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Gravitational lensing provides a significant source of cosmological information in modern cosmic
microwave background parameter analyses. It is measured in both the power spectrum and trispectrum of
the temperature fluctuations. These observables are often treated as independent, although as they are
both determined from the same map, this is impossible. In this paper, we perform a rigorous analysis of
the covariance between lensing power spectrum and trispectrum analyses. We find two dominant
contributions coming from (i) correlations between the disconnected noise bias in the trispectrum
measurement and sample variance in the temperature power spectrum and (ii) sample variance of the
lenses themselves. The former is naturally removed when the dominant N© Gaussian bias in the
reconstructed deflection spectrum is dealt with via a partially data-dependent correction, as advocated
elsewhere for other reasons. The remaining lens-cosmic-variance contribution is easily modeled but can
safely be ignored for a Planck-like experiment, justifying treating the two observable spectra as
independent. We also test simple likelihood approximations for the deflection power spectrum, finding

that a Gaussian with a parameter-independent covariance performs well.
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L. INTRODUCTION

Weak gravitational lensing by large-scale structures
leaves subtle imprints in the temperature anisotropies of
the cosmic microwave background (CMB); see Ref. [1] for
a review. These imprints can be detected in surveys
with resolution better than a few arcminutes and used to
reconstruct the lensing deflection field [2,3]. Since the
lensing deflections depend on the growth of structure and
geometry at much lower redshifts (z ~ 2) than the CMB
last-scattering surface, lens reconstructions can be used to
constrain parameters that are largely degenerate in the
primary anisotropies sourced at last scattering. Examples
include sub-eV neutrino masses, spatial curvature, dark
energy, and modifications to gravity (e.g., Refs. [4-9]).

Lensing is an emerging frontier of observational
cosmology. The first direct measurements of the deflection
power spectrum were reported recently by the ACT
[10,11], SPT [12], and Planck [13] teams with significan-
ces of 4.6, 6.3, and 250, respectively. These measurements
provide the first evidence for dark energy from the CMB
alone. Since lens reconstructions are quadratic in the
temperature anisotropies, the power spectrum of the
reconstruction is probing the 4-point non-Gaussianity of
the CMB induced by lensing [14]. The statistical power of
lens reconstructions is expected to improve rapidly with
ongoing analyses of the full 2500 deg®> SPT survey and
the full-mission data from Planck, which also allow for
polarization-based lensing reconstruction. Lensing also
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affects the power spectrum (or 2-point function) of the
temperature anisotropies, smoothing the acoustic peaks
and transferring power from large to small scales
(e.g., Ref. [15]). The smoothing effect has been detected
at nearly 100 in current temperature power spectrum
measurements [16,17].

A question that has received only limited attention to
date is how one should model the likelihood of the
lensed CMB anisotropies when deriving constraints on
cosmological parameters. As the unlensed CMB and
deflection field can be approximated as Gaussian on
the scales relevant for CMB lensing, it is straightforward
to write down a formal expression for the likelihood of
the lensed temperature [18]. However, this is very
difficult to work with directly. Indeed, working with
the exact likelihood even for Gaussian fields in mega-
pixel maps is computationally prohibitive. Instead, in the
Gaussian case, at high multipoles the data are usually
compressed to an empirical power spectrum (or set
of cross-spectra), and an approximate likelihood is
constructed based on this spectrum and its covariance.
Such an approach is both computationally feasible and
allows for the robust treatment of instrumental effects
such as beam asymmetry. For non-Gaussian fields, like
the lensed CMB, working with only the empirical power
spectrum is clearly lossy. Instead, we should include
further empirical connected n-point functions in our
compressed data. In the context of CMB lensing, the
4-point function is the most relevant moment, and the
information it carries is captured in the estimated power
spectrum of the reconstructed deflection field.
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TABLE I. Summary of the main quantities used throughout this paper (roughly ordered after first appearance).
Symbol Description Definition
T Unlensed CMB temperature Eq. (1)
T Lensed CMB temperature Eq. (1)
bin Input lensing potential field in simulations
(]3 Lensing reconstruction (quadratic in T) Eq. 9)
A, 8 Normalization and weights for (13 Egs. (10) and (11)
cxX Fiducial theoretical power spectrum of X = T, T or ¢ (without noise/beam)
szxpt Lensed temperature power spectrum including beam-deconvolved noise Eq. (18)
cxx Empirical power spectrum of a realization of X = T, T, ¢;, or é Eq. (19)
NZ(O) Gaussian, fully disconnected noise bias of CA‘;M Eq. (16)
NO, N? Biases of €% at O(C%%) and O[(C*#)] Ref. [26]
1\750) Data-dependent, empirical bias subtraction term Egs. (17) and (32)
cov(é’i";’, cr L eXpt) Covariance of CMB temperature and lensing reconstruction power spectra Eq. (33)

COV(C(M) CL’ expt)dnconn

Noise contribution (from Gaussian, fully disconnected CMB 6-point function)

Egs. (35) and (36)

cov(Cd’d’ CL, expt)f(‘; 114;;;@] Trispectrum contributions of type X = A, B [from (non)primary coupling] Appendix D
cov(C A8 CL/ expt) (T T Matter cosmic variance contribution [from O(¢*) connected CMB 6-point function]  Egs. (45) and (E8)
A Overall lensing amplitude of a fiducial lensing power spectrum C;M = AC;M’lﬁd
A Estimator for A based on reconstruction power spectrum, i.e., CMB trispectrum Eq. (54)

Al Estimator for A based on CMB power spectrum Eq. (55)

n Tilt of a fiducial lensing power spectrum C;M’Iﬁd Eq. (66)

Parameter analyses involving lens reconstruction to date
have followed the route described above. However, they
have simply combined estimates of the temperature power
spectrum and the lensing power spectrum as if they were
independent [12,13,19]. Since both power spectra are de-
rived from the same CMB temperature map, one might
question the validity of this approach, raising the concern
that lensing information is inadvertently being double
counted. While early lensing forecasts [4,5,20] addressed
this by using unlensed CMB power spectra, an optimal
combination of the observed lensed CMB 2- and 4-point
functions should model their cross-covariance. Intuitively,
we might expect two effects to be relevant. First, the
statistical noise in the reconstruction, due to chance align-
ments in the unlensed CMB which mimic the locally
anisotropic effects of lensing, is dependent on the CMB
fluctuations themselves. If, due to cosmic variance, the
unlensed temperature anisotropies fluctuate high at some
particular scale, the noise in the lens reconstruction will
also fluctuate high. The mode-coupling nature of lens
reconstruction, whereby modes near the resolution limit
of the observation dominate the reconstruction on much
larger scales, will lead to broad correlations between the
temperature and lensing power spectra. Since the recon-
struction is quadratic, the correlation of the power spectra
involves the CMB 6-point function, the disconnected part
of which arises from the effect just described. The second

effect is due to the cosmic variance of the lenses. If the
lensing field fluctuates high at some scale, the recon-
structed power will also fluctuate high at the same scale.
In parallel, there will be more smoothing of the acoustic
peaks in the measured CMB power spectrum giving an
anticorrelation with the reconstucted lensing power at the
location of acoustic peaks and a positive correlation at
troughs. This effect is second order in the deflection power
and derives from the connected part of the CMB 6-point
function. As we shall show, the induced correlations are
rather small (a few percent) for a Planck-like experiment
for broadband measures of the lensing power such as a
lensing power spectrum amplitude. Essentially, this is
because there is a limited number of modes of the lensing
power spectrum that influence the acoustic part of the
temperature power spectrum, and the correlation due to
cosmic variance of these modes is diluted by the significant
noise due to cosmic variance of the CMB and instrumental
noise (i.e., the fact that lensing measurements from the
CMB 2- and 4-point functions are not limited by cosmic
variance of the lenses). Moreover, the first effect men-
tioned above produces rather small lensing amplitude cor-
relations since CMB modes at different scales fluctuate
independently, and most of the information on peak smear-
ing in the CMB power spectrum comes from modes near
the acoustic peaks and troughs, whereas the reconstruction
of (large-scale) lenses is most effective at CMB scales
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where the CMB spectrum changes most rapidly, i.e., be-
tween acoustic peaks and troughs. Note also that even the
unlensed CMB anisotropies are correlated with the lensing
field due to the late-time integrated Sachs—Wolfe effect
[21]. This mostly produces a diagonal covariance between
the power spectra of the lens reconstruction and the lensed
CMB, which falls rapidly at small scales (L > 100). One of
our main aims in this paper is to quantify these arguments
with detailed calculations of the 6-point function, verified
with simulations, and to assess whether the correlations are
small enough to be safely ignored in the likelihood.

A further issue concerns the form of the likelihood for
the power spectrum estimates. This has been well
studied for Gaussian fields, e.g., Refs. [22-25], and simple
approximate forms are known to give reliable parameter
constraints when applied on all but the largest scales.
However, the lensing reconstruction is quadratic in the
nearly Gaussian CMB fluctuations and therefore highly
non-Gaussian. Here, we test a particularly simple form of
the lensing power likelihood, a Gaussian with model-
independent covariance. Constraining the amplitude and tilt
of a fiducial deflection power spectrum, we demonstrate that
the fiducial-Gaussian approximation performs well, return-
ing maximum-likelihood points that scatter across simula-
tions in a manner consistent with the width of the likelihood.

The paper is organized as follows. We review CMB
lensing reconstruction in Sec. II, and we describe our
simulations of lensed CMB maps and the mechanics of
our reconstructions in Sec. III. Section IV surveys
known results for the autocorrelations of the lensed
CMB temperature power spectrum and the reconstruc-
tion power spectrum. In Sec. V we present results for the
cross-correlation of these power spectra and assess the
importance of correlations for estimating cosmological
parameters. We test likelihood approximations for
the lensing reconstruction (in isolation) in Sec. VI and
conclude in Sec. VII. In Appendix A we provide intui-
tive arguments for the magnitude of the temperature-
lensing power correlation. A series of further appendices
provide calculational details and motivate some of the
approaches taken in the main text. Table I summarizes
the key quantities, and their definitions and symbols,
used in this paper.

II. CMB LENSING RECONSTRUCTION

The lensed CMB temperature 7(fi) along direction f is
related to the unlensed temperature 7(fi) by the deflection
field a(h)'

T(h) = T[h + a(h)]. (1)

!The notation here is rather symbolic on the spherical sky: the
point fi + a(fi) is understood to be obtained from fi by displac-
ing through a distance |a(fi)| along the geodesic that is tangent
to a at f [27].
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The deflection angle can be written in the Born approxi-
mation as the angular gradient of a lensing potential,
a(f) = V@(i), which is given by an integral along the
(unperturbed) line of sight of the gravitational potentials
(e.g., Ref. [1]).

On the full sky, the effect of lensing on the CMB
temperature can be expressed perturbatively by Taylor
expanding Eq. (1). Expanding in spherical harmonics, the
multipoles of the lensed CMB, Tlm, are related to those of the
unlensed CMB T, and the lensing potential ¢, via [28]

Tim = Tp + 8T 4y + 8Ty + -+ -, 2

where changes due to lensing 8" T}, are of order O(¢") and
linear in the unlensed temperature 7°:

BTZ’" - Z¢ll lellr;lln;zlmz’ )
I
BZTI'” - Z d)ll ¢12T£3J;71r72112n2m3’ “)

L.hl

where we have introduced the notation [ = (Im) and I
denotes an angular integral over a product of (derivatives
of ) spherical harmonics given by [28]

mmym, __ m l ll 12
111112 - (_1) —m m m, Fllllz‘ (5)
|

Expressions for JZ':';;L"ﬂm can be found in Ref. [26]. The
geometrical factor F, ;,;,, which is symmetric in the last two
indices, is given by

Frp, =[LL+1) =L, +1)+ L, +1)]

L feh+DeL+neL+ (L Lok
167 \o 0 0

(6)

and describes the rotationally invariant part of the coupling
between the three multipoles.

It is possible to reconstruct the lensing potential ¢ (ii)
from the observed CMB by exploiting the fact that fixed
lenses introduce correlations between temperature modes
[2,29]. Following the nonperturbative calculations in

Ref. [30], we have
0 - - L L L\~
— (7, ,, T =~ (—1)M ,
<a¢LM( Iymy lzm2)> ( ) (_M m, m )fl,le
(7

where f; ;;, 18 symmetric in /; and lg~and contains the
lensed temperature power spectrum, C17:

Fio, = CITZTFIILIZ + CZTFIZLII- 3)

The angle brackets in Eq. (7) denote the expectation value
over ¢ and T (and noise) and we have neglected the 7T—¢
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correlation which is generally a good approximation for
CMB lensing since we are usually interested in small-scale
(I > 600) modes of the temperature where the correlation
is small. More generally, we shall neglect the T—¢ corre-
lation throughout this paper, except where explicitly stated
otherwise. Equation (7) motivates forming a quadratic
estimator for the lensing potential [31],

l
b =AY (- 1>M( ?
ny

L R
o, (LT, T,.
“ y _M>g1112( ) LT L

€))

For any choice of weights &, (L), we determine the
normalization A; by demanding that (d¢b; /0 ) =
Or1/ Oy, Which gives

A, = QL+ 1>(Zfl,uzgzllz(L>)_l. (10)
i1l

One can determine optimal weights by minimizing the
variance of the estimator to find>

f~l L1,
2cTT CTT ’

1,expt ~ [, expt

&1,,(L) = (11)
where the numerator contains the lensed temperature
power C!T, while the denominator involves the total
power spectrum for the experiment C!7 Lexpt including

beam-deconvolved noise; see Eq. (18) below.
The expectation value of the simple power spectrum
estimate,

¢ =

1 Lo

GLudLm (12)
2L + 1 M:Z_ L
involves the 4-point function of the lensed CMB. The
connected part of the 4-point function can be written in

terms of the fully reduced trispectrum T} hh (L) as [14]

<Tll my T12m2 Tl3m3 Tl4m4 )c
L L\(L I, L
nmy M ms Ny -M

_1 _1\WM L
5z,
X 'I]'l ZZ(L) + perms. (13)

By evaluating the trispectrum correct to O[(C‘LM)Z],
Ref. [26] shows that the dominant terms for lensing
reconstruction can be approximated by

TIR(L) = —C *Fron i (14)

>The normalization (10) and weight (11) differ a little from
that in the original works of Hu and coworkers [3,31] since f; 1,
involves the power spectrum of the lensed rather than unlensed
CMB. The form here is particularly suited to power spectrum
estimation.
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which involves the lensed Clﬁ (via f 1,L1,» €tc.). The nor-
malization of Eq. (10) therefore correctly normalizes the

power spectrum o) ;ﬁ‘b, avoiding a bias [N®] of around
—15% on large scales that results from using the unlensed
spectra, i.e., f,11,, in the normalization A; .

Taking the expectation value (C’i’(z’), and using Eq. (13),
gives [26,32]

(€Eh) =’ + NP + NP+ oy, (s

where N(L") is of order (C#?)" if we do not count appear-
ances of C?% in the lensed temperature power spectrum.
The disconnected part of the lensed temperature 4-point
function leads to the Gaussian bias

2A2
0
2) 7L _: 1 Zgl [')(L)C[] exptCIY;Texpt = AL’ (16)

where the last equality holds only if the weights g, ;, (L) are
given by Eq. (11). Since this bias is present even in the
absence of lensing, it corresponds to the power spectrum
generated by the statistical noise of the lensing reconstruc-
tion (see Appendix C for a more detailed discussion of how
this bias is generated). The NV bias is due to those
permutations in Eq. (13) that mix multipoles between the
primary (lym;, lym,) and (l3ms, [;m,) couplings, e.g.,
1 < 3. It has been computed in Refs. [26,32]; see also
Fig. 1. An unbiased estimate for the lensing potential power
spectrum can be obtained by subtracting N© + N from

C??. Here, for N we subtract the bias evaluated in the
fiducial cosmology used for our simulations. In practice, the
variation of N with the cosmological model should be
included in the likelihood analysis. However, since direct
evaluation of this term is slow, a faster alternative is to
include the uncertainty in NV as a correlated error in the

covariance matrix for C# 3,

The subtraction of the Gaussian N'*) bias can be done in
various ways. The simplest is to subtract a fiducial model.
For temperature reconstructions, N© generally exceeds
the signal power on all scales, and by around two orders
of magnitude at multipoles / ~ 1000, so that accurate N©
subtraction is critical. For the idealized isotropic surveys
considered here, this is perhaps not too problematic since

only C1 expt 18 Tequired to calculate N©_ and this can be

estimated from a smoothed version of the measured power

*Note also that the normalization A; is dependent on the
cosmological model through f; ;,,. However, the lensed tem-
perature power spectrum, and hence A;, generally varies much
less across models consistent w1th the measured CMB power
spectrum than C7* (and so N'V). In practical applications, if a
fiducial model is assumed to normalize the 4-point function, the
parameter-dependent C; "~ can easily be renormalized in the
likelihood by the ratio of the fiducial A; to that at the current
location in parameter space [13].
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FIG. 1 (color online).

spectrum Cf‘ﬁ averaged over 1000 simulations, after subtracting
the analytically calculated N© bias (cyan circles). The magenta
line is the input lensing potential power. Blue symbols include
the empirical reconstruction bias correction of Eq. (17). The
error bars show the estimated standard deviation of the binned
power spectrum for a single realization of the lensed CMB. Cyan
error bars are only visible when they disagree from the blue error
bars. Cyan dashed-dotted lines show theoretical error bars ob-
tained by binning Eqgs. (28) and (29) below. Blue dashed-dotted
lines are theoretical error bars from Eq. (29) only. The biases
N©O (red) and NV (black, which also includes Cf¢) are calcu-
lated analytically. Note that the left-hand panel uses a log scale
for multipole L, whereas the right-hand panel uses a linear scale.

Reconstructed lensing potential power

spectrum. However, in the presence of survey anisotropies,
the Gaussian bias must generally be subtracted via simu-
lations, and this requires an accurate procedure for simu-
lating maps including all relevant real-world effects such
as noise inhomogeneities and correlations, beam asymme-
try, and unresolved foreground emission. A work around to
these issues is to use alternative data-dependent forms of
N© (see Ref. [33] and references therein) for which the
expectation value either equals N© or closely approxi-
mates it. Here, we use the form (for an isotropic survey)

@,‘%"3 - (21(7%)) - NEO)), advocated in Refs. [26,33], where

.\ 2A2
0) _
(L 2L _f 1 Z llz(L)Cll exptC?;Texpt’ (17)

in NO with the
empirical temperature power spectrum of our given sky.
Note that the expectation value (N'”) = NI As well as
reducing the impact of modelling errors, this form of N
subtraction has the benefit of greatly reducing correlations
between the C‘I‘f’d’ estimates that arise from the discon-
nected part of the CMB 8-point function; see Sec. IV B
and Ref. [26]. As we shall see in Sec. VA, it also eliminatg:g
the Gaussian contribution to the covariance between C‘f‘l’
and the measured temperature power spectrum. Further
motivation for the 2N (LO)

i.e., we replace one occurrence of Cng(pt

- N(LO) construction comes from
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considering optimal trispectrum estimation for weakly

non-Gaussian fields [34]; these arguments are discussed

further in the context of CMB lensing in Appendix B.
Throughout this paper we assume that the instrumental

beam has been deconvolved from the 7',,,. The total power

spectrum of the experiment is then of the form

CIT =TT + oXexp[l(l + 1)0kwm/@In2)],  (18)

Lexpt

where % is the white noise power spectrum and T pwum
is the full width at half-maximum (FWHM) of the
optical beam. Following Ref. [26], we will use oy =
27 pKarcmin and opwpy = 7 arcmin, which is roughly
appropriate for Planck.

III. SIMULATIONS

We use simulations to verify our analytic arguments.
These are based on 1000 realizations of a flat ACDM
cosmology with WMAP7 + BAO + H,, parameters [35]
h = 0.704, Q,h* = 0.0226, Q h?> = 0.1123, 7 = 0.087,
ng = 0.963, A% =2.441 X107 at ky = 0.002 Mpc ™!,
and three massless neutrino species. We start with realiza-
tions of the unlensed temperature and lensing potential up
to /", = 3000 (including the CT% correlation on large
scales), which are then lensed using Lenspix [36]. The
lensed temperature up to [Z,, = 2750 is used to reconstruct

the lensing potential up to lmax = 2650 with the full-sky
simulation setup of Hanson et al. [26]. The convolution in
harmonic space in Eq. (9) is evaluated as a product in pixel
space, where spin-1 spherical harmonic transforms are
taken using HEALPix [37]. As a slight modification to
Ref. [26], we use the reconstruction normalization A;
and weights g given in Eqs. (10) and (11) to avoid the
N®@ bias.

Figures 1 and 2 confirm that the power spectrum of the
lensing reconstruction agrees with the input lensing power
spectrum if the N© and NV biases are taken into account.
Similar plots in Ref. [26] contain the N@ bias because
their simulations used reconstruction weights and normal-
ization with unlensed instead of lensed temperature power
spectra. The realization-dependent N © bias correction
does not change the expectation value of the reconstruction
power spectrum but reduces its covariance.

IV. AUTOCORRELATIONS OF POWER SPECTRA

We will argue later that parameter estimation with the
lensing reconstruction should be based on empirical power
spectra defined by

AXX — 1
! 20+ 1

Z( "% 10X 1= (19)

where X, are the multipole coefficients of the realization
X(fh) of a field on the sphere. Here, X =T or ¢. To
construct a likelihood for the empirical power spectra,
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FIG. 2 (color online). Same as Fig. 1 after subtracting the
theoretical lensing power spectrum Cf¢.

we will model auto- and cross-correlations of the empirical
power spectra of the observed lensed temperature and the
reconstructed lensing potential. If X is a statistically
isotropic, Gaussian field, then the power covariance is
diagonal with

cov(CYX, CA‘;,(X =8 (EX2, (20)

21+ 1

In the following we will abbreviate the Gaussian variance
with

varg(CXY) = (CXX), 21)

21+ 1
We demonstrate in Appendix F that for most applica-
tions, we can neglect the effect of CT% on the covariance
between the power spectra of the lensed temperature and
the lens reconstruction. Because the Taylor expansion of
Eq. (2) is linear in the unlensed temperature, all odd
n-point functions of the lensed temperature vanish.

A. Lensed temperature

The autocorrelation of the lensed temperature power
spectrum has been computed at first order in C#¢ in
Ref. [38] under the flat-sky approximation and in
Ref. [39] on the full sky. A contribution at second order
in C?? was recently identified in Ref. [40]. The power
covariance is given by

COV(CZ exptr Cl’ expt
1
QI+ 1R2r+1)

X Z(_1)m+ml<TlmTl,—mTl’m’Tl’,—m’>c’ (22)

m,m’

= 6,,/varG(Cl expt)

where (), denotes the connected part of the 4-point func-
tion, which is at O(C%?) [14]
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(T, T, T, T;).
1CTTCTTZ( I)MC¢</>< L h L )

m; mp -M
[ l
% 3 4
ms nmy

Here and in the following ‘“‘all perms” denotes permuta-
tions in all noncontracted multipole indices, i.e., permuta-
tions of 1, 2, 3, and 4 in Eq. (23). If we also include
the contribution at second order in C%¢ from Ref. [40],
we get [39,40]*

L
M )FZILIZ Fl3Ll4 + all perms. (23)

COV(Clexpv U, 6XPt)
2
¢¢
- 5”rvarG(Cl expt) mz flL[/
Py oCciT 2 (C ¢¢)2 aC’f,T + O[(C??)*],

(24)

where f; 1, is from the unlensed version of Eq. (8): f; 1, =
Cl'Fi;, + C["F,p;,. The third term on the right
of Eq. (24) arises from cosmic variance of the lenses.
Fluctuations at lens multipole L produce fluctuations in the
empirical lensed temperature power spectrum over a range of
multipoles. The fluctuations in the lens power, A Cfd’, propa-
gate to the empirical temperature power spectrum approxi-
mately as 8Clﬁ /d Cf¢. The power derivative here can be
calculated perturbatively by noting that at O(C#¢) [28]

- P2
CIT = CI™[1 — I(1 + )R] + ZC¢¢C£T 5 l’jrlzl (25)
Ll

where
1
R=_—@+ i+ 1nC)? 2
871(1 (I + 1)C; (26)

is half the mean-squared deflection. Therefore,

=Ycrr Fi, LIL+1Q2L+1)
acy? 120+ 8

I(1+ 1)CTT.

27

While Ref. [40] included higher-order corrections to this
expression by taking numerical derivatives of lensed
power spectra computed nonperturbatively with the CAMB

“The O(¢*) part of Eq. (24) was not derived in a rigorous
perturbative analysis, which would imply additional corrections.
For example, the unlensed f;; in the second term on the right
could be replaced by its lensed counterparts, as in Eq. (14). We
do not investigate such corrections to the temperature power
autocovariance further because corrections to the leading
Gaussian term are negligible for all applications in this paper.
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code [41,42], these corrections are not expected to be im-
portant for our purposes here.

The off-diagonal contributions to the correlation

between the empirical C{eTxpt are shown in Fig. 3 (see
Refs. [39,40] for similar plots). The checkerboard structure
of the O[(C#?)?] contribution arises because fluctuations
in the lensing power produce changes in the lensed tem-
perature spectra of opposite signs at the acoustic peaks and
troughs. Both of the corrections in Eq. (24) give cor-
relations that are at most of order 107* and are rather
localized in the (/, I') plane. (Note that the correlations
are suppressed on small scales where noise dominates
the diagonal variance.) The impact of these nondiagonal
contributions is found to be negligible for all calculations
in this paper; i.e., we can assume a Gaussian diagonal
autocovariance of the temperature power spectrum.

B. Lensing reconstruction

The auto-correlation of the lensing reconstruction power
spectrum involves the 8-point function of the lensed
temperature. Hanson ef al. [26] found that the dominant
off-diagonal contributions on the full sky are given by
disconnected terms that contribute as (see Ref. [32] for a
similar calculation on the flat sky)

COV(C¢¢, C¢¢ dom

non-diag
324342, 3 Iy
QLT hRL + ) =21, 71 Chem

[Zgz I (L)C?;];xpt]l:zgl I /)ng expt] (28)

2500

2000

0.75
1500
<&
~
0.5
1000
500 025
0 0
0 500 1000 1500 2000 2500
Lt

(a) O(C??) contribution from [39]

FIG. 3 (color online).
second term on the right of Eq.

[VarG(CLT‘expl)varG(C{,Texpt

(24) (see Ref.

(a) Theoretical off-diagonal part of the correlation correl(CLT,
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This dominates over more tightly coupled terms that
involve products of four weights g that do not factor
in the form g2g2 and therefore enforce a reduced summa-
tion volume. The variance (L = L') on the full sky is
predominantly

2 PPN
a1 @

Var(é}_w) =
with small corrections from Eq. (28) (for L = L/).

As shown in Ref. [26] the off-diagonal reconstruction
power correlation can reach a level of 0.5% and is rather
broadband. If the reconstructed power is binned, this can
induce correlations of O(10%) between different bins.
Physically, these broadband correlations arise because
cosmic-variance fluctuations in the CMB at a given scale

produce fluctuations in C%? that are coherent over a broad
range of scales due to the mode-coupling nature of lens
reconstruction (small-scale CMB fluctuations are used to
reconstruct large-scale lenses). To make this physical inter-
pretation more explicit, we note that the dominant nondiag-

onal covariance contribution of Eq. (28) can be written as

Add Addyd

COV(CL ’ C L' ng;r:diag

Z a(2N(°>) 2 (2N(0))

)2
l +1 ll expt ’
l, expt

(30)
Cl ,expt

where the (realization-independent) derivative is given by

IQNY) _ 4A <o,

2L + 14 ”z( €L

€2

I, expt’

which is nonzero even in the absence of lensing.
Equation (31) describes the change of the Gaussian

x 10”
2500 A
1
.
2000 1 > 5
.- " » 05
R B X . -
.. 15007 ...
N LR
. 5 » 0
1000 1 . B »
-
500 - -0.5
0 ; . ‘ k . -1
0 500 1000 1500 2000 2500
Lt

(b) O[(C??)?] contribution from [40]

) to first order in C%%, given by the

[39]). The covariance is converted to a correlation by dividing by
)]V2. (b) @[(c¢¢)2] contribution from Ref. [40].

063012-7



SCHMITTFULL et al.

reconstruction noise’ resulting from fluctuations of the
observed temperature realization. In propagating these

changes through to the covariance of C‘M’, one picks up
the sample variance of the total lensed temperature power
spectrum, varg(C fefxpt) .

As noted in Sec. II, using the realization-dependent N' ©
bias correction of Eq. (17) significantly reduces the off-
diagonal covariance of the reconstruction power spectrum.
To help interpret the N correction, we write it in the form

Y dey
¢ 2RO + NO = ¢ - Z ( )C,expt + N
aCl expt

(32)

Therefore, for a given realization of the lensed tempera-
ture, the empirical N bias correction partly removes the
response of the Gaussian reconstruction noise to changes in
the lensed temperature realization. To see that this removes
the nondiagonal power covariance of the lensing recon-
struction caused by cosmic variance of the lensed tempera-

ture, note that both cov(éi’ (0)) and cov(2N}, O 2N (O))
equal the right-hand side of Eq. (30) at (9(¢°). The
empirical N' © correction leads to a small reduction in the
variance of the binned reconstructed power spectrum, as
shown in Figs. 1 and 2. Any residual covariance after
empirical N© subtraction is too small to be detected in
our simulations.

V. TEMPERATURE-LENSING
CROSS-CORRELATION

For a joint analysis involving the empirical power spec-
tra of the lens reconstruction and the lensed temperature
anisotropies, the likelihood should model their cross-
correlation to avoid potential double counting of lensing
effects. In this section we calculate the cross-correlation.
We recover the two main physical effects introduced in
Sec. 1, i.e., a “noise contribution’ from the cosmic vari-
ance of the lensed temperature affecting the noise in the
reconstruction over a wide range of scales and a “‘matter
cosmic variance’’ contribution from cosmic variance of the
lenses altering the smoothing of the acoustic peaks in the
temperature power spectrum. We will show in Sec. V A that
the noise contribution is due to the disconnected part of the
lensed temperature 6-point function, while in Sec. VB we
show that the matter cosmic variance contribution is due to
the connected part of the 6-point function. Corrections
from the lensed temperature trispectrum generally have a

SWhen squaring the reconstruction qAﬁLM to form the recon-
struction power spectrum, we pick up not only the signal power
C‘/’ % but also the noise of the reconstruction. Further details on
the correspondence between noise terms in the reconstruction
power and the 2N® expression are provided in Appendix C.
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subdominant effect on parameter estimation and are
discussed in Appendix D (see also Fig. 8 below).

A. Noise contribution

1. Perturbative derivation: Disconnected part of
lensed temperature 4- and 6-point functions

Since the reconstructed lensing potential is quadratic in
the lensed temperature, the covariance cov(C‘M’, cr L expt)

involves the 4- and 6-point functions of the lensed tem-
perature. Using the definition of ¢ in Eq. (9), we find

cov(CP?, CL, expt)
_ AL s
QL+ 1L +1)

Lol Ly L, MM

ok LB oL
my nmy -M ms my M

X 81,1, (L)1, KT T T, T Trng T )
— T, T, T, T XT e Ty )} (33)

(_ 1)M+M’

Since all connected terms vanish in the absence of lensing,
we expect the noise contribution to come from the fully
disconnected part. If we only keep disconnected terms, the
second line of Eq. (33) can be replaced by

T, T T, Ty T T —m)
- <T£| le T13 Tg4 XT T, —u)]
— 4Ty Ty KT Ty XT ) Ty ) + (M = —M')],
(34)

where we exploited symmetry under relabeling (I; < L)
and/or (I3 < I;). We also used that the contractions
<T£1 Tb} and <T£3T£4> do not contribute because (¢, )=
0. The fully disconnected part of Eq. (33) is therefore

COV(Cf(ﬁ, CLI expt)disconn
_ 8A?
QL+ 1)L + 1

L’ expt)zzgl L’(L Cl] expt’ (35)

where the weight g, ;/(L) enforces /; + L + L' to be even.
To interpret this result, note that it can be expressed in
terms of the derivative in Eq. (31) as

AN 2
COV(C L’ expt)disconn = LA 2L/ +1 Iéfexpt)z
CL’,expt

(36)

This part of the covariance is therefore due to the response
of the Gaussian reconstruction noise to changes in the
observed temperature realization and the resulting covari-
ance with the observed temperature power. Based on this
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intuition, we anticipate that the covariance can be
mitigated by the realization-dependent N © correction of
the reconstruction power bias (see Sec. VA4 for
confirmation).

2. Magnitude and structure of the correlation matrix

In Fig. 4(a) we plot the power correlation resulting from
the power covariance in Eq. (35) (denoting L, = L and
L, = L' for convenience),

correl(C¢¢ CLT expt)

b
_ COV(CLd) CLT expt) ‘ (37)
Jvar (C¢¢ + N(O) + N(l))varG(C

expt)

We plot the correlation of the unbinned spectra. Note that if
the covariance is broadband (i.e., roughly constant over the
bin width) the correlation of (sufficiently finely) binned
power spectra will increase roughly proportionally to the
square root of the product of the two bin widths. The
Gaussian variance of C7’. . in the denominator of
Eq. (37) contains the beam-deconvolved noisy temperature
power spectrum (18), so that high temperature multipoles
are suppressed.

The unbinned power correlation shown in Fig. 4(a)
is mostly constrained to a conelike region in the
Ly vs Ly plane, with the maximum correlation of 0.5%
located at the first acoustic peak Ly ~ 200 and lensing
reconstruction multipoles 1600 < L4 =< 1900. To under-
stand the basic structure of the correlation in Fig. 4(a) we
compute approximations to Eq. (35) in the limits Ly < L
and Ly < Lr.

For Ly < Ly, the weights in Eq. (35) restrict the sum-
mation from /; = L, — Ly toly = Ly + L. If we Taylor
expand in /; around L4, we get

-~

- 0
1000 1500 2000 2500 0 500
1z
(a) Theoretical noise contribution

0 500

FIG. 4 (color online).

1000 1500 2000 2500 500

(b) Simulations

PHYSICAL REVIEW D 88, 063012 (2013)

~dd Ly<Ly
correl(C ’ CLT expt)d1sconn

~ [L¢(L¢8J:71)] Ay JeLr + 2L, + 1)

Ly(Ly + DCIT
Ly(Ly + I)CL " ot

(38)

Recalling that A, = N(LO; for optimal weights, we see

from Fig. 1 that the first term slightly increases with L.
The last term is maximized at the first acoustic peak
Ly ~200 and at the reconstruction multipole 1600 =
Ly, = 1900 where the observed temperature power
CL expt 18 minimal (for the Planck-like noise and beam
c0n51dered here). In this region Eq. (38) gives a correlation
of around 0.4-0.5%, which agrees with Fig. 4(a).
Equation (38) also implies that lower noise in the tempera-
ture power spectrum would move the peak position to
higher reconstruction multipoles L. The cone structure
in Fig. 4(a), with apex at (L4, L7) ~ (1600-1900, 200) and
edges Ly — Ly = (1600-1900) =< L4 + Ly, encloses the
region for which the sum over /; includes the maximum of
1/C!T I, expr around [ = 1600-1900. A similar argument can
be applied for the cone patterns in the L, =< 200 region.

For high temperature and low reconstruction multipoles,
L4 < Ly, we can Taylor expand Eq. (35) in /; around Ly
(see Ref. [26] for a similar calculation):

Ly<Ly
disconn

correl(Cd"’S, cr Lr expt)

QLy+ QL + 1)
4

[L¢(L¢+l)]2A2 ( cff

2m(Ay, + c""/’) cir expt

o ll:(dln (L%Cg))z N l(dlnCiTT)z] (39)
4\ dinz, 2\dinz, ) |

x 10°
o! l

1000 1500 2000 2500

S

w

8]

—_

(=}

—

(c) Simulations with emplrlcal N© subtraction

(a) Theoretical noise contribution from Eq. (35) to the correlation of unbinned power spectra of the lensed

temperature and the reconstructed lensing potential, correl(é‘ff, C’Lfiexpl). The acoustic peaks of the temperature power spectrum are

visible in the vertical direction. (b) Estimate of the correlation of unbinned power spectra from 1000 simulations. (c) Same as (b) after

subtracting the empirical N bias of Eq. (17) from ol
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where we have neglected Nél) and used Ay, = (LO) The

quadrature sum of derivatives in the last term is maximal
between acoustic peaks and troughs at Ly ~ 350, 625, 925,
1225, 1550, 1850, etc., which agrees with the temperature
multipoles where the full correlation shown in Fig. 4(a) is
maximal (for Ly = 200).° The maximum value of the
second line of Eq. (39) is around 36 (for Ly < 2700). If
we neglect Cff compared to A, which is roughly accept-

able for Ly = 10, then the first term in Eq. (39) is around
2 X 1077 (see Fig. 1); i.e., for L, < 10,

Ly<Ly

A
correl(C¢¢ Ly LT cxpt)dmconn

<2Xx1077 X 5\/(2L¢ + 1)Ly + 1) X 36 (40)

For example, for Ly = 10, Ly = 1500 the bound is
9 X 10™* which is consistent with the full result shown
in Fig. 4(a).

3. Comparison with simulations

Before assessing the relevance of the noise contribution
to the covariance for parameter estimation, we compare
the analytic result in Eq. (35) with the full covariance
estimated from our simulations. For the latter we use

1 Nslms

L’ cxpt) = N, —1 Z (éf,(f - <6f¢>sims)
Nsims 1 s=1

(CL’ expts <CL/ expt>sims)r (410

where s labels different realizations and ()¢ denotes the
average over N, realizations. To reduce the noise of the
estimates from the finite number of simulations, we aver-
age the measured covariance over a range of L and L'
values,’

cov(C

/ —
1 1 Lig—1Lj 71

ALALL [L(L; + DPLYL, + 1) LZL,

L'= L’

X [L(L + DPL(L' + D)aow(CP, ¢TT), (42)

where L; and L' are bin boundaries for lensing and tem-
perature powers, respectively, and L; and l_,; denote the

®The correlation at high Ly is suppressed by the noise
in CL expts which is used to normalize the covariance in Eq. (37).

"Note that for broadband covariances, this binning procedure
does not bias the covariance estimate; i.e., the binned covariance
agrees with the unbinned covariance in the limit of averaging
over infinitely many simulations. However, for a finite number of
simulations, the binned covariance is less noisy than the covari-
ance estimate at a single (L, L') pair. Note also that binning the
estimated covariance is equivalent to estimating the covariance
of the binned spectra.

PHYSICAL REVIEW D 88, 063012 (2013)

corresponding bin centres. The bin widths are AL; =
Liv1 —Ljand AL, = L' | — L}. We divide out L(L+1)
prefactors to average over relatively slowly varying
quantities. In Fig. 4(b) we plot the estimate of the correla-
tion that unbinned power spectra would have. This is ob-
tained by dividing the covariance estimate of Eq. (42) by
the theoretical Gaussian variance of unbinned power spec-
tra as in Eq. (37) [evaluated at (L;, l_,;)]. Within the random
scatter from the finite N, the estimated correlation
agrees with the theoretical noise contribution of Eq. (35).
We can also conclude that the noise contribution is the
dominant part of the temperature-lensing power correlation.

4. Mitigating the noise contribution with the
empirical N'© bias correction

In practice, it is desirable that the temperature and
reconstruction power spectra are uncorrelated so that their
respective likelihoods may be simply combined. Indeed,
this is the assumption that has been made in all joint
analyses to date [12,13,19].

Fortunately, the empirical N© gubtraction, which was
originally proposed in Ref. [26] to eliminate the nondiagonal
reconstruction power autocovariance (28), also removes the
noise contribution [Eq. (35)] to the temperature-lensing
power cross-covariance. To see this note that if the empirical
bias correction of Eq. (17) is used, the cross-covariance
changes by

a(zN“”)

0

—cov(2N', €T 7 exlm) E s (Cz exptr {’Texpt)
L expt

- _COV(C¢¢; CL/ expt)disconn + (9((7{)2)
(43)

We establish a more general version of this result in
Appendix B, where we show that the generalization of the
N correction for anisotropic surveys removes the noise
contribution to the covariance with any quadratic estimate
(including, e.g., cross-spectra) of the temperature power
spectrum. We confirm the reduction in the cross-covariance
with simulations in Fig. 4(c). Corrections to Eq. (43) from the
non-Gaussian terms in the covariance of the temperature
power spectra [see Eq. (24)] at O(¢$?) and O(¢*) reach at
most 3 X 1077 in the correlation, which is roughly 1 order of
magnitude smaller than the matter cosmic variance contribu-
tion discussed below (see Fig. 5(a)). These corrections are too
small to be visible in Fig. 4(c) and we neglect them in the
following.

B. Matter cosmic variance contribution

1. Warmup: Power covariance of input lensing
potential and lensed temperature

We expect the cosmic variance of the lenses to induce
a power correlation of the lensed temperature with the
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lensing reconstruction since greater lensing power in a
given realization leads to additional smoothing of the
empirical temperature power spectrum. As a warmup, we
calculate how the same effect gives rise to a covariance
between the power spectrum of the temperature and the
(unobservable) power spectrum of the lensing potential, as
if we were able to measure ¢ directly with no noise. This
correlation can be extracted from simulations simply by
measuring the correlation of the power spectra of the
lensed temperature and the input lensing potential without
performing any lensing reconstruction. To calculate the
covariance perturbatively, note that for a fixed realization
of the input lensing potential ¢;,, the lensed temperature
power spectrum obtained by averaging only over the
unlensed CMB is given by (L' # 0),

2L/+lz<|TL’M’| )ems
TT 4 binbin ~TT 12 _p TT
=7 2L’+1ZC CITF3, , —RL(L'+1)C!]
aCtT
chT Z L Cf;lnd’m_ (44)
L” L//

Here C%»%n denotes the empirical power spectrum of the
input lensing potential realization ¢;,,® and R is defined by
replacing C%? in Eq. (26) by C%»®»_ The first line of Eq. (44)
can be derived from the expansion in Eq. (2) at second order in
¢;,. The term linear in ¢;, vanishes because it is proportional
to the monopole of ¢;,. In Eq. (44) we neglected noise in the
temperature measurement since this does not contribute to
the covariance that we aim to calculate. The derivative in the
second line of Eq. (44) is given by Eq. (27). Neglecting the
T-¢ correlation, we then have

COV(C¢m¢m CLI expt)

<C¢m¢7m<cLl expt>CMB>LSS <C¢m¢m><cLl expt>
actt

(o85G ,
ac??

2L+l

(45)

where () g5 denotes an average over realizations of ¢
(i.e., over large-scale structure).

2. Power covariance of reconstructed lenses and lensed
temperature from the connected 6-point function

The power covariance [Eq. (33)] of the reconstructed
lensing potential and the lensed temperature receives con-
tributions from the connected 4- and 6-point functions, as
well as the Gaussian (disconnected) part. The leading-order
trispectrum is linear in C#¢ and so cannot give rise to the

SWe denote this as ¢;,, while the reconstructed lensing
potential is ¢. Recall that C denotes theoretical and C empirical
power spectra.
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expected matter cosmic variance contribution calculated
above. The trispectrum contributions are discussed in detail
in Appendix D and are shown to have a subdominant effect
on parameter estimation (see Fig. 8 below). We therefore
focus here on the contribution from the connected 6-point
function. Terms independent of ¢ do not contribute to the
connected part, and terms linear in ¢ vanish when averag-
ing over large-scale structure. Since the ¢ contribution can
be shown to vanish [43] as well as ¢> terms which vanish
for Gaussian ¢, the leading-order contribution is of order
¢*. The O(¢*) contribution from the connected 6-point
function to the temperature-lensing power covariance is
calculated in detail in Appendix E. The dominant contribu-
tion there [Eq. (E8)] is exactly of the form calculated above
[Eq. (45)] for the power covariance of the input lensing
potential and the lensed temperature.

3. Magnitude and structure of the covariance matrix

The correlation of unbinned temperature and lensing
power spectra due to Eq. (E8) is at most 0.04%
(see Fig. 5(a)). Since higher lensing power lowers the
acoustic peaks and increases the troughs of the temperature
power spectrum, the correlation is negative at multipoles
L, where the temperature power peaks and positive where
it has a trough. The correlation is small for L, = 150
because the acoustic peak smearing is mainly caused by
large-scale lenses [38].

The approximate covariance matrix between [L(L +
1)]26f¢/(2w) and L'(L' + 1)CIT/(2a), calculated from
Eq. (ES8), is shown in the left-hand panel of Fig. 6. By
performing a singular-value decomposition of this matrix,
we find that it has a very low-rank structure. For example,
retaining the multipoles of the reconstruction to L = 500
(and up to L’ = 2500 for the temperature), the first singular
value is 34 times larger than the second. The covariance
matrix can be accurately approximated in rank-one form,

. ([L(L+ DRES L +1elT
\'

, = A\ uyvy,
27 27 )(Eg) 1HLEL

(46)

as shown in the right-hand panel of Fig. 6. Here, the leading
singular value A; = 8.3 X 1078 wK?; the corresponding
(normalized) singular vectors u; (for the reconstructed
lensing power) and v;/ (for the temperature power) are
plotted in Fig. 7. The significance of the rank-one covari-
ance is that cosmic variance of the lenses produces corre-
lated changes in the measured lensed temperature power
spectrum with definite shape given by v;,. Moreover,
¢

cosmic-variance fluctuations in that are orthogonal

to u; do not influence C17.
We can understand the low-rank stucture of the

covariance by evaluating the derivative 6CZ,T / 8C‘Lf)"5 with
the flat-sky form of Eq. (25). Following Ref. [28] we have
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(a) Theoretical matter cosmic variance contribution

FIG. 5 (color online).
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(b) Simulations

(a) Theoretical matter cosmic variance contribution, from Eq. (E8), to the correlation of the unbinned power

spectra of the reconstructed lensing potential and the lensed temperature anisotropies. The covariance is converted to a correlation

following Eq. (37). (b) Measured correlation ccTr?el(sz%, CA'Z

CZ) of the power spectrum of the input lensing potential and the

difference of noise-free lensed and unlensed temperature power spectra from 1000 simulations.

CIT = (1 - L?R)CIT

P
2n? [(L' -

where R is given by Eq. (26). It is clear from Fig. 6 that
the covariance is only significant between large-scale lens
modes (L <100) and intermediate- and small-scale
temperature modes (where lensing has a significant effect
on the power spectrum). In the limit L < L', and for L
small compared to the CMB acoustic scale, we can Taylor
expand CIL’ | in Eq. (47) to obtain

L) LPc?? 47)

IL’ L]’

actl 18 [ , d (L’(L’+ 1)C{,T)
ac¢¢ 16L"2 dL’ 27

43 d? (L’(L’ + 1)C{,T)]

48
dL"? 2 “48)

at leading order in L/L’. Since this is a rank-one matrix,
the same is true of the covariance between (Aff‘/’ and
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FIG. 6 (color online). Left:

The approximate contribution to the covariance between [L,4(Lg +

CA’{,T We can read off that the singular vector v,/ in
Eq. (46) is

vy % SLI

L'(L' + 1)CIT

( 2 )

da (L'(L' + 1CrT
dL’2< 21 )’

dL’

+ 3L"? (49)

which agrees well with that determined directly by
singular-value decomposition (see Fig. 7). This singular
vector is also similar to the change in CI7 due to lensing
over the acoustic part of the spectrum, where the dominant
contribution is from large-scale lenses. Finally, we note
that the rank-one structure of the derivative dCT7 /9Cy? is
consistent with the findings of Ref. [38] where it is shown
that the lensed temperature power spectrum is sensitive to

essentially a single mode of Cfd’.
-10
2500 x 10
4
2000
- 2
-
1500 { sm—e"
. - 0
~ —-—
1000 | s—
-— o
5001 %
-4
0
0 100 200 300 400 500

Ly

1)]2c"""’ /() and

Ly(Ly + l)C{T/ (277) from cosmic variance of the lenses, derived from Eq. (E8). Right: The rank-one approximation to the matrix

on the left from retaining only the largest singular value.
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Singular vectors u; (left) and vy (right, black) of the matter cosmic variance contribution to the

covariance between [L(L + 1)]2C¢¢ /Q2m) and L'(L" + l)C / (277) corresponding to the dominant singular value; see Eq. (46).
The approximation of Eq. (49) is shown in red dashed lines on the right.

4. Comparison with simulations

Before assessing the importance for parameter
estimation of the matter cosmic variance contribution to
the cross-covariance, we validate it against simulations.
The measurements of the temperature-lensing power cor-
relation in Fig. 4(b) are too noisy to resolve clearly the
matter cosmic variance contribution. However, we can test
Eq. (45) by correlating the lensed temperature with the
empirical power spectrum C%»®n of the realization of the
input lensing potential without performing any reconstruc-
tion. To reduce the noise of the covariance estimate, we
work with the empirical power of the lensed temperature
without including beam effects or noise, which do not
affect the matter cosmic variance effect we are looking
for. Since we have so far neglected 7-¢ correlations in all
calculations, we try to eliminate correlations between the
lensing potential and the unlensed temperature in the
simulations by calculating Sov(Cy»%n, ¢TT — €T). Here,
C %% is the empirical power of the input lensing potential
and CT7 is the empirical power of the unlensed tempera-
ture. Additionally, subtracting the unlensed from the lensed
empirical temperature power reduces the noise of the
covariance estimate because it eliminates the scatter due
to cosmic variance of the unlensed temperature. Otherwise,
our estimate of the covariance follows the procedure
described in Sec. VA 3. As shown in Fig. 5(b), these
broadband estimates are consistent with the theoretical
expectation from Eq. (45).

5. Mitigating the matter cosmic variance contribution

As we shall show in Sec. V D, the impact on parameter
errors of ignoring the covariance between the lensed tem-
perature and reconstruction power due to cosmic variance
of the lenses is small for an experiment like Planck. Indeed,
this is why the covariance is not accounted for in the
current Planck likelihood [13]. However, the covariance

is simple to model using Eq. (E8) and could easily be
included in a joint analysis. Equivalently, the covariance
could be diagonalized by appropriate modifications of
the empiricial temperature or lensing power spectra. A
symmetric way to do this, mirroring the empirical N©
correction that we advocate applying to the empirical
lensing reconstruction power, is to modify the measured
temperature power spectrum by

Cl expt l expt ZAIZ’ 7)(/) (O))
(ZAH/( e =28, (50)
where
acTt [ c?¢\?
Ay =— : (51)

bd Add
aC; " \(Cy?)
The expectation value is introduced in Eq. (50) to preserve
the mean value of C77 Lexpt- The construct (c? f / <C ))2 acts

like a Wiener filter on the empirical spectrum co? i

2N(O) The effect is to ““delens” the lensed temperature
power spectrum with the (CMB-averaged) lensing effect
from any scales in the reconstructed potential power spec-
trum where the signal-to-noise on the reconstruction is
high. In practice, high signal-to-noise lens reconstructions
are never achieved with reconstructions based only on the
temperature.

An alternative procedure is suggested by Eq. (46):

project out from Cf¢ the dominant singular vector u;.
Although this is lossy, it does have the virtue that the 7 T
part of the likelihood is left unchanged. We discuss the
effect of such a lossy projection on the errors of amplitude
estimates in Sec. VD 1.
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TABI:E II Covariance types UU and VV that are picked up by power covariances
cov(C ) according to Eq. (52). Lensed power spectra are denoted with tildes, and for
TT the VV covariance should be understood to correspond to C!!  including noise. The

notation ¢pd —2N© + N© stands for CF¥ CW
variance in the first term of Eq. (52) involves <C T
involves (C{‘i’)z. The symbol — means that the corresponding contribution is cancelled or can be

neglected. For the temperature-lensing covariances in the bottom two rows, the leading
trispectrum contribution of Eq. (D4) should be added to Eq. (52).

Lexpt
N(O) + NEO , and in this case the Gaussian

¢>2 while the Gaussian covariance with CA’{,T
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XY, ZW UU VV  Equation here Reference

Any combination of 7T, TE, EE op - (24) [40]

BB, BB ¢ EE [40]

b, q§q§ TT  (29) and (30)  [26,32] and this work
dd —280 + NO fp —2N0 + NO  _ - (29) [26]

od, TT ¢¢p TT  (E8) and (36) this work
bd —2N0 + NO_TT bd - (E8) this work

C. Toward a complete model for power covariances

The power covariances of Egs. (30), (36), and (ES8)
can be regarded as a natural extension of the model for
temperature and polarization power covariances found in
Ref. [40]. We can summarize the covariances in the unified
form

cov(CYY CE) = 8, covg(CFY, C’f,w
aCy” oy 0CEY
+ z CUUco (C BCIUU
”I !
aCH ICEY
+ crv, ey , (52
%aq cov( )aclV,V (52)

where U and V are listed in Table II for different combi-
nations of XY and ZW. In this context we make the
identifications

act? y ac;{j‘f’_ (2N(L°>). 53
ac¢¢ aciT aCIT

The first term on the right of Eq. (52) is the Gaussian
covariance that would arise for Gaussian fields X, Y, Z,
and W.

The general formula of Eq. (52) does not include
trispectrum contributions to the temperature-lensing
covariance, but the dominant correction has a simple
form [Eq. (D4)], which can be added straightforwardly to
the covariance. Generally, terms involving C*% in Eq. (52)
can be neglected. While we evaluated derivatives pertur-
batively in ¢, nonperturbative corrections can be included
from numerical derivatives of accurate lensed power spec-
tra [40,41]. However, we do not expect these corrections to
be significant here. All combinations listed in Table II have
been verified with simulations in Refs. [26,40] or in this
work. Extending the covariance model to polarization-
based lensing reconstructions would be interesting but is
beyond the scope of this paper.

D. Impact of correlations on parameter estimation
1. Lensing amplitude estimates

As a first step in assessing the impact of covariances
between the temperature and lens-reconstruction power
spectra on parameter estimation, we consider constraining
an overall amplitude parameter A of a fiducial lensing
power spectrum, C;M’ = ACfsd’Iﬁd [8] with all other
parameters fixed. The value of A = 1 corresponds to lens-
ing at the level expected in the fiducial model, while A = 0
corresponds to no lensing.

The lensing amplitude can be estimated from the recon-
structed lensing potential with

S P eovi (€ = NP = NiD)

A=
ZLL C¢¢(COV )LL/CLr¢

N EL))

where cov bd denotes the autocovariance of the recon-

structed lensing power given by Eqgs. (28) and (29), eval-
uated for A = 1. Equation (54) is the maximum-likelihood
estimator for the lensing amplitude if the likelihood is
modeled as a multivariate Gaussian in the empirical
power spectrum of the lensing reconstruction. This form
of the likelihood will be motivated later. Alternatively, the
lensing amplitude can be extracted directly from the lensed
temperature power spectrum without invoking lensing
reconstruction by

Ao Zl(cl expt Cng;ﬁpt)(COVTT expl)ll(CfT

S CIT,T — CIT)*(cov

— C;‘T)

., (59)
TTexpl)”

where the autocovariance of the temperature power is
approximated by its leading-order diagonal piece [see
Eq. 24)].

Since the reconstruction-based amplitude A is linear in
the empirical reconstruction power and the temperature-
based amplitude A" is linear in the empirical lensed
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temperature power, the covariance of A and A’ involves the
temperature-lensing power covariance that we computed
earlier,

cov(d, A) = o302, Y c‘f”’(cov )zl/COV(Cl, LCTT o)
l Z/ l//

X (COV )]”]”(Cl/r C[H s (56)

where the standard deviations are’
1/2
I:ZC¢¢(COV )II/C ] ,
L

Oy = [Z(CZTT - CTT)z(COVTTCXpt)zz:I
I

(57)

1/2

The covariance of A and A’ can be measured in Ny,
simulations with

slmc

C/OTI(A’ AA,) - — Z (A <AA>91ms)(A\/x - <Al>sims)’
Ns1ms 1

(58)

where s labels different realizations. We get the correlation
by dividing by the theoretical standard deviations of
Eq. (57). Approximating the spectra as Gaussian Variables
the variance of the estimated covariance is o307 +

[cov(A, A) T2, i.e., the variance of (A — 1)(A’ — 1), divided
by Ngms — 1.7 If we ignore the (small) correlation be-
tween A and A’ , the theoretical standard error of the
measured covariance is therefore o0 4///Ngms — 1; i.€.,
the theoretical error of the estimated correlation is roughly

1//Ngms — 1 = 3.2% for 1000 simulations.
Figure 8 shows that the lensing amplitude correlation

measured in our simulations agrees well with the theoreti-
cal correlation of Eq. (56) if all contributions to the
temperature-lensing power covariance are taken into

°If no empirical N subtraction is used, we evaluate o, with
nondiagonal reconstructlon power autocovariance, which gives
gy = 2.7% if 12.x = 500 for our noise and beam specifications.
The estimated sample standard deviation of A from simulations
is larger by a factor of up to 1.07 compared to the theoretical
expectation. If the N© subtraction is used, we evaluate o, with
diagonal reconstructlon power autocovariance, which yields
o, = 2.5-2.6% for lmax = 500. The estimated sample standard
deviation from simulations is larger by a factor of at most 1.05.
The modest reduction in o, with empirical N subtraction is
expected given the origin of this estimator as the approximate
maximum-likelihood estimator for the trispectrum (see
Appendix B). For the lensing amplitude A’ estimated from the
temperature power spectrum, we find o =~ 3.9% for IL,, =
2002 and our Planck-like noise model. The estimated sample
standard deviation from simulations is larger by a factor of 1.01.
YAs a product of two approx1mately normally distributed
variables, the random variable (A, — (A)gme) (AL — (A)gms) iS
not normally distributed. However, the average over N, =
1000 realizations is approximately normally distributed due to
the central limit theorem.
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account. As one of the main results of this paper, we find
that the correlation is at most 7% if the realization-
dependent N © gubtraction [Eq. (17)] is used. Without
this N© subtraction, the correlation can reach up to 10%
because the disconnected noise contribution of Eq. (35) is
not cancelled. A plausibility argument for the relatively
small level of amplitude correlations is presented in
Appendix A. Briefly, the disconnected noise contribution
is small since the temperature modes that bring most
information to the reconstruction are in between acoustic
peaks and troughs, but the temperature modes that influ-
ence A’ most strongly are at the peaks and troughs. Since
these disjoint modes vary independently, the amplitude
correlation is suppressed. The matter cosmic variance con-
tribution to the amplitude correlation is small since the
errors in the measurements of A and A’ are dominated by
cosmic variance of the temperature, not the lenses.
Figure 8 also illustrates the relative importance of the
individual covariance contributions derived above. The
dominant effect comes from the matter cosmic variance
contribution [Eq. (E8)] which induces an amplitude corre-

lation of around 4-5% for any lr‘flax = 100. The discon-
nected noise contribution [Eq. (35)] implies a slightly

smaller amplitude correlation of 3—4% for lmax = 300.!
An additional contribution to the temperature-lensing
power covariance comes from the lensed temperature tris-
pectrum discussed in Appendix D. The dominant term
[Eq. (D4)] gives rise to a 2% lensing amplitude correlation.
The agreement between simulations and theory in Fig. 8
gives us confidence that the power correlations modeled
here include all relevant contributions for amplitude
measurements.

Instead of fixing 1

to consider the disjoint reconstruction bins [lmm, ax] =
[40, 84], [85, 1291, [130, 174], ..., [355, 400] used for the
Planck analyses in Refs. [13,17]. If the realization-
dependent NO g used, the theoretical correlation of the
lensing amplitude estimated from one of these bins alone
with the lensing amplitude estimated from the temperature
power (for [T, = 2002) is 5, 3.6, and 2% for the first three
reconstruction bins and decreases further for the remaining
higher-/ bins. This is consistent with the correlations esti-
mated from our 1000 simulations. In particular, this result
shows that the lensing amplitude estimated from the tem-
perature power spectrum and the reconstruction amplitudes
used in the Planck lensing likelihood [13] are nearly
uncorrelated, which justifies neglecting this correlation in
the likelihood.

oin = 2 and varying [ itis worthwhile

11Although for the power spectrum cross-correlation the maxi-
mal noise contribution is about 1 order of magnitude larger than
the maximal matter cosmic variance contribution, the latter can
be more relevant for the correlation of amplitude estimates
because of the phase argument given in the text.
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(a) No N(® subtraction (b) With N subtraction

FIG. 8 (color online). (a) Correlation cg\rrel(A, A') = Cov(A, A") /(040 y) of the lensing amplitude estimates of Egs. (54) and (55)
measured in 1000 simulations (blue crosses), if no empirical N© subtraction is applied. The theoretical correlation from Eq. (56)
(black) includes the noise contribution of Eq. (35), the matter cosmic variance contribution of Eq. (E8), and the dominant connected
4-point contributions from Egs. (D2) and (D4). In the simulations the lensing potential is reconstructed from the lensed temperature

power spectrum up to /555, = 2750. Then, A is estimated from C¢¢ from lfnn = 2 up to the multipole lmax, which is varied along the
horizontal axis. The amplitude A" is estimated using C, expt Up 1O IT .« = 2002. Theoretical expressions are evaluated with
the same cutoffs (nondiagonal covariance matrices are cut off before inverting them). Error bars show standard errors on the
measured correlation. The errors are very correlated because they all involve overlapping low-/ reconstruction modes. (b) Same as (a)

but with empirical N subtraction. Since this removes some covariance contributions, the theoretical covariance is given by Eqs. (D4)

and (ES8) only.

For experiments with superior noise and beam
characteristics, the matter cosmic variance contribution
to the temperature-lensing power covariance does not
change, but the lensing amplitude errors decrease. We
therefore expect the corresponding amplitude correlation
to increase. For example, for a full-sky experiment with
SPT-like noise and beam specificiations, oy =18 uK
arcmin and ogwy = 1 arcmin, the amplitude correlation
from the matter cosmic variance contribution alone is

around 10-11% for I1,, = 2002 and 124 = 500-1000.

2. Combined lensing amplitude estimate

We have presented two estimators of the lensing
amplitude: A is linear in the reconstruction power, and Al
is linear in the CMB power. These two estimates can be
combined with inverse variance weighting,

. 1 A A
ot o \oy oy

This combined estimator is the maximum-likelihood
estimator for the lensing amplitude if A and A’ are assumed
to be uncorrelated. If there is a correlation between A and
A, this does not change the expectation value of AC, but it
does change its variance, which is then given by'?

2To first order in the correlation, this sampling variance of the
combined A is the same as the sampling variance of the optimal
combined estimate that takes account of the correlations.

Oy + O'A/)_Z

Var(AAc) = (TA(_TAI(
[y 04

X [(UA + ﬂ) + 2 correl(A, A’)]. (60)
(W T4

A correlation between A and A’ therefore increases the 1o

error of the combined estimator (59) by a factor of

UAclcov(A,A’)qﬁO:\/l n 2(04/04)
T a.coviaan=o 1+ (o4/0on)?

=41+ correl(A, A")

compared to the error if A and A’ were uncorrelated. Since
correlations between A and A’ were found to be at most 7%
if the empirical N © subtraction is used, the 1o error of the
combined lensing estimate changes by at most 3.5% for
Planck (5.5% for the full-sky SPT-like experiment men-
tioned above). Noting that this is the error on the error bar,
the correlations between A and A’ found above can be
safely neglected when combining these two estimates of
the lensing amplitude.

We briefly introduced a projection technique in
Sec. VBS5 to remove the covariance between the recon-
structed lensing power and the lensed temperature power
spectrum due to the cosmic variance of the lenses. A
simple way to perform the projection is to modify the
covariance matrix (cov )11/ in Eq. (54) by adding
MNuuy, where u; is the dominant singular vector in
Eq. (46), and taking A’ to infinity. To the extent that the

correl(A, A')

(61)
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covariance between the lensing and temperature power
spectra is really rank-one, this procedure removes the
correlation between A and A’ exactly. However, the vari-
ance of A is increased by projection: it is still given by
Eq. (57) but with the modified (cov P ¢3)”" For 12, = 500,
we find that o4 is increased from 0.025 to 0.042, i.e., a 70%
increase. This falls to 60% for lr‘fm = 1000. The reason for
the large increase is that u; is rather similar in shape to the
signal whose amplitude we are trying to reconstruct. Given
the large increase in the error on A, and that ignoring the
effect of the covariance between the lensing reconstruction
and temperature power spectra is relatively harmless, we

6LL’VarG (CZixpt)
— 280, T

COV L1/ joint = COV(QL: QL’) = Y
1o cov(CP?

Fisher errors are obtained by taking the square root of the
diagonal entries of the inverse of the Fisher matrix

aCy
jZZ_L =

) /—

< _]omt LL 3Pj
for cosmological parameters p = (Q,h% Q. h% h, 1,
Ay ng, Q,h% Q) and theoretical power spectra C =
(CTT, C9%) (assuming cosmology-independent N@ for
simplicity). Including the off-diagonal temperature-lensing
covariances of Egs. (D4) and (ES8) in Eq. (62) increases the
Fisher errors for these parameters by at most 0.7% [0.5% if
only Eq. (E8) is used] compared to a completely diagonal
covariance matrix."> The off-diagonal part of the joint
covariance matrix can therefore safely be neglected for
cosmological parameter estimation with a Planck-like
experiment.

F;

(63)

VI. TOWARD A LENSING LIKELIHOOD

As argued in Sec. I, dealing with the exact likelihood
for the lensed CMB temperature is generally computation-
ally prohibitive. For this reason, we have focused on a
form of data compression whereby the non-Gaussian
lensed CMB is represented by its 2- and 4-point functions
(the latter via the lensing reconstrucion power spectrum).
In computing the correlations between these spectra, we
have implicitly been assuming that the likelihood takes the
form of a multivariate Gaussian in the spectra. In this
section, we test the accuracy of this assumption in simple
parameter-estimation exercises.

13To obtain accurate derivatives for the Fisher matrix,
we assumed a fiducial cosmology with massive neutrinos,
Pria = (0.0226,0.1123,0.704,0.087,2.167 X 10~°,0.963,0.005,0),
which differs slightly from the cosmology used throughout the
rest of the paper. The Fisher errors were computed for /7, =

2002 and 12, = 1002.
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do not advocate the use of projection to remove the
correlations.

3. Cosmological parameters

We naively expect the impact of power correlations
on cosmological parameters to be smaller than for the
lensing amplitude because the latter is directly related
to the lensing potential on all scales and can therefore
accumulate contributions from the full power covarian-
ces. We confirm this with a simple Fisher analysis.
The covariance matrix for the joint data vector

¢ = (CTT, %% — 20O + NO) i
Add 5 x(0)
cov(Cll g €77 = 281) ) )

expt) Oppvarg (<éf¢ )

|
A. Lensing amplitude from lensing reconstruction

As a toy model, we first aim to constrain the lensing
amplitude A from the lensing reconstruction alone.
Considering an isotropic CMB survey, with Planck-like
noise as described earlier, we consider two simple models
for the likelihood, both of which depend only on the
empirical power spectrum of the reconstruction. The first
is the usual isotropic likelihood for a Gaussian field:

—21n L,($lA)
;?nfs
Z(zz + 1)<¢7N1
+ (const). (64)

+In|AC?? + Nl|>

This would be correct if QAS were a Gaussian field. However,
since the reconstruction is manifestly non-Gaussian, we do
not expect this likelihood to perform well. The second is

Gaussian in the empirical power spectrum 99,
—21n £,(C%%)4)

= >t

Ll

X [C? — (AcP?

- (AC;M + NI)](COV;(;;)II’

+ Ny)] + (const). (65)

The theoretical reconstruction power autocovariance
COViygo given by Egs. (28) and (29), and the bias of the

reconstructed lensing power, N = N© + N are eval-
uated for the fiducial amplitude A = 1. The empirical
N© subtraction is obtained by replacing N with N =
2N© — NO + NO For £, the maximum-likelihood
estimate for A (given a realization of the lensing recon-
struction) is found numerically by direct evaluation of L
for various A. The maximum likelihood estimator for A
based on the second likelihood £, is given by Eq. (54).
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FIG. 9 (color online).

(e) L2 with non-diagonal, non-Gaussian
covariance: good

(f) L2 with empirical N subtraction
and diagonal covariance: good

Likelihoods for the lensing amplitude for 15 different realizations (thin, colored lines), using the lensing

reconstruction up to l,‘f’]ax = 2650,Acompared with the scatter in the best-fit amplitude obtained over 1000 simulations. Each likelihood
peaks at some best-fit parameter A, and the mean and scatter of these best-fitting amplitudes over all 1000 simulations correspond to
the Gaussian curves (thick black). The upper panels show £, from Eq. (64), while the lower panels show £, given by Eq. (65). All

curves are normalized such that their integral over A is unity.

We compute estimates A of the lensing amplitude for
1000 realizations of the lensed CMB. The sample mean
of A should be unity, and the sample variance of A, i.e., the
scatter of the best-fit amplitude over different realizations,
should agree with the typical width of the likelihood eval-
uated for a single realization. Checking these two properties
provides a nontrivial test of the likelihood L. In contrast,
for L,, rather than testing the accuracy of L£,, the sample
mean and sample variance of A just test our understanding

of the mean and covariance of C%?.'* This test is still useful
to check for residual biases and the accuracy of our model
for the reconstruction power covariance.

Figure 9 compares the likelihood evaluated for several
individual realizations (colored) with a Gaussian (black)
with mean and standard deviation given by sample mean
and standard deviation of A averaged over all 1000

“This is because the estimated lensing amplitude [Eq. (54)] is
linear in C%¢. For example, if the true likelihood depends on the

third power of C “3‘2’, it would be possible that this only shows up

in the skewness of A. This issue will be addressed later by
considering the tilt of the lensing power spectrum, which
depends nonlinearly on the reconstruction power.

realizations (for l,‘f’lax = 2650 and our Planck-like noise
model). Including the NV bias is important at high
multipoles for both likelihoods: e.g., without it, £; over-
estimates the lensing amplitude by 9%; see Fig. 9(a).
Including the N bias in £, yields the correct lensing
amplitude A = 1 in the mean, but the scatter of A over
realizations is more than 30% larger than the typical width
of L, in a single realization; see Fig. 9(b). The likelihood
L, underpredicts the error of A because of the non-
Gaussianity of (;AS This is demonstrated in Fig. 9(c), for
which we replace the reconstructions with Gaussian simu-
lations of a field with power spectrum Cfﬁ"5 + NZ(O) + Nl(l).
In this case, £, should be exact, and the scatter does indeed
match the widths of individual realizations.

In contrast, £, can partly model the non-Gaussianity of
é through the nondiagonal reconstruction power autoco-
variance. We compute A based on £, for different forms
of the lensing covariance. Neglecting off-diagonal contri-
butions to cov ;; gives likelihood-based errors for A less
than 80% of the scatter of A across the simulations; see
Fig. 9(d). If we include non-Gaussian, off-diagonal con-
tributions given by Eq. (28), we find that £, predicts the
scatter in A to better than 5%; see Fig. 9(e). Similar
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results are achieved with the empirical N O correction of
Eq. (17) and diagonal (Gaussian) reconstruction power
covariance; see Fig. 9(f).

B. Two-parameter likelihood tests with lensing
amplitude and lensing tilt

To test the likelihood approximation L£,, we use the
lensing reconstruction additionally to constrain the lensing
tilt n defined by

[\n
ct* = a(;) ¢l (66)

*

The pivot multipole /.. = 124 is chosen such that the Fisher
matrix associated with L, is diagonal [for lr‘ﬁax = 0(10%)],
implying that the parameters A and n are approximately
uncorrelated. The likelihoods for nine realizations are
compared with the scatter of the best-fit parameters over
1000 realizations in Fig. 10. If the nondiagonal lensing
power covariance of Eq. (28) is included, we find good
agreement (without empiricial N© subtraction). Note that
we have binned the reconstruction power in bins with
boundaries at

[ =12,13,35,75, 115,155,195, ...
(increasing by 40 above [ = 35). (67)

Similar results for the unbinned case will be summarized in
Fig. 11 below.

To quantify the level of agreement between the like-
lihoods for individual realizations and the scatter of their
best-fit parameters, we compare the areas of the confidence
contours shown in Fig. 10. We show in Fig. 11 the frac-
tional deviation of the areas of the Gaussian, with the
sample mean and sample covariance matched to the scatter

0.1
0
-0.1

0.1
e 0
-0.1

0.1
0
-0.1

1.1 09 1
A

(a) L2 with diagonal covariance

1.1 09 1 1.1

FIG. 10 (color online).
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of the best-fit parameters over realizations, from the aver-
age area of the likelihoods for individual realizations (i.e.,
the fractional deviation of gray background areas from
average areas enclosed by the solid lines in Fig. 10).
Neglecting the off-diagonal contribution to the lensing
power covariance, which is largest at high reconstruction
multipoles [26], gives narrow misshapen likelihoods that
underestimate the scatter across simulations. This is

particularly so for lr‘ﬁax = 1000 where the confidence areas
disagree by around 40-65%. Binning does not help
because it does not reduce the broadband correlations of
the reconstruction power. The agreement is better when the
nondiagonal reconstruction power covariance is used (the
disagreement of confidence areas is at most 14%).
Alternatively, if the empirical N©' bias correction and the
diagonal covariance are used, the confidence areas deviate
by at most 22%. If we assume circular contours, the frac-
tional deviation of the contour radiusis /1 +d — 1 <d/2
if d is the fractional deviation of the contour areas. Taking
this as the approximate fractional error of the marginalized
error bars of A or n shows that the error on the error bars
is smaller than 11% if the nondiagonal reconstruction
covariance or empirical N subtraction are used in £,.
Therefore, these two cases provide a reasonably accurate
model for the lensing likelihood in this test. If diagonal
reconstruction power covariance is assumed, and no em-
pirical N gubtraction performed, the error on the error
bars can reach 30% even if binning is used. It is also worth
noting that in this last case only the confidence areas
increase with lfflax; i.e., the analysis is clearly nonoptimal.

Note that in the above, ideally, we should use a histo-
gram of the best-fit parameters instead of fitting a Gaussian
to their scatter. This would test the tails of the distribution
much better because it would include possible skewness,

0.1
0
-0.1

0.1
0
-0.1

0.1
0
-0.1

1.1 09 1
A

(b) L2 with non-diagonal covariance

1.1 09 1 1.1

Likelihood test if lensing amplitude A (horizontal axis) and tilt n (vertical axis) are varied. Thick lines:

Contours enclosing 68, 95, and 99.7% of the probability for the likelihood £, (65) evaluated for nine realizations. Gray filled ellipses:
Contours of a Gaussian with central point and covariance matrix estimated from the scatter of the best-fit parameters over 1000
realizations. The lensing power autocovariance cov bb is assumed to be diagonal in (a), while (b) also includes the nondiagonal

contribution in Eq. (28). The reconstruction power is used up to lfﬁax = 1002 and is binned as described in the text.
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FIG. 11 (color online). Quantitative comparison of areas in the A vs n plane enclosed by contours of the £, likelihood. We show the
fractional deviation of the areas of Gaussians (with sample mean and sample covariance derived from the scatter of the best fit
parameters over 1000 realizations) from the average area in a single realization. Positive values mean that the width of the likelihood
typically underestimates the scatter of its peak across realizations. Results are shown for unbinned power spectra (dashed lines) and
power spectra binned according to the scheme of Eq. (67) (solid lines) and for 68% (black), 95% (blue), and 99.7% (cyan) confidence
levels. The maximum multipole of the reconstruction power is varied along the horizontal axis (only for three values which are
connected by straight lines to guide the eye). The lensing power autocovariance cov bé in £, is assumed to be diagonal in (a), while (b)

also includes the nondiagonal contribution of Eq. (28). Panel (c) is for empirical N© bias correction and diagonal covariance. The

contours in Fig. 10 correspond to the crosses at l,‘flax = 1002 in (a) and (b).

etc. However, we find that histograms from 1000 simula-
tions are too noisy to be useful for this purpose, giving
results that scatter significantly with changes in histogram
binning widths AA and An.

VII. CONCLUSIONS

To include the CMB lensing reconstruction power
spectrum in a joint likelihood analysis with the power spec-
trum of the temperature anisotropies requires knowledge of
the cross-covariance of the two spectra. We computed this
cross-covariance between the CMB 4-point and 2-point func-
tions perturbatively, identifying two physical contributions.
The disconnected part of the 6-point function of the lensed
temperature leads to a noise contribution which can be
interpreted as the response of the statistical noise in the lens
reconstruction to fluctuations in the underlying CMB tem-
perature field. The connected O(¢*) piece of the 6-point
function gives rise to a second contribution attributable to the
cosmic variance of the lenses, which causes the power spec-
trum of the lens reconstruction and the smoothing effect in
the anisotropy power spectrum to covary. The temperature-
lensing power covariance can therefore be written as

cov(C‘M’, ¥ eXpt)
_J0ND) 2 (] )2[1 + 2C¢¢]
aCyl, expt 2+ 1 o A
oCIT
P2 L
+ , 68
) 9Ci? ©®)

where perturbative expressions for the derivatives are given
in Egs. (27) and (31). Both contributions were confirmed

with simulations. The second term in the square brackets
represents the leading correction from the connected 4-point
function; see Eq. (D4). The CT% correlation gives a diagonal
contribution to the temperature-lensing power correlation,
which is less than 5% for Planck-like specifications and falls
rapidly with L. This generally has a negligible impact on
parameter constraints derived jointly from the CMB 2- and
4-point functions.

We showed that correcting for the Gaussian N© bias in
the reconstruction power with the data-dependent N©,
advocated by Ref. [26] to remove autocovariances of the
lensing reconstruction power spectrum, also removes the
noise contribution to the temperature-lensing power correla-
tion, and we provided an intuitive interpretation of this result.

For Planck-like specifications, estimates of the lensing
amplitude A based on the lensing reconstruction or the
peak smearing of the lensed temperature power spectrum
can be correlated at around the 10% level due to the power
correlations. If the correlations are ignored, this gives a
misestimate of the error on a joint amplitude estimate of
only 5%, which should be negligible. The data-dependent
N© bias correction reduces the amplitude correlation fur-
ther to 7% and the error of the error to 3.5%. Intuitively, we
can understand the smallness of the correlation (found
perturbatively and with simulations) by noting that
(i) covariance of the amplitude estimates due to cosmic
variance of the lenses is limited by the small number of
modes of C?? that influence the acoustic region of the
temperature power spectrum, and is diluted significantly by
CMB cosmic variance (and noise), and (ii) roughly disjoint
scales in the CMB contribute to the amplitude determina-
tion from peak smearing and to the lens reconstruction
limiting the correlation due to CMB cosmic variance.
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(See Appendix A for further details of these arguments.)
For a joint analysis of the power spectrum of a
temperature-based CMB lensing reconstruction and the
power spectrum of the temperature anisotropies them-
selves, the likelihoods for these two observables can there-
fore be simply combined for a Planck-like experiment
(as was the case for the 2013 Planck analysis [13]).

Non-Gaussianity of the lensing reconstruction compli-
cates the construction of a likelihood. We showed that the
usual likelihood for isotropic Gaussian fields does not
perform well for lens reconstruction in simple parameter
tests, significantly underestimating the scatter seen in the
best-fitting parameters across simulations. We obtained
better results with simple likelihoods that are Gaussian in
the measured spectra (with fiducial covariance matrix)
provided that power spectrum covariances were properly
modeled or data-dependent N© subtraction included. In
two-parameter tests based on the amplitude and tilt of a
fiducial lensing power spectrum, the widths of these
Gaussian likelihoods reproduce the scatter in parameters
across simulations at the 10% level.

With polarization-based reconstructions becoming
feasible with current observations, it will be important
to extend the analysis presented here to polarization
(see Ref. [44] for work in this direction). While we
expect that many of our results can be simply applied
to reconstructions based on the temperature and polariza-
tion, the correlations are likely to be much more significant
and particularly so for the most powerful EB-based recon-
structions. We leave this to future work.
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APPENDIX A: WHY ARE THE LENSING
AMPLITUDE CROSS-CORRELATIONS
SO SMALL?

The calculations in this paper give a rigorous derivation
of the cross-correlation of the power spectra of the lensing
reconstruction and the temperature anisotropies. In this
appendix we present simple physical arguments for why

PHYSICAL REVIEW D 88, 063012 (2013)

the correlation of the lensing amplitudes estimated from
the reconstruction power and the anisotropy power are so
small. We present these arguments first for the correlation
due to CMB cosmic variance and then for the correlation
due to cosmic variance of the lenses.

1. Cosmic variance of the CMB

Due to the smoothing effect of lensing, most of the
constraint on the lensing amplitude A’ estimated from
the CMB power spectrum comes from the CMB on
scales of the acoustic peaks and troughs. This can be
seen directly from the contribution 5?7 to the total signal-
to-noise squared [(S/N)?] associated with the CMB cos-

mic variance at multipole [ (see the blue curve in Fig. 12):

=y = 7 (A1)
N Lexpt

(E)z _ 1 B Lo (CfT_C{T)Z

A oy 57 varg(C
min

T

S

In contrast, in the limit of very large-scale lenses, and as
argued in more detail below, the reconstruction combines
local convergence and shear measurements, for which
scales in the CMB where the power spectrum changes
rapidly are most informative. For large-scale lenses, the
(S/N)? on the reconstruction-based amplitude estimate A
is thus expected to be dominated by CMB modes between
acoustic peaks and troughs. Therefore, the lensing
amplitude estimates A and A’ are determined by rather
disjoint CMB modes with independent CMB cosmic-
variance fluctuations. We therefore expect the amplitude
correlation due to CMB cosmic variance to be suppressed
(in case this correlation is not mitigated by the empirical
N© subtraction anyway).

To make this point more quantitative, note that the
reconstruction power C? is affected by CMB cosmic
variance through the disconnected CMB 4-point contribu-
tion N©. Keeping the estimator normalization A; and
weights g fixed in Eq. (16), the contribution from the
CMB at multipole / to the (S/N)? of the reconstruction-
based amplitude estimate A is monitored by

o -2
shd — |£
InCjl fixa, g
b
_ lmax _2(C?¢)2 4A%
2 (0) b (1y3
L=1¢ ' 2L+1 N, +C% +N) 2L +1
X lZg,le(L)CZ Lot | Clpe (A2)
1

where we used o4 from Eq. (57) and kept only the dominant
diagonal part of the reconstruction power autocovariance.

As shown in Fig. 12, sf"ﬁ (red) is out of phase compared to
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Contribution of different CMB multipoles [ to the (S/N)?> of the lensing amplitude for estimators

based on the CMB power spectrum [blue; Eq. (Al)] and on the lensing reconstruction [red; Eq. (A2)] for l;ﬁax = 10 (left) and
124 = 500 (right). The approximation in Eq. (A3) for large-scale lenses is shown in black dashed in the left plot. Since we are not
interested in the total S/N but only in its distribution over different CMB scales, all curves are normalized such that their integral

over [/ is unity.

slﬁ (blue). To understand this structure, we separate the
sums over L and /; in Eq. (A2) by restricting ourselves to
very large-scale lenses, lfﬁax < [, and using the large-scale
approximation for N derived in Ref. [26] [see its Eq. (19)],
to find

s;ﬁ(bzs;iiprox
U ) — [( lﬁdln(lzc,”>>2
VarG(CZprt din!
1{/ ~~dInCTT\2
+ = TTil):I ,‘f’,xs 1N A
Z(C’ dinl ) [ [lhax = O(10)].  (A3)

Here, the prefactor f depends on the minimum and
maximum reconstruction multipole but not on the CMB
multipole /. The terms in square brackets have the form of
the quadrature sum of the information in convergence
and shear. Convergence changes locally the angular scale
of the CMB anisotropies and so would contribute nothing to
the (S/N)? for a scale-invariant spectrum, [>C; = const,
while shear contributes nothing for a white-noise spectrum,
C, = const."” Thus, for large-scale lenses, the (S/N)? for
the reconstruction-based amplitude gets most contributions
from CMB scales where the gradient of the CMB power
spectrum is maximal, i.e., between acoustic peaks and
troughs (see red and black curves in Fig. 12(a)).

!5The relation between large-scale lenses and the induced local
convergence and shear is discussed in detail by Ref. [45], where
the authors also find agreement between the (S/N)? of a com-
bined convergence and shear estimate with the large-scale limit
of the (§/N)? of the trispectrum reconstruction. This correspon-
dence has also been used to approximate the squeezed limit of
the lensing-Integrated-Sachs-Wolfe (ISW) bispectrum [30].

In reality, temperature multipoles that are not precisely
at peaks or troughs and not precisely in between them will
affect both amplitude estimates, which implies a small
amplitude correlation. Intermediate- and small-scale lenses
can mix CMB modes over multipole ranges comparable to
the acoustic peak separation so that they are affected by
wider ranges of CMB multipoles than argued above
(see the red curve in Fig. 12(b)), which implies a somewhat
larger amplitude correlation. However, since the CMB
scales that are most important for the reconstruction still
have negligible impact on the amplitude estimated from
the temperature power, we expect the correlation of the
amplitudes to stay rather small.

2. Cosmic variance of the lenses

‘We now consider the contribution of cosmic variance of
the lenses to the covariance of the lensing amplitude esti-
mates given in Eq. (56). It is instructive to consider a toy
model where the reconstruction ‘“‘noise” power is propor-
tional to C%%, ie., N + N = AC??. Taking the limit
A — 0 is equivalent to being able to observe ¢ directly
with no measurement error, while A — oo corresponds to
there being no information in the reconstruction. With
N;O) + Nl(l) = ACI‘M’, the weighting of the reconstruction
power spectrum in A is the same as for an ideal reconstruc-
tion (i.e., one with no N and N noise). Provided we
then determine A from all those ¢ modes that influence
the temperature power spectrum, the contribution to the
amplitude covariance from cosmic variance of the lenses
simplifies significantly to give16

- . 3
"*Note that Y™ (aCTT /acP?)CP? = CTT — CIT for suffi-
ciently large l{ﬁax.
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cov(d, A') = 03 jyeur (Ad)

Here, 07 4.y = [Z,(1 +1/2)]7' = ~2/(1$.)? is the vari-
ance of the reconstruction-based amplitude in the ideal
limit A — 0 using all modes up to ll‘f’lax. Since only a few
(large-scale) lensing modes affect A’, including more lens-
ing modes in the reconstruction dilutes the covariation of A
and A’ over different realizations of the lenses because
there are increasingly more lensing modes in A whose
fluctuations do not enter A’. The amplitude covariance falls
inversely as the number of modes in the reconstruction
since the weight in A given to those (few) modes of C#¢
that influence the temperature power spectrum falls as the
total number of modes. Note that the covariance is inde-
pendent of the weighting of the measured temperature
power spectrum in A’, provided A’ is appropriately nor-
malized, and it is also independent of additional contribu-
tions to the reconstruction noise (e.g., from CMB cosmic
variance, for fixed lff’mx). The variance of A does depend on
the reconstruction noise level, with

2=y 20+ 1 ( cy? )2
o2 ~
g 2 et N0+ N

2A+1 1,
(1 + )\)2 UA,ideal'

(1 + /\)2 Z (AS5)

The result cov(d, A') = 03 4, for ideal weighting is
necessary to ensure that the lensed CMB spectrum adds
no further information on the lensing amplitude when
combined with an ideal measurement of ¢ itself on all
scales that are relevant for peak smearing of the tempera-
ture power spectrum. To see this, note that we can combine
the amplitude estimates A and A’ optimally into a single
estimate Aopl, properly taking account of their correlation.
If we do this, the inverse variance of the optimal estimate is
given by contracting the inverse covariance matrix of the
estimates:

Thopt = cov (A, A) + 2cov (A, A") + cov 1(A, A").
(A6)
This evaluates to
0'31 + o2

_ 20.2 )
-2 — Al A,ideal
Tgopt = , (A7)

2.2 _ 4
O40 4 = U4 ideal

on using Eq. (A4) for the covariance. In the ideal case,
taking the limit A — 0, we have o4 = 04gea SO that
T Aopt = O Aideal- This is as it must be—the observation of
the peak smearing in the power spectrum adds no new
information to that obtained from the ideal measurement
of ¢. In the opposite limit, A — oo, we have o4 — o0 and
Tpopt = 04 and all information is coming from the
temperature power spectrum.
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The correlation induced by matter cosmic variance,

2
O Aideal _ 04
OO0y (1 + /\)20-A”

correl(A, A’) = (A8)
reaches its maximal value of 04 ;gea/ 04 if the variance of
the reconstruction power spectrum is only due to matter
cosmic variance, A = (N + NV)/C?? — 0; and it falls
monotonically with increasing A, tending to zero as A — oo
(when CMB cosmic variance dominates the reconstruction
uncertainty). This is expected since we assume matter and
CMB fluctuations to be independent. More generally, o4 is
determined by the number of high S/N modes in the
reconstruction, but o4 depends not only on the number
of CMB modes but also the fractional size of the power
spectrum corrections from lensing relative to the total
spectrum, Cj [ exp-  The Tresult is that both factors

O pideal/Oa and 0 piqea/ 04 in Eq. (A8) are less than I,
diluting the amplitude correlation.

For our Planck-like parameters, the power spectrum
corrections from lensing are only ever a few percent of
the total spectrum, and so cosmic variance of the CMB
limits o4 = 0.04. Statistical noise in the lens reconstruc-
tion limits o, = 0.025. It is clear from Fig. 1 that a
constant A is not a good approximation for lens reconstruc-
tion, but we can crudely limit A = 2, in which case we
expect the amplitude correlation to be less than
(0.025/0.04) /3% ~ 0.06, which is close to the value plotted
in Fig. 8.

To summarize, the correlation of the lensing amplitudes
due to the cosmic variance of the lenses is generally small
since there are a limited number of modes of C?¢ that
influence the acoustic part of the temperature power spec-
trum (so the covariance for an ideal reconstruction scales
inversely as the number of reconstruction modes), and the
small covariance [less than @(10~#)] is diluted by cosmic
variance of the CMB (and noise), which dominates the
error on A’ and contributes significantly to the error on A.
We emphasize that these conclusions assume that the
temperature power spectrum at multipoles [ = 3000,
where the lensing-induced power from small-scale lenses
dominates the unlensed power, does not influence the
amplitude estimate (i.e., the spectrum is limited by noise
or foregrounds there).

APPENDIX B: OPTIMAL TRISPECTRUM
ESTIMATION AND N© SUBTRACTION

In this appendix we show that the lensing power spec-
trum estimator advocated in Sec. II, which includes a data-
dependent N gsubtraction to remove the (disconnected)
Gaussian bias, follows naturally from optimal trispectrum
estimation (e.g., Ref. [34]). Moreover, we show that in the
Gaussian limit, this estimator is uncorrelated with any
quadratic estimate of the temperature power spectrum,
generalizing the result established in Sec. VA 4.
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We start by considering the Gram-Charlier expansion for
the probability density function (PDF) of a weakly non-
Gaussian, zero-mean temperature field 7.'” Writing the
field in an arbitrary basis (e.g., a pixelized map or multi-
pole coefficients) as T;, with covariance (T;T;) = C;;, the
expansion truncated at the trispectrum level can be written
in the form [34]

—T,C;'T;/2

e ij i 1 - -

- —(1 (T T T T T T T,
Jdet(27C) 24
- [C;lele + C;IIT[TJ -
- [Cl;l TjTl + CﬁlTiTk -

C;'Cy'l
Ci'Cy']

= [Cy'T, Ty + C!T\T, - C;,QC;}])). (B1)
Here, T; = C;;'T; is the field filtered by the inverse co-
variance, and summation over repeated indices is implicit.
Note that (7, T;) = C;;'. We have ignored bispectrum con-
tributions (due to the lensing-ISW correlation), which is a
good approximation on intermediate and small scales.
Using Wick’s theorem, it is straightforward to show from
Eq. (B1) that the mean and bispectrum of 7" vanish, while
the covariance is C;;, and the trispectrum is (7, 7,1 T))., as
intended. That the covariance is C;; implies that the data
combination associated with the trispectrum term in
Eq. (Bl) is orthogonal to any quadratic function of T
with respect to the Gaussian weight function. In other
words, if T were Gaussian, this data combination is
uncorrelated with any quadratic function of 7.

We can form an estimator for Cfd’ by maximizing
the PDF with respect to C‘LM. In practice, we can approxi-
mate this by one step of a Newton—Raphson scheme start-
ing at CZM = (. The estimator is then proportional to
dlnP(T)/ GCZM’ evaluated at Cfd’ = (. The lensing power
spectrum enters the PDF explicitly through the connected
4-point function and also implicitly through the lensed C T
in the covariance C;;. The contribution to the Cfd’ estimate
from the 4-point function is of the form

PP~ a(?‘ﬁ (TTTT) (T T, T, T,
—[C;' T T, + C'T\T; — C;;' C']
—[C3'T, T, + C' T\ T — C3' C']
—[Ci'T ;T + CRIT, T — CA '] (B2)

The terms involving the data in this equation are symmetric
under permutations, and so we need to retain only primary
couplings of the trispectrum, i.e., the first term in Eq. (13).

"In this appendix, to avoid undue clutter in our expressions, we
shall suppress the tildes that are used to denote the lensed
temperature in the body of this paper.
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The primary coupling has the form

C¢¢< ]Tle>pr1mary o Z(_ ])MXleMxél o (B3)
where, in multipole space,
~ l L L
X" = fz,uz< . ) (B4)
my nmy M

The power spectrum estimator in Eq. (B2) generalizes
that introduced in Sec. II. It reduces to the simple
form given there for an isotropic survey. To see this, note
that for an isotropic survey, T;,, =T, / cIr I expr and

XQ,'J‘ZZmZTllmllemz is proportional to the estimator ¢,
for the lensing potential in Eq. (9). The first set of
data-dependent terms in Eq. (B2) can be rewritten as

C,.;IC,;ll]
— (T, T))).

Each factor on the right combines with an X; ;, to give an
unnormalized ¢,y — (¢b;,). The “mean-field” term
(b, ) vanishes (except for L = 0) for a full-sky survey
with homogeneous noise. More generally, in the presence
of beam asymmetry, realistic noise, and masking, it can
require careful subtraction on large scales (see, e.g.,
Refs. [13,33,46]). The sum of the remaining terms in
Eq. (B2) has an expectation value that, for an isotropic

T 1T, — [C5 T, T, + Cy' T.T,

= (I,T; — (T.T)(TT, (BS)

survey, is simply —N(LO) [see Eq. (16)]. However, rather
than removing the Gaussian (disconnected) bias from C f‘/’

with the data-independent N(O), the optimal trispectrum
estimator debiases with additional data-dependent terms

that are equivalent to the N VO of Eq. (17). For example,

[ L, L
=4y (—1)ym*Mg . (L)g,, (L
%( ) 81112( )811/4( )<m1 m, M)

I, 1, L o
X —-m; my -M Cl, exptleszl4m4

- 4281 IZ(L) l, expt(zl ¥ IZ lym; szz)

Il

2 (S OMXXELy C T T,
M

— 52 TT
- 4zgl I, (L)Cll expt lz exp
I

(B6)

where summation over (I;, m;), (I, m,), and (I, my) is
implicit in the first line.

We showed in Sec. VA 4 that, for an isotropic survey, the
data-dependent N subtraction removes the disconnected

covariance between C’f¢ and the empirical power spectrum

of the measured temperature anisotropies, C‘{eTXpl.
For the power spectrum estimator in Eq. (B2), this result
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generalizes to anisotropic surveys and also to arbitrary
quadratic power spectrum estimates of the temperature
anisotropies. The latter are often estimated with combina-
tions of cross-spectra, each of which are quadratic forms
constructed from maps 7" and T for which the noise is
independent. Each cross-spectrum therefore involves terms
like TI(,I)T,;Z), where p and ¢ are pixel (or multipole) indices,
and the fields 7" and T® are correlated with the field that
enters the lensing power spectrum estimate at least through
the common temperature anisotropies. By using Wick’s
theorem, it is straightforward to show that the complete
set of data-dependent terms in Eq. (B2) has vanishing

(70 ;

covariance with 7' in the Gaussian limit.

APPENDIX C: N SUBTRACTION AS EFFICIENT
MITIGATION OF CHANCE ALIGNMENTS

In this appendix we provide further details to understand
why the empirical N bias subtraction cancels not only
the nondiagonal reconstruction power autocovariance but
also the noise contribution to the temperature-lensing
power cross-covariance. After identifying chance-aligned
terms in the empirical reconstruction power spectrum in
Eq. (C2) below (see also Ref. [47]), we will show that
avoiding these terms naturally cancels the noise contribu-
tion to the auto- and cross-covariance. We then show that
empirical N © subtraction achieves the same but in a faster
way (due to the specific multipole couplings that are
relevant for the covariances).

Given a CMB realization T, we split the empirical
reconstruction power spectrum into two contributions,

~d3d A? / l L
=5 X (—1)M( N )
2L + 1!1!4M mg my -M

[ l
% 3 4
ms Ny

_ oy pdd

L,noise L,rest

L [
M)glllz(L)gl3l4(L)Tll leTlsTlA

(ChH

where the noise term contains the part of the sum over /;
where CMB multipoles are chance-aligned,'®

242
bd L _1\M
CL,noise_2L+ lllmz ( 1)
LiLmymyM

y L L L L I, L
my my —MJ)\my my M

~2 = = = =
X &1Lt Tom Tiom, Tomy T imys

(C2)

'®It may be possible to modify the specific splitting of Eq. (C1)
chosen here without significantly changing the conclusions
below (e.g., by coupling m; and my to m; and m,). Our choice
allows for a relatively simple analytical assessment of the mean
and covariance properties and is sufficiently accurate for the
discussion here.
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taking only half of the terms for [/, = I, by defining
sy, = 1= 8,,,/2. The expectatlon values are as desired,
at subpercent level accuracy

<C¢¢

L,noise

y~NO, (P

Lre9t> = Cf¢ + N(Ll)' (C7)

To assess the covariance properties of the noise-corrected

reconstruction power spectrum C#? — Cfo‘fse, note that the
0O(¢°) noise contribution (35) to the temperature-lensing

power cross-covariance is sourced by contractions

—/ ]

7,1, 0,0, | TowTo -, (C8)

which imply /; = I3 and [, = /4. Since all terms with
coinciding multipoles of this form are contained in
the noise term (C2), this covariance is cancelled if

¢t — ¢ A is used instead of C%?. To see this explicitly,

noise
note that

“The disconnected part is (CL nmse>dlsmm = NEO). Using
Eq. (14) and simplifying the product of a 3j- and a 6j-symbol
[48], we have

2

A
L)f},Cof +——L

<Cfﬁolse>00m 16(2L + 1)

llgll
(2L+12§ 22hb

X Z( 1)m L/ S,

TT 2
m'lj L' (CI] exptclz expt)
Z) 2 7no3j  ~I LI, [, LL, [ L'l
X [(fllLl ) fl WL'LY L O—m'm'g ! ’Og '0—m'
Zn03) Zu) Fuw LLL, ~LLY L'
+ fllngthlzfl]Ll flzL T, gfm’()m' 0—m'm’ fm’m’()]’
(C3)

where we defined the Gaunt coefficients, f with unsymmetric
terms and f"°3 with no 3 j-symbols, by

L, ‘/(zzl - 1)(212 QL + 1)

mymyms
L1 l [ I
2 3 1 2 3 , (C4)
0 0 0 mg my mj

i, =L@+ 1) = LG+ 1) + L, + DICET + (1 < 1),
o3 Q@1 + DRL + D2 + 1) 5
f11L3;2 = : 167 2 fl WLl (C5)

We find that Eq. (C3) is smaller than CP% + NV by a
factor of more than 400 for any L, so that [with Eq. (15), ¢; =
0.002]

<Cf‘fest>

(C6)
(1= g)(CP? + NY).
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cbd

A
cov( L,noise’ CL’ expt)dISCOHn COV(CL ’ CL’ expt)dISCOHn'

(€9)

The dominant nondiagonal contribution of Eq. (28) to the
autocovariance of the uncorrected reconstruction power

¢ 2 is due to couplings (see Eq. (46¢) in Ref. [26])

L S

T, 1,0,1, | 1,11, (C10)
which implies [ =[3 and [g = lg. Writing out the
contractions following Ref. [26] and summing over m;
and M in Eq. (42) of Ref. [26] enforces [/, = [, and
therefore also /5 = [;. Since all terms of the reconstruction
power (Cl) with these coinciding multipoles are in the

noise term (C2), the autocovariance of C o Cfo‘ie does
not contain the nondiagonal contribution (28). In contrast,
the covariance contributions that involve a product of
two trispectra and lead to the dominant diagonal variance

(29) [26] are still present, so that

COV(CZ)(b Cfﬁm%e’ Cf’(ﬁ Cf’(bnmse)
2 a A
~ &, oy, Cll
w1 (C) 1y

Thus, the chance-aligned noise terms (C2), which lead
to the N© bias, are responsible for both the dominant
nondiagonal reconstruction power autocovariance (28)
and the noise contribution (35) to the temperature-lensing
power cross-covariance. It is therefore desirable to avoid
these noise terms. In practice, a brute-force way to achieve
this would be to subtract C:f)od:se from C%¢ directly or,
equivalently, to restrict the summation over the /; in
Eq. (C1) appropriately. A more efficient method is ob-
tained from a “‘partial-averaging” procedure, which will
turn out to be equivalent to the empirical N* subtraction.*”
Guided by the fact that both covariances (28) and (25) are
due to disconnected terms containing the contraction

[
T, T, (C12)
[see Egs. (C8) and (C10)], we take the corresponding
expectation value already at the level of evaluating
Eq. (C2), before computing covariances, by defining the
partial averaging operation, R, by

i.e., we average out two of the four modes while keeping
the unaveraged realization of the other two modes. This

2°An alternative would be “phase randomization” following
Ref. [10]. Alternatively, one could split 7, into in- and out-
annuli [47], which, however, reduces the signal-to-noise [12].
Note that while the goal of Ref. [47] was to avoid the Gaussian
N© noise bias for any CMB realization, our goal is to simplify
the reconstruction power auto- and cross-covariance.
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leaves contractions of the form (C8) in the disconnected
(4 + 2)-point function and contractions of the form (C10)
in the disconnected (4 + 4)-point function invariant in the
sense that

[T, T, T 1T e T c8
<R[T£] TéZTbTL;]TL/M/TL’,—M/ ( ) terms

disconn
= (T, T, T, Ty T Tr - (C14)
and
(RITy - TLIRIT, - Ty Dcom ™
= (RITy - T Ty Ty )om ™
=T T eom (C15)

Therefore, both covariance contributions (28) and (35)
are still eliminated if instead of subtracting the full
noise term (C2) from the reconstruction power we subtract
the partial average of this noise term, i.e., if we consider
(up to realization-independent bias mitigation terms)

CA’}{"’; R[C?? . 1. We find that this partially averaged

L,noise
noise mitigation reduces to the empirical N © gubtraction,
R[CI T =280 (C16)

Thus, the empirical N*) subtraction can be interpreted as an
efficient method to mitigate disconnected (auto- and cross-)
covariance contributions generated by the chance-aligned
noise terms (C2) in the reconstruction power spectrum. In
contrast to the noise terms (C2), the empirical N© defined in
Eq. (17) can be evaluated very efficiently because the empiri-
cal temperature power spectrum is isolated in the sum.

APPENDIX D: TEMPERATURE-LENSING POWER
COVARIANCE FROM THE CMB TRISPECTRUM

We will show here that contributions from the lensed
CMB trispectrum to the temperature-lensing power
covariance have a subdominant effect on parameter
estimation compared to the fully disconnected O(¢?)
contribution and the O(¢*) contribution from the con-
nected 6-point function. The connected 4-point func-
tion contributes to Eq. (33) with couplings of the form
(T\ T T Ty Ty T —ppr)e (“type A7) and (T Tpp) X
(TLT5T4T ). (“type B”). Other couplings  either
cancel in Eq. (33) or vanish because {¢;,) = 0. The
contribution from type A can be expressed nonperturba-
tively in terms of the derivative in Eq. (31) and the
connected 4-point contribution to the temperature power
autocovariance as

COV(CA‘?}J), CA‘T/T )conn 4ptA
9 (2N(0))
Z ATT (Clz exptr CL/ expt)conn 4 P (Dl)

Il Ip,expt

Perturbatively, up to O(¢*), we have
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C()V(C\‘f‘z’y CA‘T/T )conn 4ptA
a(zN(‘”
Z ATT (Clz expt L’ expt) | O(¢?)
1,,expt

+ COV(C12 expt L’ expt)l@(¢4)] (D2)

where the perturbative temperature covariances are given
by Eq. (24). The covariance (D2) can be interpreted as the
correction to the noise contribution of Eq. (36) due to the
nondiagonal O(¢?) and O(¢*) parts of the temperature
power autocovariance (24). The correlation corresponding
to Eq. (D2) is at most 5 X 1073, which is 2 orders of
magnitude smaller than the dominant noise contribution.
The induced correlation of the lensing amplitude estimates
A and A’ is less than 0.15% (see Fig. 8); i.e., the effect of
(D2) is negligible.

The type-A contribution to the covariance is removed by
the empirical N correction introduced in Sec. II. As for
the disconnected contribution to the covariance (see
Appendix B), this is actually a more general result that
applies for anisotropic surveys and for an arbitrary qua-
dratic estimate of the temperature power spectrum. To see
this, we generalize to the CA"LM5
quadratic temperature power spectrum estimates of the

form T},UT,(]Z). The part of the C‘fd’
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in the data has a type-A, 4-point covariance with TE,”T;Z)
given by

COV(TiTkaTZ, T;])Tt(lz))conn 4ptA

= (TiTjTﬁ,l)ng))C(TkT,) + 5terms, (D3)

where the other five terms are inequivalent permuta-

tions of i, j, k, and [. The part of the C‘f¢ estimator that
is quadratic in the data is composed of six terms
of the form —(T,T )T, T,. The contribution from the con-
nected 4-point function to the covariance of these terms
with Tg)T,gz) exactly cancels with the terms of the right-
hand side of Eq. (D3), removing the type-A covariance.

Terms of coupling type B have contributions from the
primary trispectrum term, where sums over m; simplify
due to orthogonality relations of 3j symbols, and from
nonprimary trispectrum terms, where sums over m; lead
to a nontrivial 65 symbol:

)conn 4ptB
L’ expt/ primary

_, c‘f’"’ a@N"y 2

COV(C

ff )2
TT ! ! expt
Ap aCi! t2L +1
estimator of Eq. (B2) and to C¢¢ 5
=25 4 cov(CY?, CL, expt)d,mm, (D4)
estimator that is quartic L
|
2 m 7no3j 7 Z(u) ;L1 L'L"ly ~L,L"l,
A ( 1) CL” fL L12f13L14fL L"l;flzL”l4g m'Om’ GO m'm' gOm'—m’ + (l3 - 14) (DS)

4ptB
cov(C,‘{’d’, CL/eXp[)Conn PPo= z

non-primary

/21314

Here we used Eq. (14) and expressed the product of a 6j
symbol with a 3j symbol as a sum over a product of three
3 symbols [48]. The f factors are defined in Appendix C.
Neither contributions in Egs. (D4) and (D5) is cancelled by
empirical N O subtraction.

The correlation of unbinned power spectra from the pri-
mary term of Eq. (D4) is shown in Fig. 13. It is at most 0.08%,
which is almost a factor of two larger than the maximum of
the matter cosmic variance contribution [Eq. (E8)] shown in
Fig. 5(a). The structure is very similar to that of the discon-
nected (noise) contribution [Eq. (35)] shown in Fig. 4(a), but
with the additional signal-to-noise factor of Cf¢ /A that falls
off rapidly for L > 200. (Recall A; = N(LO) for our choice of
optimal weights.) Therefore, the contribution of the primary
type-B covariance to correlations between the lensing ampli-
tudes A and A’ is suppressed compared to that of the discon-
nected noise contribution, reaching at most 2% (see Fig. 8). It
is also suppressed compared to the matter cosmic variance
contribution because A’ gives most weight to CMB modes at
the acoustic peaks and troughs where the primary type-B
power correlation is small.

42L + DL + 1)CIT

CTT CTT

I, expt ~ [3,expt ~ Iy,expt

While the measured correlation of A and A’ is consistent
with our theoretical expectations, the measurements are
too noisy to test subdominant terms such as that in
Eq. (D4). In Fig. 4(c), the lowest L, pixels show hints of
the structure plotted in Fig. 13, but the measurements are,
again, too noisy to provide a conclusive test of Eq. (D4).
The simulations do, however, imply that there cannot be
significantly larger covariance contributions than the ones
we model analytically.

Although the summation in the expression (D5) for the
nonprimary type-B terms is restricted by triangle inequal-
ities, its evaluation is still numerically challenging. We
could only evaluate Eq. (D5) for 30 (L, L') pairs at L <
400, which is relevant for the current Planck lensing like-
lihood [13]. At these points the power correlation from
Eq. (D5) is at most around 4 X 1073, which is 1 order of
magnitude smaller than the maximum correlation from the
primary term [Eq. (D4)]. The structure of the correlation
matrix seems similar to that of the primary term in the Ly
direction but seems to peak toward higher L, (but we
cannot assess the structure reliably from the small number
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FIG. 13 (color online). Theoretical contribution from the pri-
mary type-B connected 4-point function to the correlation of the
unbinned power spectra of the lens reconstruction and the
(lensed) temperature power spectrum. The covariance (D4) is
converted to a correlation using the same conversion factor as in
Eq. (37). Correlations for L, > 1000 are too small to be visible
in this plot.
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of evaluation points). Moreover, given that our simulations
do not show any significant excess covariance, we expect
the nonprimary term of Eq. (D5) to be negligible.

APPENDIX E: TEMPERATURE-LENSING POWER
COVARIANCE FROM THE CONNECTED
CMB 6-POINT FUNCTION

The O(¢?) contribution to the connected part of the lensed
temperature 6-point function vanishes [43]. Here we will
compute the O(¢p*) terms. There are five types of terms,
which involve &*T, 83T8T, 8%T8%T, 82TSTST, or
8TSTSTST with the appropriate number of factors of the
unlensed CMB. Only the last two types of terms contribute to
the connected 6-point function; the remaining terms contrib-
ute to the full 6-point function but are cancelled when the
connected 4-point and fully disconnected parts are removed.

Writing out only the two relevant types of terms, the full
6-point function at O(¢*) is (T; = T,,,)

From this we must subtract the following terms involving the connected 4-point function,

1 . - - . ..
3 [T\ T,T3T4)(TsT¢) + all perms]

1
= E[6<5T18T2T3T4><5T55T6> + 12<5T15T2T3T4><62T5T6> + 12<52T15T25T3T4><T5T6>

+ <6T| 8T26T35T4><T5T6> - (9<8T16T2> + 24(82T] T2>)<6T36T4><T5T6> + all perms] + oy (E2)

and the fully disconnected part,

~~~~~~ 1 1
<T] T2T3T4T5T6>(4) = [<62T1 5T2><5T3T4><T5T6> + all perms] + Z [<82T1 T2><6T’; 8T4><T5T6> + all perms]

disc E

1 1
+ 5[(82T1 Ty 8T5T4)X8TsT) + all perms] + R[<5T15T2><5T3 S8TyXTsTs) + all perms]

+ %[m, STONOTSTy)STST,) + all perms] + - - -. (E3)

To evaluate these expressions, we use, for example,

(8T, 8T, T5Ty) = (ST 8T, XT5Ty) + (6T T3)cmp{STaTs)empirss T €T 1 Ta)ems{ST2T3)cmp s (E4)

where ()omp denotes averaging over unlensed CMB realizations and (); g5 denotes averaging over realizations of the
lensing potential ¢. Rewriting the other 4- and 6-point functions in a similar way gives the following final expression for

the connected 6-point function:

1
+ 7 COVLss (8T, 6T)cmp, (6T3T4)emp{6TsTs)cmp) + all perms

1 . - - -
= —COV|ss (<T1 T2>E:212/IB, <T3 T4>(CIK/IB<T5 T6>(CIK/IB) + all perms. (ES)

16

The result is written in terms of the covariance over different realizations of the lensing potential, cov;gg(X, Y) =

(XY)ss — (X)rss{¥)Lss-
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We expect only a few of the 720 permutations in
Eq. (ES) to be relevant for the lensing-temperature power
covariance [Eq. (33)]. The weights g in Eq. (33) impose
triangle conditions on /4, [, L and I3, I, L, which constrain
the summation volume (especially at low L where the
lensing power dominates). Terms that couple, e.g.,
(T T5)cmp impose an additional triangle constraint on 7,
I;, and a lensing multipole L, which reduces the summation
|

(=DM \ Ty TS Ty T T, M’>4)

c,dom

(M (1

= coviss(Tom T} M/>CMB, (T T ems T3 To)ens

Here, we have used the result that permutations of the form
1234, (12)—(34) and (L''M") = (L', —M') all
lead to the same contribution to Eq. (33).

The (T, T2>(CIK,[B term on the right of Eq. (E6) evaluates to

T (- (ml o

LM, m; =

(T T2>CMB )fl,Lllz¢L,M,»
1

(E7)

which combines with the weights, normalization, and one
of the 3j symbols in Eq. (33) to give ¢, + O(H?).
Similarly, the (T3T,)0 term returns ¢, .
Equation (E7) also shows that the second term on the right
of Eq. (E6) does not contribute to the power covariance
since (Tpy T, M,)CK/IB returns the monopole of ¢ on
summing over M’

Putting these pieces together, and using Eq. (44), finally
gives

cov((:’f"ﬁ,C )<T T

c,dom

acTT ¢
= Z COVLSS(CLH LGP+ 0(¢)
L/’ L//
ac
_ ¢¢ 2
E
A ) (E8)

APPENDIX F: EFFECT OF C7¢

In this appendix we discuss the contribution of the ISW-
induced large-scale CT¢ correlation on the temperature-
lensing power covariance. We first compute corrections
due to the ISW-lensing bispectrum and then the ones due
to corrections of the lensed temperature power spectrum.

The lensed temperature 6-point function in the
temperature-lensing power covariance of Eq. (33) involves
the following 3-point terms,

<TZ] le Tb Tlct TLIM/TL’*M/>|3-pt,CT¢
= <Tll TbTl3)lsw<7~’£4TL/M/TL/,MOISW + 9perms, (F1)

) + 2c0vy ss (T T T Ty o3 Ta)op):

PHYSICAL REVIEW D 88, 063012 (2013)

volume further. This is not the case for couplings of the
type (T T»)emp and (75T, )emp. For this reason we expect
the dominant terms to come from the couplings 12, 34, and
(L',M'; L', —M’) in Eq. (33), i.e., terms which factor most
under the weights [26]. The dominant contribution of the
connected 6-point function at O(¢*) to the lensing-
temperature power covariance is therefore expected to
come from

(E6)

|
where the nonperturbative ISW-lensing bispectrum is
approximately given by [30,49]

o oL
<Tz,Tzszg>ISW:< - 3)

myp  mp msz

L L
B}ISI‘ZB = ( )Cl1 f,zl ;, + 2 perms.
mp mp nmj

(F2)

While the contribution to Eq. (33) from the coupling
(123)(4L'L’), which is written out explicitly in Eq. (F1),
vanishes on summing over M’', the couplings of type
(12L")(34L’) yield the diagonal covariance contribution®'

1217),(34L'
COV(C¢¢r CL’ Cxpt)lg p[,ér(d) )

242 i 2
=0y m [281, A (L)B}ISQWL ]

~ 8~ (CIP)2 (F3)

2L+1

The approximation on the right is simply the covariance
between the power spectra of the input lensing potential
and the lensed temperature, an intuitive result that we
might have anticipated. For our Planck-like parameters,
the corresponding power correlation is always less than
5% and rapidly decreases with increasing multipoles,
being less than 0.1% for L =60 (see Fig. 14). The
induced correlation of the lensing amplitudes A and A’
is less than 107> and therefore negligible. This small
correlation arises because most of the information on the
lensing amplitude from the temperature power spectrum

2!To obtain the approximate result, in the_last step we use
Eq. (10) and neglect all terms depending on C, ¢ or C because
they enforce /; or [, to be small, which reduces the remammg
summation volume due to the triangle condition on /;, /,, and L.
We find that using the approximation instead of the full expres-
sion leads a temperature-lensing correlation which is wrong by at
most 3 X 1076 for L = 300.

063012-29



SCHMITTFULL et al.
0.04

0.03 b

(12L7),(34L")
3—pt,CT®

)l

0.02 b

b ATT
’ CL.expt

q
L

0.01 b

correl(C

2 10 50 100 300

FIG. 14. ISW-lensing bispectrum contribution of Eq. (F3) to
the diagonal unbinned temperature-lensing power correlation.
The difference between the full expression and the approxima-
tion in Eq. (F3) is too small to be visible in this plot.

comes from small scales. The power correlation due to
the ISW-lensing effect is small on these scales, and,
additionally, there is limited information in the lensing
reconstruction on such scales as the signal-to-noise is

PHYSICAL REVIEW D 88, 063012 (2013)

very low there. We expect that couplings of the type
(13L")(24L’) in Eq. (F1), which do not factor under
the weights, are further suppressed as they limit the
summation volume.

The ISW-induced change in the lensed temperature
power spectrum,

1
2 T¢ ~T¢
LT 1LZL: Fir,CriCu,
1,2

7T — TT _ 1T —
ACTT = CIT — CIT| 1y =

(F4)

leads to a correction of the disconnected noise contribution
[Eq. (35)] to the temperature-lensing power covariance,
which is also second order in C”¢. The correction has a
similar structure to the noise contribution itself (shown in
Fig. 4(a)), but it is around 10° times smaller and induces a
lensing amplitude correlation of @(107°) that is totally
negligible.

[11 A. Lewis and A. Challinor, Phys. Rep. 429, 1 (2006).
[2] M. Zaldarriaga and U. Seljak, Phys. Rev. D 59, 123507
(1999).
[31 W. Hu, Astrophys. J. Lett. 557, L79 (2001).
[4] W. Hu, Phys. Rev. D 65, 023003 (2001).
[5] M. Kaplinghat, L. Knox, and Y.-S. Song, Phys. Rev. Lett.
91, 241301 (2003).
[6] L. Verde and D.N. Spergel, Phys. Rev. D 65, 043007
(2002).
[7] V. Acquaviva, C. Baccigalupi, and F. Perrotta, Phys. Rev.
D 70, 023515 (2004).
[8] E. Calabrese, A. Slosar, A. Melchiorri, G. F. Smoot, and O.
Zahn, Phys. Rev. D 77, 123531 (2008).
[9] A.C. Hall and A. Challinor, Mon. Not. R. Astron. Soc.
425, 1170 (2012).
[10] S. Das et al., Phys. Rev. Lett. 107, 021301 (2011).
[11] S. Das et al., arXiv:1301.1037.
[12] A. van Engelen et al., Astrophys. J. 756, 142 (2012).
[13] P.A.R.Adeetal. (Planck Collaboration), arXiv:1303.5077.
[14] W. Hu, Phys. Rev. D 64, 083005 (2001).
[15] U. Seljak, Astrophys. J. 463, 1 (1996).
[16] K.T. Story et al., arXiv:1210.7231.
[17] P.A.R. Ade et al., (Planck Collaboration), arXiv:1303.5076.
[18] C.M. Hirata and U. Seljak, Phys. Rev. D 67, 043001
(2003).
[19] B.D. Sherwin et al., Phys. Rev. Lett. 107, 021302 (2011).
[20] J. Lesgourgues, L. Perotto, S. Pastor, and M. Piat, Phys.
Rev. D 73, 045021 (2006).
[21] D.M. Goldberg and D.N. Spergel, Phys. Rev. D 59,
103002 (1999).
[22] J.R. Bond, A.H. Jaffe, and L. Knox, Astrophys. J. 533, 19
(2000).

[23] L. Verde et al., Astrophys. J. Suppl. Ser. 148, 195 (2003).

[24] S. Smith, A. Challinor, and G. Rocha, Phys. Rev. D 73,
023517 (2006).

[25] S. Hamimeche and A. Lewis, Phys. Rev. D 77, 103013
(2008).

[26] D. Hanson, A. Challinor, G. Efstathiou, and P. Bielewicz,
Phys. Rev. D 83, 043005 (2011).

[27] A. Challinor and G. Chon, Phys. Rev. D 66, 127301 (2002).

[28] W. Hu, Phys. Rev. D 62, 043007 (2000).

[29] W. Hu and T. Okamoto, Astrophys. J. 574, 566 (2002).

[30] A. Lewis, A. Challinor, and D. Hanson, J. Cosmol.
Astropart. Phys. 03 (2011) 018.

[31] T. Okamoto and W. Hu, Phys. Rev. D 67, 083002 (2003).

[32] M. Kesden, A. Cooray, and M. Kamionkowski, Phys. Rev.
D 67, 123507 (2003).

[33] T. Namikawa, D. Hanson, and R. Takahashi, Mon. Not. R.
Astron. Soc. 431, 609 (2013).

[34] D.M. Regan, E.P.S. Shellard, and J. R. Fergusson, Phys.
Rev. D 82, 023520 (2010).

[35] NASA, http://lambda.gsfc.nasa.gov/.

[36] A. Lewis, Phys. Rev. D 71, 083008 (2005).

[37] K.M. Gérski, E. Hivon, A.J. Banday, B. D. Wandelt, F. K.
Hansen, M. Reinecke, and M. Bartelmann, Astrophys. J.
622, 759 (2005).

[38] K.M. Smith, W. Hu, and M. Kaplinghat, Phys. Rev. D 74,
123002 (2006).

[39] C. Li, T.L. Smith, and A. Cooray, Phys. Rev. D 75,
083501 (2007).

[40] A. Benoit-Lévy, K. M. Smith, and W. Hu, Phys. Rev. D 86,
123008 (2012).

[41] A.Lewis, A. Challinor, and A. Lasenby, Astrophys. J. 538,
473 (2000).

063012-30


http://dx.doi.org/10.1016/j.physrep.2006.03.002
http://dx.doi.org/10.1103/PhysRevD.59.123507
http://dx.doi.org/10.1103/PhysRevD.59.123507
http://dx.doi.org/10.1086/323253
http://dx.doi.org/10.1103/PhysRevD.65.023003
http://dx.doi.org/10.1103/PhysRevLett.91.241301
http://dx.doi.org/10.1103/PhysRevLett.91.241301
http://dx.doi.org/10.1103/PhysRevD.65.043007
http://dx.doi.org/10.1103/PhysRevD.65.043007
http://dx.doi.org/10.1103/PhysRevD.70.023515
http://dx.doi.org/10.1103/PhysRevD.70.023515
http://dx.doi.org/10.1103/PhysRevD.77.123531
http://dx.doi.org/10.1111/j.1365-2966.2012.21493.x
http://dx.doi.org/10.1111/j.1365-2966.2012.21493.x
http://dx.doi.org/10.1103/PhysRevLett.107.021301
http://arXiv.org/abs/1301.1037
http://dx.doi.org/10.1088/0004-637X/756/2/142
http://arXiv.org/abs/1303.5077
http://dx.doi.org/10.1103/PhysRevD.64.083005
http://dx.doi.org/10.1086/177218
http://arXiv.org/abs/1210.7231
http://arXiv.org/abs/1303.5076
http://dx.doi.org/10.1103/PhysRevD.67.043001
http://dx.doi.org/10.1103/PhysRevD.67.043001
http://dx.doi.org/10.1103/PhysRevLett.107.021302
http://dx.doi.org/10.1103/PhysRevD.73.045021
http://dx.doi.org/10.1103/PhysRevD.73.045021
http://dx.doi.org/10.1103/PhysRevD.59.103002
http://dx.doi.org/10.1103/PhysRevD.59.103002
http://dx.doi.org/10.1086/308625
http://dx.doi.org/10.1086/308625
http://dx.doi.org/10.1086/377335
http://dx.doi.org/10.1103/PhysRevD.73.023517
http://dx.doi.org/10.1103/PhysRevD.73.023517
http://dx.doi.org/10.1103/PhysRevD.77.103013
http://dx.doi.org/10.1103/PhysRevD.77.103013
http://dx.doi.org/10.1103/PhysRevD.83.043005
http://dx.doi.org/10.1103/PhysRevD.66.127301
http://dx.doi.org/10.1103/PhysRevD.62.043007
http://dx.doi.org/10.1086/341110
http://dx.doi.org/10.1088/1475-7516/2011/03/018
http://dx.doi.org/10.1088/1475-7516/2011/03/018
http://dx.doi.org/10.1103/PhysRevD.67.083002
http://dx.doi.org/10.1103/PhysRevD.67.123507
http://dx.doi.org/10.1103/PhysRevD.67.123507
http://dx.doi.org/10.1093/mnras/stt195
http://dx.doi.org/10.1093/mnras/stt195
http://dx.doi.org/10.1103/PhysRevD.82.023520
http://dx.doi.org/10.1103/PhysRevD.82.023520
http://lambda.gsfc.nasa.gov/
http://dx.doi.org/10.1103/PhysRevD.71.083008
http://dx.doi.org/10.1086/427976
http://dx.doi.org/10.1086/427976
http://dx.doi.org/10.1103/PhysRevD.74.123002
http://dx.doi.org/10.1103/PhysRevD.74.123002
http://dx.doi.org/10.1103/PhysRevD.75.083501
http://dx.doi.org/10.1103/PhysRevD.75.083501
http://dx.doi.org/10.1103/PhysRevD.86.123008
http://dx.doi.org/10.1103/PhysRevD.86.123008
http://dx.doi.org/10.1086/309179
http://dx.doi.org/10.1086/309179

JOINT ANALYSIS OF CMB TEMPERATURE AND ...

[42] A. Challinor and A. Lewis, Phys. Rev. D 71, 103010 (2005). [48]
[43] M. Kesden, A. Cooray, and M. Kamionkowski, Phys. Rev.
D 66, 083007 (2002).

[44] O. Zahn et al. (work in progress). [49]
[45] M. Bucher, C.S. Carvalho, K. Moodley, and M.
Remazeilles, Phys. Rev. D 85, 043016 (2012). [50]

[46] D.Hanson, G. Rocha, and K. Gorski, Mon. Not. R. Astron.
Soc. 400, 2169 (2009).
[47] B.D. Sherwin and S. Das, arXiv:1011.4510.

063012-31

PHYSICAL REVIEW D 88, 063012 (2013)

NIST Digital Library of Mathematical Functions, Release
1.0.5 of 2012-10-01, online companion to [50], http://
dImf.nist.gov/.

D. Hanson, K. M. Smith, A. Challinor, and M. Liguori,
Phys. Rev. D 80, 083004 (2009).

NIST Handbook of Mathematical Functions, edited by
F.W.]. Olver, D.W. Lozier, R.F. Boisvert, and C. W.
Clark (Cambridge University Press, Cambridge,
England, 2010), print companion to Ref. [48].


http://dx.doi.org/10.1103/PhysRevD.71.103010
http://dx.doi.org/10.1103/PhysRevD.66.083007
http://dx.doi.org/10.1103/PhysRevD.66.083007
http://dx.doi.org/10.1103/PhysRevD.85.043016
http://dx.doi.org/10.1111/j.1365-2966.2009.15614.x
http://dx.doi.org/10.1111/j.1365-2966.2009.15614.x
http://arXiv.org/abs/1011.4510
http://dlmf.nist.gov/
http://dlmf.nist.gov/
http://dx.doi.org/10.1103/PhysRevD.80.083004

