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The shadow of a rotating non-Kerr black hole has been studied, and it was shown that in addition to the

specific angular momentum a, the deformation parameter of non-Kerr spacetime essentially deforms the

shape of the black hole shadow. For a given value of the black hole spin parameter a, the presence of a

deformation parameter � reduces the shadow and enlarges its deformation with respect to the one in the

Kerr spacetime. Optical features of the rotating non-Kerr black hole in terms of rotation of the polarization

vector along null congruences have been studied. A comparison of the obtained theoretical results on the

polarization angle with the observational data on Faraday rotation measurements provides the upper

limit for the dimensionless deformation parameter as � � 19.
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I. INTRODUCTION

Being apparently the simplest geometric theory of
gravitation, in Einsteins general relativity, a number of fun-
damental problems regarding the nature of singularities, dark
energy and dark matter, and quantization of gravitational
interactions is appearing. To solve the mentioned problems,
theorists are forced to use alternative theories of gravity
(e.g., the so-called modified theories of gravity [1], higher-
curvature [2], braneworld scenarios [3], etc.), which give the
same observational consequences at the modern level of
experiments. A future experimental test of the strong field
regime may be given, for example, by gravitational interfer-
ometers, which could detect gravitational waves from neu-
tron stars and black holes through, for example, observation
of the quasinormal modes of these compact objects.

Recently a number of works has been devoted to the study
of potentially observable processes around various non-Kerr
black holes [4]. Therefore, a unified description of analogs
of the Schwarzschild and Kerr solutions in various theories
of gravity would be most useful for testing the alternatives
to general relativity. Such a model was suggested by
Johannsen and Psaltis [5], who considered deviations from
the Schwarzschild and Kerr solutions and found a regular
spacetime outside the event horizon, which reduces to the
Kerr one, when the deformation parameters vanish. The
Johannsen and Psaltis metric is not a vacuum solution of
the Einstein equations but is obtained in a kind of perturba-
tive way in order to include various possible deviations from
the Kerr solution in alternative theories of gravity.

The Kerr nature of astrophysical black hole candidates
can potentially be tested with already available x-ray data,
by extending the technique called the continuum fitting

method [6]. With the continuum fitting method, one can
study the thermal spectrum of geometrically thin and opti-
cally thick accretion disks: under the assumption of Kerr
background and with independent measurements of the
mass of the object, its distance from us, and the inclination
angle of the disk, it is possible to infer the spin parameter a
and the mass accretion rate _M. Note that one can usually
get only a constraint on a certain combination of the spin
parameter and of the deviations from the Kerr background.
In order to really test the nature of the compact object, at
least two independent measurements are necessary [7].
In the recent paper [8], the properties of the ergosphere

and energetic processes in spacetime of a rotating non-Kerr
black hole have been investigated. Direct imaging of rapidly
rotating non-Kerr black holes and their shadows are recently
studied in the paper [9]. Strong gravitational lensing by a
rotating non-Kerr compact object are investigated in
Ref. [10]. The strong dependence of the predicted energy
spectra and energy-dependent polarization degree and po-
larization direction on the parameters of a rotating non-Kerr
black hole is found in Ref. [11]. The brief review on testing
the Kerr black hole hypothesis is given in Ref. [12]. The
accretion disc properties around rotating non-Kerr compact
object can provide the observational signature to distinguish
it from the Kerr black hole [13].
Although a black hole is not visible, it may be observ-

able nonetheless since it may create a shadow if it is in
front of a bright background. The apparent shape of an
extremely rotating black hole was first studied by Bardeen
[14]; later a Schwarzschild black hole with an accretion
disk was visualized by Luminet [15]. Accretion discs
around an extremely rotating black hole as viewed from
different angles of latitude were investigated in detail in
Ref. [16]. Supplementing these numerical approaches, the
closed photon orbits in general Kerr-Newman spacetimes
were analytically studied in Ref. [17], even in cases where
the so-called cosmic censorship is violated. It is strongly
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believed that the observability of black hole shadows in the
near future is very realistic [18]. Recently, great interest
emerged especially for the observability of the black hole
in the center of Milky Way, Sgr A* [19]. The shadow of
Schwarzschild [20,21], rotating black hole with gravito-
magnetic charge [22], Reissner-Nordström [23], and other
spherically symmetric black holes [24] have been inten-
sively studied. Nonrotating braneworld black holes were
studied as gravitational lenses [25] as well. The shadow
cast by a rotating braneworld black hole was studied in
Ref. [26] in the Randall-Sundrum scenario.

Kerr black holes as gravitational lenses were studied by
many authors; see, for example, Refs. [27–30]. Rotating
black holes present apparent shapes or shadows with an
optical deformation due to the spin [31,32], instead of
being circles as in the case of nonrotating ones. This topic
has been reexamined by several authors in the last few
years [18,29,33–35], with the expectation that the direct
observation of black holes will be possible in the near
future [35]. Therefore, the study of the shadows could be
useful for measuring the properties of astrophysical black
holes. Optical properties of rotating braneworld black
holes were studied by Schee and Stuchlik [36]. For more
details about black hole gravitational lensing and a
discussion of its observational prospects, see the recent
review article, Ref. [37], and the references therein.

The other aim of this paper is to study the optical
features of the rotating non-Kerr black hole. Following
Ref. [38], we have used the Newman-Penrose formalism
[39] adapted to the locally nonrotating frames [40] to
obtain the rotation of the polarization vector of the light
in the geometrical optics regime, which is appropriate for
high-frequency electromagnetic waves. In this approach,
the light propagates along null geodesics, and its polariza-
tion vector is parallelly transported.

The paper is organized as follows. In Sec. II, we review
the basic aspects of the geometry and the geodesics around
the non-Kerr black hole. In Sec. III, we obtain the shadows
of black holes with different values of the black hole’s
spin parameter a and parameters of non-Kerr spacetime.
Section IV is devoted to study the rotation of polarization
vector for non-Kerr black hole. Finally, in Sec. V we
discuss the results obtained.

Throughout the paper, we use a spacelike signature
ð�;þ;þ;þÞ and a system of units in which G ¼ 1 ¼ c.
(However, for those expressions with an astrophysical
application, we have written the speed of light explicitly.)
Greek indices are taken to run from 0 to 3 and Latin indices
from 1 to 3; covariant derivatives are denoted with a
semicolon and partial derivatives with a comma.

II. GEODESIC EQUATIONS OF ROTATING
NON-KERR BLACK HOLES

The deformed Kerr-like metric, which describes a
stationary axisymmetric and asymptotically flat vacuum

spacetime in the standard Boyer-Lindquist coordinates,
can be expressed as [5]

ds2 ¼ �
�
1� 2Mr

�2

�
ð1þ hÞdt2 þ �2ð1þ hÞ

�þ a2hsin 2�
dr2

þ�2d�2 � 4aMrsin 2�

�2
ð1þ hÞdtd�

þ sin 2�

�
�2 þ a2ð�2 þ 2MrÞsin 2�

�2
ð1þ hÞ

�
d�2;

(1)

where

�2 ¼ r2 þ a2cos 2�; � ¼ r2 � 2Mrþ a2:

Together with the mass and spin of the black hole, this
spacetime metric contains parameters that measure
potential deviations from the Kerr metric and reduces to
the Kerr metric in Boyer-Lindquist coordinates in the case
when hðrÞ ¼ 0. The function hðrÞ can be chosen as

hðrÞ ¼ X1
k¼0

�k

�
M

r

�
k
;

and the constraints on �k can be found from asymptotical
properties of the metric (1). In the limit of large radii,
the stationary and asymptotically flat spacetimes are
Schwarzschild-like [41]:

ds2¼�
�
1�2M

r
þOðr�2Þ

�
dt2�

�
4a

r
sin2�þOðr�2Þ

�
dtd�

þð1þOðr�1ÞÞðdr2þr2d�2þsin2�d�2Þ: (2)

In the r ! 1 limit, the metric (1) will take the following
form:

ds2 ¼ �
�
1� 2M

r
þ hðrÞ

�
dt2 � 4að1þ hðrÞÞ

r
sin 2�dtd�

þ
�
1þ 2M

r
þ hðrÞ

�
dr2 þ r2d�2 þ sin 2�d�2: (3)

The requirement of the asymptotic flatness of the
metric implies that �0 ¼ �1 ¼ 0. In the parametrized
post-Newtonian (PPN) approach [42], the asymptotic
spacetime is expressed in the form

ds2 ¼ �
�
1� 2M

r
þ 2ð�� �ÞM

2

r2

�
dt2 þ

�
1þ 2�

M

r

�
dr2

þ r2d�2 þ sin 2�d�2; (4)

where � and � are the dimensionless PPN parameters.
Comparision the constraint on � obtained from the Lunar
Laser Ranging experiment [43] as

j�� 1j � 2:3� 10�4

and asymptotical expression of metric (1) given in Eq. (3)
provide the vanishing value of �2 ¼ 0. Thus, our choice
of the function hðrÞ to be the third power of M=r as in
Ref. [5] is
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hðr; �Þ ¼ �3
M3r

�4
:

Further in the text, we drop the index 3 and use the
parameter � as deformation parameter. The quantity � >
0 or � < 0 corresponds to the cases in which the event
horizon of compact object is more prolate or oblate than
that of the Kerr black hole, respectively. As � ¼ 0, the
black hole is reduced to the typical Kerr black hole well
known in general relativity.

Note that the spacetime metric (1) is stationary and
axisymmetric, and chosen hðr; �Þ ensures the preservation
of the properties of the Kerr metric. In general relativity,
the Einstein tensor of spacetime metric (1) is nonzero for
nonvanishing hðr; �Þ. One should regard the spacetime
metric (1) as a vacuum spacetime of modified set of field
equations which are unknown but different from the
Einstein equations for nonzero hðr; �Þ.

Suppose a black hole is placed between a source of light
and an observer. The light reaches the observer after being
deflected by the rotating black hole’s gravitational field.
But some part of the deflected light with small impact
parameters can be absorbed by the central black hole.
This phenomenon results in a dark figure in the map of
the space called the shadow. The boundary of this shadow
defines the shape of a black hole (see, e.g., Ref. [26]).
The study of the geodesic structure around the black hole
is very important to obtain the apparent shape. The
Hamilton-Jacobi equation determines the geodesics for a
given spacetime geometry:

@S

@�
¼ � 1

2
g�� @S

@x�
@S

@x�
; (5)

where � is an affine parameter along the geodesics, g�� are

the components of the metric tensor, and S is the Jacobi
action. If the problem is separable, the Jacobi action S can
be written in the form

S ¼ 1

2
m2�� EtþL�þ SrðrÞ þ S�ð�Þ; (6)

where m is the mass of a test particle. The second term in
the right-hand side is related to the conservation of energy
E, while the third term is related to the conservation of the
angular momentum L in the direction of the axis of
symmetry. In the case of null geodesics, we have that
m ¼ 0, and from the Hamilton-Jacobi equation, the
following equations of motion are obtained:

�2 dt

d�
¼ r2 þ a2

�þ a2hsin 2�
½ðr2 þ a2ÞE � aL�

þ �a

�þ a2hsin 2�
½L� aEsin 2��; (7)

�2 d�

d�
¼ a

�þ a2hsin 2�
½ðr2 þ a2ÞE � aL�

þ �

�þ a2hsin 2�

�
L

sin 2�
� aE

�
; (8)

�2

1þ h

dr

d�
¼

ffiffiffiffiffiffi
R

p
; (9)

�2 d�

d�
¼

ffiffiffiffiffi
�

p
; (10)

where the functions RðrÞ and �ð�Þ are defined as

R ¼ ½ðr2 þ a2ÞE � aL�2 ��½Kþ ðL� aEÞ2�; (11)

� ¼ K� �2

sin 2�
½aEsin 2��L�2; (12)

with K as Carter constant of separation.
In Fig. 1 the radial dependence of the effective potential

of the massless particle’s radial motion is shown. When
� < 0 with decreasing the value of deformation parameter,
one may observe the increase of the photon sphere. The
stability of circular orbits is decreasing with the increase in
the module of negative �. From this dependence one can
easily see that with the increase of the � parameter, stable
circular photon orbits come closer to the central object.
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FIG. 1 (color online). The radial dependence of the effective potential of radial motion of the massless particles for the different
values of the � parameter: solid line for � ¼ 0, dashed line for � ¼ �5, and dotted-dashed line for � ¼ �10 (left panel) and solid line
for � ¼ 0, dashed line for � ¼ 5, and dotted-dashed line for � ¼ 10 (right panel).
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Then the stability of photon orbits will also increase with
the increase of the parameter �. The similar effect for the
particle motion around rotating non-Kerr black hole has
been found in Ref. [44], where it was shown that with the
increase of the parameter �, the radius of the innermost
stable circular orbits at the equatorial plane is decreasing.

Equations (7)–(10) determine the propagation of light in
the non-Kerr spacetime (1). The light rays are in general
characterized by two impact parameters which can be ex-
pressed in terms of the constants of motion E, L, and the
Carter constant K. Combining these quantities we define
as usual 	 ¼ L=E and 
 ¼ K=E2, which are the impact
parameters for general orbits around the black hole. We use
Eq. (9) to derive the orbits with constant r in order to obtain
the boundary of the shadow of the black hole. These orbits
satisfy the conditions RðrÞ ¼ 0 ¼ dRðrÞ=dr, which are
fulfilled by the values of the impact parameters that
determine the contour of the shadow, namely,

	ðrÞ ¼ a2ð1þ rÞ þ r2ðr� 3Þ
að1� rÞ ; (13)


ðrÞ ¼ r3½4a2 � rðr� 3Þ2�
a2ð1� rÞ2 : (14)

In expressions (13) and (14) we put M ¼ 1 for simplicity.

III. SHADOW OF ROTATING NON-KERR
BLACK HOLE

Using the celestial coordinates, one can easily describe
the shadow (see, for example, Ref. [28]):

� ¼ lim
r0!1

�
�r20 sin �0

d�

dr

�
(15)

and

� ¼ lim
r0!1r

2
0

d�

dr
; (16)

since here an observer far away from the black hole is
considered at r0 ! 1; �0 is the angular coordinate of the
observer, i.e., the inclination angle between the rotation
axis of the black hole and the line of sight of the observer.
The geometry of the introduced new coordinates is shown
in Fig. 2. The coordinates � and � are the apparent
perpendicular distances of the image as seen from the
axis of symmetry and from its projection on the equatorial
plane, respectively.

Calculating d�=dr and d�=dr using the spacetime
metric given by expression (1) and taking the coordinate’s
limit of a far away observer, one can obtain celestial
coordinates functions of the constants of motion in the
form

� ¼ � �

�þ a2hsin 2�
	 csc �0; (17)

� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

þ a2cos 2�0 � 	cot 2�0

q
; (18)

where Eqs. (8)–(10), was used to calculate d�=dr and
d�=dr. These equations have implicitly the same form
as the one for the Kerr spacetime metric with the new
parameters 	 and 
 given by Eqs. (13) and (14) (a detailed
calculation of the values of 	 and 
 and the expressions of
the celestial coordinates � and � as a function of the
constants of motion for the Kerr geometry are given in
Ref. [28]).

FIG. 2. The schematic geometry of the gravitational lens. An
observer far away from the black hole can set up a reference
coordinate system (x, y, z) with the black hole at the origin. The
Boyer-Lidquist coordinates coincide with this system only at
infinity. The tangent vector to an incoming light ray defines a
straight line which intersects the �-� plane at the point ð�i; �iÞ.

FIG. 3 (color online). The observables for the apparent shape
of a rotating black hole are the radius Rs and the distortion
parameter �s ¼ Dcs=Rs. Here Dcs is the difference between the
left endpoints of the circle and of the shadow.
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In the case of rotating black hole, one may introduce two
observables which approximately characterize the appar-
ent shape. First, one should approximate the apparent
shape by a circle passing through three points which are
located at the top position, bottom, and the most right end
of the shadow as shown in Fig. 3. The radius Rs of the
shadow is defined by the radius of this circle. One can
also define the distortion parameter �s of the black
hole shadow as �s ¼ Dcs=Rs. Two variables (Rs and �s)
can be interpreted as observables in astronomical
observation [18].

When the observer is situated in the equatorial plane of
the black hole, the inclination angle is �0 ¼ =2, and the

gravitational effects on the shadow, which grow with �0,
are larger. The inclination angle corresponding to the
Galactic supermassive black hole is also expected to lie
close to =2. In this most simple case, we have

� ¼ � �

�þ a2h
	; (19)

� ¼ � ffiffiffiffi



p
: (20)

For the visualization of the shape of the black hole
shadow, one needs to plot � vs �. In Fig. 4, we show the
contour of the shadows of black holes with rotation
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FIG. 4 (color online). Silhouette of the shadow cast by a non-Kerr black hole situated at the origin of coordinates with inclination
angle � ¼ =2, having a rotation parameter a and a deformation parameter �. Upper row, left: a=M ¼ 0:35, � ¼ 0 (solid line),
� ¼ �5 (dashed line), and � ¼ �10 (dashed-dotted line). Upper row, right: a=M ¼ 0:4, � ¼ 0 (solid line), � ¼ �5 (dashed line), and
� ¼ �10 (dashed-dotted line). Lower row, left: a=M ¼ 0:45, � ¼ 0 (solid line), � ¼ �5 (dashed line), and � ¼ �10 (dashed-dotted
line). Lower row, right: a=M ¼ 0:5, � ¼ 0 (solid line), � ¼ �5 (dashed line), and � ¼ �10 (dashed-dotted line). The shadow
corresponds to each curve and the region inside it.
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parameters a ¼ 0:35 (upper row, left), a ¼ 0:4 (upper
row, right), a ¼ 0:45 (lower row, left), and a ¼ 0:5
(lower row, right) for several values of the deformation
parameter � < 0. In Fig. 5, we show the contour of the
shadows of black holes with rotation parameters a ¼ 0:4
(upper row, left), a ¼ 0:5 (upper row, right), a ¼ 0:55
(lower row, left), and a ¼ 0:6 (lower row, right) for
several values of the deformation parameter � > 0.
From Figs 4 and 5, one can see that with increasing
deformation parameter (� > 0), the shadow of the black
hole decreases. This phenomena is also related to the
fact that the increase of the deformation parameter forces

photon orbits to come closer, which corresponds to the
decrease of the gravitational force acting on photons.
Photons with a smaller impact parameter could escape
from absorbtion by the black hole in the presence of
positive parameter �. In the case of negative �, the
deflected photons with a particular value of impact parame-
ter could be absorbed by a central object while they could
escape in the pure Kerr black hole case with the same
impact parameter. This of course corresponds to increasing
the gravitational potential of the deformed rotating black
hole in the case of the negative value of the deformation
parameter.
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FIG. 5 (color online). Silhouette of the shadow cast by a non-Kerr black hole situated at the origin of coordinates with inclination
angle � ¼ =2, having a rotation parameter a and a deformation parameter �. Upper row, left: a=M ¼ 0:4, � ¼ 0 (solid line), � ¼ 5
(dashed line), and � ¼ 10 (dashed-dotted line). Upper row, right: a=M ¼ 0:5, � ¼ 0 (solid line), � ¼ 5 (dashed line), and � ¼ 10
(dashed-dotted line). Lower row, left: a=M ¼ 0:55, � ¼ 0 (solid line), � ¼ 5 (dashed line), and � ¼ 10 (dashed-dotted line). Lower
row, right: a=M ¼ 0:6, � ¼ 0 (solid line), � ¼ 5 (dashed line), and � ¼ 10 (dashed-dotted line). The shadow corresponds to each
curve and the region inside it.
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The observable Rs can be calculated from the equation

Rs ¼ ð�t � �rÞ2 þ �2
t

2j�t � �rj ;

and the observable �s is given by

�s ¼
~�p � �p

Rs

;

where ð~�p; 0Þ and ð�p; 0Þ are the points where the

reference circle and the contour of the shadow cut the
horizontal axis at the opposite side of ð�r; 0Þ, respectively.
In Fig. 6, the observables Rs as functions of the deforma-
tion parameter � are shown for the value of the spin
parameter of the black hole a ¼ 0:5. In Fig. 7, the observ-
able �s as a function of the deformation parameter � is
shown for the value of the spin parameter of the black hole
a ¼ 0:5. From these figures one may conclude that with
the increase of the deformation parameter, the mean value
of the shape of the shadow is decreasing. The increase of �s

with the increase of the module of deformation parameter �
corresponds to the deviation of the shape of shadows from
the pure circle. The deformed rotating black hole’s shadow
is also going to be deformed independently on the sign of
deformation parameter.

IV. ROTATION OF POLARIZATION VECTOR
FOR NON-KERR BLACK HOLE

In order to analyze possible effects of the parameters of
non-Kerr gravity in terms of measurable quantities, we
focus on geometrical optics of the light propagating around
rotating non-Kerr black hole. The approach employed here
was presented in Ref. [45] where the Newman-Penrose
formalism was used to calculate optical quantities in the
weak-field approximation with a � M.
The equations which govern the tangent vector k� (the

wave vector) to the null congruence and the polarization
vector f� are

k�k� ¼ 0; Dk� ¼ 0; (21)

and

k�f� ¼ 0; Df� ¼ 0; (22)

with the operator D denoting a covariant derivative in the
k� direction.
In the Newman-Penrose formalism [39], a null tetrad is

adopted, fea�g ¼ ðm�; �m�; l�; k�Þ, with the vector m�

given by

m� ¼
ffiffiffi
2

p
2

ða� þ ib�Þ: (23)
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FIG. 6 (color online). Observables Rs as functions of the � < 0 and � > 0 parameters, corresponding to the shadow of a black hole
situated at the origin of coordinates with inclination angle � ¼ =2 and spin parameters a ¼ 0:5.
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FIG. 7 (color online). Observables �s as functions of the � < 0 and � > 0 parameters, corresponding to the shadow of a black hole
situated at the origin of coordinates with inclination angle � ¼ =2 and spin parameters a ¼ 0:5.
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The vector m� is particularly relevant to the work

developed here, as will be seen. An important feature of
the formalism is that the k� direction is preserved under
null rotations as

k0� ¼ Ak�; (24)

m0� ¼ e�i�ðm� þ Bk�Þ; (25)

l0� ¼ A�1ðl� þ B �m� þ �Bm� þ B �Bk�Þ; (26)

with A > 0, B complex, and � real. The Newman-Penrose
formalism provides 12 constants, the spin coefficients to
the characterization of the spacetime. Some coefficients
will be used to estimate the variation of the polarization
vector in a rotating non-Kerr black hole background.

As shown in Ref. [39] when k� is tangent to the null
congruence, the spin coefficient � � �Dk�m

� is zero.

Moreover, considering that the null tetrad must parallelly
propagate along the null congruence, this assumption im-
plies that the other two spin coefficients vanish: %¼¼0.
Then the plane spanned by k� and a� can be identified
with the polarization plane, which is parallelly propagated
in the k� direction. That is, the polarization vector can be
identified with the a� vector of the Newman-Penrose
formalism. From this one can build an orthonormal frame

feað�Þg ¼ frð�Þ; �rð�Þ; qð�Þ; pð�Þg; (27)

such that this tetrad corresponds to the one-forms �ð0Þ ¼
e�dt,�ð1Þ¼e�dr,�ð2Þ ¼ e�d�, and�ð3Þ ¼ ðd���dtÞec
of the locally nonrotating frame (LNRF) (the LNRF indices

are indicated between parenthesis) [40]. For the spacetime
metric given by Eq. (1), the expressions for e�, e�, e�, and
ec are presented in the Appendix A, Eq. (A2). Therefore, if
the source and the observer are at rest with respect to the
LNRF, they are dragged by rotation of the black hole.
In Ref. [38] this construction was made, with the expression

for the m
ð�Þ
þ vector (i.e., a�)—the projection of m� on the

LNRF—given by

aþð�Þ ¼ 1ffiffiffi
2

p
(
0;� kð2Þ

kð0Þ
; 1� Kðkð2ÞÞ2; Kkð2Þkð3Þ

)
; (28)

bþð�Þ ¼ 1ffiffiffi
2

p
(
0;� kð3Þ

kð0Þ
;�Kkð2Þkð3Þ; 1� Kðkð3ÞÞ2

)
; (29)

whereK ¼ 1=½kð0Þðkð0Þ þ kð1ÞÞ� and kð�Þ is the projection of
k� on the LNRF according to Eq. (A1). A null rotation was
performed

mð�Þ
þ ! mð�Þ ¼ e�i�mð�Þ

þ ; (30)

such that % ¼ 0. With this choice and considering the %
coefficient as % � Dm� �m�=2, it is shown that

D� ¼ �2i%þ: (31)

Expression (31) indicates how the � angle varies in the
k� direction, i.e., the congruence direction. This variation
will be important to calculate the variation of the polariza-
tion vector in that direction. For the spacetime metric (1),
we obtain

D� ¼ �2i%þ

¼ ð�ðtÞ
ð�ÞðtÞk

ðtÞ þ �ðrÞ
ð�ÞðrÞk

ðrÞ þ �ðrÞ
ð�Þð�Þk

ð�Þ þ �ðtÞ
ð�Þð�Þk

ð�ÞÞkð�Þ

kðtÞ þ kðrÞ

� ð�ðrÞ
ð�ÞðtÞk

ðtÞ þ �ðtÞ
ð�ÞðrÞk

ðrÞ þ �ðtÞ
ð�Þð�Þk

ð�Þ þ �ðrÞ
ð�Þð�Þk

ð�ÞÞkð�Þ
kðtÞ þ kðrÞ

þ �ð�Þ
ð�Þð�Þk

ð�Þ þ �ð�Þ
ð�ÞðtÞk

ðtÞ; (32)

D� ¼ �D�ðcos �Þ þD�0; (33)

D�0 ¼ 1

b

2
4 Pffiffiffi

f
p � N

1þ h
þQða2r6ð1þ hÞ2 þ 3r8ð1þ 2hÞÞ

�þ ha2
� Nð�2r6 þ a2ð2Mr3 þ 8M4�þ 3M3r�ÞÞ

2r8ð1þ hÞ

3
5

�
2
4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b�þ jr3ð1þ hÞp
�r3

þ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1þ hÞp

ð�þ ha2Þ ffiffiffiffiffi
rf

p
3
5�1

sin�
d�

d�
; (34)

where
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b ¼ L� aE; d ¼ 2aME þLð�2Mþ rÞ;
f ¼ r3 þ a2ð2Mþ rÞð1þ hÞ;
e ¼ �2MaLþ Er3 þ a2Eð2Mþ rÞ;
j ¼ ðaL� Eða2 þ r2ÞÞ2;

P ¼ abMe

r2

ffiffiffiffiffi
�

r3

s
;

N ¼ fd

r3
; Q ¼ aM

r9

ffiffiffiffi
b

�

s
: (35)

The expression in Eq. (33) is associated with the varia-

tion between að�Þ and aþð�Þ according to the null rotation
indicated in Eq. (30).

The total variation of polarization vector taking into
account Eq. (33) and the spacetime dragging is given by

�� ¼ ��þ��: (36)

The second term in right hand side of Eq. (36) is due to the
spacetime dragging. The first term is obtained with
the integration of D� in Eq. (33) with respect to the c
coordinate (see Ref. [38]), which plays the role of the
azimuthal angle in the orbital plane of the null congruence.
Moreover, a new angle was defined: � is the angle of the
orbital plane with respect to the equatorial plane. That is,
sin� ¼ cos � sin c , and Eq. (33) is reduced to

D�0 ¼ 1

b

"
Pffiffiffi
f

p � N

1þ h
þQða2r6ð1þ hÞ2 þ 3r8ð1þ 2hÞÞ

�þ ha2

� Nð�2r6 þ a2ð2Mr3 þ 8M4�þ 3M3r�ÞÞ
2r8ð1þ hÞ

#

�
2
4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b�þ jr3ð1þ hÞp
�r3

þ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1þ hÞp

ð�þ ha2Þ ffiffiffiffiffi
rf

p
3
5�1

� sin�
dðsin c Þ

d�
: (37)

Here we have found the dependence of the polarization
vector from parameter � in equatorial plane (� ¼ =2). In
Fig. 8 the radial dependence of the polarization vector is
shown for the different values of deformation parameter �.
From the dependence one can easily see that presence of
the parameter � due to non-Kerr modification decreases
the polarization angle. This dependence may help to get
constraints on parameter � from observational data related
to the geometrical optics features of compact objects.

V. CONCLUSIONS

In this paper we have studied the optical features of
rotating non-Kerr (deformed) black hole. It was shown
that with the increase of the deformation parameter, the
shape of the effective potential is going to be shifted to the
central object. The stability of photon orbits will also
increase with the increasing parameter �.
We have analyzed how the shadow of the black hole is

distorted by the presence of the deformation parameter �.
We have shown that with increasing deformation parame-
ter (� > 0), the radius of the shadow of the black hole
decreases. This phenomena is also related to the fact that
the increase of the deformation parameter forces photon
orbits to come closer, which corresponds to the decrease
of the gravitational force acting on photons. In the case of
negative �, the deflected photons with a particular value of
impact parameter could be absorbed by the central object
while they could escape in the pure Kerr black hole case
with the same impact parameter. The increase of distortion
parameter �s with the increase of the module of deforma-
tion parameter � corresponds to the deviation of the shape
of shadows from the pure circle. The deformed rotating
black hole’s shadow is also going to be deformed indepen-
dently on the sign of the deformation parameter.
Since black hole’s shadows give the region where one

can never observe any light from the gravitational source,
one should look for a part of the shape of the realistic light
source [18]. In the near future, if the instrumental astron-
omy would give more accurate measurements, at least, on
the part of the black hole’s shape, one can find constraints
on deformation parameter � in non-Kerr spacetime.
The recent measurements of the gravitational lens sys-

tems [46] may give alternate constraints on the numerical
values of the deformation parameter � in the rotating
non-Kerr black hole. Astrophysical quantities related to
the observable properties of the polarization vector can
be obtained from the spacetime metric, and in turn obser-
vations have provided important information about the �
parameter. To get the estimation for the value of deforma-
tion parameter �, one should compare the observational
results with the obtained theoretical results on the polar-
ization angle. For the nuclei of spiral galactic systems
B0218þ 357 and PKS1830� 211, the differential polar-
ization angles have been found to be 913� 31 radm�2

and 1480� 83 radm�2, respectively, from the observed
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FIG. 8 (color online). The radial dependence of the polariza-
tion vector for the different values of the deformation parameter
� : solid line for � ¼ 0, dashed line for � ¼ �1, dotted-dashed
line for � ¼ 5, and dotted line for � ¼ 10. a ¼ 0:5.
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correlation of the Faraday rotation measurements [47].
Since the effect of the deformation parameter � is within
the error of the observation, we may put D�ð� �
0Þ=D�ð� ¼ 0Þ ¼ 1þ � , where � is the relative error of
the observation. Putting the value of � from the observa-
tions [47] into the above condition, one can easily make
an estimation on the upper limit for the deformation
parameter � as � � 19.
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APPENDIX A: QUANTITIES IN THE LOCALLY
NONROTATING FRAME

All physical quantities are indicated by parenthesis
around the Greek indices in the (LNRF). The components
of k� ¼ dx�=d� ¼ _x�, which is tangent to the null

congruence and its projections kð�Þ on the LNRF, are

kð0Þ ¼ kðtÞ ¼ e�k0 ¼ e� _t;

kð1Þ ¼ kðrÞ ¼ e�k1 ¼ e� _r;

kð2Þ ¼ kð�Þ ¼ e�k2 ¼ e� _�;

kð3Þ ¼ kð�Þ ¼ ec ðk3 ��k0Þ ¼ ec ð _��� _tÞ;

� ¼ 2Marð1þ hÞ
A

:

(A1)

The functions �, �, �, and c are listed as the following:

e2� ¼ �2�ð1þ hÞ
A

;

e2� ¼ �2ð1þ hÞ
�þ a2hsin 2�

;

e2� ¼ �2;

e2c ¼ sin 2�

�2A
;

A ¼ �4 þ a2ð�2 þ 2MrÞð1þ hÞsin 2�:

(A2)

The nonzero components of the connection projected on
the LNRF [40] are

�ðtÞ
ðrÞðtÞ ¼ �ðrÞ

ðtÞðtÞ ¼ @r�e
��;

�ðtÞ
ð�ÞðtÞ ¼ �ð�Þ

ðtÞðtÞ ¼ @��e
��;

�ðrÞ
ð�ÞðrÞ ¼ ��ð�Þ

ðrÞðrÞ ¼ @��e
��;

�ðrÞ
ð�Þð�Þ ¼ ��ð�Þ

ðrÞð�Þ ¼ �@r�e��;

�ðrÞ
ð�Þð�Þ ¼ ��ð�Þ

ðrÞð�Þ ¼ �@rc e��;

�ð�Þ
ð�Þð�Þ ¼ ��ð�Þ

ð�Þð�Þ ¼ �@�c e��;

�ðtÞ
ðrÞð�Þ ¼ �ðrÞ

ðtÞð�Þ ¼ �ðtÞ
ð�ÞðrÞ ¼ �ðrÞ

ð�ÞðtÞ¼ ��ð�Þ
ðtÞðrÞ ¼ ��ð�Þ

ðrÞðtÞ

¼ 1

2
@r�ec����;

�ðtÞ
ð�Þð�Þ ¼ �ð�Þ

ðtÞð�Þ ¼ �ðtÞ
ð�Þð�Þ ¼ �ð�Þ

ð�ÞðtÞ¼ ��ð�Þ
ðtÞð�Þ ¼ ��ð�Þ

ð�ÞðtÞ

¼ 1

2
@��ec����: (A3)
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