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All unitary irreducible representations of the centrally extended (N-odd) N-conformal Galilei group are

constructed. The ‘‘on-shell’’ action of the group is derived and shown to coincide, in a special but most

important case, with that obtained by Gomis and Kamimura [Phys. Rev. D 85, 045023 (2012)].
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I. INTRODUCTION

The N-conformal Galilean algebras/groups provide the
generalization of the celebrated Schrödinger algebra/group
(N ¼ 1) discovered in the nineteenth century in the context
of classical mechanics [1] and the heat equation [2] and
subsequently rediscovered in the twentieth century as the
maximal symmetry group (consisting of point transforma-
tions) of free motion in quantum mechanics [3]; the mathe-
matical structure and geometrical as well as physical status
of the Schrödinger group has been studied quite exten-
sively [4].

The higher (N > 1) N-conformal Galilean groups are
also interesting, both from mathematical and physical
points of view. Their detailed description was presented
in the paper by Negro et al. [5]. They were further studied
in numerous papers [6].

The N-Galilean conformal algebras split naturally into
two classes: for N odd they admit a one-parameter central
extension [7–9] while no central extension is admitted for
N even (except the case of two-dimensional space when
the central extension exists for all N).

One can pose the question concerning the general form
of dynamics (both classical and quantum) which is invari-
ant under N-conformal Galilei transformations. For the
N-odd and nontrivial central extension, the answer was
provided in Ref. [8]. It appeared that the centrally extended
oddN-conformal algebra was the symmetry algebra of free
dynamics described by the Lagrangian containing Nþ1

2 -th

order time derivatives. This conclusion has been confirmed
in Ref. [10], where the orbit method [11] was applied to the
problem of classification of all invariant Hamiltonian struc-
tures. It appears that the most general canonical system
invariant under the N-conformal Galilei group consists of
the set of ‘‘external’’ canonical variables together with spin
and pseudospin ones, corresponding to the SUð2Þ and
SLð2; RÞ subgroups, respectively; the dynamics of the
external variables is described by the Ostrogradski
Hamiltonian [12]. The authors of Ref. [8] computed also
the action of the N-conformal Galieli group on wave
functions obeying the relevant Schrödinger equation
(on-shell action) and demonstrated its invariance.

In the present paper we complete the picture by finding
all irreducible unitary representations of the centrally ex-
tended N-conformal Galilei group. Then we show that,
when restricted ‘‘on shell,’’ they yield the generalization
of transformation rules derived by Gomis and Kamimura
[8]. Our results extend (to any odd N) those obtained by
Perroud [13] for the case N ¼ 1 (Schrödinger group).

II. THE N-CONFORMAL GALILEI
ALGEBRA AND GROUP

The N-conformal centrally extended Galilei algebra is
described by the following nontrivial commutation rules:

½D;H� ¼ iH; ½D;K� ¼ �iK; ½K;H� ¼ 2iD;

½Ja; Jb� ¼ i�abcJ
c; ½Ja;Cb

j � ¼ i�abcC
c
j ;

½H;Ca
j � ¼ �ijCa

j�1; ½K;Ca
j � ¼ iðN� jÞCa

jþ1;

½D;Ca
j � ¼ i

�
N

2
� j

�
Ca
j ;

½Ca
j ;C

b
k� ¼ i�ab�Njþkð�1Þk�jþ1

2 k!j!M;

(2.1)

here a; b; c; . . . ¼ 1; 2; 3; j; k; . . . ¼ 0; 1; . . . ; N and N is
odd. For N even the commutation rules look the same
except the last one, where one should put M ¼ 0.
The structure of the algebra (2.1) is quite simple. We

have three subalgebras: suð2Þ, spanned by J’s; slð2;RÞ,
spanned by H, D, and K; and the Abelian one, cN , which,
for N odd, can be centrally extended to the solvable
algebra, ~cN . Denoting by gN the algebra defined by the
commutation rules (2.1), we have

gN ¼ ðsuð2Þ � slð2;RÞÞ⨮ð~cNÞ: (2.2)

The semidirect sum is defined by demanding that cN � R
span the representation Dð1;N2Þ �Dð0;0Þ of suð2Þ � slð2;RÞ.
The conformal Lie algebra can be easily integrated to

yield the corresponding group Gn. We present below the
form valid for any N (i.e., without central extension; it is
not difficult to write out the extended version). It reads [14]

ðg; ~g; XiaÞ � ðg0; ~g0; X0
iaÞ

¼ ðgg0; ~g~g0; RabðgÞX0
ib þ XjaðDN

2 ð~g0ÞÞji Þ; (2.3)*k-andrzejewski@uni.lodz.pl

PHYSICAL REVIEW D 88, 065011 (2013)

1550-7998=2013=88(6)=065011(9) 065011-1 � 2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.88.065011


here g 2 SUð2Þ, ~g 2 SLð2;RÞ, RðgÞ 2 SOð3Þ is the

rotation corresponding to g, and DðN2Þð~gÞ is an element of
the (2N þ 1)-dimensional irreducible representation of
SLð2;RÞ. To obtain the universal covering of GN , one
has only to replace SLð2;RÞ with its universal covering.

III. IRREDUCIBLE UNITARY REPRESENTATIONS
OF CENTRALLY EXTENDED N-CONFORMAL

GALILEAN SYMMETRY

We are going to construct unitary irreducible represen-
tations of the N-conformal Galilean group with N odd
under the assumption that the central charge is nontrivial,

M ¼ m1; m � 0: (3.1)

Let us introduce new operators q̂ak , p̂a
k , a ¼ 1, 2, 3,

k ¼ 0; . . . ; N�1
2 , by the formulas

Ca
k ¼ ð�1Þk�N�1

2 k!pa
k; Ca

N�k ¼ mðN � kÞ!qak: (3.2)

The new operators obey the canonical commutation rules,

½qak; pb
l � ¼ i�ab�kl; (3.3)

and generate the Weyl group. The latter possess unique
irreducible unitary representation. Once it is written
out, one easily constructs the unitary representation of a
solvable subgroup of the (centrally extended) N-conformal
Galilei group, generated by Ca

k and M.

The remaining nontrivial commutation relations of
N-conformal algebra, written in terms of q’s and p’s, read

½Ja; qbk� ¼ i�abcq
c
k; ½Ja; pb

k� ¼ i�abcp
c
k;

½D; qak� ¼ i

�
k� N

2

�
qak;

½D;pa
k� ¼ i

�
N

2
� k

�
pa
k; k ¼ 0; . . . ;

N � 1

2
;

½K; qak� ¼ ikðN � kþ 1Þqak�1; k ¼ 0; . . . ;
N � 1

2
;

½K; pa
k� ¼ �iðN � kÞðkþ 1Þpa

kþ1; k ¼ 0; . . . ;
N � 3

2
;

½K; pa
N�1
2

� ¼ im

�
N þ 1

2

�
2
qaN�1

2

;

½H; qak� ¼ �iqakþ1; k ¼ 0; . . . ;
N � 3

2
;

½H; qaN�1
2

� ¼ �i

m
pa

N�1
2

;

½H;pa
k� ¼ ipa

k�1; k ¼ 0; . . . ;
N � 1

2
: (3.4)

The important point is that one can construct the operators
belonging to the universal enveloping algebra of
Heisenberg algebra, which [8,10]

(i) obey the commutation rules of suð2Þ � slð2;RÞ;
(ii) obey the same commutation rules with q’s and p’s

as ~J, H, D, and K.

They are defined as follows:

A¼m
XN�3
2

k¼0

pa
kq

a
kþ1 þ

1

2
ðpN�1

2
Þ2;

B¼�m
XN�3
2

k¼0

ðkþ 1ÞðN� kÞpa
kþ1q

a
k þ

m2

2

�
Nþ 1

2

�
2ðqaN�1

2

Þ2;

C¼m

2

XN�1
2

k¼0

�
N

2
� k

�
ðqakpa

k þpa
kq

a
kÞ;

La ¼ �abc
XN�1
2

k¼0

qbkp
c
k: (3.5)

It is easy to check that

½B;C� ¼ imB; ½C;A� ¼ imA;

½A; B� ¼ �2miC; ½La; Lb� ¼ i�abcL
c;

(3.6)

and that the commutation rules (3.4) are obeyed with Ja,D,
K, H replaced by La, 1

mC,
1
mB, and 1

mA, respectively.

Therefore the operators

sa ¼ Ja � La; d ¼ D� 1

m
C;

h ¼ H � 1

m
A; k ¼ K � 1

m
B

(3.7)

obey the suð2Þ � slð2;RÞ algebra commutation rules
and commute with q’s and p’s. Consequently, Eqs. (3.7)
define the decomposition of suð2Þ � slð2;RÞ generators
into ‘‘external’’ and ‘‘internal’’ parts, in full analogy with
the well-known decomposition of total angular momentum
into the orbital one and spin. This allows us to conclude
that the space carrying a unitary representation of the
N-conformal Galilei group is the tensor product of

L2ðR3ðNþ1Þ
2 Þ, which carries the representation of the Weyl

group generated by qak and p
a
k , k ¼ 0; 1 . . . ; N�1

2 , a ¼ 1, 2,

3 and the carrier space of the representation of the
SUð2Þ � SLð2;RÞ group generated by ~s, d, h and k.
The irreducible representations under consideration are

classified by the eigenvaluesm of the central chargeM and
the choice of the irreducible representations of SUð2Þ and
SLð2;RÞ groups mentioned above. The representations of
SUð2Þ are uniquely determined by the values of the
Casimir operator

C1 ¼ ~̂s2; (3.8)

while in the SLð2;RÞ case apart from the eigenvalue of the
second Casimir operator

C2 ¼ ĥ k̂þk̂ ĥ�2d̂2; (3.9)

we need some additional information concerning the
spectrum of one generator [15].
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Let us start with the case C1 ¼ C2 ¼ 0. Then the representation of internal SUð2Þ � SLð2;RÞ group is trivial and the total

representation space is L2ðR3ðNþ1Þ
2 Þ consisting of functions c ð ~q0; . . . ; ~qN�1

2
Þ square integrable with respect to the standard

Lebesgue measure. Due to the identification (3.2) the action of a centrally extended Abelian subgroup generated by the CN

subalgebra is easily expressible in terms of standard action of the Weyl group. It reads

ðei
P

N
k¼0

~xk ~Ckc Þð ~q0; . . . ; ~qN�1
2
Þ ¼ e

im
2

PN�1
2

k¼0
ð�1Þk�N�1

2 k!ðN�kÞ! ~xk ~xN�keim
PN�1

2
k¼0

ðN�kÞ! ~xN�k ~qk

� c

�
~q0 þ ð�1Þ1�N

2 ~x0; . . . ; ~qj þ ð�1Þjþ1�N
2 j! ~xj; . . . ; ~qN�1

2
þ
�
N � 1

2

�
! ~xN�1

2

�
: (3.10)

The action of the SUð2Þ subgroup is standard

ðUðgÞc Þð ~q0; . . . ; ~qN�1
2
Þ ¼ c ðR�1ðgÞq0

���������������!
; . . . ; R�1ðgÞqN�1

2

�������������������!Þ;
(3.11)

where g 2 SUð2Þ and RðgÞ 2 SOð3Þ is the corresponding
rotation.

It remains to find the action of the SLð2;RÞ subgroup. To
this end we use the Iwasawa decomposition [13,16] of
SLð2;RÞ

~g¼ � �

� �

 !

¼ cos ð�Þ sin ð�Þ
� sin ð�Þ cos ð�Þ

 !
u 0

0 u�1

 !
1 v

0 1

 !
; u> 0:

(3.12)

By noting that the slð2;RÞ generators in defining represen-
tation can be written as

D ¼ � i

2
�3; K ¼ �i�þ; H ¼ i��; (3.13)

we rewrite Eq. (3.12) in the form

~g ¼ ei�ðHþKÞei�DeivK; u ¼ e
�
2 : (3.14)

It is, therefore, sufficient to determine the action of one-
parameter subgroups generated by D, K, and H¼HþK.
The relevant generators in the representation under con-
sideration are 1

mC,
1
mB, and

1
m ðAþ BÞ, respectively.

Let us start with the dilatation generator. Taking into
account the explicit form of the operator C, we find
[Uð�Þ ¼ ei�D]

ðUð�Þc Þð ~q0; . . . ; ~qN�1
2
Þ

¼ e
3�
16ðNþ1Þ2c ðeN�

2 ~q0; . . . ; e
ðN2�jÞ� ~qj; . . . ; e

�
2 ~qN�1

2
Þ: (3.15)

The action of UðvÞ ¼ eivK is slightly more complicated.
Detailed computations are given in Appendix A; we quote
here only the final result

ðUðvÞc Þð ~q0; . . . ; ~qN�1
2
Þ ¼ eiFðvÞc ð ~q0ðvÞ; . . . ; ~qN�1

2
ðvÞÞ;
(3.16)

where

~qjðvÞ ¼
Xj
p¼0

j

p

 ! ðN � jþ pÞ!
ðN � jÞ! ð�vÞp ~qj�p

FðvÞ ¼ m

2

�
N þ 1

2

�
2 Z v

0
du ~q2N�1

2

ðuÞ:
(3.17)

Finally, consider the action of a compact subgroup gener-
ated by H ¼ H þ K ¼ 1

m ðAþ BÞ. In this case the gen-

erator is a second order differential operator; therefore, the
action of the compact subgroup is nonlocal. Denoting by
H ð ~q; ~q0;�Þ the kernel of exp ði�H Þ, one can write

ðei�H c Þð ~q0; . . . ; ~qN�1
2
Þ

¼
Z

d3 ~q00 � � � d3 ~q0N�1
2

H ð ~q0; . . . ; ~qN�1
2
; ~q00; . . . ; ~q

0
N�1
2

;�Þ
� c ð ~q00; . . . ; ~q0N�1

2

Þ: (3.18)

The algorithm of constructing the kernel H ð ~q; ~q0; �Þ is
presented in Appendix B. Due to the fact thatH is defined
by a quadratic form in canonical variables, the problem is
obviously exactly solvable; the final form is, however,
quite involved.
Let us now consider the general case C1 � 0 and/or

C2 � 0. Due to our decomposition of generators into ex-
ternal and internal parts, we conclude that the carrier space
consists of square integrable functions taking their values
in the representation space of the representation of
SUð2Þ � SLð2;RÞ [or, more generally, the universal cover-
ing of SLð2;RÞ generated by ~s, d, k, and h; note that due to
noncompactness of SLð2;RÞ the relevant unitary represen-
tation is infinite dimensional (except the case C2 ¼ 0)].
The complete classification of unitary irreducible repre-
sentation of SLð2;RÞ and its universal covering is well
known [15,17]. For convenience we use the matrix notation
both for representations of SUð2Þ and SLð2;RÞ (in the
latter case, the matrices are infinite dimensional so in
practice it is better to work with functional realizations).
Let D and � denote the relevant matrix representations of
SUð2Þ and SLð2;RÞ, respectively. In order to write out the
action of the group, we first note that our relations (3.10)
remain unchanged. The SUð2Þ subgroup acts as follows:

ðUðgÞc Þ�pð ~q0; . . . ; ~qN�1
2
Þ

¼ DprðgÞc �rðR�1ðgÞq0
���������������!

; . . . ; R�1ðgÞqN�1
2

�������������������!Þ: (3.19)
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As far as SLð2;RÞ is concerned we obtain

ðUðei�DÞc Þ�pð ~q0; . . . ; ~qN�1
2
Þ

¼ e
3�
16ðNþ1Þ2���ðei�DÞc �pðeN

2 ~q0; . . . ; e
�
2 ~qN�1

2
Þ; (3.20)

ðUðvÞc Þ�pð ~q0; . . . ; ~qN�1
2
Þ

¼ eiFðvÞ���ðeivKÞc �pð ~q0ðvÞ; . . . ; ~qN�1
2
ðvÞÞ; (3.21)

and

ðei�ðHþKÞc Þ�pð ~q0; . . . ; ~qN�1
2
Þ ¼

Z
d3 ~q00 � � � d3 ~q0N�1

2

H ð ~q0; . . . ; ~qN�1
2
; ~q00; . . . ; ~q

0
N�1
2

; �Þ
����ðei�ðHþKÞÞc �pð ~q00; . . . ; ~q0N�1

2

Þ; (3.22)

for dilations, conformal, and compact transformations,
respectively.

IV. THE ON-SHELL REALIZATION

In this section we consider the action of N-conformal
Galilei transformations on the solutions of the Schrödinger
equation. For simplicity we assume C1 ¼ C2 ¼ 0 (the re-
sults are easily extendible to the general case), so our
Hamiltonian takes the Ostrogradski form [8,10,12].

The action of Galilean conformal transformations is
defined as follows. Given wave function at the time t, we

translate it back to t ¼ 0, then act with an element of our
group, and finally translate the result again to time t in
formulas

~Uðg; tÞ ¼ e�itHUðgÞeitH: (4.1)

Note the identities

e�itHeix
a
k
Ca
k eitH ¼ eix

a
k
ðtÞCa

k ; xakðtÞ ¼
XN
j¼k

j

k

 !
ð�tÞj�kxaj ;

(4.2a)

e�itHUðgÞeitH ¼ UðgÞ; g2 SUð2Þ; (4.2b)

e�itHei�DeitH ¼ ei�Deið1�e�ÞtH; (4.2c)

e�itHeivKeitH ¼ e�2i ln ð1þvtÞDeivð1þvtÞKeiðt� t
1þvtÞH; (4.2d)

e�itHei	HeitH ¼ ei	H: (4.2e)

According to the first formula (4.2a) the on-shell action of
the subgroup generated by CN is given by Eq. (3.10), with
xak replaced by xakðtÞ. The action of the SUð2Þ subgroup
remains unchanged. On the other hand, Eq. (4.2c) yields

ð ~Uðei�D; tÞc Þð ~q0; . . . ; ~qN�1
2
; tÞ

¼ e
3�
16ðNþ1Þ2c ðeN

2 ~q0; . . . ; e
�
2 ~qN�1

2
; e�tÞ: (4.3)

The action of conformal transformation is slightly more
complicated. By virtue of Eqs. (3.15), (3.16), (3.17), and
(4.2d), one obtains

ð ~UðeivK; tÞc Þð ~q0; . . . ; ~qN�1
2
; tÞ ¼ ð1þ vtÞ�3

8ðNþ1Þ2eiFð v
1þvtÞ

c

�
ð1þ vtÞ�N ~q0

�
v

1þ vt

�
; . . . ; ð1þ vtÞ�1 ~qN�1

2

�
v

1þ vt

�
;

t

1þ vt

�
:

(4.4)

Finally,

ð ~Uðei	H; tÞc Þð ~q0; . . . ; ~qN�1
2
Þ ¼ c ð ~q0; . . . ; ~qN�1

2
; t� 	Þ:

(4.5)

The results obtained may be compared with those con-
tained in Ref. [8]. We find that they are in full agreement.

V. CONCLUDING REMARKS

We constructed all unitary representations of centrally
extended N-conformal Galilei groups. They provide the
framework for constructing the ‘‘elementary’’ quantum
mechanical systems with the N-conformal Galilei group
as a symmetry group.
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APPENDIX A

We find here the action of conformal transformations.
To this end, let us write it in the form

ðeivKc Þð ~q0; . . . ; ~qN�1
2
Þ

¼ c ðeivK ~q0e
�ivK; . . . ; eivK ~qN�1

2
e�ivKÞeivK � 1: (A1)

Denoting

~q jðvÞ ¼ eivK ~qje
�ivK; (A2)

we find

d ~qjðvÞ
dv

¼ ieivK½K; ~qj�eivK ¼ �jðN � jþ 1Þ ~qj�1ðvÞ:
(A3)

Together with the initial conditions ~qjð0Þ ¼ ~qj, Eqs. (A3)

yield
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~q jðvÞ ¼
Xj
p¼0

j
p

� � ðN � jþ pÞ!
ðN � jÞ! ð�vÞp ~qj�p: (A4)

To compute eivK � 1, we decompose K ¼ 1
mB as follows:

K ¼
�
i
XN�3
2

k¼0

ðkþ 1ÞðN � kÞ ~qk @

@ ~qkþ1

�
þ
�
m

2

�
N þ 1

2

�
2
~q2N�1

2

�

¼ X þ Y; (A5)

and put

eivðXþYÞ ¼ ZðvÞeivX: (A6)

Then ZðvÞ obeys
dZðvÞ
dv

¼ ieivðXþYÞYe�ivðXþYÞZðvÞ

¼ im

2

�
N þ 1

2

�
2
~q2N�1

2

ðvÞZðvÞ; (A7)

which yields [Zð0Þ ¼ 1]

ZðvÞ ¼ exp

�
im

2

�
N þ 1

2

�
2 Z v

0
du ~q2N�1

2

ðuÞ
�
: (A8)

By virtue of (A6) and (A8) one obtains

eivK � 1 ¼ exp ðiFðvÞÞ;
FðvÞ ¼ m

2

�
N þ 1

2

�
2 Z v

0
du ~q2N�1

2

ðuÞ:
(A9)

APPENDIX B

Our aim is to describe the dynamics (both classical and
quantum) generated by the ‘‘Hamiltonian’’ resulting from
Iwasawa decomposition (3.14). To this end, we define the
following Hamiltonian:

H ¼
�Xn�1

k¼0

pkqkþ1 þ 1

2m
p2
n

�

þ
�
�Xn�1

k¼0

ðkþ 1Þð2nþ 1� kÞpkþ1qk

þmðnþ 1Þ2
2

q2n

�
; (B1)

where for simplicity we defineN ¼ 2nþ 1 and skip vector
indices.

The relevant canonical (or Heisenberg) equations of
motion read

_qk ¼ qkþ1 � ð2ðnþ 1Þ � kÞkqk;
_pk ¼ ðkþ 1Þð2nþ 1� kÞpkþ1 � pk�1;

_qn ¼ 1

m
pn � ðnþ 2Þnqn�1;

_pn ¼ �mðnþ 1Þ2qn � pn�1:

(B2)

Equations (B2) can be solved as follows. Define

qk ¼ k!
k; pk ¼ ð�1Þn�kð2nþ 1� kÞ!m
2nþ1�k;

(B3)

for k ¼ 0; . . . ; n. In terms of new variables, Eqs. (B3) read
(cf. Ref. [18])

_
k¼ðkþ1Þ
kþ1�ð2ðnþ1Þ�kÞ
k�1; k¼0; . . . ;2nþ1:

(B4)

The boundary conditions q�1 ¼ 0, p�1¼0 yield 
�1 ¼ 0,

2ðnþ1Þ ¼ 0, which, together with (B4), implies 
k ¼ 0 for
k � �1 or k � 2ðnþ 1Þ. Let xk be a real variable and


ðx; tÞ ¼ X2nþ1

k¼0


kðtÞxk: (B5)

Equations (B4) can be summarized as follows:

@
ðx; tÞ
@t

¼ ð1þ x2Þ @
ðx; tÞ
@x

� Nx
ðx; tÞ: (B6)

By virtue of the boundary conditions for 
k we are looking
for the solutions of Eq. (B6) which are polynomials of
degree 2nþ 1 in x. They read


ðx; tÞ ¼ X2nþ1

l¼�ð2nþ1Þ
l-odd

sle
iltPlðxÞ; (B7)

PlðxÞ ¼ ð1þ ixÞ2nþ1þl
2 ð1� ixÞ2nþ1�l

2 : (B8)

Let us note the following properties of the polynomials
PlðxÞ:

PlðxÞ ¼ P�lðxÞ; (B9)

andZ 1

�1
d�ðxÞPlðxÞPl0 ðxÞ¼�ll0 ; d�ðxÞ¼ 1

�

dx

ð1þx2Þ2ðnþ1Þ :

(B10)

The polynomials PlðxÞ form an orthonormal basis in the
space of polynomials of degree 2nþ 1.
Note that 
ðx; tÞ is real, so Eq. (B9) implies

sl ¼ s�l: (B11)

By comparing Eqs. (B5) and (B7), one finds


kðtÞ ¼
X2nþ1

l¼�ð2nþ1Þ
ik�kle

iltsl; (B12)

where the coefficients �kl are defined through

X2nþ1

k¼0

�klx
k ¼ ð1þ xÞ2nþ1�l

2 ð1� xÞ2nþ1�l
2 : (B13)

Note the following properties of �kl:
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�kl ¼
Xk
m¼0

ð�1Þm
2nþ1�l

2

m

 !
2nþ1þl

2

k�m

 !
;

�k�l ¼ ð�1Þk�kl; �2nþ1�k;l ¼ ð�1Þ2nþ1�l
2 �kl:

(B14)

We will see later that the coefficient �kl has a nice inter-
pretation in the language of finite-dimensional representa-
tions of SLð2;RÞ [see Eq. (B41)].

Equations (B12) define new dynamical variables

slðtÞ ¼ eiltsl;

l¼�ð2nþ 1Þ;�ð2n� 1Þ; . . . ; ð2n� 1Þ;2nþ 1;
(B15)

in order to compute their Poisson brackets, we use (B3) and
(B5) to write


ðx; tÞ ¼ Xn
k¼0

qkðtÞ
k!

xk þ X2nþ1

k¼nþ1

ð�1Þnþ1�kp2nþ1�kðtÞxk
mk!

:

(B16)

Equation (3.13), together with the canonical Poisson
brackets, yields

f
ðx; tÞ; 
ðy; tÞg ¼ ð�1Þnþ1

mð2nþ 1Þ! ðx� yÞ2nþ1: (B17)

On the other hand,

f
ðx; tÞ; 
ðy; tÞg ¼ X2nþ1

l;l0¼�ð2nþ1Þ
l;l0-odd

fsl; sl0 geiðlþl0ÞtPlðxÞPl0 ðyÞ: (B18)

The left-hand side does not depend on t. Therefore,

fsl; sl0 g ¼ Fðn; lÞ�l;�l0 ; (B19)

and

f
ðx; tÞ; 
ðy; tÞg ¼ X2nþ1

l;l0¼�ð2nþ1Þ
l-odd

Fðn; lÞPlðxÞP�lðyÞ: (B20)

Putting y ¼ 0 and using (B17), one arrives at the following
relation:

ð�1Þnþ1

mð2nþ 1Þ! x
2nþ1 ¼ X2nþ1

l¼�ð2nþ1Þ
l-odd

Fðn; lÞPlðxÞ: (B21)

One can find Fðn; lÞ using orthogonality relation (B10).
Alternatively, putting x ¼ tan one gets

ð�1Þnþ1

mð2nþ 1Þ! sin
2nþ1ðÞ ¼ X2nþ1

l¼�ð2nþ1Þ
l-odd

Fðn; lÞeil; (B22)

leading to

Fðn; lÞ ¼ �ið�1Þ2nþ1þl
2

m22nþ1ð2nþ1þl
2 Þ!ð2nþ1�l

2 Þ! ; (B23)

or, by virtue of (B19),

fsl; sl0 g ¼ �ið�1Þ2nþ1þl
2

m22nþ1ð2nþ1þl
2 Þ!ð2nþ1�l

2 Þ!�l;�l0 : (B24)

It remains to express the Hamiltonian (B1) in terms of new
variables. Using (B1), (B3), and (B12), one obtains

H ¼ m

2

X2nþ1

l;l0¼�ð2nþ1Þ
l;l0-odd

slsl0e
iðlþl0Þt

�X2n
k¼0

ð�1Þ2nþ1�kðkþ 1Þ!ð2nþ 1� kÞ!ð�2nþ1�k;l�kþ1;l0 � �2n�k;l�k;l0 Þ
�
: (B25)

Using (B14) we find

X2n
k¼0

ð�1Þ2nþ1�kðkþ 1Þ!ð2nþ 1� kÞ!ð�2nþ1�k;l�kþ1;l0 � �2n�k;l�k;l0 Þ

¼ X2n
k¼0

ðkþ 1Þ!ð2nþ 1� kÞ!ð�2nþ1�k;l�kþ1;�l0 þ �2n�k;l�k;�l0 Þ

¼ ð�1Þ2nþ1�l
2

X2n
k¼0

ðkþ 1Þ!ð2nþ 1� kÞ!ð�k;l�kþ1;�l0 þ �kþ1;l�k;�l0 Þ: (B26)

To proceed further, note that PlðxÞ obeys�
ð1þ x2Þ d

dx
� ð2nþ 1Þx

�
PlðxÞ ¼ ilPlðxÞ: (B27)

Inserting the expansion

PlðxÞ ¼
X2nþ1

k¼0

ik�klx
k; (B28)
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one derives the recurrence relation

ðkþ 1Þ�kþ1;l þ ð2ðnþ 1Þ � kÞ�k�1;l � l�k;l ¼ 0; k ¼ 1; . . . ; 2nþ 1 �1l � l�0l ¼ 1: (B29)

It easy to check with the help of (B29) that

ðl� l0Þ X2nþ1

k¼0

k!ð2nþ 1� kÞ!�k;l�k;�l0

¼ 2
X2n
k¼0

ðkþ 1Þ!ð2nþ 1� kÞ!ð�kþ1;l�k;�l0 þ �kl�kþ1;�l0 Þ:

(B30)

We will show that

X2nþ1

k¼0

k!ð2nþ 1� kÞ!�k;l�k;l0 ¼ Gðn; lÞ�ll0 ; (B31)

where

Gðn; lÞ ¼ 22nþ1

�
2nþ 1þ l

2

�
!

�
2nþ 1� l

2

�
!: (B32)

We prove (B31) and (B32) in two ways. In the first
approach we note that the matrix ik�kl is invertible because
it relates two bases. Putting

xk ¼ X2nþ1

l¼�ð2nþ1Þ
l-odd

�lkPlðxÞ; (B33)

one gets

X2nþ1

l¼�ð2nþ1Þ
l-odd

ik�kl�lk0 ¼ �kk0 ;
X2nþ1

k¼0

ik�lk�kl0 ¼ �ll0 : (B34)

Equation (B31) is equivalent to

k!ð2nþ 1� kÞ!�kl ¼ Gðn; lÞ�lkð�iÞk: (B35)

We prove (B35) by deriving the recurrence relation for �lk.
To this end, note that (B33) implies

�lk ¼
Z 1

1
d�ðxÞxkPlðxÞ: (B36)

The operator ð1þ x2Þ d
dx � ð2nþ 1Þx is anti-Hermitian

with respect to the product defined by d�ðxÞ. Therefore,
ð2nþ 1� kÞ�l;kþ1 � k�l;k�1 � il�lk ¼ 0;

ð2nþ 1Þ�l1 � il�l0 ¼ 0:
(B37)

Now, ikk!ð2nþ1�kÞ!�kl

Gðn;lÞ obeys the same recurrence. To find
Gðn; lÞ, we note that �0l ¼ 1 and

�l;0 ¼ 1

�

Z �
2

��
2

dcos 2nþ1ðÞe�il

¼ ð2nþ 1Þ!
22nþ1ð2nþ1�l

2 Þ!ð2nþ1þl
2 Þ! ; (B38)

which concludes the proof of (B35).
The second proof of Eqs. (B31) and (B32) makes use of

the properties of finite-dimensional irreducible representa-
tions of SLð2;RÞ. In fact, finite-dimensional irreducible
representations of SLð2;RÞ are classified by natural num-
ber N and they are matrices of the form (see, e.g., [14])

�ðAÞmm0 ¼ Xmin ðN�m;m0Þ

max ð0;m0�mÞ

N �m

k

 !

� m

m� k

 !
aN�m�kbkcm�m0þkdm

0�k; (B39)

where

A ¼ a b
c d

� �
2 SLð2;RÞ

and m;m0 ¼ 0; . . . ; N; in our case N ¼ 2nþ 1. Now let A
be of the form

A ¼ 1ffiffiffi
2

p 1 �1
1 1

� �
2 SLð2;RÞ: (B40)

It is not difficult to show that

�ðAÞmm0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
22nþ1

p �m0;�ð2nþ1Þþ2m: (B41)

Since ATA ¼ AAT ¼ Id, one finds

�ðAÞ�ðATÞ ¼ �ðATAÞ ¼ Id: (B42)

Moreover, let us note that in our case we have

�ðAÞmm0 ¼ ð�1Þm0�m

2nþ 1
m0

� �
2nþ 1

m

� � ð�ðAÞÞm0m; (B43)

and

�ðATÞmm0 ¼ ð�1Þm�m0
�ðAÞmm0 : (B44)

Inserting (B44) into Eq. (B42) and using Eqs. (B41) and
(B43), we obtain the relations (B31) and (B32).
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Collecting all formulas, we find

H ¼ m

2

X2nþ1

l¼1
l-odd

ð�1Þ2nþ1�l
2 l22nþ1

�
�
2nþ 1� l

2

�
!

�
2nþ 1þ l

2

�
!ðsl �sl þ �slslÞ; (B45)

upon defining (l ¼ 1; . . . ; 2nþ 1, l-odd)

al ¼

8>>>><
>>>>:
2
2nþ1
2

ffiffiffiffi
m

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2nþ1�l

2

�
!
�
2nþ1þl

2

�
!

r
sl;

2nþ1þl
2 -even

2
2nþ1
2

ffiffiffiffi
m

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2nþ1�l

2

�
!
�
2nþ1þl

2

�
!

r
�s1;

2nþ1þl
2 -odd;

(B46)

one arrives finally at the following result:

H ¼ 1

2

X2nþ1

l¼0
l-odd

ð�1Þ2nþ1�l
2 lðal �al þ �alalÞ;

fal; �al0 g ¼ �i�ll0 ; l; l0 ¼ 1; 3; . . . ; 2nþ 1:

(B47)

Quantization yields

H ¼ 1

2

X2nþ1

l¼0
l-odd

ð�1Þ2nþ1�l
2 l

�
aþl al þ

1

2

�
;

½al; aþl0 � ¼ �ll0 ; l; l0 ¼ 1; 3; . . . ; 2nþ 1:

(B48)

Define further, for k ¼ 0; 1; . . . ; n, l ¼ 1; 3; . . . ; 2nþ 1,

�kl ¼

8>>><
>>>:

ikk!�kl

2
2nþ1
2

ffiffiffi
m

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ1�l

2 Þ!ð2nþ1þl
2 Þ!

p ; 2nþ1þl
2 -even

ð�iÞkk!�kl

2
2nþ1
2

ffiffiffi
m

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ1�l

2 Þ!ð2nþ1þl
2 Þ!

p ; 2nþ1þl
2 -odd;

(B49)

and then

qk ¼
X2nþ1

l¼1
l-odd

�klal þ
X2nþ1

l¼1
l-odd

�kla
þ
l ; k ¼ 0; . . . ; n: (B50)

The coordinate operators commute, which implies

��T ¼ ��T; (B51)

so ��T is real symmetric [Eq. (B51) can be checked
directly using (B31)] and hence diagonalizable by real
orthogonal transformation. Assume det� ¼ 0; then
det ð��TÞ ¼ 0 and there exists real nonzero vector u such
that uT� ¼ 0. Taking the complex conjugate, one finds
uT� ¼ 0. Therefore, by virtue of Eq. (B50),

Xn
k¼0

ukqk ¼ 0; (B52)

which contradicts the canonical commutation rules. So we
conclude that � is invertible.

Finally, define for k ¼ 0; . . . ; n, l ¼ 1; 3; . . . ; 2nþ 1

	kl ¼

8>>><
>>>:

ð�1Þn�kð2nþ1�kÞ! ffiffiffimp i2nþ1�k�2nþ1�k;l

2
2nþ1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ1�l

2 Þ!ð2nþ1þl
2 Þ!

p ; 2nþ1þl
2 -even

ð�1Þn�kð2nþ1�kÞ! ffiffiffimp ð�iÞ2nþ1�k�2nþ1�k;l

2
2nþ1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ1�l

2 Þ!ð2nþ1þl
2 Þ!

p ; 2nþ1þl
2 -odd:

(B53)

Then, for k ¼ 0; . . . ; n,

pk ¼
X2nþ1

l¼1

	klal þ
X2nþ1

l¼1

	kla
þ
l : (B54)

Note that �kl ¼ �kl for k even while 	kl ¼ 	kl for k odd.
Let us introduce new canonical variables

Ql ¼ 1ffiffiffiffiffi
2l

p ðal þ aþl Þ; Pl ¼ i

ffiffiffi
l

2

s
ð�al þ aþl Þ: (B55)

Then the Hamiltonian takes the form

H ¼ X2nþ1

l¼0
l-odd

ð�1Þ2nþ1�l
2

�
P2
l

2
þ l2Q2

l

2

�
: (B56)

Moreover,

qk ¼
X2nþ1

l¼0
l-odd

ffiffiffiffiffi
2l

p
�klQl; k-even;

qk ¼
X2nþ1

l¼0
l-odd

i

ffiffiffi
2

l

s
�klPl; k-odd

pk ¼
X2nþ1

l¼0
l-odd

i

ffiffiffi
2

l

s
	klPl; k-even;

pk ¼
X2nþ1

l¼0
l-odd

ffiffiffiffiffi
2l

p
	klQl; k-odd:

(B57)

The above formulas allow us to give a simple prescription
for computing the kernel H ð ~q; ~q0;�Þ of exp ði�H Þ.
Namely, the canonical variables ðQl; PlÞ diagonalize
the Hamiltonian. Therefore, in terms of them, the pro-
pagator kernel is simply the product of single propagators
for harmonic oscillators; to account for the sign on the
right-hand side of Eq. (B56) in every second term in the
product, the replacement � ! �� should be made. Next,
note that (B57) can be viewed as the composition of the
point transformation

~qk ¼

8>>><
>>>:
P

2nþ1
l¼1
l-odd

ffiffiffiffiffi
2l

p
�klQl; k-even

P
2nþ1
l¼1
l-odd

ffiffiffiffiffi
2l

p
	klQl;

k-odd;

(B58)

~pk ¼

8>>><
>>>:
P

2nþ1
l¼1
l-odd

i
ffiffi
2
l

q
	klPl; k-even

�P
2nþ1
l¼1
l-odd

i
ffiffi
2
l

q
�klPl; k-odd;

(B59)
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with a simple canonical transformation

qk ¼ ~qk; k-even;

qk ¼ �~pk; k-odd;

pk ¼ ~pk; k-even;

pk ¼ ~qk; k-odd:

(B60)

(B58) and (B59) result in expressing the initial kernel in
terms of new variables ~qk and multiplying it by an appro-
priate constant factor according to the formula

h~qjQi ¼
��������det

�
@fk
@Qm

����������1
2

�ð~q� fðQÞÞ: (B61)

The final step is to perform the canonical transformation
(B60). The corresponding kernel for it reads

hqj~qi ¼ �k-even�ðqk � ~qkÞ�k-odd
1ffiffiffiffiffiffiffi
2�

p eiqk~qk ; (B62)

i.e., we perform the Fourier transform with respect to odd
variables.
Finally, let us remind the reader that up to now we

have skipped the vector indices. However, the dynamics
is diagonal with respect to them so one has only to
multiply kernels for the propagation for all separate
components.
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