. PAK AND L.YA. GLOZMAN PHYSICAL REVIEW D 88, 076010 (2013)

076010-6



!FðpÞh1ðpÞ ¼ �2

4
g1ðpÞ þ 1

2

Z
}
3qVC;FðkÞ

�
J

2J þ 1
PJþ1ðp̂ � q̂Þ þ J þ 1

2J þ 1
PJ�1ðp̂ � q̂Þ

�
h1ðqÞ

� 1

2

Z
}
3q2DðkÞ

�
J

2J þ 1
F2 þ J þ 1

2J þ 1
G2

�
h1ðqÞ; (37a)

!FðpÞg1ðpÞ ¼ h1ðpÞ þ 1

2

Z
}
3q

�
VC;FðkÞPJðp̂ � q̂Þ þ 2DðkÞH

J

�
g1ðqÞ; (37b)

then coincide with the equations for mesons of category 3:

!FðpÞhðpÞ ¼ �2

4
gðpÞ þ 1

2

Z
}
3qVC;FðkÞ

�
J

2J þ 1
PJþ1ðp̂ � q̂Þ þ J þ 1

2J þ 1
PJ�1ðp̂ � q̂Þ

�
hðqÞ

� 1

2

Z
}3q2DðkÞ

�
J

2J þ 1
F2 þ J þ 1

2J þ 1
G2

�
hðqÞ; (38a)

!FðpÞgðpÞ ¼ hðpÞ þ 1

2

Z
}3q

�
VC;FðkÞPJðp̂ � q̂Þ þ 2DðkÞH

J

�
gðqÞ: (38b)

The meson degeneracies J�� $ JþþðJ ¼ 2nþ 1Þ and Jþþ $ J��ðJ ¼ 2ðnþ 1ÞÞ follow from these equations. The
state 0þþ only applies for the last two equations of category 2, Eqs. (36a) and (36b), as shown in the last section. We have
thus shown that for vanishing dynamical mass the BSEs fall into the expected chiral multiplets and SULð2Þ � SURð2Þ
and UAð1Þ are recovered. Next we analyze this question for the interacting case and discuss the role played by
transverse gluons.

VII. EFFECTIVE CHIRAL SYMMETRY RESTORATION FOR LARGE ORBITAL ANGULAR MOMENTUM

The transverse gluon interaction influences the meson states in two ways, namely via the BSEs and via the quark
dressing functions. In this section we analyze the BSEs in order to answer if transverse gluons change the asymptotic
degeneracy for high-spin bound states.

By comparing mesons of category 1 and 3 [Eqs. (27a), (27b), (34a), and (34b)], in the limit of large spins J for a purely
linear interquark potential VC, the degeneracy of all chiral multiplets [Eq. (21)] has been demonstrated in Refs. [5,14]. Here
we discuss the effect of the additional transverse gluon interaction [Eq. (4)] for the degeneracy within these two categories
in the limit J ! 1. For mesons in category 3 [Eqs. (34a) and (34b)], we make the replacement hðpÞ ! �

2 gðpÞ. For a clear
reading we once again list the equations for category 1,

!FðpÞhðpÞ ¼ �2

4
gðpÞ þ 1

2

Z
}
3qðVC;FðkÞ þ 2DðkÞÞPJðp̂ � q̂ÞhðqÞ; (39a)

!FðpÞgðpÞ ¼ hðpÞ þ 1

2

Z
}
3qVC;FðkÞ

�
AðpÞAðqÞPJðp̂ � q̂Þ þ BðpÞBðqÞð Jþ1

2Jþ1PJþ1ðp̂ � q̂Þ þ J
2Jþ1PJ�1ðp̂ � q̂ÞÞ

!ðpÞ!ðqÞ
�
gðqÞ

� 1

2

Z
}3q2DðkÞ

�
AðpÞAðqÞPJðp̂ � q̂Þ þ BðpÞBðqÞð Jþ1

2Jþ1F1 þ J
2Jþ1G1Þ

!ðpÞ!ðqÞ
�
gðqÞ; (39b)

and for category 3,

!FðpÞhðpÞ ¼ �2

4
gðpÞ þ 1

2

Z
}3q

�
VC;FðkÞPJðp̂ � q̂Þ þ 2DðkÞH

J

�
hðqÞ; (40a)

!FðpÞgðpÞ ¼ hðpÞ þ 1

2

Z
}3qVCðkÞ

�
AðpÞAðqÞPJðp̂ � q̂Þ þ BðpÞBðqÞð J

2Jþ1PJþ1ðp̂ � q̂Þ þ Jþ1
2Jþ1PJ�1ðp̂ � q̂ÞÞ

!ðpÞ!ðqÞ
�
gðqÞ

� 1

2

Z
}
3q2DðkÞ

�
AðpÞAðqÞ HJ þ BðpÞBðqÞð J

2Jþ1F2 þ Jþ1
2Jþ1G2Þ

!ðpÞ!ðqÞ
�
gðqÞ; (40b)

using the definitions (25), (26), and (31)–(33). Let us start with exploring Eqs. (39a) and (40a). The color-Coulomb
interaction VCðkÞ enters in both equations with the Legendre polynomial PJðp̂ � q̂Þ; hence for any spin quantum number J
the equations agree with each other. However, for the transverse gluon interaction the situation is different: two different
contributionsPJðp̂ � q̂Þ and H

J occur, which do not coincide for arbitrary J. However, we now demonstrate that for large spin
quantum number J both these contributions vanish.
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We use spherical coordinates (
R
d3q¼2�

R1
0 q

2dq
R
1
�1z,

with z ¼ cos 
 ¼ p̂ � q̂) and write down the one-
dimensional integral equations

!FðpÞhðpÞ ¼ �2

4
gðpÞ þ 1

2

1

ð2�Þ2
Z

q2dqhðqÞ

�
Z 1

�1
dzðVC;Fðp2 þ q2 � 2pqzÞ

þ 2Dðp2 þ q2 � 2pqzÞÞPJðzÞ; (41)

!FðpÞhðpÞ ¼ �2

4
gðpÞ þ 1

2

1

ð2�Þ2
Z

q2dqhðqÞ

�
Z 1

�1
dz

�
VC;Fðp2 þ q2 � 2pqzÞPJðzÞ

þ 2Dðp2 þ q2 � 2pqzÞHðp; q; zÞ
J

�
: (42)

We calculate the angular integrals for the transverse gluon
interaction

AM1ðp;qÞ¼ 1

ð2�Þ2
Z 1

�1
dzDðp2þq2�2pqzÞPJðzÞ; (43)

AM3ðp;qÞ¼ 1

ð2�Þ2
1

J

Z 1

�1
dzDðp2þq2�2pqzÞHðp;q;zÞ

¼ 1

ð2�Þ2
pq

J

�Z 1

�1
dz

Dðp2þq2�2pqzÞ
p2þq2�2pqz

ðzPJðzÞ

�PJþ1ðzÞÞ
�
; (44)

where in the second line we have explicitly used the
definition forH, Eq. (33). For a tree-level gluon propagator
the integrals can be calculated analytically.1 Using as
transverse gluon propagator D the lattice result [Eq. (8)],

the angular integrals (43) and (44) are performed
numerically. The scale is fixed by the Wilsonian string
tension

ffiffiffiffiffiffiffiffi
�W

p ¼ 440 MeV. The fact that the first integral,

Eq. (43), vanishes for J ! 1 is not surprising and comes
from the properties of the Legendre polynomials. In Fig. 2
we plot this integral for fixed values of q. It can be seen that
the function values fast become smaller for larger values of
J. The same calculation is performed for Eq. (44); see
Fig. 3. Again, the contributions decrease as J is increased.
On the right-hand side of Fig. 3 the values of the maximum
(p ¼ q) are evaluated for different orbital quantum num-
bers J. Moreover, going to larger values for the outer
momentum p gives smaller values for given J. We can
conclude that for large J both these integrals (43) and (44)
vanish and the integral equations (41) and (42) are in the
limit J ! 1 completely determined by the color-Coulomb
interaction VC [Eq. (3)].
Let us turn to the second system of equations, (39b) and

(40b). For the color-Coulomb potential part, the term on
the right-hand side with the scalar quark dressing function
AðpÞ coincides for both equations. In the terms which
enter with the vector dressing function BðpÞ we get the
contributions

J þ 1

2J þ 1
PJþ1ðp̂ � q̂Þ þ J

2J þ 1
PJ�1ðp̂ � q̂Þ; (45)

and

J

2J þ 1
PJþ1ðp̂ � q̂Þ þ J þ 1

2J þ 1
PJ�1ðp̂ � q̂Þ; (46)

which coincide for J ! 1, as already outlined in
Ref. [14]. For the transverse gluon interaction part we
get two contributions. For the terms with the scalar dress-
ing function AðpÞ on the right-hand side of the Eqs. (39b)
and (40b) we have the contributions PJ and 1

J H, which

have already been shown to vanish for large J. The remain-
ing terms are

J þ 1

2J þ 1
F1 þ J

2J þ 1
G1; (47)

and

J

2J þ 1
F2 þ J þ 1

2J þ 1
G2: (48)

We write down the angular integrals of the two Eqs. (39b)
and (40b) for the transverse gluon part:

BM1ðp;qÞ¼ 1

ð2�Þ2
1

2

Z 1

�1
dzDðp2þq2�2pqzÞ

� pz�q

p2þq2�2pqz

�
Jþ1

2Jþ1
½pPJðzÞ�qPJþ1ðzÞ�

þ J

2Jþ1
½pPJðzÞ�qPJ�1ðzÞ�

�
; (49)

1Using a tree-level gluon propagator

DðkÞ ! DUVðkÞ ¼ 1

2jkj ;
the angular integrals (43) and (44) can be analytically performed.
The integral (43) then simplifies as

AUV;M1ðp;qÞ¼ 1

ð2�Þ2
1

2Jþ1

��
q

p

�
J 1

p

ðp�qÞþ

�
p

q

�
J 1

q

ðq�pÞ

�
:

The maximum of the function IUVðp; p ¼ q; JÞ vanishes for
increasing J as 1

2Jþ1
1
p . For the angular integral (44) the extre-

mum at p ¼ q can also be shown to vanish as

AUV;M3ðpÞ 	 1

2J þ 1

1

p
:

It is interesting to note that the angular integral (44) for the
individual contributions zPJ and PJþ1 does not converge, only
the difference gives a well-defined integral for the tree-level
gluon propagator.
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BM3ðp; qÞ ¼ 1

ð2�Þ2
1

2

Z 1

�1
dzDðp2 þ q2 � 2pqzÞ p

p2 þ q2 � 2pqz

�
J

2J þ 1
½pðPJ�1ðzÞ � zPJðzÞÞ þ qðzPJþ1ðzÞ � PJðzÞÞ�

þ J þ 1

2J þ 1
½pðPJþ1ðzÞ � zPJðzÞÞ þ qðzPJ�1ðzÞ � PJðzÞÞ�

�
; (50)

using the definitions (25), (26), (31), and (32). The func-
tions do not coincide for arbitrary spin quantum number J;
however, they vanish for large J. In Fig. 4 on the left-hand
side BM1ðp; qÞ, Eq. (49) is shown. It has a minimum at
p ¼ q and the maxima flatten for larger values of J. For
J ! 1 all Legendre polynomials can be replaced by PJþ1,
PJ�1 ! PJ and the integral (49) approaches

1

ð2�Þ2
1

2

Z 1

�1
dzDðp2 þ q2 � 2pqzÞ

� ðpz� qÞðp� qÞ
p2 þ q2 � 2pqz

PJ!1ðzÞ: (51)

The decrease of BM1ðp; qÞ for large J can nicely be seen by
plotting the individual integral contributions. The integral

1

ð2�Þ2
1

2

Z 1

�1
dzDðp2 þ q2 � 2pqzÞ

� pzðp� qÞ
p2 þ q2 � 2pqz

PJ!1ðzÞ (52)

is shown on the right-hand side of Fig. 4. For the function
BM3ðp; qÞ [Eq. (50)], the situation is analogous; see the
left-hand side of Fig. 5. It has a minimum at p ¼ q, which
goes to zero as J is increased. In the case of J ! 1 the
integral approaches
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1

ð2�Þ2
1

2

Z 1

�1
dzDðp2 þ q2 � 2pqzÞ

� pðp� qÞ
p2 þ q2 � 2pqz

ð1� zÞPJ!1ðzÞ; (53)

which is plotted on the right-hand side of Fig. 5.
For mesons in category 2 [Eqs. (30a)–(30d)], similar

angular integrals appear, which can be shown to give
vanishing contributions for large J by repeating the same
steps as above. Hence, by analyzing the angular integrals
of the meson BSEs we find that transverse gluons have a
vanishing effect on �qq-bound states for large angular ex-
citation and thus do not alter the symmetry patterns at
J ! 1. All mesons with the same J fall into the expected
chiral multiplets [Eq. (21)].

VIII. SUMMARYAND CONCLUSIONS

In the previous work, Refs. [5,14], a very fast effective
chiral restoration with increasing meson spin was

established in a chirally symmetric model, that relies on
the linear instantaneous Lorentz-vector confining potential
of the Coulomb type. Chiral symmetry in the vacuum is
broken in the standard way via the gap equation.
Consequently, the quarks acquire a dynamical
momentum-dependent mass that decreases at higher
momenta. At larger spin of a meson the typical momenta
of quarks in the meson increase because of the centrifugal
repulsion in the system. Hence, the mass of the meson is
determined by the dynamical quark mass at larger
momenta. The larger the typical momentum of quarks in
the meson, the smaller the effect of chiral symmetry
breaking in the vacuum on the meson mass and the wave
function. This leads to the chiral restoration in mesons at
large J.
In the present paper we have extended the model and

included the effect of transverse gluons. The transverse
gluons influence the dynamics in two ways. First, they
enforce chiral symmetry breaking in the vacuum and
shift the chiral condensate towards a more realistic
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value (Ref. [12]). Still the dynamical mass of quarks
decreases very fast with momentum and vanishes at
large momenta. Second, they contribute also to the
kernel of the Bethe-Salpeter equations for mesons.
We have shown that this additional contribution of
transverse gluons in meson masses dies out very fast
with increasing J. Hence at J ! 1 the effect of trans-
verse gluons on the meson masses vanishes and chiral
symmetry is restored in the same way as without trans-
verse gluons. The physical reason is that transverse
gluons influence the interaction between quarks only
at short distances, while the centrifugal repulsion at
large J cuts off the meson wave function at short
distances.
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APPENDIX A: SPHERICAL HARMONICS AND
IRREDUCIBLE TENSOR RELATIONS

The irreducible tensor product fMJ1 
 NJ2gJM of two

irreducible tensors MJ1 and NJ2 is defined as [22]

fMJ1 
 NJ2gJM ¼ X
m1;m2

CJM
J1m1J2m2

MJ1m1
NJ2m2

; (A1)

with m1 ¼ �J1; . . . ; J1, m2 ¼ �J2; . . . ; J2 and CJM
J1m1J2m2

the Clebsch-Gordan coefficients. For instance,
fY1ðp̂Þ 
 �g0 ¼ � 1ffiffiffiffiffi

4�
p � � p̂. The scalar product of two

irreducible tensors is defined as

MJ � NJ ¼
X
M

ð�1ÞMMJMNJ�M: (A2)

In addition to the irreducible tensor relations listed
in Ref. [14] we here use the following relations which
appear for a transverse gluon interaction of the form (4)
and can be derived using appropriate formulas in Ref. [22]

(k ¼ p� q, k̂ ¼ k=jkj):
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(A3)
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(A4)
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(A5)
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4�
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J
2Jþ1

q
1
jkj ðjpjPJðp̂ � q̂Þ � jqjPJþ1ðp̂ � q̂ÞÞ; J1 ¼ J þ 1; J2 ¼ J

(A6)
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APPENDIX B: COUPLED INTEGRAL EQUATIONS

The independent tensor components for an instantaneous interaction are derived in Ref. [14]. We list them for each
category. Mesons of category 1 are described by

	JMð�;pÞ ¼ �5YJMðp̂Þ	1ðpÞ þ��0�5YJMðp̂Þ	2ðpÞ þ��0�5fYJþ1ðp̂Þ 
 �gJM	3ðpÞ þ��0�5fYJ�1ðp̂Þ 
 �gJM	4ðpÞ;
(B1)

with YJMðp̂Þ denoting the spherical harmonics. The vertex function for mesons of category 2 is decomposed as

	JMð�;pÞ ¼ YJMðp̂Þ	1ðpÞ þ fYJþ1ðp̂Þ 
 �gJM	2ðpÞ þ fYJ�1ðp̂Þ 
 �gJM	3ðpÞ þ��5fYJðp̂Þ 
 �gJM	4ðpÞ
þ��0fYJþ1ðp̂Þ 
 �gJM	5ðpÞ þ��0fYJ�1ðp̂Þ 
 �gJM	6ðpÞ; (B2)

and for mesons in category 3 we have

	JMð�;pÞ ¼ �fYJðp̂Þ 
 �gJM	1ðpÞ þ �5fYJþ1ðp̂Þ 
 �gJM	2ðpÞ þ �5fYJ�1ðp̂Þ 
 �gJM	3ðpÞ þ �0fYJðp̂Þ 
 �gJM	4ðpÞ:
(B3)

The coupled integral equations are derived using standard techniques by plugging the independent tensor components
into the left- and right-hand sides of Eq. (23). By applying appropriate traces of Dirac matrices and the irreducible
tensor relations listed in Eqs. (A3)–(A7) and [14] we end up with a system of coupled integral equations for each
category.

In the following subsections it is shown that the same linear combinations of vertex functions 	i appear for color-
Coulomb and transverse gluon interactions for all meson categories. By choosing appropriate (infrared finite) linear
combinations of these vertex functions, the number of coupled equations is reduced.
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1. Mesons of category 1

For mesons in category 1 we end up with a coupled system of four integral equations, given as

	1ðpÞ¼1
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2Jþ1

s
	4ðqÞ

1
A
3
5;

(B4a)
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1
A
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Setting the transverse gluon interaction to zero, DðkÞ ¼ 0, the equations coincide with the result given in Ref. [14]. There
are only two different linear combinations of the vertex components 	iðpÞ. Introducing the two infrared-finite functions
(see Ref. [14])

hðpÞ ¼ 	1ðpÞ
!ðpÞ ; (B5)
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one ends up with a system of two coupled integral equations

!ðpÞhðpÞ ¼ 1

2

Z
}
3qðVCðkÞ þ 2DðkÞÞPJðp̂ � q̂Þ

�
hðqÞ þ �2

4!ðqÞgðqÞ
�
; (B7a)

�
!ðpÞ � �2

4!ðpÞ
�
gðpÞ ¼ hðpÞ þ 1

2

Z
}3qVCðkÞ

�
AðpÞAðqÞPJðp̂ � q̂Þ þBðpÞBðqÞð Jþ1

2Jþ1PJþ1ðp̂ � q̂Þ þ J
2Jþ1PJ�1ðp̂ � q̂ÞÞ

!ðpÞ!ðqÞ
�
gðqÞ

� 1

2

Z
}3q2DðkÞ

�
AðpÞAðqÞPJðp̂ � q̂Þ þBðpÞBðqÞð Jþ1

2Jþ1F1 þ J
2Jþ1G1Þ

!ðpÞ!ðqÞ
�
gðqÞ; (B7b)

where we have used the definitions (25) and (26). For the special case of pions (J ¼ 0) the equations (24a) and (24b)
simplify as
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and agree with the results obtained in Ref. [9]. The infrared finite BSEs for mesons of this type are collected in Eqs. (27a)
and (27b).
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2. Mesons of category 2

For mesons of category 2 we use the vertex functions (B2) and have a system of six coupled integral equations:
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J þ 1

2J þ 1

s
	5ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
	6ðqÞ

1
A
9=
;; (B9c)

	4ðpÞ ¼ 1

2

Z
}3q

VCðkÞ
!2ðqÞ � �2

4

PJðp̂ � q̂Þ
8<
:12 BðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
A

þ!ðqÞ BðqÞ
!ðqÞ

2
4BðqÞ
!ðqÞ	4ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	5ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	6ðqÞ

1
A
3
5
9=
;

þ 1

2

Z
}
3q

2DðkÞ
!2ðqÞ � �2

4

H

J

8<
:12 BðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
A

þ!ðqÞ BðqÞ
!ðqÞ

2
4BðqÞ
!ðqÞ	4ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	5ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	6ðqÞ

1
A
3
5
9=
;; (B9d)

	5ðpÞ ¼ 1

2

Z
}3q

VCðkÞ
!2ðqÞ � �2

4

PJþ1ðp̂ � q̂Þ
8<
:12 AðqÞ

!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s 0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
A

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s 2
4BðqÞ
!ðqÞ	1ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
A
3
5

þ AðqÞ
!ðqÞ!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s 2
4BðqÞ
!ðqÞ	4ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	5ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	6ðqÞ

1
A
3
5

þ!ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s 0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J þ 1

2J þ 1

s
	5ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
	6ðqÞ

1
A
9=
;

� 1

2

Z
}3q

2DðkÞ
!2ðqÞ � �2

4

8<
:� 1

2

AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
F2

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
A

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
F1

2
4BðqÞ
!ðqÞ	1ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
A
3
5

� AðqÞ
!ðqÞ!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
F2

2
4BðqÞ
!ðqÞ	4ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	5ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	6ðqÞ

1
A
3
5

þ!ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
F1

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J þ 1

2J þ 1

s
	5ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
	6ðqÞ

1
A
9=
;; (B9e)

	6ðpÞ ¼ 1

2

Z
}
3q

VCðkÞ
!2ðqÞ � �2

4

PJ�1ðp̂ � q̂Þ
8<
:12 AðqÞ

!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s 0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
A

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s 2
4BðqÞ
!ðqÞ	1ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
	3ðqÞ

1
A
3
5

þ AðqÞ
!ðqÞ!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s 2
4BðqÞ
!ðqÞ	4ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	5ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	6ðqÞ

1
A
3
5
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�!ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s 0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J þ 1

2J þ 1

s
	5ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
	6ðqÞ

1
A
9=
;

þ 1

2

Z
}
3q

2DðkÞ
!2ðqÞ � �2

4

8<
:12 AðqÞ

!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
G2

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
A

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
G1

2
4BðqÞ
!ðqÞ	1ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J þ 1

2J þ 1

s
	2ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
	3ðqÞ

1
A
3
5

þ AðqÞ
!ðqÞ!ðqÞG2

�
BðqÞ
!ðqÞ	4ðqÞ þ AðqÞ

!ðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	5ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	6ðqÞ

1
A
3
5

þ!ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
G1

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J þ 1

2J þ 1

s
	5ðqÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
	6ðqÞ

1
A
9=
;; (B9f)

with the definitions (25) and (31)–(33). We use the following functions,

h1ðpÞ ¼
ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
	2ðpÞ þ

ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
	3ðpÞ

!ðpÞ ; (B10)

g1ðpÞ ¼
!ðpÞ

h
h1ðpÞ þ 2 BðpÞ

!ðpÞ	4ðpÞ þ 2 AðpÞ
!ðpÞ

� ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
	5ðp

	
þ

ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
	6ðpÞÞ

i
!2ðpÞ � �2

4

; (B11)

h2ðpÞ ¼
BðqÞ
!ðpÞ	1ðpÞ þ AðpÞ

!ðpÞ
� ffiffiffiffiffiffiffiffiffi

Jþ1
2Jþ1

q
	2ðpÞ �

ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
	3ðpÞ

	
!ðpÞ ; (B12)

g2ðpÞ ¼
!ðpÞ½h2ðpÞ þ 2

� ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
	5ðpÞ �

ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
	6ðpÞ

	i
!2ðpÞ � �2

4

; (B13)

in order to reduce Eqs. (B9a)–(B9f) to a system of four coupled integral equations [PJ ¼ PJðp̂ � q̂Þ]

!ðpÞh1ðpÞ ¼ 1

2

Z
}3qVCðkÞ

��
J

2J þ 1
PJþ1 þ J þ 1

2J þ 1
PJ�1

��
h1ðqÞ þ �2

4!ðqÞg1ðqÞ
�

þ AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

ðPJþ1 � PJ�1Þ
�
h2ðqÞ þ �2

4!ðqÞg2ðqÞ
��

� 1

2

Z
}
3q2DðkÞ

��
J

2J þ 1
F2 þ J þ 1

2J þ 1
G2

��
h1ðqÞ þ �2

4!ðqÞ g1ðqÞ
�

þ AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

ðF1 �G1Þ
�
h2ðqÞ þ �2

4!ðqÞg2ðqÞ
��
; (B14a)

�
!ðpÞ � �2

4!ðpÞ
�
g1ðpÞ ¼ h1ðpÞ þ 1

2

Z
}3qVCðkÞ

�
BðpÞBðqÞPJ þ AðpÞAðqÞð J

2Jþ1PJþ1 þ Jþ1
2Jþ1PJ�1Þ

!ðpÞ!ðqÞ g1ðqÞ

þ AðpÞ
!ðpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

ðPJþ1 � PJ�1Þg2ðqÞ
�

þ 1

2

Z
}
3q2DðkÞ

�
BðpÞBðqÞ HJ þ AðpÞAðqÞð J

2Jþ1F2 þ Jþ1
2Jþ1G2Þ

!ðpÞ!ðqÞ g1ðqÞ

� AðpÞ
!ðpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

ðF1 �G1Þg2ðqÞ
�
; (B14b)
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!ðpÞh2ðpÞ ¼ 1

2

Z
}3qVCðkÞ

�
BðpÞBðqÞPJ þ AðpÞAðqÞð Jþ1

2Jþ1PJþ1 þ J
2Jþ1PJ�1Þ

!ðpÞ!ðqÞ
�
h2ðqÞ þ �2

4!ðqÞg2ðqÞ
�

þ AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

ðPJþ1 � PJ�1Þ
�
h1ðqÞ þ �2

4!ðqÞg1ðqÞ
��

þ 1

2

Z
}
3q2DðkÞ

�
BðpÞBðqÞPJ þ AðpÞAðqÞð Jþ1

2Jþ1F1 þ J
2Jþ1G1Þ

!ðpÞ!ðqÞ
�
h2ðqÞ þ �2

4!ðqÞg2ðqÞ
�

� AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

ðF2 �G2Þ
�
h1ðqÞ þ �2

4!ðqÞg1ðqÞ
��
; (B14c)

�
!ðpÞ � �2

4!ðqÞ
�
g2ðqÞ ¼ h2ðpÞ þ 1

2

Z
}3qVCðkÞ

��
J þ 1

2J þ 1
PJþ1 þ J

2J þ 1
PJ�1

�
g2ðqÞ

þ AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

ðPJþ1 � PJ�1Þg1ðqÞ
�
� 1

2

Z
}
3q2DðkÞ

��
J þ 1

2J þ 1
F1 þ J

2J þ 1
G1

�
g2ðqÞ

þ AðqÞ
!ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

ðF2 �G2Þg1ðqÞ
�
: (B14d)

As pointed out in Sec. V for the state 0þþ only the last two equations apply.

3. Mesons of category 3

For mesons of category 3 we use the set of functions (B3), apply the standard projection procedures and arrive at a
system of four integral equations:

	1ðpÞ ¼ 1

2

Z
}3q

VCðkÞPJðp̂ � q̂Þ þ 2DðkÞ HJ
!ðqÞð!2ðqÞ � �2

4 Þ

2
4!2ðqÞ	1ðqÞ þ 1

2
BðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
Aþ 1

2
AðqÞ	4ðqÞ

3
5;

(B15a)

	2ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
1

2

Z
}3q

VCðkÞPJþ1ðp̂ � q̂Þ � 2DðkÞF2

!ðqÞð!2ðqÞ � �2

4 Þ
BðqÞ
!ðqÞ

�
2
41

2
�2	1ðqÞ þ BðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
Aþ AðqÞ	4ðqÞ

3
5; (B15b)

	3ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
1

2

Z
}3q

VCðkÞPJ�1ðp̂ � q̂Þ � 2DðkÞG2

!ðqÞð!2ðqÞ � �2

4 Þ
BðqÞ
!ðqÞ

�
2
41

2
�2	1ðqÞ þ BðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
Aþ AðqÞ	4ðqÞ

3
5; (B15c)

	4ðpÞ ¼ 1

2

Z
}3q

VCðkÞPJðp̂ � q̂Þ � 2DðkÞ HJ
!ðqÞð!2ðqÞ � �2

4 Þ
AðqÞ
!ðqÞ

2
41

2
�2	1ðqÞ þ BðqÞ

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
	3ðqÞ

1
Aþ AðqÞ	4ðqÞ

3
5:

(B15d)

The infrared finite functions

hðpÞ ¼
BðpÞ
!ðpÞ

� ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
	2ðqÞ þ

ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
	3ðqÞ

	
þ AðpÞ

!ðpÞ	4ðpÞ
!ðpÞ ; (B16)

and
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gðpÞ ¼ !ðpÞ½hðpÞ þ 2	1ðpÞ�
!2ðpÞ � �2

4

; (B17)

fulfill the equations

�
!ðpÞ � �2

4!ðpÞ
�
gðpÞ ¼ hðpÞ þ 1

2

Z
}3q

�
VCðkÞPJðp̂ � q̂Þ þ 2DðkÞH

J

�
gðqÞ; (B18a)

!ðpÞhðpÞ ¼ 1

2

Z
}3qVCðkÞ

�
AðpÞAðqÞPJ þ BðpÞBðqÞð J

2Jþ1PJþ1 þ Jþ1
2Jþ1PJ�1Þ

!ðpÞ!ðqÞ
�
hðqÞ þ �2

4!ðqÞgðqÞ
��

� 1

2

Z
}
3q2DðkÞ

�
AðpÞAðqÞ HJ þ BðpÞBðqÞð J

2Jþ1F2 þ Jþ1
2Jþ1G2Þ

!ðpÞ!ðqÞ
�
hðqÞ þ �2

4!ðqÞ gðqÞ
��
; (B18b)

with F2,G2,H given in Eqs. (31)–(33). For J ¼ 0, which corresponds to a 0�� meson, we have only the component 	2ðpÞ;
see Eq. (B3). However, Eq. (B15b) comes with an overall

ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
factor, so such a meson does not occur in a model with

instantaneous interaction, which goes in line with the findings of Ref. [14].
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