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The impact-parameter dependent color glass condensate (b-CGC) dipole model is based on the

Balitsky-Kovchegov nonlinear evolution equation and improves the Iancu-Itakura-Munier dipole model

by incorporating the impact-parameter dependence of the saturation scale. Here we confront the model to

the recently released high precision combined Hadron Electron Ring Accelerator (HERA) data and obtain

its parameters. The b-CGC results are then compared to data at small x for the structure function, the

longitudinal structure function, the charm structure function, exclusive vector meson (J=c , �, and �)

production and deeply virtual Compton scattering. We also compare our results with the impact-parameter

dependent saturation (IP-Sat) model. We show that most features of inclusive deep inelastic scattering and

exclusive diffractive data, including the Q2, W, jtj, and x dependence, are correctly reproduced in both

models. Nevertheless, the b-CGC and the impact-parameter dependent saturation (IP-Sat) models give

different predictions beyond the current HERA kinematics, namely for the structure functions at very low

x and high virtualities Q2, and for the exclusive diffractive vector meson and deeply virtual Compton

scattering production at high t. This can be traced back to the different power-law behavior of the

saturation scale in x and to a different impact-parameter b dependence of the saturation scale in these

models. Nevertheless, both models give approximately similar saturation scales QS < 1 GeV for the

proton in HERA kinematics, and also both models lead to the same conclusion that the typical impact

parameter probed in the total ��p cross section is about b � 2–3 GeV�1. Our results provide a benchmark

for further investigation of QCD at small x in heavy ion collisions at RHIC and the LHC and also at future

experiments such as an electron-ion collider and the LHeC.

DOI: 10.1103/PhysRevD.88.074016 PACS numbers: 13.60.Hb, 12.38.Bx

I. INTRODUCTION

It is believed that the experimental data in deep inelastic
scattering (DIS) and exclusive diffractive processes in
electron-proton collisions, such as exclusive vector meson
production and deeply virtual Compton scattering (DVCS)
at small x, can provide valuable information about the uni-
tarity limits of QCD and parton saturation effects [1–3].
Moreover, the small-x physics has important implications
about our understanding of the early stages of relativistic
heavy ion collisions at both RHIC and the LHC, where
because of high field strengths and high density of colliding
nuclei, one expects the physics of parton saturation to be
important. Studies along this line also provide crucial bench-
marks for further investigations of the high-energy limit of
QCD at the LHC, and also at future experiments such as an
electron-ion collider [4] and the LHeC [5].

An effective perturbative weak-coupling field theory
approach that can describe the small-x regime of QCD is
the color glass condensate (CGC) [2,3]. In this formalism
quantum corrections are systematically resummed, getting
enhanced by large logarithms of 1=x and also incorporating
high gluon density effects at small x and for large nuclei.
Themost important ingredient for particle production in the
CGC approach is the universal dipole amplitude [6], given

by the imaginary part of the quark-antiquark scattering
amplitude on a proton (or nuclear target). The rapidity
evolution of this dipole amplitude, given a suitable initial
condition, can be obtained by solving the Jalilian-Marian-
Iancu-McLerran-Weigert-Leonidov-Kovner (JIMWLK)
hierarchy of equations [7] or in the large Nc limit, the
Balitsky-Kovchegov (BK) equation [8,9].
Unfortunately, impact-parameter dependent numerical

solutions to these nonlinear JIMWLK and the BK equa-
tions are very difficult to obtain [10]. Moreover, the choice
of the impact-parameter profile of the dipole amplitude
entails intrinsically nonperturbative physics, which is be-
yond the QCD weak-coupling approach to the JIMWLK
and the BK equations. In fact, both of these small x
evolution equations generate a power law Coulomb-like
tail, which is not confining at large distances [10–12] and
therefore may violate the unitarity bound. For these rea-
sons, in practice a specific form of the impact parameter
dependence of the dipole amplitude is assumed, and the
simplest choice is to take it to be constant. Nevertheless,
this approximation is not reliable since the gluon density is
larger at the proton center than at its periphery, and in fact
the saturation scale at the center of proton (b ¼ 0) can be
about 2–4 times larger than the saturation scale at the
typical impact-parameter b � 1–4 GeV�1 probed in DIS
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(see Sec. III). Since the b dependence of the dipole ampli-
tude is essential for understanding exclusive diffractive
processes in the CGC or the color dipole approach, dif-
fractive data at Hadron Electron Ring Accelerator (HERA)
provide extra valuable constraints on saturation models,
which are inaccessible in b-independent dipole models.

A simple dipole model that incorporates all known
properties of the gluon saturation in both the BK and
the JIMWLK frameworks, and that models the impact
parameter dependence of dipole amplitude, is the impact-
parameter dependent color glass condensate (b-CGC) di-
pole model [13,14]. This is actually an improved form of
the Iancu-Itakura-Munier dipole model [15] (the so-called
CGC dipole model), introducing the impact-parameter
dependence of the saturation scale. In both the CGC and
the b-CGC dipole models, two well-known limiting re-
gimes are matched, the one of the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) equation and the region deep
inside the saturation, by simple analytical interpolations.
There is also another well-known impact-parameter depen-
dent saturation model, the so-called IP-Sat model [16,17].
In this case the saturation boundary is approached via the
DGLAP evolution, that is, by the eikonalization of the
gluon distribution, which effectively represents higher
twist contributions. The b-CGC and the IP-Sat models
both have been applied to various reactions, from
DIS and diffractive processes [13–19] to proton-proton
[20–22], proton-nucleus [23–25], and nucleus-nucleus col-
lisions [26–32] at RHIC and the LHC. The difference
between the b-CGC and the IP-Sat models comes in part
from our current theoretical uncertainties in modeling the
impact-parameter dependence in the dipole approach.

Recently, the H1 and ZEUS collaborations have released
new combined data for inclusive DIS [33,34]. These data
have extremely small error bars, and it is therefore vital to
confront it with the b-CGC dipole model, in order to
examine the effects of the tighter constraints on model
parameters. As a by-product, we will also reexamine the
CGC dipole model in view of recent precise data from
HERA and obtain its free parameters from a fit. Since the
IP-Sat dipole model was also recently updated with the
recent combined data from HERA [17], we also compare
the b-CGC and the IP-Sat results for both DIS and exclu-
sive diffractive data at HERA, and provide predictions for
various observable for a wide range of kinematics.

This paper is organized as follows. In Sec. II, we intro-
duce the main formulation of the color dipole approach for
calculating the total DIS cross section, structure functions,
and exclusive diffractive processes, discussing also the
CGC and the b-CGC dipole models. In Sec. III, we present
a detailed numerical analysis and our main results. We then
confront these results with HERA data for inclusive DIS
and exclusive diffractive processes, in both the b-CGC and
the IP-Sat models, and provide predictions for future ex-
periments. We summarize our main results in Sec. IV.

II. DIPOLE DESCRIPTION OF DIS: A UNIFIED
DESCRIPTION OF INCLUSIVE AND

EXCLUSIVE DIFFRACTIVE PROCESSES

A. Proton structure functions
and total DIS cross section

The proton structure function F2 and the longitudinal
structure function FL, for a given Bjorken x and virtuality
Q2, can be written in terms of the �?p total cross section as
follows:

F2ðQ2; xÞ ¼ Q2

4�2�EM

½���p
L ðQ2; xÞ þ ���p

T ðQ2; xÞ�; (1)

FLðQ2; xÞ ¼ Q2

4�2�EM

���p
L ðQ2; xÞ; (2)

where �EM is the electromagnetic fine structure constant
and the subscripts L, T denote the longitudinal and trans-
verse polarizations of the virtual photon. In the dipole
picture, the scattering of the virtual photon �? on the
proton can be conceived as a �? fluctuation into a quark-
antiquark pair with size r (the color dipole is flavor blind),
in which the produced q �q dipole then interacts with the
proton via gluon exchanges. The lifetime of the q �q dipole
at small x is much longer than its typical interaction time
with the target. Therefore, the total deep inelastic cross
section can be factorized in the following form [35,36]:

���p
L;T ðQ2; xÞ ¼ 2

X
f

Z
d2r

Z
d2b

Z 1

0
dzj�ðfÞ

L;Tðr; z;mf;Q
2Þj2

�N ðx; r;bÞ; (3)

where z is the fraction of the light-front momentum of the
virtual photon carried by the quark, and mf is the quark

mass. In Eq. (3), N ðx; r; bÞ is the imaginary part of the
forward q �q dipole-proton scattering amplitude with dipole
transverse-size r and collision impact parameter b. The
first part of the process, �? splitting to the q �q dipole, can be
mainly described by QED while the later stage encoded in
the dipole amplitude N ðx; r; bÞ requires physics beyond
the standard perturbative QCD, and incorporates higher
order gluon emissions and also the impact-parameter de-
pendence of the collision (see below). The explicit form of

light front wave function �ðfÞ
L;T , for �

? fluctuations into q �q

at the lowest order in �EM, can be found in Ref. [37].
For the light quarks, the gluon density is evaluated at

x ¼ xBj (Bjorken-x), while for charm quarks we take

x ¼ xBjð1þ 4m2
c=Q

2Þ [37]. The contribution of the charm

quark in the flavor summation of wave functions in Eq. (3)
directly gives the charm structure function Fc �c

2 via Eq. (1).
The reduced cross section �r is expressed in terms of

the inclusive proton structure functions F2 in Eq. (1) and
FL in Eq. (2),
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�rðQ2; x; yÞ ¼ F2ðQ2; xÞ � y2

1þ ð1� yÞ2 FLðQ2; xÞ;

where y ¼ Q2=ðsxÞ is the inelasticity variable and
ffiffiffi
s

p
denotes the center of mass energy in ep collisions.1 The
advantage of the reduced cross section �r is that it is
unbiased toward any theoretical assumption in the extrac-
tion of the structure functions F2 and FL.

B. Impact-parameter dependent color
glass condensate dipole model

The common ingredient of the total (and reduced) cross
sections, proton structure functions in DIS, exclusive dif-
fractive vector meson production, and DVCS is the univer-
sal q �q dipole-proton forward amplitude. As we will show
in the following sections, the impact-parameter depen-
dence of the dipole amplitude is crucial for describing
exclusive diffractive processes. However, the general prac-
tice is that for the total cross section in DIS as well as
proton structure functions, the effect of the impact-
parameter dependence of the dipole amplitude is ignored,
and it is effectively incorporated by treating it as an overall
normalization. In this way, one can still find a good fit for
the structure functions and total DIS cross section.
However, such a trivial b dependence leads in general to
a pronounced precocious dip in the t distribution of vector
meson production at rather low or moderate jtj, which is
not supported by the available experimental data from
HERA [14,16].

Iancu, Itakura, and Munier [15] proposed a simple di-
pole model, constructed by smoothly interpolating be-
tween two limiting behaviors that are analytically under
control, namely the solution to the BFKL equation in
the vicinity of the saturation line for small dipole sizes,
r � 1=Qs, and the Levin-Tuchin solution [38] of the BK
equation deep inside the saturation region for larger di-
poles, r � 1=Qs (see also Refs. [39–42]). This model is
historically called the CGC dipole model. Notice that it
was recently numerically shown that the JIMWLK equa-
tion indeed leads, to high accuracy, to the Levin-Tuchin
formula for the Smatrix close to the unitarity limit [42]. In
the CGC dipole model, the color dipole-proton amplitude
is given by

Nðx; r; bÞ ¼
8><
>:
N0

�
rQs

2

�
2�eff

rQs � 2;

1� exp ð�Aln 2ðBrQsÞÞ rQs > 2;

(4)

with the effective anomalous dimension defined as

�eff ¼ �s þ 1

��Y
ln

�
2

rQs

�
; (5)

where Y ¼ ln ð1=xÞ and � ¼ 	00ð�sÞ=	0ð�sÞ, with 	 being
the LO BFKL characteristic function. The second term
(diffusion term) in �eff enhances the anomalous dimension
from its value at BFKL �eff ! �s to DGLAP �eff ! 1,
matching the BFKL region to the color-transparency
regime of the DGLAP for small dipole sizes2 (or high
virtualities). The scale Qs in Eqs. (4) and (5) is generally
called the saturation scale. For a more precise definition of
the saturation scale, see Sec. III. In the CGC dipole model,
the scale Qs is given by

Qs ! QsðxÞ ¼
�
x0
x

��
2
GeV; CGCmodel: (6)

The parameters A and B in Eq. (4) are determined
uniquely from the matching of the dipole amplitude and
its logarithmic derivatives at rQs ¼ 2,

A ¼ � N2
0�

2
s

ð1� N0Þ2 ln ð1� N0Þ
;

B ¼ 1

2
ð1� N0Þ�

1�N0
N0�s :

(7)

We recall that the BK equation predicts geometric scaling
behavior [43], namely that the amplitude N ðx; r; bÞ is not
a function of three independent variables, but only of one
variable Z ¼ rQsðx; bÞ. For rQs > 2 the dipole amplitude
Eq. (4) has this geometric scaling property [43], while for
rQs � 2, approaching the DGLAP regime, the diffusion
term in the anomalous dimension �eff in Eq. (5) violates
geometric scaling, as it should.
In the CGC dipole model the amplitude does not depend

on the impact parameter. Therefore, the integral over
impact parameter in Eq. (3) is taken as an overall normal-
ization factor�0 ¼ 2

R
d2b, which can be obtained via a fit

to data. The dipole cross section can then be defined as
�q �q ¼ �0N ðx; rÞ. In the CGC model, the parameter

� ¼ 9:9 is fixed at the LO BFKL value [15]. The central
fits are obtained at a fixedN0 ¼ 0:7 [13], and then the other
four parameters, namely �s, x0, �, �0, are obtained by a fit
to the HERA data for the reduced cross section, via a 	2

minimization procedure.
Watt, Motyka, and Kowalski [13,14] extended the CGC

dipole model by introducing an impact-parameter depen-
dence of the amplitude, the so-called b-CGC model. Here
this dependence enters by introducing a b dependence in
the saturation scale3 Qs in Eq. (4),

Qs ! Qsðx; bÞ ¼
�
x0
x

��
2
exp

�
� b2

4�sBCGC

�
GeV;

b-CGCmodel;

(8)

1Here, we neglect the contribution of the Z boson, which can
become important only at very large Q2.

2Notice that the anomalous dimension defined via Eq. (5) is
not well defined as r ! 0. However, this limiting case has a
negligible contribution to the total cross section.

3For simplicity we ignore the angle or orientation dependence
of the saturation scale and assume that it depends only on the
impact-parameter size; see Ref. [44].
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where now the parameter BCGC, instead of �0 in the CGC
dipole model, is a free parameter and is determined by
other reactions, namely the t distribution of the exclusive
diffractive processes at HERA. Following Ref. [13], in the
b-CGC dipole model we let the parameter N0 be free along
with �s, x0, �, and obtain their values via a fit to HERA
data. In the b-CGC model, the parameters A and B are
also given by Eq. (7).

One of the most salient features of the CGC approach is
the universality of particle production at small x, so that all
the complexity of the infinite-body problem at very high
energy (or small x) is reduced to a one-scale problem, the
hard saturation scale Qs. This becomes the only dimen-
sional relevant scale at which nonlinear gluon recombina-
tion effects start to become important. In this picture, it is
quite natural to expect that the b dependence of the scat-
tering amplitude appears via the saturation scale, and that
the saturation scale thereby becomes a function not only of
x but also of the size of the system or the impact-parameter
profile of the system. The b-CGC dipole model keeps all
the features of the CGC dipole model, including its geo-
metric scaling property.

The difference between the b-CGC and the IP-Sat mod-
els [14,17] is illustrated in Fig. 1. Although both models
include saturation effects and depend on the impact
parameter, the former is based on the nonlinear BK
equation, while the latter is based on DGLAP evolution,
incorporating the saturation effect via Glauber-Mueller
approximation [14,17]. Therefore, the underlying dynam-
ics of two models are quite distinct.

C. Exclusive diffractive processes

The dipole formalism for the calculation of exclusive
diffractive processes was thoroughly discussed in
Refs. [14,17]. Here we only briefly discuss the main
formulation. Similar to the case of the inclusive DIS cross
section, the scattering amplitude for the exclusive diffrac-
tive process �� þ p ! Eþ p, with a final-state vector
meson E ¼ J=�, �, � or a real photon E ¼ � in DVCS,
can be written in terms of a convolution of the dipole

amplitudeN and the overlap wave functions of the photon
and the exclusive final-state particle [14,17] (see Fig. 1),

A��p!Ep
T;L ¼ 2i

Z
d2r

Z
d2b

Z 1

0
dzð��

E�ÞT;L
� ðr; z; mf;MV ;Q

2Þe�i½b�ð1�zÞr�	�N ðx; r; bÞ;
(9)

where �2 ¼ �t, and t is the squared momentum transfer.
The phase factor exp ðið1� zÞr 	�Þ in the above equation
is due to the nonforward wave-functions contribution [45].
Notice that in the overlap of wave functions ��

E� in
Eq. (9), summations over the quark helicities and over
the quark flavor f ¼ u, d, s, c are implicit. The explicit
form of the overlap wave functions ��

E� can be found in
Refs. [14,17]. One of the salient features of the dipole
formalism is the fact that the color dipole is blind to the
flavor, which allows one to have a unified formalism for
the description of both inclusive and diffractive vector
meson production. In both cases, the underlying produc-
tion mechanism is similar; namely, one needs to calculate
the probability amplitudes of finding the color dipole of
transverse size r with impact parameter b in the overlap
wave function of the photon (real or virtual) and vector
meson wave functions.
There are several different prescriptions for modeling the

vector meson wave functions. Following Refs. [14,17,46],
here we use the boosted Gaussian wave functions [46] that
were found to provide a very good description of exclusive
diffractive HERA data [13,14,17]. These wave functions
have no free parameters to be adjusted to the data that we
want to describe here, since all its parameters have been
already determined by a fit to other reactions, mainly to
experimentally measured leptonic decay widths of vector
mesons for the longitudinally polarized case [14]. In the
case of the DVCS for real photon production only the
transverse component of the overlap wave function contrib-
utes, and the wave function is generally better known
compared to vector meson wave functions. For vector me-
son production, the dipole amplitude in Eq. (9) is evaluated

FIG. 1 (color online). The exclusive diffractive processes (with p � p0 or t � 0, and x � x0 � 1) in the b-CGC dipole model (left)
and the IP-Sat dipole model (right) in the rest frame of the target.
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at x ¼ xBjð1þM2
V=Q

2Þ, where MV denotes the mass of

vector meson [14,17].
The differential cross section of the exclusive diffractive

processes can then be written in terms of the scattering
amplitude as [13,14]

d���p!Ep
T;L

dt
¼ 1

16�
jA��p!Ep2

T;L j2ð1þ 
2ÞR2
g; (10)

where the factor (1þ 
2) takes into account the missing
real part of the amplitude [notice that the amplitude in
Eq. (9) is purely imaginary], with 
 the ratio of the real
to imaginary parts of the scattering amplitude (see,
e.g., [14,17]),


 ¼ tan

�
��

2

�
; (11)

where we defined

� 
 @ ln ðA��p!Ep
T;L Þ

@ ln ð1=xÞ : (12)

The factor Rg in Eq. (10) incorporates the skewness effect

defined as Rg ¼ Hðx; xÞ=Hð2x; 0Þ, where H is the off-

forward gluon distribution [47]. The skewness factor takes
into account the effect that the gluons attached to the q �q can
carry different light-front fractions x, x0 of the proton
[47,48] (see Fig. 1). At Next-to-leading-order (NLO) level,
in the limit that x0 � x � 1 and at small t, assuming that
the diagonal gluon density of target has the following
generic power-law form,

xgðxÞ ¼ Ngx
��; (13)

the skewedness factor is given by [47]

Rgð�Þ ¼ 22�þ3ffiffiffiffi
�

p �ð�þ 5=2Þ
�ð�þ 4Þ : (14)

Notice that the assumed gluon-density profile (at small x)
given in Eq. (13) is generally consistent with the extracted
gluon density in both the b-CGC and the IP-Sat dipole
models.

Unfortunately, the calculation of the skewness factor Rg

deep inside the saturation region, where all twist contribu-
tions become important, is still an open problem [47].
Therefore, inevitably there will be some possible mismatch
between the approximation implemented in the calculation
of the dipole amplitude and the skewness factor. This leads
to an uncertainty with respect to the actual incorporation of
the skewness correction at small x in the dipole models.4

Having this caveat in mind, the prescription given in

Eq. (10) looks to be valid at all orders. Let us for the
sake of argument consider a simple case: at the leading-
log approximation, for small dipole size r in the color-
transparency regime, the dipole amplitude is related to the
gluon structure function of the target; namely, we have
N � r2�sðrÞxgðx;Q2Þ [50]. Having this in mind, one can
then readily extract the gluon density in the b-CGC model
Eq. (4) at the color-transparency regime rQs � 2 with the
anomalous dimension �eff ¼ 1, and we obtain xgðx;Q2Þ �
Q2

s � x��. This has the same power-law–like structure as
in Eq. (13). Therefore, we can use the expression given in
Eq. (14) and consequently take the value of � in Eqs. (13)
and (14) to be the same as the parameter � in the b-CGC
dipole amplitude (obtained from a fit to HERA data), and
the skewness contribution can then be included by produc-
ing the dipole amplitude at rQs � 2 with the factor Rg.

One can generalize the above argument at the DGLAP
region with �eff ¼ 1 to the BFKL kinematics and beyond
by effectively extracting the value of � via Eq. (12),
assuming again that the gluon density extracted from the
dipole amplitude has the generic form given in Eq. (13).
Notice that the dipole amplitude is mainly determined

from the reduced cross section (or structure functions)
alone; the choice of Rg will only slightly affect the pa-

rametrization of the dipole via adjustment of the parameter
BCGC in the impact-parameter profile of the saturation
scale. We later quantify the uncertainty in extracting the
parameter BCGC due to the inclusion of the skewness effect
and show that this uncertainty is very small.

III. NUMERICAL RESULTS AND DISCUSSION

In earlier analyses for obtaining a fit for the b-CGC and
the CGC dipole models [13,15] only ZEUS F2 data was
included into the 	2 calculation, H1 data was not included
in the fit in order to avoid introducing a possible normal-
ization parameter between old H1 and ZEUS data. The new
combined data from H1 and ZEUS collaborations [33] are
free from this problem. Moreover, the new data are ex-
tremely precise with error bars as small as �1%. We
include in our fit the recently released data for the reduced
cross section �r from the combined analysis of the H1 and
ZEUS collaborations [33]. We also include data for struc-
ture functions from other experiments such as muon DIS
data from E665 [51] and NMC [52]. We note that the
inclusion of those data to the 	2 minimization do not
greatly change the quality of the fit and the values of free
parameters. We should emphasize further that from HERA,
we only include the reduced inclusive DIS cross section
alone in our 	2 calculation. With the extracted parameters,
we then confront model predictions for F2, FL, and Fc �c

2

with the HERA data (these data were not included in the
fit). In the calculation of 	2, the statistical and systematic
experimental uncertainties are added in quadrature.
In both the CGC and the b-CGC dipole model we have

altogether four free parameters, which we fix via a fit to

4We checked that the prescription given for the inclusion of the
skewness effect in Eqs. (10) and (12) is numerically very similar

(for all observables) to the case in which we take R2
g ! R2�eff

g

and � ! �. This indicates the robustness of our numerical
results with respect to modeling the skewness effect; see also
Ref. [49].
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experimental data by a 	2 calculation. Following Ref. [13],
we do not allow the parameter BCGC in the b-CGCmodel to
vary in addition to other parameters in the 	2 minimization
algorithm, but we adjust it iteratively in order to obtain a

good description of the t dependence of the exclusive
diffractive processes.
The results of our fit in both the CGC and the b-CGC

dipole models become stable with the light quark mass
(mu ¼ md ¼ ms) equal to the current quark mass values of
a few MeV, namely mu � 10�2–10�4 GeV. This is due to
the fact that here the saturation scale is larger than the
confinement scale, and it thereby screens the sensitivity
to the infrared dynamics. If following the old analysis
[13,15,53] we take mu ¼ 0:14 GeV in the CGC model,
the parameters of our fit change dramatically and the
	2=d:o:f increases by about 8%. Therefore, the new com-
bined H1 and ZEUS data put a tougher constraint on the
preferred value of the quark mass in DIS, and it seems data
prefer very light quark masses, in a sharp contrast to the
conclusion from the old data analysis. This feature was also
recently observed in combined HERA data analysis in the
IP-Sat dipole model [17].
In Table I we show the results of our parameters fit in

the CGC dipole model, assuming a fixed charm quark
mass mc ¼ 1:27 GeV. Following the previous analysis of
Refs. [13,15,53], in our 	2 calculation we first include data
in the range x � 10�2 and 0:25 � Q2 ½GeV2� � 45, and
then we also consider data in 0:75 � Q2 ½GeV2� � 650
and x � 10�2. Altogether we include 263 experimental
data points for �r from the combined H1 and ZEUS data
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FIG. 2 (color online). The saturation scale extracted from the
b-CGC model, with the parameter sets given in Table II (with
mc ¼ 1:27 GeV) and the old parametrization set from Ref. [13]
as a function of 1=x, at various impact-parameter b.

TABLE I. Parameters of the CGC dipole model, determined from fits to data in the range x � 0:01 and two bins of
Q2 2 ½0:25; 45� GeV2 and Q2 2 ½0:75; 650� GeV2. The charm and light-quark masses are taken as mc ¼ 1:27 GeV and
mu ¼ 10�2–10�4 GeV, respectively (see the text for details).

Q2=GeV2 bin �s �0=mb x0 � 	2=d:o:f:

[0.25, 45] 0:762� 0:004 21:85� 0:03 6:226� 10�5 � 2:7� 10�6 0:2319� 0:0001 351:3=297 ¼ 1:18
[0.75, 650] 0:719� 0:002 24:064� 0:099 2:22� 10�5 � 1:95� 10�8 0:227� 5:8� 10�5 389:0=297 ¼ 1:3
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FIG. 3 (color online). Left: The saturation scale in the b-CGC and the IP-Sat dipole models, as a function of 1=x, at various impact
parameters b. For comparison we also show the impact-parameter independent saturation scale obtained from the CGC and the rcBK
dipole model. For all models, the saturation scale was obtained from Eq. (15) with model parameters extracted from the combined
HERA data. Right: The saturation scale in the b-CGC and the IP-Sat models as a function of the impact parameter b, for various fixed
values of x, obtained with the parameter set that includes charm mass mc ¼ 1:27 GeV.
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in neutral current unpolarized e�p scattering [33], and 39
experimental data points from E665 [51] and NMC [52]
structure function analysis. In the CGC model, the 	2 is
rather stable with respect to theQ2 lower cut in the data bin
selection (denoted byQ2

min ), while it worsens by enhancing

theQ2 upper cut. In the b-CGCmodel, we have an opposite
situation; namely, changing the upper limit cut on Q2 will
not greatly influence our fit, although increasing Q2

min >
0:5 GeV2 improves the fit and leads to a stable fit. Notice
that our model, which is based on weak coupling dynam-
ics, is unreliable at very low virtualities of the order or

below the saturation scale. The saturation scale in both
the CGC and the b-CGC dipole models, within the range
of HERA kinematics, is rather small, about 0:2<
QS ½GeV�< 1 (see Figs. 2 and 3). The CGC dipole model
is more stable with respect to variations in the lower Q2

min ,

due to the fact that the saturation scale in the CGC dipole
model is generally larger than in the b-CGC model (even
at b ¼ 0). However, the larger saturation scale in the
CGC model, which is blind to the impact parameter,
should be taken with care since the typical impact pa-
rameter probed in the DIS is about b � 1–4 GeV�1 (see
Fig. 4 and related discussion below). We found that,
similar to what happened in the IP-Sat model, our fit
results in the b-CGC model becoming stable with Q2

min �
0:75 GeV2. Therefore, in the b-CGC model, in the 	2

calculation we consider data only in a range of x � 10�2

and 0:75 � Q2 ½GeV2� � 650.
In general the minimization is more sensitive to light

quark masses than to the charm mass. This is because the
charm data does not influence greatly the parameters of the
model, even if we include�c �c

r data in our 	2 calculation. In
Table II, we show our fits for the b-CGC model, with two
different charm masses mc ¼ 1:27 and 1.4 GeV.
Using only the old HERA data one cannot uniquely

extract the value of the anomalous dimension �s from a
fit in the CGC dipole model. For example, it was shown in
Ref. [13] that two parameter sets with two different values
of �s ¼ 0:61, 74 give equally good 	2 (see also [53]). The
recent combined HERA data seem to favor a slightly
higher value for �s ¼ 0:76, for the same Q2 cut in the
data bin as in Refs. [13,15,53]. However, it is clear from
Tables I and II that the inclusion of impact-parameter
dependence in the CGCmodel (namely, the b-CGCmodel)
reduces the extracted value of the anomalous dimension to
�s � 0:65. This effect is also seen in the �s value extrac-
tion from old HERA data in the b-CGC model, although a
significantly lower value of about �s ¼ 0:46 was obtained
[13]. We recall that the LO BFKL value of �s is about 0.63
[15]. However, one should bear in mind that in the b-CGC
model, because of the impact-parameter dependence, we
intrinsically incorporate nonperturbative physics that is not
present in the BFKL dynamics.
The saturation scale is a momentum at which the for-

ward dipole-target scattering amplitude N rapidly raises
with decreasing x and the amplitude N becomes sizable,
such that nonlinear gluon recombination effects start to
become as important as the gluon radiation. Following
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FIG. 4 (color online). Top: The impact-parameter b depen-
dence of the total ��p cross section ���p, at fixed x and various
Q2, in the b-CGC and the IP-Sat dipole models. Lower: the
dipole-size r dependence of the total ��p cross section, for fixed
x and b, but for various Q2 (left), and for a fixed Q2 and b, but
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TABLE II. Parameters of the b-CGC dipole model, determined from fits to data in the range x � 0:01 and Q2 2 ½0:75; 650� GeV2.
Results are shown for fixed light-quark massesmu ¼ 10�2–10�4 GeV and two fixed values of the charm quark masses (see the text for
details).

BCGC=GeV
�2 mc=GeV �s N0 x0 � 	2=d:o:f:

5.5 1.27 0:6599� 0:0003 0:3358� 0:0004 0:00105� 1:13� 10�5 0:2063� 0:0004 368:4=297 ¼ 1:241
5.5 1.4 0:6492� 0:0003 0:3658� 0:0006 0:00069� 6:46� 10�6 0:2023� 0:0003 370:9=297 ¼ 1:249
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Refs. [13,14,17], we define the saturation scaleQ2
S ¼ 2=r2S,

where rS is the saturation radius, as a scale where the
dipole scattering amplitude has the value

N ðx; rS ¼
ffiffiffi
2

p
=QS; bÞ ¼ 1� exp ð�1=2Þ ¼ 0:4: (15)

Notice that in both the CGC and the b-CGC models, the
saturation scale QS, defined via Eq. (15), differs from the
scale parameter Qs (with lower subscript s) given in
Eqs. (6) and (8), although they are closely related. It is
important to note that the saturation scale does not have a
unique definition, and in literature different definitions for
extracting QS can be found. Nevertheless, the definition in
Eq. (15) gives a useful baseline to compare the elative
magnitude of the saturation scale in different models.

In Fig. 2, we compare the saturation scales extracted
from the b-CGC model using the old parameters of
Ref. [13] and with the new parameters obtained in this
paper, as a function of 1=x at various impact parameters b.
It is clear that the saturation scales extracted from the old
and the new combined data from HERA are different, and
this difference becomes more sizable at very small x. This
is mainly due to the different power-law behavior of the
saturation scale extracted from old and new combined
HERA data via Eq. (15), and it is directly related to the
fact that the parameter � is larger in the new fit (� ¼ 0:206;
see Table II) compared to the earlier analysis (with � ¼
0:119). Moreover, the parameter BCGC extracted from the t
slope of the diffractive processes is here smaller than the
value obtained in Ref. [13]. Therefore, the earlier b-CGC
fits should be superseded by the fit given in Table II.

In Fig. 3 (left), we show the saturation scale as a function
of impact parameter b, for different values of x in the
b-CGC and the IP-Sat models. We see that the saturation
scale as a function of 1=x grows relatively faster for more
central collisions (b � 0). Moreover, the saturation scale at
different impact parameters can be significantly different,
even by 1 order of magnitude. This nontrivial behavior
shows the importance of the impact-parameter dependence
of the saturation scale. It is remarkable that although the
b-CGC and the IP-Sat models are different, both give
similar saturation scales within the x region that they
have been fitted to the HERA data, namely within x 2
½10�2; 10�5�. However, at smaller x about x < 10�5, they
become significantly different. This is because the power-
law behavior of the saturation scale in the b-CGC and the
IP-Sat models are different at different impact parameter
values, and the growth of the saturation scale with 1=x at a
more central impact parameter is faster in the IP-Sat
model. In Fig. 3 (left) we also compare with the saturation
scale extracted from impact-parameter independent mod-
els, such as the CGC model (with the parameter given in
Table I, first row) and the running-coupling Balitsky-
Kovchegov (rcBK) model with parameter set correspond-
ing to � ¼ 1:119 in Ref. [54]. Notice that all the curves in
Fig. 3 were obtained via the definition of the saturation

scale given in Eq. (15). The CGC and the rcBK dipole
models generally give a larger saturation scale than the
b-dependent dipole models, and this difference can be as
large as 1 order of magnitude at the peripheral impact
parameter. In Fig. 3 (right), we compare saturation scales
extracted in both the b-CGC and the IP-Sat model, as a
function of impact parameter b, for different fixed values
of x. We see again that in the range of x in which these
models give equal descriptions of existing HERA data, the
saturation scales in both models are very similar. However,
at smaller x, in the region where we do not have data yet,
these models give very different QS. We will show in the
following that this leads to sizable different predictions for
various observables in the b-CGC and the IP-Sat models at
very small x.
In Fig. 3 top panel, we show the impact-parameter b

dependence of the total ��p cross section calculated by
the b-CGC and the IP-Sat dipole models, at fixed x and
various Q2. We see that the main contribution of the
integrand in the structure functions and the reduced
cross section at various virtualities Q2 comes from
1 � b ½GeV�1� � 4, with a median value of about
2–3 GeV�1. Although the b dependence of the dipole am-
plitude is different in the b-CGC and the IP-Sat models,
remarkably both lead to the same conclusion that the typical
b probed in the total ��p (and the structure functions) is
about 2–3 GeV�1. This feature is the same in both old and
new combined HERA data [13], which clearly indicates that
the dipole models without impact-parameter dependence
overestimate the importance of the saturation effects in the
HERA data and beyond.
Figure 3 lower panel shows the total ��p cross section as

a function of dipole transverse size r, at various Q2, but at
fixed values of x and b, in the b-CGC model. We see that,
as expected, the typical relevant dipole size r in the inter-
action depends on the virtuality Q2, and at a larger Q2 the
main contribution of the total ��p cross section comes
from dipoles with smaller transverse sizes r, while varying
x but keeping Q2 and b fixed seems to have less impact on
the typical dipole size r probed in DIS.
With the parameters given in Table II, obtained from

the 	2 calculation, we now compute the structure functions
F2ðx;Q2Þ, the charm structure function Fc �c

2 ðx;Q2Þ, and the
longitudinal structure function FLðx;Q2Þ in the b-CGC
model, using Eqs. (1) and (2), and compare to the com-
bined HERA data. As emphasized previously, experimen-
tal data for F2, FL, and F

c �c
2 were not included in our fit, and

therefore this can be considered as a nontrivial consistency
check of the model. We see in Figs. 5–7 that the b-CGC
model results are in good agreement with structure
function data, for a wide range of kinematics: for Q2 2
½0:75; 650� GeV2 and x � 0:01. For Fc �c

2 we confront the

model results with new H1þ ZEUS combined data [34],
assuming that �c �c

r � Fc �c
2 . Notice that the contribution of

Fc �c
L to the reduced cross section, originating from the
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exchange of longitudinally polarized photons, can be
around or less than a few percent, which is ignored in the
kinematic range considered in Fig. 6. Unfortunately, the
combined HERA data for FLðx;Q2Þ are not yet available.
In Figs. 7 and 8 we confront our model predictions for

FLðx;Q2Þ with existing ZEUS [55] and H1 [56] data. The
ZEUS [55] and H1 [56,57] data for FL are consistent
within the rather large error bars. In Figs. 5–8 we also
compare the structure function results obtained from the
b-CGC and the IP-Sat dipole models, and extend our model
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results beyond the kinematics of existing data, as predic-
tions for future DIS experiments. It is seen that both dipole
models provide equally excellent descriptions of the exist-
ing data, while at very small x and high virtuality Q2,
beyond the current DIS experimental kinematics, they are
systematically different. This difference can be traced back
to the different power-law behaviors of the saturation scale
in these models (see Fig. 3).

Next, we consider exclusive diffractive production at
HERA in the b-CGC and the IP-Sat dipole model. We first
focus on the t distribution of exclusive vector meson
production and of DVCS. We fix the width of the impact-
parameter profile BCGC of the saturation scale in Eq. (8) via
a fit to the slope of the t distribution of the diffractive J=�
production and find BCGC ¼ 5:5 GeV�2. This value is
smaller than what was obtained in Ref. [13]. However,
notice that there is a correlation between the two parame-
ters � and BCGC, and consequently the extracted value of �
is larger here than in Ref. [13]. We recall that the parameter

� is mainly fixed via a fit to the reduced cross-section data
of the combined H1 and ZEUS collaborations.
To further test the b-CGC dipole model, in Figs. 9–12 we

confront experimental data from H1 and ZEUS [58–66]
with model predictions for the jtj, Q2, and W dependence
of the vector mesons J=�, �, �, and DVCS production, in
various kinematics. For the total cross section, we per-
formed the integral over jtj up 1 GeV2. Note that except
for the t distribution of J=� at a fixed W, namely a few
data points in Fig. 9 left panel, none of the data sets in the
other figures are used in our fits, and the results of the
model can be considered as predictions. It can generally be
seen that the agreement between our results and data is
excellent.
Notice that both set of parameters in Table II, with

charm masses mc ¼ 1:27, 1.4 GeV, give very similar re-
sults for �, �, and DVCS production, while the J=�
production cross section is more sensitive to the charm
quark mass at lowQ2 (see Fig. 9). This is because the scale
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in the integrand of the cross section is set by the charm
mass for low virtualities Q2 <m2

f, and thereby the cross

section becomes sensitive to the charm quark mass.
However, given rather large experimental error bars, there
is no great preference between the two different parameter
sets given in Table II for exclusive diffractive data (see
Fig. 9). Nevertheless, the proton structure functions and the
data for W, Q2 of J=� production are generally slightly
better reproduced with the parameter set corresponding
to lighter charm mass mc ¼ 1:27 GeV; therefore in the
rest of the paper for both the b-CGC and the IP-Sat models
we will show only the results calculated by the parameter
set with mc ¼ 1:7 GeV. In Figs. 10–12 we compare our
results in the b-CGC (solid lines) and the IP-Sat dipole
(dashed lines) for exclusive diffractive vector mesons and
DVCS production.

We see from Fig. 12 that the W dependence of the cross
section follows a power-law behavior of the form � / W�,
indicating the existence of the geometric scaling property
in the diffractive data [67]. Our extracted values of �, at
different kinematics and for various vector mesons, are
also in perfect agreement with experimental data from
H1 and ZEUS collaborations [58–63].
In Figs. 13 and 14 we show theQ2 andW dependence of

the slope of the t distribution of exclusive vector-meson
electroproduction and DVCS, extracted from a fit of a form
d�=djtj / e�BDt within jtj 2 ½0; 1� GeV2, in the b-CGC
and the IP-Sat dipole models. As is seen in Figs. 13 and 14,
the experimental errors for the values of BD are rather
large. This leads to some uncertainties in extracting the
value of the parameter BCGC, of about 0:5 GeV�2. It is seen
from Fig. 13 that the extracted values of BD at the sameQ2
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are larger for lighter vector mesons than for J=� produc-
tion, in accordance with data. This is due to the fact that the
averaged dipole size, which dominates in the wave func-
tion overlap, is different for light and heavy vector mesons,
and it is mainly controlled by the inverse of Q2 þM2

V .
Therefore, at fixed virtuality the typical dipole size that
participates in the interaction is bigger for a lighter vector
meson, and consequently it is expected that the same
asymptotic behavior of the amplitude will be maintained
at higher virtualities for light vector mesons. The recent
data from ZEUS [58] for diffractive vector meson produc-
tion that cover a wider range of kinematics indeed show a
strong indication that at largeQ2 þM2

V the value ofBD, for
various vector mesons, tends to saturate to a universal
value, which in the dipole approach is mainly controlled
by the impact-parameter profile of the saturation scale
(or proton). This effect is also seen in Fig. 14, where the
slope of the t distribution of J=� production seems to be

approximately flat with respect to Q2, in sharp contrast
with light diffractive vector meson and DVCS production.
It is seen from Fig. 14 that the energy dependence of the
slope BD at fixed Q2, for different diffractive vector meson
production, is different in the b-CGC and the IP-Sat dipole
models. In the b-CGC model, the slope BD rises withW at
fixed Q2, while we have almost the opposite trend in the
IP-Sat model for a light diffractive vector meson and
DVCS production, and with little W dependence for J=�
production. This is mainly because the b dependence of the
dipole amplitude in the b-CGC is different from the IP-Sat
model. In the b-CGC dipole model we have some non-
trivial correlations between the effective impact-parameter
profile of the proton and x, which leads to the W depen-
dence of the slope BD. Unfortunately, the experimental
data points in Fig. 14 are limited in kinematics, with rather
large error bars, and therefore at the moment the experi-
mental data cannot conclusively discriminate between
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these two dipole models. The different extracted value of
the slope BD in the b-CGC and the IP-Sat dipole models
also leads to a sizable effect in the t distribution of ex-
clusive vector-meson electroproduction and DVCS pro-
duction at high t (see Fig. 10).

IV. SUMMARY

The new combined HERA data, which is significantly
more precise than previous data, put tougher constraints on
the model parameters of dipole models. In this paper we
confronted the CGC and the b-CGC dipole models to the
new combined data from HERA and obtained the model
parameters. The CGC and the b-CGC dipole model have
only four and five free parameters, respectively. In the
CGC dipole model, all free parameters are fixed by the
DIS data, while in the b-CGC dipole model, four parame-
ters are fixed via a fit to the DIS data, and the last parame-
ter, which determines the normalization of the total cross
section for ��p scatterings, is iteratively fixed via a fit to
the slope of the t distribution of exclusive J=� photo-
production. The impact-parameter dependence of the
b-CGC dipole model is crucial to have a unified description
of the exclusive diffractive vector meson and DVCS,
alongside DIS processes. The b-CGC results were then
compared to the available data from HERA for F2, F

c �c
2 ,

FL, exclusive diffractive processes such as J=�, �, �,
and the DVCS production. Overall, the model provides
an excellent description of data in the range Q2 2
½0:75; 650� GeV2 and x � 0:01.

In the previous analysis of old HERA data in the b-CGC
model [13], the extracted values of the anomalous dimension
�s ¼ 0:46 and � ¼ 0:119 [13] in the saturation scale were
found to be significantly smaller than what may be expected
froma perturbative calculation [68–74]. The extracted values
of �s � 0:65 and � � 0:20 from the new combined HERA
(see Table II) are now approximately compatible with the
perturbative expectation. Nevertheless, one should bear in
mind that because of the impact-parameter dependence of
the dipole amplitude, the b-CGC dipole model intrinsically
incorporates some nonperturbative physics that is beyond
the weak-coupling approximation (see Refs. [75,76]).
Other key features of our novel fit are the small values
for the light quark masses, close to the current quark
masses, and also the small value for the parameter BCGC

in the impact-parameter profile of the saturation scale,
compared to the old analysis.

We compared our results obtained with the b-CGC
dipole model to another well-known impact-parameter
dependent saturation model, the so-called IP-Sat model
[17]. Both models include saturation physics. The b-CGC
is based on the BK nonlinear evolution, while the IP-Sat
model incorporates the saturation effect via the Glauber-
Mueller approximation, with the DGLAP evolution.
We showed that most features of inclusive DIS and
exclusive diffractive data, including the Q2, W, jtj, and x

dependence, are correctly reproduced in both models.
Nevertheless, they give systematically different predictions
beyond the current HERA kinematics: for the structure
functions at very low x and high virtualities Q2 shown in
Figs. 5–8 and for the exclusive vector meson and DVCS
production at high t shown in Figs. 10 and 14. The main
differences between the b-CGC and the IP-Sat models can
be traced back to the different power-law behavior of the
saturation scale in x and different impact-parameter depen-
dence (see Fig. 3), which leads to sizable effects at very
low x and large t. Both models give approximately similar
saturation scales for proton QS < 1 GeV in the HERA
kinematics for x < 10�5, for the most relevant impact-
parameter values b � 1–4 GeV�1. It is also remarkable
that although the impact-parameter dependence in the
b-CGC and the IP-Sat models are very different, both
models lead to the same conclusion that the typical impact
parameter probed in the total ��p cross section is about
b � 1–4 GeV�1 with a median of about b � 2–3 GeV�1

(see Fig. 4). We stress that the t distribution of all diffrac-
tive vector mesons, including J=c ,�, �, as well as DVCS,
can be correctly reproduced by fixing only one parameter:
BCGC (describing the width of the saturation scale in the
impact-parameter space), despite the fact that the vector
meson and DVCS wave functions are very different. This
strongly hints at universality of the underlying dynamics
and the importance of the impact-parameter dependence of
the saturation scale in the proton.
The b-CGCdipolemodel has already been quite successful

in phenomenological applications at RHIC and the LHC.
However, the parameters employed in these studies were
determined from old HERA data, predating the combined
data sets for the proton. It will be of great interest to inves-
tigate the impact of the new fits on observables in proton-
proton, proton-nucleus, and nucleus-nucleus collisions.
It should be noted that in order to understand more

rigorously the exact nature of the gluon saturation in the
proton wave function in the DIS and diffractive processes,
it is important to systematically investigate the effect of
higher order contributions beyond the current leading-log
approximation. The photon impact factor [77] and the
color dipole evolution have recently been calculated to
NLO accuracy [78]. Unfortunately, the full NLO calcula-
tions for exclusive diffractive processes in the dipole ap-
proach, namely the nonforward photon impact factor
(and the nonforward photon wave function), with proper
inclusion of the impact-parameter dependence of collisions
and skewness effect [47], are not yet available. These are
important issues that are beyond the scope of this paper and
certainly deserve separate studies.
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