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We are computing the modifications for the scalar and pseudoscalar meson masses and mixing angles
due to the proper accounting of fermionic vacuum fluctuation in the framework of the generalized 2 + 1
flavor quark meson model and the Polyakov loop augmented quark meson model (PQM). The renormal-
ized contribution of the divergent fermionic vacuum fluctuation at one loop level makes these models
effective QCD-like models. It has been explicitly shown that analytical expressions for the model
parameters, meson masses, and mixing angles do not depend on any arbitrary renormalization scale.
We have investigated how the incorporation of fermionic vacuum fluctuation in quark meson and PQM
models qualitatively and quantitatively affects the convergence in the masses of the chiral partners in
pseudoscalar (77, 1, 7', K) and scalar (o, ag, f, k) meson nonets as the temperature is varied on the
reduced temperature scale. Comparison of present results in the quark meson model with vacuum term and
the PQM model with vacuum term with the already existing calculations in the bare 2 + 1 quark meson and
PQM models shows that the restoration of chiral symmetry becomes smoother due to the influence of the
fermionic vacuum term. We find that the melting of the strange condensate registers a significant increase
in the presence of the fermionic vacuum term and its highest melting is found in the PQM model with
vacuum term. The role of the U, (1) anomaly in determining the isoscalar masses and mixing angles for the
pseudoscalar (7 and n’) and scalar (o and f) meson complex has also been significantly modified due to
the fermionic vacuum correction. In its influence, the interplay of chiral symmetry restoration and the

setting up of the U, (1) restoration trends have also been shown to be significantly modified.
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I. INTRODUCTION

The strong interaction theory predicts that normal had-
ronic matter goes through a phase transition and produces a
collective form of matter known as the quark gluon plasma
(QGP) under the extreme conditions of high temperature
and/or density when the individual hadrons dissolve into
their quark and gluon constituents [1-6]. Relativistic heavy
ion collision experiments at RHIC (BNL) and LHC
(CERN) and the future CBM experiments at the FAIR
facility (GSI-Darmstadt) aim to create and study such a
collective state of matter. Study of the different aspects
of this phase transition is a tough and challenging task
because QCD, which is the theory of strong inter-
action, becomes nonperturbative in the low-energy limit.
However, the QCD vacuum reveals itself through the pro-
cess of spontaneous chiral symmetry breaking and the
phenomenon of color confinement.

In the zero quark mass limit, the chiral condensate works
as an order parameter for the spontaneous breakdown of
the chiral symmetry in the low-energy hadronic vacuum of
QCD. For the infinitely heavy quarks, in the pure gauge
SU.(3) QCD, the Z(3) [center symmetry of the QCD color
gauge group] symmetry, which is the symmetry of the
hadronic vacuum, gets spontaneously broken in the high
temperature/density regime of QGP. Here the expectation
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value of the Wilson line (Polyakov loop) is related to the
free energy of a static color charge; hence, it serves as the
order parameter of the confinement-deconfinement phase
transition [7]. Even though the center symmetry is always
broken with the inclusion of dynamical quarks in the
system, one can regard the Polyakov loop as an approxi-
mate order parameter because it is a good indicator of the
confinement-deconfinement transition [8,9].

The lattice QCD calculations (see e.g., [10-25]) give us
important information and insights regarding various as-
pects of the transition, like the restoration of chiral sym-
metry in QCD, order of the confinement-deconfinement
phase transition, richness of the QCD phase structure, and
mapping of the phase diagram. Since lattice calculations
are technically involved and various issues are not con-
clusively settled within the lattice community, one resorts
to the calculations within the ambit of phenomenological
models [26—41] developed in terms of effective degrees of
freedom. These model investigations complement the lat-
tice simulation studies and give much needed insight about
the regions of phase diagram inaccessible to lattice simu-
lations. Lot of current effective model-building activity is
centered around combining the features of spontaneous
breakdown of both chiral symmetry and the center Z(3)
symmetry of QCD in one single model (see for example
[42—69]). In these models, the chiral condensate and
Polyakov loop are simultaneously coupled to the quark
degrees of freedom.
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The behavior patterns of mesons and their proper-
ties in the hot and dense medium have been investigated
in several two- and three-flavor Nambu-Jona-Lasinio
(NJL), Polyakov-Nambu-Jona-Lasinio (PNJL) models
(e.g., [70-75]) and also in the SU(2) version of linear
sigma model (e.g., [28,30,34]). Since the parity doubling
of mesons signals the restoration of chiral symmetry, these
studies look for the emergence of mass convergence pat-
terns in the masses of the chiral partners in pseudoscalar
(7, m, m', K) and scalar mesons (o, ay, fo, k). We know that
the basic QCD Lagrangian has the global SUg,;(3) X
SUR_1(3) X Uy(1) symmetry. For the SU(3) linear sigma
model, several explicit as well as spontaneous symmetry-
breaking patterns of SUy(3) X SU4(3) have been discussed
by Lenaghan et al. in Ref. [29]. Enlarging the linear sigma
model with the inclusion of quarks [35] in the 2 + 1 flavor-
breaking scenario, Schaefer et al. studied the consequences
of SU(3) chiral symmetry restoration for scalar and pseu-
doscalar meson masses and mixing angles in the presence as
well as the absence of U,(1) axial symmetry, as the tem-
perature is increased through the phase transition tempera-
ture. It was shown by ’t Hooft [76] that the U,(1) axial
symmetry does not exist at the quantum level, and the
instanton effects explicitly break it to Z,(N,). Due to the
U, (1) anomaly, the 1’ meson does not remain a massless
Goldstone boson in the chiral limit of zero quark masses,
and it acquires a mass of about 1 GeV. This happens due to
the flavor mixing, a phenomenon that lifts the degeneracy
between the 7 and 1/, which otherwise would have been
degenerate with 77 in U(3) even if the explicit chiral sym-
metry breaking is present. There is large violation in the
Okubo-Zweig-lizuka (OZI) rule for both pseudoscalar and
scalar mesons, and ideal mixing is not achieved because of
strong flavor mixing between nonstrange and strange flavor
components of the mesons [73]. Hence, Uy(1) restoration
will have important observable effects on scalar and pseu-
doscalar meson masses as well as on the mixing angles.

The effect of the Polyakov loop potential on the behavior
of meson masses and mixing angles has been studied by
Costa et al. in the PNJL. model [73] and by Contrera et al.
in the nonlocal PNJL model [74]. Here, in the NJL model—
based studies, mesons are generated by some prescription
[72] and the 7’ is not a well-defined quantity [77]. It becomes
unbound soon after the temperature is raised from zero. In
the 2 + 1 flavor quark meson linear sigma model investiga-
tions by Schaefer ef al. [35,36], the mesons are the explicit
degrees of freedom included in the Lagrangian from the very
outset and the U,(1)-breaking 't Hooft coupling term is
constant. Recently, we investigated the influence of the
Polyakov loop potential on the meson mass and mixing angle
variations in the scalar and pseudoscalar sector, in the frame-
work of the generalized 2 + 1 flavor quark meson model
enlarged with the inclusion of the Polyakov loop [44—47].

The chiral symmetry-breaking mechanism in the
Quark-Meson/Polyakov-Quark-Meson (QM/PQM) model
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is different from that of the NJL/PNJL model. In the NJL/
PNJL model, the fermionic vacuum fluctuation leads to the
dynamical breaking of the chiral symmetry while in most
of the QM/PQM model calculations, the fermionic vacuum
loop contribution to the grand potential has frequently been
neglected until recently [30,34-37,51], because here the
spontaneous breaking of chiral symmetry is generated by
the mesonic potential itself. Recently, Skokov et al. incor-
porated the appropriately renormalized fermionic vacuum
fluctuation [78] in the thermodynamic potential of the two-
flavor QM model, which becomes an effective QCD-like
model because now it can reproduce the second-order chiral
phase transition at u = 0 as expected from the universality
arguments [26] for the two massless flavors of QCD. The
fermionic vacuum correction and its influence have also
been investigated in earlier works [79-82]. In a recent work
[83], we generalized the proper accounting of renormalized
fermionic vacuum fluctuation in the two-flavor PQM model
to the nonzero chemical potentials and found that the posi-
tion of critical end point shifts to a significantly higher
chemical potential in the w and T plane of the phase
diagram. Very recently, Schaefer et al. [84] estimated the
size of the critical region around the critical end point in a
three-flavor PQM model in the presence of the fermionic
vacuum term. Sandeep et al. also investigated the phase
structure and made comparisons with lattice data in another
recent 2 + 1 quark flavor study with the effect of the fer-
mionic vacuum term [85]. In a very recent work [86], the
present author explored and compared the details of criti-
cality in the two-flavor QM, PQM models in the presence
and absence of fermionic vacuum correction.

In the present work, the author will explore how the
proper accounting of fermionic vacuum correction in the
QM and PQM models qualitatively and quantitatively
affects the convergence of the masses of chiral partners
when the parity doubling takes place as the temperature is
increased through 7. and the partial restoration of chiral
symmetry is achieved. We will also be studying the effect
of fermionic vacuum correction on the interplay of SU4(3)
chiral symmetry and U,(1) symmetry restoration in the
presence as well as absence of Polyakov loop potential in
the QM model.

The arrangement of this paper is as follows. In Sec. II,
we recapitulate the model formulation. The grand potential
in the mean-field approach has been described in Sec. III,
where the subsection III A explicitly explains the procedure
for obtaining the scale-independent expression of the effec-
tive potential after renormalizing the one-loop fermionic
vacuum fluctuation. The numerical values of the model
parameters are also given in this subsection, while the
mathematical details for determining the renormalization
scale independent parameters are given in Appendix A. The
final expressions of the renormalization scale independent
vacuum meson masses are derived in Appendix B. The
Section IV gives the model formulas of meson masses and
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mixing angles in a finite temperature/density medium.
In Sec. V, we discuss the numerical results and plots for
understanding and analyzing the effect of fermionic vac-
uum correction on chiral symmetry restoration. The sum-
mary and conclusion are presented in Sec. VI.

II. MODEL FORMULATION

We will be working in the generalized three-flavor quark
meson chiral linear sigma model, which has been com-
bined with the Polyakov loop potential [44-47]. In this
model, quarks coming in three flavors are coupled to the
SUy(3) X SU,4(3) symmetric mesonic fields together with
a spatially constant temporal gauge field represented by the
Polyakov loop potential. The Polyakov loop field ® is
defined as the thermal expectation value of color trace of
the Wilson loop in temporal direction,

1 . . 1 -
¢ = E<TrcL(X)>, o = ﬁc<TrcL*(X)>, (D
where L(%) is a matrix in the fundamental representation of
the SU.(3) color gauge group,
B
L) = ’Pexp[i [ d7A(E. T)]. @)
0
Here P is path ordering, A, is the temporal vector field,
and B =T"'[7].

The model Lagrangian is written in terms of

quarks, mesons, couplings, and Polyakov loop potential

U(D, D, T),
LPQM = -EQM - u(q)’ (I)*! T)r (3)

where the Lagrangian in the quark meson chiral sigma
model is

£QM = 6?/‘(l’y'ul),u, - gTa(O-a + i’YSﬂ'a))CIf + ‘Em- (4)

The coupling of quarks with the uniform temporal back-
ground gauge field is effected by the following replacement:
D,=0d,—iA, and A, = §,0A¢ (Polyakov gauge),
where A, = g A A“ /2 with vector potential Ay, for the
color gauge field. g, is the SU.(3) gauge coupling. A, are
Gell-Mann matrices in the color space, a runs from 1...8.
g = (u, d, s)" denotes the quarks coming in three flavors
and three colors. T, represents 9 generators of U(3)-flavor
symmetry with T, = ’\7 and a=0,1...8; here, A,
are standard Gell-Mann matrices in flavor space with

Ay = \/%1. g is the flavor blind Yukawa coupling that cou-

ples the three flavors of quarks with nine mesons in the
scalar (o,, J* =0") and pseudoscalar (,, J* =07)
sectors.

The quarks have no intrinsic mass but become massive
after spontaneous chiral symmetry breaking because of the
nonvanishing vacuum expectation value of the chiral
condensate. The mesonic part of the Lagrangian has the
following form:
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L, =Tr(d,M o*M) — m*Te(MTM) — X\, [Te(MTM)T?
— L, Tr(MM)? + c[det (M) + det (MT)]

+ Ti[HM + M1)]. (5)
The chiral field M is a 3 X 3 complex matrix comprised of
the nine scalars o, and the nine pseudoscalar 77, mesons,

(6)

The generators follow U(3) algebra, [T,, Tp] = if gpe T
and {T,, T,} = d,;,.T. where f,,. and d,,. are standard
antisymmetric and symmetric structure constants, respec-

tively, with f,,0 =0 and d ;0 = ‘/glﬁab and matrices

normalized as Tr(T,T;,) = 55” .

The SU;(3) X SUR(3) chiral symmetry is explicitly
broken by the explicit symmetry-breaking term,

M= Taga = Ta(a-a + i7Ta)-

H=T,h,. @)
Here, H is a 3 X 3 matrix with nine external parameters.
The ¢ field that denotes both the scalar and pseudoscalar
mesons picks up the nonzero vacuum expectation value, &,
for the scalar mesons due to the spontaneous breakdown of
the chiral symmetry, while the pseudoscalar mesons have
zero vacuum expectation value. Since & must have the
quantum numbers of the vacuum, explicit breakdown of
the chiral symmetry is only possible with the following
three nonzero parameters: A, h3, and hg. We are neglecting
isospin symmetry breaking; hence, we choose A, hg # 0.
This leads to the 2 + 1 flavor symmetry-breaking scenario
with nonzero condensates o and 5.

Apart from h and hg, the other parameters in the model
are five in number. These are the squared tree-level mass of
the meson fields m?, quartic coupling constants A; and A,,
a Yukawa coupling g, and a cubic coupling constant c,
which models the U,(1) axial anomaly of the QCD
vacuum.

Since it is broken by the quantum effects, the U, (1) axial,
which otherwise is a symmetry of the classical Lagrangian,
becomes anomalous [87] and gives large mass to the 7’
meson (m,y = 940 MeV). In the absence of the U,(1)
anomaly, the 1’ meson would have been the ninth pseudo-
scalar Goldstone boson, resulting from the spontaneous
breakdown of the chiral U4(3) symmetry. The entire pseu-
doscalar nonet corresponding to the spontaneously broken
U4(3) would consist of the three 7, four K, and 7 and 7’
mesons, which are the massless pure Goldstone modes
when H = 0. They become pseudo-Goldstone modes after
acquiring finite mass due to nonzero H in different
symmetry-breaking scenarios. The particles coming from
octet (ay, fo, k) and singlet (o) representations of the
SUy(3) group constitute a scalar nonet (o, ag, fo, K).
In order to study the chiral symmetry restoration at
high temperatures, we will be investigating the trend of
convergence in the masses of chiral partners occurring in
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pseudoscalar (77, 1, ', K) and scalar (o, ag, fo, k) nonets,
in the 2 + 1 flavor symmetry-breaking scenario.

A. Polyakov loop potential

The effective potential U(D, ®*, T) is constructed such
that it reproduces the thermodynamics of pure glue theory
on the lattice for temperatures upto about twice the decon-
finement phase transition temperature. In this work, we are
using logarithmic form of Polyakov loop effective poten-
tial [54]. The results produced by this potential are known
to be fitted well to the lattice results. This potential is given
by the following expression,

Uiop (q;;q)*’ D_ “(T) ®*® + b(T)In[1 — 6O*D
+ 4(CI>**3 + @3) = 3(P*D)?], (8)
where the temperature-dependent coefficients are as follows:
alT) = ag + a1(7;> + a2<7;)) b(T) = b3<T°)
The parameters of Eq. (8) are
ap=3.51, a;=-247, a,=152, b3=-1.75.

The critical temperature for the deconfinement phase
transition 7y = 270 MeV is fixed for the pure gauge
Yang Mills theory. In the presence of dynamical quarks,
T, is directly linked to the mass-scale A, the parameter
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which has a flavor and chemical potential dependence in
full dynamical QCD and Ty — To(Ny, u). The Ny and u
dependence of T}, [42,43,48,49,84] is written as

To(ny w) = TTefl/(aob(Nf,M))’ 9)
where T, = 1.77 GeV denotes the 7 scale and g = a(A)

the gauge coupling at some UV scale A. The u-dependent
running coupling reads

u?

b(Ny, ) = b(Ny) — b

the factor b, 16N r. References [42,48] contain the
details of the formula Our present computations have
been done at 4 = 0 and further since the Ny dependence
of T, has additional complications of systematic error [48],

we have taken T, = 270 MeV in our calculation as in
Ref. [84].

III. GRAND POTENTIAL IN THE
MEAN-FIELD APPROACH

We are considering a spatially uniform system in ther-
mal equilibrium at finite temperature 7 and quark chemical
potential u; (f = u, d and s). The partition function is
written as the path integral over quark/antiquark and meson
fields [35,44],

Z=Trexp|:—,8<5:[— Z '“fj\rf>:|=jl:[ﬂa—a@ﬂ“f@q@qexp[—f()ﬁdevd3x<£ZM+ Z MfoVOCIf)]’

f=u.d,s

where V is the three-dimensional volume of the system,
B = %, and the superscript £ denotes the Euclidean
Lagrangian. For three quark flavors, in general, the three
quark chemical potentials are different. In this paper, we
assume that SUy(2) symmetry is preserved and neglect the
small difference in masses of u and d quarks. Thus the
quark chemical potential for the # and d quarks becomes
equal, w, = u, = wp4- The strange quark chemical poten-
tial is p, = u,. Further, we consider symmetric quark
matter and net baryon number to be zero.

Here, the partition function is evaluated in the mean-field
approximation [30,35,36,44]. We replace meson fields by
their expectation values, (M) = Tyd, + Tydg, and neglect
both thermal and quantum fluctuations of meson fields,
while quarks and antiquarks are retained as quantum fields.
Now, following the standard procedure as given in
Refs. [42,53,63,88], one can obtain the expression of grand
potential as the sum of pure gauge-field contribution,
U(P, ®*, T), meson contribution, and quark/antiquark
contribution evaluated in the presence of the Polyakov loop,

f=ud,s

(11

TinZ
Qup(T, p) = — %

=U(o,,0,)+ UD, D" T)+ Qu (T, ). (12)

The mesonic potential U(o,, cry) is obtained from the
U(oy, ag) after transforming the original singlet-octet
(0, 8) basis of condensates to the nonstrange-strange basis
(x,y) as in Refs. [29,35,44,84]. We write the mesonic
potential as

m2
U(oy, oy) = —((Tf + 03) — hyo, — hyo,
A o2
oo, +—0'x oy + < (2)t1+)t2)0'

2J’
+ g(2/\1 +2M0)07, (13)

where
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2 1
T, = 4|00 + —=03, 14
\/;0 Nk (14)

I 2
g y = \/—g gy — g
The chiral symmetry-breaking external fields (4,, &) are
written in terms of (A, hg) analogously.

Further, the nonstrange and strange quark/antiquark
decouple, and the quark masses are

. (15)

oy ay
—, m, = g—=. 16
> Y T8 (16)
Quarks become massive in the symmetry-broken phase
because of the nonzero vacuum expectation values of the

condensates. The quark/antiquark contribution, in the pres-
ence of the Polyakov loop potential, is written as

Q,,(T, w) = Q + QT

,[(2 )3 [NLEfg(Az - _)2)
f u,d,s

+ T{In gf + lngf’}]. 17)

The first term of Eq. (17) represents the fermion vacuum
one-loop contribution, regularized by the ultraviolet cutoff
A. The expressions g; and g, are defined in the second

term after taking trace over the color space,

my=28

gf =[1+3de /T 430725/ 4+ 5T (18)

g7 = [1+30% 5/ 4305/ + 75/ (19)

Efi = E; ¥ pu, Ef is the flavor-dependent single particle
energy of quark/antiquark, and m is the mass of the given

quark flavor,
E; = ‘/pz + m? (20)

A. Renormalization of the fermionic vacuum
term and the effective potential

The first term of Eq. (17) can be properly renormalized
using the dimensional regularization scheme, as done for
the two-flavor case in Refs. [78,83,86] and the three-flavor
case in Refs. [84,85]. The brief description of essential
steps is given in the following. Fermion vacuum contribu-
tion is just the one-loop zero temperature effective poten-
tial at lowest order [89],

0% = —2N
99 f;ds](%"ﬁ f

=-2N, Y

f(z 7 In(p3 + E}) +K. (1)
f=ud,s
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K is the infinite constant independent of the fermion mass;
hence, it is dropped. The dimensional regularization of
Eq. (21) near three dimensions, d = 3 — 2¢, gives the
potential up to zeroth order in € as

que— 5 M1 {302yt
W L l6m | € 2 '

Here M denotes the arbitrary renormalization scale. The
addition of a following counterterm, 8 L, to the QM/PQM
model Lagrangian,

N. 11
0L= 3 omil i {3+ 2y - amC/m]

2
f=ud,s 167

(23)

gives the renormalized fermion vacuum loop contribution
as

vac — NC 4 my
Qe =— % Wmfln(ﬁ). (24)

f=ud,s

We note that the Polyakov loop potential and the
temperature-dependent part of the quark-antiquark contri-
bution to the grand potential in Eq. (12) vanishes at T = 0
and u = 0. The Polyakov loop order parameter & = ®*
becomes zero in the low-temperature phase due to the
phenomenon of color confinement, and this makes the
Polyakov loop potential Uy, (®, P, T) zero at T = 0 in
Eq. (8). The grand potential in the vacuum becomes the
renormalization scale M dependent when the fermionic
vacuum loop contribution in the first term of Eq. (17)
gets replaced by the appropriately renormalized term of
Eq. (24), and we write

Moy, o)) = U(o,, o)) + Q% (25)

The six unknown parameters—mz, AL, Ao, By hv, c—in the
mesonic potential U(o,, o) are determined from the o -
and o -dependent expressions of meson masses, which are
obtained by the double derivatives of the effective potential
Eq. (25) with respect to different meson fields. The mathe-
matical details for determining different parameters are
given in Appendix A, where the logarithmic M dependence
of the term ()% gives rise to a renormalization scale
M-dependent part A,y in the expression of the parameter
Ay = Ay 1+ Ay + Ay Ay, is the same old A,
parameter of the QM/PQM model in Refs. [29,35,44].

R o= rplion and Ay
4n10g{%}. After substituting this value of A, in the
expression of U(o,, o) and writing all the terms of sum-
mation in the 7% expression explicitly, Eq. (25) can be
rewritten as

—Ng
Here, n—m, /\2+
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TABLE I. Parameters for m, = 600 MeV with and without U, (1) axial anomaly term.
Model ¢ [MeV] m? [MeV?] A Ao h, [MeV3] hy [MeV?]
QM W/U,(1) 4807.84 (342.52)? 1.40 46.48 (120.73)3 (336.41)°
QMVT W/U,(1) 4807.84 —(184.86)2 —1.689 46.48 (120.73)3 (336.41)3
QM W/oU,(1) 0 —(189.85)? —-17.01 82.47 (120.73)? (336.41)°
QMVT W/oU,(1) 0 —(424.68)? —20.46 82.47 (120.73)3 (336.41)3
M m? the same as in the QM model [35], the value of &, and h,
Moy, 0y) = 5 (0% + 03) = heoy = hyo, are also not affected by the fermionic vacuum correction.
A The parameters that are modified by the fermionic vacuum
2\/— oro, + —(O'x + o} + 20%07) correction are m?, A;, and A,. Table I summarizes the
numerical values of the parameters in different model sce-
+ (Ayy + 7+ Aom) (ot + 20% narios. We point out that the effect of one-loop fermionic
8 * Y vacuum fluctuation in the 2 + 1 flavor renormalized PQM
not g0, 4 8oy model has already been studied in the recent works of
- log( )— no, 10%( ) (26)  Refs. [84,85]. The model parameters (A, A;, and m?) in
2 2M V2M cls ) p 2, Al
these investigations are renormalization scale dependent,
Here, A,, = Ay, + A,.. After rearrangement of terms, and the cancellation of scale dependence for the final results

we find that the logarithmic M dependence of A, contained
in Ay completely cancels the scale dependence of all
the terms in %. The chiral part of the total effective
potential now becomes free of any renormalization scale
dependence. It is reexpressed as

2

m c
Q(O-xr O'y) = _(0-5 + 0-%) - hxa-x 2

y (it oy =5 5
+% 2 §+%(aﬁ+a‘y‘)

g ot 20" Throa g )
—naﬁlog(%). @7)

The calculation of vacuum meson masses from the effective
potential also shows that the scale M dependence com-
pletely cancels out from their expressions. The explicit
derivations of scale independent meson masses are given
in Appendix B.

In general, m ., mg, the pion and kaon decay constant f,
fx»and mass squares of 7, ', and m,, are used to fix the six
parameters of the model. The parameters are fitted such
that, in vacuum, the model produces observed pion mass
m, = 138 MeV, kaon mass mg = 496 MeV, and m), =
963(138) MeV, m,, = 539(634.8) MeV for the case with
the presence (absence, ¢ = 0) of axial anomaly term c.
Numerical values of A,; and ¢ are obtained easily after
substituting the values of the input parameters in their
expressions in Appendix A. Numerical values of A, and
n are obtained using f, = 92.4, fx = 113 MeV, and
N, = 3. The scale-independent expressions of m2 and m2
given in Appendix B are exploited in Appendix A to obtain
the vacuum values of the parameters m> and A, using
m, = 600 MeV. In the present work, the A,; and c are

is achieved numerically.

Now, the thermodynamic grand potential in the presence
of appropriately renormalized fermionic vacuum contribu-
tion in the Polyakov quark meson model with vacuum term
(PQMVT) model will be written as
Qup(T, w0y, oy, O, D)

=UT;, D, d*) + Q(o,, ay) + Q;Q(T, w0y, 0y, P, o),
(28)

One can get the quark condensates o, o, and Polyakov
loop expectation values ®, ®* by searching the global

minima of the grand potential for a given value of tem-
perature 7 and chemical potential u,

aQ Q) Q) aQ

IV. MESON MASSES AND MIXING ANGLES

The curvature of the grand potential in Eq. (12) at the
global minimum gives the finite temperature scalar and
pseudoscalar meson masses,

5 _ 2Qp(T, p; o, 0y, O, D)
a.ab T a‘fa,aaé:a,b min.

“ 2

(30)

m

I ]

In the subscript @ = s, p; stands for scalar and “p
stands for pseudoscalar mesons and a, b = 0...8,

mi,ablT ozab + (8ma ab)2 (31)

The temperature dependence of meson masses comes from
the temperature dependence of o, and o,. The term
(6m}, ,,,)? results from the explicit temperature dependence
of quark-antiquark potential in the grand potential. It vanishes

in the vacuum where the meson mass matrix is determined as
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?OM(o,, o)

m == =m™ )2+ (ém" )%
.ab a‘fa,aaga,b min ( a,ab) ( a,ab)

(32)

Here the expressions (mf ) as originally evaluated in
Refs. [29,35] represent the second derivatives of the pure
mesonic potential U(a,, o ) at its minimum, and the vacuum
values of meson masses, m2, ,,, in the QM/PQM model are
given only by these terms. The calculation details of mass
modifications (ém}, , »)? resulting due to the fermionic vac-
uum correction are presented in Appendix A, where we have
also shown how those expressions are used for determining
the model parameters. Table IV of Appendix A contains all
the expressions of (mY ,,)* and (8m?, ,,)*. The mass expres-
sions (m® h)z have a renormalization scale M dependence in
the QMVT/PQMVT model due to the parameter A,. This
dependence gets completely canceled by the already existing
scale M dependence in the mass modifications (8m, ),
and the final expressions of vacuum meson masses 2, ,;, are
free of any renormalization scale dependence as shown
explicitly in Appendix B.

In order to further calculate the in-medium meson mass
modifications at finite temperature due to the quark-
antiquark contribution in the presence of the Polyakov
loop potential, the complete dependences of all scalar
and pseudoscalar meson fields in Eq. (6) have to be taken
into account. We have to diagonalize the resulting quark
mass matrix. In the following, we recapitulate the expres-
sions of mass modification due to the quark-antiquark
contribution at finite temperature in the PQM model [44] as

20T *
| QM(T, u, oy, oy, O, O )
afaaagab

—32 [(277)3 [(A++A )

2 _ fa fb
X(mf.’ab 72]52 )+(B++B)

m2_m?
X <7f’“ f”’)]. (33)

2E;T
Here m? , = dm7/d&,,, denotes the first partial derivative
and m7 ,, = dms ,/d&,,, signifies the second partial de-
rivative of the squared quark mass with respect to the meson
fields &, 5. These derivatives are evaluated in Table III of
Ref. [35]. We have given this table in Appendix A. The

notations A+ and By have the following definitions,

(mY ) lpom = .
min

De E /T 4 2@t 2T 4 o TIEFIT
A;{ = T (34)
: g
P+ —E;/T +2d —2E;/T + —3E;./T
A; _De e_ e , (35)
8r

PHYSICAL REVIEW D 88, 074017 (2013)

and By = 3(Afi-)2 — C5, where we again define
Do EHIT & adpr o 2ELIT 4 3,7 3EL/T
== - ¢ (36)
8r

o —E;/T+4q) —2E;/T+3 —3E]/T
c;=—= - 1)
' 8

f
In the PQMVT model, the final expression for finite
temperature meson masses in Eq. (31) is written as

mg g + (6ml ) leou.  (38)

This expression gives meson masses in the PQM model
also when the fermionic vacuum contribution becomes
zero in the expression of vacuum meson masses in the first
term. The expression for the finite temperature meson mass
modifications (8m], ,,)*lqu due to the quark-antiquark
potential in the QM model can be found in Ref. [35]. We
use this expression to write the finite temperature meson
masses in the QMVT model as

m?2 o, + (6mL ) lom. (39

Here, also, the same expression gives meson masses in the
QM model when the fermionic vacuum correction is absent
in the expression of vacuum meson masses.

The diagonalization of (0-8) component of the mass
matrix gives the masses of o and f, mesons in the scalar
sector and the masses of 1’ and 7 in the pseudoscalar
sector. The scalar mixing angle 6, and pseudoscalar mix-
ing angle 6, are given by

2 _
ma,ublT,PQMVT =

2 _
ma,abIT,QMVT -

_ zmi,os
tan20, = (—5———5—) (40)
«,88

Myo00 — M

Appendix C of Ref. [35] contains all the transformation
details of the mixing for the (0,8) basis that generates the
physical basis of the scalar (o, f,,) and pseudoscalar (', 77)
mesons. This Appendix also explains the ideal mixing and
gives the details of the formulas by which the physical
mesons transform into the mesons which are pure strange
or nonstrange quark systems.

V. FERMIONIC VACUUM CORRECTION AND
CHIRAL RESTORATION

We are investigating the effect of fermionic vacuum
fluctuation on the restoration of chiral symmetry when it
is properly accounted for in the 2 + 1 flavor quark meson
model and PQM model at finite temperature and zero
chemical potential with and without axial U4(1) breaking.
We have compared the results of present computations in
the QMVT and PQMVT models with the already existing
calculations in the quark meson model and PQM model
[35,44]. The interplay of the effect of U, (1) axial restora-
tion and chiral symmetry restoration in the influence of
fermionic vacuum fluctuation has been investigated and
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TABLE II. The table of characteristic temperature (pseudo-
critical temperature) for the chiral transition in the nonstrange
sector TY, strange sector 7%, and the confinement-deconfinement
transition 7% in the QM, QMVT, PQM, and PQMVT models.
+ gives the temperature range near T4, over which the rather flat
and broad second peak of the strange condensate derivative aaUT"
shows a distinct change of about 0.1% of the numerical value of
the second peak height.

QM QMVT PQM  PQMVT

TX (MeV) 146.1 171.1 205.8 2165
TY (MeV) 248320 247.8 25 274*15 269. =40
T® (MeV) 205.6 205.6

compared in different model scenarios through the tem-
perature variation of strange, nonstrange chiral conden-
sates, meson masses, and mixing angles. The U,(1) axial
breaking term is constant throughout the computation. The
value of Yukawa coupling g = 6.5 has been fixed from the
nonstrange constituent quark mass m, = 300 MeV in vac-
uum (7 =0, w = 0). This predicts the vacuum strange
quark mass m; = 433 MeV.

A. Condensates and fermionic vacuum correction

The solutions of the gap equations (29) at zero chemical
potential yield the temperature dependence of the Polyakov
loop expectation value @; nonstrange and strange conden-
sates and the inflection point of these order parameters,
respectively, give the characteristic temperature (pseudo-
critical temperature) for the confinement-deconfinement

(a) [~ r~1rTrrrrTr T r T T T T T

0.8
0.6
0.4

0.2

FIG. 1 (color online).

PHYSICAL REVIEW D 88, 074017 (2013)

transition 7% and the chiral transition in the nonstrange
TX and strange sector T{¥. Table 11 shows the various pseu-
docritical temperatures in different models. We will use a
reduced temperature scale T/ TX to compare the PQMVT
(QMVT) model variations with that of the PQM(QM)
model because the absolute comparison of the characteristic
temperatures between two models of the same universality
class cannot be made according to the Ginsburg-Landau
effective theory [73].

For T = 0, Fig. 1(a) shows that the condensate o, =
92.4 MeV, while oy, = 94.5 MeV in Fig. 1(b). The U,(1)
anomaly (¢ # 0) has a negligible effect on the nonstrange
condensate o, variation, which is sharpest for the T/ TY =
0.9-1.2 range in the PQM model. The o, variation be-
comes smoother in the PQMVT model on account of the
fermionic vacuum correction, and its most smooth varia-
tion results in the QM VT model due to the absence of the
Polyakov loop potential. The fermionic vacuum correction
together with the Polyakov loop potential give rise to the
largest degree of strange condensate o, melting in the
PQMVT model when ¢ # 0 in Fig. 1(b). The PQM model
o, melting is already reported [44] to be significantly
larger than that of the QM model. The effect of only the
fermionic vacuum correction is quite robust as is evident
from a noticeably larger melting of the o in the QMVT
model. Comparing the model results of the o, temperature
variation for the ¢ = 0 case with that of the ¢ # 0 case in
Fig. 1(b), we conclude that the melting of the strange
condensate gets reduced in the same small proportion in
all the models when the axial anomaly term is absent.

(b)_'I'I'I'I'I'I'I'I'I'I'
100 -

80

60

QMVT
QM
PQMVT
PQM
PQMVT c=0
QMVT c=0
PQM  c=0
QM c=0

40

20

T
I}
FEFERY : GLAri N SRR B B

o
=}
o
1
S
o
=N
=}
oo

1.2 1.4 1.6 1.8 2 22
/T *

Figure 1(a) shows the reduced temperature scale (T/T2) variation of the non strange condensate o, at zero

chemical potential (u = 0) and the nonzero axial anomaly (¢ # 0) in the QM, QMVT, PQM, and PQMVT model calculations. The
dash double dots line in magenta, the thick long dash line in dark green, and the dash dot line in red represent the respective o,
variations in the QM, QMVT, and PQM models, while the solid black line represents the PQMVT model o, variation. The same line
types in Fig. 1(b) represent the respective model variations of the strange condensate o, when ¢ # 0. The line of solid circle dots in
dark blue and the line of solid triangle dots in deep red in Fig. 1(b) show the respective variations of the o, in the PQMVT and PQM
models, while the line of solid square dots in green and the line of hollow circle dots in magenta represent the respective o, variations
in the QMVT and QM models when the axial anomaly term is absent, i.e., ¢ = 0. The expectation value of the Polyakov loop field ® is
shown in the right side plots of Fig. 1(a) where the dotlike small dash line in dark blue represents the & variation in the PQMVT model,
while the double dash line in magenta represents the ® variation in the PQM model. (a) Nonstrange condensate variation with Uy (1)
anomaly term. (b) Strange condensate variation with and without U, (1) anomaly term.
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Curves ending in the right side of Fig. 1(a) represent the
temperature variation of the Polyakov loop expectation
value ®. Since w =0 in our calculations, we have
@ = ®*. Here, we recall that the improved ansatz of the
logarithmic Polyakov loop potential [10,54,55,63] avoids
the @ expectation value higher than one and hence de-
scribes the dynamics of gluons more effectively.

The peak in the temperature variation of 88‘? in Fig. 2(a)
gives the T/ for the chiral crossover at u = 0. It is evident
from the plots in Fig. 2(a) and the values given in Table II
that the fermionic vacuum correction causes a smoother
and gentler crossover transition in the nonstrange sector,
where the transition temperature 7X for the PQMVT
(QMVT) model increases by 10.7(25) MeV over its PQM
(QM) model value. The confinement-deconfinement cross-
over transition temperature 7 = 205.6 MeV is same in
both the models, PQM and PQMVT. But unlike the PQM
model, the deconfinement transition for the PQMVT model
does not remain coincident with the nonstrange sector chiral
crossover transition and we get TY > Tf,l’ . The chiral cross-
over is coincident with the confinement-deconfinement
transition in the RBC-Bielefeld and HotQCD lattice calcu-
lations, where TY lies between 185-195 MeV [19-21], but
the Wuppertal-Budapest(WB) Collaboration, in compari-
son, gives a pseudocritical temperature that is 40 MeV
smaller for the nonstrange crossover transition and
15 MeV smaller for the deconfinement transition and 7X <
T® [22-24]. In our PQMVT model calculation, we have
taken m, = 600 and T, = 270 MeV in order to compare
results with the earlier work done in the QM and PQM
models in Refs. [35,36,44]. This choice does not reproduce
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the Wuppertal-Budapest scenario and is more in tune with
the standard scenario of the PQM model calculations of
Schaefer et al. in Ref. [45], where they have done detailed
comparisons of various transitions with different parameter
sets and three different parametrizations of the Polyakov
loop potential. The recent HotQCD lattice results show
smaller disagreement in the transition temperature value
[25] when compared with the WB results for the physical
pion mass. We point out that most lattice calculations are
carried out with periodic boundary condition, which is
convenient for the computations, but rather far from the
experimental setup. An exploratory quenched study [90]
suggests that critical temperatures with realistic boundary
conditions can be up to 30 MeV larger than the values,
which are measured in conventional lattice calculations.
In effective model investigations, the TX and T;D values
are quite sensitive to the chosen models and parameter
sets. In the NJL and PNJL model investigations [75], for
example, the consideration of the eight quark interactions
leads to the significant lowering of the pseudocritical tem-
perature for the chiral crossover transition. Further, the
smaller values of T, for the Polyakov loop potential also
lead to considerable lowering of the transition temperature
[53]. The parameters corresponding to m, = 400 MeV in
our PQMVT model calculation give TX = 202.6 MeV and
T® = 201.1 MeV. Here, the nonstrange chiral crossover
and deconfinement transitions are almost coincident similar
to the recent results of Schaefer et al. [84] in the renormal-
ized PQM model.

The chiral crossover transition in the strange sector is
much smoother and weaker than the crossover transition of

04

03

02

acy /0T

250 400 450
T (MeV)

(b)

50 100 150 200 300 350

FIG. 2 (color online). (a) Shows the temperature variation of the aa? . The dash dot in red, dash double dot in magenta, and solid line
in dark green show the respective PQMVT, QMVT, and QM model variations with their distinct peaks. The dash line in dark blue
shows the PQM model variation whose very high peak is not visible on the y-axis scale, which has been chosen to highlight the peaks
for other model variations in Fig. 2(a). The same line types in Fig. 2(b) show the respective model temperature variations of the strange
condensate temperature derivative a(;? . This variation shows two peaks where the first peak is caused by the chiral dynamics in the
nonstrange sector. The location of the second peak [marked by the plus symbol in Fig. 2(b)] gives strange sector chiral crossover
transition temperature 7%. The second peak is very broad and flat over a small temperature range, and its location is marked by an
ambiguity range of = for the 7% (given in Table II) in which the derivative aa”T" shows a distinct change of about 0.1% of the numerical
value of the second peak height. (a) With U, (1) anomaly term. (b) With U4(1) anomaly term.
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the nonstrange sector for all the models due to the large  of the nonstrange condensate o, caused by the fermionic
constituent mass of the strange quark m, = 433 MeV in  vacuum correction in Fig. 1(a). The most smooth mass
vacuum. The variation of the temperature derivative of o, degeneration results are in Fig. 3(b) for the QMVT model
shows two peaks in Fig. 2(b) for all the models; the first variations because the Polyakov loop effect which causes a
peak is higher and sharper because it is driven by the chiral ~ sharper chiral crossover transition is absent. A similar trend
crossover transition dynamics in the nonstrange sector. The ~ of smoother mass degeneration is seen in the masses of the
crossover temperature T¢ in the strange sector is identified ~ chiral partners (7, f;) and (K, k) in Fig. 5(a) [Fig. 5(b)] for
in Fig. 2(b) by locating the position of the second peak  the PQMVT(QMVT) model. Since a significant melting of
which is quite broad, smooth, and flat over a small tem-  the strange condensate o, occurs at a higher temperature in
perature range in all the models. The ambiguity in the all the models, the K, k, and 1 meson masses become
identification of the second peak [marked by the plus  degenerate not exactly at T/TX = 1 but around T/T¥ =
symbol in Fig. 2(b)] is indicated by the * flatness range  1.3(1.2) in the PQMVT(PQM) model. The f,, meson mass
for T¢ in Table II. The largest but smoother melting of the intersects the degenerate line of K, , and 17 meson masses
strange condensate is obtained in the PQMVT model with around T/TY = 1.4(1.8) in Fig. 5(a) [Fig. 5(b)] for the
TY = 269.0 = 4 MeV. It will have an interesting physical ~ PQM(QM) model computations and then becomes smaller
consequence in the early setting up of a smoother mass  than the m,, developing a kinklike structure after crossing
degeneration trend in masses of the chiral partners (K, k) it Later, the fo meson mass degenerates with the mg, m,,

and (), fo) and in the early emergence of a smoother U,(1)  and m,, variations again for 7/T¥ > 1.8(2.3). We find that

restoration trend. the kink in the f, meson mass variation altogether disap-

pears from the PQMVT(QMVT) model results in Fig. 5(a)
B. Meson mass variations [Fig. 5(b)] due to the robust effect of the fermionic vacuum

The meson mass temperature variations of the PQMVT correction, and the m, degenerates quite smoothly with the
(QMVT) model in the presence of the axial U, (1) anomaly ", M, and m,, earlier at T/TX > 1.7(1.9) and remains so
term are compared with the corresponding PQM(QM)  forever. These mass degeneration trends reflect the effect of
model results, respectively, in Fig. 3(a) [Fig. 3(b)] for the  fermionic vacuum fluctuation on the chiral symmetry res-
chiral partners (o, 77) and (a,, n’) andin Fig. 5(a) [Fig. 5(b)] toration in the strange sector and result due to the smoother
for the chiral partners (7, f;) and (K, ). The analogous  but larger (largest in the PQMVT model) melting of the
plots of mass variations when the axial U,(1) anomaly strange condensate in Fig. 1(b).
term (¢ = 0) is absent are given, respectively, in Fig. 4(a) The PQM (QM) model o meson mass variation also
[Fig. 4(b)] and Fig. 6(a) [Fig. 6(b)]. shows a kink structure that starts at 7/7X = 1.5(1.9) and

The sharpest mass degeneration of the PQM model for  persists afterwards in Fig. 3(a) [Fig. 3(b)]. This kink again
the (o, ) and (ay, ') mesons becomes quite smooth in  disappears from the m, variations in the PQMVT and
Fig. 3(a) for the PQMVT model due to the smoother melting QMVT model, where the smooth line of the degenerated
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FIG. 3 (color online). Mass variations for the chiral partners (o, 7) and (ag, 7’) on the reduced temperature (7/TY) scale at u = 0
are plotted in Fig. 3(a) for the PQMVT and PQM model, and the corresponding mass variations in the QMVT and QM model are
plotted in Fig. 3(b). The dash dot line plots in dark green and the solid line plots in black, respectively, for the PQMVT(QMVT) model
and the PQM(QM) model show the ¢ and a, mass variations in the left panel (right panel). The 7 and 7’ mass variations are denoted
by the dash line in red plots and the thick dots line in blue plots, respectively, for the PQMVT(QMVT) model and the PQM(QM)
model in the left panel(right panel). (a) PQMVT and PQM model results:axial anomaly term ¢ # 0. (b) QMVT and QM model results:
axial anomaly term ¢ # 0.
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The line types in Figs. 4(a) and 4(b) represent the same mass variations as depicted in Fig. 3, but here in these

computations the axial U, (1) anomaly term is absent, i.e., ¢ = 0. (a) PQMVT and PQM model results:axial anomaly term ¢ = 0.

(b) QMVT and QM model results:axial anomaly term ¢ = 0.
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Mass variations for the chiral partners (7, f;) and (K, «) on the reduced temperature (7/TX) scale at u = 0 are

plotted in Fig. 5(a) for the PQMVT and PQM model and the corresponding mass variations in the QMVT and QM model, are plotted in
Fig. 5(b). The dash dot line plots in dark green and the solid line plots in black, respectively, for the PQMVT(QMVT) model and the
PQM(QM) model show the n and f, mass variations in the left panel(right panel). The K and « mass variations are denoted by the
dash line red plots and the thick dots line in blue plots, respectively, for the PQMVT(QMVT) model and the PQM(QM) model in
the left panel(right panel). (a) PQMVT and PQM model results:axial anomaly term ¢ # 0. (b) QMVT and QM model results:axial

anomaly term ¢ # 0.

m, and m, in Figs. 3(a) and 3(b) show closer convergence
towards the degenerate masses of a, and ' mesons for
higher T/TX > 1, and the mass gap between these two sets
of chiral partners becomes small in comparison to the mass
gap seen in the PQM and QM models. Here, we recall that
the U, (1) axial symmetry breaking generates the mass gap
between the two sets of the chiral partners, (o, 7) and
(ap, m"), ie., my=m, <m, =m, for T/TE>1 be-
cause the anomaly term (%‘—') has the opposite sign in the

expressions of m, and m, [35]. Hence, the mass gap
reduction will be larger due to the larger melting of o,
for higher T/TZ in the PQMVT model. We thus conclude
that apart from affecting the smoother occurrence of chiral
SU;(2) X SUR(2) symmetry restoration in the nonstrange
sector, the inclusion of fermionic vacuum fluctuation in the

PQM (QM) model also affects an early and smoother set up
of the U, (1) restoration trend.

In the absence of the axial anomaly ¢ = 0, the m,; always
remains equal to m,, and the mass degeneration of the
chiral partners (o, 7) and (ag, 1) results near T/TX =
1.0 in all the model plots. Here, also, the PQM (QM) model
prominent kink structure, which forms near T/ TX =
1.5(1.9) in the m, variation in Fig. 4(a) [Fig. 4(b)], gets
completely smoothed out in the PQMVT(QMVT) model.
Further, in Fig. 6(a) [Fig. 6(b)], the m, variation in the PQM
(QM) model for the ¢ = 0 case does not become completely
degenerate with the m,, though it becomes very close to
(nearly touches) the 7 mass variation when T/TX ~
1.6(2.0), and afterwards my, takes slightly larger value
than the M,y. The f, mass variation, in contrast, degenerates
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The line types in Figs. 6(a) and 6(b) represent the same mass variations as depicted in Fig. 5, but here in these

computations the axial U,(1) anomaly term is absent, i.e., ¢ = 0. (a) PQMVT and PQM model results:axial anomaly term ¢ = 0.

(b) QMVT and QM model results:axial anomaly term ¢ = 0.

quite smoothly with the m,, when T/T¥ ~ 1.9(2.3) in the
POQMVT (QMVT) model. Thus, the fermionic vacuum
correction leads to the smoother mass degeneration trends
also when ¢ = 0.

Here we mention another noteworthy result. In the in-
fluence of the fermionic vacuum correction, the scalar
particle vacuum mass increases to 1086.26(917.93) MeV
for the ay meson and decreases to 1143.92(1203.16) MeV
for the f, meson in the presence(absence) of the axial
anomaly in the QMVT/PQMVT model from the respective
vacuum mass value of m, = 1028.7(850.5) MeV and
my, = 1221.1(1282.3) MeV in the QM/PQM model.
Further, we point out that the kinks in the PQM/QM model
m, and my, variations are the consequence of an inter-
change in their identities for higher values on the reduced
temperature scale [35,44]. Here, we again emphasize that
the crossing or anticrossing pattern in the meson mass
variations completely disappears when the fermionic vac-
uum fluctuation is accounted for in the PQMVTand QMVT
models. In order to have a proper perspective of the PQM/
QM model kink structures and the complete washing out of
such kinks in the PQMVT/QMVT model results, one has to
investigate, analyze, and compare the scalar and pseudo-
scalar meson mixing angles.

C. Meson mixing angle variations

We will finally be investigating the behavior of the scalar
6 ¢ and pseudoscalar 6 p mixing angles. In Fig. 7(a), the lower
(upper) solid line in black and the dash dot line in red depict
the 6p (6y) variations, respectively, in the PQMVTand PQM
model computations for nonzero axial anomaly. In the ab-
sence of axial anomaly, the dotlike small dash line in ma-
genta and the dash line in dark blue represent the respective
scalar mixing angle g variations for the PQMVT and PQM
models. The same line types in Fig. 7(b) show the 8p and 6
variations for the QMVT and the QM models. The pseudo-
scalar 6 p mixing angle variations shown by the filled green

circles in both the figures are constant when the axial anom-
aly is zero in all the model calculations. Comparing
the POMVT(QMVT) model variations of #p and 6y in
Fig. 7(a) [Fig. 7(b)] with the corresponding PQM(QM)
model results, we infer that the fermionic vacuum correction
significantly modifies the axial U, (1) restoration pattern.

The nonstrange and strange quark mixing is strong as in
Ref. [35], and one gets almost constant pseudoscalar mix-
ing angle #p = —5° in all the models when the axial
anomaly is present for the chiral symmetry broken
phase at T = 0. The 6, variation near T/TX = 1 in the
POMVT model in Fig. 7(a) develops a small dip and then
smoothly starts the approach toward the ideal mixing angle
0p — arctan71§ ~ 35°; the corresponding ®p» = 90°. Here
®p is the pseudoscalar mixing angle in the strange-
nonstrange basis (see Ref. [35] for details). In computa-
tions with the presence of the axial anomaly for T/T% > 1,
the pseudoscalar mixing angle approaches its ideal value
more smoothly in the PQMVT(QMVT) model when com-
pared with the corresponding result in the PQM(QM)
model in Fig. 7(a) [Fig. 7(b)]. This approach is sharpest
in the PQM model.

The n and 7’ mesons become a purely strange ng and
nonstrange 7 ys quark system as a consequence of the ideal
pseudoscalar mixing that gets fully achieved at higher
values of the reduced temperature. In order to show this
and make comparisons, the mass variations for the physical
n, n' and the nonstrange-strange 7yg, ng complex are
plotted for the PQMVT(QMVT) and PQM(QM) models
in Fig. 8(a) [Fig. 8(b)]. Mass formula m, and m, are
given in Table Vof Appendix B. In the m,, approachtom,,
and the m,, approach to m,  around T/TY = 1, the most
smooth and smoother mass convergence trends are seen,
respectively, in the QMVT and PQMVT models in
Fig. 8(b) and Fig. 8(a). Comparing the mass difference of
m,y and m, for T/TX > 1 in different models, the smallest
difference seen in the PQMVT model indicates that, here,
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In the presence of the axial anomaly, the lower(upper) black solid line and dash dot line in red depict the

0p (05) variations, respectively, in the PQMVT and PQM model computations in Fig. 7(a), while the same line types represent the
corresponding variations, respectively, for the QMVT and QM models in Fig. 7(b). In the absence of the axial anomaly, i.e., ¢ = 0,
the dotlike small dash line in magenta and dash line in dark blue represent the scalar #g mixing angle variations, respectively, in
the PQMVT and PQM model computations in Fig. 7(a), while the same line types represent the corresponding variations, respectively,
for the QMVT and QM models in Fig. 7(b). The pseudo-6p mixing angle variations for ¢ = 0 are constant and are shown by the dark
green filled circular dots for both the PQMVT and PQM model calculations in Fig. 7(a), while the same line type represents the 6p
variations for the QMVT and QM model in Fig. 7(b). (a) Scalar and Pseudo scalar mixing angle variations in PQMVT and PQM model.
(b) Scalar and Pseudo scalar mixing angle variations in QMVT and QM model.

we are getting the most converging U, (1) restoration trend
on account of the fermionic vacuum term.

The fermionic vacuum correction gives rise to a de-
creased scalar mixing angle fg in vacuum (7 = 0). It
becomes 11.98°(14.75°) in the presence(absence) of
the axial anomaly in the PQMVT and QMVT models
in Figs. 7(a) and 7(b), respectively, from its value of
19.86°(21.5°) in the PQM and QM models. The 6¢ growth
to its ideal value near T/TX =1 is smoother in the
POMVT and QMVT models. The most striking effect
of the fermionic vacuum correction can be seen in the
complete modification of the 6¢ behavior in the higher-

temperature chirally symmetric phase of the PQMVT and
QMVT models for both the cases with and without the
axial anomaly. Instead of dropping down to the negative
values as in the chiral symmetry restored phase of the PQM
and QM models, respectively, in Figs. 7(a) and 7(b), the 6
in the PQMVT and QMVT models approaches the ideal
mixing angle very smoothly analogous to the pseudoscalar
mixing angle #p temperature variation computed in the
presence of axial anomaly.

In the chirally symmetric phase of the PQM and QM
models, respectively, in Figs. 7(a) and 7(b), the scalar
mixing angle first achieves its ideal value of 35° and
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FIG. 8 (color online).
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Shows the mass variations for the physical 7', n and the nonstrange-strange 71ys, 75 complex on the reduced

temperature scale (7/TX) at zero chemical potential (1 = 0). Figure 8(a) shows the results for PQMVT and PQM models and line
types for mass variations are labeled. Figure 8(b) shows the mass variations for the QMVT and QM models with labeled line types.

(a) With U, (1) anomaly term. (b) With U, (1) anomaly term.
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Shows the mass variations for the physical o, f; and the nonstrange-strange oyg, g complex, on the reduced

temperature scale (T/TX) at zero chemical potential (u = 0). Figure 9(a) shows the results for the PQMVT and PQM models and line
types for mass variations are labeled. Figure 9(b) shows the mass variations for the QM VT and QM models with labeled line types. The
masses of the physical o and f, anticross and the nonstrange-strange oyg — 0°g system masses cross for the PQM/QM model
variations. Such crossing and anticrossing of masses disappears from the PQMVT/QMVT model results. (a) With U4 (1) anomaly term.

(b) With U,(1) anomaly term.

then drops down to 65 ~ —51°(— 54°) for higher tempera-
tures in the presence (absence) of Uy(1) axial symmetry
breaking term. This drop happens around 7/TX ~ 1.5(1.9)
in the PQM(QM) model for nonzero ¢, and a similar
drop for the calculations without the axial anomaly occurs
at a little higher value of T/TX. This pattern is already
reported and discussed in Refs. [35,44]. We note that when
6¢ ~ 35°, the f meson degenerates with the pure strange
quark system o, while the o meson becomes identical
with the pure nonstrange quark system opg. Since the
mixing angle ~ —55° is complimentary to 35°, (their
difference is ~90°), the temperature variations of masses
show a mass reversal trend in the nonstrange-strange basis
when Og ~ —51°, and the physical o and f;, masses
anticross while the nonstrange-strange (o yg — 0°g) System
masses cross near the above- mentioned reduced
temperatures. After anticrossing, the physical o becomes
identical with the pure strange quark system o, while the
physical f, degenerates with the pure nonstrange quark
system oyg. In order to show this crossing-anticrossing
behavior in the presence of the axial anomaly, we have
plotted in Figs. 9(a) and 9(b) the respective PQM and
QM model mass variations for the physical o and f
and the nonstrange-strange oyg, 0g complex. Since the
effect of fermionic vacuum fluctuation drastically modifies
the fg behavior for higher temperatures, the masses of
the physical o and f; do not anticross, the nonstrange-
strange (oys — 0g) system masses do not cross for higher
values on the reduced temperature scale, and the o
becomes identical with the pure nonstrange quark system
oys, while the physical f; smoothly degenerates with the
pure strange quark system o in the PQMVT and QMVT
model plots, respectively, in Figs. 9(a) and 9(b). Here, the
6¢ approaches ~35° and then remains the same for higher
temperatures.

VI. SUMMARY AND CONCLUSION

In the present paper, we have investigated how the
inclusion of properly renormalized fermionic vacuum fluc-
tuation in the 2 + 1 flavor QM and PQM models modifies
the finite temperature behavior of masses and mixing
angles of scalar and pseudoscalar mesons. It has been
explicitly shown that expressions for the model parame-
ters, meson masses, and mixing angles do not depend on
any arbitrary renormalization scale. We explored the quali-
tative and quantitative effects of fermionic vacuum correc-
tion on the emerging mass degeneration patterns in the
temperature variations of masses of the chiral partners in
pseudoscalar (77, 1, ', K) and scalar (o, ag, fo, k) meson
nonets. From the mass convergence patterns, we identified
chiral symmetry and U,(1) restoration trends and com-
pared them in different model scenarios.

The fermionic vacuum correction causes a smoother and
gentler crossover transition in the nonstrange sector, where
the transition temperature T2 for the PQMVT(QMVT)
model increases by 10.7(25) MeV over its PQM(QM)
model value. Unlike the PQM model result, the deconfine-
ment crossover transition is not coincident with the non-
strange sector chiral crossover transition for the PQMVT
model calculation with m, = 600, T, = 270 MeV and the
logarithmic ansatz for the Polyakov loop potential.
However, for m, = 400 MeV in the PQOMVT model, we
get TX = 202.6 MeV and T® = 201.1 MeV. The sharpest
PQM model o, variation for the T/TX = 0.9 to 1.2 range
becomes smoother and gentler in the PQMVT model. The
QM model o, temperature variation becomes much
smoother in the QMVT model only due to the effect of
the fermionic vacuum correction term. The significant o,
melting of the PQM model gets further enhanced on
account of the fermionic vacuum correction, and we obtain
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the largest but smoother melting of the strange condensate
in the PQMVT model.

The sharpest mass degeneration of the PQM model for
the (o, 7) and (ao, n’) mesons becomes quite smooth in the
PQMVT model and the most smooth mass degeneration
results in the QM VT model. We conclude from the behav-
ior of these chiral partners that the chiral SU; (2) X SU(2)
symmetry restoring transition in the nonstrange sector
becomes quite smooth on account of the fermionic vacuum
correction. In its influence, the chiral symmetry restoration
in the strange sector also becomes quite smooth, and similar
trends of smoother mass degeneration can be seen in the
POMVT/QMVT model temperature variations of the
masses of the chiral partners (7, fy) and (K, k). It is worth
emphasizing that the kink structure in the PQM/QM model
m, and my, temperature variations altogether disappears
from the corresponding POMVT/QMVT model results due
to the noteworthy effect of the fermionic vacuum correc-
tion, and the my, degenerates quite smoothly with the m,
m,, and m, . Further, the smoothly merged line of m, and
m.,, shows a closer and narrower convergence to the degen-
erate line of m,, and mj, for higher T/T¥>1 in the
POMVT/QMVT models. This behavior is a consequence
of the largest but smoother melting of the o, in the PQMVT
model because the U,(1)-breaking anomaly effect that
leads to the mass gap between the two sets of the chiral
partners, (o, 7) and (ag, 1), i.e., m, = m, <m, = m,
for T/T{ > 1, is proportional to the strange condensate oy.
Thus, the incorporation of the fermionic vacuum correction
in the PQM/QM model also affects an early setup of the
U4 (1) restoration trend on the reduced temperature scale.

The pseudoscalar mixing angle 6 p in its approach to the
ideal limit for T/TX > 1 also looks quite smoother in the
POQMVT/QMVT model calculations with the axial anom-
aly. The smallest mass difference between the mn/(= my, S)
and m,(=m, ) for T/T¥>1, results in the PQMVT
model. It shows that the fermionic vacuum correction
generates a most effective U4(1) restoration trend in the
pseudo scalar sector. Further in its influence, the scalar
mixing angle fg in the vacuum (7 = 0) decreases to
11.98°(14.75°) in the presence(absence) of the axial anom-
aly in the PQMVT/QMVT models from its value of
19.86°(21.5°) for the PQM/QM models. In the chirally
restored phase of the PQMVT/QMVT models, the fermi-
onic vacuum correction drastically modifies the PQM
model behavior for scalar mixing angle which instead of
becoming negative, approaches its ideal value 64 ~ 35°
quite smoothly for higher temperatures in both the presence
and absence of the axial anomaly. As a consequence, unlike
the PQM model, masses of the physical o and f, do not
anticross, and the nonstrange-strange (oyg — 0g) system
masses do not cross. The o becomes identical with the pure
nonstrange quark system oyg, while the physical f
smoothly degenerates with the pure strange quark system
o, and their mass variations become free of kink structure.
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APPENDIX A: RENORMALIZED MODEL
PARAMETERS

The mass modification in vacuum (7 = 0, & = 0) due to
the fermionic vacuum correction will be given by

aZQV%C
(omY, )} =—-11—
ab afa,aaé:a,b min
N, mp\ | 3\( 9m ) 6m%)
—— 2og( L) + D) (L
8772;[( Og(M) 2)(a§a,a afa,b

2 2.2
mp o (mf)) 9"my ]
+{—=+2m%1 — )] Al
( 2 mf °8 M aga,aaé‘:a,b ( )

Here, |, stands for the global minimum of the full grand
potential in Eq. (12). The first m7 , = dm37/d¢,,, and
second m7 ,, = dm7 /€, partial derivatives of squared

quark mass with respect to the meson fields as evaluated in
Ref. [35] in the nonstrange-strange basis are presented in
Table III. We have evaluated the mass modifications given
in Eq. (A1) and collected different expressions of (Sm?, ,)?

a,ab

TABLE III. First and second derivative of squared quark mass
in nonstrange-strange basis with respect to meson fields are
evaluated at minimum. The symbol x in the first two columns
denotes the sum over two light flavors. The last two columns
have only strange quark mass flavor denoted by symbol y.

2 2 4 2 2 2 2 4 2 2
mx,amx,b/g mx,ab/g my,amy,b/g my,ab/g
1.2 2 1.2 1
90 Jo 30% 3 30y 3
o o %a’% 1 0 0
0 (TX‘F\/E(T), 0 \/E(rerZ(r".
T4 Oy Ox o2 —2(7'3 y 2(7'3 —o?
1.2 1 2 2 2
0s O3 60x 3 30y 3
2 2 V2 22 _\2
0o O3 6 Ox 3 3 9y 3
2 1
Ty T 0 3 0 3
T T 0 1 0 0
T, T 0 o 0.~ V2, 0 o, 20,
4 4 X 0'2(—20')2, y 0'3—20'}2,
TR g 0 % 0 %
V2 _\2
0 73 0 3 0 3
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TABLE 1V. Expressions for (m} ,,)* in the left half of the table are the vacuum meson masses calculated from the second derivatives

of the pure mesonic potential U(o,, o y). Evaluated expressions of mass modifications (8m?,
correction are given in the right half. Symbols used in the expressions are defined as x =

=(1+ 410g(g0‘ ).

) due to the fermionic vacuum

O'X,y=0'

Meson masses calculated from pure mesonic potential

Fermionic vacuum correction in meson masses

(mm )2 m2 4 A (2 + ) + M2 4 o2y (5mY 1)? Nt (4 + 3X)

(min)? m? 4+ A2+ YD)+ 262+ ﬁxy +2%) + £x (5m¥ ) - 64;5 (;t[) D(EX — 242yY)
(mT)?  m? + 4 (7% + 4/2xy + 59%) + A, (x* +y?) — @(ﬁx + y) (8my o) 96 £ (32X +2Y) + 4(x2 +1?))
(M) m? + AL (502 — 42xy + Ty?) + LS +202) + 2 (V2 — ) (Bm! g Nl (32X + 492Y) + 2(% + 4y2))
B SER — ay ) 4 I ) + m<x iy Gyl — 2K - 220) + 1 - 22)
(mm)? m? 4+ A (2 + y?) + 22 %y (8m), 1) - Qﬁizsz

(mp)? m? + A (2 +y?) + %(x - ﬁxy +2y%) —5x (8m), 1)) 64772 (‘ y)(x3X + 242y%Y)
(mp,00)2 m? + A (k2 +y?) + %(x2 +y) +52x + V2y) (5m;)00)2 96 L (sz +y2Y)

(mge)? m? + 4 (2 +y2) + 2 (2 + 4y%) — £(d4x — 2y) (8m) gg)* 192 2X + 4y?Y)

(2 5)° B (2 - 2y%) — §(V2x — 2y) (811} 5 g X - 2)

in Table IV for all the mesons of scalar and pseudoscalar
nonets. The vacuum mass expressions (m2 h)z for these
mesons as originally evaluated from the second derivative
of pure mesonic potential in Refs. [29,35] are also given in
this table. Here, when o = s, the (11) element gives squared
mass of the scalar a, meson, which is degenerate with the
(22) and (33) elements. Similarly, the (44) element, which is
degenerate with (55), (66), and (77) elements, gives the
squared k meson mass. The squared o and f; meson masses
are obtained by diagonalizing the scalar mass matrix in the
(00)—(88) sector, and we get a scalar mixing angle 65. We
have a completely analogous situation for the pseudoscalar
sector (a = p) with the following identification: the (11)
element gives the squared pion mass and the squared kaon
mass is given by the (44) element. Further, the diagonaliza-
tion of the (00)—(88) sector of the pseudoscalar mass matrix
gives the squared masses of n and 7’, and analogously we
get a pseudoscalar mixing angle 6p.

In the QMVT/PQMVT model calculations, the vacuum
mass expressions in Eq. (32) that determine A, and c
are m2=(m%)>+ (é‘m;,ll)z, m%=(m%)> + (5m§,y44)2, and

m%l + mi, - = (mr;()o)z +
(8m), 50)* and m3 oo = (mlygo)* + (8my g5)*. We can write
m%]+m%7,=(m‘3})2+(m‘j;,)z+(6m;,00)2+(5m;88)2, where
(m)? + (m)* = (m}o)* + (m}g)*. Using mass modi-

fication expressions (8m!, ,,)* given in Table IV, we write

2 2 2
ny, o0 M, g, where m, oo

() = mic + 64

N.g*
6472

( \/_y)(x3X+2\/_y Y),

(m™)2 =m2 + x2X, and

(m3)2+ (n2)2) =, + m2) +28

T 2(3 x2X +6y?Y).

(A2)

The f, and fx give vacuum condensates according to the

partially conserved axial vector current (PCAC) relation.
2 —

The x =0, = [, andy=a'y=(f7’<3f—”) at T = 0. The

parameters A, and c in vacuum are obtained as

_3Qfk = fmRP = Qfx + o)) = 2m)* + () (Fx = fr) a3
: Gf2 +8fk(fx — fF)fk — fr)
m\2 __ m)2
R U)o~ £ (A9

fK_fﬂ'

When expressions of (m2)?, (m}g)?, and ((m%)* + (m ))?) from Eq. (A2) are substituted in Egs. (A3) and (A4) and the
vacuum value of the condensates are used, the final rearrangement of terms yields
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TABLE V. The squared masses of scalar and pseudoscalar mesons that are obtained after the diagonalization of the 00—88 sector of
the mass matrix. The meson masses in the nonstrange o ys(nys) and strange og(7g) basis are given in the last two rows.

Scalar Meson Masses Pseudoscalar Meson Masses
m m?20cos 20 + m? gesin?0 + 2m? g sin 6, cos 6, m, m3 €08 20, + m> gesin 0, + 2m? oesin 6, cos 6,
m}n mioosin 29, + miggcos 29, — 2me08 sin #, cos 6, m%, mi‘oosm zﬂp + mp‘ggcos 20p 2mp)08 sinf, cosf,
mzers %(Zm%OO + m?,SS + 2\/-2—’/”%08) m%INS %(2]”’1?)00 + m;gg + 2\/§mi08)
m%rs- %(m?,oo + 2m?,88 B 2\/5’"?,08) m%s %(m?),oo + zm;SS _ 2\/§m;03)

3Q2fk = fomyg — Qf + fo)my = 20my + m2 ) (fx = fr)

Ay =yt n+ Ay + Ay, Where Ay, = Gf2 +8fx(fx — f)Fx — ) ’
p k\Jk 7))\ K ™

N 4 2 2 _ 2 —
n= 3265_2, Ay = P (f’;f =) log< fx = f”) and scale-dependent part Ay = 4nlog (g(f12<7Mf77)> (A5)
|
my — m>% m, = 600 MeV, and we will put m, = 138 MeV. The
€= Fe—fr Aos2fk = [)- (A6)  explicit symmetry-breaking parameters /, and h do not

change due to the fermionic vacuum correction.
We note that the A, is equal to the earlier A, parameter
determined in the QM/PQM model calculations in APPENDIX B: SCALE INDEPENDENT
Refs. [29,35,44]. In the present calculation, the proper MESON MASSES
renormalization of fermionic vacuum leads to the augmen-
tation of A,, by the addition of a term (n + A,,), and
further we get a renormalization scale M dependent con-
tribution A,y in the expression of the A, in Eq. (AS).

We get the complete cancelation of M dependence in the
evaluation of ¢ also and finally its value turns out to be the
same as in the QM model. The scale M independent
expression of m2 obtained in Appendix B can be used
withx = f_ andy = (%) to express m? in terms of A;,

When the value of A, in Appendix A is substituted in the
mass expressions (m‘;a b)z, the logarithmic M dependence
of A, neatly cancels with the scale dependence already
existing in the mass modifications (5m\z;,ab)2 due to the
fermionic vacuum correction, and the final expressions of
meson masses m%w , become free of any scale dependence
when these two contributions are added together. The
mixing angles obtained from these masses will naturally
be independent of the renormalization scale. The expres-
sions of the scale-independent meson masses are derived in
the following:

— )2 2
M} — &I: Aoy Substituting the Value of A, from Eq. (AS) in the re-

m? = i = A+

2 2 spective terms (mf)?, (m@)?, (mT)% (ms )%, and
f H c (m™yg)? of the corres 0nd1n formulas mj = (m3)* +
— 4nlo { + - Qfk — fr) (A7) .08 ponding do
& Qfx — fn) Skt (5ms,11) m2 = (mp)* + (6ms 44)2 m? (ms,00)2
(5’”;00)2’ s88 = (mj} 5)” T (8my, gs)’ and m?,os =

(mTg)* + (8m} 1g)?, we obtain the renormalization scale
M independent mass formulas of all the mesons in the
scalar nonet. We write A,, for Ay, + Ay,

When we use the formula of m2 in Table V of Appendix B
(with the vacuum values of the masses m2 ), m2gq, m? g,
and the mixing angle 6g) and substitute the above expres-
sion of m? in it, we will get the numerical value of A; for

8Cfx ~ f-) f 2 sx\]7%
mi = m* + A (x* + y?) + [/\2s +n+ Ay +4n 1Og{12<—MH > - n[4 + 3{1 + 4log (m)}]?
X V2e

2fx - m} 3]7* 2 Y (B1)

=m>+ A (% +y?) + I:)\ZV — 4n10g{
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g2fx — fw)}] (x + V2xy + 2y?) s

m2 =m?+ A (x* +y?) + I:Azs +n+ Ay +4nlog{

M 2 2
- g(%)[ﬁ{l + 4log (%)} - 2J§y3{1 + 4log (%)}]
=m>+ AN(2+yH) + [sz —4n 1og{(2fo_ f,,)}](x + \/_;cy +2y?) + & 7% + j{f/y_y) 1 g@. (B2)

A 2fx — 2
m2 = m* + ?l(%c2 + 42xy + 5y%) + I:/\zs +n+ Ay +4nlog {7g( ng fW)}jI(x2 + %) — %(\/zx +y)

n ) gx 5 8y 2 2
- +4log=—t + + + 402 +
3 [3(x {1 4log ZM} y {1 4log \/EM}) 4(x* +y )]

e %(7;& + 42xy + 5%) + ()lzv - 4?”)(;& +3?) — 4n[x2 log ——————— (2f1< 5+ y? log (fo f,,)]
c(2x J; \/§y)_ E3)
Mgy = m’ + %(sz — 42xy + TY?) + [/\ZS +n+ Ay +4n log{WH(z + 2y > \/356 (ﬁx - %)
- %[3()@{1 + 4log%} + 4y2{1 + 4log f_y }) + 402 + 4y2)]
—m? + %(sz — 42xy + V) + ()\ZV 4?”)( 42y ) - 2n[x2 log(szxﬁ + 4y? log (sz 7)]
m2 gy = 2%(\/5)8 —xy —V2)) + \/E[AZS +n+ Ay + 4nlog {g(2f,2<1\; f”)}]<x; - yz) + iz(x —V2y)
- %[;@{1 + 410g%} - 2y2{1 + 4log ng[} + ‘%()c2 - 2y2)]
=223 =y = B+ B~ (5 ) - 2 o g~ 2t Y
L el 3—\/_\/_ Y (B5)

Substituting the value of A, from Eq. (A5) in the respective expressions of (m®)2, (m'2)?, (m?oo)z, (mgsg)z, and (m;fog)2 in
the corresponding formulas m3. = (m3)> + (8my | |)%, my = (mR)> + (8m} 1,)%, m> o0 = (mngg)> + (Smy 5)*, m3 gg =
(M gg)* + (8m), g0)*, and m? oo = (m¥5e)* + ((Sm ¥ 0g)7> we obtain the following renormalization scale M independent
mass formulas for the pseudoscalar mesons:

8k — ] _2e X)X
m2 =m? + A (2 +y%) + [/\25 tnt A+ 4n10g{§T}]3 Ty YT ”[1 * ‘“Og(m)]i

V2¢

=m2+/\1(x2~|—y2)+I:/\zv—4n10g{(2f](x fﬂ)}]x_z Ty, (B6)
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g(2fx — fw)}] (x2 — V2xy +2y%) c
2M

2 2
B ()2 ()]

_ 2 2 > . X (x —\/ixy+2y2)_g . 4\5"))3 @
m? + A (x +y)+[A2V 4n10g{(2f1<_f77)}] > 7% 7(x+\/§y) log Pt (B7)

m% = m? + A (x* +y?) + [)\Zs +n+ Ay +4nlog{

g(sz_fw)}](x2+y2) \/_C(\/— +y

m%,oo =m? + )\1(x2 + y2) + I:/\ZS +n+ Ay +4n log{ M 3

n 2 8X 2 8y
1 2(1 + 410e 25 ) + 21+ 41
3[x( °g2M> Y ( OgﬁM)]

=m2+)l1(x2+y2)+%(x2+y2)—4—|: 21og(2fK 7 )+y210g(2f;/§_yf )]+c(2x:ﬁy), (B8)
_ 2 2
m§,88:m2+)\1()€2+y2)+|:)\23+n+)t2+ +4nlog{g(2f§M f”)}](x +64y)—%<\/§x—%)
_nl o2 8x 2 8y
6[x (1 + 410g2M) + 4y (1 + 41log ﬁM)]
A on 2 c(2x — %)
=m?>+ N> +y?) —i—%()c2 + 4y?) —?I:x log(sz = 4y210g(2f;/__yf )] - 3 75, (B9)
3 2k — far
m? g = \é_[){m +n+ Ay +4nlog {g( f;M f )}il()c2 -2y%) — %(\/Ex —2y)
— (1 + 410g25) — 232(1 + 410g 52
(1 oegyg) 2 (1 v 5
\/E)tz ) 22n \/iy c(\/—Z_x—Zy)
=—— (=2~ *log —2y1 - : B10
2 =2 -2 T R Og(ZfK—fw)] 6 B0
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