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Equations of motion in gravity theories with nonminimal coupling:
A loophole to detect torsion macroscopically?
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We derive multipolar equations of motion for gravitational theories with general nonminimal coupling
in spacetimes admitting torsion. Our very general findings allow for the systematic testing of whole
classes of theories by means of extended test bodies. One peculiar feature of certain subclasses of
nonminimal theories turns out to be their sensitivity to post-Riemannian spacetime structures even in

experiments without microstructured test matter.
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I. INTRODUCTION

In arecent work [1] we derived the conservation laws for
the most general class of nonminimally coupled gravity
theories. Here we are going to work out the equations of
motion for this whole class of theories by using Synge’s
expansion technique [2] in combination with a multipolar
framework a la Dixon [3]. The framework does not only
cover the metric case, but it is also general enough to cope
with theories which go beyond the usual Riemannian
framework [4]. In particular it allows for a generalized
discussion of microstructured media.

The results obtained here extend the ones in [5—13]. In
particular, they offer a new perspective on placing possible
observational constraints on new geometric features like
torsion.

Our notations and conventions are those of [4]. In par-
ticular, the basic geometrical quantities such as the curva-
ture, torsion, etc., are defined as in [4], and we use the
Latin alphabet to label the spacetime coordinate indices.
Furthermore, the metric has the signature (+, —, —, —).

The structure of the paper is as follows. In Sec. II we
briefly discuss the class of theories under consideration.
In particular we provide the conservation laws, which in
turn are crucial for the subsequent derivation of the multi-
polar equations of motion in Sec. III. Apart from provid-
ing the general form of these equations, we study the
pole-dipole equations of motion in detail, and thereby find
an analogue to the classical Mathisson-Papapetrou [14,15]
equations for the whole class of nonminimal coupling
theories under consideration. Furthermore, we discuss
the case of test matter without microstructure and its
peculiar type of coupling to post-Riemannian spacetime
features. Our final conclusions and an outlook on open
problems is given in Sec. IV. Appendices A and B contain
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a brief overview of our conventions and some frequently
used formulas.

II. GENERAL NONMINIMAL GRAVITY

In order to be as general as possible, we consider matter
with microstructure, namely, with spin. An appropriate
gravitational model is then the Poincaré gauge theory in
which the metric tensor 8 is accompanied by the connec-
tion T',/ that is metric compatible but not necessarily
symmetric. The gravitational field strengths are the
Riemann-Cartan curvature and the torsion:

Ry = 9,1}/ — o,/ + T,/Ty =TT (D

In
Tkli = Fkli - Flki' 2)

In [1], we worked out the conservation laws for a
general nonminimal gravity model in which the interaction
Lagrangian reads

Lint = F(gij’ Rklij’ Tkli)Lmat' )

The coupling function F (gl.j, R/, T,;') depends arbitrarily
on its arguments. In technical terms, F' is a function
of independent scalar invariants constructed in all possible
ways from the components of the curvature and torsion
tensors. The matter Lagrangian has the usual form

Lmat = Lmat(l'//A’ vi ¢A’ gij)'
A Lagrange-Noether analysis, see [1], yields the
following conservations laws:

F3, = Fti +V (Fri"),
V.(FX)) = F3/T, — F™,'R,"

~L,V,F. 5)

Here we made use of the following abbreviations, i.e.
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. dL ,
Ekl = avnl;tA szpA - S;chat’ (6)
l
for the canonical energy-momentum tensor,
. oL
7.nkz — ma;‘ ((TAB)k"lPB, (7)
V. ¢

for the canonical spin tensor, and

- 2 a(y/=gL,,) ®
v gt
for the metrical energy-momentum tensor. Furthermore,
we made use of the so-called modified covariant derivative,
which is defined as usual by

V.=V, - Tt )

Lowering the index in (4) and antisymmetrizing, we derive
the conservation law for the spin

F3+ ¥, (Fr,") = 0. (10)

This is a generalization of the usual conservation law of
the total angular momentum for the case of nonminimal
coupling.

A. Purely Riemannian theory

Our results contain the Riemannian theory as a special
case. Suppose the torsion is absent Tij" = 0. Then for
usual matter without microstructure (spinless matter
with 7,7 = 0) the canonical and the metrical energy-
momentum tensors coincide, X, = 1, As a result, the
conservation law (5) reduces to

8 — 1)V F. (11)

mat

o1
Vt.tk’ = F(_L

B. Further generalization:
Matter with intrinsic moments

Our formalism allows one to consider also the case when
matter couples to the gravitational field strengths not just
through an F factor in front of the Lagrangian but directly
via Pauli-type interaction terms in L __ :

Iklmn(lpA’ gl‘j)Rklmn + Jkln(lpA! g,’j)Tkln- (12)

In Maxwell’s electrodynamics similar terms describe the
interaction of the electromagnetic field to the anomalous
magnetic and/or electric dipole moments. For Dirac spinor
matter [16,17], the Pauli-type quantities /", (%, g;,) and

JE (4, g,;) are interpreted as the (Lorentz and transla-

tional, respectively) ‘“‘gravitational moments” that arise
from the Gordon decomposition of the dynamical currents.
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The on-shell conservation laws are then given by

S =0+ V =20 T+ T T,
_ ilnm _ Inml[i
21 Rklnm 21 : Rllnmlk]’ (1 3)

vizki = EliTkil - Tmanklmn - Iilnmkailnm _Jl”mvaznm-
(14)

The skew-symmetric part of (13) describes the generalized
conservation of the angular momentum:

- n — __ In In
Vorig' = 2 T T 290 T

+ 20 Ry, 20 R (15)

lin
For the Riemann-Cartan curvature tensor the pairs of
indices do not commute, Rl.jkl #* Rkh.j, and one cannot
reduce the two terms in the second line of (15).

However, in the purely Riemannian case of general
relativity, the torsion vanishes and the curvature tensor
has more symmetries (in particular, the pairs of indices
do commute). Then the system (14) and (15) reduces to the
familiar Mathisson-Papapetrou form

vnT[ik]n = _E[ik] + 4

ilnmR (16)

[ klinm’

vizki = _Tmanklmn - Iﬂnmkailnm‘ )
The symmetric part of Eq. (16) describes the relation
between the metrical and canonical energy-momentum
tensors. When deriving (16), we took into account that in
view of the contraction in (12), we have the symmetry
properties

Jiikl = flijlki — pijlkl] = pkiij, (18)

The form of the system of conservation laws (16) and
(17) is very close to Dixon’s equations describing the
dynamics of material body with the dipole and quadrupole
moments. However, it is important to stress that in contrast
to Dixon’s integrated moments of usual structureless mat-
ter, 71" and [""" are the intrinsic spin and quadrupole
moments of matter with microstructure. The above con-
servation laws can also be viewed as a direct generalization
of the ones for spinning particles and polarized media
given in [18].

It is worthwhile to note that in the Riemann-Cartan
spacetime the conservations laws (14) and (15) contain
two types of intrinsic quadrupole moments. We identify
1% with the rotational (Lorentz) quadrupole moment,
whereas J*, is naturally interpreted as the translational
quadrupole moment. These quantities are coupled to the
corresponding rotational and translational gravitational
field strengths, i.e., to the curvature Rl.jkl and the torsion

T,,', respectively.
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II1. EQUATIONS OF MOTION

The conservation equations (4) and (5) form the basis for
a general multipolar analysis. In the following we are going
to derive the equations of motion for test bodies by utiliz-
ing the expansion technique of Synge [2]. Since we are
now working in a spacetime which allows for more struc-
ture, we now also have—apart from the metric g, —the
torsion T,,°. This leads to an additional degree of
freedom regarding the transport operations in the under-
lying multipolar formalism. We can proceed in two
ways: (i) extend Synge’s technique to non-Riemannian
spacetimes—thereby switching to a new type of (nongeo-
desic) reference curve; or (ii) use the standard Riemannian
approach and treat torsion as an additional variable. Here
we follow the latter strategy.

A. Rewriting conservation laws

The Riemann-Cartan connection can be decomposed
into the Riemannian (Christoffel) connection

A k 1
k _ -
l_‘ij = {l]} = Egkl(aigjl + ajgi/ - algij)’ (19)
plus the post-Riemannian piece:
k=1 k_ g k
I =1 = K" (20)

Here the contortion tensor reads

1
Kl-jk = —E(Tijk - Tjki + Tkl-j) = —Kl-kj. 21
We use the hat to denote objects and operators (such as
the curvature, covariant derivatives, etc.) defined by the
Riemannian connection (19).
Using the decomposition (20), we rewrite the conserva-
tion laws (4) and (5) as

V(Frig") = FK, " = Kt = FEpy - (22)

VAF3,)) = —=F3/K,' — FT" 'Ry, — L.V F. (23)

We can develop the usual Riemannian world-function-

based multipole expansion starting from (22) and (23).
Defining auxiliary variables like in [13], i.e,

A(g, Ry, TF) == log F, A, := VA, A, :=V VA etc,,

we rewrite (22) and (23) as follows:

Vot = Kt — K" — Sy — AT 24

n

V3, = 8K, — ™R

n “klm

" AE, —ASL(25)

Here we introduced the shortcut =Z.. := g..L .
ij ij 7~ mat

B. Multipolar approximation

We will now derive the equations of motion of a
test body by utilizing the covariant expansion method of
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Synge [2]. For this we need the following auxiliary formula
for the absolute derivative of the integral of an arbitrary
bitensor density B5 = BYi(x, y) (the latter is a tensorial
function of two spacetime points):

D -
— B*d
ds /z@ a 2)‘1

= V. Broiweds  + f vV BYNdS,
S(s) Xy X S(s) Y2 X1

(26)
Here v := dx”1/ds, s is the proper time, % = v’vi, and
the integral is performed over a spatial hypersurface. Note
that in our notation the point to which the index of a
bitensor belongs can be directly read from the index itself;
e.g., y, denotes indices at the point y. Furthermore, we will

now associate the point y with the worldline of the test
body under consideration. Denote

q)yl...y,,y(,xo S U'y”gy"xo, (27)

) / . Ly )
PV 5o =gVt g gyoxog} o (28)

We start by integrating (24) and (25) using (26):

D o re
% flpyl...}n)o} xox’T[xOx ]xzdzxz

Sy v [l 3l Tl V] i
= /\Pylm}”}o} X x,[Kx,,x,,,XOT[x VI Kx//x///x T[X XO]X
0
< / P A
_ E[xox] —A, PEa ]szdz
X X,
) ¥ ~ 1yl
+ j WY1 -YuYo)d N x"x”T[XOX W% dzx
0 2

Frovlegs, | (29)
2

KXo Yp+1

+ [ V1 PV VYo

D [ o, Swnas,
= [ q)y,...y,,yoxo[Kx‘,x/x”ix/x” — R% X
- Ax,(éxoxl + i)‘(’x’)]w"zcﬁx2
+ f CI)yl'"ynyoxo;x,ix”x/wxzdEXZ
+ [ Vi @Yo, ixoxszxz. (30)
Here the derivatives are straightforwardly evaluated:

n
4 ! g 4 DY ... 4 !
e = D oot o g, 8"
a=1

v V(oY ! ¥ y'
to o (gl 8 s+ ghy 8 ),

3D
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n
ViV — e
dn y"}oxo;z = Z o1

PHYSICAL REVIEW D 88, 064025 (2013)

é'-'yz-"ynﬂyoyl = (— ])” ‘Ify2‘"yn+|yoy1x0x] =t szdzx ,
2

- 2(s)
a=1
oV ohgh, (32) (35)
where z stands either for x or for y.
We now introduce integrated moments a la Dixon §Y2YarYo = (—1)" \Ifyz~~~yn+1yoy1x0xl f'[xoxl]x2d2x ,
in [3], i.e., S(s) 2
. Sy (36)
pylwy,,yo = (—1)” CI)ylmy,,yoxoz 1) Idzx s (33)
1
= @3 Yme2YoN 1Y
~ =(—1)" PY3-Yur2Yo ¥ #Axen oy gs,
P2 Yne1dod1 1= (— ])” - \.:[fyz.‘.y,,ﬂyo)’lx()x] > %ot wxzdzxz, ( ) 3(s) X 87, x5
S
(37)
(34 Then (29) and (30) take the form
|
D v D] b g3l — 0 gvaeen,) T ey 4 g ]
d_sylu-yn, b = — P ValVals ] 4 gUru Va0 — 01 gvaed¥ayy 4+ (137 91V Da + @@ YYD R y o
s n
! Iy , Ly oy " VY / N
_ 2q>1‘..yn+1[>a|y IKy/y”H,»b] — 2" Yuyalyaly IKy/ym),,];yn+1 — gV YnYadsY Ay/ — Ve YadsY AD‘/LVM
— 1
=gV YasiYa¥sY Y % e e LR v,]
+]€sz‘[ gt Ayl;yn+1"'yn+k 2q A K}’/)‘,,+k+l b Vnt1Yntk
+ (= 1)k’ B0, §2 Y urr-Yaridads — (—1)kaOr @I VnrYueidadsY
y y,,+1~~y,,+k y yn+1“‘yn+k
+ (= DR2(0Y 21 sl + g-Ynwaaly ) 2] (38)

ds

14
— R GV Vs — Z RY
i 2

) I3,
S R

k!

(o)
1
— Ay/‘y//(é:y"“y”y”ylyo + ty]...yny”y’yo) + Z —[Kyo
’ k=2

A
YiVnrre-Yn+k

+ (=D B,
Y Vns1-

Ytk

C. Vanishing spin current

For the special case of vanishing spin current 7¢°¢ = 0,
we infer from (24) that the canonical energy-momentum
tensor is symmetric E[i 0= 0, and that it coincides with
the metrical energy-momentum tensor in view of (4).
Furthermore, we have as a starting point for the derivation
of the equations of motion

VK = K4S - AER 43 @o)

Due to the antisymmetry of the contortion, the
contraction in the first term with the symmetric ¢
moment—in the case of an absent spin current—vanishes

D
— phiedae = _v(ylpyr..y,,)yo + Oy lyely) 4+ Kyoy/vﬁtylmy,,y’y” + K

N
VY Vpt1

Y etV
(E71-Yuei¥Yo + Pr-YueaY o) — (—1)ka<y1y,y

prediVusrYuedo — (— 1)Ky

/ , B
Yntr2Y Ynt1Ynti+1

13,01 > vl
rorey P YnetYY —Ryoy y,y,,qylwnw Va1

>+l n+l

(V" pri-Yue 4 Predea?y') — Ay,(§y1~»-yny’yo + 1YY V)

241 S 1 RYo qyl TS 0 0

. AN |
Y1y Y Vw1V

! ]
[y2"'yn)yn+l = Ynikd Vo
nt1 Yotk

(v3'//p3’1~~yn+k+1y/ + tyl“'yn+k+1y/y”)]' (39)

OV/ /B "
IVt niin

identically. Hence we are left with structurally the same
equation as in [13], the only' difference being that here
A(gl.]., Rl.jkl, Tijk) is a function of the curvature and the
torsion.

For the vanishing spin all the corresponding multipole
moments (36) and (37) vanish, too: s¥2Y»+1YY1 = ( and
g3 Y0012 = 0 for any n. In addition, the multipole
moments £2-Yn+1%0Y1 are symmetric in the last two
indices.

"Note the different sign of & in this paper; this is explained by
a different definition of the metrical energy-momentum tensor as
compared to [13].
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1. Monaopole order (7,,° = 0)

At the monopole order we have

D
TPt = A ET ), (41)

12 = payb. (42)

Substituting (42) into (41), we recover the equation of
motion [13]

D
T(Fp) = —§"V, F. (43)

As we see, the nonminimal coupling is manifest in the
nongeodetic motion of the monopole test particle.

2. Pole-dipole order without spin (7,,° = 0)
At the pole-dipole order we obtain

v(apb)c — t(ab)c’ (44)

D
D par = b —yaph — g (o0 + e), (45)

ds
D a — 1 pa ¢ ,db dbc ab ab
4 —_incd(UP + 1) — A (£7 + 1)
_ Abc(écab + l‘mb). (46)

Note that we did not make any simplifying assumptions
about the spacetime which still has the general Riemann-
Cartan geometric structure with nontrivial torsion.
Nevertheless, neither torsion nor contortion contributes to
the equations of motion (45) and (46).

D. General pole-dipole equations of motion

Let us consider the general case when the extended body
consists of material elements with microstructure, i.e., with
spin. In the pole-dipole approximation, the relevant
Il'lOII'lCIltSZ are pa’ pab’ tah’ tabc, érab, é‘;abc’ Sah’ qabc’ and
we neglect all higher multipole moments. Then for n = 1
and n = 0, Eq. (38) yields

0= _ta[bc] + qbcu _ vasbc’ (47)

D
$sah — _t[ah] _ zqc[aldlecb] _ qabCAc, (48)

whereas (39) forn =2, n = 1, and n = 0 yields

0= —vlapble 4 flalelb), (49)

*Note that this counting scheme is compatible with our pre-
vious work [8] on multipolar approximations with microstruc-
tured matter, in particular, it also matches the one employed
in [6].
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D

%pab — _Uapb + tba + Kb(,'dtaCd _ Ac(facb + tacb),
(50)
D a a cd a bcd a cdb
P K gt + K9 gy 17 — R, 04
1 A . n
_ ERubcd(vcpdb + tdbL) _ Ab(é':ha + tba)
_ Ab;c(§Cha + th”). (51)

Combining (47) with (49), we derive
t[alclh] — vcp[ab] + v[aplclb] _ tc[ha] _ ta[bc] + tb[ac] (52)

— vcp[ab] + v[aplclb] + 2tc[ab] _ 3t[abc]_ (53)

Furthermore, we can substitute (47) into (52) and thus
express Aalelb] in terms of the p, ¢, and s moments:

t[alclb] — vc(p[ab] _ Sab) + v[a(plclb] + zsb]c)
+ g + 24lalelb], (54)

Antisymmetrizing (50), we find

dgp[ah] — _U[upb] + t[ba] + K[thtu]cd
S

— A (glalelb] 4 flalelb]), (55)

Combining this equation with (48), we eliminate 7] and
using (47) derive

D
g(p[ab] _ Sab)

= —ole(pt] + K sed) + gedlagh] | ogelaldig b]
be _ b _ clb
+ A _(qebe — glalelb] — flalelo]) (56)

Next, substituting (47), (48), and (53) into (51), we obtain
after some algebra

D
g(pa + KaCdscd)
= Rabcd(p[cd] _ scd)vb + chb[léabcd _ Rade + Kacd;b
o 2KadnKbcn o Kachb] o Ab(fba + tba)
— Ab'c(é:dm + tha). (57)
We now introduce the integrated orbital angular momen-

tum and the integrated spin angular momentum of an
extended body as

Lab = 2p[ab]’ Sab - —2S’1b, (58)

respectively.
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Then, after a straightforward but rather lengthy compu-
tation, we can recast (56) and (57) into the final form

D
%jab — _2U[a Q)b] + 2FQCd[aTCdb] + 4FQ[achb]cd
— (4glalelb] + 2§[alclb])vcp, (59)

D 1 4 A

% Pa —= ERabcdedvb + FQdevaTbcd _ 2qudecava
+2Fq IV A — £V, F — £V V, F. (60)

Here we defined the total energy-momentum vector and the

total angular momentum tensor by

1
Pa = F(pa _ EKacdSCd) + (pba _ Sab)va, (61)

jah c= F(Lub + S“h). (62)
In addition, we introduced a redefined moment
1
cha — E(qbca + qbac _ qcab). (63)
By construction, 9%, = —Q°,. In the derivation of (59)

and (60) we made use of (47) and (54) and took into
account the geometrical identity

Rubcd - Rabcd = Kbcd;a + Kacd;b + 2I(b[cnl(ad]n' (64)

The latter can be proved by substituting the decomposition
of the Riemann-Cartan connection (20) into the curvature
definition (1). Furthermore, it is helpful to notice that
qu[aKb]cd + 2qc[a|d|chb] = ch[a Tcdb] + 2Q[aCdTb]cd and
chbecd;a = chdﬁaTbcd'

The equations of motion (59) and (60) generalize the
results obtained in [13] to the case when extended bodies
are built of matter with microstructure and move in a
Riemann-Cartan spacetime with nontrivial torsion.

1. Minimal coupling

When the coupling function is constant, F' = 1, that is
for the minimal coupling case, we obtain

Pa = pa _ %KacdSCd’

and the equations of motion

Jab — Lab + Sab’ (65)

D
%jab — _2v[a Q)b] + ZQCd[aTCdb] + 4Q[achb]cd’ (66)

D 1 4 A

o Pe = ER“bcdedvb + Qb VT, 4. (67)
Comparing these equations to the conservation laws (14)
and (15), it is remarkable that the redefined dipole
spin moment (63) actually took over the role of the trans-
lational quadrupole moment. That is, up to a factor (— 2),
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conventionally introduced in (58), we can identify Q%¢,
with J?¢,,. This interesting feature was not reported before.

2. Nonminimal coupling: A loophole to detect torsion?

It is satisfying to see that the structure of the equations of
motion (66) and (67) is in agreement with the earlier results
of Yasskin and Stoeger [6]. Therefore, we confirm once
again that spacetime torsion couples only to the integrated
spin $%, which arises from the intrinsic spin of matter,
and the higher moment ¢“¢. Hence, usual matter without
microstructure cannot detect torsion and, in particular,
experiments with macroscopically rotating bodies such as
gyroscopes in the Gravity Probe B mission do not place
any limits on torsion [19].

However, this conclusion is apparently violated for the
nonminimal coupling case. As we see from (59) and (60), test
bodies of structureless matter could be affected by torsion via
the derivatives of the coupling function F(g,;, Ry’ Ty,')-

On the other hand, this possibility is qualitatively different
from the ad hoc assumption that structureless particles move
along auto-parallel curves in the Riemann-Cartan spacetime
made in [20-23]; see the critical assessment in [19]. The
trajectory of a monopole particle, described by (43), is
neither geodesic nor auto-parallel. The same is true for the
dipole case when the nonminimal coupling force is com-
bined with the Mathisson-Papapetrou force.

IV. CONCLUSION

We have obtained equations of motion for material
bodies with microstructure, thus generalizing the previous
works [5,6,8,9,18] to the general framework with nonmi-
nimal coupling. The master equations (38) and (39) de-
scribe the dynamics of an extended body up to an arbitrary
multipole order. It turns out that, despite a rather compli-
cated general structure of the equations of motion, most of
the terms in (38) and (39) show up only at the quadrupole
order or higher orders.

In the special case of minimal coupling (which is recov-
ered when F = 1), our results can be viewed as the
covariant generalization of the ones in [5,6], as well as
the parts concerning Poincaré gauge theory of [8].

A somewhat surprising result in the present nonminimal
context with torsion, is the—indirect—appearance of the
torsion through the coupling function F even in the lowest
order equations of motion for matter without intrinsic
spin—see Eqgs. (41) and (42). This clearly is a distinctive
feature of theories which exhibit nonminimal coupling,
which sets them apart from other gauge theoretical ap-
proaches to gravity. As we have shown in [6,8,9], and
as it is also discussed at length in the recent review [19],
in the minimally coupled case only microstructured matter
couples to the post-Riemannian spacetime features—in
particular, in the minimally coupled case one needs
matter with intrinsic spin to detect the possible torsion of
spacetime. As we have shown in the current work, this is
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no longer the case in the nonminimally coupled context.
In other words, supposing that one can come up with a
sensible background model for spacetime including tor-
sion, it could be somewhat constrained through standard
test bodies—i.e. made from regular matter—through the
derived equations of motion, in particular, through (41) and
(42) in the monopolar case.

Despite the progress made here, we would also like to
point out some open questions and directions for future
investigations. (i) In a post-Riemannian context, there is
naturally more freedom regarding the possible geometry of
spacetime. This additional freedom could also be used for
an extension and modification of the multipolar framework
itself in general spacetimes encompassing, besides the
curvature, also new quantities like torsion. In particular,
one could carry out the derivations in the present work with
a modified world-function formalism, i.e. one which is no
longer based on the geodesic structure of the spacetime—
see also [24-26] for some generalizations in this direction.
While such a modification remains a possibility, which is
somewhat linked to the discussion of which types of curves
are “‘natural” in specific spacetimes, one should also be
clear that one would loose comparability with almost all of
the previous works on equations of motion. (ii) Another
generalization concerns the generalization to the metric-
affine case, i.e. including, apart from the torsion, also the
nonmetricity of spacetime. The results in this paper already
hint into this direction. In general non-Riemannian space-
times, one can expect a direct coupling term, not only
through the function F, on the level of the equations of
motion. This will eventually lead to more “fine grained”
possible tests of post-Riemannian geometric structures.
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APPENDIX A: CONVENTION AND SYMBOLS

In the following we summarize our conventions, and
collect some frequently used formulas. A directory of
symbols used throughout the text can be found in
Table 1. For an arbitrary k-tensor Ta]...ak’ the symmetriza-

tion and antisymmetrization are defined by

1 k!
Tayoa ,;Z — (A1)

1 k!
= —Dlm
M) g 2V a0y (A

where the sum is taken over all possible permutations
(symbolically denoted by ,{a,...q,}) of its k indices.
As is well known, the number of such permutations is
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equal to k!. The sign factor depends on whether a permu-
tation is even (|| = 0) or odd (|| = 1). The number of
independent components of the totally symmetric tensor

T, .o of rank k in n dimensions is equal to the binomial
1%k

coefficient

_(n— 14k
Cotvic = kKl(n— 1)~

whereas the number of independent components of the

totally antisymmetric tensor T[a ] of rank & in n dimen-
1%k

sions is equal to the binomial coefficient

k n!
T =R
TABLE I. Directory of symbols.
Symbol Explanation
Geometrical quantities
&b Metric
Na3 Determinant of the metric
o3 Kronecker symbol
x4, s Coordinates, proper time
r,.° Connection
K, Contortion
T,° Torsion
R,.° Curvature
o World function
gyoxo Parallel propagator

Matter quantities

l,bA

General matter field

PR Canonical energy momentum
t,? Metrical energy momentum
T4,€ Canonical spin

Jabed | jabe Pauli-type moments

v Velocity

P Generalized momentum
sab Spin angular momentum
L Orbital angular momentum
Jab Total angular momentum
L Lagrangian

p" Yo, PaYne1Yod1,

EV2 Vet YoV1 | Y2 Yua1 Yol

qu,..szyUy, Y2
Auxiliary quantities

*

Integrated moments

Modified covariant derivative

va

F, A Coupling function
3,0 By oy Yy, Expansion coefficients

Operators

9, V, (Partial, covariant) derivative

% =« Total derivative

“[...]” Coincidence limit

Riemannian quantity
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For example, for a second rank tensor 7, the symmetriza-
tion yields a tensor 7, = 5(T,, + T,,) with 10 indepen-
dent components, and the antisymmetrization yields
another tensor 7}, = %(T w — T,,) with 6 independent
components.

The covariant derivative defined by the Riemannian
connection (19) is conventionally denoted by the nabla or
by the semicolon: @a =

Our conventions for the Riemann curvature are as
follows:

28% ;4 tva) = 2V Y

(A3)

The Ricci tensor is introduced by I?ij = I?kijk, and the
curvature scalar is R := gi/ﬁij. The signature of the space-

time metric is assumed to be (+1, —1, —1, —1).

In the following, we summarize some of the frequently
used formulas in the context of the bitensor formalism
[in particular for the world-function o(x, y)]; see, e.g.,
[2,27,28] for the corresponding derivations. Note that our
curvature conventions differ from those in [2,28]. Indices
attached to the world function always denote covariant
derivatives, at the given point, i.e. o, = Vyo-; hence we
do not make explicit use of the semicolon in case of the
world function. We start by stating, without proof, the
following useful rule for a bitensor B with arbitrary indices
at different points (here just denoted by dots):

(81,=[8_]+[B ]
Here a coincidence limit of a bitensor B_._(x, y) is a tensor

[B ]=1imB (x,y),
PR

(A4)

(A5)

determined at y. Furthermore, we collect the following
useful identities:

Tyovizvr — Tyormrer,  Txpnygryy’ (A6)
g"l"za'x1 o= 200 = gylyza'y1 Ty (A7)
[(]=0, [o]=[o]=0  (A8)
o, J=1lo,, 1=2,, (A9)
[0, 1=[0, 1= ~g,,, (A10)

[lex2x3] - [lex2y3] - [0-"1«"23’3] - [O-ylyzy3] =0 (ALl)
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X, 1 pY,
(g 0}‘];x2x3] = ER' Oy 205" (A13)

APPENDIX B: COVARIANT EXPANSIONS

Here we briefly summarize the covariant expansions
of the second derivative of the world function, and the
derivative of the parallel propagator:

(o)
1
/ , ,
ao = oY — &Y , + E — ao 02+« gVk+1 R
Xl g Xl< y/ k_zk! y/yZ'"yk+|

(B1)

(o)
1
Yo. = 0o — Z — Yo Vo o o o Vit
o M o Vi k! B V1Yo Yier o o ’ (BZ)
k=2""
Yo = g¥ oV lléyo Y3
8 Xp3% 8 xlg *\2 )")’”)@0-

1
E — V3 oo o Vit
i & k! Yy, O 2), (B3)

;1 A
Y, Y —_ RY
8 Oxl;yz 8 X|<2R Uy')‘2y3 3
£33y o rot). (B4)
= k! YYaV3eViia ’

The coefficients @, B3, v in these expansions are polyno-
mials constructed from the Riemann curvature tensor and
its covariant derivatives. The first coefficients read as
follows:

ayoy|y2y3 = _gRyO()’z}b)}'l’ (BS)
B = g R0 (B6)
Y1Y2Y3 3 (y3)y,’

y -9 B7

a O)’1y2y3y4 - 5 (v, Y3y, ( )

B = 1@ R (BS)
Y1Y2Y3Yy 2 (v, A

% Lo (B9)
Y Y1Y2Y3¥y 3 (4 [y, 1y,)y,

In addition, we also need the covariant expansion of a usual
vector:
< (—D*

A =802
X X ] Yo Y1 Yk
= k! 0 Y1V

O'y] DY U'.yk.

(B10)

064025-8



EQUATIONS OF MOTION IN GRAVITY THEORIES WITH ...

(1]
(2]

(31
(4]

(5]
(6]
(71

(9]

(10]
(11]
[12]
[13]

[14]
[15]

Yu.N. Obukhov and D. Puetzfeld, Phys. Rev. D 87,
081502(R) (2013).

J.L. Synge, Relativity:  The
(North-Holland, Amsterdam, 1960).
W. G. Dixon, Nuovo Cimento 34, 317 (1964).

F. W. Hehl, J.D. McCrea, E. W. Mielke, and Y. Ne’eman,
Phys. Rep. 258, 1 (1995).

W.R. Stoeger and P.B. Yasskin, Gen. Relativ. Gravit. 11,
427 (1979).

P.B. Yasskin and W.R. Stoeger, Phys. Rev. D 21, 2081
(1980).

O. Bertolami, C. G. Béhmer, T. Harko, and F. S. N. Lobo,
Phys. Rev. D 75, 104016 (2007).

D. Puetzfeld and Yu.N. Obukhov, Phys. Rev. D 76,
084025 (2007).

D. Puetzfeld and Yu.N. Obukhov, Phys. Rev. D 78,
121501 (2008).

M. Mohseni, Phys. Lett. B 682, 89 (2009).

M. Mohseni, Phys. Rev. D 81, 124039 (2010).

S. Nojiri and S.D. Odintsov, Phys. Rep. 505, 59 (2011).
D. Puetzfeld and Yu.N. Obukhov, Phys. Rev. D 87,
044045 (2013).

M. Mathisson, Acta Phys. Pol. 6, 163 (1937).

A. Papapetrou, Proc. R. Soc. A 209, 248 (1951).

General  Theory

[16]
[17]

[18]
[19]

[20]
(21]

[22]
(23]

[24]
[25]

[26]
(27]

(28]

064025-9

PHYSICAL REVIEW D 88, 064025 (2013)

Yu. N. Obukhov, Acta Phys. Pol. B 29, 1131 (1998).

F. W. Hehl, A. Macias, E. W. Mielke, and Yu. N. Obukhov,
in On Einstein’s Path—Essays in Honor of Engelbert
Schucking, edited by A. Harvey (Springer, New York,
1998), p. 257.

I. Bailey and W. Israel, Commun. Math. Phys. 42, 65
(1975).

F. W. Hehl, Yu. N. Obukhov, and D. Puetzfeld, Phys. Lett.
A 377, 1775 (2013).

H. Kleinert, Gen. Relativ. Gravit. 32, 1271 (2000).

Y. Mao, M. Tegmark, A. Guth, and S. Cabi, Phys. Rev. D
76, 104029 (2007).

R. March, G. Bellettini, R. Tauraso, and S. Dell’ Agnello,
Phys. Rev. D 83, 104008 (2011).

R. March, G. Bellettini, R. Tauraso, and S. Dell’ Agnello,
Gen. Relativ. Gravit. 43, 3099 (2011).

W. H. Goldthrope, Nucl. Phys. B170, 307 (1980).

H.T. Nieh and M.L. Yan, Ann. Phys. (N.Y.) 138, 237
(1982).

N. Barth, J. Phys. A 20, 857 (1987).

B.S. DeWitt and R. W. Brehme, Ann. Phys. (N.Y.) 9, 220
(1960).

E. Poisson, A. Pound, and I. Vega, Living Rev. Relativity
14, 7 (2011).


http://dx.doi.org/10.1103/PhysRevD.87.081502
http://dx.doi.org/10.1103/PhysRevD.87.081502
http://dx.doi.org/10.1007/BF02734579
http://dx.doi.org/10.1016/0370-1573(94)00111-F
http://dx.doi.org/10.1007/BF00759306
http://dx.doi.org/10.1007/BF00759306
http://dx.doi.org/10.1103/PhysRevD.21.2081
http://dx.doi.org/10.1103/PhysRevD.21.2081
http://dx.doi.org/10.1103/PhysRevD.75.104016
http://dx.doi.org/10.1103/PhysRevD.76.084025
http://dx.doi.org/10.1103/PhysRevD.76.084025
http://dx.doi.org/10.1103/PhysRevD.78.121501
http://dx.doi.org/10.1103/PhysRevD.78.121501
http://dx.doi.org/10.1016/j.physletb.2009.10.089
http://dx.doi.org/10.1103/PhysRevD.81.124039
http://dx.doi.org/10.1016/j.physrep.2011.04.001
http://dx.doi.org/10.1103/PhysRevD.87.044045
http://dx.doi.org/10.1103/PhysRevD.87.044045
http://dx.doi.org/10.1098/rspa.1951.0200
http://dx.doi.org/10.1007/BF01609434
http://dx.doi.org/10.1007/BF01609434
http://dx.doi.org/10.1016/j.physleta.2013.04.055
http://dx.doi.org/10.1016/j.physleta.2013.04.055
http://dx.doi.org/10.1023/A:1001990604209
http://dx.doi.org/10.1103/PhysRevD.76.104029
http://dx.doi.org/10.1103/PhysRevD.76.104029
http://dx.doi.org/10.1103/PhysRevD.83.104008
http://dx.doi.org/10.1007/s10714-011-1226-2
http://dx.doi.org/10.1016/0550-3213(80)90152-2
http://dx.doi.org/10.1016/0003-4916(82)90186-5
http://dx.doi.org/10.1016/0003-4916(82)90186-5
http://dx.doi.org/10.1088/0305-4470/20/4/021
http://dx.doi.org/10.1016/0003-4916(60)90030-0
http://dx.doi.org/10.1016/0003-4916(60)90030-0
http://dx.doi.org/10.12942/lrr-2011-7
http://dx.doi.org/10.12942/lrr-2011-7

