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We explore the effects of different boundary conditions and coupling schemes on the response of a

particle detector undergoing uniform acceleration in optical cavities. We analyze the thermalization

properties of the accelerated detector via nonperturbative calculations. We prove nonperturbatively that

if the switching process is smooth enough, the detector thermalizes to the Unruh temperature regardless of

the boundary conditions and the form of the coupling considered.
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I. INTRODUCTION

The interaction between matter and the gravitational
field has evaded a complete quantum description since
the first attempts to formulate a quantum theory of gravity
more than 60 years ago. Lacking a satisfactory quantum
description of the gravitational interaction, quantum field
theory in curved spacetimes (which links general relativity
with quantum field theory) is thus far the most satisfactory
framework to describe the interaction of quantum fields
with the space-time curvature. As of today none of its
predictions has been experimentally confirmed beyond
analogue gravity [1], and bringing those effects within
experimental reach is a matter of great interest [2–5].

One of the chief predictions of quantum field theory in
curved spacetimes is the well-known Unruh effect [6].
It dictates that a detector with constant acceleration a in
free space, in which the field is in the Minkowski vacuum,
will experience a response equivalent to its submersion
into a heat bath with a temperature proportional to its
acceleration. This phenomenon is intrinsically related to
the so-called Hawking effect [7,8], and understanding it is
essential in order to investigate more complex phenomena
such as black hole dynamics and possible quantum correc-
tions to relativistic gravity.

The first derivations of the Unruh effect (based on the
characterization of the Minkowski vacuum in a unitarily
inequivalent Rindler quantization scheme via Bogoliubov
transformations) are not above criticism. A number of very
strong assumptions have to be made in order to justify the
observation of a thermal bath by an accelerated observer in
the Minkowski vacuum, for example, the infinite amount
of energy required to sustain the eternal Rindler trajectory.
It has also been argued that difficulties arise in defining a

Minkowski vacuum when boundary conditions are
specified on the scalar field on a manifold [9].
Despite these criticisms, later results in the context of

axiomatic quantum field theory [10] were used to provide
a model-independent derivation of the Unruh effect.
Furthermore, derivations based on accelerated particle de-
tectors [11] that appeared soon after the original derivation
reassert the importance of the Unruh effect. The standard
approach in grappling with the difficult computational
problem of an arbitrary system interacting with a scalar
field on a curved spacetime manifold is to use an Unruh-
DeWitt detector [11,12]. This simplified detector model
considers a two-level system coupled to a scalar field with
a monopole interaction of the form

HI ¼ �ð�Þm̂ �̂½xð�Þ�; (1)

where m̂ is the monopole moment of the detector,
�½xð�Þ; tð�Þ� is the field operator evaluated along the world-
line of the detector, and �ð�Þ is a number-valued function
that represents the strength and time dependence of the
coupling. It has been shown that, although simple, this
Hamiltonian is a good model of the light-matter interaction
when no exchange of angular momentum is involved [13].
Typically the Unruh-DeWitt model is used within the

framework of perturbation theory, and very often restricted
to lowest-order calculations (see, for example, [12,14,15]).
However, perturbation theory is not always applicable and
breaks down when analyzing scenarios involving strong
coupling, large energy, or large time scales.
While it is relatively easy to perturbatively show that the

response of an accelerated detector to the vacuum state is
Planckian [12], perturbation theory is not the most appro-
priate approach to study the thermalization properties of
the detector. In practice this is mainly because higher
orders of perturbation theory would be required, increasing
the calculational complexity even beyond those of non-
perturbative methods. More importantly, thermalization is
an equilibrium result achieved over the course of long time
scales. In general, such time scales will not be accessible to
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perturbation theory since the perturbative parameter, i.e.
jhHi�Tj becomes larger as time increases. Since thermal-
ization is, in general, an equilibrium process that requires
analysis in the limit �T ! 1, reasonable criticism may be
raised about a perturbative claim of thermalization. Indeed,
to check whether or not the detector evolves to an exactly
thermal state, we will consider long time-scale evolution
combined with adiabatic switching (to perturb the system
the least when the interaction is switched on).

Concretely, one should not only check that the proba-
bility of excitation of the detector has a Planckian re-
sponse, one should also check to what extent the state of
the detector becomes thermal if the detector is carefully
switched on and if the interaction lasts for long enough
times. This requires a complete calculation of the detec-
tor’s density matrix; it is a common misconception that a
detector’s Planckian response implies that the detector
thermalizes. For instance, the detector could evolve to a
squeezed thermal state which may exhibit the same proba-
bility of excitation as some thermal state, but which is not
actually a thermal state. By the use of nonperturbative
methods we can make sure that thermalization is achieved
and that it is not an artifact of the use of perturbation theory
in regimes beyond its applicability.

Such nonperturbative methods were recently developed
and applied to examine the response of a detector within a
cavity containing a scalar field [16]. The cavity was a
waveguide with periodic boundary conditions in which
the detector was allowed to entirely cycle several times
during its evolution. Whereas this is physically reasonable
for the case of periodic boundary conditions, it is not the
correct setting to compare with more general boundary
conditions.

We consider in this paper the thermality of accelerated
detectors in optical cavities with different boundary con-
ditions. Extending the work of Brown et al. [16] (see also
[17]), we will demonstrate nonperturbatively that an accel-
erated Unruh-DeWitt detector coupled to the vacuum state
of a scalar field thermalizes to a temperature proportional
to its acceleration, regardless of the boundary conditions
imposed. The scenarios we consider here also differ from
previous work in the way that the detector trajectories are
defined with respect to the cavity. For example, we modify
the cavity length such that the detector remains inside a
single cavity during its interaction with the field, which is
of capital importance for physicality in the case of non-
periodic cavities.

We do note that there has been an effort to understand
how imposing different boundary conditions modifies the
response of detectors in noninertial scenarios in free space.
For example, work has been done in a very different
context to examine the continuum Rindler case [18], and
a number of boundary conditions in Hartle-Hawking vacua
have been studied [19]. However, these studies do not tell
us if the boundary effects of a cavity will prevent a

uniformly accelerating particle detector from thermalizing
due to the Unruh effect. To our knowledge the only work
that addresses this issue is the aforementioned paper by
Brown et al. [16] in the periodic cavity case.
In addition to the study of the universality of the Unruh

effect and the existence of thermalization for different sets
of boundary conditions, we shall also briefly comment on
the effect of different methods of coupling the detector to
the field. Typically, we couple the detector locally to the

field through the detector’s monopole moment, �̂M ¼
ðâd þ âyd Þ. Here, we will also explore the effects of a

different form of coupling, namely the coupling of the
detector’s monopole moment to the momentum of the field.
Our findings indicate that in all of the scenarios under

consideration, the Unruh effect occurs. We observe that the
detector achieves thermalization with temperature propor-
tional to acceleration. Thus, not only does the Unruh effect
occur inside a cavity (which imposes an IR cutoff on the
field and, furthermore, isolates the field in the cavity from
the rest of the spacetime), it appears to occur independently
of the details of this IR cutoff and of the spatial distribution
of the cavity modes. This demonstrates that the Unruh
effect, which many have argued relies on idealized details
and thus cannot lead to thermalization [20], is in fact a very
general and universal phenomenon and that thermalization
of particle detectors can be computed nonperturbatively.
Not only is this a remarkable result from a fundamental
point of view, it also gives hope to the possibility of an
experimental realization of the Unruh effect in quantum
optical settings, where it has been shown that general
relativistic scenarios like the one we study here can already
be simulated [21].
Our paper is organized as follows. In Sec. II we discuss the

physical setup of our system, elaborating on the differences
between the various scenarios and boundary conditions
considered. In Sec. III we explain the oscillator-detector
model that we will be using in our study, as presented in
[16], and go on to discuss howwe solved for the evolution of
the detector-field system. In Sec. IV we present our results
on the thermalization of the accelerating detector along with
the linear dependence of its temperature on acceleration.
Furthermore, we demonstrate that these results are largely
independent of the boundary conditions imposed on the field.
In Sec. V we finish with some concluding remarks.

II. THE SETTING

We will consider a uniformly accelerated pointlike
detector in its ground state going through a cavity prepared
in the vacuum state. The trajectory will be such that the
detector starts moving inside the cavity with a given initial
speed, with a constant acceleration in a direction opposite
to its initial motion. Hence, the atom will be decelerated
while crossing the cavity. The detector reaches the center
of the cavity exactly when it reaches zero speed, and then
travels back to the initial point with increasing speed until
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it reaches the position in which it started, having the same
speed as when it entered the cavity but in the opposite
direction. This trajectory of the atom within the cavity as a
function of the detector’s proper time � is shown in Fig. 1.
For larger values of the acceleration the detector will exit
the cavity. In principle this is an issue as we mirror the field
modes outside of the cavity. However, over the range of
accelerations that we will consider the coupling decays so
quickly past the edges that these tails will not contribute
significantly to the observed final state. In addition, we find
that the linearity of the temperature plots is preserved even
when the detector escapes from the cavity.

To have a clean signature one must be careful with the
way in which the detector is switched on [16,22] since a
sudden switching stimulates strong quantum fluctuations
that may overcome the Unruh effect. In order to reduce
switching noise we apply the same approach as [16]: the
interaction is smoothly switched on following a Gaussian
time profile so that switching quantum noise effects are
reduced. In particular, the switching function that we use
has the form

�ð�Þ ¼ �0 exp ð��2=2�2Þ: (2)

We prepare the ground state of the detector and the
vacuum of the field at a time � ¼ �T where the interaction
is switched on following the Gaussian profile above, the
atom has some initial speed and starts decelerating until it
reaches the center of the cavity at time � ¼ 0. The atom
continues accelerating until the time � ¼ T when it reaches
the initial point again. In the settings that we shall analyze,
we will consider as parameters T ¼ 4, � ¼ 8=7 and
�0 ¼ 0:01. With these parameters we find that the switch-
ing is more than smooth enough for our purpose; namely
the detector’s response from the switching noise is negli-
gible compared with the response from acceleration.

We are going to consider different scenarios that corre-
spond to different cavity field settings. Let us rewrite the
interaction Hamiltonian (1) in the interaction picture in the
following general form:

ĤI ¼ �ð�Þðâde�i�� þ âyde
i��ÞX

n

ðânun½xð�Þ; tð�Þ�

þ âynu�n½xð�Þ; tð�Þ�Þ; (3)

where we have expanded the field operator in terms of an
orthonormal set of field mode functions un½x; t� which will
depend on the boundary conditions that are imposed upon
the field. The normalization of the field modes is performed
with respect to the Klein-Gordon inner product [12].
If we choose a cavity of length L and we impose the

Dirichlet boundary conditions �½L; t� ¼ �½0; t� ¼ 0 (the
two walls of the cavity are ideal mirrors) we find that
the mode functions are the stationary waves

un½x; t� ¼ 1ffiffiffiffiffiffiffiffi
knL

p e�i!nt sin ðknxÞ;

where n 2 Zþ and !n ¼ knc ¼ n�c=L.
In the case of a periodic cavity of length L (which would

correspond to physical settings such as closed optical fibers
or microwave guides or any other setting with a torus
topology), the modes are the set of right- and left-moving
waves

un½x; t� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jknjL

p e�ið!nt�knxÞ;

where n is an integer, kn ¼ 2n�=L [negative (positive) n
corresponds to left-moving (right-moving) modes] and
!n ¼ jknjc.
In the case of a Neumann cavity of length L (this is to

say, @x�½L; t� ¼ @x�½0; t� ¼ 0), the modes become

un½x; t� ¼ 1ffiffiffiffiffiffiffiffi
knL

p e�i!nt cos ðknxÞ;

where n 2 Zþ and !n ¼ knc ¼ n�c=L.
Finally, as we described above, the worldline of the

detector inside the cavity parametrized in terms of its
proper time will be given by

tð�Þ ¼ c

a
sinh ða�Þ; xð�Þ ¼ L

2
þ c2

a
½cosh ða�Þ � 1�

and the interaction will be smoothly switched on following
the curve (2) from time �T to T with suitable values of L
and T such that the atom always remains in the cavity
while the interaction is ‘‘on’’ (see Fig. 1).

III. GAUSSIAN FORMALISM

We will introduce the nonperturbative oscillator-
detector model. Replacing the usual two-level system in
the Unruh-DeWitt model with a harmonic oscillator is
somewhat common in the literature [3,23–27]. However,
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FIG. 1 (color online). The detector’s (green, dashed) trajectory
through the cavity (red, solid) with acceleration a ¼ 1:6. The
Gaussian switching function is plotted on the right axis with a
jagged magenta line.
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in almost all of these cases, a perturbative approach was
used, and not many practical nonperturbative results have
been obtained in the past. Here we will use the powerful
nonperturbative Gaussian formalism developed in [16,17]
to analyze the thermalization properties of the detector.

The only restrictions that apply to this formalism in a
cavity scenario are that the initial state of the system
is a Gaussian state (such as the vacuum, a coherent or
squeezed state or a thermal state) and that the interaction
Hamiltonian is quadratic in the quadrature operators
(in order to preserve the state’s Gaussianity through time
evolution). Restricting our consideration to quadratic
Hamiltonians is quite reasonable since the interaction
between matter and light is of this nature [28].

In addition, as the Unruh effect has almost solely been
studied in the context of free space, this provides an
excellent excuse for us to tread into unknown waters by
considering different cavity settings. Furthermore, any
experimental verification of the Unruh effect is likely to
be more easily implementable in the context of optical
cavities, so it is important to understand the phenomenon
in such a scenario.

Let us summarize the tools that we are going to employ
in this paper to obtain, nonperturbatively, the response of a
particle detector to the field vacuum. Instead of the inter-
action picture, it will be more convenient to work in the
Heisenberg picture, following [16]. Let us form a vector
from the detector’s and field’s annihilation and creation
operators in the Heisenberg picture:

â � ðâd; âyd ; â1; ây1 ; â2; ây2 ; . . . ; âN; âyNÞT; (4)

where the subscript d corresponds to the detector and the
others correspond to the modes of the field. The commu-
tators of the components of this vector generate a sym-
plectic form:

� �
0 1 0 . . . 0
�1 0 1 . . . 0
..
. ..

. ..
. . .

. ..
.

0 . . . 0 �1 0

0
BBB@

1
CCCA ¼ ½âi; âj�: (5)

Similarly, we can form a vector of quadrature operators of
the form

x̂ ¼ ðq̂d; p̂d; q̂1; p̂1; . . . ; q̂N; p̂NÞT: (6)

These operators are related to the creation and annihilation
operators of each mode by

q̂ i ¼ 1ffiffiffi
2

p ðâi þ âyi Þ; p̂i ¼ iffiffiffi
2

p ðâyi � âiÞ: (7)

In order to ensure that Gaussian states will remain
Gaussian over the course of their evolution, we also need
to evolve by a quadratic Hamiltonian:

Ĥ ¼ �dâ
y
d âd þ

dt

d�

X
n

!nâ
y
n ân þ ĤIð�Þ; (8)

where ĤI will in our case be given by (1) in the Heisenberg
picture. Here�d is the frequency of the oscillator detector
and !n is the frequency of the nth field mode. In our
notation we use � to denote the proper time of the detector
(which is generally moving with respect to the cavity) and t
to denote the lab time, which is the time with respect to
which the field evolves. When computing the system’s
evolution as generated by some Hamiltonian we must be
careful to choose a specific time parameter and construct
the Hamiltonian accordingly. In the above Hamiltonian
we choose to evolve with respect to the detector’s proper
time �. Since the field evolves with respect to t, this
means that we must include a ‘‘blueshift factor’’ on the
free field’s Hamiltonian. A more complete and rigorous
explanation of this can be found in [16].
Since it is Gaussian, the state of the detector-field system

can be completely described by a covariance matrix con-
sisting of the first and second moments of the quadrature
operators. In our scenario we need not consider states with
first moments other than zero because of the absence of
Hamiltonian terms linear in the quadrature operators, and
so we determine the state by a covariance matrix of the
form

�ij ¼ hx̂ix̂j þ x̂jx̂ii; (9)

where x̂ is the vector formed by the dimensionless position
and momentum operators from Eq. (6). Thus the state of
our single detector can be completely described using the
2� 2 covariance matrix of the form

�d � hq̂2di hq̂dp̂d þ p̂dq̂di
hq̂dp̂d þ p̂dq̂di hp̂2

di

 !
: (10)

The time evolution of the entire covariance matrix,
including both the detector and the field, is governed by
the equation of unitary evolution [16],

�ð�Þ ¼ Sð�Þ�0Sð�ÞT; (11)

where S is a symplectic matrix: S�ST ¼ ST�S ¼ �.
In addition, the symplectic matrix generated by a

(generally time-dependent) Hamiltonian Ĥð�Þ satisfies
the equation

d

d�
Sð�Þ ¼ �Fsymð�ÞSð�Þ (12)

with initial condition Sð0Þ ¼ I. Here Fsym ¼ Fþ FT ,
where F is a phase-space matrix encoding the form of
the Hamiltonian via

Ĥð�Þ ¼ x̂TFð�Þx̂: (13)

Keeping in mind that we will continue working in the
Heisenberg picture (our operators are fully time dependent),
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wewill make use of some computational techniques beyond
what was indicated in [16] that are inspired by the principle
of the interaction picture. Here, we make use of an exact
solution of the free symplectic time-evolution matrix to
speed up the computation.

Namely, we split the evolution matrix into an exactly
solvable part (we could call it the free part) and a nonexact
part (that we could call the interaction part). From Eq. (12),
we take

�Fsymð�Þ � K0 þ K1ð�Þ; (14)

where K0 is exactly solvable. For our circumstances, we
choose

K0 � �

�
Fsym

d þ dt

d�
Fsym

f

�
: (15)

Here Fsym
d and Fsym

f are the symmetrized matrices corre-

sponding to the free Hamiltonians of the detector and field,
respectively. That is, their nonsymmetrized versions satisfy

�dâ
y
d âd ¼ x̂TFdx̂ and

P
n!nâ

y
n ân ¼ x̂TFfx̂.

Although, strictly speaking, K0 is time dependent due to
the dt=d� factor, the fact that this is a total derivative and
that we are integrating over � to solve the dynamics means
that we are still able to solve for the free evolution exactly,
so that if K1ðtÞ ¼ 0, Eq. (12) has the exact solution

S 0ð�Þ ¼ exp ½�ðFsym
d �þ Fsym

f tð�ÞÞ�: (16)

Applying this interaction-picture-like approach, we
define

SIð�Þ � S�1
0 ð�ÞSð�Þ; KI

1ð�Þ � S�1
0 ð�ÞK1ð�ÞS0ð�Þ:

(17)

It is then easily seen that (12) becomes

dSIð�Þ
d�

¼ KI
1ð�ÞSIð�Þ:

The evaluation of SIð�Þ can then be accomplished
by standard numerical techniques. The full Heisenberg
evolution matrix is then simply Sð�Þ ¼ S0ð�ÞSIð�Þ, and
the evolved state of the detector-field system is given by
�ð�Þ ¼ Sð�Þ�0Sð�ÞT .

IV. UNRUH TEMPERATURE AND
THERMALIZATION

Here we present the results obtained by applying the
formalism of Sec. III to the scenario outlined in Sec. II. Our
goal is to test the universality of the Unruh effect with
respect to a change of boundary conditions in the cavity.
We begin by considering an oscillator detector uniformly
accelerating through a cavity field that is initially in the
vacuum state.

It should be noted that when considering accelerating
detectors it is necessary to include many modes in the field

expansion. This is due to the fact that the detector will
experience an exponentially changing time dilation with
respect to the cavity frame which translates into a modu-
lating blueshift of the mode frequencies as seen by the
detector. Thus, the field modes with which the detector is
resonant will rapidly change and, if the acceleration or
time of evolution is large enough, very high mode numbers
can make significant contributions to the evolution of the
detector. In our work we have been vigilant to ensure that
enough field modes were included such that further addi-
tions do not modify the results obtained for the detector.
Because the nonperturbative Gaussian formalism

presented in Sec. III slows down considerably for a large
number of field modes, we use the standard perturbative
formalism up to the first order to ensure complete conver-
gence with respect to the number of field modes. For
example, in the periodic case this method involves evalu-
ating the integral Z T

�T
d�ĤIð�Þ (18)

so, for periodic boundary conditions we therefore need to
evaluate

In;� ¼ �0

Z T

�T
dt � eið�t�2�n�

L exp ð��atÞÞ� t2

2�2 (19)

which is the contribution to the excitation probability
amplitude for a given field mode, where � is used to sum
over left- and right-moving modes and the last term in the
exponential is the Gaussian switching function (see below
for more details). We can use them (after normalization) in
a partial sum over the number of field modes. That is,

P ¼X
n;�

1

4n�
jIn;�j2: (20)

This gives the first-order perturbation theory result for the
probability of transition of the detector from the ground
state to the first excited state.
Now, when beginning its evolution the detector is

initially in its ground state, but through its interaction
with the field it will generally become excited. After the
evolution of the detector-field system is complete we will
examine the state of the detector, which will be fully
specified by its 2� 2 covariance matrix �d. In order to
conclude that the detector has experienced a thermal Unruh
bath during its acceleration, we look for two things: first,
that the detector has evolved to a thermal state and, second,
that the corresponding temperature grows linearly with the
acceleration experienced by the detector.

A. Thermality

The nonperturbative approach from [16] is very well
suited for testing the thermality of our detector. Not only
is thermality easily tested, but because we have the exact
(nonperturbative) state of the detector we are able to make
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a definitive statement about thermalization. In order to
make conclusions about thermalization using perturbation
theory, one would at the least need to expand to higher
orders, and at the worst it would be impossible due to the
long time scales typically required for thermalization to
occur where perturbation theory may break down.

Once the detector has completed its evolution it will be,
up to phase-space rotation (i.e. free evolution), in a
squeezed thermal state of the form

�d ¼
	er 0

0 	e�r

 !
; (21)

where 	 is the covariance matrix’s symplectic eigenvalue
and r is its squeezing parameter. These diagonal entries are
just the eigenvalues of �d, �� ¼ 	e�r, from which the
symplectic eigenvalue and squeezing parameter follow as
	 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

�þ��
p

and e2r ¼ �þ=��. We must now determine
whether the amount of thermality introduced by 	 is a
much greater contributor to the energy of the detector’s
state compared to the amount of squeezing. If so, then the
state can be said to be nearly thermal. If they are compa-
rable, or if squeezing has the greater contribution, then we
can not claim that the detector thermalizes.

To compare these two effects we study how they con-
tribute to the free energy of the detector. For small squeez-
ing (which is satisfied in our scenario) a power series
expansion of the energy above the ground state energy, to
leading order in r, yields

E� E0 ¼ �d

�
ð	� 1Þ þ 1

2
	r2

�
; (22)

where �d is the detector frequency. Since 	 is of order
unity (and in fact remains very close to unity for our
situation) a good test for thermality is

	� 1 � r2: (23)

If this inequality is satisfied then the detector can be said to
be very nearly thermal. Equivalently, if

� � r2

	� 1

is very small, the detector is said to be thermal.
We find that the detector thermalizes very well in all

of the three boundary conditions considered: periodic,
Dirichlet, and Neumann. We find numerically that for the
parameters given in Sec. II, � is on the order of 10�6 in all
three cases. That is, the squeezing experienced by the
oscillator is extremely minute compared to its thermality,
and thus the detector can be said to be very nearly thermal.

The first of the two conditions we required to verify the
Unruh effect (thermality and temperature proportional to
acceleration) is satisfied for all three boundary conditions.

B. Unruh temperature

We are now in a position to compute the temperature
of the evolved detector �d. For a single oscillator of
frequency �d the form of an exactly thermal state is
� therm

d ¼ diagð	; 	Þ, for which the temperature is [29]

T ¼ �d

�
ln

�
1þ 2

	� 1

���1
: (24)

Since in our scenario we have already confirmed that our
detector thermalizes to an excellent approximation we are
able to use this equation to compute the temperature of
our detector with negligible error, where 	 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

�þ��
p

as
above.
For each of the three boundary conditions (periodic,

Dirichlet, and Neumann) we compute this temperature for
various values of acceleration. These results are displayed in
Fig. 2. Notice that our least-squares fit is performed on first-
order perturbative results. For small coupling strength the
perturbative result for the transition probability of the accel-
erated detector is in close agreement with the result obtained
by the nonperturbative approach. Specifically, the probabil-
ity computed up to leading order (as explained above) is of
Oð�2Þ and it is easily shown that the next relevant order, and
thus the difference between the perturbative and nonpertur-
bative answers, isOð�4Þ. For small temperatures, therefore,
one need not use the nonperturbative approach to estimate
the temperature of the oscillator detector, assuming that the
detector is in a thermal state. When including a very large
number of field modes it is computationally more conve-
nient to plot the first order perturbative results with three
objectives in mind: (i) from the probability (20) and
assuming thermality, compute the temperature using the
standard Boltzmann distribution and check that it varies
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FIG. 2 (color online). Comparison of different boundary con-
ditions on the detector’s temperature. The least-squares fitted
results are perturbative with 9000 modes considered [evaluated
as in Eq. (20)], while the nonperturbative data (not plotted) used
240 field modes and a tolerance of 10�11. The cavity length was
chosen to be L ¼ 144�.
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linearly with acceleration, (ii) check that the nonperturbative
results [using (24)] are computed with enough numerical
accuracy to reproduce the perturbative plot up to Oð�4Þ,
ensuring that had we used an infinite number of modes both
methods would converge, and (iii) use the nonperturbative
results to ensure thermality of the system. Note that this
last step cannot be easily carried out with a perturbative
calculation (this was done and discussed in the previous
section).

From the plot of the trajectory (Fig. 1), notice that very
high acceleration data points involve the atoms exiting
the cavity for a small part of their trajectories. To prevent
switching noise from damaging the results, we keep the
field continuous beyond the cavity, but because the switch-
ing function is effectively zero when the detector crosses
the boundary, the interaction will be negligible. Notice that
the high acceleration results are not qualitatively different
from lower acceleration results, justifying our negligibility
assumption.

Remarkably we find that for all three boundary condi-
tions the temperature grows linearly with acceleration,
demonstrating that the qualitative features expected of
the Unruh effect are very much independent of the details
of the cavity. This settles any doubt regarding the existence
of the Unruh effect when an IR cutoff for the field is
introduced (i.e. when inside a cavity). There has been
some skepticism [30–32] stemming from the large number
of technical assumptions that go into the canonical deriva-
tion of the Unruh effect [6] and how the presence of a
cavity might alter or even eliminate its existence. We have
demonstrated not only thermality and the existence of the
effect in a cavity (first shown in [16] and reaffirmed here),
but also that the boundary conditions ascribed to this cavity
are all but irrelevant (see Fig. 3). Indeed the numerical
similarity between the different cases is striking.

We note that the slope of the detector temperature with
respect to acceleration is not equal to the value of 1=2�
predicted by the canonical free-space derivation. This is

not overly surprising since we are working in a cavity
setting rather than free space; significant border effects
should be expected when studying such phenomena. Our
results demonstrate, however, that the inclusion of an IR
cutoff does not destroy the Unruh effect understood as the
thermal response of a particle detector with a temperature
proportional to the acceleration, and what is more, that the
detector actually thermalizes to that particular temperature.
If we were to take our cavity to the continuum limit we
would expect (at least in the case of periodic boundary
conditions) the slope to converge to the usual value of
1=2�. We leave such a study for future work.

C. XP coupling

In this portion of the paper we shall briefly discuss
the effect of varying the form of coupling between the
field and the detector. In particular, the question we ask is:
what happens when the monopole coupling of Eq. (1) is
modified such that the detector couples to the conjugate
momentum of the field instead of the field itself?
In this form, we can no longer maintain the pointlike

coupling assumption for the detector-field coupling. After
a Fourier transform, it is apparent that a pointlike X � P
coupling is akin to coupling the detector’s monopole
moment to the field in an extremely delocalized way,
such that the detector couples to the field everywhere.
Thus this coupling is ill defined and, without the introduc-
tion of spatial smearing, will yield divergences.
We will therefore regularize the interaction assuming

that the detector’s coupling strength to the canonical
momentum of the field varies with the field frequency. A
frequency-dependent effective coupling appears naturally
when considering spatially smeared detectors [13,33],
although in our case we would make the simpler assump-
tion that the coupling strength is inversely proportional to
the frequency of the mode. In this way we can analyze the
following coupling for periodic boundary conditions:

Hint ¼ i
X
n

�n �
ffiffiffiffiffiffiffi
!n

2L

r �
ad þ ayd

�h
ane

iknxð�Þ � ayne�iknxð�Þ
i
;

(25)

where �n ! �ð�Þ=!n so that the energy density falls off
with high energy modes at the same rate as in the X� X
coupling case. We note here that in first order perturbation
theory, the negative sign does not contribute to the proba-
bility of transition and this scenario is exactly the same as
the X � P coupling.
In the nonperturbative case, we produced the same plot

as the periodic curve of Fig. 2 with the modified coupling;
all data points were exactly the same. This tells us that the
periodic X � P coupling sign change is still a symmetry of
the nonperturbative case. We believe that this should be
observable when examining Eqs. (3) and (25) but we do not
prove this here.
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V. CONCLUSIONS

In this work we have nonperturbatively solved for the
evolution of an oscillator detector undergoing uniform ac-
celeration through a cavity field. We have confirmed recent
previous work [16] demonstrating that the Unruh effect does
indeed occur inside a cavity, and furthermore we have dem-
onstrated that this result is independent of the boundary
conditions applied to the field, implying that theUnruh effect
is a very universal phenomenon. Specifically, we have con-
sidered vacuum cavity fields with periodic, Dirichlet, and
Neumann boundary conditions. In all three cases we have
observed that an accelerating oscillator detector evolves to a
thermal state and that the temperature obtained by the detec-
tor increases linearly with its acceleration. Furthermore, the
results between the three cases are numerically very similar.
This indicates that not only is the phenomenon qualitatively
universal but, with respect to the case of boundary condi-
tions, also quantitatively universal.We have alsomade some
conclusions regarding the use of different detector-field
couplings that further strengthens these claims.

Moreover, our use of the nonperturbative oscillator
model has allowed us to make significantly stronger claims
regarding the thermality experienced by the detector than
can be made using the standard perturbative framework
typically employed in the literature. That is, we have

concluded that in our scenario an accelerating detector in
fact evolves to a thermal state, rather than merely exhibit-
ing a thermal response function. Questions of thermaliza-
tion cannot be made in perturbation theory without
resorting to higher order expansions, and in some scenarios
may actually be impossible due to the large time scales
often required for thermalization where perturbation
theory breaks down.
More generally, the results of this paper suggest that the

Unruh effect and similar phenomena such as Hawking
radiation may be largely independent of the details of the
system [34]. In addition to theoretical interest, such uni-
versality bodes well for an eventual experiment where the
Unruh effect could be measured.
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