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Electromagnetic two-point functions and the Casimir effect
in Friedmann-Robertson-Walker cosmologies
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We evaluate the two-point functions of the electromagnetic field in (D + 1)-dimensional spatially flat
Friedmann—Robertson—Walker universes with a power-law scale factor, assuming that the field is prepared
in the Bunch-Davies vacuum state. The range of powers is specified in which the two-point functions are
infrared convergent and the Bunch—Davies vacuum for the electromagnetic field is a physically realizable
state. The two-point functions are applied for the investigation of the vacuum expectation values of the
field squared and the energy-momentum tensor, induced by a single and two parallel conducting plates.
Unlike to the case of conducting plates in the Minkowski bulk, in the problem under consideration, the
stresses along the directions parallel to the plates are not equal to the energy density. We show that, in
addition to the diagonal components, the vacuum energy-momentum tensor has a nonzero off-diagonal
component which describes energy flux along the direction normal to the plates. For a single plate, this
flux is directed from the plate. The Casimir forces are investigated in the geometry of two plates. At
separations between the plates smaller than the curvature radius of the background spacetime, to the
leading order, we recover the corresponding result in the Minkowski spacetime, and in this case the forces
are attractive. At larger separations, the influence of the curvature on the Casimir forces is essential with
different asymptotic behavior for decelerated and accelerated expansions. In particular, for the latter case,
there is a range of powers of the expansion law in which the forces become repulsive at large separations

between the plates.

DOI: 10.1103/PhysRevD.88.064034

L. INTRODUCTION

Observational data on the large-scale structure of the
Universe and on the cosmic microwave background indi-
cate that at large scales the Universe is homogeneous and
isotropic, and its geometry is well described by the
Friedmann—Robertson—Walker (FRW) metric. Because of
the high symmetry, numerous physical problems are ex-
actly solvable on this background, and a better understand-
ing of physical effects in FRW models could serve as a
handle to deal with more complicated geometries. In par-
ticular, the investigation of quantum effects at the early
stages of the cosmological expansion has been a subject of
study in many research papers (see Ref. [1] for early
investigations and Refs. [2—13] and references therein for
later developments). Physical effects such as the polariza-
tion of the vacuum and particle creation by strong gravita-
tional fields can have a profound impact on the dynamics of
the expansion. They provide a natural mechanism for the
damping of anisotropies in the early Universe and for a
solution of the cosmological singularity problem. During
an inflationary epoch, quantum fluctuations introduce in-
homogeneities which explain the origin of the primordial
density perturbations needed to explain the formation of
the large-scale structure in the Universe [14].
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The nontrivial properties of the vacuum are among the
most interesting predictions of the quantum field theory.
They are sensitive to both the local and global character-
istics of the background spacetime in the early Universe. In
particular, the properties of the vacuum state can be
changed by the imposition of boundary conditions on the
field operator. These conditions may be induced either by
the presence of physical boundaries, like material bounda-
ries in QED, or by the nontrivial topology of the back-
ground space. The both types of boundary conditions give
rise to the modification of the spectrum for the vacuum
fluctuations of a quantum field and, as a result, to the
change in the vacuum expectation values (VEVs) of vari-
ous physical observables. This effect for the electromag-
netic field was first predicted by Casimir in 1948, and
recently it has been experimentally confirmed with great
precision (for reviews of the Casimir effect, see Ref. [15]).

The explicit dependence of the VEVs on the bulk and
boundary geometries can be found for highly symmetric
backgrounds only. In particular, motivated by Randall-
Sundrum-type braneworld models, investigations of the
Casimir effect in anti-de Sitter spacetime have attracted a
great deal of attention. In these models, the presence of the
branes imposes boundary conditions on bulk quantum
fields, and, as a consequence of this, the Casimir-type
forces arise acting on the branes. This provides a natural
mechanism for the stabilization of the interbrane distance
(radion), as required for a solution of the hierarchy
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problem. In addition, the Casimir energy contributes to
both the brane and bulk cosmological constants, and it
has to be taken into account in any self-consistent formu-
lation of the braneworld dynamics. The Casimir energy
and forces in the geometry of two parallel branes in anti-de
Sitter bulk have been investigated in Ref. [16] by using
either dimensional or zeta function regularization methods.
Local Casimir densities for scalar and fermionic fields
were studied in Ref. [17]. Higher-dimensional braneworld
models in anti-de Sitter spacetime with compact internal
spaces are considered in Ref. [18]. Another maximally
symmetric gravitational background which plays an im-
portant role in cosmology is de Sitter spacetime. For a
massive scalar field with general curvature coupling pa-
rameter, the Casimir densities in this background, induced
by flat and spherical boundaries with Robin boundary
conditions, have been investigated in Ref. [19] (for special
cases of conformally and minimally coupled massless
fields see Ref. [20]). More recently, the electromagnetic
vacuum densities induced by a conducting plate in de Sitter
spacetime have been discussed in Ref. [21]. In both cases
of anti-de Sitter and de Sitter bulks, the curvature of the
background spacetime decisively influences the properties
of the vacuum at distances from the boundaries larger than
the curvature scale of the background spacetime. Similar
features were observed in the topological Casimir effect for
scalar and fermionic fields, induced by toroidal compacti-
fication of spatial dimensions in de Sitter spacetime [22].

In the present paper, we consider an exactly solvable
problem for combined effects of the gravitational field and
boundaries on the properties of the electromagnetic vac-
uum in a more general cosmological background. The two-
point functions, the expectation values of the field squared,
and the energy-momentum tensor in the Bunch-Davies
vacuum state are evaluated for the geometry of two parallel
conducting plates in spatially flat FRW universes where the
scale factor is a power of the comoving time (for the
vacuum polarization and the particle creation in FRW
cosmological models with power-law scale factors, see
Refs. [5,23,24]). The vacuum expectation values of the
energy-momentum tensor and the Casimir forces for con-
formally invariant scalar and electromagnetic fields in the
geometry of curved boundaries on the background of
FRW spacetime with negative spatial curvature have
been recently investigated in Ref. [25]. In these papers,
the boundaries are conformal images of flat boundaries in
Rindler spacetime, and the conformal relation between the
FRW and Rindler spacetimes was used. Taking into ac-
count the recent interest in higher-dimensional models of
both Kaluza—Klein and braneworld types and prospective
applications in multidimensional cosmology, in the present
paper we consider the case of an arbitrary number of
spatial dimensions D. The electromagnetic field is confor-
mally invariant in D = 3, and in this case the Casimir
densities and forces for the Bunch-Davies vacuum state
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are simply obtained from the corresponding results in the
Minkowski bulk by conformal transformation. In other
dimensions this is not the case, and the curvature of back-
ground spacetime leads to new qualitative features in the
behavior of the vacuum characteristics. In particular, as it
will be shown below, a nonzero energy flux appears along
the direction normal to the plates.

The structure of the paper is the following. In the next
section, we describe the background geometry and present
a complete set of mode functions for the vector potential of
the electromagnetic field. Then, these mode functions are
used for the evaluation of the two-point functions for the
vector potential and field tensor. In Sec. III, the mode
functions and the two-point functions are derived in the
region between two conducting plates. Section IV is
devoted to the investigation of the VEVs for the field
squared and the energy-momentum tensor in the geometry
of a single plate. The asymptotic behavior of the VEVs at
small and large distances from the plate is discussed in
detail. The VEVs in the geometry of two plates and the
Casimir interaction forces are investigated in Sec. V. The
main results of the paper are summarized in Sec. VL.

II. ELECTROMAGNETIC MODES AND
TWO-POINT FUNCTIONS IN
BOUNDARY-FREE FRW SPACETIME

A. Background geometry

For background geometry, we consider a spatially flat
(D + 1)-dimensional FRW spacetime with a power-law
scale factor vs time:

ds? = dt* — a*(1)(dz)?, a(t) = a,t, (1)

where z = (2!, ..., zP) are comoving spatial coordinates
and 0 <t < oo. For the scalar curvature corresponding to
the line element (1), one has R = Dc[(D + 1)c — 2]/7.
Below, in addition to the comoving time coordinate ¢, it is
convenient to introduce the conformal time defined as
7= [dt/a(t). In terms of the conformal time, for ¢ # 1,
one has

a(r) = apn’,  t=[a)(1-)7]/"79, (2

where we have introduced the notations

n=I7l, b=c/(1-c), ay=a(a;|l—cl)’. 3)

Note that for 0 < ¢ <1 one has 0 < 7 < o0, and for ¢ > 1
one has —oo < 7 < (. With this time coordinate, the line
element is written in a conformally flat form: ds?> =
a’(1)[dr* — (dz)?]. Taking ¢ = 0 and a, = 1, from the
formulas given below, we obtain the corresponding results
in the Minkowski bulk. In another limiting case, corre-
sponding to ¢ — 0, one has b = —1, and the scale factor
(2) reduces to the one for de Sitter spacetime: a(7) = ay/n
[in comoving time a(r) = ¢"/%]. In the case ¢ = 1 for the
conformal time, we have 7 = a;!'In(7/1,) with the scale
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factor a(7) = a,tye™”, —oo < 7 < +o00. In the discussion
below, we shall assume that ¢ # 1.

The energy density p and the pressure p corresponding
to the line element (1) are found from the Einstein
equations:

Dc? c(2 = cD)

—(D-1—=_, —(D-1 ,
p= ) l6rGE p=I ) 6nG22

“4)
with G being the (D + 1)-dimensional gravitational con-
stant. Note that the energy density is always non-negative,
whereas the pressure can be either positive or negative.
The equation of state for the source (4) is of barotropic
type, p = wp, with the equation-of-state parameter w =
2/(cD) — 1. In the special case ¢ = 2/(D + 1), the Ricci
scalar vanishes, and this corresponds to a source of the
radiation type. For ¢ = 2/D the pressure is zero, and one
has another important special case of dust-matter driven
models. In the case ¢ > 1, the expansion described by the
scale factor (1) is accelerating. This type of expansion is
employed in power-law [26] and extended [27] inflationary
models. The corresponding dynamics may be driven by a
scalar field ¢ with an exponential potential V(¢) « e~ 8%,
In this case the parameter c is given by the expression
c=4B72/(D — 1) (see, for instance, Ref. [28]). Power-
law solutions with ¢ = 2(n — 1)(2n — 1)/(D — 2n) arise
in higher-order gravity theories with the Lagrangian R"
[29]. The results given below can also be applied to
cosmological models driven by phantom energy for
which w < —1. For the corresponding scale factor, one
has a(r) = a,(—1)°¢, —o0 <t <0, with ¢ <0 and with the
relation r = —[a,(c — 1)7]"/(179, —oc0 < 7 < 0. Note that
we have a decelerating expansion for 0 < ¢ <1 and an
accelerating expansion for ¢ <0 or ¢ > 1.

B. Mode functions

We consider the electromagnetic field with the action
integral

1
$= oz [ P u@Erw

in background described by the line element (1). In Eq. (5),
F,,=d,A, —9d,A, is the electromagnetic field tensor,
and g is the determinant of the metric tensor. For the vector
potential A, the gauge conditions A, = 0,V ,A* = 0 will
be imposed. The background geometry is spatially flat, and
we expand the vector potential in Fourier integral

Ax)= fdkA,(T,k)eik'z, Al(r,—k)=Aj(1,k), (6)

with shorthand notations x = (7, z), kK = (ky, ..., kp) and
k-z=YP kz' From the gauge condition, one has the
relation 32 | k;A/(7, k) = 0.

Substituting the expansion (6) into the action integral
and integrating over the spatial coordinates, one gets
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emP 2 B
5= lzljdkfdml) SP0.4,(7, k)2
— k*1A)(7, K)I%] (7

with k = |k|. This action gives rise to the following
equation for the Fourier modes of the vector potential:

9, [aP 3 (1), A,(1,K)] + aP 3 (1)k*A, (1, k) = 0. (8)

For the scale factor given by Eq. (2), the general solution
of Eq. (8) is a linear combination of n*H (Vl)(kT) and
n'H 5,2)(k7'), where H'"? (x) are the Hankel functions and

V=%|:l+%:|. ©))

One of the coefficients in the linear combination is deter-
mined from the normalization condition for the mode
functions, and the second coefficient is fixed by the choice
of the vacuum state. In what follows we shall assume that
the electromagnetic field is prepared in the Bunch—Davies
vacuum state [23] for which A;(7, k) ~ n”Hf,z)(kr). With
this choice, the two-point functions admit the Hadamard
form. In the limit of slow expansion, the Bunch—Davies
vacuum is reduced to the standard Minkowskian vacuum.
In the discussion below, we shall write the mode functions
in terms of the Macdonald function by using the relation
HP (k) = (2i/m)e’™/2K, (knes=™/?), where s, = sgn(7).
Note that s, =1 for 0 <¢ <1, and s, = —1 for other
cases.

Hence, in the quantization procedure of the electromag-
netic field as a complete set of mode functions, we can take

Ary(x¥) = Co€gym” K, (knes-m/?)e* 2,
(10)
l=1,...,D,
with the polarization vectors €op»o0=1,...,D—1.For
these vectors one has the relations
D D
D €k =0, Y €€ = Suon (11)
=1 =1
and
D—1
D €n€om = Sim — kiky/ K> (12)
o=1

The coefficient Cy in Eq. (10) is determined from the
normalization condition:

D
[dZ Z[Azko-k)l(x)aTA((r’k’)l(x) - A(o"k’),(x)arAﬂ(“g-k)l(x)]
=1

i 47750.0./

l'aD*3

S(k — K'). (13)

By making use of the relation
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Ky(kne—s,.n'iﬁ) — esTVﬂ'iKV(knesTm'ﬁ)
+ s, il (knes™/2), (14)

with 7,(x) being the modified Bessel function, the time-
dependent part in the normalization integral is reduced to
the Wronskian W{K,(kne* ™/2), I (kne'~™/2)}. In this
way, for the normalization factor, one gets

4a3~P
QmP’

|Col* = 15)

For the Minkowski bulk, we have ¢ = 0 and, hence,
v = 1/2. In this case the Macdonald function in Eq. (10)
is reduced to the exponential one, and we obtain the mode
functions in the Minkowski spacetime. The special value
v = 1/2 is obtained for general ¢ in spatial dimensions
D = 3, and, again, the mode functions (10) reduce to the
Minkowskian modes. This property is a consequence of
the conformal invariance of the electromagnetic field
in D = 3.

C. Two-point functions

We consider a free field theory, and all the properties of
the vacuum state are encoded in the two-point functions.
Two-point functions for vector fields in maximally sym-
metric spaces have been investigated in Ref. [30]. Though
the background geometry under consideration is less sym-
metric, as it will be seen below, closed analytical expres-
sions are obtained in this case as well. Expanding the field
operator in terms of the complete set of mode functions and
using the commutation relations for the annihilation and
creation operators, we get the following mode sum formula
for the two-point function of the vector potential:

D—
(A4, (N = 3. f KA iy (DAL (), (16)

where and in what follows the Latin indices for tensors run
over 1,2,..., D, and (- - -)o corresponds to the expectation
value in the boundary-free FRW spacetime. Substituting
the expression (10) for the mode functions and introducing
the notation Az = z — Zz/, the following integral represen-
tation is obtained:

4(”’7”7')" ik-Az klkm
(27T)DCIOD_3 fdkek (51m - k2 )

X K,,(k77eST”i/z)K,,(k’r]’e_s"”"/z). (17)

<A1(X)Am(x/)>o =

In the integral with the term &,,,, we first integrate over
the angular part of k. The remaining integral over k is
convergent at the lower limit, K = 0, under the condition
|v| < D/2. From this condition, for the allowed values of
the parameter c¢, one finds

o2t ul=220 0 ay
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In this range of powers, the integral over k is evaluated by
using the formula from Ref. [31], and it is expressed in
terms of the associated Legendre function of the first kind.
We write the final result in terms of the hypergeometric
function:

/ dkeik-AzKy(knesTm/Z)KV(kn/e7s777i/2)

_ #P+D/2 T(D/2 + v)[(D/2 — v)

2(nn')P/2 I'((D+1)/2)
XF(2+V2—V'D+1'Z) (19)
2 "2 2 )
where
L (Bn2 —lazP 0)
4nn’

and An =7 — n’. With this integral,
function is presented as
(A1(x)A,, (X))o
(nn)"~P2T(D/2 + »)I(D/2 = »)
" 4m) P02 T((D + 1)/2)al3

D D D+ 1 4(nn')”
XF\S+v,o—vi——2) - 5553
(2 SR Z) QmPab=3

« [ et
(21

For the integral term in this formula, one has no closed
analytic expression. This part of the two-point function
will not contribute to the two-point function for the field
tensor, (F, ) (x)F,5(x'))g, with A, v, 8 = 1,..., D, whereas
in the evaluation of the function (F,(x)Fys(x')), we shall
use Eq. (17).

Given the two-point function for the vector potential, the
corresponding function for the electromagnetic field tensor
is evaluated as

(Fur(0F,s(x))y = 48,0,

where the square brackets mean the antisymmetrization
over the enclosed indices: Aoofiy ] (a...~ e —

a...,»k...i/_...)/Z. First, let us consider the functlon
(For(x)Fon (X))o = 0,0,(A(x)A,,(x)). By using the
representation (21) and the relation d.[z"K,(z)] =
—z"K,_(z), for this function one finds

(Foi(x)Fop (X))o

_ 4(nn’)”
- 2mPab3

the two-point

Zem g (knes 77'1/2)K (k77 e s 77'1/2)

850" (A, (DAL (N),  (22)

(6,,,,28 a'—aa’)

X fdkeik-AzKV_l (knesTTri/Z)KV_l (kn/e—x,,m'ﬁ).

(23)
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The integral in this formula is given by Eq. (19) with the
replacement v — v — 1. In the evaluation of the functions
(Fom()F (X))o and (Fp,(x)F,,,(x"))o with I, m, p, q =
I, ..., D, we use the representation (21). The second term
in the right-hand side of Eq. (21) does not contribute to
these components of the two-point function. By taking the
derivatives, one gets the following final expressions:

(7777/)1/70/271
(Foi (%) F o (X))o ZW[(&MSM = Oim0 )
AzP Az
X 27]7}/ az + (D_ 1)8lm]Fv—l(Z)’

(nn/)va/Zfl Az4

FomOF ()= s, 5 8p,
< Om(x) pl(x )>0 Sr BDa0D_3 [pm@llq 7

D n+7
X I:V_i_ 1 +< 2,”/ _Z)az]FV(Z);
(') P! AzAZ
<FPl(x)qu(x/)>0 :T(%H(S[Pral][qam]swaz
+ 28[P1161]m)F (2), (24)
with the notation
Bp = 4m) P~ V2T((D + 1)/2). (25)

For the further convenience, in Eq. (24) we have
introduced the function

F,,(z)=Di1F<§+1+v)r<g+l—v)

D D D+3
XF(2+1+V,2+1 v, > ,z). (26)
The expression for the component (F,;(x)F,(x'))y is
obtained from that for (F,,(x)F,,(x'))y by changing the
sign and by the interchange n=7’.

The two-point function for the field tensor is obtained
from the two-point function of the vector potential taking
derivatives with respect to the coordinates. This enlarges
the region for the values of the parameter ¢ for which the
infrared divergences are absent in the integral representa-
tion of the correlator (F,,(x)F,5(x'))o. Now, the infrared
divergences for the Bunch—Davies vacuum state are absent
under the condition —D/2 < v < D/2 + 1 or, in terms of
the parameter c,

fe 2t =200

For the values of ¢ outside this range, the two-point func-
tion for the field tensor contains infrared divergences, and
the Bunch—Davies vacuum in a boundary-free FRW back-
ground is not a physically realizable state. Note that, in the
limit ¢ — o0 one has » = D/2 — 1, and from Eq. (22) we
obtain the corresponding two-point functions in de Sitter
spacetime with the scale factor a(r) = e"/% (see Ref. [21]).
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Note that F,(z) is an even function of v: F_,(z) =
F,(z). An equivalent form for this function is obtained
by using the linear transformation formula for the hyper-
geometric function [32]:

2I'(D/2+ 1 —v)I'(D/2+ 1+ v)

FV(Z) = (D + 1)(1 _ Z)(D+1)/2
1 1 D+3
XFz— v+ v=—":z). 2
(2 vyt vi— ,Z) (28)

Now, by taking into account that F(0,1;c¢;z) = 1, for
v=1/2, we get

(D + 1)/2)

Fi(2) :(l—z)w.

(29)
As we have already mentioned before, the value v = 1/2
is obtained in two special cases: (i) for D = 3 with general
¢ and (ii) for ¢ = 0. The latter corresponds to the case of
the Minkowski bulk. Hence, taking in Eq. (24) v = 1/2,
ap =1, with the function F;,(z) from Eq. (29), we
obtain the corresponding two-point functions in (D + 1)-
dimensional Minkowski spacetime.

In what follows we need the asymptotic expressions
for the function F,(z) when the argument is close to 1
and when it is large. These limits correspond to small and
large separations of the points in the arguments of the
two-point functions. For |1 — z| < 1, by using the linear
transformation formula for the hypergeometric function
(see, for example, Ref. [32]), it can be seen that one has
the asymptotic expression

Ir'>((D +1)/2)
(1 _ Z)(D+1)/2 [

B 1 — 412

F,(z) = D=1

(1- z)]. (30)

Note that the leading term in this formula coincides with
Eq. (29). By taking into account that the latter corresponds
to the Minkowski spacetime, we conclude that the leading
divergence of the two-point function in the coincidence
limit of the arguments coincides with that for the
Minkowski spacetime. This is a consequence of our choice
of the vacuum state. For —z >> 1, again, with the help of
the linear transformation formula for the hypergeometric
function, for v # O the following asymptotic expression
can be obtained for the function F,(z):

_22EIT((D + 1)/2)
- ﬁ(_Z)D/2+1—|V|

F,(2) I'(lvDC(D/2 = |v| + 1).

(31

In the case v = 0, the asymptotic expression is obtained by
using the formula (15.3.14) from Ref. [32]:

I'o+1)

Fo(z) = (T In(=z, —z>1 (32

Note that » = 0 corresponds to ¢ = 1/(D — 2). For D >3
this falls into the range (18) for the allowed values of the
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parameter ¢. For D >3 and 0 < ¢ < 2/(D — 1), the decay
of the two-point function at large separations of the points
is faster than in the Minkowskian case. For other values of
¢ allowed by Eq. (18), the decay is slower, and the corre-
lation of the vacuum fluctuations is stronger. In particular,
the latter is the case in power-law inflationary models.

III. GEOMETRY OF TWO CONDUCTING PLATES

In this section we consider two perfectly conducting
plates in the background of the FRW spacetime described
by the line element (1), assuming that they are placed at
z? =0 and z” = L. On the plates the field obeys the
boundary condition [33]

nF, ., =0, (33)
with the tensor “F, ..., dualto F,,, and n* is the normal
to the plates. For the coordinates and the momentum
components parallel to the plates, we shall use the nota-
tions z; = (z',...,z°7") and k| = (ky, ..., kp_;). In the
region between the plates, for the mode functions, obeying
the gauge conditions and the boundary condition on the
plate z” = 0, one has

A((rk)l(x) =
A(gr)p(x) =

iCe(gym" K, (knes=™/?) sin (kpxP)e i,
Ce(gpn” K, (kne®=™/2) cos (kpxP)e™i2,
(34)

.,D—1, and k=1/k2D+kﬁ. For the

polarization vector €, we have the same relations as
before [see Egs. (11) and (12)]. From the boundary condi-
tion at z? = L for the eigenvalues of kp, we get

where [=1,..

kp = mn/L, n=201,... (35)

Now the normalization condition is given by

[dz”f dzP Z[A(gk),(x )0-A (g1 (%)

- A((,,k/),(x)a A(:rk)l(x)]
47750'0' nn'

D3()

From this condition for the coefficient C in Eq. (34), one
finds

ok — ) (36)

3-D
ay v,

cp=_20 O
€l 22m)P3L

with §, = 1 forn # 0 and §, = 1/2.

Substituting the mode functions into the mode sum
formula for the two-point function of the vector potential,
similar to Eq. (16), one finds the following integral repre-
sentation:
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(A(0A,, (x’)>

D DO

B [ 5 (1,5
Qm)P 1L == Ko

X K, (kinyne ™)K, (koyn'e ™12

« Z jlfa,,,neikn(z[’*.izn'), 37)
fias

where k) = ‘/(WH/L)Z + kﬁ. Note that for the terms

n # 0, one has k() # 0, and in the integrals with these
terms there are no infrared divergences for all values of ».
The only restriction on the values of this parameter comes
from the requirement of the convergence of the integral
with the term n = 0 at k), = |ky|: [v| <(D — 1)/2 or, in
terms of ¢, {c < D/(2D — 3)}U{c > D — 2}.

By applying the Poisson resummation formula in the
form

5 g(mn/1) == s [ dyemLg(y),  (38)

n=—oo n—foo

the two-point function (37) is expressed in terms of the
corresponding function in the boundary-free geometry:

AWAGN) = > 3 j17m(A A, (39)

n=-—o00 j=x=*

where

/

X, = (2N ., =P+ 2nl). (40)

The two-point function for the electromagnetic field tensor
is directly obtained from Eq. (39):

(Fp(F (X)) =3 3 j1700(F ,(x)F 4 (X, )o-

n=-—o00 j==*
(4D

Note that in Egs. (39) and (41), the term n =0, j = +1
presents the corresponding two-point function in the
boundary-free geometry, and the term n =0, j = —1 is
the part in the two-point function induced by a plate at

= (0 when the right plate is absent. The integrals in the
integral representation of the correlator (F ,;(x)F ,,(x')) are
infrared convergent under the condition —(D — 1)/2 <
v < (D + 1)/2. In terms of the parameter c, this constraint
is written as

{c<D/(2D — 3)}uU{c> D/3}. (42)

This condition will be assumed below in the evaluation of
the VEVs for the field squared and the energy-momentum
tensor.

We refer to the boundaries with the condition (33) as
conducting plates. In D = 3 this type of boundary condi-
tion is realized by perfect conductors. In a background with
D >3, the plates, in general, are just hypersurfaces
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(for example, branes in Randall-Sundrum—type models)
reflecting the modes of the field. Instead we could consider
the boundary condition (infinitely permeable boundary
condition) n*F,z = 0, which is obtained by requiring
the action for the field to vanish outside a bounded region
(see Ref. [33]). This condition for gluon fields is used in
bag models for hadrons. The two-point functions and the
VEVs for the case of infinitely permeable boundary con-
dition are considered in a way similar to that we describe
here for conducting plates.

IV. CASIMIR DENSITIES IN THE GEOMETRY
OF A SINGLE PLATE

The VEVs of the field squared and the energy-
momentum tensor are among the most important character-
istics of the vacuum state. In this section we investigate
these VEVs in the geometry of a single conducting plate
placed at z° = 0. The corresponding two-point function
for the field tensor (denoted below by the index 1) is given
by the n = 0 term in Eq. (41). This function is presented in
the decomposed form

(F () F (X)) = (F p1(X)F 3, (X))o + (F 1 (X)F (X)),
(43)

where the second term in the right-hand side is induced by
the presence of the plate and is given by the expression

<Fpl(x)qu(xl)>lb = (_1)176qD<Fp](x)qu(xl—,0)>O' (44)

Here, x'_, = (7, 71, ..., —z/P) is the image of the space-
time point x' = (7/, 7!, ..., z’P) with respect to the plate.
Given the two-point function, we can evaluate the VEVs of
the field squared and the energy-momentum tensor. We
start with the electric field squared.

A. Field squared
For the VEV of the electric field squared, one has

(E*), = _googlmyfx(Fm(X)FOm(x/)>1- (45)

The expression in the right-hand side is divergent, and in
order to extract a finite physical result, some renormaliza-
tion procedure is necessary. An important point here is that
for z? # 0, the conducting plate does not change the local
geometry of the background spacetime, and, hence, the
divergences in the coincidence limit are the same as in the
boundary-free geometry. We have already decomposed
the two-point functions into the boundary-free and plate-
induced parts. For points away from the plate, the diver-
gences are contained in the boundary-free part only, and
the renormalized VEV is decomposed as

(E?); = (E%)g + (E®)1p, (46)

where (E?), is the renormalized VEV of the field squared in
the absence of the plate. The background geometry is
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homogeneous, and this VEV does not depend on the spatial
point. In the present paper, we are interested in the effects
induced by the plate.

The boundary-induced part in Eq. (46) is finite for points
away from the plate, and it is directly evaluated by using
Egs. (24) and (44). This gives

D—-1

(E®)y), = 2B, (na)P+1

[2(1 —y)d, — D + 2]F,_(y),
(47)
where and in what follows we use the notation
y=1-0"/n)> (48)

The plate-induced part depends on the coordinate z? in the
combination z” /1. We consider the region z” > 0, and the
proper distance from the plate is given by az”. Note that
7P /m « azP/t. By taking into account that the curvature
radius of the background spacetime is proportional to z, we
conclude that, up to a constant factor, z” /7 is the ratio of
the proper distance from the plate to the curvature radius of
the background spacetime. For a fixed z”/7, the depen-
dence on time appears in Eq. (47) in the form of the product
na. The latter is expressed in terms of the comoving time
coordinate and the Hubble function, H = a~'9,a, as

1l
[1—¢c| H

Now, we see that the VEV of the field squared, multiplied
by the Hubble volume H P, has the functional form
H™P(E?)y, = Hf(z" /7).

In the special case » = 1/2, by using Eq. (29), from
Eq. (47) we find

(49)

(E?),, = 3(D 1)7F((D + 1)/2). (50)
2(477.)(D 1)/2(aZD)D+1
For a = 1 this gives the VEV of the field squared for a
conducting plate in (D + 1)-dimensional Minkowski
spacetime. For D = 3, from Eq. (50) one gets a simple
result, (E?),, = 3(az”)~*/(4m). The electromagnetic field
is conformally invariant in D = 3, and this result is directly
obtained from the corresponding expression in the
Minkowski spacetime by a conformal transformation.
Simple expressions for the plate-induced part in the
VEV of the electric field squared are obtained near the
plate and at large distances. For points near the plate, one
has z? /79 < 1, and the argument of the function F,_,(y)
in Eq. (47) is close to 1. By using the asymptotic formula
(30), to the leading order, from Eq. (47) we get

_3(D - DI((D + 1)/2)

(E?)y, = 24O D2 (g gPyDH (51)

This leading term coincides with the corresponding VEV
for a plate in the Minkowski spacetime with the distance
from the plate replaced by az”. As it is seen, near the plate
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the boundary-induced part in the VEV of the electric
field squared is positive and diverges on the plate. By
taking into account that the boundary-free part does not
depend on the spatial point, we conclude that near the plate
(E?),, dominates in Eq. (46), and the total VEV is positive
as well. The surface divergences in the VEVs of local
physical observables are well known in quantum field
theory with boundaries (see, for instance, Ref. [15]).
These divergences are related to the hard boundary con-
ditions imposed on modes of all wavelengths.

At distances from the plate much larger than the
curvature radius of the background spacetime, one has
z?/7m > 1 and, hence, —y > 1. By using the asymptotic
expressions (31) and (32), for the plate-induced part in
the VEV of the electric field squared, in the leading order,
we get

221D — 12— |lv = 1IDT(lv — 1)

2 ~
<E )11; -~ (47T)D/2(na)D+1(ZD/n)D+2—2lv—1|
XT(D/2—|v—1]+1) (52)
for v # 1 and

I'(D/2+ 1) galn(z?/7)
(47T)D/2 (azD)D+2

(E*),=8(D—1) (33)

for v = 1. The latter corresponds to ¢ = 1/(4 — D). For
v = —1 and v = 3, the leading term (52) vanishes, and we
need to keep the next-to-leading-order contribution. At
large distances from the plate, the boundary-induced part
tends to zero, and the total VEV of the electric field squared
is dominated by the boundary-free part. From Eq. (52) it
follows that, at large distances from the plate, one has
(E?), >0 for —1 < v <3. In terms of the parameter c,
we can see that in the case 4 = D <8, at large distances
the plate-induced part is positive for {c <3/D}U
{¢>5/(8 — D)}. For D>8 one has (E?);, >0 for
5/(8 = D)<c¢<3/D. In the case D =8, the plate-
induced part is positive for ¢ < 3/8. As we see, there is a
region for the values of the parameter ¢ in which the plate-
induced part in the VEV of the electric field squared is
positive near the plate and negative at large distances.

In the geometry of a single conducting plate, we have
a similar decomposition for the Lagrangian density. The
part in the corresponding VEV induced by the plate is
given as

D—-1
191)(7751)DJr1
X [2(1 = y)ay +D—-4]F,(y). (54)

(FgoFP7)y, = —2E%)), —

The second term in the right-hand side presents the mag-
netic contribution. In D = 3 it coincides with the first term.
The asymptotics of the magnetic part are investigated in a
way similar to that we have described for the case of the
electric field squared.
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B. Energy-momentum tensor

Having the two-point function for the field tensor, we
can evaluate the VEV of the energy-momentum tensor by
using the formula

1 o
v\ — : ‘B v lad o
(T) = = - lim (FLQF () + 72 (F g, FP7). (55)
By making use of Eq. (43), in the geometry of a single
conducting plate, this VEV is decomposed as

T =T + T (56)

where, for points outside the plate, the renormalization is
required for the boundary-free part (T';,), only. Because of
the spatial isotropy of the background spacetime, the cor-
responding stresses are isotropic, (T1)y = -+ = (TH),
and one has only two algebraically independent compo-
nents, (TQ), and (T5)y. These components must be func-
tions of the time only due to the spatial homogeneity. A
differential relation between two components is obtained
from the covariant conservation equation V,(T7},), = 0. In
D = 3 the electromagnetic field is conformally invariant,
and the VEV (T,), is completely determined by the trace
anomaly (see, for instance, Ref. [1]).

For the plate-induced parts in the VEVs for the diagonal
components of the energy-momentum tensor, we get the
following expressions (there is no sum on w):

Cpf™(y)
(T, = W (57)

with the notations (I =1,...,D — 1)

) =120 = )d, — D+ 2][F,1(y) — F,()]
—2(D = 3)F,(y),

) = 25721 = 9, [F,0) + Fr )]

—2F,(»)} = (D = H[F, () = F,-,(»)]
£20) =201 = y)a, — DIF,() = F,-1 ()] (58)
and
B (477.)7(D+1)/2
S CESE ©?

The Casimir force acting on the plate is determined by the
component (TH), and will be discussed in Sec. V.
In addition to the diagonal components, the vacuum aver-
age of the energy-momentum tensor has also a nonzero
off-diagonal component

2STCD ZD

(na)P T ?f OD)(y), (60)

<T(?>1b ==
with

P4 =10 = ya, + v —D/2—1]F,(y). (61)
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This component describes the energy flux along the direc-
tion normal to the plate. Recall that the boundary-free part
in the VEV of the energy-momentum tensor is diagonal,
and the energy flux is a purely boundary-induced effect.
Similar to the case of the field squared, the combination
H _(D“)(T;;}, with H being the Hubble parameter, is a
function of the ratio z” /% only.

In the special case v = 1/2, we have the following
simple expression (no summation over w):

(T, = (D—-1)(3 +D)I‘((D + 1)/2)’ 62)
2(477.)(D l)/Z(aZD)DH
foru=0,1,...,D— 1,and(T8);, = (T¥)1, = 0. In par-
ticular, for @ = 1 the formula (62) gives the VEV in the
Minkowski spacetime. Note that in this case the parallel
stresses are equal to the energy density. Of course, this
property is a direct consequence of the invariance of the
problem with respect to the Lorentz boosts along the
directions parallel to the plate. For the plate in FRW space-
time, the parallel stresses, in general, differ from the energy
density. For D = 3 the plate-induced contribution in the
VEV of the energy-momentum tensor vanishes. The elec-
tromagnetic field is conformally invariant in D = 3, and
this result could also be directly obtained from the corre-
sponding result in the Minkowski spacetime by conformal
transformation.
The plate-induced part separately obeys the covariant
conservation equation V,(T});, = 0. For the problem
under consideration, this reduces to the equations

Db\, , > b,
Oy +— KTy + 50Ty — = D (THi, =0,
n ni=
(63)
D+1 D D
d, + e b KT hp — s:9p{Tp)p =0,

with the parameter b defined in Eq. (3). The second equa-
tion in Eq. (63) relates the off-diagonal component in the
VEV with the z” dependence of the normal stress. The
expressions (57) and (60) provide the components of
the vacuum energy-momentum tensor in the coordinate
system (7, z!, ..., zP). Let <TVC)/J,>1b be the corresponding

components in the coordinate system with the comoving
time, (¢, z!, ..., z”). We have simple relations: (T(’z)/,)]b =
(Ti,)1, (no sum over u =0,...,D) and <T(Lz)o>1b =
a'(t)XTP),. For the plate-induced part of the vacuum
energy in the volume V with the boundary 9V, measured
by a comoving observer, one has E(V”’) =aP [,dz" <T?c)0>1 b
From the covariant continuity equation for (T(”C ),U«>1b’ the
following relation is obtained:

b _
9,EWD = — fav dr 'Z\/ZnZ(T(IC)(th

C
+—fd%JWﬂmm, (64)
tJv
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where n;, y!'n;n; = 1, is the external normal to the bound-
ary dV, y; = —gi 1s the spatial metric tensor, y =
det(y;;), and h is the determinant of the induced metric
h; = vy — n;n;. The first term in the right-hand side
of Eq. (64) corresponds to the energy flux through the
boundary. In particular, the energy flux through the
surface at z” = const is given by a”S(T{})))1,, where S =
Jdz'---dzP7! is the coordinate surface area. Now, by
taking into account that the proper area is given by a” 'S,
we conclude that a{T{),)1, = (T§ )1, is the energy flux per

unit proper surface area.

Now we turn to the investigation of the asymptotic
behavior of the plate-induced parts (57) and (60) near the
plate and at large proper distances from it compared to the
curvature radius of the background spacetime. At small
distances, which correspond to 2/ n <K 1, we use the
asymptotic expression (30) with the results (no sum over
u=0....,D—1)

_(D=3)(D - DI(D+1)/2)

[l =
T 2(47)P+D/2(gzD)D+H1 ’

(65)

(1 —=2v)I((D + 1)/2)

(TP = 247 P2 (na)2 (azP)P~ 1

(66)

For the off-diagonal component, we get

(D= DL = 21D + 1)/2)
(T(?>1b - 2(477')(D+1)/27]a(azD)D . (67)

Note that the leading terms given by Egs. (66) and (67) are
quantities of the same order as terms neglected in Eq. (65).
The leading terms in the energy density and in the parallel
stresses coincide with the corresponding expressions for
the VEVs in the Minkowski spacetime, where the distance
from the plate is replaced by the proper distance az” [see
Eq. (62)]. Near the plate the boundary-induced part is
dominant, and the expressions (65)—(67) provide the lead-
ing terms in the asymptotic expansion of the total VEV. As
itis seen from Eq. (65), the energy density and the parallel
stresses are negative near the plate for D > 3. The normal
stress is positive for 0 < ¢ < 1 (decelerated expansion) and
negative for ¢ <0 or ¢ > 1 (accelerated expansion). For
D > 3, the off-diagonal component is positive near the
plate, (T?);, >0, and the energy flux is directed from
the plate for both decelerated and accelerated expansions.

At large distances from the plate, z”/n > 1, and for
v < 1/2, in the expressions (58) the terms with the func-
tion F,_;(y) dominate. By using the asymptotic formula
(31) for this function, to the leading order we get (no
summation over u)

21727(p — NI'(1 — v)[(D/2 + v)
(47T)D/2+1(77(1)D+1(ZD/77)D+2V ’

(T, ~ ¢\ (68)

where
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(1)__(D_3)V+D_2
1 D—1

(©

q,,)=1/+1, (D) —

qdv -7,

(69)

with/ =1,..., D — 1. This case corresponds to 0 < ¢ < 1
with decelerating expansion. For D > 3, at large distances
the plate-induced part in the VEV of the energy density is
positive for ¢ <3/D and negative for ¢ > 3/D. For v >
1/2 and at large distances, the contribution of the terms
with the function F,(y) dominates, and one has the follow-
ing asymptotic behavior (no summation over w):

(227D = DTWT(D/2 — v + 1)

(Tiw = p (47T)D/2+1(na)D+1(ZD/n)D+272V . (70)

where

pY =v+1-D,
p(yl)=—(v+1)(3_D;le(D_4)+2, 1)
D=1 -y,

and/=1,...,D — 1. Forthiscase onehas ¢ <Qorc > 1,
and the expansion is accelerated. At large distances the
plate-induced part in the VEV of the energy density is
positive for 1 < ¢ <2 — 3/D. In both cases of the decel-
erated and accelerated expansions, the decay of the plate-
induced contributions in the energy density and in parallel
stresses is weaker than in the corresponding problem on
Minkowski background. Note that the asymptotic expres-
sions are derived under the condition (/%)= > 1,
they are not valid for » too close to 1/2.

In the consideration of the asymptotic behavior of the
energy flux at large distances from the plate, the leading
term is cancelled, and we need to keep in the asymptotic
formula (31) the next-to-leading term. Doing that, for the

1.0

|
S S S
W ) “”

]02(770)1)+I< T1[>1 »

|
~
=

=15

FIG. 1 (color online).
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function fS,OD ) (v) in the expression of the energy flux to the
leading order, we get

_272T((D + 1)/2)

SP) = NN T(1— I(D/2 + 1+ v),
v<1/2,

£92(y) ~ 22;_:({(;’)),);1}_/3) F(I(D/2+2 - »),
v>1/2, (72)

where —y >> 1. For the energy flux, this gives
2D -1 - »I(D/2+ 1 + v)

(T, = D/2+1 D+1(,D / \D+1+20 °
(477') / (77“) (Z /77) (73)
v <1/2,
221D - 1DI'(W)I(D/2+2—v)
<Té)>”7 = (477.)D/2+1(na)D+l(ZD/n)D+372V ’ v>1/2
(74)

In both cases, (T5)1;, > 0, and at large distances the energy
flux is directed from the plate.

In Fig. 1 we plot the plate-induced parts in the compo-
nents of the vacuum energy-momentum tensor as functions
of zP/7n in FRW spacetime with D = 4. The full curves
correspond to the diagonal components, (na)?*(T}),,,
and the dashed one is for the energy-flux, (na)P*! x
(T®),),. The numbers near the full curves correspond to
the value of the index [. For the left plot, ¢ = 2/(D + 1)
(radiation-driven decelerated expansion), and for the right
one, we have taken ¢ = 2 (power-law inflation). In the case
of the left plot, the parallel stress is negative everywhere.
The energy density becomes zero at z”/n = 2.3. With the
further increase of zP/m, the energy density takes its
maximum value at = 2.85 and then goes to zero being

LS~ 77
1.0
0.5¢
0.0

-0.5¢

1°a)P < T!>,,

-1.0f

-1.5¢

-2.0f

0.5 1.0 L5
P

Plate-induced parts in the components of the vacuum energy-momentum tensor as functions of z”/n in FRW

spacetime with D = 4. The full curves correspond to the diagonal components, and the dashed one is for the energy flux. The numbers
near the full curves correspond to the value of the index I. For the left plot ¢ = 2/(D + 1), and for the right one ¢ = 2.
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positive. This behavior is in accordance with the general
discussion of the asymptotics given before. The normal
stress changes the sign at z?/n =~ 3.7 and then tends to
zero being negative. In the case of the right plot, the energy
density and the normal stress do not change the sign. The
parallel stress becomes zero at z?/n = 2.1, takes its maxi-
mum at = 2.7, and then goes to zero being positive.

It is also of interest to consider the time dependence of
the plate-induced parts in the VEVs for an observer with a
fixed value of the comoving coordinate z”. The corre-
sponding asymptotic expressions at late and early stages
of the cosmological expansion can be obtained from those
given above for small and large values of z”/%. For 0 <
¢ <1 and at early stages of the cosmological expansion,
t— 0, we have (T4),,*21=P (no sum over u =
0,...,D), (TP),ct' =P~V 1In this region, for D >3
the energy density is positive for ¢ <3/D and negative
for ¢ > 3/D. At late stages, t — oo, the VEVs tend to zero
as (T, « =P (no sum over w =0,...,D — 1),
(THYyy, o P72 (TP, o t7¢P~1 and the corre-
sponding energy density is negative. In the case ¢ > 1,
the behavior of the VEVs in the limit # — 0 is as follows:
(Th), < t7PTY (no sum over w=0,...,D— 1),
(TBYp o t¢P=D72 and (TP),, o« +~<P~1. At late stages,
t — o0, one has (T4 ), <t * (no sum over w =0, ..., D),
(TP)1, o t'75¢. Finally, for models with phantom energy,
¢ <0, at early stages of the expansion, corresponding
to t — —oo, one gets (T4);, = (—1)~<P*D (no sum over
w=0,...D—=1), (TH),x(—t)"<P=D=2 and (TP},
(—1)~¢P~! In this limit the energy density goes to —oo,
whereas the limiting values of the normal stress and the
energy flux can be either zero or infinity, depending on the
value of the parameter c. Near the big rip, t — 0, the plate-
induced parts tend to zero as (T%h);, * (—#)~* (no sum
over w =0,..., D) and (TP}, o« (—1)!75¢. As we see, for
all values of c, the plate-induced parts in the VEV of the
energy-momentum tensor decay as power law at late stages
of the cosmological expansion. At early stages of the
expansion, these parts are divergent in models with
¢ > 0. This is also the case for the energy density in models
with ¢ < 0. In the latter case, the energy flux at early
stages (r — —oo) diverges for ¢ < —1/D and vanishes
for ¢ > —1/D.

Figure 2 presents the plate-induced part in the energy
density (8 = u =0, full curves) and the energy flux
(B =D, u =0, dashed curves) in the model D = 4, as
functions of the comoving time for a fixed value of comov-
ing coordinate z”. The numbers near the curves correspond
to the values of the parameter ¢ and Hy = H(t,). For the
proper distance from the plate at t = t;, we have taken the
value a(ty)z” = 0.5/H,.

In the discussion above, we have considered the region
zP? > 0. The plate-induced parts in the VEVs of the field
squared and of the diagonal components of the energy-
momentum tensor are symmetric under the reflection
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FIG. 2 (color online). Plate-induced part in the energy density
(B=pn=0, full curves) and the energy flux (8 =D, u=0,
dashed curves) in the model D = 4, as functions of the comoving
time for a fixed value of comoving coordinate z”. The numbers
near the curves correspond to the values of the parameter c.

7P — —2zP, whereas the off-diagonal component (T3,
is antisymmetric. In particular, the vacuum stress (T'5),,,
which determines the normal force acting on the plate, is
the same for the right- and left-hand sides of the plate. As a
result, the net force on the plate vanishes.

V. THE CASIMIR EFFECT FOR TWO
CONDUCTING PLATES

For the geometry of two parallel conducting plates, we
have three separate regions, z” < 0,0 < z” < L, and z” >
L. In the regions z” <0 and z? > L, the VEVs are the
same as for a single conducting plate placed at z” = 0 and

= L, respectively. In what follows we consider the
region between the plates (for the electromagnetic
Casimir effect for conducting plates in higher dimensions,
see, for example, Ref. [34]).

A. Field squared

As before, first we consider the VEV of the electric field
squared. By using the formula (41) for the two-point
function, in the region between the plates, 0 < z” <L,
the VEV is presented in the form

Gpaer 20 =201

47TCD o

<E2> = <E2>0 ”n)au”]FV*l(un)

(na)D+1 Z [2(1 yn)ay,, - D+ 2:|Fl/—1(yn))
(75)

with the notations
n=1—(nL/m)> n=1— 2 —nL)?/n%  (76)

064034-11



S. BELLUCCI AND A.A. SAHARIAN

The n = 0 term of the last series is the part in the VEV
induced by a single plate at z” = 0 when the right plate is
absent. It coincides with (E?),, given by Eq. (47).
Similarly, the n = 1 term is the VEV induced by a single
plate at z? = L when the left plate is absent. This term is
obtained from Eq. (47) by the replacement z” — |zP — L|.
The divergences are contained in these two terms only,
and the remaining part is finite for all 0 = z” < L.
Consequently, for points near the plates, the VEV is domi-
nated by single plate parts.
A simple expression is obtained for » = 1/2:

(D= DI((D +1)/2)
(4 )(Dfl)/Z(aL)DH

(E?) =(E%)o +

<|¢ D+D+2 3 P /L—al P oo

n=—oo

where /(x) is the Riemann zeta function. The series in this
formula is expressed in terms of the Hurwitz zeta function

g(P; .X) as

S 1P/L =l P = (D + 1,22/1)

n=—oo

+ D+ 1,1-2P/L). (78)

Taking a = 1, we obtain from Eq. (77) the corresponding
VEV for two conducting plates in the Minkowski space-
time. For D = 3, Eq. (77) gives the VEV for the general
case of the parameter c. In both these cases, the plate-
induced contribution in the VEV of the electric field
squared is positive everywhere.

At short separations between the plates, L/n < 1, the
argument of the function F,_;(x) is close to 1, and we use
the asymptotic formula (30). The leading term of this
asymptotic coincides with F /z(x) and, hence, to the lead-
ing order (E?) coincides with the corresponding VEV in the
case v = 1/2, given by Eq. (77): (E?) = (E?),_ 5. At
large separations, L/n > 1, assuming also that z”, L —
zP > 7, with the help of the asymptotic expression (31),
for v # 1 we get

221D — DI(D/2 — v — 1] + 1)
(47T)D/2(17a)DH (L/”?)D+272|V71|

X T(|y — 1|)[2(|,, =)D +2 -2l —1)

(E?) = (E?)y +

+o00 2 — -1
D v —1i ] (79)

e |xD/L _ n|D+2—2|v—1|

For v = 1 we use Eq. (32). The corresponding asymptotic
formula is obtained from Eq. (79), first replacing
I'(lv — 1]) = 4In(L/7n) and then putting » = 0. In this
case the boundary-induced part of the VEV decays as
In(L/m)/(L/n)P+2.

For the evaluation of the VEV of the energy-momentum
tensor, we need also the VEV of the Lagrangian density. By
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the calculations similar to those for the field squared, in the
region between two conducting plates, we find

8mC
<FB0'FBU> = <FBo'FﬂU>O + (nZ)Dlil
x {2 S 1201 = u)a,, — D]
n=1
X [Fv—l(un) - FV(un)]
2 {20 =y)ay, + D =41, ()

+[2(1 - y)a, — D+ ZJFV_I(yn)}}. (80)

The n = 0 and n = 1 terms of the last series present the
single plate-induced parts for the left and right plates,
respectively, when the other plate is absent.

B. Energy-momentum tensor

The VEV of the energy-momentum tensor in the region
between the plates is presented in the form

)D+1 [2 Z g(m(”n) + z fgzm(yn):l,

n=-—o00

<T//LL> = <T/l:>o
1)

where f ( )(y) is defined in Eq. (58) and we have introduced
new functions,

gS}O)(u) = _[2(1 - u)au
eV w) = [227:?(1 —wd, — D+ 2]

— DI[F,(u) + F,—,(u)]

X [Fv—l(u) - Fv(u)] - 2FV(“):
g () = [2(1 — )3, — D + 2][F,(u) + F,— (u)]
+ 2(D — 3)F,(u), (82)

with [ =1,...,D — 1. For the off-diagonal component,
one has the expression

2? -CpL/m

apiT WY (v,),  (83)

> (/L -

n=-—o0

(1§) =

with the function f°”(y) given by Eq. (61). The n = 0
term in the right-hand side of Eq. (83) gives the energy flux
induced by the plate at z” = 0 when the right plate is
absent [(T9),; see Eq. (60)]. Note that the part induced
by the right plate, (T?) — (T9) — (T¥)1,, vanishes on the
surface of the left plate, at z” = 0. Similarly, the n = 1
term of the same series presents the energy flux in the
geometry of a single plate at z” = L. From Eq. (83) it
follows that the energy flux, considered as a function of
zP/L, is antisymmetric with respect to the point z°/L =
1/2, and, hence, it vanishes at that point.
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For v = 1/2 the off-diagonal component vanishes, and
for the diagonal components we get simpler expressions
(no summation over u):

(D = DI'((D + 1)/2)
2(4,”_)(D+1)/2(aL)D+1

(Th) =Tw)o —

00 D—3 ()
X [2g§g))§(o +1)+ ”;w —In(— - /)ngﬂ], (84)
where
g =1 w=01..,D-1  g=-D
f=1 w=o01..D-1  f=0 (8

(0)

In particular, for D = 3 the vacuum energy-momentum
tensor is uniform in the region between the plates. This is
a direct consequence of the conformal invariance of the
electromagnetic field in 4-dimensional spacetime.

The expression on the right-hand side of Eq. (84) gives the
leading term in the asymptotic expansion of (7% ) for small
separations between the plates, L/n << 1, for the general
value of ». In the same limit, for the energy flux one has

[1/2 — v|(D — DI'((D + 1)/2)
(4am)PHV2(am)PHI(L /)P
ad /L —n

(1§) =

(86)

For large separations between the plates, L/n > 1, and
assuming also that z°, L — zP? > #, for v < 1/2 we have
the asymptotic expression (no summation over u)

21-27(p — NI(1 — ¥)[(D/2 + v)
(47T)D/2+1(na)D+1(L/T])D+2”

gt ]

(Th) = (T +

X [2r‘#)§(1) +2v) + i |
n

e _ ZD/L|D+2V
87)
with ¢ defined in Eq. (69) and
D-3) -1
NN A y( ) ’

I=1,...,D—1, AP =41,

This asymptotic corresponds to the models with 0 < ¢ < 1,
describing decelerating expansion.

In the same limit and for » > 1/2, one gets (no sum
over w)

22" (D—-1DI(»)I(D/24+1— )
(47T)D/2+1(na)DH(L/n)D”*z”

() S P
X [2sv (D+2-20)+ ) = zD/LlD”ZV]’

n=—oo

(Th) =T+

(89)
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where

S(I) _ (D_3)(V_2) -1

o _ 1
SO D—1 ’

90
s(VD)=D—V—1, ©0)

with [ =1,..., D — 1. This corresponds to accelerating
expansion with ¢ > 1 or ¢ < —1.

Now let us consider the asymptotic behavior of the
energy flux at large separations. By using the asymptotic
formula (72), to the leading order we find

212271 — v)I[(D/2 + 1 + v)

TPy = (D — 1
< 0> ( ) (47T)D/2+](WG)DH(L/’U)ZHZV
- ZD/L —-n
_Z_ [20/L — n|PH 1720 1)
for v < 1/2 (this corresponds to 0 < ¢ < 1) and
(qpy = 27D = DEWED/2 +2 — v)
0 (477)0/2“(na)DH(L/n)DH’ZV
o /L —n
x _Z_ [2P/L — n|P¥32 92)

for » > 1/2. The latter case corresponds to ¢ < 0 or ¢ > 1
with s, = —1.

In Fig. 3 we display the boundary-induced parts in the
components of the vacuum energy-momentum tensor,
<Tﬁ>b = (Tﬁ} - (Tﬁ)o, in the region between two plates
as functions of z?/n for a fixed value of L/n = 4. The
graphs are plotted for the FRW model in D = 4. The
full curves correspond to the diagonal components, and
the numbers near the curves are the values of the index
B = . The dashed curve presents the energy flux. For the
left panel ¢ = 2/(D + 1), and for the right one ¢ = —3
(models driven by phantom energy). The graphs for ¢ = 3
are similar to those for ¢ = —3 with the exception that the
normal stress (8 = w = 4) is negative everywhere.

C. Casimir force

The Casimir force acting on the plate can be obtained
evaluating the normal stress on the surface of the plate.
Due to the symmetry of the problem, the forces acting
on the left and right plates are equal in magnitude. For
the effective pressure P on the plate at z” = 0, one has
P = —(T8).o_,. The corresponding force is decomposed
into the self-action and interaction parts. The self-action
part comes from the stress (T5),. For D > 3 this part is
divergent on the plate. However, because of the symme-
try of the problem, the self-forces from the left- and
right-hand sides of the plate compensate each other, and
the corresponding net force vanishes. The interaction
part of the vacuum pressure on the plate is directly
obtained from the second term in the right-hand side
of Eq. (81) for (TB) omitting the term n =0 in the

064034-13



S. BELLUCCI AND A.A. SAHARIAN
1.0

T

i
\
\
\
\

10°(a)P'<Tf >,

0.4

PIL

FIG. 3 (color online).

PHYSICAL REVIEW D 88, 064034 (2013)

0.1

10°(na)P+' < Tf >,
S S
~ >

|
S
o

/) J ! SN SR SN SIS W ) A
02 03 04 05 06 07 08
PIL

Boundary-induced parts in the components of the vacuum energy-momentum tensor in the region between two

conducting plates, as functions of zP/ for a fixed value of L/n = 4. The graphs are plotted for the FRW model in D = 4. The full
curves correspond to the diagonal components, and the numbers near the curves are the values of the index 8 = w. The dashed curves
present the energy flux. For the left panel ¢ = 2/(D + 1), and for the right one ¢ = —3.

second summation (the latter corresponds to the self-
action force). In this way, by taking into account that for

= 0 we have y, = u,, for the interaction part of the
Casimir pressure one finds

Ac
(na)gﬂ Z{[ a“n -

+Fy,(u,)/2) (93)

pin) = — 1F ,(u,)

In the special case v = 1/2, this expression is simplified
to

D(D — DI((D + 1)/2)

P(int) —_
(477.)(D+1)/2(aL)D+1

(D+1). (94)

This pressure is negative and corresponds to the attrac-
tive force. In particular, for a =1 Eq. (94) gives the
Casimir force for the plates in the (D + 1)-dimensional
Minkowski spacetime.

The expression (94) describes the asymptotic behavior
of the Casimir pressure at small separations in the general
case of v:

P(lnt) ~ P(lm)

iy L/p<1. (95)

At large separations between the plates, L/n > 1, the
dominant contribution to the Casimir force comes from
the term in Eq. (93) with the function F,,_;(u,,) for v < 1/2
and from the term with F,(u,) for v > 1/2. By making use
of the asymptotic expressions for these functions, to the
leading order we get

2272(D - 1N)I'(1 = v)[(D/2 + v)

P(int) ~ _
(47T)D/2+1 (na)DH (L/U)D+2V

J(D +2v)

(96)

for v < 1/2 and

22/(D — 1)(D — 2»)[(v)
(47T)D/2+1(T’a)D+1(L/n)D+2—2V
XT(D/2+1—-v){(D+2-2v) (97)

P(int) ~ —

for v > 1/2. In deriving the asymptotics (96) and (97), we
have assumed that (L/7)?*~!1 > 1 and these asymptotics
are not valid for v too close to 1/2. Recall that for v = 1/2
we have the simple expression (94). Note that in all these
cases, the effective pressure Pi" is negative for v < D/2,
and the corresponding vacuum forces are attractive. For
D <2y <D +1 [the right condition comes from Eq. (42)],
the Casimir pressure becomes positive, and the corre-
sponding forces are repulsive at large separations. This
corresponds to the values of the parameter ¢ in the range

D/3<c<(D-1)/2. (98)

Hence, in the range of powers (98), the Casimir force is
attractive at small separations and repulsive at large separa-
tions. This means that at some intermediate value for L, the
force vanishes. This corresponds to an unstable equilibrium
point. Note that, in the range (98), though the two-point
function for the field tensor contains no infrared divergen-
ces, the latter are contained in the two-point function for the
vector potential. In both cases of Egs. (96) and (97), the
decay of the Casimir forces with the distance between
the plates is slower than in the case of the Minkowski bulk.

For a fixed value of a comoving separation between the
plates, L, the asymptotic behavior of the Casimir force, as a
function of the comoving time, is obtained from Egs. (96)
and (97). For 0 < ¢ <1, at early and late stages of the
cosmological expansion, one has P oc f=2(0=Ne "y (),
and P oc r=<(D+1) 't — oo 1In the case ¢ > 1, the asymp-
totics are given by P oc =<0+ for t — (0 and P
t~% for t — co. And finally, in the models driven by phan-
tom energy, ¢ <0, the Casimir force behaves as Pint) o
(—1)~¢P*+D for t — —o0 and P o« (—f)~%¢ for  — 0. In

064034-14



ELECTROMAGNETIC TWO-POINT FUNCTIONS AND THE ...

PHYSICAL REVIEW D 88, 064034 (2013)

FIG. 4 (color online). Ratio Pt/ P(V"l‘)l / as a function of L /m and of the parameter ¢ in the FRW model with D = 4. The left and
right plots correspond to the range of powers ¢ < D/(2D — 3) and ¢ > D/3.

all cases the force tends to zero at late times and diverges at
early times.

To display the influence of the gravitational field on the
Casimir force, in Fig. 4 we present the ratio P / P(IJ":t)l /2 @8
a function of L/7n and of the parameter ¢ in the FRW

model with D = 4. Note that P /pi™) P

the Casimir pressure in FRW spacetime to the correspond-
ing pressure for the plates in the Minkowski spacetime with
the separation equal to the proper distance aL. The left
and right plots correspond to the range of powers
¢ < D/(2D — 3) and ¢ > D/3 [see Eq. (42)], respectively.
At small separations the effects of the curvature are small,

and we have P(i“‘)/P(Vi“:t)l o= 1. As it is seen from the
graphs, at separations larger than the curvature radius of
the background spacetime, the curvature effects are essen-
tial. In particular, in models with power-law inflation,
depending on the values of the parameter c, the force can

change the sign becoming repulsive.

is the ratio of

VI. CONCLUSION

In this paper we have considered the electromagnetic
field two-point functions in a fixed spatially flat (D + 1)-
dimensional FRW background with a power-law scale
factor (1). As a special case, the latter includes the models
of extended inflation (¢ > 1) and the models driven by
phantom energy (¢ < 0). For the evaluation of the two-
point functions, the direct mode summation approach is
employed. In this approach a complete set of mode func-
tions for the vector potential are needed, and they are
presented in Sec. II, Eq. (10). We assume that the field is
prepared in the Bunch-Davies vacuum state. In the
boundary-free geometry, the corresponding two-point
function for the vector potential is given by Eq. (21). The
integral representation of this function is infrared conver-
gent under the condition (18) for the parameter c¢. Though
we have no closed expression for the integral in the

right-hand side of Eq. (21), it does not contribute to the
two-point function for the field tensor and, hence, to the
VEVs of the field squared and the energy-momentum
tensor. We provided closed expressions, Eq. (24), for the
two-point function of the field tensor. This function is
infrared convergent for the values of the parameter ¢ in the
range (27). For the values of c¢ outside this range, the
Bunch-Davies vacuum in a boundary-free FRW back-
ground is not a physically realizable state.

The two-point functions for the geometry of two par-
allel perfectly conducting plates are considered in
Sec. III. The corresponding mode functions are given by
Eq. (34), and the two-point functions are expressed in
terms of the boundary-free two-point functions by
Egs. (39) and (41). The two-point function of the field
tensor for the Bunch-Davies vacuum state is infrared
convergent under the condition (42) for the expansion
parameter. This function can be used for the investigation
of the VEVs of the field squared and the energy-
momentum tensor. First, we have considered the geome-
try of a single conducting plate. The corresponding VEVs
are decomposed into the boundary-free and plate-induced
contributions. For points outside the plate, the divergences
in the VEVs are the same as in the boundary-free geome-
try, and the renormalization is reduced to the one for the
boundary-free parts in the VEVs. The plate-induced con-
tributions are finite, and they are directly obtained from
the corresponding part in the two-point function for the
field tensor taking the coincidence limit. These contribu-
tions depend on the coordinate z°, normal to the plate, in
the combination z?/|7| with 7 being the conformal time
coordinate. Up to a constant factor, this combination
coincides with the ratio of the proper distance from the
plate to the curvature radius of the background spacetime.
Simple expressions for the VEVs are obtained for
v = 1/2. This possibility is realized in two special cases:
(1) ¢ =0 and D is arbitrary, corresponding to (D + 1)-
dimensional Minkowski spacetime, and (ii) D = 3 for
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general c¢. In D = 3 the electromagnetic field is confor-
mally invariant, and in this case the expressions for the
Casimir densities in the geometry under consideration are
obtained from those for the Minkowskian bulk by con-
formal transformation.

In the geometry of a single plate, the boundary-induced
part in the VEV of the electric field squared is given by
Eq. (47). At small proper distances from the plate, compared
with the curvature radius of the background spacetime, the
effects of the gravitational field are small, and to the leading
order the plate-induced part coincides with the corresponding
result for a plate in Minkowski spacetime. In this region the
plate-induced part in the VEV of the electric field squared is
positive, and it dominates in the total VEV. At large distances
from the plate, the leading terms in the corresponding asymp-
totic expansion are given by Eqgs. (52) and (53) for the cases
v # 1 and v = 1, respectively. Depending on the expansion
parameter and on the spatial dimension, in this region the
plate-induced part in the VEV of the electric field squared can
be either negative or positive.

For the geometry of a single plate, the boundary-induced
contributions in the VEVs of the diagonal components of
the energy-momentum tensor are given by Eqs. (57) and
(58). Note that, unlike with the case of a plate in the
Minkowski spacetime, in the problem under consideration
the stresses along the directions parallel to the plate are not
equal to the energy density. In addition to the diagonal
components, the vacuum energy-momentum tensor has
also a nonzero off-diagonal component which corresponds
to the energy flux along the direction normal to the plate.
The boundary-free part in the VEV of the energy-
momentum tensor is diagonal, and the energy flux is a
purely boundary-induced effect. For points near the plate,
the leading terms in the asymptotic expansion of the
energy-momentum tensor components are given by
Egs. (65)—(67). In this region the energy density and the
parallel stresses are negative, and the off-diagonal compo-
nent (T9),, is positive. The latter means that the energy
flux is directed from the plate. The normal stress is positive
in models with decelerating expansion and negative for
accelerating expansion. At large proper distances from the
plate compared with the curvature radius of the back-
ground spacetime, the leading terms in the plate-induced
VEVs are given by Egs. (68) and (73) in the case of
decelerated expansion and by Egs. (70) and (74) in the
case of accelerated expansion. In both cases, the decay of
the plate-induced parts in the energy density and in the
parallel stresses, as functions of the distance from the plate,
is slower than in the corresponding problem on the
Minkowski bulk. Depending on the value of the expansion
parameter, the plate-induced contribution in the energy
density can be either negative or positive. The energy
flux is always directed from the plate. For a fixed value

PHYSICAL REVIEW D 88, 064034 (2013)

of the comoving coordinate z?, at late times of the cosmo-
logical expansion, the plate-induced parts in the VEV of the
energy-momentum tensor decay as power law. In particu-
lar, the energy density decays as r~®*1¢ in models with a
decelerated expansion (0 < ¢ < 1) and like |¢|~* for an
accelerated expansion.

In the region between two parallel conducting plates, the
VEVs are decomposed as Egs. (75), (81), and (83) for the
field squared and the energy-momentum tensor, respec-
tively. The n =0 and n = 1 terms in the last series of
these representations correspond to the single plate parts
(left and right, respectively) when the second plate is
absent. The surface divergences are contained in these
terms only, and the remaining part is finite on the plates.
Single plate parts dominate near the plates. The energy
flux, considered as a function of 72, is antisymmetric with
respect to the point z? = L/2. It is directed from the left
plate for 0 < zP < L/2 and from the right plate for L/2 <
zP <L and vanishes at z”? = L/2. We have provided
simple asymptotic expressions of the VEVs for small and
large separations between the plates. For the geometry of a
single plate, the Casimir normal stresses on the left- and
right-hand sides are the same, and the net force acting on
the plate vanishes. The presence of the second plate in-
duces a force referred here as an interaction force. The
latter, acting on the left plate, is obtained putting z” = 0 in
the part of the normal stress induced by the right plate. The
corresponding effective pressure is given by Eq. (93). At
small separations between the plates, the spacetime curva-
ture effects are subdominant, and to the leading order we
recover the result for the plates in the Minkowski space-
time, Eq. (94). In this limit the forces are attractive. At
larger separations the asymptotics of the Casimir forces are
given by Egs. (96) and (97) for decelerated and accelerated
expansions, respectively. The corresponding forces are
attractive except the range of powers (98), where the
Casimir pressure becomes positive at large separations
and the corresponding forces are repulsive. In this range
for the values of the parameter ¢, though the two-point
function of the field tensor contains no infrared divergen-
ces, the latter are contained in the two-point function for
the vector potential.
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