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Using the duality between color and kinematics, we construct the two- and three-loop amplitudes of

half-maximal supergravity with matter multiplets and show that new divergences occur in D ¼ 4 and

D ¼ 5. In a recent paper, Bossard, Howe and Stelle conjecture the existence of 16-supercharge off-shell

harmonic superspaces in order to explain the ultraviolet finiteness of pure half-maximal supergravity with

no matter multiplets in D ¼ 4 at three loops and in D ¼ 5 at two loops. By assuming the required

superspace exists in D ¼ 5, they argue that no new divergences should occur at two loops even with the

addition of Abelian-vector matter multiplets. Up to possible issues with the SLð2;RÞ global anomaly of

the theory, they reach a similar conclusion in D ¼ 4 for two and three loops. The divergences we find

contradict these predictions based on the existence of the desired off-shell superspaces. Furthermore, our

D ¼ 4 results are incompatible with the new divergences being due to the anomaly. We find that the two-

loop divergences of half-maximal supergravity are directly controlled by the divergences appearing in

ordinary nonsupersymmetric Yang-Mills theory coupled to scalars, explaining why half-maximal super-

gravity develops new divergences when matter multiplets are added. We also provide a list of one- and

two-loop counterterms that should be helpful for constraining any future potential explanations of the

observed vanishings of divergences in pure half-maximal supergravity.
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I. INTRODUCTION

The possibility of finding ultraviolet finite supergravity
theories [1] has been reopened in recent years due to the
discovery of new unexpected ultraviolet cancellations.
Such theories were intensely studied in the late 1970s
and early 1980s as possible fundamental theories of grav-
ity, but fell out of favor when the way forward seemed
blocked by the likely appearance of nonrenormalizable
ultraviolet divergences. (For a review article from that
era see, for example, Ref. [2].) At the time it was not
possible to definitively determine the divergence structure
of supergravity theories because there were no means
available for carrying out the required computations.
Today thanks to the unitarity method [3] and the recently
uncovered duality between color and kinematics [4,5], we
have the ability to address this.

Explicit calculations [6,7] show that N ¼ 8 supergrav-
ity [8] is finite for dimensions d < 6=Lþ 4, at least through
L ¼ 4 loops. If one were to extrapolate the observed can-
cellations, assuming no new ones occur, simple power
counting suggests that no divergence can occur in the
theory prior to seven loops. Indeed, new detailed studies
of the known standard symmetries ofN ¼ 8 supergravity
demonstrate that no valid counterterms can be found prior
to the seventh loop order, but at seven loops aD8R4 counter-
term can be constructed that appears to obey all known
symmetries [9]. An explicit expression for the potential
counterterm was written down in Ref. [10]. These facts
suggest that N ¼ 8 supergravity diverges at seven loops;

of course, this assumes that all symmetries and structures
have been properly taken into account.
When similar arguments are applied to pure half-

maximal supergravity [11] at three loops in D ¼ 4 and
two loops in D ¼ 5, counterterms valid under all known
symmetries have been found [10]. However, we now know
from explicit computations that there are no divergences
corresponding to these counterterms [12,13]. In addition,
arguments for finiteness in these cases based on string theory
have been given in Ref. [14]. At three loops in D¼4, there
is only one available counterterm in pure N ¼ 4 super-
gravity [10,15,16], so the fact that its coefficient vanishes
implies that the full theory is three-loop finite.
The surprisingly good ultraviolet behavior of pure half-

maximal supergravity has led to conjectures to explain its
origin. One conjecture is that it is due to a hidden super-
conformal symmetry [17]. A more controversial conjecture
is that the potential counterterms break relevant duality
symmetries modified by quantum corrections [18]. A third
conjecture is that the duality between color and kinematics
leads to cancellation of the ultraviolet infinities in N � 4
four-dimensional supergravity by the same mechanism that
prevents forbidden loop-level color tensors from appearing
in pure nonsupersymmetric Yang-Mills divergences [13].
On the other hand, Bossard et al. have given a potential

symmetry explanation that would not require any new
‘‘miracles’’ beyond those of supersymmetry and ordinary
duality symmetries. By conjecturing the existence of
appropriate harmonic superspaces in D ¼ 4 and D ¼ 5
manifesting all 16 supercharges off shell [15,16], they
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have explained the observed ultraviolet cancellations. If
true, it would predict that ultraviolet divergences start at
four loops in both D ¼ 4 and D ¼ 5 in pure half-maximal
supergravity. (An artifact of dimensional regularization is
that there are no three-loop divergences inD ¼ 5.) While it
is unclear how to construct the conjectured superspaces,
one can still deduce consequences by assuming their
existence. Following this reasoning, Bossard et al. have
shown [16] that no new divergences should appear at two
loops inD ¼ 5 even after adding matter multiplets [19,20],
were the desired 16-supercharge superspace to exist. In
D ¼ 4 the situation is similar, leading us to the issue of
whether the anomaly in the rigid SLð2;RÞ duality symme-
try [21] might play a role in the appearance of new diver-
gences in matter-multiplet amplitudes [16]. (We note that
the study of matter multiplets in supergravity theories and
their divergence properties has a long history [22].)

The predictions of Ref. [16] motivated us to compute
the coefficients of two-loop four-point divergences in
half-maximal supergravity including vector multiplets in
D ¼ 4, 5, 6 to definitively demonstrate that there are non-
vanishing divergences in all these dimensions, as well as to
give their precise form. Our two-loop D ¼ 5 result is in
direct conflict with the predicted finiteness [16] based
on assuming the existence of an off-shell 16-supercharge
superspace. We also find a two-loop divergence in D ¼ 4
after subtracting the one-loop subdivergences. This
two-loop divergence happens to be an iteration of the
one-loop divergence, so to remove any potential doubts
as to whether there are new divergences, we also calculate
the complete set of three-loop divergences inD ¼ 4, making
it clear that there are indeed new divergences. Furthermore,
we find that the explicit two- and three-loop D ¼ 4 results
are not of the form requiredhad they beendue to the anomaly.
From Ref. [16], it therefore appears that the desired 16-
supercharge superspaces exist in neither D ¼ 4 nor D ¼ 5.

As discussed in Ref. [13], for one and two loops in
half-maximal supergravity, whenever divergences in the
coefficients of certain color tensors are forbidden in gauge
theory, divergences also cancel from the corresponding
half-maximal supergravity amplitudes. In particular, the
lack of one-loop divergences in dimensions D< 8 in
half-maximal supergravity amplitudes with four external
states of the graviton multiplet is a direct consequence of
the lack of divergences in those terms in gluon amplitudes
proportional to the independent one-loop color tensor.
Since the four-scalar amplitude of Yang-Mills theory
coupled to scalars does contain divergences in terms con-
taining the one-loop color tensor even in D ¼ 4, the cor-
responding four-matter multiplet amplitude of N ¼ 4
supergravity with matter multiplets also diverges. This is
in agreement with the result found long ago by Fischler
[23] and Fradkin and Tseytlin [24]. At two loops the
situation is similar. The four-point amplitudes with pure
external-graviton-multiplet states are ultraviolet finite in

D ¼ 4, 5 because all corresponding gauge-theory diver-
gences contain only tree-level color tensors. However,
because four-scalar amplitudes of gauge theory, both in
D ¼ 4 and D ¼ 5, contain divergences in the coefficients
of the independent two-loop color tensors, corresponding
two-loop four-matter multiplet amplitudes of half-maximal
supergravity must also diverge.
At three and higher loops, the situation is more compli-

cated because loop momenta appear in the maximal
super-Yang-Mills duality-satisfying numerators, so the
supergravity integrals are no longer the same ones as those
appearing in gauge theory. Because of this, a link between
the divergences of half-maximal supergravity and those of
nonsupersymmetric gauge theory will require nontrivial
integral identities and remains speculative [13].
To carry out our investigation, we construct half-

maximal supergravity amplitudes via the duality between
color and kinematics [4,5]. In this way, gravity loop inte-
grands are obtained from a pair of corresponding gauge-
theory loop integrands. The key to this construction is to
find a representation where one of the two gauge-theory
amplitudes manifestly exhibits the duality between color
and kinematics. Here we obtain half-maximal supergravity
with matter multiplets from a direct product of maximal
super-Yang-Mills theory and nonsupersymmetric Yang-
Mills theory with interacting scalars. The required two-
loop super-Yang-Mills amplitude in a form where the
duality is manifest was given long ago in Refs. [25,26],
while the desired form of the three-loop amplitude was
given more recently in Ref. [5]. The nonsupersymmetric
Yang-Mills theory coupled to nV scalars is conveniently
obtained by dimensionally reducing pure Yang-Mills the-
ory from Dþ nV dimensions to D dimensions, matching
the construction of half-maximal supergravity with nV
matter multiplets by dimensional reduction of pure half-
maximal supergravity [27].
Once we have the integrands for the amplitudes, we need

to extract the ultraviolet singularities. The basic procedure
for doing so has been long understood [28] and has been
applied recently to a variety of supergravity and super-
Yang-Mills calculations [7,12,13,29]. Here we will explain
in some detail the procedure that we use to extract ultra-
violet divergences in the presence of integral-by-integral
subdivergences. This procedure was already used in
Ref. [12] to demonstrate the ultraviolet finiteness of all
three-loop four-point amplitudes of pure N ¼ 4 super-
gravity in four dimensions.
This paper is organized as follows. In Sec. II, we briefly

review some basic facts of the duality between color and
kinematics and the double-copy construction of gravity.
We also explain the structure of one- and two-loop four-
point amplitudes in half-maximal supergravity with nV
Abelian matter multiplets. Then in Sec. III we describe
the construction of the integrand and the integration meth-
ods used to extract the ultraviolet divergences. We give our
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results for the one-loop and two-loop divergences of half-
maximal supergravity with matter multiplets in Secs. IV
and V, with Sec. V also containing our D ¼ 4 three-loop
results. Finally we present our conclusions and outlook in
Sec. VI. An appendix listing valid counterterms as well as
their numerical coefficients is also given.

II. BASIC SETUP

The duality between color and kinematics and the
associated gravity double-copy property [4,5] make it
straightforward to construct supergravity amplitudes once
corresponding gauge-theory amplitudes are arranged into a
form that makes the duality manifest. (For a recent review
of this duality and its application, see Ref. [30].) While the
duality remains a conjecture at loop level, we will use it
only for one-, two- and three-loop four-point amplitudes
where it is known to hold in maximally supersymmetric
Yang-Mills theory. We use it to map out the two- and three-
loop divergence structure of half-maximal supergravity
with nV Abelian matter multiplets. We start by first giving
a brief summary of the duality before giving a number of
formulas that are useful for one- and two-loop amplitudes
in half-maximal supergravity [13,31,32].

A. Duality between color and kinematics

The gauge-theory duality between color and kinematics
is conveniently described in terms of graphs with only
cubic vertices. Using such graphs, any m-point L-loop
gauge-theory amplitude with all particles in the color
adjoint representation can be written as

AL-loop
m ¼ iLgm�2þ2L

X
Sm

X
j

Z YL
l¼1

ddpl

ð2�Þd
1

Sj

njcjQ
�j
p2
�j

; (2.1)

where the sum labeled by j runs over the set of distinct
nonisomorphic graphs. Any contact terms in the amplitude
can be expressed in terms of graphs with only cubic
vertices by multiplying and dividing by appropriate propa-
gators. The product in the denominator runs over all
Feynman propagators of graph j. The integrals are over
L independent d-dimensional loop momenta. The symme-
try factor Sj removes overcounts from the sum over

permutations of external legs indicated by Sm and from
internal symmetry factors. The cj are color factors ob-

tained by dressing every three-vertex with a group-theory
structure constant,

~fabc ¼ i
ffiffiffi
2

p
fabc ¼ Trð½Ta; Tb�TcÞ; (2.2)

and nj are kinematic numerators of graph j depending

on momenta, polarizations and spinors. If a superspace
formulation is used, nj can also depend on Grassmann

parameters.
The conjectured duality of Refs. [4,5] states that to all

loop orders, there exists a form of (super-)Yang-Mills

amplitudes where kinematic numerators satisfy the same
algebraic relations as color factors. In these theories, this
amounts to imposing the same Jacobi identities on the
kinematic numerators as satisfied by adjoint-representation
color factors,

ci ¼ cj � ck ) ni ¼ nj � nk; (2.3)

where the indices i, j, k denote the diagram to which the
color factors and numerators belong. The basic Jacobi
identity is illustrated in Fig. 1 and can be embedded in
arbitrary diagrams. The numerator factors are also required
to have the same antisymmetry properties as color factors.
In general, the duality relations (2.3) work only after
appropriate nontrivial rearrangements of the amplitudes.
When a representation of an amplitude is found where

the duality (2.3) is made manifest, we can obtain corre-
sponding gravity loop integrands simply by replacing
color factors in a gauge-theory amplitude by kinematic
numerators of a second gauge-theory amplitude. This
gives the double-copy form of corresponding gravity
amplitudes [4,5],

ML-loop
m ¼ iLþ1

�
�

2

�
m�2þ2LX

Sm

X
j

Z YL
l¼1

ddpl

ð2�Þd
1

Sj

nj~njQ
�j
p2
�j

:

(2.4)

Generalized gauge invariance implies that only one of the
two sets of numerators nj or ~nj needs to satisfy the duality

relation (2.3) [5,33]. At tree level, the double-copy formula
(2.4) encodes the Kawai-Lewellen-Tye (KLT) [34] rela-
tions between gravity and gauge-theory amplitudes [4].
In this paper, we will construct amplitudes for half-

maximal supergravity with matter multiplets as a double
copy of maximally supersymmetric Yang-Mills amplitudes
and nonsupersymmetric Yang-Mills amplitudes coupled to
interacting scalars. The desired scalars arise from dimen-
sional reduction of pure Yang-Mills theory. For such sca-
lars the conjectured duality holds automatically when it
holds in higher-dimensional pure Yang-Mills theory. We
will not need duality-satisfying representations of the non-
supersymmetric amplitudes, given that we have them on
the maximal super-Yang-Mills side.

(a) (b) (c)

FIG. 1. The basic Jacobi relation for either color or numerator
factors given in Eq. (2.3). These three diagrams can be embedded
in a larger diagram, including loops.
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B. Amplitude relations at one and two loops

As explained in Refs. [13,31,32], the one- and two-loop
four-point amplitudes of pure half-maximal supergravity
are easily obtained from corresponding amplitudes in non-
supersymmetric gauge theory. Here we extend this slightly
by noting that the same holds for half-maximal supergrav-
ity amplitudes including Abelian-vector multiplets.

The double-copy construction of a half-maximal super-
gravity amplitude starts by writing the corresponding non-
supersymmetric gauge-theory amplitude in a convenient
color decomposition, then replacing color factors by super-
Yang-Mills numerators that satisfy the duality between
color and kinematics. A color-dressed four-point one-
loop gauge-theory amplitude with all particles in the
adjoint representation can be expressed as [35]

Að1Þð1;2;3;4Þ¼g4½cð1Þ1234A
ð1Þð1;2;3;4Þþcð1Þ1342A

ð1Þð1;3;4;2Þ
þcð1Þ1423A

ð1Þð1;4;2;3Þ�: (2.5)

The cð1Þ1234 are the color factors of a box diagram illustrated

in Fig. 2, with consecutive external legs (1, 2, 3, 4) and with

vertices dressed with structure constants ~fabc defined in

Eq. (2.2). The Að1Þ are one-loop color-ordered amplitudes
[36]. This color decomposition holds just as well whether
the external particles are adjoint scalars or gluons and does
not depend on supersymmetry.

To obtain the one-loop half-maximal supergravity am-
plitudes, we simply replace the gauge coupling with the
gravitational one and the color factors in Eq. (2.5) with
maximal super-Yang-Mills duality-satisfying kinematic
numerators [31],

cð1Þijkl ! nð1Þijkl; g4 ! i

�
�

2

�
4
; (2.6)

where [37]

nð1Þ1234 ¼ nð1Þ1342 ¼ nð1Þ1423 ¼ stAtree
Q¼16ð1; 2; 3; 4Þ; (2.7)

and Atree
Q¼16ð1; 2; 3; 4Þ is the four-point tree amplitude of

maximal 16-supercharge super-Yang-Mills theory, valid
for all states of the theory. (See for example Eq. (2.8) of
Ref. [38] for the explicit form of these tree amplitudes in

D ¼ 4.) This gives us a rather simple formula for one-loop
four-point amplitudes in half-maximal supergravity [31],

Mð1Þ
Q¼16 ¼ i

�
�

2

�
4
stAtree

Q¼16ð1; 2; 3; 4Þ½Að1Þð1; 2; 3; 4Þ
þ Að1Þð1; 3; 4; 2Þ þ Að1Þð1; 4; 2; 3Þ�: (2.8)

This formula is valid for all matter- and graviton-multiplet
states of half-maximal supergravity. This simple replace-
ment rule means that the supergravity divergences can be
read off directly from the gauge-theory divergences. In
particular, we can read off the divergences of half-maximal
supergravity with nV vector multiplets directly from the
corresponding divergences of nonsupersymmetric Yang-
Mills theory coupled to nV scalars.
The expression (2.8) automatically satisfies the unitarity

cuts if the input gauge-theory amplitudes are correct. This
is because once the maximally supersymmetric numerators
that satisfy the duality between color and kinematics are
used, the cuts necessarily match those obtained by feeding
in gravity tree amplitudes obtained by either the double-
copy formula or the KLT relations. In addition, this for-
mula has been used [31] to reproduce known expressions
[39] for the integrated amplitudes inN ¼ 4, 6 supergrav-

ity, when Að1Þ is taken to represent more general, possibly
supersymmetric, gauge-theory amplitudes. It also matches
the known expression for N ¼ 8 supergravity [26].
As explained in Ref. [13], we can line up the divergences

of supergravity with those appearing in the independent
one-loop color tensor of the color basis given in
Appendix B of Ref. [40] (see also Ref. [41]). In this color
basis we have

bð1Þ1 � cð1Þ1234; cð1Þ1342 ¼ bð1Þ1 þ �� � ; cð1Þ1423 ¼ bð1Þ1 þ �� � ;
(2.9)

where ‘‘þ� � �’’ represents dropped terms proportional to
the tree-level color tensors,

bð0Þ1 ¼ ~fa1a2b ~fba3a4 ; bð0Þ2 ¼ ~fa2a3b ~fba4a1 : (2.10)

After expressing all the color factors in the basis (2.9), the
gauge-theory amplitude (2.5) can be expressed as

Að1Þð1; 2; 3; 4Þ ¼ g4bð1Þ1 ½Að1Þð1; 2; 3; 4Þ þ Að1Þð1; 3; 4; 2Þ
þ Að1Þð1; 4; 2; 3Þ� þ � � � : (2.11)

In this form, we see that the half-maximal supergravity
amplitudes line up with those terms in the nonsupersym-
metric gauge-theory amplitudes containing the indepen-
dent one-loop color tensor.
This remarkable relation between the one-loop half-

maximal supergravity amplitudes (2.8) and the parts of
gauge-theory amplitudes containing the independent one-
loop color tensor (2.11) allows us to obtain the supergravity
amplitude simply by converting to a color basis, dropping

1

2 3

4

FIG. 2. The one-loop box diagram. The one-loop color factor

cð1Þ1234 is obtained by dressing each vertex with an ~fabc.
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the tree-level color factors, and then replacing the one-loop
color tensor and gauge coupling,

bð1Þ1 ! stAtree
Q¼16ð1; 2; 3; 4Þ; g4 ! i

�
�

2

�
4
: (2.12)

This works as well at the integrated level, so that once we
have the gauge-theory divergences, the substitution (2.12)
directly gives us the corresponding divergences in one-
loop half-maximal supergravity with or without matter
multiplets.

The situation is similar for two-loop four-point
amplitudes. At two loops any color-dressed gauge-theory
amplitude with only adjoint-representation particles can be
conveniently written as [31,32,35]

Að2Þð1; 2; 3; 4Þ ¼ g6
X

x2fP;NPg
½cx1234Axð1; 2; 3; 4Þ

þ cx3421A
xð3; 4; 2; 1Þ þ cx1423A

xð1; 4; 2; 3Þ
þ cx2341A

xð2; 3; 4; 1Þ þ cx1342A
xð1; 3; 4; 2Þ

þ cx4231A
xð4; 2; 3; 1Þ�; (2.13)

where the sum runs over the planar and nonplanar contri-
butions. Here cP1234 and c

NP
1234 are the color factors obtained

by dressing the planar and nonplanar double-box graphs in

Fig. 3 with structure constants ~fabc defined in Eq. (2.2).
The AP and ANP are planar and nonplanar partial
amplitudes.

To obtain supergravity amplitudes, we replace the gauge
coupling with the gravitational one and the color factors in
Eq. (2.13) with the super-Yang-Mills numerators,

cPijkl ! nPijkl; cNPijkl ! nNPijkl; g6 ! i

�
�

2

�
6
; (2.14)

where [25,26]

nx1234 ¼ sK; nx3421 ¼ sK; nx1423 ¼ tK;

nx2341 ¼ tK; nx1342 ¼ uK; nx4231 ¼ uK;
(2.15)

and x 2 P, NP. The factor K is the fully crossing-
symmetric prefactor,

K ¼ stAtree
Q¼16ð1; 2; 3; 4Þ: (2.16)

In this way we immediately obtain the four-point two-loop
amplitude of half-maximal supergravity [31,32],

Mð2Þ
Q¼16ð1; 2; 3; 4Þ
¼ i

�
�

2

�
6
stAtree

Q¼16ð1; 2; 3; 4Þ
X

x2fP;NPg
½sðAxð1; 2; 3; 4Þ

þ Axð3; 4; 2; 1ÞÞ þ tðAxð1; 4; 2; 3Þ þ Axð2; 3; 4; 1ÞÞ
þ uðAxð1; 3; 4; 2Þ þ Axð4; 2; 3; 1ÞÞ�: (2.17)

As for one loop, this holds for all states of the graviton or
vector multiplets of half-maximal supergravity. A nontri-
vial check that has been carried out on this formula [32] is
that when the appropriate integrated gauge-theory ampli-
tudes [42] are inserted, it correctly reproduces the known
infrared singularities ofN � 4 supergravity theories [43].
We can line up the supergravity amplitude with the

contributions proportional to the two independent two-
loop color tensors [13],

bð2Þ1 � cP1234; bð2Þ2 � cP2341; (2.18)

where the other color factors in the amplitude (2.13) can be
expressed in terms of these:

cP3421 ¼ bð2Þ1 þ��� ; cP1423 ¼ bð2Þ2 þ��� ;
cP1342 ¼�bð2Þ1 �bð2Þ2 þ��� ; cP4231 ¼�bð2Þ1 �bð2Þ2 þ��� ;

(2.19)

and the ‘‘þ� � �’’ represents dropped terms containing
lower-loop color tensors. The nonplanar color factors are
the same as the planar ones, up to corrections proportional
to lower-loop color tensors:

cNPijkl ¼ cPijkl þ � � � : (2.20)

Substituting these into Eq. (2.13) gives

Að2Þð1;2;3;4Þ¼g6
X

x2fP;NPg
½bð2Þ1 ðAxð1;2;3;4ÞþAxð3;4;2;1Þ

�Axð1;3;4;2Þ�Axð4;2;3;1ÞÞ
þbð2Þ2 ðAxð1;4;2;3ÞþAxð2;3;4;1Þ
�Axð1;3;4;2Þ�Axð4;2;3;1Þ�þ��� :

(2.21)

This lines up with the supergravity expression (2.17) once
we replace u ¼ �s� t. Comparing Eq. (2.21) to the two-
loop supergravity expression shows that we can obtain
half-maximal supergravity divergences directly from the
gauge-theory ones by going to the color basis (2.19), drop-
ping all one-loop and tree color tensors, and then replacing

bð2Þ1 ! s2tAtree
Q¼16ð1; 2; 3; 4Þ;

bð2Þ2 ! st2Atree
Q¼16ð1; 2; 3; 4Þ; g6 ! i

�
�

2

�
6
:

(2.22)

1

2 3

4(a) 1

2 3

4(b)

FIG. 3. The (a) planar and (b) nonplanar double-box graphs.
The cP1234 and cNP1234 color factors are obtained by dressing each

vertex with an ~fabc.
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We note that in general at higher loops, one should not
use a color basis to make numerator substitutions because
it assumes that internal color sums have been performed,
while in the corresponding kinematic numerators the loop
momenta are not integrated but held fixed. In our relatively
simple one- and two-loop cases, the substitutions (2.12)
and (2.22) hold because they happen to be equivalent to
making the substitutions prior to switching to a color basis.
For carrying out the three-loop calculation of divergences,
we instead directly use Eq. (2.4).

III. PROCEDURE FOR COMPUTATION

In this section we give our procedure for constructing the
half-maximal supergravity amplitudes and then extracting
the ultraviolet divergences.

A. General construction

Using Eqs. (2.8) and (2.17), we obtain one- and two-loop
half-maximal supergravity amplitudes directly from non-
supersymmetric gauge-theory amplitudes. Because we are
interested in cases where no integrated results exist for
the amplitudes, we use slightly modified forms where we
replace the gauge-theory amplitudes by their Feynman
diagrams. Although it may seem inefficient to use
Feynman diagrams, in our case it makes little difference
because we are interested in ultraviolet divergences in only
the relatively small number of contributions that carry the
color factors of the box diagrams at one loop and the
double-box diagrams at two loops. In addition, we need
expressions valid in general dimensions, making it more
difficult to use more sophisticated helicity methods.

As we already discussed in Sec. II B, the gauge-theory
divergences that feed into half-maximal supergravity
divergences are those with color factors depending on the

independent color tensor bð1Þ1 at one loop and the indepen-

dent color tensors bð2Þ1 and bð2Þ2 at two loops. Any Feynman

diagram that has a triangle or bubble subgraph, as dis-
played in Fig. 4, will not contribute to the needed color
tensors and will therefore not contribute to the supergravity

divergences. One can also see that the antisymmetry of the
kinematic part of the vertices will cause these diagrams to
cancel in the permutation sum in Eq. (2.8).
This allows us to replace the one-loop amplitudes in

Eq. (2.8) with box diagram contributions:

Mð1Þ
Q¼16 ¼ i

�
�

2

�
4
stAtree

Q¼16ð1; 2; 3; 4Þ½Bð1Þð1; 2; 3; 4Þ
þ Bð1Þð1; 3; 4; 2Þ þ Bð1Þð1; 4; 2; 3Þ�; (3.1)

where Bð1Þð1; 2; 3; 4Þ collects all Feynman-diagram contri-
butions which have the color factor of the box in Fig. 2.
This includes the box Feynman diagrams, whether con-
taining scalars, ghosts or gluons, and any terms in diagrams
with four-point contact terms carrying the box color factor.

The other contributions Bð1Þð1; 3; 4; 2Þ and Bð1Þð1; 4; 2; 3Þ
are similar except the external legs are permuted. Due to
the color Jacobi relations, there is an ambiguity in assign-
ing terms to diagrams, but in the end it does not matter
because if a term cancels in Eq. (3.1) in one particular
arrangement, it will cancel in other arrangements as well.
At two loops the situation is similar. Expressing the

gauge-theory amplitudes in Eq. (2.17) in terms of
Feynman diagrams, we find that only those diagrammatic
contributions that carry the color factor of either the planar
or nonplanar double box do not cancel. Keeping these
contributions, we have the supergravity amplitude as

Mð2Þ
Q¼16ð1; 2; 3; 4Þ
¼ i

�
�

2

�
6
stAtree

Q¼16ð1; 2; 3; 4Þ
X

x2fP;NPg
½sðBxð1; 2; 3; 4Þ

þ Bxð3; 4; 2; 1ÞÞ þ tðBxð1; 4; 2; 3Þ þ Bxð2; 3; 4; 1ÞÞ
þ uðBxð1; 3; 4; 2Þ þ Bxð4; 2; 3; 1ÞÞ�; (3.2)

whereBPð1; 2; 3; 4Þ are the diagrammatic contributionswith
the planar double-box color factor shown in Fig. 3(a), and
BNPð1; 2; 3; 4Þ are the diagrammatic contributions contain-
ing the nonplanar double-box color factor in Fig. 3(b). The
other nonvanishing contributions carry color factors that
are just relabelings of these, while all contributions that
do not carry such color factors cancel in Eq. (3.2). As for
one loop, the assignment of the terms in each of these
contributions is not unique.
We have numerically confirmed, using helicity states in

four dimensions, that Eq. (3.1) has the correct two-particle
unitarity cuts and that Eq. (3.2) has the correct double
two-particle cuts. As noted earlier, the one- and two-loop
double-copy formulas (3.1) and (3.2) are guaranteed to
hold, as long as the input gauge-theory amplitudes have
the correct cuts. Nevertheless, this is a nontrivial consis-
tency check to show that we have assembled the contribu-
tions correctly.
At three loops the situation is somewhat more compli-

cated. We will follow the construction in Ref. [12], where
all four-point three-loop half-maximal pure supergravity

(a)

(b)

FIG. 4. Diagrams with triangle and bubble subgraphs at (a) one
loop and (b) two loops. These do not contribute to terms
proportional to the needed color tensors in Yang-Mills and
therefore do not contribute to the supergravity divergences.
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divergences were constructed. Here the construction is
identical except that on the nonsupersymmetric gauge-
theory side of the double copy we include scalars, giving
us supergravity amplitudes including matter multiplets.

B. Dimensional reduction for matter multiplets

Half-maximal supergravity in D dimensions with nV
Abelian matter multiplets is conveniently generated by
dimensionally reducing pure half-maximal supergravity
from Dþ nV dimensions to D dimensions (with Dþ
nV � 10) [19,20,27]. This automatically generates half-
maximal supergravity with proper interactions between
the different vector multiplets. Indeed, in Ref. [19] the
Lagrangian of N ¼ 4 supergravity in four dimensions
with six vector multiplets is constructed via dimensional
reduction of pure N ¼ 1, D ¼ 10 supergravity.

This observation makes it straightforward to modify
previous computations in pure half-maximal supergravity
[12,13] to now include Abelian matter multiplets. Indeed,
dimensional reduction is very natural in the double-copy
formalism. Under dimensional reduction the number of
states is unchanged; in particular, maximal super-Yang-
Mills theory is just the dimensional reduction of N ¼ 1,

D ¼ 10 super-Yang-Mills theory. Under dimensional
reduction from Dþ nV dimensions to D dimensions,
each gluon carries Dþ nV � 2 physical states that split
into nV scalars and D� 2 gluon states. The tensor product
of the states of maximally supersymmetric Yang-Mills
theory with a scalar state gives a vector matter multiplet,
while the tensor product with a gluon state gives a graviton
multiplet. Therefore, tensoring dimensionally reduced
nonsupersymmetric Yang-Mills theory with maximal
super-Yang-Mills theory yields half-maximal supergravity
with vector matter multiplets.
Besides the standard gauge-theory couplings, the scalars

generated by dimensional reduction in Yang-Mills theory
can interact with other scalars. To determine the appropri-
ate scalar couplings needed for the double-copy construc-
tion of half-maximal supergravity with matter multiplets,
we simply track the scalar interactions under dimensional
reduction. Explicitly, under dimensional reduction we
obtain the gauge-theory Lagrangian,

L ¼ LYM þLghost þLscalar; (3.3)

where the gluon, ghost, and scalar contributions are

LYM ¼ � 1

2
ð@�Aa

�Þð@�A�aÞ þ igffiffiffi
2

p ~fabcð@�Aa
�ÞA�bA�c þ g2

8
~fabe ~fecdAa

�A
b
�A

�cA�d;

Lghost ¼ ð@� �caÞð@�caÞ � igffiffiffi
2

p ~fabcð@� �caÞA�bcc;

Lscalar ¼ 1

2
ð@��a

i Þð@��a
i Þ �

igffiffiffi
2

p ~fabcð@��a
i ÞA�b�c

i �
g2

8
~fabe ~fecdð2Aa

��
b
i A

�c�d
i ��a

i �
b
j�

c
i�

d
j Þ:

(3.4)

We use the Feynman gauge in LYM, which makes it
straightforward to identify the propagators in Eq. (2.1).
The scalar LagrangianLscalar is the result of dimensionally
reducing LYM by separating out the higher-dimensional
components of A and @ as

Aa
� ! ðAa

�;�
a
i Þ; A�a ! ðA�a;��a

i Þ; @� ! ð@�;0Þ:
(3.5)

In our metric convention, we have �ia ¼ ��a
i . Our color

factors are rescaled as in Eq. (2.2).
In the bare Lagrangian (3.4), we have normalized the

four-scalar interaction to carry the same coupling as the
gluons. Of course, under renormalization the coefficient of
the four-scalar interaction is no longer locked to the gauge
coupling by gauge invariance nor is the color structure
locked to the one of Yang-Mills theory. Because the scalars
and gluons of this theory have different ultraviolet-
divergence structure, the double-copy property implies
that amplitudes with external matter multiplets will also
behave differently. This has important ramifications for the

divergence structure of the double-copy supergravity
theories.
As a practical matter, it is easier to not use Lscalar

explicitly but instead to incorporate the scalars into the
gluon LagrangianLYM taken in Ds ¼ Dþ nV dimensions
but with all momenta restricted to the (D� 2�)-
dimensional subspace (where we take D to be an integer
and � < 0 for the purposes of determining Lorentz dot
products). In a given Feynman diagram, whenever the
gluon propagators contract around a loop, we take the
circulating states to be in Ds dimensions; in other words,
we take ��

� ¼ Ds assuming the contraction is formed

only from ���’s explicitly appearing in the Feynman rules.

(If a contraction is formed using also an ��� from reducing

tensor loop integrals to scalar integrals, then the contrac-
tion instead gives d � D� 2�.) In addition, for an external
scalar state, say on leg 1, we take the polarization vector to
be orthogonal to the (D� 2�)-dimensional subspace
where momenta live,

"�1� ! ð0; "1iÞ; (3.6)
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so that it is annihilated whenever it contracts with a
momentum vector:

"1 � pi ¼ "1 � ‘i ¼ 0: (3.7)

This is the crucial difference between a scalar and vector
contribution, and this difference alters the results so that
color tensors that are forbidden in the divergences of
gluonic amplitudes can appear in amplitudes with external
scalars. The only possible nonvanishing contractions for

the scalar polarization vectors are those with the polariza-
tion vectors of other external scalars; for example if we
desire particle 2 to be another scalar, then "1 � "2 can be
nonvanishing.
As a concrete example, consider the two-loop ultraviolet

divergence in five dimensions of the supergravity ampli-
tude with two legs from a matter multiplet and two legs

from a graviton multiplet, Mð2Þð1V; 2V; 3H; 4HÞjD¼5 div:,
where the subscripts V and H indicate whether a leg is a
state from a vector multiplet or a graviton multiplet. As
discussed in Sec. II B, the super-Yang-Mills side of the
double copy is incorporated by a simple replacement of a
color factor with a numerator factor. On the nonsupersym-
metric gauge-theory side, we must compute the diver-

gence, Að2Þð1�; 2�; 3g; 4gÞjD¼5 div:, or more specifically

its terms proportional to the independent two-loop color
tensors. One contribution to this divergence comes from
the Feynman diagram shown in Fig. 5 after dimensional
reduction from Ds dimensions.
This diagram involves a contact vertex and a ghost loop,

and it has a piece proportional to the color factor cP1234
shown in Fig. 3(a), on which we will focus in this example.
In Ds dimensions, the gauge-theory integrand is given by

ig6

8
cP1234

"1�1
"2�2

"3�3
"4�4

ð‘2 þ p12Þ�3ð‘2 � p4Þ�4ð‘2 � ‘1Þ�5
‘2�6

ð��1�5��2�6 � ��1�2��5�6Þ
ð‘1Þ2ð‘1 þ p12Þ2ð‘1 � ‘2Þ2ð‘2Þ2ð‘2 þ p12Þ2ð‘2 � p4Þ2

; (3.8)

where the pi are the momenta of the external legs, p12 ¼ p1 þ p2 and the ‘i are the loop momenta as indicated in Fig. 5.
The supergravity integrand is obtained with the simple replacement, g6cP1234 ! ið�=2Þ6s2tAtree

Q¼16. To obtain the amplitude
with legs 1 and 2 being identical scalars in gauge theory or vector multiplet states in supergravity, we restrict the momenta
to be orthogonal to the polarization vectors "1 and "2 which live entirely in the (Ds �D)-dimensional subspace. In this
way their only nonvanishing contraction is "1 � "2 ¼ �1 since legs 3 and 4 are gluons and their polarizations live in
D-dimensional subspace which is not orthogonal to the momenta. Under this restriction, the sample in Eq. (3.8) becomes

I sample
d ¼ i

8

Z dd‘1
ð2�Þd

dd‘2
ð2�Þd

"3 � ð‘2 þ p12Þ"4 � ‘2ð‘2 � ‘1Þ � ‘2
ð‘1Þ2ð‘1 þ p12Þ2ð‘1 � ‘2Þ2ð‘2Þ2ð‘2 þ p12Þ2ð‘2 � p4Þ2

; (3.9)

where we have integrated over d ¼ D� 2� with D an
integer and not included the g6cP1234 prefactor. The remain-
ing task is to evaluate integrals of this type in order to
extract their ultraviolet divergences.

C. Series expansion of the integrand

Rather than evaluate integrals with their full momentum
dependence, it is advantageous to series expand the inte-
grals to pick up only the desired ultraviolet divergences.
To do so we follow the procedure of Ref. [28]. As a first
example, consider the two-loop D ¼ 5 case. Odd dimen-
sions are a bit simpler at two loops than even dimensions
because there are never one-loop subdivergences in dimen-
sional regularization, even integral by integral. Since there
are no subdivergences, theD ¼ 5 ultraviolet divergence of
the integral in Eq. (3.9) begins atOð��1Þ instead ofOð��2Þ

and is a polynomial in external momenta. Power counting
shows this polynomial to be quadratic. We may therefore
apply the dimension-counting operator which effectively
extracts powers of external momenta from the integral,
reducing its degree of divergence:

�X4
i¼1

pi�

@

@pi�

�
I sample
d¼5�2� ¼ 2I sample

d¼5�2� þOð�0Þ: (3.10)

We use this observation to repeatedly extract powers of
external momenta from the integral, until eventually we are
left with logarithmically divergent integrals whose diver-
gences no longer depend on the external momenta.
Explicitly, after the first application of Eq. (3.10), we are
left with

1

21

2 3

4

FIG. 5. A Feynman diagram appearing in the calculation of the
gauge-theory amplitude Að2Þð1�; 2�; 3g; 4gÞ and supergravity

amplitude Mð2Þð1V; 2V; 3H; 4HÞ. The closed loop on the right is
that of a ghost.
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2I sample
d¼5�2� þOð�0Þ ¼ i

8

Z d5�2�‘1
ð2�Þ5�2�

d5�2�‘2
ð2�Þ5�2�

"4 � ‘2ð‘2 � ‘1Þ � ‘2
ð‘1Þ2ð‘1 þ p12Þ2ð‘1 � ‘2Þ2ð‘2Þ2ð‘2 þ p12Þ2ð‘2 � p4Þ2

�
�
"3 � p12 � 2"3 � ð‘2 þ p12Þ

�
p12 � ‘1 þ s12
ð‘1 þ p12Þ2

þ p12 � ‘2 þ s12
ð‘2 þ p12Þ2

� p4 � ‘2
ð‘2 � p4Þ2

��
: (3.11)

We see that the quadratically divergent term in Eq. (3.9) has been eliminated in favor of linearly and logarithmically
divergent integrals, along with some ultraviolet-finite terms which we ignore. One more application of Eq. (3.10) yields,
after some rearrangement and dropping of finite pieces, the result,

I sample
d¼5�2� þOð�0Þ ¼ i

8

Z d5�2�‘1
ð2�Þ5�2�

d5�2�‘2
ð2�Þ5�2�

"4 � ‘2ð‘2 � ‘1Þ � ‘2
ð‘1Þ2ð‘1 þ p12Þ2ð‘1 � ‘2Þ2ð‘2Þ2ð‘2 þ p12Þ2ð‘2 � p4Þ2

�
�
�"3 � p12X � "3 � ‘2

�
s12

ð‘1 þ p12Þ2
þ s12

ð‘2 þ p12Þ2
�

þ 1

2
"3 � ‘2

�ð2p12 � ‘1Þ2
ð‘1 þ p12Þ4

þ ð2p12 � ‘2Þ2
ð‘2 þ p12Þ4

þ ð2p4 � ‘2Þ2
ð‘2 � p4Þ4

þ X2

��
; (3.12)

where we have defined the quantity,

X ¼ 2p12 � ‘1
ð‘1 þ p12Þ2

þ 2p12 � ‘2
ð‘2 þ p2

12Þ
� 2p4 � ‘2

ð‘2 � p4Þ2
: (3.13)

At this point, the sample integral is purely logarithmically
divergent, and the polynomial dependence of its diver-
gence is manifest. We can now freely alter the dependence
in the propagators on external momenta without worrying
about affecting the divergence. In particular, we can take
pi ! 0 in the propagators. As a result, we see that what we
have done to the original integral is equivalent to making
the propagator replacements,

1

ð‘� pÞ2 ! 1

‘2
X1
n¼1

�
2‘ � p� p2

‘2

�
n
; (3.14)

and retaining only the logarithmically divergent terms.
Taking pi ! 0 in the propagators makes the integrals

much simpler, but then they no longer have a scale and
technically vanish in dimensional regularization. To cor-
rect this, we must reintroduce a scale. A computationally
convenient choice is to give all of the propagators a uni-
form mass m. This makes the integral well defined and
more tractable:

I sample
d¼5�2� þOð�0Þ ¼ i

8

Z d5�2�‘1
ð2�Þ5�2�

d5�2�‘2
ð2�Þ5�2�

"4 � ‘2ð‘2 � ‘1Þ � ‘2
ð‘21 �m2Þ2ðð‘1 � ‘2Þ2 �m2Þð‘22 �m2Þ3

�
�
�"3 � p12

~X� "3 � ‘2
�

s12
‘21 �m2

þ s12
‘22 �m2

�

þ 1

2
"3 � ‘2

�ð2p12 � ‘1Þ2
ð‘21 �m2Þ2 þ ð2p12 � ‘2Þ2

ð‘22 �m2Þ2 þ ð2p4 � ‘2Þ2
ð‘22 �m2Þ2 þ

~X2

��
; (3.15)

with

~X ¼ 2p12 � ‘1
‘21 �m2

þ 2p12 � ‘2
‘22 �m2

� 2p4 � ‘2
‘22 �m2

: (3.16)

D. Tensor reduction

The next step in the analysis of I sample
d¼5�2� is to simplify the tensor numerators. This can be handled straightforwardly

using Lorentz invariance, as recently discussed in, for example, Ref. [40]. Consider the terms in Eq. (3.15) proportional to

I�1�2�3�4
tensor ¼

Z d5�2�‘1
ð2�Þ5�2�

d5�2�‘2
ð2�Þ5�2�

‘
�1

2 ‘
�2

2 ‘
�3

1 ‘
�4

1 ð‘2 � ‘1Þ � ‘2
ð‘21 �m2Þ4ðð‘1 � ‘2Þ2 �m2Þð‘22 �m2Þ3 : (3.17)

This is a rank-4 tensor integral, but because no dependence on the external momenta remains, it must evaluate to a linear
combination of products of metric tensors, as nothing else is available:

I�1�2�3�4
tensor ¼ �1�

�1�2��3�4 þ �2�
�1�3��2�4 þ �3�

�1�4��2�3 : (3.18)
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The particular integrand of I�1�2�3�4
tensor enforces a symmetry

between �1 $ �2 and �3 $ �4, so that �2 ¼ �3, but we
will ignore such optimizations here. Instead, we contract
the indices of Eq. (3.18) in all possible ways to obtain the
following system of three equations:

��1�2
��3�4

I�1�2�3�4
tensor

¼ �1ð5� 2�Þ2 þ �2ð5� 2�Þ þ �3ð5� 2�Þ;
��1�3

��2�4
I�1�2�3�4
tensor

¼ �1ð5� 2�Þ þ �2ð5� 2�Þ2 þ �3ð5� 2�Þ;
��1�4

��2�3
I�1�2�3�4
tensor

¼ �1ð5� 2�Þ þ �2ð5� 2�Þ þ �3ð5� 2�Þ2: (3.19)

The left-hand sides of these equations are scalar, single-
scale vacuum integrals, which are amenable to direct
integration. So to evaluate I�1�2�3�4

tensor , we just need to invert
these equations and solve for �i. The same idea works as
well for higher-rank tensors, allowing us to reduce all the
tensor integrals to scalar integrals.

After performing the tensor reduction, it is useful to
cancel as many propagators as possible using numerator
replacements,

‘21 ! ð‘21 �m2Þ þm2; ‘22 ! ð‘22 �m2Þ þm2;

‘1 � ‘2 ! � 1

2
ððð‘1 � ‘2Þ2 �m2Þ

� ð‘21 �m2Þ � ð‘22 �m2Þ �m2Þ: (3.20)

In this way the divergence of the integral I sample
d¼5�2� becomes

a linear combination of scalar, single-scale vacuum inte-
grals of the form,

Z d5�2�‘1
ð2�Þ5�2�

d5�2�‘2
ð2�Þ5�2�

� 1

ð‘21�m2Þa1ðð‘1�‘2Þ2�m2Þa2ð‘22�m2Þa3 ; (3.21)

with ai integers.

E. Scalar integral evaluation

After reducing I sample
d¼5�2� to scalar integrals of the form

(3.21), we must evaluate the integrals. We first reduce them
to a basis using integration by parts as implemented in FIRE

[44]. In all dimensions considered here, our basis consists
of two scalar vacuum integrals:

I1 ¼
Z dd‘1

ð2�Þd
dd‘2
ð2�Þd

1

ð‘21�m2Þð‘22�m2Þ ;

I2 ¼
Z dd‘1

ð2�Þd
dd‘2
ð2�Þd

1

ð‘21�m2Þðð‘1� ‘2Þ2�m2Þð‘22�m2Þ :

(3.22)

The first integral is simply a product of two easily evaluated
one-loop integrals. We evaluate the second integral using the
codeMB [45] that implementsMellin-Barnes integration [46].
The results are collected inTable I, where an overall prefactor
of 1=ð4�Þd has been removed for simplicity. For the cases
considered here, we need the basis integrals through order
1=�. Using these results for the scalar integrals completes the

evaluation of I sample
d¼5�2� and other similar two-loop integrals

prior to the subtraction of subdivergences.

F. Subdivergences

The example I sample
d¼5�2� is special in that it has no sub-

divergences. More generally, subdivergences occur and
can greatly complicate the analysis. To deal with this, we
follow the basic approach of Ref. [28]. If we alter the
previous example to be in six dimensions instead of five

dimensions, then we see by power counting that I sample
d¼6�2� in

Eq. (3.9) has one-loop subdivergences in both the ‘1 and ‘2
integrals. There is also a third subloop that could in prin-
ciple have a divergence—the loop parametrized by

‘1 þ ‘2—but it turns out to be finite in I sample
d for d < 8.

The presence of subdivergences means that I sample
d¼6�2�

begins at Oð��2Þ, and Eq. (3.10) will need to be modified.
One possible way to modify it is that we need to keep
factors of � that can strike a 1=�2:�X4

i¼1

pi�

@

@pi�

�
I sample
d¼6�2� ¼ ð4� 4�ÞI sample

d¼6�2�; (3.23)

which holds to all orders in �. However, we cannot simply
disregard terms that are naively finite by overall power
counting because they may still contain subdivergences
that would contribute atOð��1Þ. In addition, after 4 powers
of external momenta have been extracted, leaving only
logarithmically divergent integrals and pure-subdivergence
integrals, we cannot set pi ! 0 or add masses in the
propagators without affecting the Oð��1Þ term. In fact,
the results would depend on the details used to regulate
infrared singularities generated by the momentum
expansion.

TABLE I. The basis integrals in d ¼ 4� 2�, 5� 2�, 6� 2� required for the two-loop Yang-Mills and gravity divergence
computations, valid through Oð1=�Þ. A factor of 1=ð4�Þd has been dropped from the results in the table.

Integral d ¼ 4� 2� d ¼ 5� 2� d ¼ 6� 2�

I1 � 1
�2
ðm2Þ2�2�e2ð1�	EÞ� þOð�0Þ Oð�0Þ � 1

4�2
ðm2Þ4�2�eð3�2	EÞ� þOð�0Þ

I2 � 3
2�2

ðm2Þ1�2�eð3�2	EÞ� þOð�0Þ �
2� ðm2Þ2 þOð�0Þ � 5

8�2
ðm2Þ3�2�eð113=30�2	EÞ� þOð�0Þ
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For these reasons, we instead work with subtracted divergences, which we denote as S½I�. A subtracted divergence of an
integral is the integral’s divergence in dimensional regularization with all of its subdivergences subtracted off:

S

�Z YL
i¼1

dd‘i
ð2�Þd Ið‘1; . . . ; ‘LÞ

�

¼ Div

�Z YL
i¼1

dd‘i
ð2�Þd Ið‘1; . . . ; ‘LÞ

�
� XL�1

l¼1

X
l-loop

subintegrals

Div

�Z YL
i¼lþ1

dd ~‘i
ð2�Þd S

�Z Yl
j¼1

dd ~‘j

ð2�Þd Ið
~‘1; . . . ; ~‘LÞ

��
: (3.24)

Here, Div indicates the divergent part of the integral [i.e.
its value through Oð��1Þ], and ~‘i is a reparametrization of
the integral such that a particular l-loop subintegral is
parametrized by ~‘1 through ~‘l. This definition can be
thought of as adding counterterm diagrams integral by
integral to remove their subdivergences. It has the nice
property that S½I� is a polynomial in external momenta, so
we can extract all of the external dependence of the sample
integral, in this case of quartic order, with

�X4
i¼1

pi�

@

@pi�

�
S½I sample

d¼6�2�� ¼ 4S½I sample
d¼6�2��; (3.25)

and then freely set pi ! 0 and introduce masses into the
propagators. In contrast to Eq. (3.23), we have a 4 instead
of a (4� 4�) on the right-hand side because the subtrac-
tions remove the source of the additional terms. In the
case that S½� � �� is a subintegral [as in the second line of
Eq. (3.24)], the remaining loop momenta and any intro-
duced masses should also be treated as external variables,
so that the dimension-counting operator is instead

X4
i¼1

pi�

@

@pi�

þ XL
i¼lþ1

~‘i�
@

@~‘i�
þ 2m2 @

@m2
: (3.26)

After the subtractions are taken into account, the
tensor integrals can be simplified as before to obtain a
final answer consisting of a linear combination of scalar
single-scale vacuum integrals.

IV. ONE-LOOP DIVERGENCES

As a warm up before turning to two and three loops,
we determine the one-loop four-point divergences of half-
maximal supergravity with nV matter multiplets in D ¼ 4,
6, 8. (We do not consider D ¼ 5, 7 because there are no
divergences in dimensional regularization in odd dimen-
sions for odd loop orders.) We confirm the appearance of
divergences in four-matter amplitudes found long ago by
Fischler [23] and by Fradkin and Tseytlin [24]. We also
illustrate the connection of the supergravity divergences to
those of four-scalar amplitudes in nonsupersymmetric
gauge theory, as noted in Ref. [13].

We start by presenting the divergences in Yang-Mills
theory coupled to scalars that are proportional to the

one-loop color tensor bð1Þ1 . The half-maximal supergravity
divergences are then obtained by replacing the color factor

with the N ¼ 4 super-Yang-Mills duality-satisfying nu-
merator, as given in Eq. (2.12). We collect the counterterms
corresponding to the supergravity divergences with exter-
nal gravitons and matter vectors in the Appendix. InD ¼ 4
the divergences and counterterms all carry an SOð6Þ �
SOðnVÞ symmetry. The SOð6Þ is just the symmetry of the
vectors of the graviton multiplet and is inherited from the R
symmetry of the scalars of N ¼ 4 super-Yang-Mills the-
ory. The SOðnVÞ symmetry is a reflection of the fact that all
matter multiplets are equivalent.

A. Four dimensions

As discussed in Ref. [13], in D ¼ 4 the renormalizabil-
ity of gauge theory ensures that four-point divergences
involving external gluons must be proportional to tree-
level amplitudes. This means that divergences proportional
to the one-loop color tensor vanish:

Að1Þð1g; 2g; 3g; 4gÞjD¼4 div: ¼ 0þ � � � ;
Að1Þð1g; 2g; 3�; 4�ÞjD¼4 div: ¼ 0þ � � � ;

(4.1)

where the label g or � indicates that an external leg is a
gluon or scalar, respectively, and as before, ‘‘þ� � �’’
signifies that we dropped divergences proportional to the
tree color tensor.
On the other hand, renormalizability does not protect

divergences in the four-scalar amplitude because operators

of the form bð1Þ;abcd1 �a�b�c�d are perfectly valid counter-

terms. Carrying out the computation, we find that for four
identical external scalar states the divergence is

Að1Þð1�; 2�; 3�; 4�ÞjD¼4 div:

¼ i

�

1

ð4�Þ2 g
4bð1Þ1

3ðDs � 2Þ
2

þ � � � ; (4.2)

where Ds � 4 is the number of distinct real scalars that
circulate in the loop. In this case, for consistency we should
take the state-counting parameter Ds � 5 so that we have
at least one scalar state. Taking the state-counting parame-
ter to be an integer which leaves the number of gluon states
(for each color) at their four-dimensional values is equiva-
lent to using the four-dimensional helicity scheme [47].
For a pair of distinct external scalars, we find the

divergence,
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Að1Þð1�1
; 2�1

; 3�2
; 4�2

ÞjD¼4 div:

¼ i

�

1

ð4�Þ2 g
4bð1Þ1

Ds � 2

2
þ � � � : (4.3)

As expected, the case with identical scalars follows from
the one with distinct scalars by summing over the three
distinct permutations corresponding to the distinct ways of
connecting the external scalar legs. The number of scalar
states circulating in the loop is again given by Ds � 4, so
for consistency we should take Ds � 6 to have two
scalars. In both Eqs. (4.2) and (4.3), the terms containing
Ds, and therefore those due to scalar states in the loop, arise
from contact diagrams of the form displayed in Fig. 6(a).
We will find this useful in Sec. V for understanding the
structure of the two-loop divergences in D ¼ 4.

Using the double-copy replacement (2.12) for the color
factor in terms of the N ¼ 4 super-Yang-Mills duality-
satisfying numerator, we obtain the corresponding diver-
gences in N ¼ 4 supergravity with nV ¼ Ds � 4 matter
multiplets:

Mð1Þð1H; 2H; 3H; 4HÞjD¼4 div: ¼ 0;

Mð1Þð1H; 2H; 3V; 4VÞjD¼4 div: ¼ 0;

Mð1Þð1V; 2V; 3V; 4VÞjD¼4 div:

¼ � 1

�

1

ð4�Þ2
�
�

2

�
4
stAtree

Q¼16

3ðDs � 2Þ
2

;

Mð1Þð1V1
; 2V1

; 3V2
; 4V2

ÞjD¼4 div:

¼ � 1

�

1

ð4�Þ2
�
�

2

�
4
stAtree

Q¼16

Ds � 2

2
; (4.4)

where, as noted in Sec. III B, the label H indicates that a leg
is a state of the graviton multiplet while a subscript V
indicates that the leg is a state of a vector multiplet. The
cases with subscripts V1 and V2 indicate that the legs
belong to distinct vector multiplets. Cases with an odd
number of external matter-multiplet legs vanish trivially.
The total number of matter vector multiplets is given by
nV ¼ Ds � 4, and the supersymmetric prefactor Atree

Q¼16

automatically incorporates all valid external states in
both the vector and graviton multiplets. It is interesting
to note that the contribution to the divergence from the
matter multiplet in the loop is proportional to that of the

graviton multiplet, and that the result diverges for any
number of vector multiplets. For consistency, we must
have nV � 1 for the cases with all matter belonging to
the same matter multiplet and nV � 2 for the case where
the two pairs of external states belong to different matter
multiplets.

B. Six dimensions

As already discussed in Ref. [13], the only available F3

Yang-Mills counterterm for external gluons generates am-
plitudes with color tensors proportional to the tree-level
color tensors, a fact that is unaltered with the addition of
scalars to the theory. Thus we immediately have that the
part of the divergence proportional to the one-loop color
tensor vanishes:

Að1Þð1g; 2g; 3g; 4gÞ ¼ 0þ � � � : (4.5)

For four identical external scalars, the Yang-Mills coun-
terterm involving the one-loop color tensor of the form
D2�4 vanishes because by crossing symmetry, it needs to
be proportional to sþ tþ u ¼ 0. One might worry about
an interference of the crossing properties of the color and
the kinematics, but the independent one-loop color tensor
can be put into a fully crossing-symmetric form plus terms
proportional to tree color factors:

bð1Þ1 ¼ 1

4!

X



cð1Þ
ð1Þ;
ð2Þ;
ð3Þ;
ð4Þ þ � � � ; (4.6)

where cð1Þijkl is a one-loop box color factor and 
 runs over

all 4! permutations of the external legs. Therefore for
trivial symmetry reasons there is no divergence in terms
containing the one-loop color tensor when all four external
scalars are identical:

Að1Þð1�; 2�; 3�; 4�ÞjD¼6 div: ¼ 0þ � � � : (4.7)

For the case of two pairs of nonidentical scalars, the
amplitude no longer has the full crossing symmetry and
hence the divergence no longer vanishes from simple
symmetry considerations. Instead we find

Að1Þð1�1
; 2�1

; 3�2
; 4�2

ÞjD¼6 div:

¼ � i

�

1

ð4�Þ3 g
4bð1Þ1

26�Ds

12
sþ � � � : (4.8)

Finally, the two-scalar two-gluon divergence proportional
to the one-loop color tensor is

Að1Þð1g;2g;3�;4�ÞjD¼6div:

¼ i

�

1

ð4�Þ3g
4bð1Þ1

26�Ds

24
ð"1 �"2s�2k1 �"2k2 �"1Þþ��� :

(4.9)

Substituting the color factor with the kinematic numera-
tor (2.12) in Eqs. (4.5) and (4.7)–(4.9) immediately gives us

(a) (b)

FIG. 6. The divergences containing a one-loop color tensor
and a factor Ds all arise from diagrams of the form (a). The
total divergence subtraction is shown in (b), where the large dot
signifies a local subtraction.
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the half-maximal supergravity divergences for cases
including external states from vector multiplets:

Mð1Þð1H; 2H; 3H; 4HÞjD¼6 div: ¼ 0;

Mð1Þð1V; 2V; 3V; 4VÞjD¼6 div: ¼ 0;

Mð1Þð1V1
; 2V1

; 3V2
; 4V2

ÞjD¼6 div:

¼ 1

�

1

ð4�Þ3
�
�

2

�
4
stAtree

Q¼16

26�Ds

12
s;

Mð1Þð1H; 2H; 3V; 4VÞjD¼6 div:

¼ � 1

�

1

ð4�Þ3
�
�

2

�
4
stAtree

Q¼16

26�Ds

24

� ð"1 � "2s� 2k1 � "2k2 � "1Þ: (4.10)

C. Eight dimensions

In eight dimensions at one loop, nonsupersymmetric
Yang-Mills theory has an F4 divergence containing a
one-loop color tensor. Therefore, the corresponding half-
maximal supergravity diverges at one loop [13]. The ex-
plicit value of the divergences for four external graviton
multiplets is given in Eq. (3.19) of Ref. [13], with the
number of vector supermultiplets given by nV ¼ Ds � 8;
the pure supergravity divergence was first computed in
Ref. [48]. Yang-Mills operators generating divergences
for external scalars in D ¼ 8, specifically D2�2F2 and
D4�4, can also be contracted with one-loop color tensors.
Thus it is no surprise that cases with external matter
multiplets also diverge in half-maximal supergravity.

For four identical scalars in Yang-Mills theory, the
divergence proportional to the one-loop color tensor is

Að1Þð1�; 2�; 3�; 4�ÞjD¼8 div:

¼ i

�

1

ð4�Þ4 g
4bð1Þ1

Ds þ 18

120
ðs2 þ t2 þ u2Þ þ � � � :

(4.11)

For two pairs of distinct external scalars, we have the
gauge-theory divergence,

Að1Þð1�1
; 2�1

; 3�2
; 4�2

ÞjD¼8 div:

¼ i

�

1

ð4�Þ4 g
4bð1Þ1

ðDs � 2Þs2 � 40tu

120
þ � � � ; (4.12)

while the two-scalar two-gluon divergence is

Að1Þð1g;2g;3�;4�ÞjD¼8div:

¼ i

�

1

ð4�Þ4g
4bð1Þ1

1

180
½ðDs�2Þsð2k1 �"2k2 �"1�"1 �"2sÞ

þ60ð2k3 �"1k4 �"2tþ2k4 �"1k3 �"2u
þ"1 �"2tu�þ��� : (4.13)

In these eight-dimensional expressions the number of real
scalars circulating in the loops is Ds � 8.
As before, we obtain the corresponding half-maximal

supergravity divergences with nV ¼ Ds � 8 matter mul-
tiplets by substituting the color factors in the Yang-Mills
expressions with the kinematic numerator (2.12):

Mð1Þð1V; 2V; 3V; 4VÞjD¼8 div: ¼ � 1

�

1

ð4�Þ4
�
�

2

�
4
stAtree

Q¼16

Ds þ 18

120
ðs2 þ t2 þ u2Þ;

Mð1Þð1V1
; 2V1

; 3V2
; 4V2

ÞjD¼8 div: ¼ � 1

�

1

ð4�Þ4
�
�

2

�
4
stAtree

Q¼16

ðDs � 2Þs2 � 40tu

120
;

Mð1Þð1H; 2H; 3V; 4VÞjD¼8 div: ¼ � 1

�

1

ð4�Þ4
�
�

2

�
4
stAtree

Q¼16

1

180
½ðDs � 2Þsð2k1 � "2k2 � "1 � "1 � "2sÞ

þ 60ð2k3 � "1k4 � "2tþ 2k4 � "1k3 � "2uþ "1 � "2tuÞ�: (4.14)

Combined with the result in Ref. [13], this gives the
complete set of four-point divergences in D ¼ 8 for any
external states, whether in the graviton multiplet or in a
vector multiplet.

V. TWO- AND THREE-LOOP DIVERGENCES

In this section we systematically list out the two-loop
four-point divergences of half-maximal supergravity with
external matter multiplets in D ¼ 4, 5, 6 along with the
divergences of corresponding nonsupersymmetric gauge
theory that control them. In all our expressions we always
subtract subdivergences. As it turns out, in D ¼ 4 the
divergence appears to be of a form where it is an iteration

of the one-loop divergence, so to conclusively demonstrate
that new divergences occur, we also present the three-loop
divergences. Two-loop supergravity counterterms are pro-
vided in the Appendix. As at one loop all divergences and
counterterms in D ¼ 4 carry a manifest SOð6Þ � SOðnVÞ
symmetry.

A. Four dimensions

In D ¼ 4, renormalizability dictates that gauge-theory
counterterms for the four-gluon divergence and the two-
gluon two-scalar divergence contain only tree-level color
tensors. Thus from simple renormalizability considera-
tions, we have [13]
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Að2Þð1g; 2g; 3g; 4gÞjD¼4 div: ¼ 0þ � � � ;
Að2Þð1g; 2g; 3�; 4�ÞjD¼4 div: ¼ 0þ � � � ;

(5.1)

where ‘‘þ� � �’’ refers to dropped terms that contain tree
and one-loop color tensors. As noted in Sec. II B, the
dropped terms are not needed for converting to
supergravity.

As already discussed in Ref. [13], renormalizability
considerations do not protect four-scalar divergences
from containing higher-loop color tensors. However, it
turns out that when the four scalars are identical, the
divergences proportional to the two-loop color tensors
cancel because of a color identity. This happens when all
the scalars are identical because the two-loop color tensors
appear fully symmetrized in their indices, i.e. as

�a�b�c�dðcPabcd1234 þ cPabcd3421 þ cPabcd1423 þ cPabcd2341

þ cPabcd1342 þ cPabcd4231 Þ ¼ 0þ � � � : (5.2)

By reexpressing these color factors in the basis (2.19), we

immediately see that the two-loop color tensors bð2Þ1 and

bð2Þ2 cancel out, so there can be no divergence containing

these color tensors when the four scalars are identical:

Að2Þð1�; 2�; 3�; 4�ÞjD¼4 div: ¼ 0þ � � � : (5.3)

If the scalars are not all identical, the previous symmetry
argument no longer applies. Indeed, we find that gauge-
theory amplitudes with nonidentical external scalars are
divergent. The nonvanishing contribution to the two-loop
four-scalar divergence with a distinct pair of scalars that
contains an independent two-loop color tensor is

Að2Þð1�1
; 2�1

; 3�2
; 4�2

ÞjD¼4 div:

¼ i

�2
1

ð4�Þ4 g
6bð2Þ1

ðDs � 2Þ2
4

þ � � � ; (5.4)

where the one-loop subdivergences have all been
subtracted. Since the number of scalars is Ds � 4, the
divergence does not vanish for any (positive) number of
scalar fields. In this case the t-channel basis color tensor

bð2Þ2 is absent.

A curious feature of the divergence in Eq. (5.4) is that
it does not contain a 1=� divergence but only a 1=�2

divergence. This may be understood straightforwardly for
terms proportional to the square of the state-counting
parameter Ds. Prior to subtractions, the only diagrams
that give contributions that contain both a factor of D2

s

and a two-loop color tensor are those of the form in
Fig. 7(a). Without this configuration it is not possible to
get two factors ofDs, each of which come from contracting
a Lorentz index around an independent loop. A second
source of these terms is the subtraction diagrams where one
factor of Ds comes from the one-loop subtraction and the
second comes from a loop, as illustrated in Fig. 7(b). The
structure of the result follows from the fact that each of
the contributing loops is of the form,

a

�
þ b; (5.5)

where a and b are parameters that depend on the external
momenta. The two-loop diagram [Fig. 7(a)] contains two
such loops and is just the square of this:

VðaÞ ¼
�
a

�
þ b

��
a

�
þ b

�
; (5.6)

times a prefactor. The subtraction terms in Fig. 7(b) are of
the form,

VðbÞ ¼ � a

�

�
a

�
þ b

�
�

�
a

�
þ b

�
a

�
; (5.7)

times the same prefactor. Combining the direct terms (5.6)
with the subtraction terms (5.7) flips the sign of the 1=�2

terms and cancels the 1=� terms, as given in Eq. (5.4). The
terms that are subleading in Ds are more complicated be-
cause other diagrams contribute. Once all pieces are added
together, we find that all 1=� terms cancel for the diver-
gence, as for the D2

s terms. The fact that a supergravity
theory can display this iterative structure is highly nontrivial
and presumably inherited from nonsupersymmetric Yang-
Mills theory through the relatively simple relation between
the corresponding amplitudes. This property appears to be
special to two loops. Since the supergravity divergence is
inherited from the gauge-theory one, the corresponding
divergences will also not have 1=� contributions.
Converting the lack of gauge-theory divergences in

Eqs. (5.1) and (5.3) to supergravity divergences using
the double-copy substitution in Eq. (2.22) gives us the
following finiteness results:

Mð2Þð1H; 2H; 3H; 4HÞjD¼4 div: ¼ 0;

Mð2Þð1H; 2H; 3V; 4VÞjD¼4 div: ¼ 0;

Mð2Þð1V; 2V; 3V; 4VÞjD¼4 div: ¼ 0:

(5.8)

These hold for all external states in the respective multip-
lets, independent of the number of matter multiplets added
to the theory. The vanishing of the divergences in the four

(a) (b)

FIG. 7. The divergences containing a two-loop color tensor and a factor of D2
s all arise from diagrams of the form (a). The diagrams

subtracting the one-loop subdivergences are shown in (b).
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identical-matter-multiplet case can also be seen from its
symmetry. From dimensional analysis, after extracting the
crossing-symmetric factor of stAtree

Q¼16, there is an addi-

tional factor of s which can appear only in the crossing-
symmetric form sþ tþ u ¼ 0, implying the vanishing of
the divergence. We can think of this cancellation as ‘‘ac-
cidental,’’ similar to the vanishing of one-loop divergences
in pure Einstein gravity. Interestingly, all the above finite
results exhibit cancellation separately in both the unsub-
tracted pieces and in the subtractions when a uniform mass
infrared regulator is used. This is true even when one-loop
divergences imply the presence of subdivergences in
higher-loop amplitudes. Another notable case where this
happens is three-loop N ¼ 4 supergravity in four dimen-
sions with internal matter [12].

Finally, applying the substitution rule (2.22) to the
gauge-theory amplitude with a pair of distinct scalars gives
the nonvanishing divergence for a four-point supergravity

amplitude with external states from a pair of distinct vector
multiplets,

Mð2Þð1V1
; 2V1

; 3V2
; 4V2

ÞjD¼4 div:

¼ � 1

�2
1

ð4�Þ4
�
�

2

�
6
s2tAtree

Q¼16

ðDs � 2Þ2
4

; (5.9)

where the state-counting parameter takes the value, Ds ¼
nV þD, with D ¼ 4 in the four-dimensional helicity
scheme [47]. Since the divergence is for a pair of distinct
matter multiplets, for consistency we need nV � 2.
The fact that in D ¼ 4 the two-loop divergence (5.9) is

an iteration of the one-loop divergence raises the question1

of whether it might follow from the one-loop divergences
in Eq. (4.4). To definitively settle any such potential ques-
tion, we have also computed the complete set of three-loop
N ¼ 4 supergravity divergences inD ¼ 4. Our results for
these divergences are

Mð3Þð1H; 2H; 3H; 4HÞjD¼4 div: ¼ 0; Mð3Þð1H; 2H; 3V; 4VÞjD¼4 div: ¼ 0;

Mð3Þð1V; 2V; 3V; 4VÞjD¼4 div: ¼ � 1

ð4�Þ6
�
�

2

�
8ðs2 þ t2 þ u2ÞstAð0Þ

Q¼16

ðDs � 2Þ2
4

�
Ds � 2

2�3
� 1

�2
þ 1

�

�
;

Mð3Þð1V1
; 2V1

; 3V2
; 4V2

ÞjD¼4 div: ¼ � 1

ð4�Þ6
�
�

2

�
8
stAð0Þ

Q¼16

�
1

�3
ðDs � 2Þ2

8
ððDs � 4Þs2 � 4tuÞ þ 1

�2
ðDs � 2Þ2

2
tu

þ 1

�

�ðDs � 2Þ2
2

ðs2 þ tuÞ � ð7Ds � 38Þðs2 þ 2tuÞ�3
��

; (5.10)

where the number of vector multiplets is nV ¼ Ds � 4 and
all subdivergences have been subtracted, as usual. The
vanishing of divergences when all four external states are
from the graviton multiplet was shown in Ref. [12]. The
vanishing of divergences when two external states are from
the graviton multiplet and two from a matter multiplet is
new. We leave the comparison of these divergences to
those of nonsupersymmetric Yang-Mills coupled to scalars
to future studies.

The divergences (5.10) are not of a form where they can
be induced by the one-loop divergences, settling any po-
tential issues on whether these are new divergences. In
particular, we cannot obtain a �3 from a one-loop diver-
gence. If we ignore, for the moment, any potential issues
with the SLð2;RÞ duality anomaly, this result contradicts
the expected finiteness [16], had an off-shell superspace
manifesting all 16 supercharges existed [15].

Now consider the SLð2;RÞ duality anomaly. One may
wonder if it can somehow be responsible for the divergen-
ces in Eqs. (5.9) and (5.10), since it can prevent use of the
duality symmetry to rule out a counterterm [16]. However,
these divergences are not of the proper form had they been

due to the anomaly. Anomalies are associatedwith a ‘‘0=0,’’
or more precisely in dimensional regularization, contribu-
tions ofOð�Þ that violate a symmetry and can give anOð�0Þ
contribution when they hit a 1=� divergence. Indeed, this is
how the anomaly enters into one-loop amplitudes [49]. At
two loops these finite one-loop terms could feed in to give at
most a 1=� divergence, andwewould have found that at two
loops the divergences would contain no 1=�2 term and at
three loops no 1=�3 terms. In addition, the amplitudes
containing the divergences are all inert under the anomalous
Uð1Þ, using the helicity counting rules of Ref. [49]. These
features are incompatiblewith the anomaly being the source
of the D ¼ 4 divergences. We therefore conclude that
our results are inconsistent with the existence of a
16-supercharge off-shell superspace in D ¼ 4.

B. Five dimensions

The two-loop gluon amplitudes of five-dimensional
gauge theory coupled to scalars have divergences due to
an F3 operator. This operator generates divergences con-
taining only tree-level color factors, and hence no two-loop
color tensors are present [13]. Thus, the four-gluon
divergence is given by

Að2Þð1g; 2g; 3g; 4gÞjD¼5 div: ¼ 0þ � � � : (5.11)
1We thank G. Bossard, K. Stelle and P. Howe for raising this

question.
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However, when we have external adjoint scalars, counter-
terms involving the two-loop color tensors exist. The avail-
able counterterms involving two-loop color tensors at two
loops in five dimensions are similar to those involving one-
loop color tensors at one loop in six dimensions. For four
external scalars, we have D2�4. For identical scalars, the
two-loop gauge-theory divergence is

Að2Þð1�;2�;3�;4�ÞjD¼5div:

¼ i

�

1

ð4�Þ5g
6 ð10�DsÞ�

3
ðbð2Þ1 ðu�sÞþbð2Þ2 ðu� tÞÞþ��� :

(5.12)

For distinct external scalars, the divergence containing
two-loop color tensors is

Að2Þð1�1
;2�1

;3�2
;4�2

ÞjD¼5div:

¼ i

�

1

ð4�Þ5g
6 ð10�DsÞ�

6

�
bð2Þ1 ðt�3sÞþbð2Þ2 ðt�uÞ

�
þ���:
(5.13)

Finally for the two-scalar two-gluon divergence, we have a
�2F2 counterterm. The divergence corresponding to this
operator is

Að2Þð1g;2g;3�;4�ÞjD¼5 div:

¼ i

�

1

ð4�Þ5 g
6bð2Þ1

ð10�DsÞ�
6

ð"1 � "2s� 2k1 � "2k2 � "1Þ
þ � � � : (5.14)

As in D ¼ 4, we can convert these results to those of
half-maximal supergravity by replacing the color tensors
with the kinematic numerators in Eq. (2.22) to yield the
supergravity divergences:

Mð2Þð1H; 2H; 3H; 4HÞjD¼5 div: ¼ 0;

Mð2Þð1V; 2V; 3V; 4VÞjD¼5 div:

¼ 1

�

1

ð4�Þ5
�
�

2

�
6
stAtree

Q¼16

ð10�DsÞ�
3

ðs2 þ t2 þ u2Þ;

Mð2Þð1V1
; 2V1

; 3V2
; 4V2

ÞjD¼5 div:

¼ 1

�

1

ð4�Þ5
�
�

2

�
6
stAtree

Q¼16

ð10�DsÞ�
6

ð3s2 þ 2tuÞ;

Mð2Þð1H; 2H; 3V; 4VÞjD¼5 div:

¼ � 1

�

1

ð4�Þ5
�
�

2

�
6
s2tAtree

Q¼16

ð10�DsÞ�
6

� ð"1 � "2s� 2k1 � "2k2 � "1Þ; (5.15)

where the number of matter multiplets is nV ¼ Ds � 5.
An interesting feature of these divergences is that they

vanish if the number of vector supermultiplets is nV ¼ 5,
which corresponds to the theory of N ¼ 1, D ¼ 10
supergravity dimensionally reduced to D ¼ 5. It would
be interesting to know if these cancellations for five vector
multiplets persist to higher-loop orders. It is noteworthy
that a linearized superspace exists for this theory in
D ¼ 10 [50].
The divergent results in Eq. (5.15) are in direct conflict

with the predictions of Ref. [16], under the assumption [15]
that there is a harmonic superspace manifesting all 16
supercharges off shell. On the other hand, the two-loop
ultraviolet finiteness of D ¼ 5 pure half-maximal super-
gravity is a direct consequence of the duality between color
and kinematics and the general structure of corresponding
gauge-theory divergences, so from this vantage point there
is no mystery.

C. Six dimensions

Half-maximal supergravity is divergent in six dimen-
sions with or without matter in the loop [13]. This can be
understood through the presence of an F4 counterterm in
pure Yang-Mills theory that contains the independent two-
loop color tensors. The divergence was given in Ref. [13],
so we do not reproduce it here. One fact of interest is that
there is no 1=�2 term in the divergence for pure half-
maximal supergravity (no matter in the loop), which is
consistent with expectations based on the lack of one-
loop divergences in pure half-maximal supergravity in
six dimensions.
The four-point Yang-Mills divergence for two scalars

and two gluons is given by a D2�2F2 operator. We do not
give the divergence or the associated two-external-matter
four-point supergravity divergence, but we do mention
the presence of a factor of 26�Ds multiplying the 1=�2

piece in both. This is again consistent with the one-loop
subdivergence.
For four external scalars, counterterms of the formD4�4

are valid. The corresponding divergence involving the
two-loop color tensors is given by

Að2Þð1�; 2�; 3�; 4�ÞjD¼6 div:

¼ i
1

ð4�Þ6 g
6 1

144

�ðDs � 6Þð26�DsÞ
�2

� 13Ds þ 142

3�

�

� ðbð2Þ1 tðs� uÞ þ bð2Þ2 sðt� uÞÞ þ � � � : (5.16)

We do not present the Yang-Mills divergence for two
different scalars because it is somewhat complicated
and not particularly enlightening. We do note that once
again a factor of 26�Ds in the 1=�

2 pieces multiplies each
color tensor.
Applying the substitution rule (2.22) to the gauge-theory

results, we have for half-maximal supergravity divergences
with external matter states:
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Mð2Þð1V; 2V; 3V; 4VÞjD¼6 div: ¼ 1

ð4�Þ6
�
�

2

�
6
s2t2uAtree

Q¼16

1

48

�ðDs � 6Þð26�DsÞ
�2

� 13Ds þ 142

3�

�
;

Mð2Þð1V1
; 2V1

; 3V2
; 4V2

ÞjD¼6 div: ¼ 1

ð4�Þ6
�
�

2

�
6
s2tAtree

Q¼16

1

144

�
26�Ds

�2
ððDs � 6Þs2 � 5ðs2 þ t2 þ u2ÞÞ

� 1

3�

�
ð13Ds þ 142Þs2 þ 13Ds � 578

2
ðs2 þ t2 þ u2Þ

��
: (5.17)

As always, the result when the four external states are
from a single vector multiplet can be obtained from the
result when the states are from a distinct pair of vector
multiplets simply by summing over the independent exter-
nal permutations. The complete set of counterterms for
external gravitons and matter vectors may be found in
the Appendix.

VI. CONCLUSIONS AND OUTLOOK

In this paper we mapped out the one- and two-loop four-
point divergences of half-maximal supergravity including
Abelian-vector matter multiplets in various dimensions. In
particular, we showed that half-maximal supergravity with
matter multiplets does contain ultraviolet divergences in
D ¼ 4, 5, 6. We also worked out the four-point divergences
at three loops in D ¼ 4 to conclusively show that new
divergences do occur in D ¼ 4. The D ¼ 4 theory has
long been known to be divergent at one loop [23,24], which
we confirmed here as well. Our one- and two-loop results
are summarized in Table II, which shows a schematic form
of the counterterms of half-maximal supergravity, as well
as those of nonsupersymmetric gauge theory involving
the color tensors that control the gravity divergences.
(We do not include odd dimensions at one loop because
those are automatically finite when using dimensional
regularization.)

Bossard et al. recently conjectured [15] the existence of
16-supercharge linearly realized harmonic superspaces in
D ¼ 4 and in D ¼ 5 in order to explain the finiteness of
pure half-maximal supergravity at three loops in D ¼ 4
and at two loops in D ¼ 5 [12–14]. Such superspaces have

the appealing feature that no new ‘‘miracles’’ would be
required to explain the observed finiteness. Very recently
they argued [16] that if the conjectured superspace were to
exist in D ¼ 5, then there would be no new two-loop
divergences even when matter multiplets are added to the
theory. In D ¼ 4 the situation is similar except for the
appearance of an anomaly [21] in the rigid SLð2;RÞ duality
symmetry. However, we found that the calculated diver-
gences in D ¼ 4 are not compatible with them being been
due to the anomaly. The results of the present paper then
show that there are new divergences in all these cases,
contradicting the predictions had the desired superspaces
existed in D ¼ 4 and D ¼ 5.
We emphasize that there is no mystery in the half-

maximal supergravity divergence structure from the vant-
age point of the duality between color and kinematics.
At one and two loops, it shows in a direct way why
amplitudes with external matter can diverge when the
purely external-graviton-multiplet case does not, linked
to the well-understood divergences of nonsupersymmetric
gauge theory. In addition, it gives us the means to precisely
determine the coefficients of the divergences.
The one- and two-loop cases analyzed in this paper are

especially simple because the maximal super-Yang-Mills
numerators used in the double-copy construction are inde-
pendent of loop momenta. For higher loops the situation
was more complex to analyze because loop momenta
enter into the super-Yang-Mills numerators, altering
the form of the integrals compared to those of nonsuper-
symmetric gauge theory. Nevertheless, as suggested in
Ref. [13], we expect the divergences of half-maximal
supergravity to be related to the divergence structure of

TABLE II. A schematic table of the counterterms of half-maximal supergravity with matter multiplets in various dimensions at one
and two loops, together with corresponding gauge-theory counterterms with the appropriate color tensors. The displayed supergravity
counterterms are for gravitons and vector matter multiplets. For the gauge-theory case they are for the gluons and scalars of the theory.

Amplitude

One Loop Two Loops

D ¼ 4 D ¼ 6 D ¼ 8 D ¼ 4 D ¼ 5 D ¼ 6

AðLÞð1g; 2g; 3g; 4gÞ Finite Finite F4 Finite Finite F4

MðLÞð1H; 2H; 3H; 4HÞ Finite Finite R4 Finite Finite D2R4

AðLÞð1g; 2g; 3�; 4�Þ Finite �2F2 D2�2F2 Finite �2F2 D2�2F2

MðLÞð1H; 2H; 3V; 4VÞ Finite F2R2 D2F2R2 Finite D2F2R2 D4F2R2

AðLÞð1�; 2�; 3�; 4�Þ �4 Finite D4�4 Finite D2�4 D4�4

MðLÞð1V; 2V; 3V; 4VÞ F4 Finite D4F4 Finite D4F4 D6F4

AðLÞð1�1
; 2�1

; 3�2
; 4�2

Þ �4 D2�4 D4�4 �4 D2�4 D4�4

MðLÞð1V1
; 2V1

; 3V2
; 4V2

Þ F4 D2F4 D4F4 D2F4 D4F4 D6F4
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corresponding nonsupersymmetric gauge-theory ampli-
tudes. We look forward to new calculations that will shed
further light on the origin of the remarkably good ultravio-
let behavior of pure supergravity theories with 16 or more
supercharges.
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APPENDIX: SUPERGRAVITY COUNTERTERMS

Any potential symmetry explanation of the vanishings of
potential divergences of supergravity must also properly
give the allowed counterterms in detail. For this purpose, in
this appendix, we give counterterms corresponding to our
calculated one- and two-loop divergences in half-maximal
supergravity coupled to nV ¼ Ds �D matter vector mul-
tiplets in various dimensions. For each divergence, we give
a counterterm for a particular field content, focusing on
external graviton and Abelian-vector matter states. These
can in turn be supersymmetrized using the supersymmetric
form of the divergences given Secs. IVand V, but we do not
do so here. The fact that this theory diverges at one loop in
D ¼ 4 has been known since the early days of supergravity
[23,24]. Here we map out the full set of counterterms for
four external gravitons or Abelian-vector matter states at
one and two loops.

For notational simplicity, we define contractions of field
strengths as

ðFFÞ�F��F
��; ðFFFFÞ�F��F

��F�
F

�: (A1)

We also allow derivatives in this notation, for example,

ðD�FFD
�FDFÞ � ðD�DF��ÞF��ðD�F�
ÞðDF
�Þ;

(A2)

where we have also introduced the notation, D�� �
D�D�. For F2R2-type operators, when no indices are

written, the first two indices of one Riemann tensor are
understood to be contracted with the first two indices of the
other Riemann tensor, while the last two indices of each
obey the relations of the field strengths in Eq. (A1):

ðRRÞ � R���	R
���	;

ðRFÞðRFÞ � R���	F
�	R��

��F
��;

ðRFRFÞ � R���	F
	�R��

��F
��:

(A3)

In cases where the first two indices of a Riemann tensor are
not contracted with the other one, we will write them out
explicitly:

ðR��R
�
�D

�FD�FÞ � R���	R
�
�
	�ðD�F��ÞðD�F��Þ:

(A4)

All R’s in the counterterm operators refer to Riemann
tensors and should not be confused with the Ricci tensor
or Ricci scalar, despite the notation. The indices in R4-type
operators are written out explicitly with the understanding
that derivatives act only on the tensor that they immedi-
ately precede, e.g. D�R���	R

���	 � ðD�R���	ÞR���	.

Since the duality-satisfying numerators of maximally
supersymmetric Yang-Mills amplitudes are independent
of loop momenta at one and two loops, we exploit the
double-copy property to construct our counterterm opera-
tors, as was done in Ref. [13]. The four-point one-loop
duality-satisfying numerator for maximal super-Yang-
Mills theory is given by a contraction of field strengths,

F4 ¼�2

�
ðF1F2F3F4Þ� 1

4
ðF1F2ÞðF3F4Þþ cyclicð2;3;4Þ

�
;

(A5)

while the two-loop numerator s2tAtree
Q¼16 is given by

D2F4¼4

�
ðD�F1D

�F2F3F4ÞþðD�F1F3F4D
�F2Þ

þðD�F1F4D
�F2F3Þ�1

4
ðD�F1D

�F2ÞðF3F4Þ

�1

4
ðD�F1F3ÞðD�F2F4Þ�1

4
ðD�F1F4ÞðD�F2F3Þ

�
;

(A6)

where the labels on the field strengths in these cases
indicate the corresponding external legs. We use these
expressions as replacements for the color factors in opera-
tors generating the nonsupersymmetric Yang-Mills diver-
gences. We then associate products of Yang-Mills objects
with gravity objects:

�iFi�� ! Fi��; Fi��Fi�
 ! �2Ri���
: (A7)

At the linearized level, the products of Yang-Mills objects
and the gravity object each have the same contribution to
the amplitude (see Ref. [13] for more detail).
For example, the nonsupersymmetric Yang-Mills

divergence for four identical scalars at one loop in four
dimensions involving the one-loop color tensor (4.2) is
generated by
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1

�

1

ð4�Þ2 g
4 3ðDs � 2Þ

2

1

4!
bð1Þabcd1 �a�b�c�d: (A8)

Substituting Eq. (A5) for bð1Þ1 and using Eq. (A7), we

have for the operator generating the single-matter-vector
divergence in half-maximal supergravity,

1

�

1

ð4�Þ2
�
�

2

�
4 3ðDs � 2Þ

8

�
ðFFFFÞ � 1

4
ðFFÞ2

�
: (A9)

We will not provide the input Yang-Mills operators as
they do not generate the full divergences, but only generate
the pieces proportional to the color tensors of interest.
Nevertheless, the double-copy construction is evident in
the contraction structure of the indices in the gravity
counterterms, where Lorentz indices can be separated
according to the gauge theory to which they belong. For

each dimension and loop order, we provide counterterms

for the following four-point half-maximal supergravity

amplitudes:
(i) four external gravitons with matter included in the

loop,
(ii) two external gravitons and two external vector mat-

ter states,
(iii) four external vector matter states belonging to the

same multiplet,
(iv) four external vector matter states belonging to two

different multiplets. In this case the subscript labels

on the field strengths indicate the matter multiplet to

which the vector state belongs; these expressions are

also valid for i ¼ j, returning the counterterm for a

single multiplet up to terms that vanish on shell.

1. One loop

a. Four dimensions

Cð1Þ;D¼4
ðR;R;R;RÞ ¼ 0; Cð1Þ;D¼4

ðR;R;F;FÞ ¼ 0; Cð1Þ;D¼4
ðF;F;F;FÞ ¼ � 1

�

1

ð4�Þ2
�
�

2

�
4 3ðDs � 2Þ

8

�
ðFFFFÞ � 1

4
ðFFÞ2

�
;

Cð1Þ;D¼4
ðFi;Fi;Fj;FjÞ ¼ � 1

�

1

ð4�Þ2
�
�

2

�
4 Ds � 2

4

�
ðFiFiFjFjÞ þ 1

2
ðFiFjFiFjÞ � 1

8
ðFiFiÞðFjFjÞ � 1

4
ðFiFjÞ2

�
:

(A10)

b. Six dimensions

Cð1Þ;D¼6
ðR;R;R;RÞ ¼ 0; Cð1Þ;D¼6

ðR;R;F;FÞ ¼
1

�

1

ð4�Þ3
�
�

2

�
2 26�Ds

24

�
ðRRFFÞ þ 1

2
ðRFRFÞ � 1

8
ðRRÞðFFÞ � 1

4
ðRFÞðRFÞ

�
;

Cð1Þ;D¼6
ðF;F;F;FÞ ¼ 0; Cð1Þ;D¼6

ðFi;Fi;Fj;FjÞ ¼ � 1

�

1

ð4�Þ3
�
�

2

�
4 26�Ds

12

�
ðD�FiD

�FiFjFjÞ þ 1

2
ðD�FiFjD

�FiFjÞ

� 1

8
ðD�FiD

�FiÞðFjFjÞ � 1

4
ðD�FiFjÞðD�FiFjÞ

�
: (A11)

c. Eight dimensions

Cð1Þ;D¼8
ðR;R;R;RÞ ¼ � 1

�

1

ð4�Þ4
1

11520

�
16ð238þDsÞ

�
1

2
R���	R

��	�R�
��R

��� þ R���	R

��
����R

�
	�
�
 R
���

�

þ 5ð50�DsÞ
�
1

2
ðR���
R

���
Þ2 þ R���	R
��

��R�

�	R�
��

�

� 16ð122�DsÞ
�
R���	R

���	R�
��R

��� þ 1

2
R���	R

��
��R�


�	R
���

��
;

Cð1Þ;D¼8
ðR;R;F;FÞ ¼

1

�

1

ð4�Þ4
�
�

2

�
2 1

90

�
ðDs � 32Þ

�
ðRRD�FD

�FÞ þ 1

2
ðRD�FRD

�FÞ � 1

8
ðRRÞðD�FD

�FÞ � 1

4
ðRD�FÞðRD�FÞ

�

þ 60

�
ðR��R

�
�D

�FD�FÞ þ ðR��R
�
�D

�FD�FÞ þ ðR��D
�FR�

�D
�FÞ � 1

4
ðR��R

�
�ÞðD�FD�FÞ

� 1

4
ðR��D

�FÞðR�
�D

�FÞ � 1

4
ðR��D�FÞðR��D�FÞ

��
;
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Cð1Þ;D¼8
ðF;F;F;FÞ ¼ � 1

�

1

ð4�Þ4
�
�

2

�
4 Ds þ 18

60

�
ðD�FD

�FDFD
FÞ þ 1

2
ðD�FDFD

�FDFÞ � 1

8
ðD�FD

�FÞ2

� 1

4
ðD�FDFÞðD�FDFÞ

�
;

Cð1Þ;D¼8
ðFi;Fi;Fj;FjÞ ¼ � 1

�

1

ð4�Þ4
�
�

2

�
4 1

60

�
ðDs � 22Þ

�
ðD�FiD

�FiDFjD
FjÞ þ 1

2
ðD�FiDFjD

�FiD
FjÞ

� 1

8
ðD�FiD

�FiÞðDFjD
FjÞ � 1

4
ðD�FiDFjÞðD�FiD

FjÞ
�
þ 20

�
ðD�FiDFiD

�FjD
FjÞ

þ ðD�FiD
�FjDFjD

FiÞ þ ðD�FiDFjD
FiD

�FjÞ
� 1

4
ðD�FiDFiÞðD�FjD

FjÞ � 1

4
ðD�FiD

�FjÞ2 � 1

4
ðD�FiDFjÞðDFiD

�FjÞ
��

: (A12)

2. Two loops

a. Four dimensions

Cð2Þ;D¼4
ðR;R;R;RÞ ¼ 0; Cð2Þ;D¼4

ðR;R;F;FÞ ¼ 0; Cð2Þ;D¼4
ðF;F;F;FÞ ¼ 0;

Cð2Þ;D¼4
ðFi;Fi;Fj;FjÞ ¼

1

�2
1

ð4�Þ4
�
�

2

�
6 ðDs � 2Þ2

4

�
ðD�FiD

�FiFjFjÞ þ 1

2
ðD�FiFjD

�FiFjÞ � 1

8
ðD�FiD

�FiÞðFjFjÞ

� 1

4
ðD�FiFjÞðD�FiFjÞ

�
: (A13)

b. Five dimensions

Cð2Þ;D¼5
ðR;R;R;RÞ ¼ 0;

Cð2Þ;D¼5
ðR;R;F;FÞ ¼ �1

�

1

ð4�Þ5
�
�

2

�
4 ð10�DsÞ�

3

�
ðRRD�FD

�FÞ þ 1

2
ðRD�FRD

�FÞ � 1

8
ðRRÞðD�FD

�FÞ � 1

4
ðRD�FÞðRD�FÞ

�
;

Cð2Þ;D¼5
ðF;F;F;FÞ ¼

1

�

1

ð4�Þ5
�
�

2

�
6 2ð10�DsÞ�

3

�
ðD�FD

�FDFD
FÞ þ 1

2
ðD�FDFD

�FDFÞ � 1

8
ðD�FD

�FÞ2

� 1

4
ðD�FDFÞðD�FDFÞ

�
;

Cð2Þ;D¼5
ðFi;Fi;Fj;FjÞ ¼

1

�

1

ð4�Þ5
�
�

2

�
6 2ð10�DsÞ�

3

�
3

2
ðD�FiD

�FiDFjD
FjÞ þ 3

4
ðD�FiDFjD

�FiD
FjÞ

þ ðD�FiFiD
�FjD

FjÞ þ 1

2
ðD�FiD

�FjFiD
FjÞ � 3

16
ðD�FiD

�FiÞðDFjD
FjÞ

� 3

8
ðD�FiDFjÞðD�FiD

FjÞ � 1

8
ðD�FiFiÞðD�FjD

FjÞ � 1

4
ðD�FiD

�FjÞðFiD
FjÞ

�
: (A14)

c. Six dimensions

Cð2Þ;D¼6
ðR;R;R;RÞ¼� 1

ð4�Þ6
�
�

2

�
2
��ðDs�6Þð26�DsÞ

576�2
�734�19Ds

864�

��
D�R���	D

�R��	�R�
��R
�
��

þ1

2
D�R���	R�


	�D�R��
��R

�
���1

8
ðD�R���	Þ2ðR�
��Þ2�1

4
ðD�R���	R�


�	Þ2
�

�26�Ds

18�

�
D�R���	D

�R�

	�R��

��R

���þ1

2
D�R���	R

��	�D�R�
��R

���

�1

8
D�R���	R�


	�D�R��
��R

�
���1

4
D�R���	R

��	�D�R�
��R
�
��

��
;
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Cð2Þ;D¼6
ðR;R;F;FÞ¼� 1

ð4�Þ6
�
�

2

�
4 1

144

��ð26�DsÞð27�2DsÞ
�2

þ25ðDsþ22Þ
6�

��
ðD�RD

�RDFD
FÞþ1

2
ðD�RDFD

�RDFÞ

�1

8
ðD�RD

�RÞðDFD
FÞ�1

4
ðD�RDFÞðD�RDFÞ

�
þ
�
10ð26�DsÞ

�2
�734�19Ds

3�

�

�
�
ðD�R��D

�R�
�D

�FD�FÞþðD�R��D
�R�

�D
�FD�FÞþðD�R��D

�FD�R�
�D

�FÞ

�1

4
ðD�R��D

�R�
�ÞðD�FD�FÞ�1

4
ðD�R��D

�FÞðD�R�
�D

�FÞ�1

4
ðD�R��D�FÞðD�R��D�FÞ

�

þ
�
16ð26�DsÞ

�2
�8ðDsþ22Þ

3�

��
ðR��D�R

�
�D

��FD�FÞþðR��D�R
�
�D

�FD��FÞþðR��D�
�FD�R�

�D
�FÞ

�1

4
ðR��D�R

�
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