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Quantum geometry with a nondegenerate vacuum: A toy model
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Motivated by a recent proposal (by Koslowski-Sahlmann) of a kinematical representation in loop
quantum gravity (LQG) with a nondegenerate vacuum metric, we construct a polymer quantization of the
parametrized massless scalar field theory on a Minkowskian cylinder. The diffeomorphism covariant
kinematics is based on states that carry a continuous label corresponding to smooth embedding
geometries, in addition to the discrete embedding and matter labels. The physical state space, obtained
through the group averaging procedure, is nonseparable. A physical state in this theory can be interpreted
as a quantum spacetime, which is composed of discrete strips and supersedes the classical continuum. We
find that the conformal group is broken in the quantum theory and consists of all Poincaré translations.
These features are remarkably different compared to the case without a smooth embedding. Finally, we
analyze the length operator whose spectrum is shown to be a sum of contributions from the continuous and
discrete embedding geometries, being in perfect analogy with the spectra of geometrical operators in LQG

with a nondegenerate vacuum geometry.
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I. INTRODUCTION

In relativistic field theories, the action integral is usually
given in flat spacetime, where the dynamics of the fields is
parametrized by inertial coordinates. There exists a different
description of the same theory in terms of arbitrary space-
time coordinates. Within this formulation, the inertial coor-
dinates are treated as dynamical fields, resulting in an
enlarged set of phase space variables whose motions are
parametrized by arbitrary coordinates. Since the dynamical
content of the theory does not depend on the choice of these
coordinates, this leads to a generally covariant formalism.

The original idea of such a reformulation (‘‘parametri-
zation”") of field theories was due to Dirac [1] and was used
by Kuchar [2] extensively in his analysis of free scalar field
theory in a two-dimensional flat spacetime of cylindrical
topology, also known as parametrized field theory (PFT).
Subsequently, he constructed a Dirac quantization of this
model and used it as a toy system for canonical quantum
gravity [3,4]. More recently, through Laddha and
Varadarajan’s analysis of PFT within the loop (polymer)
quantization framework [5—7], this system has emerged as
a robust testing ground for the quantization techniques
employed in loop quantum gravity (LQG). The remarkable
fact that two-dimensional PFT can be quantized and solved
using the LQG-based quantization approach suggests that
the insights gained in this context might be useful in the
analysis of four-dimensional gravity theory, for which such
a success still remains elusive. In fact, the Hamiltonian
constraint in PFT was studied precisely from such a
perspective [8].

The action for free scalar field theory in (1 + 1)-
dimensional Minkowskian spacetime is given by
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S[h(X)] = [ PXPa,$(X)agd(X), (1)

where ¢(X4) are the (dynamical) scalar fields; X4, A = 0,
1, are the (nondynamical) inertial coordinates correspond-
ing to the flat spacetime; and 1,5 = [—1, 1] is the flat
metric. This system can be parametrized by introducing a
set of curvilinear coordinates x* = (z, x) and treating the
X4(x)’s as dynamical fields along with ¢(x), such that for
fixed 1, the variables X“(z, x) define a spacelike surface.
The motions of X4(x), ¢(x) are now parametrized by x®
and are determined by the following action principle:

Sprr[XA (), b(x)] = [ Pxg(X) g B (X)d ()9 b ().

2)

Here g(X) is the determinant of the metric g,z(X),
given by

XA (x) 0XB(x
gap(X) = nABTi) 9P )

The action (2) exhibits general covariance. Although (2)
corresponds to an enlarged phase-space, the two functions’
worth of gauge freedom in the choice of coordinates x“
implies the presence of a pair of first-class constraints in
the canonical theory, thus leading to the same number of
physical degrees of freedom as in the original theory given
by (1) (for details, see [2]).

In the polymer quantization of this theory [6,7], the basic
operators are chosen to be the analogues of the holonomy
and flux operators as used in canonical LQG kinematics. In
such a formulation, the elementary excitations are one-
dimensional polymerlike objects, characterized by colored
graphs, whose edges carry integer-labeled charges [7].
These are known as charge-network states and define the
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kinematical states in the theory. The (kinematical)
“vacuum” state is given by the empty state without any
charge network. Again, these states are very similar to the
kinematical states used in LQG, known as the spin-network
states. There also, the vacuum is just the empty state,
corresponding to zero eigenvalues of the area and volume
operators. The full spectra of these geometrical operators
provide an elegant description of the underlying discrete-
ness of spatial geometry [9,10]. However, within such a
framework, there is no natural way to deal with asymptoti-
cally flat spacetimes. In other words, using the LQG kine-
matics simply consisting of one-dimensional excitations
on top of a degenerate vacuum, it is difficult to implement
the boundary conditions at asymptotia where one expects
the spacetime geometry to become smooth. One way to get
around this problem would be to modify (minimally) the
kinematical representation as used in LQG.

Recently, just such a representation for LQG was
proposed by Koslowski [11] and further studied by
Sahlmann [12], where the kinematical construction in-
volves nondegenerate spatial background metrics. This
was motivated from a view to set up a diffeomorphism
invariant framework that can admit an effective description
of smooth spacetimes. In this formalism, each state carries
a continuous label corresponding to smooth spatial
geometries,1 in addition to the usual spin-network labels.
The action of the flux operators on these states is different
as compared to its action in the standard (Ashtekar-
Lewandowski) representation and has an additional piece
coming from a classical background geometry [12],

Es,f\:[} = Xv,f\:[f + EY,fI\I,

Here, the first term represents the standard action. The

second term contains the c-number E ; corresponding to
the flux due to the smooth background metric and leads to a
nondegenerate (kinematical) vacuum state. Rather remark-
ably, it was shown in [12] that the SU(2) Gauss law and
the spatial diffeomorphism constraints can be unitarily
implemented in the quantum theory based on this
representation.2 Also the resulting spectra of the geomet-
rical operators like area and volume have a simple additive
structure, comprising the usual (LQG) contribution and the
one depending solely on the background [12].

Here, our interest in this representation lies in its appli-
cability to the simpler context of two-dimensional PFT and

"The background, and hence the corresponding continuous
label of the states, is not fixed and changes under the action of
the constraint operators, in particular under diffeomorphisms.
This leads to a diffeomorphism-covariant quantum kinematics
and is consistent with the spirit of a background-independent
quantization.

2The introduction of the background in the quantum kinematics
can also be understood as an extension of the original set of
operators, the new element being the ‘‘background exponential”
operators, as noticed by Varadarajan [13].
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is inspired by the fact that this serves as a solvable toy
model for quantum gravity. In particular, we set up a
polymer quantization framework for this model with a
nondegenerate background metric. We find that there are
important differences as compared to the polymer quan-
tized PFT without a background. The results here provide
some important hints as to what the implications of this
representation could be in the case of four-dimensional
gravity theory.

In the next section, we briefly review the classical PFT
(see [2] for details). In Sec. III, we construct a polymer
representation for this theory with a background. This
includes a discussion of the gauge transformations, Dirac
observables and conformal isometries. Next, we employ
the group-averaging procedure to solve the constraints and
discuss the essential features of the resulting space of
physical states. In Sec. IV, we discuss the spacetime inter-
pretation of the physical states and find the spectrum of the
length operator. The final section contains some relevant
remarks.

II. CLASSICAL THEORY

A. Canonical formulation

Based on the action (2), a canonical formulation for PFT
can be developed [2]. The one-dimensional spatial mani-
fold is chosen to be a circle. Such a choice of topology
makes this system very similar to canonical gravity in four
dimensions, where the three-dimensional spatial slices are
usually chosen to be compact. Thus, in PFT the initial
Cauchy slice is given by the circle at + = 0 with the angular
coordinate x € [0, 27], where the points x = 0 and x =
27 are identified. Each ¢ = constant circle defines a space-
like slice in the flat spacetime. The basic fields are the
embedding variables X“ (x®) and matter fields ¢ (x®). Their
conjugate momenta are I1,(x*) and 7(x%), respectively.
Thus, the basic Poisson brackets are given by

{X4(x), T ()} = 8(x, y), {px), 7(y)} = 8(x, y),

where 8(x, y) is the Dirac-delta function on the x circle.
A convenient way to analyze this theory is to define a new
set of variables, corresponding to the mutually exclusive
sectors of left and right moving fields. These are given
by (X*(x), II..(x)) for embedding sector, and Y= (x) for
matter sector, and are defined as

YW = TW =X, () = 5[y = T,(]
Y= = a(x) £ ¢'(x).

These satisfy the following Poisson brackets:

X, M)} = 8(xy),  {X7(x0), 1.0} =0,

{r=(x), Y=} = =[0,6(x, y) — 9,6(x, y)],

{r=(x), Y=} = 0.
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As a consequence of the cylindrical topology of spacetime,
the embedding variables satisfy quasiperiodic boundary
conditions,

X*(x +2m) = X*(x) + 27L, 3)
where we have chosen 277L as the length of the T = const
slice in the inertial spacetime. All the other fields are
periodic in x with a periodicity of 2.

The general covariance of the action (2) gets reflected
through the presence of two first-class constraints, given by

| | -
H. =TI .(x)X* (x) = ZY—(x)z.
These obey the following algebra:

{ ] dxN* (x)H.- (), f dxM* (y)H.- (y)}

— [ dN* ()M (x) — M* (N (x)]H- (x),

{ [ axvF @it o, [ s (y)} o,

where N*, M~ are Lagrange multipliers. As discussed in
[6,7], the action of these constraints can be interpreted as
two independent spatial diffeomorphisms provided one
extends the domain of the fields from [0, 277] to the entire
real line. Such a description is consistent with the boundary
conditions provided the embedding variable X (x) has a
quasiperiodic extension, while all the other fields F*(x) =
(IT+(x), Y= (x)) along with N* are extended periodically
on the real line:

X5 (x+2mm) = X*(x) £ 2mwL,
F(x + 2mm) = F*(x),
Noy(x +2mm) = N=(x) for x € [0, 2m).
Thus, under a finite gauge transformation characterized by

a pair of periodic diffeomorphisms (¢*, ¢ ), the fields
transform as

(ay=X7)(x) = X5 (o™ (x)),
(ay=F*)(x) = Fo (o= (x)),

(ap=X7)(x) = X (x),
(ay=F7)(x) = F*(x).

B. Dirac observables

An integral of any periodic scalar density of weight one,
which can be written in terms of the phase-space variables
separately in the “+”’or ““—" sector, is a Dirac observable.
We consider two particular examples of these below.

(i) Mode functions:

For any real periodic real function f=(X*), one can
construct the observable

0: = [S XY ()5 (X (1),
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These essentially correspond to the Fourier modes of
the free scalar field, which are given by
n e’z

a, = dxY*(x)e"X", n>0.
Sl

(i1) Conformal isometries:
The generators of the conformal isometries in PFT
are also Dirac observables. These are given by

0% = [ dxl1. (U= (x*(o),

where U*(X™(x)) is any periodic functional of
X*(x). The action of these on the embedding
X*(x) leads to a conformal scaling of the metric
that leaves the PFT action invariant. The isometry
generators satisfy the following algebra:

US dxTl . (x)U* (X* (x)), fs dyni(y)vt(xi(y))}
= fsl dxIl. (x)(U*V* = V=U*)(x).

The finite action of these can be represented
through a pair of functions ¢ that act only on the
embedding sector,

gz X" (X) = p (X)), agzXT(x) = X" (%),
@y Y () =Y"(x),  ag Y (x)=Y"(x).

The functions ¢ (X) are invertible, connected to
identity, and monotonically increasing,

dp:

> 0.
ax=

Also, the boundary conditions (3) imply the follow-
ing condition on ¢ :

d(X*(x) + 2n7L) = ¢ (X*(x)) + 2nwL.

This ends the brief discussion of classical PFT. In
what follows next, we set up a polymer quantization
of PFT based on the new kinematical representation
with a background, as originally introduced in [11],
and study the implications.

III. POLYMER QUANTIZATION
WITH A BACKGROUND

We construct the kinematical Hilbert space based on the
charge-network states separately for the embedding and
matter sectors along the lines of Ref. [7]. The new ingre-
dient that enters the construction here is a nondegenerate
background embedding, which affects the action of the
basic operators on the states.
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A. Embedding sector

Let us first define a pair of graphs vy, each of which is
composed of a finite number of nonoverlapping (except at the
vertices) edges and covers the entire range of x € [O 277]

X*) = yi e X )
is labeled by 7., a set of embedding charges it =
(ki ..., ky-) and the smooth background (embedding)

The embedding charge network [,

charge X~ (x). The total number of edges in y. is N=, and
the ith edge e;" has an embedding charge k;* = an™, n™ €
Z. The fixed real number « is a free parameter in the theory
and is an analogue of the Barbero-Immirzi parameter in LQG.
The inner product between any two charge nets is given by

(S0, X |57, X7) = 8,028

o o
1%yt
X=X

The basic operators are the embedding fields X~ (x) and the
holonomy 4.+ on the graph y; defined as

A iV = .
ZI 1K fﬁgw = 4)

7

Their action on the charge-network states is given below:

X @)lys X )= (k- + XT(W)lyE LX),
by Ly B X7) = |y o 92 K + 12, X7),
where
k;se = k,ﬁ if x € Interior(ey,),

(k +k,..) ifxEenner,,,
=§(klf+k;r +A%) ifx=0 or 27,

where A* are two arbitrary constants of the form A~ =
am™, m* € Z. At this stage, let us make a few relevant
remarks:

(a) The fixed numbers ;F can be absorbed in the

c-numbers X= and hence would be set to zero in
the rest of our analysis.

(b) To satisfy the quasiperiodic boundary condition on
X=(x), we take the k*’s to be periodic and the
background charges to be quasiperiodic, i.e.,

ke . =k, X5(2m) = X*(0) + 271L.
(c) Any two sets of embedding data (ki*, X*) and

(ki + n™, X* — n™) are identified to be the same
data, where n* € Z.

B. Matter sector
The basic operators corresponding to the matter fields
Y= (x) are given by the matter holonomies /.- defined on
the graphs v;,,

PHYSICAL REVIEW D 88, 064016 (2013)

R SN = =
PR FRT o P o (5)
Each edge e;~ carries a matter charge /;". These charges are
of the form /- = Bn™ + ¢, where B is a real constant of
dimension A2, n are integers and ¢y € R corresponds to
the zero mode of the scalar field.®> The charge network

states for the matter sector |s},) := |y, l_i)> are labeled by
¥m and the set [~ = (I, ..., Iy;). These provide a repre-

sentation of the matter-holonomy operators as below,

i + 75 i It E + + =)
h ’1|7%, 1) = e )| yl* o y2 15 4+ [T,

Here we have defined /s o ym as a graph finer than both
v and 7y;,. The edges of vy o ;. are characterized by
the following distribution of matter charges:

(a) Inregions (of y!; o ;) where the edges of y/; and
v.n do not overlap, the charges are the same as the
original ones.

(b) In regions where the edges overlap, the charge is a
sum of the original charges. Note that the
phase factor in the above equation arises due to
the noncommutativity of the Y= (x)’s.

C. Nondegeneracy condition

Classically, demanding the nondegeneracy of the spatial
metric implies =X*'(x) > 0. In the quantum theory, this
condition translates to

+ (yr I

where the background X *(x) itself is nondegenerate and
smooth. This implies

(@) £(k ., —k .)=0 forxEe .Ne_.

I=m*=(N*—-1), and (6)
(b) = (kf/i —ki)=2m.

Notice that these conditions are algebraically independent
of the background.

X IR W)l KL XT) =0,

D. Unitary action of gauge transformations
In the full (embedding plus matter) sector of the theory,

we denote a typical charge-network state by [s;, X*) ®
s;). On these, the action of the pair of gauge transforma-
tions (¢, ¢ ) are represented through the pair of unitary
operators (0¢,+, (7¢—):

U gelse, X5 ®lsm) =147 (s0), X )@= (s5)), (7)
where ¢*(s*) are the images of s* under the actions
of Uy: and ¢X* denotes the push forward of X*.

3A detailed discussion of the scalar zero mode is not relevant
for our purpose, and hence would not be attempted here. See
[6,7] for further details.
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The embedding charges kf 6(2) in the new charge
network are related to the original ones as

k;,aﬁ:(sf) - k;t"(x),ser' ®)

To see that the above action is indeed a representation, we
note that

Us: quglsei,?o(i)@lsri)
= Uy 163 (52), 63.X7) @13 (57))
— 167 (65 (). ($1.085)X ) @ b7 (95 (57))
= (67 0 63)s2). (7 0 $3).X )@ l(bT © b3)(s57n))
= Uiy o5, X5)@1s5).

Also, it is easy to check the unitarity of U 4+ using the inner
product,

(sl ® (s, X 1UL. U yelsy, X7) @ Is3)

= (@ (i)l @ (D™ (s°), P X [11p™ (50), P X)
® |~ (si))
= 06008600 e g Db (6 (50)

= 5sf,sf 8‘;{I’§,i Siny St
where we have defined / as the identity operator in the
first line and have used the invertibility of U 4+ in the last
line.

The representation above induces the correct transfor-
mations of the basic operators. We demonstrate this
explicitly for X=(x) below,

U 4= X ()0 157, X*) @ Is,)

= Uy X ™ (52), ¢ X5 @ 1% ' (s3)

= Ol + X506 (50 67X

“se)

® ¢~ (s)
= [k, + X2 (@ (DIsE, X7) @ Is)
— X (¢ (IsE, X*) @ Isin),

where in the third line we have used the identity

k= ., =kj.., -. Similarly it can be checked that
x¢= (s7) = (x),s2

the other operators also transform correctly.

E. Dirac observables corresponding to mode functions

The classical Dirac observables are of the form
[ 7 (X*(x)Y™(x), where f*(X*) are periodic functions
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of the embedding variable X*. In the quantum theory, these
observables as they are do not admit a well-defined repre-
sentation. However, their exponentials do, and they can be
represented as unitary operators on the kinematic Hilbert
space. The action of these exponential operators on the
kinematical states is given below,

R R = LA ES

>

. ~1’\1 * = < =
= o FEEOEW ]G gyt F

i 1(k1++;(1( ))yi() 4 ° L + 7
T B P N

~ b —
=y |72 KX ;.17

—

= eéa(”f’m)|y§,ki,Xi>®|y,ﬁf oy T + (K +X5)),
)
where the graph y;; 07;, is finer than both y;, and y;,; and
we define the matter holonomy operator /27: as
Vll/‘
I:i + = ei fSl fi(k)f&*,;(:(x))y:(x)‘ (10)

Yy

Note that the definition (10) is consistent with (5) provided
the (periodic) function f*(X™) is piecewise constant and

satisfies the condition: f*(an® + X*) = Bn'= + ¢, with
n*,n'* €7, ¢y €ER.

F. Conformal isometries

We represent the action of the conformal isometries
¢, = (¢S, ¢.) by a pair of unitary operators Vﬁ on
the states,

Verlys k. X5y lys, 1) = IyZ kX5 @ lyi, 1),

(1)
where at any point x in the graph 7,, the embedding
charges (?,Xi) in the new charge net nylg_))T)
are related to the original ones through the mapping
¢ (X7) as

k*+X =¢F 'kt +X).

Note that the above representation leads to the correct
transformation of the operators X~ (x),

VX @V lye, kX5 @ lyin, 1)
— o2 (ks + X0l KX @ i, D

= ¢c XDlye, k, X7) @ |y, ).
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The map ¢> is invertible and monotonic, and is such

that the profile of the total embedding charge (k™ + X =),
which exhibit jumps across the vertlces of the graph, gets

mapped to a new profile (k™ + X ) which also has a
similar discontinuous structure. To emphasize, the amount
of the jump at a particular vertex is the same for the two
profiles. At the nth vertex, the jump is given by the differ-
ence k,,, — k; = am;;, where each mj is a fixed integer.
It can be shown that nonlinear functions in general cannot
provide such a mapping (for a proof, see Appendix A). The
only possible mappings are the linear ones, corresponding
to constant real-valued translations. Thus, in our case, the
action of the operator ‘7(1,(_ on a charge net can be charac-
terized by two constant real numbers rt, r,

Gz, + X5(x) = kZ, + X=(x) + 7 (12)

Since r* above can be any real number, the rigid trans-
lation can be of any arbitrary amount. Thus, not the whole
conformal group but only this Abelian subgroup of con-
tinuous translations is implemented in the quantum theory.

The features as described above are different compared
to the case where there is no background [6,7]. There, for
embedding charges of the form k* = an™, « € R, n™ €
Z as here, only the Abelian subgroup of discrete trans-
lations are implemented in the quantum theory [7]. In
contrast, for real-valued charges k™, there are no such
restrictions, and the whole conformal group can be repre-
sented in the quantum theory [6]. Notice that in our case
here with a nondegenerate background, we have an inter-
mediate scenario since the (sub)group of continuous trans-
lations is larger than the one containing only discrete
translations. Thus, the introduction of the smooth back-

ground X* results in an enlargement of the symmetry
group as implemented in the quantum theory.

G. Group averaging

To simplify the notation, we present the explicit compu-
tations only for the + sector and suppress the + indices
from now on. The analysis for the — sector is exactly
similar. Also, we assume that the distribution of the em-
bedding charges in the states are consistent with the non-
degeneracy condition (6), since this is physically relevant.

We apply the group averaging map (or n map) to
¢y o =|s,,X)®]|s,), an element of the kinematic

5, X, 8

Hilbert space H,;,, in order to find a formal solution of
the constraints in a suitable space ®* D H,;, [14,15],

<77[l//%;(,5m]|=77[Sm;(,sm] Sl ® ylsu X1

$EG[s..X,5,]

m

13)

where the positive real coefficient 7 depends only

(50 X,5]
on the gauge orbit of |s,, X) ® |s,,), and the set of gauge
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transformations G[s,, X, s,,] is such that the sum is only

over distinct images of |s,, X) ® |s,,). The elements (| €
®* are generalized states in the sense that they are not
normalizable. These are linear functionals on the subspace
® C Hy;, of test functions, which are given by any finite
linear combination of the charge-network states. As is
obvious, (7| is a solution of the constraints.

Given this n map, the inner product between the physi-
cal states is defined as

<n[w%;< Sm]ln[ylf Dpny = <n[t//s

Next, to reduce the ambiguity in the coefficients
, we use the commutativity of the  map with

iy, 5,1

o/
/ / /
e, X S X J8h

M. %
Ses XS] R
any Dirac observable O in the theory,

([y]10T = (y[O¥]l. (14)

For O = ¢' IS‘ f(X)Y, the right-hand side (r.h.s.) of Eq. (14)
gives

<n|:eif51 f(X)Yl/IS . ]|

- e%a(sm,,sm)n . Z
[50 Ko, :
$EGLsu Kot ]

¢<Smf| ® ¢,<Ser Xl

(15)

Here we have defined (s, | = (ym,7 + ?(k + X)I The

left-hand side (1.h.s.) gives

o e [y
n[wse,X,sm ]6 ’

~ M %5, >

¢'EGL50.X,5,,]

[50,X,5,] Z

¢'E€GL50X,5,,]

o5l @ (s Xle ™ L7007

= eia(sm/.,sm)n ¢/<Smf| ® ¢,/<Se, X|.

(16)

In the last line we have used the commutation of U ® and

eiIS‘ FX®Y " Now, notice that Ud)efifﬂf(x)yz/f 5 *
Ser X, 8

—i X)Y . 7

e~ [0 Uog, T Osd o #0 o . Ths, the

same U 4 can generate the orbits (or, equivalence classes)

[s., X, smf] and [s,, X, s,,], and the sets of gauge trans-

formations G[s,, X Sm f] and Gs,, X s,,] can be chosen

to be the same. Thus, comparing Eqgs. (15) and (16), we
obtain that

Msoksnl sk, T
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Now, the function f(X) can always be chosen to make the

—

sum [ + f =0, making all the matter charges vanish.
Such a distribution of matter charges is gauge invariant.
This implies that the 0 coefficients do not depend on the
matter labels and can be denoted as 17[Y i

One can do a similar analysis for the conformal isome-
tries V¢C. However, this does not lead to a significant

reduction in the ambiguity. This is so because given any

two states |s,, 5() [v., k, 5(} and |s’, 5(/) Iye,k7)}/>
it is not possible to find a V¢ (glven by a constant rigid

[Ver K X) A rigid

translation can interpolate between the values of X (x) and

translation) such that V¢ [V k X)

o . .
X (x) only at one single point x = x, at the most, and not at
all points x. This only removes one real number’s worth of

ambiguity in M1~ Mykid

It is worth noting that there exists a superselected sector
in the quantum theory where M does not depend on the
Ses

k labels. This is defined by the condition &, = k, + &,
where n =1,..., N — 1 and §, is a fixed number of the
form 6, = am, m € Z. Within such a sector, one can

always identify a given set of embedding data (7{, X) as
(k_)’, X/) (see Sec. IIT A) where

k= (k k+8y....k+[N—1]8),

K=K K+ 8, ...k +[N— 118,

)o(l(x) = X(x) +k—K.

Thus, within this sector, the coefficients 77[ 1 can be
Se»

denoted o .
enoted as 7, -
H. Nonseparability

A gauge invariant state (13) is completely characterized
by the set (k, I, )O((v)), where )O((v) denotes the value of X at

the vertex v, and we define )}(v) = ()o((vl), o )o((vN)) with
N being the total number of vertices. In other words, this set
of gauge invariant data labels the basis states in the physical

space (see Appendix B for the proof). In this set, both k and

[ are countable labels, parametrized by integers. However,

the set of N real numbers X(v) can vary continuously from
one basis to another, and are uncountable. Thus, the basis
states are uncountably infinite, leading to a nonseparable
physical Hilbert space. This is in contrast to the case without
the background with integer-labeled embedding charges [7],
where the physical space within a particular superselected
sector is separable. Note that this space can be recovered by

putting the background charges X to be zero.
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IV. QUANTUM GEOMETRY

A. Spacetime interpretation

The gauge invariant data associated with a physical state
completely determines the emergent picture of the inertial
spacetime in the quantum theory. These data are given by
the distribution of the total embedding and matter charges,
which essentially specifies the way in which matter data
sits on the flat spacetime.

For an embedding charge-network state Iye, X )
w1th N=
X for the nth edge lies within the range [k, + X:l x4+

Xt;ax] [k +XF(‘U ) k +X (Un+1)] WhereX (U )IS

the value of X = at the nth vertex v,. Now notice that the
values of k. also denote the inertial spacetime coordi-
nates along the (null) + and — directions. In particular,

each continuous interval [k; + X ok + X ] repre-
sents a spacetime strip, finite along the + direction and
infinite along the — direction. Each such strip is followed
by a void given by the amount k| — k; = am™, m* €

Z. A similar interpretation holds for the total embedding

edges, the total embedding charge k;mt = k,f +

data in the — sector. Thus, each pair of intervals [k, +
X$in’k; +X1:1ax] and [k; +Xmin:kr7 +Xmax] corre-
sponds to a rectangular strip of flat spacetime, which is
the region of intersection between the two strips along the
+ and — directions. Now, a physical (group-averaged)
state corresponds to all data obtained by quasiperiodically
extending the initial data (ki ..., ky: ). This set of

values of the total embedding charge contains all possible
values of the inertial coordinates and generates the whole
spacetime. Thus, the inertial spacetime is made up of
discrete rectangular strips. The matter charges correspond
to discrete points on these spacetime strips.

The (quantum) geometry of the flat spacetime as above
is remarkably different from the case without the back-
ground, where one obtains a spacetime lattice [7] with a
characteristic minimum length. The absence of any small-
est length scale in the case here implies that there is no
obstruction in resolving spacetime points that are arbi-
trarily close to each other.

It is important to note that the discrete geometry of the
quantum spacetime is tied up with the discontinuous nature of
the profile of the total embedding charge. This supersedes the
classical spacetime continuum. In the trivial case where all
integer-labeled embeddings k; are chosen to be equal or zero,
which also is consistent with the nondegeneracy condition
(6), we recover a flat spacetime continuum, as expected.

B. Length operator

The classical expression of length for PFT is given by

L= [ dxlX (X~ WL
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First we define a triangulation of the graph vy, into
infinitesimally small intervals 1, € [x,, — %, X, t %
of length A,,. Using this triangulation, the length can be

written as a discrete sum,

> lim 1Al ()X ()

|:X+(xm +4) = X*(x,, - Az)i|

= lim |A,]
m A,,,—'O Am

y |:X_(xm +4) = X (x, — %)j| |%.

A m

This discretized expression can be represented as a well-
defined operator in the quantum theory. Note that the
operator acts only on the embedding sector.

For the case where the point x,, does not coincide with
any of the vertices of vy,, its action on a charge-network
state gives

Llye k. Xy = lim A, 11X (0,)X ™ (o) lye, k. X)

Sim (o) )
mﬁfa( (x'" 2 T
()

X 3

o +I o _/ — o
=ZA1in30|AmIIX (X)X () Plye &, X)
m m

1 - .
1Yer k, X)

= f dxlX" X" WPlye kX,

which is just the contribution from the background.

Next we consider the case when the point x,,
coincides with one of the vertices v,,. If there are N
vertices, the corresponding action on the state can be
written as

N =,
> lim 14, 11X )X @) Flye kX0
m=1"m""
il o+ A
=Y lim [k* X <v +_m>
mgl A,—oL ™F "o

L o+ A, %[ _ °7< Am>
ki = X (x, = o +X (x, -
k’n ('xm 2 )] kn’l 'xm 2

o A 1 —
- k;-#l - X (xm + 7m>i|2|7/er kr X>

N =
= 3 [k sy — ki) — ki VBl K, X).
m=1
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Thus, the total contribution becomes

ﬁ|ye,7<',5c>=( f axlx” 0% @

N 4.
+ 3 [y, — k) —k;H)]%)m, kX,
m=1

a7)
Thus, the eigenvalue splits into background dependent and
independent parts. This is remarkably similar to the general
structure of higher dimensional geometrical operators like
area and volume in kinematical LQG with a background,
as discussed in [12]. Because of the presence of the first
term in Eq. (17), the spectrum is continuous, in contrast to
the case without the background [8].

V. CONCLUDING REMARKS

Here we have constructed a quantum theory of a parame-
trized scalar field on a cylindrical spacetime, based on a
polymer representation with a nondegenerate vacuum ge-
ometry. The representation of this kind was originally intro-
duced in the context of loop quantum gravity [11,12], with a
view to incorporate the notion of a smooth effective space-
time within the quantum kinematics. However, since a com-
plete solution of the Hamiltonian constraint of gravity within
LQG is still elusive, it is difficult to understand how this new
representation affects the full theory, including its dynamical
content. In contrast, the much simpler theory of a parame-
trized scalar field, which serves as a solvable toy model of
canonical quantum gravity, provides a perfect arena where
such a kinematical construction can be applied and the con-
sequences can be analyzed in detail. This is precisely the
perspective from which a polymer quantization of two-
dimensional PFT with a background has been set up here.

The invariance of the PFT action under spacetime diffeo-
morphisms gets reflected through the presence of a pair of
first-class constraints in the canonical theory. These gen-
erate motions of both embedding and matter data, and
hence encode the dynamics. The finite action correspond-
ing to these can be represented unitarily in the quantum
theory. Classical PFT is also characterized by the symme-
try group of conformal isometries, which generates arbi-
trary scalings of the metric while leaving the action
invariant. However, in the quantum theory, only the group
of (global) continuous translations can be implemented.
Although this is a small Abelian subgroup of the whole
conformal group, this is still larger than the group of
discrete translations as in the case without the background
(with integer-labeled embedding charges) [7]. In this sense,
the introduction of the background leads to an enlargement
of the symmetry group as realized in the quantum theory.

To construct a physical space of states, we solve the con-
straints using the group-averaging procedure. The resulting
physical space has an uncountable number of basis states, and
hence is nonseparable. For a qualitative comparison, let us
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recall the cases without the background, where (within a
suitable superselected sector) the physical state space is sepa-
rable for integer-labeled charges [7], and nonseparable for
real-valued charges [6]. One might think that since the physi-
cal space with the background is nonseparable anyway, we
might as well work within the formulation with real-valued
embedding and matter labels without introducing a back-
ground. From our viewpoint, this is not too appealing though,
since in that case, the explicit similarity between the spin
networks in LQG, whose edges have discrete labels, and the
charge networks would be lost, and there would not be a
straightforward way to relate to the notion of a smooth
classical geometry within the quantum kinematics.

The gauge invariant data carried by the physical states
completely characterizes the geometry of the physical
inertial spacetime, which is shown to be made up of dis-
crete strips. This replaces the smooth classical geometry. In
the “quantum” spacetime, the regions within a strip define
a continuum, whereas the voids between the strips lead to
discreteness. Each matter data (charge) can be associated
with a particular spacetime strip. Again, this is unlike the
cases without background, where the real and integer-
labeled embedding charges correspond to continuous and
discrete (lattice) geometries of the flat spacetime, respec-
tively [6,7]. We emphasize that the discreteness in our case
with a smooth background arises due to the integer valued-
ness of the embedding charges.

Finally, we analyze the length operator and its eigens-
pectrum within this framework. We find that the eigenvalue
splits into two parts. While one depends only on the
background charge, the other contains only the integer
embedding charges. The resulting spectrum is continuous,
and the quantum geometry does not admit an analogue of
the Planck length. This is exactly the structure shared by
the area and volume operators in LQG kinematics with a
background [12]. Thus, such a decoupling of the spectra of
the geometrical operators in the presence of a background
emerges as a robust feature.

We emphasize that the kinematical representation with a
smooth background can be expected to be particularly
relevant in the context of loop quantization of gravity in
asymptotically flat spacetimes. In contrast to the usual
LQG representation, the states here have continuous back-
ground labels that can be used to capture the smoothness of
the spacetime geometry at asymptotia. As a preparation for
a detailed analysis along these lines, which would be
reported elsewhere, we have studied the implications of
the new kinematic representation in the simpler context of
compact PFT in this paper. It is our hope that the insights
gained here can be used to construct a canonical quantiza-
tion of gravity in asymptotically flat spacetimes.
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APPENDIX A: PROOF 1
(CONFORMAL ISOMETRIES)

Let us denote the total embedding charge as X(x) at any
point x. From (11) it is evident that ¢, maps X = k + X to

X = k + X. Now, let us take ¢ (X) to be a nonlinear map
given by ¢.(X) = X", where n is any integer. In general,
one can also take any linear combination of functions of
such form. Now, consider the values of this function across
a vertex v, where the total embedding charges X and X are
discontinuous. It is crucial to note that the jumps in these
two profiles at the particular vertex v are exactly of the
same amount A, = an, n € Z, where « is a fixed real
number as defined earlier. While our analysis below ap-
plies to any value of «, here we shall choose a = 1 for
convenience. With this choice, the jumps across the verti-
ces become integer valued.

The total embedding charge X(x) at an infinitesimal
distance € away at the left and right of a vertex v is given
by X(v—€)=k+X°(v—¢€) and X(v+¢€)=k'+X°(v +e),
respectively, where k and k' are two different integers.
Under ¢, these total charges are mapped to ¢.(X(v + €))
and ¢.(X(v — €)), respectively. Using the binomial expan-
sion and then taking the limit € — 0, the difference between
these can be written as

lim[¢.(X(v — €)) = ¢o(X (v~ €))]
=lim[(K'+ X (v + )" = (k+ X(v ~ €))"]
= (K" = ")+ ¢ (K"~ = k)X (v)
(K2 X W) e (K~ DX @)

where the c,’s are the binomial coefficients. Now notice that

only the first term is an integer, whereas for any general X €
R, the rest are all real valued. Thus, although the jump across
v was integer valued to begin with, under a general nonlinear

mapping ¢, and for any general X, the jumps would not be
integer valued anymore. Hence, the only allowed mappings
are the linear ones, i.e., constant real-valued translations.

APPENDIX B: PROOF 2
(GAUGE-INVARIANT LABELS)

Let us consider a physical state given by
v, o T=m ooy 2 sbal® s Xl BD)
$EGLse.X.5]

We shall prove that for this basis state, the only gauge

invariant set of data is given by (k, [, X (v)). To this end, it
is sufficient to prove the following:
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(a) If |Ye)k/ X>®|’)’m:ll>_ |yeyk X>®|’)/m1 l>¢$
then (k’ l’ X (v’))—(k l X(v)) where v/ = ¢(v).

(b) If (k, l,X(v)) = (k’, l’, X (v’)), where the two sets
correspond to any two charge network states

lv., k, X} ® |y, 1) and IyQFCX/> ® |y, lT>), then

there exists some gauge transformation ¢ such
— o — - o -
that |y, K, X) @ |y, 1) = Ve, k, XD ® |V, D g

Proof of (a): Iy’e,k_>ﬂ}}/>®|yﬁ,q,l7))= |ye,z)°(>® Iym,ﬁ;, im-
plies that

Keog =Ko oo L) = o (B2
For the background, we obtain
o) .
X (x) = X(¢~ ' (x)).

When the point x above coincides with a vertex v, we
obtain

X () = X(¢1(v)) = X (p(v)) = X(v) = X (v) = X(v),

(B3)

where we have used the definition v/ = ¢(v). Now note that

(k, 1) and X(v) have periodic and quasiperiodic extensions
over the real line, respectively. Since any ¢ acts as a periodic
diffeomorphism on the real line and preserves the number of
vertices of y, and v,,, any diffeomorphic image of the set

(k, I, 5((11)) for some ¢ must be some cyclic permutation

(; 7 X (v)). Thus from (B2) and (B3), we can conclude that

the set (K, 1, X (v’)) must be a cyclic permutation of

(k, I, X(v)), which in turn implies that the two sets are equal.

Proof of (b): We choose a convention such that each
edge e, (n=1,...,N) in a graph covers a semi-open
interval I, = [xMin, xMax) guch that U,—; _y I, = [0, 2m).
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Thus, k = E where k,, denotes the value of k at any vertex

- —_
v. Since the number of components of k and k' are the
same, the number of vertices in the two sets are also the
same. A similar conclusion holds for the background em-

bedding data ()0( (v), )e(/(v’ )) and the matter data (7 ).
Thus, it is always possible to find some ¢ such that
——— — [ — —
by =Koy = ko Ly = Ly = b
o Y .
X (V) =X (¢(v) = X(v).
Now, let us define x" as the image of X under the action
of some periodic diffeomorphism ¢. This implies

o o 1 -
= X(¢™'(x) = X (v) = X(¢~'(v).
Since qS can be arbltrary, we are free to make the choice

b= x
for this choice, we have X (x)
we obtain

(B4)

X" (x) (B5)

-1
o X since X X are 1nvert1ble Now notice that
=X (x). Using this in (B5),

= X(¢~'(v)).

Thus, using Egs. (B6) and (B4), we can conclude that it is
always possible to find a ¢ such that the following holds:

/=l =7
Ky = kg = kv by = l¢<v> L,

X (¢(x) = X(x) = X (x) = X(¢~' (x).

X' (v) (B6)

(B7)

This in turn implies that

— oy - — o —
lve, K, XD @ 175, 1) =17, k. XD g ® 1y, 1)

This completes the proof that the complete set of gauge
invariant data labeling a physical basis state is given by

(k. 1, X(v)).
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