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Weak decay constant of neutral pions in a hot and magnetized quark matter
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The directional weak decay constants of neutral pions are determined at finite temperature 7', chemical
potential w and in the presence of a constant magnetic field B. To do this, we first derive the energy
dispersion relation of neutral pions from the corresponding effective action of a two-flavor, hot and
magnetized Nambu—Jona-Lasinio model. Using this dispersion relation, including nontrivial directional
refraction indices, we then generalize the partially conserved axial vector current relation of neutral pions
and derive the Goldberger-Treiman as well as the Gell-Mann-Oakes-Renner relations consisting of the
directional quark-pion coupling constant g(q” )770 and the weak decay constant f;“n) of neutral pions. The
temperature dependence of gf;; ;, and fg:é) are then determined for fixed chemical potential and various
constant background magnetic fields. The Goldberger-Treiman and Gell-Mann-Oakes-Renner relations
are also verified at finite 7, u and eB. It is shown that, because of the explicit breaking of the Lorentz
invariance by the magnetic field, the directional quark-pion coupling and decay constants of neutral pions
in the longitudinal and transverse directions with respect to the direction of the external magnetic field

are different, i.e., gngo #* gJ- , and f|7|7f> #* fj;(,. As it turns out, for fixed 7, w and B, g!w > gJ-

I 1 aqam
and f7, < fro.
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I. INTRODUCTION

Today’s theory of strong interactions is quantum chro-
modynamics (QCD). At momentum scales of several GeV,
QCD is a theory of weakly interacting quarks and gluons.
At low momentum scales, however, QCD is governed by
color confinement, which is accompanied by spontaneous
breaking of chiral symmetry. According to the Goldstone
theorem, spontaneous chiral symmetry breaking (SySB)
implies the existence of Nambu-Goldstone (NG) bosons.
For two quark flavors, up and down, the isospin triplet of
neutral and charged pions is identified as the NG bosons of
SxSB. Thus, at low momentum scales, the weakly inter-
acting pions build up the main degrees of freedom of QCD.
There is strong theoretical and experimental evidence that
chiral symmetry is restored at temperatures higher than
200 MeV. Crucial information on the restoration of chiral
symmetry is provided by the change in the pion properties
in the vicinity of the chiral transition point. Among these
properties, the pions’ mass, m ., and weak decay constant,
f=» are the most important quantities, since they are deeply
related to SySB: m,, and f, are related to the quark bare
mass and the chiral condensate via the Gell-Mann-Oakes-
Renner (GOR) relation [1,2]. To study the properties of
pions, models of Nambu—Jona-Lasinio (NJL) type have
been quite useful [3]. One of the basic properties of these
models is that they include a gap equation that connects the
chiral condensate and the dynamical quark mass. This
provides a mechanism for dynamical chiral symmetry
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breaking and the generation of quark quasiparticle masses
[4]. It is known that strong magnetic fields enhance this
dynamical mass generation via the phenomenon of magnetic
catalysis [5,6]. Different aspects of the effect of strong
magnetic fields on the properties of quark matter were
recently summarized in [7] (see, in particular, [8]).

In our previous paper [9], we have investigated the effect
of external magnetic fields on the properties of neutral pions
in hot quark matter. In particular, the neutral pion mass and
its directional refraction indices have been computed by
making use of the effective action of a bosonized two-flavor
NIJL model in the presence of a constant magnetic field. We
have shown that, since the presence of constant background
magnetic fields breaks the Lorentz invariance, a certain
anisotropy emerges in the refraction indices of neutral pions
in the transverse and longitudinal directions with respect to
the direction of the external magnetic field. In the present
paper, we will mainly focus on the effect of external mag-
netic fields on the weak decay constant of neutral pions at
finite temperature. We will show that this quantity exhibits
the same anisotropy in the presence of constant background
magnetic fields. Modifying the partially conserved axial
vector current (PCAC) relation,! we will also prove the
Goldberger-Treiman (GT) and GOR relations in the pres-
ence of external magnetic fields. The effect of a constant
background magnetic field on the low energy relations of
neutral pions was previously studied in [10]. Using a first
order chiral perturbation theory, it was shown that f_o and

'The PCAC relation combined with the Feynman integral
corresponding to the one-pion-to-vacuum matrix element is
usually used to determine the weak decay constant of pions.
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m o are shifted in such a way that the GOR relation remains
valid at finite T and eB [10].

Very strong magnetic fields are supposed to be created in
the early stages of noncentral heavy-ion collisions at the
Relativistic Heavy Ion Collider and LHC [11]. Depending
on the collision energies and impact parameters, these mag-
netic fields are estimated to be of the order eB ~ 1.5m2,
with m, = 138 MeV, corresponding to 0.03 GeV?, and
eB ~ 15mZ%, corresponding to 0.3 GeV?, respectively
[12].2 Although extremely short lived, the strong magnetic
fields created in the heavy-ion collisions affect the properties
of charged quarks in the early stage of the collision.
Consequently, the properties of pions, even neutral pions,
which are made of these magnetized quarks, are affected by
background magnetic fields. Let us emphasize that neutral
pions cannot interact directly with the external magnetic
fields because of the lack of electric charge. Our method
provides a possibility to study the effect of strong magnetic
fields on neutral pions, at least at a theoretical level. Studying
the properties of neutral pions in the final freeze-out region
may provide some hints on the prehistory of their constituent
quarks in the early stages of heavy-ion collisions.

The organization of this paper is as follows: In Sec. I,
we introduce the two-flavor magnetized NJL model, and,
reviewing our analytical results from [9], we will derive the
effective action of neutral scalar and pseudoscalar mesons,
o~ Y and 7 ~ Piys7ip, in a derivative expansion up
to the second derivative.” We will show that it includes
nontrivial form factors. To study the dynamics of pions, we
will mainly focus on the kinetic part of the effective action
that implies a nontrivial “anisotropic” energy dispersion
relation for neutral pions,

E2 _u(%quz 2 )

(1.1)

(t)

Here, U ,1 =1, 2, 3 are the directional refraction indices

and mwo is the mass of neutral pions. We then present our
numerical results for the 7 dependence of u%, i=1,2,3

and m,o for fixed magnetic fields eB = 0.03, 0.2,
0.3 GeV? and zero chemical potential.

Comparing this case with the case of zero temperature
and/or magnetic field, we arrive at the following conclu-
sions: Starting with an isospin symmetric theory at zero
temperature and in a magnetic-field-free vacuum, the
refraction indices for all pions are given by

W =1, Via=123

(1.2)

Thus, according to (1.1), the energy dispersion relation
of neutral pions in field-free vacuum turns out to be the
well-known ““isotropic” energy-dispersion relation

To keep the notation as standard as possible, we use in this
paper GeV? instead of (GeV)?. Note that eB = 1 GeV? corre-
sponds to b ~ 1.7 X 10?° GauB.

Here 7, a =1, 2, 3 are Pauli matrices. Moreover, 7° = 3
and 7 = ﬁ(ﬂ-l + l’7Tz)
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Hence, in the chiral limit,* and in a field-free vacuum,
massless pions propagate at the speed of light.

At finite temperature, and ¢B = 0, however, the relativ-
istic invariance of the theory is broken by the medium, but
the isospin symmetry is still preserved. In this case a single
refraction index is defined for all pions by

2 — o2 2
E.=q +m,

(1) - 53) - u(3) =u,

Va=123 (14

The energy dispersion relation (1.1) is therefore given by
EZ = u’q* + m3, , for all a = 1, 2, 3. This relation ap-
pears e.g., in [13—15]. According to the results in [14,15],
the refraction index u, being a T-dependent quantity, is
always smaller than unity (i.e., # << 1). Thus, as it turns out,
in the chiral limit, massless pions move at a speed slower
than the speed of light [16,17].

In [9], we have studied the case T # 0 and eB # 0, and
shown that the effect of the magnetic field is twofold:
First, the isospin symmetry of the theory breaks down.
Consequently, neutral and charged pions exhibit different
properties in the presence of background magnetic fields.
Second, for a magnetic field aligned in a fixed direction, a
certain anisotropy appears in the transverse and longitudi-
nal directions with respect to this fixed direction. In [9],
we have only considered the case of neutral pions, and
we assumed that the magnetic field is directed in the
third direction. Here, the above-mentioned anisotropy is
reflected in the directional refraction indices as [9]

) = u® # ub). (1.5)
Thus, the magnetized neutral pions satisfy the anisotropic
energy dispersion relation (1.1). Within our truncation up
to second order derivative expansion,5 the transverse re-

fraction indices u(l) = u(z) > 1, and the longitudinal one

(jg = 1, and, as it turns out, u(ﬁ,, i =1, 2,3 do not depend
on temperature or magnetic fields [see Fig. 4(b) in Sec. I1].
As concerns the chiral limit, it turns out that whereas the
massless pions propagate in the direction parallel to
the magnetic field with the speed of light, their velocity
in the plane perpendicular to the direction of the B field is
larger than 1.° The natural question arising at this stage is
how these results are reflected in the other properties of

“The chiral limit is characterized by my — 0, where my, is the
bare mass of up and down quarks. This in turn implies m, — O.

SThe contributions arising from pion-pion interactions are not
1nc1uded in our computation.

®In our previous paper [9], the directional refraction indices
u ’%, i =1, 2, 3 defined by nontrivial form factors were com-
puted w1th ﬁnlte bare quark mass my # 0. We recalculate u 0,

=1, 2, 3 by assuming that my=0. We get again u(lg =4 0) 1
as well as u(gg = 1. In this paper, since we are intérested in the
low energy "theorems satisfied by massive pions, we do not
attempt to go through the discussion of superluminal pions (for
more discussions see [18]).
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neutral and massive pions, in particular, in their low energy
relations. In Secs. IIT and IV of the present paper, we have
tried to answer this question by computing the ‘“‘direc-
tional” weak decay constant of neutral pions using a
modified PCAC relation that leads naturally to modified
GT and GOR relations.

In Sec. III, we prove the GT and GOR relations in two
different cases: In Sec. Il A, using the main arguments
presented in [3], we will first assume that the pions satisfy
the ordinary isotropic energy dispersion relation (1.3).
We will then combine the ordinary PCAC relation

<0|JZ,5(O)I7Tb(q» = fﬂ'q,uaab

and the Feynman integral corresponding to the one-pion-
to-vacuum matrix element, and then derive the ordinary
GT as well as GOR relations

(1.6)

gqqﬂ'fﬂ' =m+ (O(m(z)): (17)
as well as
my0oy
m2f2 = G + O(m}). (1.8)

Here, J% s = ¢y, ysA“¢, with A = 7¢/2, is the axial
vector current, g,,~ 18 the quark-pion coupling constant,
m = mg + o is the constituent quark mass, including the
bare quark mass mg, and the chiral condensate o, =
—2G{i ), with G being the NJL coupling constant. In
Sec. III B, we will then generalize the method presented in
Sec. III A to the case of pions satisfying anisotropic energy
dispersion relation (1.1). To derive the modified GT and
GOR relations in this case, we will appropriately modify
the PCAC relation as

<0|JZ,5(0)|7T}’((1)> = thﬂu%)zéab,

for all w =0,...,3 and a, b =1, 2, 3. Here, the four-
vector ugﬁ) = (1, u%), with uS’T}, i =1, 2, 3 the directional
refraction indices appearing in (1.1). In (1.9), f,, is first an
unknown dimensionful proportionality factor, which will
then be shown to be equal to the constituent quark mass .
Following the same method as in Sec. [II A, we will derive
the modified GT and GOR relations for all © =0,...,3
anda =1, 2, 3 as

(1.9)

gl f9 = m + O(md) (1.10)

and

m2 {0 = 121070 4 o2y, (1.11)

“2G
which, in contrast to (1.7) and (1.8),
“directional” quark-pion coupling g(“ )

qq7°
5#: ), as well as the directional

include the
and weak decay

constants of neutral pions f

refraction indices ugﬁi). Note that for w = 0 (temporal

direction), the GOR relation (1.11) leads to the well-known
GOR relation
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m2, {02 =070 4 o), (1.12)

2G
arising at finite temperature and zero magnetic field
[16,17].7 As aforementioned, the case of a nonvanishing
magnetic field can be viewed as a special case, where
neutral pions satisfy the anisotropic energy dispersion
relation (1.1) with directional refraction indices given in

(1.5). In Sec. IV, we will explicitly determine g;’;)w(,

f §¢j>, first analytically (see Sec. IVA) and then numerically

: o _ 0 m
(see Sec. IV B). As it turns out, 8gqm® = &agnd # 8gamd =

gfq)wo, as well as fgfg = fgg * fi,lo) = f(jo) In studying the
0

T dependence of these quantities, we arrive at 8 g

gtV ) and £ < ). Setting a = 3 in the GT and GOR

relations (1.10) and (1.11), we will use these relations for
neutral pions to prove numerically that f3, appearing in

(1.9), is given by the constituent quark mass m. Using the

numerical data for mio, f ET‘S), u%) and m, we will compare
numerically the left- and right-hand side (r.h.s.) of the

relation

and

(w)2 _ 2 Mom

which, comparing to the original GOR relation (1.11),
includes the contributions of O(m3). As it turns out, this
relation seems to be exact for small 7 and eB. A slight
deviation from this relation occurs at temperature above
the chiral transition temperature. In Sec. V, we will sum-
marize our results. A number of useful relations, which
are used to derive the analytical results in Sec. IV, are
presented in the Appendix.

(1.13)

II. THE MODEL

A. Effective action of a two-flavor magnetized NJL
model in a derivative expansion

Let us start with the Lagrangian density of a two-flavor
gauged NJL model,

L = y)iy Dy, — mo)(x) + Gl ()¢ ()P

HPWiysFU WP} = [ FE,, e
Here, ¢f1y P 17/; ; are the fermionic fields, carrying Dirac
a€(1,...,4), flavor f € (1,2) = (u,d) and color ¢ €
(1,2,3) = (r, g b) indices. Choosing the bare quark mass
my = m, = my, the above Lagrangian density is invariant
under SU(2) isospin symmetry. The global SU,(2;) X
SUR(2) chiral and SU(3,) color symmetries are
guaranteed in the chiral limit my — 0. Fixing the external

"The GOR relation m% = %JW in finite temperature QCD
appearing in [16,17] turns out to”f)e equivalent to (1.11) in the
NJL model.
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U(1) gauge field, A%, appearing in the covariant derivative
D, =0, +ieQAy", as A" = (0,0, Bx;,0), a constant
magnetic field is produced, which is directed in the third
direction, B = Be;. Here, Q = diag(2/3, —1/3) is the
charge matrix of the up and down quarks. Using A$), the
electromagnetic field strength tensor F,, = 8[MAev’jt is a

constant tensor, with the only nonvanishing component

F, = —F,; = B. Defining the auxiliary meson fields o

and 7 as

o(x) = =26 ()P (x),  7(x) = “2G P x)iysTi(x),
(2.2)

where 7 = (7|, 7,.73) are the Pauli matrices, the
Lagrangian density (2.1) is equivalently given by the semi-
bosonized Lagrangian as

Ly, = y@)(iy*D,, — mo)ih(x) —
() B
4G 2

The effective action corresponding to (2.3), Iy, is then
determined by integrating out the fermionic fields
and ¢,

elenl PW] = f DDy exp (i [ d4x£.‘.b). (2.4)

As a functional of x-dependent meson fields

Yo+ iyst- @)y

(2.3)

O(x) = (@0, @1, 2, @3) = (0, 7y, My, 73),  (2.5)
the effective action I consists of two parts, I'yyr = 1“2_22 +

I‘g% The tree-level part is given by
o+ 7 B
rgrew = - [T+ ) o

and the one-loop part reads

THID()] = —itrypeq In (iS5 [R()]).

Here, the trace operation includes a trace over discrete
degrees of freedom, spinor s, flavor f and color ¢, as
well as an integration over the continuous coordinate x.
The inverse fermion propagator appearing in (2.7) is
given by

iS5 [®(0)] = iyD,,

2.7)

—[m(x) + iv’7- 7#(x)], (2.8)

with m(x) = my + o(x). In what follows, we use the
method used in [9] to evaluate the effective action
I.[P(x)] in a derivative expansion up to second order.
To do this, let us assume a constant field configuration
®, = (0, 0) that breaks the SU.(2;) X SUR(2/) chiral
symmetry of the original action in the chiral limit. We
then expand ®(x) around this constant configuration,

d(x) = &y + D(x). (2.9)
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Plugging (2.9) into the effective action 'y P(x)], we
arrive first at

T[] = T D] % [ dlx M2[D]3,(x),(x)

1
+3 fddx,\/,j [Dolo, ¢i(x)d,@;(x) + -
(2.10)

where the summation over i, j 0,...,3is skipped. Here
the squared mass matrix j\/l and the klnetlc matrix x4 y

are given by

82T
M2[D / d?z eff 2.11
Pl = 50080, o, F
X5 ®o] = [ dizztz o Lo (2.12)
Y 5¢,06¢;(2) | o

Choosing, at this stage, the kinetic matrix XZ'V, as in [6,9],
in the form

Pig;
L

XU [CI)] FMV)U+2FMV Vi,j=0,...,3,

(2.13)
with ®> = ¢? + 72, and plugging (2.13) into (2.10), the
kinetic part of the effective action, I';[®], will then be

given by [ [®] = [dixL;[®], where L,[P]is the part
of the effective Lagrangian including only two derivatives,

1 v F&
L= E(F{L )ij0,®i0,@; + é(%amﬂz‘)(ﬁl’jau%)-
(2.14)
Here, according to (2.5), the fields ¢;, i=1,...,3 are

identified by the meson fields o and 7. Following the
standard algebraic manipulations presented in [9], the ef-
fective action of the two-flavor NJL model including o, 7
mesons, which is valid in a truncation of the effective
action up to two derivatives, reads

Leielo, 7] = Lol o] -1 f d'xa(x) (M5 + GH#97,)5(x)

1 3
2 f e (M3 + FH0%) ().
(2.15)

For a constant field configuration o, I'ey[og] is given
by Leloo]l = — VQ., where V denotes the four-
dimensional space-time volume and Q. is the effective
(thermodynamic) potential. In [9], the thermodynamic
potential of this model is derived at finite temperature 7,
finite chemical potential w, and in the presence of constant
magnetic field B. It reads

065030-4
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o B? 3
Qee(m; T, p, eB) = 2 +
g€ 1

4772

67 2w 2 lareBl
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2
(—Lx,) + 2+ 00—y )
g R xqf T 7 xqf nxqf

+ /A2 + 2
+ i[m“ In (W) — AQA? + mAVA% + mzl

=37 > |qfeB|Z f dp*{ln(1+e BEFW) +1n(1 + e AE#)L (2.16)

(IJE{%,

In a mean field approximation, the constant field configura-

tion ®, = (o, 0) is supposed to minimize the above ther-

modynamic potential Q.. In (2.16), m = my + oy,
2 . . .

Xg, = W, A is an appropriate ultraviolet (UV) momen-

tum cutoff and B =T"'. Moreover, {'(—1,x,)=

ng;x") l,—;, where ((s,a)= ola+p)™ s the

Riemann-Hurwitz {-function, and «a, =2 —§,, is the

spin degeneracy factor. In (2.16), E, is the energy of charged
fermions in a constant magnetic field, which is given by

E, = \/p2 +m? = JZqueBIp +pi+mi (2.17)

It arises from the solution of the Dirac equation in the
presence of a constant magnetic field using the Ritus eigen-
function method [19]. Here, p,, is the Ritus four-momentum
defined by

Py = <]70, 0, —sgn(qfeB)\ph]feBlP, P3)r

where p =0, 1,2, ... labels the Landau levels. Using the
standard definition (2.11), the squared mass matrices of o
and 7 mesons, M2 and (M2),,,, appearing in (2.15), are
defined by

(2.18)

8T
M2 = [d4 eff
7 60(0)6 oo 0)
o( 5) 1ﬂff(z) (@0.0) 2.19)
()0 =~ [tz o ,
¢ 87(0)87,,(2) | (0,0
V €, m = 1,2, 3. The nontrivial form factors G*” and F*%” tm>

appearing in (2.15), are combinations of the form factors
(F&")ij, «=1,2,and i, j=0,..., 3, appearing in (2.13).
They are defined by G** = [(F'")oo + 2F5 "] and F}.) =
(F ) gm + (FY"),e]. They can be determined from the
kinetic part of the effective action I'!;; using

Gr = dizztz” e ’
/ 50(0)60(2) (70.0)
Joi (2.20)
= / dzty —— ’
87(0)87,,(2) | (50
V ¢,m = 1,2, 3. Note that, according to our results in [9], the

pion mass squared matrix (M %T) ¢m and the form factors G*”
and F/” have the following properties:

(M%)fm = _(Mz})nﬂ and :FZZ =-F"

me’

2.21)
Y £ # m. Moreover, V€, m =1, 2, 3, f€ :F Faghv,
The latter property is also shared by G~”.

In the present paper, as in [9], we are mainly interested
in the properties of neutral o and 7° mesons in hot and
magnetized quark matter. We therefore identify the 73
meson with the neutral meson 7°. To simplify the nota-
tions in the rest of this paper, we will denote (M2 )33 from
(2.19) by M2, and F%3” from (2.20) by F*”. Plugging the
effective action I'. from (2.6) and (2.7) in (2.19) and
(2.20), the squared mass matrices of neutral mesons, M2
and MfT(,, as well as the form factors G#” and F*” at zero
(T, w) and in the presence of a background B field, are
given by

1
M. = —G - i[d“z tryre[So(z, 0)S0(0, 2)],

M2 =5 i [ @280 007300, n
(2.22)

and

Frr = % [d4ZZ“ZV tryrc[So(z 0)737°S (0, 2)¥ 73]

(2.23)

Here, Sy(x, y) is the Ritus fermion propagator [9,20],

Dpe=P0IP,(x))Dg' (P)P, (1),

SQ(xr )7) = l
p=0

(2.24)

with Dp = % P = (po, 0, ps, p3), and p is the

Ritus momentum,

p= (po, 0, —sQ\/2IQeB|p, p3),

065030-5
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with sy = sgn(QeB).® Having in mind that Q is a
diagonal matrix with the entries g, ={2/3, —1/3}, we
will use s = sgn(g,eB) for the elements of this 2 X 2
matrix sg. In (2.24),

Pyn) = 303 0) + T )] + 22075

— I,/ Ge)ly' 2 (2.25)

Here, I, =1— 8, considers the spin degeneracy in
the lowest Landau level with p = 0. Moreover, f,*(x)
are defined by

frixy) = ¢ ,(x; — sopatd),
fr5(x) = ¢ (x) — sgpaty),

p=012...,
p=123..,
(2.26)

where ¢ ,(x) is a function of Hermite polynomials H ,(x)
in the form

é,(x) = a, exp (— %)H,,(%). (2.27)

Here, a, = (27p!\/m{)~"/? is the normalization factor
and €z = |QeB|~'/? is the magnetic length. In (2.24),
Dy(p) = vy - po — m, with p, the Ritus four-momentum
from (2.18). Note that since Q = diag(2/3, —1/3) is a
2 X 2 matrix in the flavor space, building the trace in
the flavor space is equivalent to evaluating the sum over
q; €1{2/3,—1/3}.

In [9], the squared mass matrices of neutral bosons
(M3, M2,) as well as the nontrivial form factors
(GH7, F#7), appearing in (2.15), are determined numeri-
cally at finite (7, u) and eB. To introduce T and u, we used
the standard replacements

. dpo .
po = liw, — m, and /ﬁ_’ lT;,

where w,, = (2n + 1)7rT are the fermionic Matsubara fre-
quencies. As it turns out, at finite temperature and zero
magnetic field, the meson form factors satisfy

(2.28)

8The notation Dp appearing in (2.24) is used in a number of
our previous papers (see e.g., [9,21]) to denote the Ritus measure
of integration Dp = %. The symbol D is not to be
confused with D used normally in the measure of the path
integrals in quantum field theory, e.g., D appearing in D or

D in (2.4).
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gOO — _gll — _g22 — _g33’
j:'OO — _j:ll — _3:22 — _}'33'

For nonvanishing magnetic fields, however, they exhibit a
certain anisotropy arising from the explicit breaking of
Lorentz invariance by the background magnetic field di-
rected in the third direction,

GO =—G» + G = G2
FOO — _ F o Fl = 22

(2.29)

(2.30)

B. Pole and screening masses of neutral mesons
and their directional refraction indices: A review
of our previous numerical results

The effective action I'yi[ o, 7] from (2.15) can be used
to determine the energy dispersion relations of neutral o
and 77° mesons, which are generically denoted by M,

B =ulPP+m, ME{o ) (231)

Here, uf‘fl), i = 1, 2, 3 are the directional refraction indices
in the spatial i = 1, 2, 3 directions. They are defined by
Regii 1/2 () _ Refii

ReG™ : “2 = |Re F00

Moreover, m,, is the neutral mesons’ pole mass given by

1/2

uf = (2.32)

ReM2 |1/2 ReM?,
Re gOO ’ Re j_‘OO
In the above relations, the squared mass matrices of neutral

mesons (M3, M2,), as well as form factors G* and F**,

are defined in (2.19) as well as (2.20). Combining the
refraction indices (2.32) and the pole masses (2.33), the
screening masses of neutral mesons are defined by

1/2

m_,o =

(2.33)

m, =

() _ My

my, for M € {o, 7°}, and i=1223.

(2.34)

In [9], we used (2.32)—(2.34) and determined the 7 depen-
dence of the neutral mesons’ pole and screening masses as
well as their refraction indices for vanishing and nonvanish-
ing p and eB. To do this, we first determined the 7' depen-
dence of o, the minima of the thermodynamic potential
Q. from (2.16). In Fig. 1, the T dependence of the con-
stituent quark mass m = mg + o is plotted for fixed u =
0 MeV and ¢B = 0, 0.2, 0.5 GeV2. We observe that, for a
fixed temperature, the constituent quark mass increases with
increasing e B. Moreover, it turns out that the transition from
the broken chiral symmetry phase, with m # 0, to the
normal phase, with m = mg = 0, is a smooth crossover,
and for stronger magnetic fields the transition to the normal
phase occurs at higher temperatures. All these effects are
related to the phenomenon of magnetic catalysis [5,6],
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FIG. 1 (color online). The T dependence of constituent quark
mass m = mgy + o, for fixed eB = 0, 0.2, 0.5 GeV? and fixed
m = 0. Here, my = 5 MeV is the bare quark mass and oy, is the
chiral condensate.

according to which the constant magnetic field enhances
the production of the chiral condensate o ~ (¢ ¢), and
therefore catalyzes the dynamical chiral symmetry breaking.
To determine m,, and m o, we further developed in [9]
the necessary technique to analytically evaluate the inte-
grals (2.22) and (2.23) up to an integration over the pj
momentum and a summation over Landau levels and even-
tually performed them numerically. In Fig. 2, the T depen-
dence of m, andm , € = 1,2, 3 is plotted for vanishing u
and eB. The free parameters of the theory, my, A and G, are
chosen so that they reproduce the pion mass m, =
137.7 MeV and m, =~ 824.3 MeV, for vanishing (7T, w)
and eB (see [9] and Sec. IV for more details). As it turns
out, for eB = 0, the pion masses are degenerate, i.e.,
My = mg = m,. In the chirally broken phase, the tem-
perature dependence of pions, mj, is very weak. This is
because, in this phase, the pions play the role of pseudo-
Goldstone modes. In the symmetry restored phase,
however, pions are no longer bound states but only gg
resonances [22]. In other words, they are expected to decay
into (free) quarks and antiquarks. This can only happen
when m . increases with the temperature so that m_ = 2m
(see below for the definition of Mott temperature at which
m, = 2m). This is why, for temperatures larger than the
crossover temperature, m,, increases with increasing T.?
For nonvanishing eB, as it turns out, the pion masses are
not degenerate anymore. We have m_o # m, + = m_-.
Here, the global SU(2;) symmetry breaks to a global
U(1) symmetry, where up and down quarks, because of
their opposite electric charges, rotate with opposite angles.
Thus, in the U(1) symmetry broken phase and in the chiral
limit, whereas charged pions become massive, the neutral
pion is the only possible massless Goldstone mode [23].

°In the present paper, as in [9], we mainly focus on the masses
of neutral o and 7° mesons. The (T, W, eB) dependence of m o
is studied in detail in [9].
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u=eB=0
1.5 ——— m=my+0oy
—_—
—_—— Mg, (=123

-
o

Meson Mass (GeV)
o
[6)]

0.0 “Trusmaa SErssmmmEsEEn
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T (MeV)

FIG. 2 (color online). The T dependence of o and 7 meson
masses is demonstrated at w = 0 and for a vanishing magnetic
field (solid line for m, and dashed line for m ;). Comparing these
curves with the T dependence of the constituent quark mass m =
mgy + o (dotted line) shows that a mass degeneracy between
m, and mz occurs in the chirally restored phase 7' > 220 MeV.

As we have shown in [9], for eB # 0, the T dependence of
the neutral pion mass exhibits the same behavior as m z(T)
for eB = 0 (see also Figs. 2 and 3).

As concerns the o-meson mass, in the symmetry broken
phase, m, is large (m% = 4m?> + m2 for eB = 0) and
drops when approaching the crossover temperature [22].
In the crossover region, the o meson dissociates into two
pions (see below). For eB = 0, a possible explanation for
this effect is provided in [24]. Here, it is shown that the o

@) = 0 MeV

eB = 0.03 GeV?

1.5 — — eB=02 GeV? 7.
=== eB=03 GeV?

0'00 100 200 300 400
T (MeV)
(b) u = 0 MeV
15 —— B =0.03GeV?
—_ — eB=02 GeV?
=== eB=03 GeV’ %

o 100 200 300 400

FIG. 3 (color online). The T dependence of m, (a) and m o
(b) is plotted for eB = 0.03, 0.2, 0.3 GeV? and m =0 MeV.
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dissociation in the crossover region is due to the occur-
rence of an s-channel pole in the scattering amplitude of
the m + m — 7 + 7 scattering, in a process where a o
meson is coupled to the external pions via quark triangles
(see e.g., [22,24] for more details). For eB # 0, according
to our results, the 7' dependence of the o-meson mass is the
same as m(T) for eB = 0 [see Fig. 3(a) and, in particular,
Fig. 9(a)—(c) in [9] for more details]. Whether this behavior
for eB # 0 is also related to the appearance of a certain
pole in the wmr-scattering amplitude is an open question,
which shall be investigated in the future. In the chirally
restored phase m, and m;, become degenerate and in-
crease with increasing 7. These results are in agreement
with the results for eB = 0 and T # O recently presented in
[22], where a possible definition of the crossover tempera-
ture is also provided. The latter is given by two character-
istic temperatures, the o-dissociation temperature 7 g,
defined by

ma'(Tdiss) = 2m77(Tdiss)’ (235)
and the Mott temperature Ty, defined by
M (Tygon) = 2m(Tion)- (2.36)

These temperatures were originally introduced in [24].
According to [22,24], for T < T, the o meson can decay
into two pions, and for 7 > Ty, the pion decays into a
constituent quark and antiquark; i.e., it is no longer a bound
state [22]. In the chiral limit, both temperatures are equal to
the critical temperature of the chiral phase transition 7. In
Table I, we have listed T4 as well as Ty, for eB = 0,
0.03, 0.2, 0.3, 0.5 GeV? and for our set of parameters.
Comparing T and Ty for different nonvanishing eB
in Table I, it seems that the crossover region is shifted to
higher temperatures for increasing eB. In the chiral limit,
where Tgiss = Tmow = 1> as mentioned above, this would
mean that the critical temperature increases with increas-
ing eB. This phenomenon is related to the magnetic
catalysis of dynamical chiral symmetry breaking in the
presence of external magnetic fields. Recent lattice results
[25] show, however, a certain discrepancy with this con-
clusion. As it is shown in [25], for certain eB, the critical
temperature decreases with increasing eB. This shows that
the m dependence of T. is indeed not trivial. There are a

TABLE I. The o dissociation and Mott temperatures, 7 gie
and Ty, defined in (2.35) and (2.36), for vanishing and non-
vanishing eB and for our set of parameters, m, = 0.005 GeV,
A = 0.6643 GeV and G = 4.668 GeV 2.

eB in GeV? Tyiss in MeV Tyor in MeV
0 175 190
0.03 175 190
0.2 193 205
0.3 206 210
0.5 250 255
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number of attempts in the literature to resolve this
disagreement [26,27], and to explain the so-called inverse
magnetic catalysis [28]. Note that, to the best of our knowl-
edge, inverse magnetic catalysis was first observed in [29]
within a two-flavor NJL. model. In one of our previous
papers [30], we have also plotted the T-eB phase diagram
for different fixed chemical potential w. As it is shown in
Figs. 14(a) and (b) of [30] (see also Fig. 2 in [9]), there are
some regions in eB in which T, decreases with increasing
eB and the inverse magnetic catalysis occurs.

In Fig. 3, the T dependence of m,, [Fig. 3(a)] and m o
[Fig. 3(b)] are plotted for fixed u and e¢B = 0.03, 0.2,
0.3 GeV?2. At a fixed temperature below (above) the cross-
over region, the o-meson mass increases (decreases) with
increasing eB. In contrast, m_o decreases with increasing
eB in both symmetry broken and restored phases. The
qualitative behavior of the T dependence of m, and m o
for u = 0 remains unchanged for zero and nonzero eB
(see Fig. 91in [9], where the T dependence of m,, and m o is
compared). In particular, m, and m o are degenerate in the
symmetry restored phase 7 > 220 MeV.

Let us finally consider the directional refraction indices
of neutral mesons, u&fl), M € {o, 7°}, that appear in the
energy dispersion relation (2.31). They are defined in
(2.32). In what follows, we will briefly review the results
appearing first in our previous paper [9] for eB # 0 and

T # 0. In Fig. 4, the T dependence of uﬁ? is plotted for
fixed u = 0 and nonvanishing eB = 0.03, 0.2, 0.3 GeV?2.
For eB # 0, the refraction indices of o and 7° mesons in
the longitudinal direction with respect to the direction of
the external magnetic field turn out to be equal to unity,
independent of 7 and u [see the red dashed lines in
Figs. 4(a) and 4(b)]. In the transverse directions, however,
the refraction indices of neutral mesons, u'™" and ut;%ns,
are T dependent and always larger than unity. It seems that,
in the directions perpendicular to the direction of the
external magnetic field, the neutral mesons move with a
speed larger than the speed of light c. But, this is simply not
true. Let us emphasize that, according to the dispersion
relation (2.31), this conclusion is only valid for massless
mesons, where directional group velocities coincide with

u(;} defined in (2.32). Our mesons are, however, massive,10
and the fact that the transverse refraction index is larger
than unity does not naturally lead to superluminal propa-
gation. Having this in mind, the natural question is what
are the consequences of '™ > 1 and u‘;ﬂ"s > 1?7 One of
our main motivations in this paper is to answer this inter-
esting question. In the next section, we will show that
directional refraction indices play an important role in
the low energy relations of neutral and massive pions,

""We do not neglect my in our computations. The original
theory is therefore nonchiral. Consequently, the neutral pion is
not a massless Goldstone mode of the theory, even in the chirally
broken phase.
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FIG. 4 (color online). The T dependence of the transverse and
longitudinal refraction indices of o (a) and 7° mesons (b) is
plotted for various eB. The longitudinal refraction index of
neutral mesons is equal to unity and independent of 7' (red
dashed lines). In contrast, the transverse refraction index of
neutral mesons is larger than unity and decreases with increasing
¢B. For a B field directed in the third direction, iy, = ul) =
u?) and Ujong = ul) for M € {o, 7°}.

once we have a medium at 7 # 0 and/or eB # 0. But,
before coming to this, let us consider again the plots in
Fig. 4. As it turns out, for a fixed temperature, uj;", M €
{o, m°} decrease with increasing eB. This effect is strongly
related to the dynamics of fermions in an external magnetic
field. As it is stated in [6], for very large magnetic fields,
the motion of charged fermions is restricted in directions
perpendicular to the magnetic field. A dimensional reduc-
tion from 3 + 1to 1 + 1 dimensions occurs in the presence
of very strong magnetic fields. Naively, one would expect
that the properties of o and 77° mesons are not affected by
external magnetic fields, simply because they are neutral.
But, as is also argued in our previous paper [9], the way
we have introduced the background magnetic field in
the original Lagrangian (2.1) and the semibosonized
Lagrangian (2.3) shows that the effects of the external
magnetic field on neutral mesons arise mainly from its
interaction with the constituent quarks of these mesonic
bound states. According to this argument, the behavior of
uds M € {o, 7} for fixed T and with increasing B is a
realization of the well-established dimensional reduction,

PHYSICAL REVIEW D 88, 065030 (2013)

appearing mainly in the lowest Landau level (LLL).
Note that by increasing the magnetic field strength, the
effect of higher Landau levels can be neglected, and the
dynamics of fermions is solely determined by LLL, where
the above-mentioned dimensional reduction occurs. This is
the reason why at a fixed temperature u{?, M € {0, 7°}
decrease with increasing e¢B. The same property occurs at
zero temperature, where the transverse velocity of neutral
pions is determined within an effective chiral model in
the LLL approximation [27].

Coming back to the plots of Fig. 4, it turns out that for
fixed eB, u™s decreases with increasing 7, while utfrﬁns
increases with increasing 7. The same behavior is also
observed for the T dependence of the mass of neutral
mesons m, and m_o for a fixed eB (see Fig. 2). In this
paper, we do not intend to describe the nontrivial relation
between ul@™ and m,,, with M € {0, 7°}. All we want to
do is use the neutral pions’ directional refraction indices
and study the low energy GT and GOR relations satisfied
by these neutral and massive pions. To do this, we will first
modify, in the next section, the PCAC relation and prove
the GT and GOR relations for T # 0 and/or eB # 0 in a
model-independent way. In Sec. IV, we will then use the
numerical data from the present section to prove the GT
and GOR relations in a two-flavor magnetized NJL model
at finite 7. We will show, in particular, the role played by
pions’ directional refraction indices in satisfying these
relations.

III. DIRECTIONAL WEAK DECAY CONSTANT OF
PIONS IN A RANDOM PHASE APPROXIMATION

It is known that finite temperature and/or constant
magnetic fields explicitly break the relativistic invariance.
One of the main consequences of this explicit Lorentz
symmetry breaking is that the massive free particles satisfy
nontrivial anisotropic energy dispersion relations, includ-
ing nontrivial directional energy refraction indices. As
concerns the massive neutral pions, the anisotropic energy
dispersion relation is given by (2.31) with M = 7°. Whereas
at T = eB = 0 all refraction indices are equal to unity,
at T # 0 and eB = 0, a single refraction index is defined
byuzuggzug:ufg, and at T # 0 and e¢B # 0, we
have ugg = u(jg # u(:g

It is the purpose of this paper to determine the weak
decay constant of neutral pions, f,, at T # 0 and eB # 0.
To do this, we will generalize in this section the method
presented in [3,31], where f is computed at zero T and eB
using a multiflavor NJL. model. To do this, we will first
review in Sec. III A the method presented in [3,31], by
assuming that pions satisfy ordinary isotropic energy dis-
persion relations E% = g7 + m2. Combining the usual
PCAC relation and the Feynman integral corresponding
to a one-pion-to-vacuum matrix element in a random
phase approximation (RPA), we arrive at the main relation
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leading to f, at zero (T, u,eB). As a by-product the
quark-pion coupling constant g,,, will also be defined in
terms of a quark-antiquark polarization loop, in the pion
channel. In [3], it is argued that in the chiral limit my, — O,
f» and g, satisfy the GT and GOR relations. We will
review the method presented in [31], where these relations
are proved in the leading and next-to-leading order 1/N,
expansion.

In Sec. III B, we will then generalize the arguments in
[3,31] for free pions satisfying the anisotropic energy dis-
persion relation, E2 = ul?g? + m .- To do this, we will

first define the directional quark-pion coupling constant

gg’;)w, m=0,...,3, in terms of nontrivial form factors

F4; and refraction indices u%) = (1, u%). We will then

introduce a modified PCAC relation including F7,’, the

directional refraction indices u%) and a dimensionful pro-

portionality factor f,. The directional decay constant of

pions, f#, is then defined by combining Fil and fy.

Following the same method as in Sec. Il A, we will even-

tually arrive at the main relation leading to f° %). We will show

that f §¢? and g(q’f,ln, satisfy modified GT and GOR relations.

A. Quark-pion coupling constant and pion decay
constant from an isotropic energy
dispersion relation

Let us start with the Lagrangian density (2.1) of a
two-flavor NJL model with A$}' = 0. As we have men-
tioned in the previous section, for sufficiently strong G,
this model exhibits, in the chiral limit my — 0, a dynamical
mass generation. The resulting mass gap is determined via
minimizing the effective (thermodynamic) potential (free
energy), in a mean field approximation. Equivalently, it is
given by solving the corresponding Schwinger-Dyson (SD)
equation for the quark propagator. In the Hartree approxi-
mation, the constituent quark mass m is given by

m=my+ 2y, 3.1

where my, is the bare quark mass and . is the self-energy of
quarks within the four-Fermi NJL model. In the lowest order
perturbative expansion, Eq. (3.1) reduces to m = my + o,
where oy = —2G(i ) is the quark condensate. This is also
consistent with the diagrammatic representation of the SD
equation, presented in Fig. 5. The SD relation leads to

= + = + 2iG /—41 tryreS(p). (3.2
m m g m l . .
0 0 0 Q) sfe

= = + Q»—

FIG. 5. The Schwinger-Dyson gap equation for the quark propa-
gator in the four-fermi NJL model in the Hartree approximation.
The bare (dressed) propagator is denoted by thin (thick) lines.
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Here, S(p) = (y - p — m)~ ! is the dressed quark propaga-
tor. The nontrivial solution of the above integral equation
leads to a mass gap AE = 2m in the quark spectrum.

Similarly, mesons are described via a Bethe-Salpeter (BS)
equation. In Fig. 6, the BS equation for quark-antiquark
scattering is demonstrated in RPA. In this approximation,
the quark-antiquark scattering matrix

2G

I = 2GTL,/(q) 3-3)

TM(fIZ) =

is given in terms of the quark-antiquark polarization
I1,,(¢%) in the M € {0, 7} channel

I1,,(¢4%) = i[d4xtrsfc[FMS(x)FMS(—x)]ei"'x. (3.4)

Here, I'; =1 and TI'; = iys7,. The scattering matrix
Ty(g?) can equivalently be written as an effective meson
exchange between the external quark-antiquark legs [see
the left-hand side (L.h.s.) of the relation appearing in
Fig. 6],

2
8qqm

2 _
q My

Tu(q?) = — ) (3.5
where g, is the quark-meson coupling constant and 1y,
is the meson pole mass. Note that the denominator in (3.5)
reflects the isotropic meson energy dispersion relation

E3 =g} +m}, forM € {o, 7). (3.6)
Equating T,,(¢?) from (3.3) with (3.5) leads to the defini-
tion of the quark-meson coupling constant in terms of

HM(Q2),

8aa = CTTQ” . 3.7
as well as
1 —2GI(q> = m%) =0, (3.8)
which is equivalently given by [31]
26T, (g% = 0) = %~ 1, formy—0. (3.9)

As itis argued in [31], relations (3.8) and (3.9) are consistent
with Hartree approximation (3.1) as well as the RPA scheme.
To determine the pion decay constant f,., we consider the

> X 0K

FIG. 6. The Bethe-Salpeter equation for quark-antiquark scat-
tering in RPA [3]. The double lines denote the meson propagator
—(¢*> — m3,)"! appearing in (3.5), and the solid lines indicate
the dressed quark propagators S(p) = (y - p — m)~', including
the constituent quark mass m. Fat vertices denote the quark-
meson coupling constant defined in (3.7).
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a q
Jiis wva: b

FIG. 7. One-pion-to-vacuum matrix element, <0|J" 5(0)|77b (q))
in RPA, leading to a pion decay constant. Here I
1//7#75/\”1// is the axial vector current, with A? = 7-”/2 The
solid lines are the dressed quark propagator, S(p) =
(y+-p—m)~!, including the constituent quark mass m. The
quark-pion coupling g, (fat vertex) is given in (3.7).

one-pion-to-vacuum matrix element (OI] 5(O)|7r”(q)>
which satisfies the usual PCAC relation'!

O17 s 7"(q)) = fq, .

Here, J§ s = Py, ysA®y with A = 79/2 is the axial
vector current of an axial SU(2,) global transformation.
The matrix element appearing on the r.h.s. of (3.10) is
demonstrated diagrammatically in Fig. 7. Note that in
RPA, the quark propagator appearing in the quark-
antiquark loop in Fig. 7 is the dressed quark propagator
S(p) = (y-p—m)~!, including the constituent quark
mass m. Combining the PCAC relation (3.10) and the
Feynman integral corresponding to the one-pion-to-
vacuum amplitude demonstrated in Fig. 7, we arrive at

fr4,8%

(3.10)

= 844n Y& (@), (3.11)

with

Yirlg) =i f dxtry [y, ys XS () ys ™ S(=x)]ei .
(3.12)

Contracting (3.11) with g* and using the energy dispersion
relation (pion on-mass-shell condition) g> = m2, we arrive
finally at f, in terms of g,,, and Y4 (g). As it is shown in

[31], f, satisfies the GT relation

8aqnfm = m + O(mp), (3.13)
and the GOR relation
myoy
mefr=—g T Omy), (3.14)

up to second order in m. Let us emphasize again that the
isotropic energy dispersion relation (3.6) plays an impor-
tant role in proving (3.13) and (3.14) (see [31] for more
details). In the next section, we will show how the above

relations shall be modified, when we start from a nontrivial

. . . . . 2
anisotropic energy dispersion relation g3 = u\2¢? + m2,

""For eB = 0, because of the Lorentz and isospin symmetry of
the original Lagrangian, there is no difference between the
properties of different species of pions ¢, € = 1, 2, 3. In so
far, we will skip the indices £ = 1, 2, 3 on 77, as long as these
symmetries hold.
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for free 7, £ = 1, 2, 3 mesons. In Sec. IV, we will use the
results arising from this general consideration to determine
the directional quark-pion coupling constant and decay
constant for neutral pions in a hot and magnetized medium.

B. Directional quark-pion coupling constant
and pion decay constant from an anisotropic
energy dispersion relation

Let us consider the Lagrangian density

1
2

for each pion species 7y, € =1, 2, 3. The above
Lagrangian density is comparable to the Lagrangian of
pion fields appearing in the effective action (2.15) for
free mesons and leads to a nontrivial anisotropic energy
dispersion relation

.ﬁm == (x)(mm + g,u,uu(ﬂ)za2)l‘[ (x),  (3.15)

2 _ 02 2 4 o2
E = Ur, q; T mz,,

V=123, (3.16)

similar to (2.31). In (3.15), we have introduced the
“normalized” pion field II,(x) = |FP|"/2m,(x), where
the form factors F0 appear in the effective action (2.15).

Moreover, in analogy to (2.32) and (2.33), the mass m,,

and a four-vector for the refraction index, u;’?, for each

pion species £ = 1, 2, 3, are defined by the pion mass
squared matrix M2, and form factors F7,,

ML

f

M}T{ 1/2

00
f«%

1/2 () = (1, (l)) —

’ uﬂf

mqg, =

(3.17)

Using £, from (3.15), the pion propagator D, (x,y) =
O|T (7¢(x)7¢())|0) in the momentum space reads

LIFOO -1

_ @2 2 2
‘10 Um, q; — Mg,

D, (q) = - (3.18)

The metric g = diag(1, —1, —1, —1). In contrast to (3.5),
the denominator reflects the anisotropic pion on-mass-shell
condition

2 2 _ 2
qO u77( ql - mﬁg;

V=123 (3.19
including the directional refraction indices u,ié The factor
| F%1~! in (3.18) arises from the normalization of pion fields,
as the pion propagator can equivalently be defined by
Dy, (x,y) = OIT(IT¢(x)IT())I0) with Dyy, = | FRID,.
Using (3.18), the quark-antiquark scattering amplitude
T),(g%) from (3.5) with M = 77, is then modified as

00 -1
T, (q%) = — g"‘ijj;z'}; — (20
gt u me Gu — Mg,

Combining the “bare” quark-pion coupling constant g, .,
and the normalization parameter (form factor) |F%
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appearing also in the definition of normalized pion fields,
a “normalized” coupling constant gy, is defined as

Syall, = 8aqm | FOL 12, (3.21)

Equating, at this stage, T,Tf(qz) from (3.20) and the quark-
antiquark scattering amplitude from (3.3) with M = 7,
we arrive first at

2
ALPACD)
da; 1g,=m,.0

2 _
a = ”55) | F o8 adm

(3.22)
Vu=0,...,3and V€ = 1, 2, 3. Note that in contrast to
(3.7), the expression on the L.h.s. of (3.22) is to be evaluated
in the rest frame of {th pion species, i.e.,in §,, = (m,, 0).
Defining, at this stage, a directional quark-pion coupling
constant g, by

dil . (¢%)

(1 ()2 = gh ,
qqme 13 dqi qw=(mw’0)

(3.23)

plugging this definition into the Lh.s. of (3.22), and using
(3.17), we get

(w) |:}:‘2’~€M|71/2.

gqqm = gqqﬁf (324)

Similarly, the directional quark-sigma meson coupling
constant is defined by

dll,(q?)
(8450 (G,)) 2 = grr === (3.25)
" day 1,0
It satisfies
gl = gag0lGrE 12, (3.26)

As it turns out, the directional coupling constant gé’g;f
from (3.23) plays a crucial role in the definition of the
directional weak decay constant of pions. This is deter-
mined by introducing the modified PCAC relation, which
shall replace (3.10), whenever pions satisfy the anisotropic
energy dispersion relation (3.16),

O SOITI™(@)y = fel FOI2ut?q, 80,

Vu=0,..3and V€ m=1, 2, 3. Here, f, is an
unknown dimensionful constant, which depends on
(T, u, eB), whenever they are nonvanishing. Later, we
will show that, for neutral pions in the chiral limit
my — 0, f3 = 0y, where oy is the chiral condensate. For
nonvanishing m,, we get f3 = m, where m = my + oy.
Note that in the chiral limit, where pions are (massless)
Goldstone bosons, Eq. (3.27) leads to

0= (010~ SOITI"(q)) = fol FI'2m2, 5,

(3.27)

(3.28)

in accordance with the Goldstone theorem. Here, the pion
on-mass-shell condition (3.19) and the axial SU(2;) invari-
ance, 9*J fL 5(x) = 0, are used. Using the Feynman diagram
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appearing in Fig. 7 for normalized pion fields II,, the
one-pion-to-vacuum matrix element <O|Jf;’5(O)IH'”(q)> on

the Lh.s. of (3.27) is given by
O, sOITT™(9)) = ggqn, Y " (9),

where g,.17, and Y (q) are given in (3.21) and (3.12),
respectively. Relation (3.29) leads, upon using (3.21) and
(3.24), as well as the modified PCAC relation (3.27), to

W, 60m = gl Yin(g), (3.30)

Vu=0,..,3and V€, m=1,2,3. Here, the directional

pion decay constant fgﬁj)

defined by

(3.29)

for the €th pion species is

SE = fo| Freqie,

In the next section, we will use (3.30) to determine f:é) for
m=0...,3.

Similar to the previous section, the directional quark-
pion coupling and decay constants satisfy the modified GT
and GOR relations,

(3.31)

S = m+ O(m? (3.32)
and
i f47 = utP 20 - 0, (33)

2G

where ugif) is defined in (3.17). To prove these relations, we

generalize the method described in [31] for the case when
pions satisfy nontrivial, anisotropic energy dispersion
relation (3.16).

As concerns (3.32), let us consider the modified PCAC
relation (3.27) and combine it with (3.29). Differentiating
the Lh.s. of (3.27) and using [3]

3
> ¢*Yq) = m[11,, (¢») — 11,,(0)] (3.34)
un=0

with the quark-antiquark polarization, I1 ;, (¢*) from (3.4),

and Y9 = Y8 from (3.12), we first get

FdFQImz, = mg [T (¢%) — T, (0)]

Expanding Hm(qz) on the rh.s. of the above relation
around g = 0, and evaluating the resulting expression at
4 =,» We obtain

(3.35)

dll
Fl FRN =mg ym, —5- +O(m},),  (3.36)
dqy | g,,~(mg.0
which leads, upon using (3.22) for u = 0, to
8gqm S = m + O(m}). (3.37)

Plugging (3.24) as well as (3.31) into (3.37), we arrive
finally at the GT relation (3.32), including directional
quark-pion coupling and pion decay constants. To show
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the GOR relation (3.33), we use (3.8) in a slightly modified
form,

1 -2G1,,(G,, = (m;,0)) =0 (3.38)
This relation arises, similarly to (3.8), by equating (3.20)
and (3.3) with M = m,. Expanding the Lh.s. of (3.38)
around ¢> = 0 and evaluating the resulting expression at
G, = (my,0), we first get

d1l,, (¢*
0=1-2011,,(0) - 262 =l T)
' dqy g, =m0
+ O(m?,), (3.39)
which yields
g2 a0
m2, = S0t O(md,). (3.40)

e 2Gm|f(€)2

Here, Eq. (3.9) and the definition of gsj,%, from (3.23) are
used. Plugging further the GT relation (3.37) and (3.31), as
well as the definition of u(“) from (3.17), into the r.h.s. of
(3.40), we arrive finally at the modified GOR relation
(3.33), including £,

As it turns out, whereas (3.34) plays an important role in
proving (3.13) and (3.14), it is not so crucial to derive (3.32)
and (3.33). In the next section, we will first use the above
results to derive a number of analytical expressions for the
directional quark-pion coupling and decay constants for
neutral pions. Using these expressions, together with the
modified PCAC relation (3.27), we will then analytically
prove the GT and GOR relations (3.32) and (3.33), without
using (3.34). We will then verify these low energy relations
for neutral pions numerically and eventually present nu-

merical results for g(q’; )77 o, and fgﬁ) .

IV. DIRECTIONAL QUARK-PION COUPLING AND
PION DECAY CONSTANTS AT FINITE (T, u, ¢B)

A. Analytical results
1. Directional quark-meson couplings for neutral mesons

Let us consider the quark-antiquark polarization IT,(g?)
from (3.4) in the M € {0, 7°} channel. In the presence of
an external magnetic field the fermion propagators S(x)
appearing in (3.4) are to be replaced by Ritus propagators,
So(x) from (2.24)-(2.27). Plugging (2.24) into (3.4), we
arrive first at

IIy,(g) =i Z [DﬁDEfd“xe i(p—k- q)XAM(p,k x)
p,k=0

4.1)

where

PHYSICAL REVIEW D 88, 065030 (2013)

A,A,/Ik(l_’, k. xy) = try [Ty P, (x1)So(p)P,(0)
X Ty K (0)S o (k) Ky (x))].

Here, I', = 1 and I' 0 = iys7, and 7° = diag(l, —1) is
the third Pauli matrix. The momenta p and p are defined
below (2.24). In (4.1), integrating first over x, x,, x3 and
then over p, p,, p3 components, we arrive at the boundary
conditions p; = k; + g, fori = 0, 2, 3. In what follows, we
will abbreviate these boundary conditions by a subscript
“b.c.” Plugging P,(x;) from (2.25) into (4.2), we arrive
first at

4.2)

, dkodks .
I,,(q) =i fdk dx e 1™
M p,kzzo (277_)3 2 1
X AN, k, x1)lb.c.. (4.3)
with
+ Kym?
AM (p & x) = —12 { kp
2k x) Z(p 2= m) (k> — m?)
0) 0
x[Aar + A, ]
2P2kz —(0)
(72— m) (& — m2) v apk} (4.4)
where k0 = —1 and k, = 1. From the decomposition
P,(0)K(0) = a;k(l)zy ky) + isyyy,a” (pa, ky),
Kix)P,(x) = A0 () + isy1724, 0 (x), .5)

we have

a0 (pa k) = —[f (0)£5(0) = TT,IT, £, (0)f*(0)]
4.6)

and

A0 () = —[f S On) = T, T () fi ()
4.7)

In (4.4), the summation over g, € {2/3, —1/3} replaces
the trace in the flavor space. Moreover, we set N. = 3. In
what follows, we will use I1,,(¢?) from (4.3) to derive the
directional quark-meson coupling g;’;k,,M € {o, 7°} in
the direction longitudinal, u = (0, 3), and transverse, u =
(1, 2), with respect to the direction of the external magnetic

field. Here, the definitions (3.23) with € = 3 and (3.25), for

(g(quﬂw(qM))—Z, M € {7 o} in the rest frame of mesons

Gy = (myy, 0), will be used.
Using I1,,(g) from (4.3) and plugging A ' (p, k, x;) from
(4.4) in
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dkods
@2m)?

d
X d—z[e “an AN (P, k, xp)]I
"

U@ =iy

fdkzdxlg'“”
p.k=0

(4.8)

Gmb.co

which arises from (3.23) and (3.25), choosing . = 0, and
eventually using

1
/dkzdxlApk (,Yp | - ZqueBl(sp,kék’o, (49)
as well as
1
[dkzdxl[A+]§0)a+k + Apk apk]|p2:k2 = §|qfeB|ak5pyk,
(4.10)

we arrive first at

(8% (@) 2 = - 6% layes! z ay [ (1 —

dkodks { 3
@Qm)? (k2 + x(1 — x)mi, — m?)?

(K + x(1 — x)m3, — m2)3}’ 4.11)

with
E,(x) =x(1 — x)m% — m?,

(4.12)

Eo(x) =x(1 - x)mio,

for a nonzero magnetic field and at T = u = 0. In the
above relations k? = kﬁ — 2|gseBlk with k2 = k3 — K.

To derive (4.9) and (4.10), we use the same technique,
developed in [9].'2 At finite (T, u, eB), we obtain

(% (@) 2 = —6z|qfe3|zak [ axxt =

dks
(2m)?
— 45,08 (0 (x)},

380 (¥ (x))
(4.13)

where E,,(x) is given in (4.12). To introduce (7, ),
Eq. (2.28) is used. In the above relations w¥(x), M €
{o, 7%} is defined by

wi(x) = [k} +2lqreBlk — x(1 —x)m}, +m*]V2 (4.14)

Moreover, similar to the computation presented in [9], we
have used the functions

'2A number of useful relations that can be used to derive (4.9)
and (4.10) are presented in the Appendix.
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2 m
st (kg)
(w)=T _Z_ @t (4.15)
with € = 1, m = 0. Using
1
S(w) = Sl = Ny(w)] (4.16)

with Ny(w) = n;{(a)) +n;(w) and the fermion distri-
bution functions

1
BT 11

n} () (4.17)

the following recursion relations can be used to evaluate
Sg;m)(a)), Ve=1,m=0,

0
20 — 1o do 4.18)
S(w) = 8" N (w) + 028" V(w). '

In Sec. IV B, we will numerically evaluate the sum over
Landau levels k and the integration over k; momentum,
appearing in (4.13).

To determine (gqu(qM)) 2, we use (4.8) with u = 1.
To compute the dlfferentlatlon with respect to g3, we use

the identity <7 drlq) (‘1 D] = % d%(tzh)
1

for Gy = (mM, 0). The integration over k, and x; can be
carried out using

dunbec. |5,,.b.c.» Which is correct

f dkydxi A0 |, = 0. (4.19)

We arrive first at

dkodks
2

Pyt (2m7)3

X AM (., x))

N B
(SEIIJM(CIM)) 2=_ Z fdkzdxle i1 y2

dub.co (4.20)

for M € {o, 7°}. Plugging (4.4) into (4.20), and using

1
j-dkzdxlxz[A+(0) Apk apk:”[?z:kz = Ecsk)’
1
/ dkyd A, 0, = = 3 Cols
4.21)
with CA(D’,){, i =1, 2, defined by

Cl) =5, 4k + 8,.0) = 1,2k — 1)8,, 4y — 2k +1)8 111,
5p,k5k,0 + Hk(2k - 1 - 2‘Vk(k_ 1))61),](,]
+ 2k + 1= 2vk(k+1))8 141,

we first arrive, for B # Oand at T = p = 0, at

C 2
(plz
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(V@) 2= —3Y Y

oo [ o

a5 pk=0
[k} — x(1 — x)m3;, — A c
[k +x(1 = x)m3;, — AP Pk
. paky c?
[k +x(1 = x)md, — AP pkp
(4.23)
with
Ag; = 2|qfeB|\/ﬁ + m?,
4.24)

A7, = 2lgseBWpk —
A, =2lgseBl[(1 = x)k + xp] + m?.
At finite (7, u, eB), we therefore have
2 dks
(&G 2 =33 S [ ax [ Stk + b
5 (2m)
X [SP(@ (1) = 2B (0SS (0} (x))]
— 22k + D[SV (M _(x))
— 25, (0)SY (@, (x)] + 4lgeBl
X (k= x — 2kx)SV (0¥ _(x))}, (4.25)

where E;(x) and o (x) are defined in (4.12) and (4.14),
respectively. In the Appendix, we will present the method
we have used to sum over p in (4.23) and to arrive at (4.25).

As concerns (gqu(qM)) 2, we set w = 2in (4.8). Using

2
dj;(qqu) |qM,b.c. = % d f((;zh) |qM,b.c. and
d2 AT O O - 0
dxldkzﬁ k +Apk o k)lpo—kz _Ecpk,
< o 1@
fdxldkzd ZAPk ap |I’2:k2 = Zcpk’
(4.26)
with C;’I){, i = 1, 2 given in (4.22), and eventually plugging

these relations into the resulting expression, it turns out
that

gqu(qM) - gqu(‘]M) f()r M € {0-) WO}' (427)

At finite (7, p, eB), the inverse squared value of g, qM(q )
is given in (4.25). In the Appendix, we will present
the necessary relations that can be used to derive (4.26).
To derive gqu(qM) we set w = 3in (4.8). Using (4.9) and
(4.10), we arrive at

()

g0 (Gu) = 89(Gu),  for M €{o, 7 (4.28)
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where, at finite (7, w, eB), the inverse squared value of
gg;)M((j u) is given in (4.13). Note that, at this stage, in the

limit of m,, — 0, g'“.(4,,) and g(“)

and (4.25), as well as (4.27) and (4.28), satisfy gfjflzr =
|G##|~1/2 as well as g;’;)wo = | F4|71/2. Here, the ana-
lytical expressions of G#* and F4y" are explicitly pre-
sented in [9]. This is indeed expected from (3.24) and
(3.26), which are valid for arbitrary meson masses m,,
and mo. This shows that g .y, M € {o, 7°} arising in
(3.24) and (3.26) are, in the limit m,;, — 0, equal to unity.
In Sec. IV B, we will evaluate numerically the k5 integra-
tion and the summation over Landau levels k, which appear
in (4.13) as well as (4.25). We will present the 7' dependence
of directional quark-meson couplings g;’ﬁw mw=0..73
and M € {o, 7°} at zero chemical potential and for eB =
0.03, 0.2, 0.3 GeV2. We will, in particular, verify (3.24) for
all T-dependent pion masses. Moreover, we will use the data
arising from these results for g;’(ﬁw, m=0,...,3, to deter-
mine the 7 dependence of directional decay constants of
neutral pions, f 5:3), pm=0,...,3,at zero chemical potential
and for finite and fixed magnetic fields. In what follows, we
will present the analytical results for f:é), m=0..3

using (3.30) with € = m = 3.

0(g ), arising in (4.13)

2. Directional pion decay constant for neutral pions

Let us consider (3.30) with € = 3 for neutral pions.
Using the fact that Y{"(q) = 8, Y, V€, m=1,2, 3,
with Yf[” given in (3.12), and setting £ = 3, we get

a, =" Y3(g).

. (4.29)

As it turns out, Eq. (4.29) is not appropriate to determine
f(;g) in the rest frame of neutral mesons, especially in the
spatial directions. Later we will show that this is mainly
because the spatial components of Yff(q) vanish in the rest
frame of neutral mesons, i.e., Y3 (o) =0 for G, =
(m,0). In what follows, after determining Y3}(¢) in
the presence of external magnetic fields, we will present
a method from which f(ﬂ“o) can be determined for all
n=0...,3

We start by plugging the Ritus propagators (2.24)—(2.27)
into (3.12), to arrive at

Y3 (q)=5 Z

pkO

ijprk[d“xe i(p—k=q xA(”3)(p,k x1),

4.30)
with
AB(B, & xp) = tryp [y# P, (x)So(B)P,(0)iysT Ky (0)
X SQ(IE)Kk(x)iy57'3]. (4.31)

065030-15



SH. FAYAZBAKHSH AND N. SADOOGHI

PHYSICAL REVIEW D 88, 065030 (2013)

Integrating over xj, X,, X3, and eventually over p,, p,, p; components, we arrive at the same boundary conditions

pi = k; + ¢q;,i = 0,2, 3, as described in the paragraph following (4.2). Plugging P ,(x,) from (2.25) into (4.31) and using
the decomposition P,(0)K,(0), as given in (4.5), and
K (e)y#P,(x1) = y*[(ALH (1) + isy1y2A 1 ()], (4.32)
with
Ayl = Ay = U G f ) = TL I, ) f ()]
pk J k )= tpttk)p Mk b
(4.33)
A=A = {ka ) fi () = T, £, ) £ (),
we arrive at
- dkydk . _
Y3(q) = Z - f dkydx, e A (B, k)l (4.34)
p k=0 ( )
with
() B (p — ]E)#N;}i) ng’ul[kz +(M) + paM (M)] + 2gM2 IP(M)
NP,k x) = 12m , (4.35)
. ‘ Z T =)
|
and Setting pu = 0 in (4.34) with A% given in (4.35), and
N(M) = ;}EM) a;k + Ap k(u) W using (4.10) to evaluate the integration over k, and x, fi?g
N B from (4.39) reads
Mpk(’u) A,f,f“)a,,k iApk(M)a/;k’ (4.36) . 1
fpiﬁc) _ a;kApk(M)‘ f(O) = 3imgg2#0((:i7ro) Z akZ|qfeBljo dx
. k=0 qf
Using (4.10) as well as dkodks 1 wan
f dkydxi AV at ], =0, Qay [+ x(1 = x)mZy — m*’ '
4.37) for nonzero eB and vanishing 7 and u, as well as
[dk2dX1Apk apk|p2 k= O o 1
0) _ (0)
and performing the integration over k, and x, in (4.34) for fm = 73mg,, w2 19seBl 1;) Xk .[0 dx
q = Q#Us we get dk o N
Y3(G,0) =0, fori=123 (4.38) (27:)2 SO (x)), (4.42)

Thus, in order to determine f 5:3) from (4.29), especially in
the spatial directions, we have to expand the r.h.s. of
(4.29) around G0, and then evaluate both sides at § 0.

Keeping in mind that g(“ ) 0. appearing on the r.h.s of

(4.29) and defined in (3. 23) depends, in general, on g,
we obtain

fO =m e (@)Y (G, (4.39)

(4.40)

Sor = 8qqu (@) - 70 LN G,

for i = 1, 2, 3. In what follows, Egs. (4.39) and (4.40) will
be used to determine the analytical expressions for fi:é),
m=0..73

at finite (T, u, eB). Here, S;O)(w,’:o(x)) with w,’jo(x) from
(4.14) is defined in (4.15) and can be evaluated using the
recursion relations in (4.18).

Plugging i = 1 into (4.40), we arrive first at

dkydk
19 = 6tmg;q),,o(q7ro) (2077)33
p.k=0 qf

oy M 4 5 MW
X[dkzdxl[ 2 1_ pk {72 19 ]
(p* — m*)(k* — m?)

i

éﬂ_o,b.c.

(4.43)

where .’M[f,fl) are defined in (4.36) with w = 1. The inte-
grations over k, and x; can be performed using

065030-16



WEAK DECAY CONSTANT OF NEUTRAL PIONS IN A HOT ...

lgeBl

fdkzdxlx] pk(l)alfk:_ 4\/_ [H 5pk l(\/_—i—\/ )

T 16,p 61 (WVk+15 Vi)l
(4.44)

After plugging (4.44) into (4.43) and summing over p, by
making use of the method described in the Appendix, we
arrive, after some work, at

14 = 6img!| o(qw‘))z Zqu Blfciﬁ(f)]?

X
(ki + x(1 — x)m2, — m2 —2lgseBl(k + x)J’
(4.45)

for nonvanishing eB and at zero (T, w). At finite (T, u, eB),
we therefore get

1
£ = —6mgl) (G) Z > queBlfo dx
=0 qf
dk
X f (27:2 T (X)) (4.46)

To determine f( 2, we use (4.40) with i = 2. Plugging
(4.34) into the resulting expression, using

e
f dkydx, % —— e A, =0, (4.47)
as well as
d ot
[dkzdxlA dk |p2—k2
_ slgyeB| -
- (11,8, 1(VE = VE=1)
= 5p,k+l(\/k 1 \/%)] (4.48)

and eventually summing over p, using the method pre-
sented in the Appendix, we arrive, after some algebraic
computations, at

12 =12

with f7 W given in (4.45) for nonvanishing ¢B and at zero
(T, ,u), and in (4.46) for finite (7, u, eB). Finally, setting
i = 3 in (4.40), and using (4.10) to perform the integration
over k, and x;, keeping in mind that, according to (4.33),

(4.49)

A;fk@ A pk(o)’ we arrive easily at

12 =ro. (4.50)
with fg?g given in (4.41) for nonvanishing eB and at
zero (T, u), and in (4.42) for finite (7, u, eB).

Using (4.42) and (4.46) as well as (4.49) and (4.50) for
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fg:g), it can easily be checked that, in the limit m_o — O,
f;’f,) satisfies fir = m| FE1V2, with T4 given explic-
itly in [9]. Comparing this relation with the definition of
fg:é) from (3.31) with € = 3, it turns out that the dimen-
sionful constant f3, appearing originally in the Ansatz
(3.27), is, in the limit of vanishing m_o, equal to the
constituent mass m. In Sec. IV B, after numerically com-
puting f (:0) from (4.42) and (4.46), we will determine the
coefficient f3 using (3.31) and compare its 7 dependence
for fixed u and eB with the T" dependence of the constitu-
ent mass m for arbitrary T-dependent m_o. But, before
doing this, let us analytically verify the modified GT
relation (3.32). In Sec. III B, we have used (3.36) to prove
(3.32). For zero magnetic fields, the explicit form of Yf[" as
a function of the fermion propagator S(p) is to be used to
verify (3.35). In the presence of magnetic fields, however,
where nontrivial Ritus propagators Sy(p) from (2.24) are
to be used to determine Y‘)m, relation (3.35) cannot be
directly proved. To show the GT relation for neutral mag-
netized pions, we use, instead, the analytical results of
YE)33) and (g(o) 0 2 and verify first the following relation:

Y6V (G0) = mmop(e )72+ Om2,).  (451)

Combining further (3.27) and (3.29) for € = m = 3, and
evaluating the resulting expression

2
8oqro Y32 () = f3l FRI2u%?q,,,

on the pion mass shell, i.e., for ¢ = G0 = (m o, 0), we
obtain

80qm Y0 (G0) = f3] FRlm o, (4.52)
which leads, together with (3.24) and (4.51), to
gqqﬂ'Uf3 =m+ @(m/ﬁ'o)) (453)

and eventually, upon using (3.24) and (3.31), to the GT
relation

(") 0f(”) =m+ O(m,), (4.54)

8 gq

for neutral pions. Note that (4.53) is the same as (3.37) with
€ = 3. In Sec. III B, we have shown how the GOR relation
(3.33) for neutral pions,

myo,
m?_rofgrlf))z = gTMU)Z 070 + @(m(Z))

G (4.55)

can be derived from (4.53) and (3.38). As concerns the
proof of (4.51), we use (4.34) and (4.35) with u = 0.
Using (4.10) to perform the integration over k3 and x,
we arrive at
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Y2 (G0) = 3imm. > aqu,. [ %
X 1
[(ko + mp)* = k3 = 2lqeBlk — m’]
X 1
[kﬁ - 2|qfeB| —m?]

(4.56)

Expanding the r.h.s. of this relation in orders of m 0, we get

Y= —3mm oZaka(dk3 S(O)(wk)-i-@(mio),

Yg;}) (q 2 )2

(4.57)

at ﬁnite (T, “ ¢B). Here, SY(w,) is defined in (4.15) and
w} = k3 + m* + 2|qg eBlk. On the other hand, let us con-
sider (gqu(qM)) 2 from (4.13). For M = #°, it consists of
two terms. Neglecting the second term proportional to m> 0
expanding S (0)((» (x)), appearing in the first term around

m_o = 0, and eventually integrating the resulting expres-
sion over the Feynman parameter x, we get

(&) (G2 =3 Z akz f (jk;25§°>(wk) +O(m2,),

(4.58)

which, together with (4.57), leads to (4.51). This proves the
GT and GOR relations in the limit m_o — 0. In what
follows, we will numerically verify, among others, these
relations for arbitrary pion mass at finite (7, u, eB).

B. Numerical results

In the previous section, we determined analytically the
directional quark-meson coupling and neutral pion decay

constants, g;‘;;w M € {o, 7’} and fg:f)) , at finite (T, u, eB)
up to an integration over k3 momentum and a summation
over discrete Landau levels. Using these analytical results,
it is possible to prove the GT and GOR relations in the limit

of m_o — 0. In the present section, we will numerically

determine the T dependence of g;’;zu, M € {o, 7} and

f(“ ) for zero chemical potential and ﬁnite eB = 0.03, 0.2,

0.3 GeV?. We will compare g0, with g\, which corre-

sponds to quark-meson couplings in the longitudinal and
transverse directions with respect to the direction of the
external magnetic field. We then present the results for the

T dependence of f;“o) for vanishing chemical potential

and fixed eB, and will compare f ifg with fso) Using these
numerical results, and the results from our previous paper
[9], we will numerically determine the dimensionful
constant f3, appearing in the definition (3.31) with € = 3.
We will show that, for arbitrary m o, it is given by the
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FIG. 8 (color online). The T dependence of directional
quark-meson couplings is demonstrated for eB =0 (a) and
eB = 0.2 GeV? (b) and (c). Solid blue curves are directional
quark-sigma couplings gg’;l-, and the dashed red curves are the
directional quark-pion couplings gEI’L; )70. In contrast to eB # 0, for
eB = 0, there is no difference between the quark-meson couplings
in longitudinal and transverse directions with respect to the direc-
tion of the external magnetic field eB.

constituent quark mass m. Finally, a numerical verification
of the GOR relation will be presented.

Let us start by fixing the parameters of our specific
model, A, G and m,. As in [9,30], we have used

A =0.6643 GeV, G = 4.668 GeV?,

(4.59)
my =5 MeV.

The UV momentum cutoff A is necessary to perform the k;
integrations in the results for 85;;314’ M € {o, m°} and fg:é)
from previous sections. It is also used to determine the

upper limit ¢ for the summation over Landau levels. We
will fix ¢ by building the ratio [ﬁ;lj = ¢, where |z] is the
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FIG. 9 (color online). The T dependence of directional quark-
pion couplings g;’; 17“ are demonstrated for vanishing chemical
potential and eB = 0.03, 0.2, 0.3 GeV2. In (a) and (b), the
longitudinal coupling g(q(;)ﬂo = gfq)#o and transverse coupling
gf;q) o= gffq)ﬁo are plotted, respectively. The couplings show
different behaviors by increasing the strength of the magnetic
field eB at fixed T, and similar behaviors before and after the
transition temperature 7, ~ 200 MeV.

greatest integer less than or equal to z. To perform the
momentum integrations over k and k5, we use, as in [9,30],
smooth cutoff functions

1
fao=—7
1+ exp (lklA A) (460)
= 1
AB 0\’
1+ exp («/k%JrZIqueBlk A)

which correspond to integrals with vanishing and nonvan-
ishing magnetic fields. In f’jL - the upper index k labels
the Landau levels. In (4.60), A is a free parameter that
determines the sharpness of the cutoff. It is fixed to be
A = 0.05A, with A from (4.59). As we have also men-
tioned in Sec. 11, fixing the free parameters of the model as
in (4.59), the constituent mass m at zero (T, u, eB) turns
out to be m ~ 308 MeV, as expected. Moreover, the pion
mass and decay constant for vanishing (7, u, eB) are given
by m, ~ 139.6 MeV and f, = 93.35 MeV, respectively.
These values are expected from the phenomenology of a
two-flavor NJL model [3]. We will limit all our numerical
computations in this section in the interval T &
[0,400] MeV for vanishing w and eB =0, 0.03, 0.2,
0.3 GeV2. As we have shown in [9,30], in this interval

PHYSICAL REVIEW D 88, 065030 (2013)
(@) u =0 MeV, eB = 0.03 GeV?

RORNC]
Bgan = Buad
o _ L@
qqn’ ~ Sqqn”

A
&)

w w »
o &) =)

Effective Coupling to °

N
&)

E——— —_———

N
=}

(b) = 0 MeV, eB = 0.2 GeV?

0 _,03
4.5 Bqar = Sqa
n _ L0
qar’ ~ ©qar’

4.0

3.5

3.0

Effective Coupling to °

P —m——m = ———

0 100 200 300 400
T (MeV)

(©) u = 0 MeV, eB = 0.3 GeV?

O _,3
Zaqnd = Eqqn
NONC))
—— 8y = &g

A
&)

w w by
=) o =)

Effective Coupling to °

N
[

e ———————
b o o

N
=]

0 100 200 300 400
T (MeV)

FIG. 10 (color online). Longitudinal (blue solid curves) and
transverse (red dashed curves) quark-pion couplings, gg);wo =
g(:q)ﬂ'“ and gi{lq)wo = g(qzq)wo, are compared in the interval T €
[0,400] MeV for vanishing chemical potential and various
eB = 0.03 GeV? (a), eB = 0.2 GeV? (b) and eB = 0.3 GeV?>
(c). As it turns out, the longitudinal coupling is always greater

than the transverse coupling.

the chiral symmetry of the theory is broken and the quark
condensate o, ~ (i i), appearing in m = m, + o, plays
the role of the order parameter of the transition from a
chirally broken to a chirally symmetric phase.

In Figs. 8(a), 8(b), and 8(c), we have plotted the T depen-

dence of the directional quark-meson coupling g(q’;),f (solid

blue curves) and g;’; )770 (red dashed curves) for eB = 0
[Fig. 8(a)] and eB = 0.2 GeV? [Figs. 8(b) and 8(c)].
Whereas for eB = 0, there is no difference between 85;(214’
M € {o, 7°} for different directions w = 0, ..., 3, foreB #
0, the longitudinal and transverse quark-meson couplings for
o and 7° are different [compare the solid blue and dashed red
curves in Figs. 8(b) and 8(c)]. At certain temperature 7,
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FIG. 11 (color online).

(a) The T dependence of f,o for vanishing chemical potential and magnetic field. (b) and (c) The T

dependence of longitudinal (b) and transverse (c) decay constants of neutral pions are plotted for zero chemical potential and

nonvanishing eB = 0.03, 0.2, 0.3 GeV>.
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FIG. 12 (color online).
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The T dependence of longitudinal (blue solid curves) and transverse (red dashed curves) decay constants of

neutral pions, f 52,) and fSTlo) , are compared for vanishing chemical potential and nonvanishing eB = 0.03, 0.2, 0.3 GeV?2. As it turns out,
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FIG. 13 (color online). The T dependence of f3 appearing in
the PCAC relation (3.27). Here, f3 is determined using f; =
fi)o)l FRI2 from (3.31) with € = 3. Comparing these results
with the corresponding data from the 7 dependence of the
constituent quark mass m, it turns out that f; = m for an
arbitrary value of m 0.

the two curves cross, i.e., g(q’ng becomes equal to g;’; )77 o. For

T < Tqrosss gg’ng < g;l;)wO and for T > T, g%l, > g(q’;lTo.

Moreover, as it turns out, for eB = 0, Tgiss < Teross < T'Mott-
For eB # 0, however, we have to separate the longitudinal
and transverse cases. Whereas for longitudinal

couplings, we have Tyieq < Teross < Tmor> fOT transverse cou-
plings, we get Tooes < Tiss < Tmon- Whether this tempera-
ture is of certain relevance, in particular, in the scattering
length and the total cross section of meson-meson scattering,
where the thermodynamic properties of quark-meson cou-
plings play an important role is under investigation.

In Fig. 9, the T dependence of directional quark-pion

couplings, g;’; )70, is plotted for vanishing chemical potential

and various eB = 0, 0.03, 0.2, 0.3 GeVZ. The longitudinal

quark-pion coupling ggz)wo = gffq)wo from (4.13) with

M = 7° is plotted in Fig. 9(a), and the transverse quark-

W =282, from (4.25) with M = 7 is

plotted in Fig. 9(b). Whereas the behavior of longitudinal and
transverse couplings is different by increasing the strength of
the external magnetic field for a fixed temperature, it turns
out to be similar when we increase the temperature from
T =0toT = 400 MeV. An inflection point arises in direc-
tional quark-pion coupling constants around the critical
temperature 7 ~ 200 MeV. Comparing the longitudinal
and transverse quark-pion couplings in Fig. 10, it turns out

that g , > ¢V | inthe interval T € [0, 400] MeV and for
qq7 aq

fixed chemical potential and magnetic fields. This is a direct
consequence of the fact that the transverse refraction
index of pions is larger than unity: As we have seen in

. 2 . _
Fig. 4, ull) = u(wg > 1. Using gz’;;() = gl F55°1 1/2

0

pion coupling g
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FIG. 14 (color online). The T dependence of f (red squares) is compared with the 7 dependence of mI Fid 1/2 (black solid lines)

for longitudinal w = 0, 3 (a—c) and transverse dlrectlons m = 1,2 (d—e). Together with the definition f(

f3|f 12 from (3.31)

with € = 3, we obtain f3 = m, as expected also from the comparison of the data of f3 in Fig. 13 and the constituent quark mass

m = my + oy in Fig. 1.
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FIG. 15 (color online).

lines) is compared with —2¢%

261y

(red dots) (a—) and with u')’ mO"jz

2G

To verify the relation (4.61), suggested by the GOR relation (4.55), the T dependence of m? - (black solid
(red dots) (d—f). Relation (4.61) seems to be exact, especially at

temperatures below the critical temperature and for small eB.

from (3.24) with ¢ = 3 and M(M) = | Fu ) FY 1/2 from Let us now consider the longitudinal and transverse pion

(3.17), we will get g — gqqﬁ0| FY ~1/2 a5 well as  decay constants, fﬁ?o) = f(g) and f(l) = f(z) from (4.42) and
o (1) (1) ) ) (4.46), respectively. In Fig. 11(a), the T dependence of f o
J ?1(1)7 — 8 quO/ “ For tzo = 1, 1t turns out that ¢ gqr = s plotted for vanishing chemical potential and magnetic

8 4qm> S is observed in Fig. 10. fields. In Figs. 11(b) and 11(c), the T dependence of
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longitudinal and transverse decay constants of neutral
pions, f_ (0(? and f () 4, 1s plotted for zero chemical potential
and nonvanishing magnetic fields eB = 0.03, 0.2,
0.3 GeV2. In both cases, f;“o) is large below the critical
temperature and decreases with increasing temperature. At
a fixed temperature, the directional pion decay constants
increase as the strength of the magnetic field increases. In
Figs. 12(a), 12(b), and 12(c), we have compared the T
dependence of the longitudinal and transverse decay con-
stants for w = 0 and eB = 0.03, 0.2, 0.3 GeV?. As it turns
out, fgfo) < nglo) . This behavior is again related to u(;g >1
from Fig. 4: Using the definition fET’f)) = f3| F 1Y from
(331) with € = 3, and u'%) = | F4*/ FR|/? from (3.17),
it turns out that f(O) = f3|]:00 172 and f(l) = fgfgu(;g. For

(1) > 1, we have therefore f(O) < f(l), as observed in

o _ 0 1)
ggmd gqqﬁo/u and

79 = £9ul) yields the GT relation (3.32).
Using the corresponding data of f(w0 and the definition

of directional decay constant fgr’f)) from (3.31) with € = 3,
it is possible to determine the 7" dependence of f3 defined
by fgr‘é) = f3l F441V2. To do this, we have also used the
data corresponding to the 7' dependence of F4* from our
previous paper [9]. In Fig. 13, we have presented the T
dependence of f3 for vanishing chemical potential and
various eB = 0.03, 0.2, 0.3 GeV?. Comparing these results
with the corresponding data from the 7" dependence of the
constituent quark mass m, it turns out that f; = m for an
arbitrary value of m_o. According to our arguments from
[9], for a fixed T and w, the constituent quark mass
increases with increasing strength of the magnetic field
(see also Fig. 1). This is because of the phenomenon of
magnetic catalysis [5,6]. We conclude therefore that the
behavior of longitudinal and transverse pion decay con-
stants in external magnetic fields at fixed temperature and
chemical potential is mainly affected by this phenomenon.

Note that another way to verify f3 = m is to compare
the T dependence of fET’f)) on the L.h.s. of the relation f i:ﬁ) =
m| F4|'/? with the T dependence of m|F4|'/? on the
r.h.s. of this relation for longitudinal directions u = 0, 3
[Figs. 14(a), 14(b), and 14(c)], and transverse directions
wm =1, 2 [Figs. 14(d), 14(e), and 14(f)]. The red squares
denote the data for f;’é), pm = 0, 1 and the black solid lines

the combination m| F®|'/2 for longitudinal x = 0, 3 and
m| F'1|1/2 for transverse u = 1, 2 directions.

Let us now consider the GOR relation (4.55) for neutral
pions. In Sec. IVA, we have analytically proved the GOR
relation (4.55) in the limit of vanishing m_o. In Fig. 15,
however, we have compared the 7 dependence of the

Flg. 12. Note that combining g

expression u(’ﬁ) zg‘}'(’,ﬂ) (red dots) with the 7" dependence of

mwo (black solid lmes) for any value of m_o for various

PHYSICAL REVIEW D 88, 065030 (2013)

eB = 0.03, 0.2, 0.3 GeV?2. In Figs. 15(a), 15(b), and 15(c),
we present the data for longitudinal directions, i.e., for
pm = 0 with u(:o) = u(j? = 1 [see Fig. 4(b) for the longitu-
dinal refraction index of neutral pions], and in Figs. 15(d),
15(e), and 15(f) the data for transverse directions are pre-
sented. Note that, according to Fig. 4, the transverse refrac-
tion index of neutral pions is larger than unity. As it is shown
in Fig. 15, the relation

2 ()2 _mom

4.61)

7T

seems to be exact in the interval below the critical
temperature. As we have explained in [9], the critical tem-
perature is defined by the temperature from which the
neutral pion mass starts to increase. The deviations of
the expression on the r.h.s. of (4.61) from mio on the lLh.s.

of this relation depend on ¢B and T.

V. SUMMARY AND CONCLUSIONS

Uniform magnetic fields affect the properties of mesons in
hot and dense quark matter. In our previous paper [9], we
systematically studied these effects on the pole and screening
mass as well as the refraction index of pions. In the present
paper, we continued with exploring the effect of constant
magnetic fields on the pion weak decay constant. One of
our first observations was that external magnetic fields break
the isospin symmetry of pions, insofar as charged and neutral
pions behave differently in the external magnetic fields. In
contrast to the studies performed in [32,33], where chiral
perturbation theory is used to study the effect of constant
magnetic fields on the properties of charged pions, we focused
on the properties of neutral pions in external magnetic fields.

In this paper, following the same method as in our
previous paper [9], we used an appropriate derivative
expansion up to second order and derived the effective
action of a two-flavor bosonized NJL model at finite
(T, u, eB) in this approximation. The resulting effective
action is given as a functional of o and 7° mesons and
includes a kinetic and a potential part. To derive the mass
and refraction indices of neutral mesons, we focused, in
particular, on the nontrivial kinetic part of the effective
action, including nontrivial form factors. They were eval-
uated in [9] using the method presented in Sec. II. As it
turns out, they play an essential role in defining the pole
and screening mass as well as the directional refraction
indices of neutral pions. As concerns the pions’ refraction
index, it turns out that in the presence of a constant
magnetic field, aligned in a fixed direction, the refraction
indices of neutral pions parallel to the direction of the
external magnetic field and in the plane perpendicular to
this direction are different. Within our approximation,
where the contributions of pion-pion interactions are
neglected, and at 7 # 0 and eB # 0, the longitudinal
refraction index is unity for all nonvanishing 7 and eB,
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while the transverse refraction index is larger than unity.
This is in contrast to the case T = 0 and eB = 0, where the
refraction index for neutral pions in all spatial directions is
equal to unity. This is also in contrast to the case 7 # 0 and
eB = 0, where all spatial refraction indices are equal to
and smaller than unity [14—16]. One of the possibilities to
improve the results in this paper is to include pion self-
interaction terms in the original Lagrangian for pions and
to study the 7 dependence of directional refraction indices
in the longitudinal and transverse directions in that setup.

Our central analytical result in this paper is presented in
Sec. III. In Sec. IIT A, we briefly reviewed the method
introduced in [3] and derived the weak decay constant of
pions at zero T and eB. In this case, the pions satisfy an
ordinary isotropic energy dispersion relation E2 = q° +
m2., and the weak decay constant f . is given by combining
the ordinary PCAC relation and the Feynman integral
corresponding to a one-pion-to-vacuum amplitude. As a
by-product, the momentum-dependent quark-pion cou-
pling constant g,,(g) is also defined. Our starting point

in Sec. III B, however, was an anisotropic energy disper-

E2 = ugi)zq,z
0]

refraction indices us/, i = 1, 2, 3. Note that, according to
the above arguments, the case of nonvanishing magnetic
field and/or finite temperature can be viewed only as
special cases of the general assumption of Sec. IIIB."?

Introducing a modified PCAC relation with a nontrivial

four-vector u(’f ) — (1, u%), as given in (3.27), and follow-

ing the same arguments as in Sec. III A, we derived the
modified GT and GOR relations, (3.32) and (3.33), includ-
ing the directional pion weak decay constant f(’é) and the
(;L)

sion relation, + m2, including directional

directional quark-pion coupling constant 844

In Sec. IV, we then used the results arising from the general

(w) ), as

well as f 570 at finite 7" and eB, first analytically in Sec. IVA,
and then numerically in Sec. IVB. As it turns out, the

longitudinal and transverse quark-pion coupling and weak
|

treatment presented in Sec. III B and determined 844
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decay constants satisfy gfIOq) gffq)ﬂ #* g(qlq)770 = gflzq)wo and
fgfg = fgjo) #* fSTlg = ffg We determined numerically their

T dependence for various eB. We showed that, whereas

giloq)w gE{BWO, we have f(o) < f(] This is a direct conse-
o

quence of the fact that 1 = u(og <u_,,asis shown in Fig. 4.
Moreover, for a fixed u and eB whereas the mass of neutral
pions increases with increasing T [see Fig. 3(b)], the direc-
tional decay constants of pions decrease with 7. At fixed u
and T, they increase with increasing strength of the external
magnetic field (see Fig. 11). As concerns the behavior of
pions’ directional decay constants fi:ﬁ), m=0,...,3 near
the chiral transition point 7., it turns out that, independent of
the direction, they are almost constant but large at 7 < T,
start to decrease at T = T, and remain constant but very small
at T > T.. Moreover, the slope of this decrease as a function
of T depends on the strength of the external magnetic field.

The behavior of gi’; )7T oand f ST’Z;) in the external magnetic field

and at finite 7 is strongly related to the behavior of the
constituent quark mass m at finite 7 and e B. This relationship
is reflected in the low energy relations of neutral pions, the
GT and GOR relations. We not only derived these relations
analytically in Sec. IV A, but also verified them numerically
in Sec. IV B. The behavior of the constituent quark mass m
at finite 7 and eB was discussed extensively in our previous
paper [9]. Comparing Figs. 1, 11(a), 11(b), and 11(c), it turns
out that m and f 5:{;) have similar 7" dependence for a fixed eB.
The phenomenon of magnetic catalysis is reflected in the fact
that at fixed u and T, they both increase with increasing eB.
As we have shown in Sec. III, f:ﬁ) and m are proportional,
and the proportionality factor is, according to the GT
relation (3.32), 1 /g(q’;L_O
can be improved by improving the approximation we
have used to determine the kinetic coefficients to higher
order derivative expansion, or by making use of the func-

tional renormalization group method, which was recently
used in [34].

. Let us finally note that our results

APPENDIX: USEFUL RELATIONS

In this appendix, we present a number of useful relations leading to the analytical results presented in Sec. I'V. Let us start

with the orthonormality relations of f[',” appearing in (2.26),

[ ansi s @l = oy

/dxlxlfgs(x)f;s(me:kz = {1 CSp -1 + M1 Crv1 0 k1 + 5€pk2 S 1k

fdxlx%f;‘v(x)f;:r‘v(x)|p2:k2 = (3{Q2C5 1 + €3k + TLIL | CrCrm1 852 + Crs1 Crin b psn

+ 21, Cyslhy 8, k1 + 213y Cry15€5ka 8, 111} (A1)
SRemember that at finite tem})erature the refraction indices satisfy ul) = u? = ul) = u [see (1.4)]. For nonvanishing magnetic

fields, however, they satisfy uw u? # ud [see (1.5)].
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and

1)
fdsz;'Y(O)f (0)|P2 =k = ggk’

[ dhokof £0)f O]y, = —

PHYSICAL REVIEW D 88, 065030 (2013)

s
F{Ckﬂ 8,1 T I Cy8, -1},
B

(A2)
[dek%f;s(o)f;—s(O)lp2=k2 €4 {2C% 18k + I, CLCro 16 -2 + Cri1 Cri28 p pi)-
Here, C, = fand € = ———. To derive these relations,
we have use ? qufe I I'= dxf(P k, )18, -1 F(p, k)
pk 0
+s — +s +s
01 fp () = il i1 Cpin f31 (1) + LG, 1% () + Bp,kﬂG(p, k)] (A8)

+stppaf, (O},

s . .
pi]J;S(x) == g{np+lcp+1f;j—1(x) + Hpcpf;ll(o)}
(A3)
Apart from (4.44), we have
[dxldkleAp,fl)a;k
= @{2chkak 1,6, 5-1(Cy + Cy—y)
— 418, 441(Crr — Cl (A4)
as well as
1
]dx1dk2x1Apk1)a; E{kasp,kﬂ(ck — Ci-1)
B
- Hk+15p,k+1(ck+1 - Ck)},
(A5)
which can be used to derive (4.48) as well as
d 1 1
[dxldkzﬁ[a;kA;i ) + apkA ( )]|p2=k2
= 2€2 [H 6pk 1+6pk 1] (A6)
Similarly, we have
d 0 — -0
[dxldkzd—kz[a;kA;,i '+ ap A0
s
= _W[Hkap,k—l + 8, k—11 (A7)
Finally, we present the method leading to g o from (4.25)

and to f from (4.45). The relations leadlfilqg to (4.25) and
(4.49) have the following general structure:

The aim is to show

1
=) [ dxf(k + 1,k x)[F(k k) + G(k + 1,k)].  (A9)
k=070
Starting from (A8) and summing over p, we arrive first at

=y fl AT, f(k — 1, k x)F(k — 1, k)
& Jo
+ flk+ 1,k x)G(k + 1, k)]. (A10)

Changing the variables in the first term and using the
property of f(p, k, x),

flkk+1,x)=flk,k+1,1—x),

we arrive at

® [l

= dx[f(k, k+ 1,1 — x)F(k)
N Y
+ fk+ 1,k x)G(k + 1)].

Then using the symmetry property

1 1
f dxfk+1,k1—x) = f dxf(k + 1,k x),
0 0

we arrive at (A9). In all our examples in Sec. IV, f(p, k, x)
has the general form

A + B./pk

[C+ x(1 — x)m*> + D(px + k(1 — x))]*

f(p, k, x) =
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