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A general method for classifying the possible quark models of a multi-Higgs-doublet model, in the

presence of Abelian symmetries, is presented. All the possible sets of textures that can be present in a

given sector are shown, thus turning the determination of the flavor models into a combinatorial problem.

Several symmetry implementations are studied for two and three Higgs doublet models. Some models’

implementations are explored in great detail, with a particular emphasis on models known as Branco-

Grimus-Lavoura and nearest-neighbor-interaction. Several considerations on the flavor changing neutral

currents of multi-Higgs models are also given.
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I. INTRODUCTION

The Standard Model (SM) of strong and electroweak
interactions is very successful phenomenologically, and
the discovery of a Higgs-like particle [1] was the missing
piece in order to establish it as the best model available.
However, there is a general consensus that this should not
be the final theory because it does not explain basic issues
such as dark matter, neutrino masses, number of families,
and many others.

One possible extension of the SM is the addition of extra
copies of the Higgs field, just like in the fermionic sector.
The most common scenario is the two Higgs doublet model
(2HDM), which has been extensively studied in the litera-
ture; for a review see [2]. Models with three or more Higgs
bosons have also been considered, but the lack of informa-
tion on these extension is much larger. With the addition of
extra scalar doublets the number of parameters, in the
scalar and Yukawa sector, increases largely. In these N
Higgs doublet models (NHDM) it is very common to add
symmetries to help tackle the problem. For the 2HDM,
Ivanov [3] has shown that, no matter what combination of
flavor symmetries and/or generalized CP symmetries one
imposes on the scalar potential, one always ends up with
one of six distinct classes of potentials. Later, this issue
was studied further by Ferreira, Haber, and Silva [4]. The
recent studies of Ivanov and Vdovin [5] have extended
these analyses to the three Higgs doublet models (3HDM).
The study of Abelian symmetries in the NHDM scalar
sector was done by Ivanov, Keus, and Vdovin [6].
Despite the extensive general studies of symmetries in
the scalar potential of NHDM, the Yukawa sector has
been left partially apart. There are several particular flavor
models in literature with two, three, or more Higgs fields,
but there is a lack of a general approach as the one existing
for the scalar sector.

The study of the Yukawa sector in NHDM tends to be a
little involved since, besides the scalar fields, we have three

types of fermions (QL, nR, and pR) repeated 3 times.
This enlarges significantly the number of choices for the
representations of a given group. Recently, a general study
of 3HDM in the presence of A4 and S4 was done [7]. These
are two interesting non-Abelian groups since they lead to a
scalar potential highly symmetric, allowing the complete
determination of the global minimums [8]. While, the
study of non-Abelian symmetries in the Yukawa sector
depends strongly of the irreducible representations (irreps)
and the way we attribute them, for the Abelian case we
only have one-dimensional irreps. Using this feature,
Ferreira and Silva [9] have presented a general study
of Abelian symmetries in the Yukawa sector of the
2HDM. The aim of this work is to extend this study to
the NHDM case.
This article is organized as follows. In Sec. II we

introduce our notation and show how the action of
Abelian symmetries constrains the Yukawa textures. In
Sec. III we show the possible combinations of textures,
i.e. chains, that can be built in Abelian models, as well as
the possible Higgs fields transformations and associated
textures. In Sec. IV we explain how to make the connection
between the up-quark and down-quark sectors, allowing us
to build explicit models for the quark sector. In Sec. V we
extend our previous analyses to cases where the Abelian
group is a direct product of cyclic groups. In Sec. VI
explicit model implementations are studied in detail, in
particular, the well-known Branco-Grimus-Lavoura (BGL)
and nearest-neighbor-interaction (NNI) models. We draw
our conclusions in Sec. VII.

II. ABELIAN SYMMETRIES VERSUS
YUKAWATEXTURES

The most general and renormalizable scalar potential
constructed with N copies of the SUð2ÞL �Uð1ÞY doublet
�a ða ¼ 1; . . . ; NÞ is

V ¼ Yabð�y
a�bÞ þ Zabcdð�y

a�bÞð�y
c�dÞ (1)
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Yab ¼ Y�
ba; Zabcd ¼ Zcdab ¼ Z�

badc; (2)

due to Hermiticity of the Lagrangian. The model also
contains three flavors of left-handed quarks ðQL�Þ, right-
handed down-type quarks ðnR�Þ, and right-handed up-type
quarks ðpR�Þ, with the Greek letters denoting the fermion
flavors. The scalars and fermion fields are connected
through the Yukawa Lagrangian

�LYuk ¼ ð�aÞ��QL��anR� þ ð�aÞ��QL�
~�apR�

þ H:c:; (3)

with ~�a � i�2�a. The matrices in flavor space are denoted
with bold. When the scalar fields acquire a vacuum expec-
tation value, i.e. h�ai ¼ va, the quarks become massive.
Their mass matrix takes the form

Mu ¼ v�
a�a and Md ¼ va�a: (4)

They are diagonalized through a left and right unitary
transformation

Upy
L MuU

p
R ¼ diagðmu;mc;mtÞ;

Uny
L MdU

n
R ¼ diagðmd;ms;mbÞ:

(5)

The quark mixing matrix is defined as VCKM ¼ Upy
L Un

L.
The invariance of Eq. (1) under

�a ! ðS0
HÞab�b; (6)

defines a symmetry of the scalar potential. The S0
H is the

generator of the symmetry group (there could be more than
one). This requirement of invariance will put constraints on
the Yab and Zabcd couplings. If we want this symmetry to
leave the full Lagrangian invariant, then the fermionic
fields will also have to transform,

QL ! SLQL; nR ! Sn
RnR; pR ! Sp

RpR (7)

and leave the Yukawa sector invariant. This requirement on
the Yukawa sector leads to the constraints

8<
:Sy

L�bSn
RðS0

HÞba ¼ �a

Sy
L�bS

p
RðS0�

HÞba ¼ �a

! Sy
LAbSRðSHÞba ¼ Aa;

(8)

with Aa ¼ f�a;�ag, while SL, SR ¼ fSn
R;S

p
Rg, and

SH ¼ fS0
H;S

0�
Hg are the symmetry generators for QL,

nRðpRÞ, and �að��
aÞ, respectively.

Abelian symmetries are characterized by the commuta-
tivity of all their group elements, leading to the existence
of only one-dimensional representations. This in turn
implies the existence of a basis where the generators
present in Eq. (7) are all diagonal, i.e.

SL ¼ diagðei�1 ; ei�2 ; ei�3Þ;
SR ¼ diagðei�1 ; ei�2 ; ei�3Þ;
SH ¼ diagðei�1 ; ei�2 ; . . . ; ei�N Þ:

(9)

In this basis it becomes clear that the Higgs field trans-
formations define only trivial textures, i.e. the full matrix or
the null matrix. Therefore, these transformations will not
play any role in finding nontrivial textures, and the best
way to get rid of them is through the Hermitian combina-

tions H a
L ¼ AaA

y
a and H a

R ¼ Ay
aAa. These combi-

nations have another particularity: they split the left- and
right-handed space

Sy
LH

a
LSL ¼ H a

L; Sy
RH

a
RSR ¼ H a

R: (10)

In order to find the possible textures ofAa, we shall solve
the equations above. We shall do this for the left-handed
space, having in mind that the right-handed space solution
can be found in an equivalent way.
The solution of the first relation in Eq. (10) falls into one

of three cases:
(1) SL has a full degeneracy,
(2) SL has two-fold degeneracy,
(3) SL is nondegenerate.

A. Case (1): SL has a full degeneracy

In this case, the left-handed Hermitian combination has
to be of the form

H a
L ¼

� � �
� � �
� � �

0
BB@

1
CCA: (11)

The � represents an entry that in general is nonzero. This
means that it could be zero in a particular model imple-
mentation, but the symmetry itself does not impose it. In
this case, looking to the combination matrix H L is not of
great advantage. However, having in mind how Aa trans-
forms under the symmetry, see Eq. (8), we get for this case

ei�AaSR ¼ Aa; (12)

with � ¼ �a � � and � ¼ �1 ¼ �2 ¼ �3. This, in turn,
implies the following textures for Aa:

� � �
� � �
� � �

0
BB@

1
CCA;

� �
� �
� �

0
BB@

1
CCAP ; and

�
�
�

0
BB@

1
CCAP ;

(13)

for SR full degenerate, two-fold degenerate, and nonde-
generate, respectively. The empty entries represent null
elements. The matrix P represents a permutation matrix.
There is no permutation on the left since it does not change
the textures. The set of 3� 3 permutation matrices is
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I ¼
1

1

1

0
BB@

1
CCA; P 12 ¼

1

1

1

0
BB@

1
CCA;

P 13 ¼
1

1

1

0
BB@

1
CCA; P 23 ¼

1

1

1

0
BB@

1
CCA;

P 123 ¼
1

1

1

0
BB@

1
CCA; P 321 ¼

1

1

1

0
BB@

1
CCA:

(14)

B. Case (2): SL has two-fold degeneracy

Here, the left-handed Hermitian combination has to be
of the form

H a
L ¼ P 0

8>><
>>:

� �
� �

�

0
BB@

1
CCA;

� �
� �

0
BB@

1
CCA

�

0
BB@

1
CCA
9>>=
>>;P

0T:

(15)

As a default, the two-fold degeneracy was chosen to be in
the (1, 2) sector. The role of the permutation matrices is to
allow this degeneracy to be in one of the other two sectors,
i.e. (1, 3) and (2, 3).

This two-fold degeneracy imposes a two-zero texture in
H a

L. However, it does not forbid the nonzero blocks to be
zero. If H a

L were a completely general Hermitian matrix
with no correlations among entries, the first texture would
be the only one present. However, since H a

L is a combi-
nation ofAa, there can be correlations among entries, due
to the texture of Aa. Therefore, the second and third
textures in Eq. (15) become possible.

In order to find the textures forAa we shall work within
the two-fold degeneracy in the (1, 2) sector, since the
others are obtained through some permutation of rows
and columns. Since the entries on the Aa are unrelated,
the only way to have zero entries in the Hermitian combi-
nation is to have zero entries inAa. This fact can be easily
seen if one writes ðAaÞij ¼ ei�ijaij, with �ij and aij
arbitrary and unrelated. The left-handed Hermitian combi-

nation is given by ðH a
LÞij ¼ eið�ik��jkÞaikajk. Therefore, a

zero in the ði; jÞ position implies

eið�ik��jkÞaikajk ¼ 0: (16)

Since �ik and �jk are unrelated for i � j, the only way to

have the sum equal to zero is to have every element of the
sum equal to zero. Otherwise, the above condition would
imply a relation between aij elements that is not imposed

by the Abelian symmetry. Therefore, phases of elements in
Aa are irrelevant for defining a texture.

We start by noticing that the Hermitian combination
H a

L is invariant under the transformation Aa ! AaU,

with U a general unitary matrix. However, as seen above,
phases of Aa do not play any role in defining textures.
Therefore, this freedom on the right can be seen as a real
orthogonal transformation. Still, since this orthogonal free-
dom makes part ofAa its orthogonality cannot depend on
relations between entries. The only orthogonal matrices
where this is fulfilled are the permutation matrices.
Therefore, respecting only textures, the unitary freedom
on the right is nothing more than the possibility of permut-
ing columns.
The relevant system of equations for the first texture in

Eq. (15) is given by

H a
L¼

� �
� �

�

0
BB@

1
CCA!

8>>>>>>>>>><
>>>>>>>>>>:

ða11þa21Þa31
þða12þa22Þa32
þða13þa23Þa33¼0

a231þa232þa233�0

a211þa212þa213�0

a221þa222þa223�0

: (17)

We now determine the solutions of this system:
(i) Last line of Aa with two zeros. There are three

possible implementations of this, which just
correspond to the freedom to multiply on the right
(permutation of columns). We then choose a31 ¼
a32 ¼ 0, which in turn implies that a13 ¼ a23 ¼ 0
leading to

Aa ¼
� �
� �

�

0
BB@

1
CCAP : (18)

We still have the freedom to put aij elements to zero

and still get the sameH a
L. However, one should note

that additional zeros are determined by the generator
SR and therefore entire columns are set to zero.
Thus a12 ¼ 0 is not allowed but a12 ¼ a22 ¼ 0 is,
leading to

Aa ¼
�
�

�

0
BB@

1
CCAP : (19)

Additional matrices can be found by column sup-
pression, but they will always lead to the zero block
diagonal case, which will be fully studied below.

(ii) Last line of Aa with one zero. Again, there are
three possible implementations. We choose a33 ¼ 0
and a11 ¼ a21 ¼ a12 ¼ a22 ¼ 0, leading to

Aa ¼
�
�

� �

0
BB@

1
CCAP : (20)

By setting the first column to zero, we get
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Aa ¼
�
�

�

0
BB@

1
CCAP ; (21)

falling into the previous case.
Now we study the system when it has a zero block diagonal
form

H a
L¼

� �
� �

0
BB@

1
CCA!

8>>>>>>>>>>><
>>>>>>>>>>>:

ða11þa21Þa31
þða12þa22Þa32
þða13þa23Þa33¼0

a231þa232þa233¼0

a211þa212þa213�0

a221þa222þa223�0

: (22)

This implies that the last line equals zero, leading to

Aa ¼

8>><
>>:

� � �
� � �

0
BB@

1
CCA

� �
� �

0
BB@

1
CCA;

�
�

0
BB@

1
CCA
9>>=
>>;P :

(23)

Finally, the last texture in Eq. (15) gives the system

H a
L ¼

�

0
BB@

1
CCA !

8>>>>>>>>>>><
>>>>>>>>>>>:

ða11 þ a21Þa31
þða12 þ a22Þa32
þða13 þ a23Þa33 ¼ 0

a231 þ a232 þ a233 � 0

a211 þ a212 þ a213 ¼ 0

a221 þ a222 þ a223 ¼ 0

: (24)

This forces the first two lines to be zero:

Aa ¼

8>><
>>: � � �

0
BB@

1
CCA;

� �

0
BB@

1
CCA;

�

0
BB@

1
CCA
9>>=
>>;P :

(25)

C. Case (3): SL nondegenerate

In this case, the left-handed Hermitian combination has
to be of the form

H a
L ¼ P 0

8>><
>>:

�
�

�

0
BB@

1
CCA; �

�

0
BB@

1
CCA;

�

0
BB@

1
CCA
9>>=
>>;P

0T:

(26)

The first texture impliesAaAT
a ¼ diag, since phases play

no role. The only matrices that satisfy this relation are
monomial matrices, i.e. matrices with the textures of a
permutation matrix. To see this, we start with the equation

AaAT
a ¼ d; (27)

with d a nonsingular diagonal matrix. We may rewrite the
above equation as

d�1=2AaAT
ad

�1=2 ¼ I; (28)

with d�1=2Aa an orthogonal matrix, with no relations

between entries, i.e. permutation matrices. Thus Aa ¼
d1=2P is a monomial matrix.
The second case, with one zero entry in the diagonal

[with no loss of generality ðH a
LÞ11 ¼ 0], gives the system

H a
L ¼ �

�

0
BB@

1
CCA!

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ða11þ a21Þa31
þða12 þa22Þa32
þða13 þa23Þa33 ¼ 0

a11a21þ a12a22 þa13a23 ¼ 0

a231 þa232þ a233 � 0

a211 þa212þ a213 ¼ 0

a221 þa222þ a223 � 0

:

(29)

This automatically imposes, to the textures found in
case (2) with no zero block diagonal and the monomial
matrices, the first line null

Aa ¼

8>><
>>: � �

�

0
BB@

1
CCA; �

�

0
BB@

1
CCA
9>>=
>>;P : (30)

Finally, for the case with two zeros in the diagonal, we get
the same matrices as the ones found in the last texture
of case (2).

D. Textures and classes

The case where H a
L is zero always leads to Aa zero

and can always be implemented in any of the three cases
presented above.
The same analysis could have been done with the

Hermitian combination H a
R, and the transpose textures

would be found. However, all matrices have their transpose
in this set of allowed textures. We then summarize the
set of all possible textures for Aa allowed by Abelian
symmetries:
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P 0

8>><
>>:A1 ¼

� � �
� � �
� � �

0
BB@

1
CCA;A2 ¼

� �
� �

�

0
BB@

1
CCA;A3 ¼

�
�

� �

0
BB@

1
CCA;A4 ¼

�
�

�

0
BB@

1
CCA;A5 ¼

� � �
� � �

0
BB@

1
CCA;

A6 ¼
� �
� �
� �

0
BB@

1
CCA;A7 ¼

� �
� �

0
BB@

1
CCA;A8 ¼

�
�

0
BB@

1
CCA;A9 ¼

� � �

0
BB@

1
CCA;A10 ¼

�
�
�

0
BB@

1
CCA;

A11 ¼
� �

0
BB@

1
CCA;A12 ¼

�

0
BB@

1
CCA;A13 ¼

�
�

�

0
BB@

1
CCA;A14 ¼ � �

�

0
BB@

1
CCA;A15 ¼ �

�

0
BB@

1
CCA
9>>=
>>;P ;

(31)

and the null matrix is denoted by A0. In Table I, we present
the nine distinct classes that are possible. The null matrix,
i.e. A0, can be implemented in any of these classes, and
therefore is not presented in the table. In order to simplify
the notation, we shall denote the nine classes as ði; jÞ, with
i and j corresponding to the number of different phases for
the left and right generators, respectively. The left-handed
transformations are connected with the quark mixing and
are shared by both sectors. This implies that the three
classes ð2; iÞ are in fact nine, three for each P L ¼
f1;P 13;P 23g. Since each sector has to share the same left
permutation matrix, we shall choose P L ¼ I without loss
of generality. The total number of models for such classes
will be 3 times the cases studied, with the appropriate left
permutations.

III. ABELIAN SYMMETRIES, CHAINS, AND
CHARGE VECTOR

In this section, the textures found previously will be
grouped into sets that can be simultaneously implemented
by a symmetry. In order to exemplify the problem we face,
one example is in order. From Table I, we see that the class
ð2; 2Þ allows for A3 and A8 textures. However, these

textures overlap partially, and no symmetry can be found
that allows this.
Our aim is to find all possible texture combinations in

each class. For that we introduce two new concepts:
(i) Disjoint textures: two matrices have disjoint textures

if and only if they do not share any nonzero entry.
For example

� �

� �

0
BB@

1
CCA:

8>><
>>:

�
� �

�

0
BB@

1
CCA; �

0
BB@

1
CCA; � � �

9>>=
>>;:

(32)

(ii) Chain: the set of matrices with disjoint textures
belonging to the same class, which together build
a full matrix. For example

� �

� �

0
BB@

1
CCA;

�
� �

�

0
BB@

1
CCA; �

0
BB@

1
CCA: (33)

The chains will be denoted as Cði;jÞ
n , which means

the nth chain of the class ði; jÞ. The null matrix can

TABLE I. Different classes of textures, with � ¼ � or 0.

H a
L

H a
R

� � �
� � �
� � �

0
@

1
A P R

� �
� �

�

0
@

1
AP R

�
�

�

0
@

1
A

� � �
� � �
� � �

0
@

1
A A1 fA6; A10gP R fA10gP

P L
� �
� �

�

0
@

1
AP L P LfA5; A9g P LfA2; A3; A7; A8; A11; A12gP R P LfA4; A8; A12gP

�
�

�

0
@

1
A P 0fA9g P 0fA11; A12; A14gP R P 0fA12; A13; A15gP
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be present in a chain by construction or added
a posteriori, in the last case the chain is denoted

as 0Cði;jÞ
n .

In order to find the possible chains and the Abelian
groups that may implement them, we introduce the phase
transformation matrix

�Aa
¼

�1 � �1 �2 � �1 �3 � �1

�1 � �2 �2 � �2 �3 � �2

�1 � �3 �2 � �3 �3 � �3

0
BB@

1
CCA

¼ 2�

n

k1 k2 k3

k1 � kL1 k2 � kL1 k3 � kL1

k1 � kL2 k2 � kL2 k3 � kL2

0
BB@

1
CCA: (34)

This matrix represents the phases of each entry of Aa

when acted by the left and right symmetry generators. The
first line of Eq. (34) is expressed in term of the continuous
phases �i and �i, while in the second line we have dis-
cretized it. For simplicity we shall work with the last line.
The group could take two forms: Zkn; Zn�k. The first case
tells us that the order of the group has to belong to kZ and
therefore the group is discrete. The second case just says
that the order of the group has to be equal or larger than k.
Therefore, the group could be a Zk, Zkþ1 or even a Uð1Þ.
In this discrete notation, the left and right generators are
given by

SL ¼ diagð1; !kL1
n ; !kL2

n Þ; SR ¼ diagð!k1
n ; !

k2
n ; !

k3
n Þ:
(35)

Without loss of generality, we have chosen the first entry of
SL to have no phase. Since the class ð3; iÞ contains textures
and all their left permutations, we need to redefine the
phases kL1 and kL2 when left permutations are applied in
Eq. (35). The redefinitions are

(i) P 12SLP T
12: kL1 ! �kL1, kL2 ! kL2 � kL1

(ii) P 13SLP T
13: kL2 ! �kL2, kL1 ! kL1 � kL2

(iii) P 23SLP T
23: kL1 ! kL2, kL2 ! kL1

(iv) P 123SLP T
123: kL1 ! kL2 � kL1, kL2 ! �kL1

(v) P 321SLP T
321: kL1 ! �kL2, kL2 ! kL1 � kL2

Up to this point the number of Higgs fields and their
symmetry transformations have not been used. The reason
has to do with the fact that they are just a global phase
transformation for each Yukawa coupling. Therefore, they
have no impact on the determination of the possible tex-
tures for each individual matrix. The role of the Higgs
fields will be to select the textures from a given chain.
Different charges for the scalar fields will lead to disjoint
textures of the same chain. We then define charge vector as
the set of phases associated with the disjoint textures of a
given chain. These will be the charges under which the
Higgs fields will transform.

The size of a chain is equal to the order of the smallest
Abelian group needed to build the chain. This is true since
if a texture has m distinct k’s, we may subtract to the
equivalent phase matrix (equivalent to multiplying the
texture by an exponential) the phase 2�

n k1. This will trans-

form the texture to one of its disjoint matrices. We can
repeat this process for the m different k’s. This will lead to
a set of mþ 1 disjoint matrices belonging to the same
class. This defines a chain. The order of the smallest
Abelian group that forms this chain has to be mþ 1,
i.e. the number of distinct k’s plus the identity.
Next we present an example of how to construct the

possible chains for a given class, charge vector, as well as
the Abelian groups that can be used to implement them.

A. Building chains and associated charge vectors

We shall now present the general method for finding the
charge vectors. We use as an example the class ð2; 2Þ. This
class can be divided into two cases: with P LA2P R; without
P LA2P R.
In the first case, i.e. with a texture P LA2P R, the sym-

metry implementation is given by(
SR ¼ P Rdiagð1; 1; !kL2

n ÞP R;

SL ¼ P Ldiagð1; 1; !kL2
n ÞP L;

(36)

leading to the phase transformation matrix �P LA2P R

2�

n
:P L

0 0 kL2

0 0 kL2

�kL2 �kL2 0

0
BB@

1
CCAP R: (37)

In this case we have two possibilities:
(i) kL2 � �kL2

This implies kL2 � n=2. The order of the group has
to be n � 3, leading to the chain

Zn�3: P LfA2 	 A8 	 A11gP R: (38)

The associated charge vector is

ð1; !�kL2
n ; !kL2

n Þ: (39)

(ii) kL2 ¼ �kL2
This implies kL2 ¼ n=2. The order of the group has
to be n 2 2Z, leading to the chain

Z2n: P LfA2 	 A3gP R: (40)

TABLE II. Chains and associated charge vector for the
classes ð1; iÞ.
Cð1;1Þ
1 A1 1

Cð1;2Þ
1 fA6 	 A10gP R ð1; !�k3

n Þ
Cð1;3Þ
1 A10 	 A10P 23 	 A10P 13 ð1; !�k2

n ; !�k1
n Þ

H. SERÔDIO PHYSICAL REVIEW D 88, 056015 (2013)

056015-6



We have made the redefinition n ! 2n. The asso-
ciated charge vector is

ð1; !n
2nÞ; kL2 ¼ n: (41)

We now turn to the second case, i.e. without the
texture P LA2P R. The symmetry implementation
is given by

(
SR ¼ P Rdiagð1; 1; !k3

n ÞP R;

SL ¼ P Ldiagð1; 1; !kL2
n ÞP L;

(42)

leading to the phase transformation matrix�P LA7P R

2�

n
:P L

0 0 k3

0 0 k3

�kL2 �kL2 k3 � kL2

0
BB@

1
CCAP R: (43)

In this case we have the following possibilities:
(i) k3 ¼ �kL2

This implies kL2 � n=2. The group order has to be
n � 3, leading to the chain

Zn�3: P LfA7 	 A3 	 A12gP R; (44)

with the associated charge vector

ð1; !kL2
n ; !2kL2

n Þ: (45)

(ii) k3 � �kL2
The group order has to be n � 4, leading to the
chain

Zn�4: P LfA7 	 A8 	 A11 	 A12gP R: (46)

The associated charge vector is

ð1; !�k3
n ; !kL2

n ; !
kL2�k3
n Þ: (47)

The same procedure should be done for the nine classes.
Details on this construction are given in Appendix. B. The
Tables II and III summarize the set of chains and their
associated charge vector possible for the classes ð1; iÞ and
ð2; iÞ, respectively. Table IV presents the chains for classes
ð3; iÞ, while the associated charge vectors are presented in
Table XIII, relegated to Appendix D due to its size. Also, in
Appendix D the Table X presents the symmetry groups that
can be used to implement each chain.

IV. CONNECTING UP AND DOWN
YUKAWA SECTORS

Until now we have only studied textures and symmetries
of matrices. No information of how an actual model would
look like was given. In this section we shall clash the up
and down sector to see what are the kind of textures, and
minimal symmetries, that one can construct in a multi-
Higgs model. The relation between the two sectors comes
from the left-handed sector and the scalar fields. It is
obvious that, even though the number of textures and
chains is finite, the number of possible models with a large
number of Higgs fields becomes impossible to deal with.
The steps to construct the possible models from the

vectors charge are the following:
(1) Choose two chains, one for the down and another for

the up sector, belonging to any of the three classes
ði; 1Þ, ði; 2Þ, and ði; 3Þ. Each chain has its associated
charge vector. To each charge one defines a node.
Draw a column of nodes for each sector (without
lost of generality we choose the column of the down
sector to be on the left). Any A0 texture that was not
presented in the minimal chain implementation is
denoted by a white node.

TABLE III. Chains and associated charge vector for the classes ð2; iÞ.
Cð2;1Þ
1 P LfA5 	 A9g ð1; !kL2

n Þ
Cð2;2Þ
1 P LfA2 	 A3gP R ð1; !n

2nÞ, kL2 ¼ n

Cð2;2Þ
2 P LfA2 	 A8 	 A11gP R ð1; !�kL2

n ; !kL2
n Þ

Cð2;2Þ
3 P LfA7 	 A3 	 A12gP R ð1; !kL2

n ; !2kL2
n Þ

Cð2;2Þ
4 P LfA7 	 A8 	 A11 	 A12gP R ð1; !�k3

n ; !kL2
n ; !

kL2�k3
n Þ

Cð2;3Þ
1 P LfA4 	 A4P 321 	 A4P 123g ð1; !2n

3n; !
n
3nÞ, kL2 ¼ 2n

Cð2;3Þ
2 P LfA4 	 A4P 23 	 A8P 13 	 A12P 13g ð1; !nþ1

2ðnþ1Þ; !
�k1
2ðnþ1Þ; !

�k1þnþ1
2ðnþ1Þ Þ, kL2 ¼ nþ 1

Cð2;3Þ
3 P LfA4 	 A4P 123 	 A8P 13 	 A12g ð1; !�kL2

n ; !�2kL2
n ; !kL2

n Þ
Cð2;3Þ
4 P LfA4 	 A4P 321 	 A12P 13 	 A8P 23g ð1; !kL2

n ; !2kL2
n ; !�kL2

n Þ
Cð2;3Þ
5 P LfA4 	 A8P 23 	 A8P 13 	 A12 	 A12P 13g ð1; !�kL2

n ; !�k1
n ; !kL2

n ; !kL2�k1
n Þ

Cð2;3Þ
6 P LfA8 	 A8P 23 	 A8P 13 	 A12 	 A12P 23 	 A12P 13g ð1; !�k2

n ; !�k1
n ; !kL2

n ; !kL2�k2
n ; !kL2�k1

n Þ
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Example:

(2) Write on each node of the left column the associated
charges and on the right columns the conjugated
ones.
Example:

(3) Connect the nodes of the two columns. Each non-
trivial connection gives a constraint on some of the

symmetry phases. Constraints that impose two
nodes, for the same column, with the same charge
are not allowed.
Example (cases with no massless quark):

The symbol states that the order of the diagram

is nZ.
(4) Use the freedom of a global phase transformation to

change the position of the 0 phase. With no loss of
generality we can do it to the right column.

TABLE IV. Chains for the classes ð3; iÞ.
Cð3;1Þ
1 A9 	 P 23A9 	 P 13A9

Cð3;2Þ
1 f1;P 12g fA14 	 P 123A14 	 P 321A14g

Cð3;2Þ
2 f1;P 12;P 13g fA14 	 P 23A14 	 P 13A11 	 P 13A12g

Cð3;2Þ
3 fP g fA14 	 P 123A14 	 P 13A11 	 P 23A12g

Cð3;2Þ
4 fP g fA14 	 A11 	 P 13A11 	 P 23A12 	 P 13A12g

Cð3;2Þ
5 A11 	 P 23A11 	 P 13A11 	 A12 	 P 23A12 	 P 13A12

Cð3;3Þ
1 A13 	 P 123A13 	 P 321A13

Cð3;3Þ
2 f1;P 12;P 23g fA13 	 P 321A15 	 A15P 123 	 P 123A15P 12g

Cð3;3Þ
3 f1;P 12;P 23g fA13 	 P 321A15 	 A15P 123 	 P 13A12 	 A12P 13g

Cð3;3Þ
4 f1;P 13;P 23g fA13 	 P 321A15P 13 	 A12P 23 	 P 23A12 	 A12P 13 	 P 13A12g

Cð3;3Þ
5 A13 	 A12P 23 	 P 23A12 	 A12P 13 	 P 13A12 	 P 13A12P 23 	 P 23A12P 13

Cð3;3Þ
6 f1;P 12;P 13g fA15 	 P 23A15 	 P 321A15P 13 	 P 123A15P 12 	 P 13A12P 13 	 A0g

Cð3;3Þ
7 f1;P 12;P 13g fA15 	 A15P 123 	 P 321A15P 12 	 P 123A15P 12 	 P 13A12P 23g

Cð3;3Þ
8 A15 	 P 321A15 	 P 123A15 	 A12P 13 	 P 23A12P 13 	 P 13A12P 13

Cð3;3Þ
9 A15 	 P 12A15P 13 	 P 13A15P 12 	 P 13A12P 13 	 A12P 23 	 P 23A12 	 A0

Cð3;3Þ
10 f1;P 12;P 13g fA15 	 A15P 123 	 A15P 321 	 P 13A12 	 P 13A12P 23 	 P 13A12P 13g

Cð3;3Þ
11 fP g fA15 	 P 123A15 	 P 13A15P 123 	 P 13A12P 13 	 P 23A12 	 A12P 13g

Cð3;3Þ
12 fP g fA15 	 A15P 321 	 P 13A15P 123 	 A12P 23 	 P 13A12 	 P 13A12P 13g

Cð3;3Þ
13 fP g fA15 	 P 321A15P 13 	 P 13A12P 13 	 P 23A12 	 P 13A12 	 A12P 23 	 A12P 13 	 A0g

Cð3;3Þ
14 f1;P 12;P 13;P 23g fA15 	 P 321A15 	 P 13A12P 13 	 P 13A12 	 A12P 23 	 A12P 13 	 P 23A12P 13g

Cð3;3Þ
15 f1;P 12;P 13;P 23g fA15 	 A15P 123 	 A12P 13 	 P 23A12 	 P 13A12 	 P 13A12P 23 	 P 13A12P 13g

Cð3;3Þ
16 f1;P 12;P 13g fA15 	 P 23A15 	 P 13A12P 13 	 P 13A12 	 P 13A12P 23 	 A12P 13 	 P 23A12P 13 	 A0g

Cð3;3Þ
17 f1;P 12;P 13;P 23g fA15 	 A12P 23 	 A12P 13 	 P 23A12 	 P 23A12P 13 	 P 13A12 	 P 23A12P 23 	 P 13A12P 13g

Cð3;3Þ
18 A12 	 P 23A12P 23 	 A12P 23 	 A12P 13 	 P 23A12 	 P 23A12P 13 	 P 13A12 	 P 13A12P 23 	 P 13A12P 13
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Example: we get two more cases

(5) Repeat step (3).
Statement: Given a diagram, the minimal order of the

symmetry group is given by the number of nodes in the
largest column (nnlc). If in that column the white node is
not connected, the size of the group is reduced by one unit.
If the condition n=k 2 Z is imposed by one line, then the
group order will be the smaller number bigger/equal than
nnlc that is divisible by k.

A. Models up to N¼ 3

In this section we shall present some model implemen-
tations for up to three Higgs doublets. We start with
models belonging to class ð1; iÞ. In Table V, we present
the combinations of textures that have three mixing
angles. In order for a model to be phenomenologically
viable, at least one of these combinations has to be
present in one sector.

The cases with N ¼ 1, 2, which has three mixing
angles, can be easily extracted from Table V. In order
to exemplify some properties we shall study in detail the

implementation of models with Cð1;3Þ
1 in both sectors

[step (1)]. We start by drawing the diagram and associ-
ated charges [step (2)]

Since we have the same chain in both sectors we should
have on the right column the conjugated charges (or
antisymmetric phases). However, the phases coming
from the right-handed fields are different for the up and
down quarks. Therefore, the only phases that we truly
need to conjugate are the ones coming from the left-
handed fields and the ones associated to extra null
textures.

The next step is to join the nodes [step (3)]. However,
in order to guarantee that the model can explain the
six quark masses we need Table XIV, where the

combinations of textures in a chain that gives
det ðMu;dÞ � 0 up to three Higgs fields is presented.

From Table XIV, we see that only models with three
Higgs bosons are allowed and, therefore, all nodes of
the diagrams must be connected. For the cases with the
zero in the first position we get

The first diagram implies ku2 ¼ �kd2 and ku1 ¼ �kd1 , while
the second diagram implies ku1 ¼ �kd2 and ku2 ¼ �kd1 . All
these relations are true up to modðnÞ. Next we use the
freedom of a global phase transformation to change the
position of the zero on the right column [step (4)].
Subtracting ku2 on the right columns and following
step (3), we get

The first diagram implies kd2 ¼ ku2 and kd1 ¼ ku2 � ku1 ,
while the second diagram implies kd1 ¼ ku2 and kd2 ¼ ku2 �
ku1 . We repeat the last steps, but now subtracting the phase
ku1 . We get the diagrams

The first diagram implies kd1 ¼ ku1 and kd2 ¼ ku1 � ku2 ,
while the second one implies kd2 ¼ ku1 and kd1 ¼
ku1 � ku2 . This completes the identification of the models
available for this case.

We shall use the notation Cði;jÞ
k � Cði;j0Þ

n to represent the

case where we have for the down-quark sector the chain

Cði;jÞ
k and for the up-quark sector the chain Cði;j0Þ

n . Multiple

lines connecting the same nodes represent several Higgs
fields with the same charge. In order to keep in mind that
the down-quark sector is represented by the left column,
we represent the textures Ai by �i. For the up-quark sector
we do the same, but replacing Ai by �i. We should regard
�i and �i as just matrices from Eq. (31). Their relation
with the Yukawa couplings �a and �a has to do with the
labeling given for the Higgs fields. For example, the
model with �1 ¼ �10, �2 ¼ �10P 23, and �3 ¼ �10P 13 is
telling us that�1 couples with �10,�2 with �10P 23 and�3

with �10P 23.

TABLE V. Combinations with N ¼ 3 which lead to three
mixing angles for classes ð1; iÞ.

Classes

A1 	 A0 	 A0
0Cð1;1Þ

1

A6 	 A10 	 A0
0Cð1;2Þ

1

A10 	 A10P 23 	 A10P 13 Cð1;3Þ
1
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Next we present the complete set of models for N � 3
for the classes ð1; iÞ:

We now turn to models belonging to classes ð2; iÞ. The
corresponding diagrams are presented in Appendix C. Here
we shall construct explicitly one particular example. We
need Table VI, which is the equivalent of Table V for the
models of class ð2; iÞ.
We start by choosing the chain 0C2;1

1 for the down sector

and the chain 0Cð2;2Þ
3 for the up sector. The diagram is

At this point we must go to Table XIV and check what
combinations of one, two, and three textures we can make

with nonzero determinant. For class 0C2;1
1 we always need

to have A5 and A9; therefore, we can only implement

models with at least two Higgs. For class 0C2;2
3 we always

need to have the texture A7 conjugated with at least another
nonzero texture, i.e. A3 or A12. Knowing the cases with
nonzero masses we just need to find on Table VI which
combinations allow for three mixing angles. We see in its
first line that the presence of A5 and A9 guarantees that the
model has three mixing angles. Therefore, in the construc-
tion of these diagrams, we just need to take care of the
nonzero masses, since the three mixing angles are guaran-
teed in that case.
Drawing the first set of diagrams, we get

The order of the group has to be 3Z due to the line
connecting the second node on the left with the third one
on the right. The second nodes of each column cannot be
connected since it would imply kL2 ¼ n=2 and, therefore,
the first and third node of the right column equal. All
models can be implemented with a Z3 except the last one.
This last model has the white node of the largest column
connected, which increases the order of the group by one
unit. However, since the order of the group has to be 3Z, the
minimal symmetry group is Z6. We continue by shifting the
zero on the right column one position down; we get
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In contrast with the previous case, the last diagram can be
implemented with a Z4. The last two cases are

and

These two implementations only allow models with three
Higgs bosons (or more), contrarily to the previous cases,
where models with two Higgs bosons are allowed. We
summarize the possible model implementations:

We turn now to the last classes ð3; iÞ. The number chain
combinations that we can build is around a few hundred,
with in most cases a large number of diagrams for each
combination. In what follows we shall only present the
cases up to N ¼ 2, the case with three Higgs bosons can be
extracted from Tables XI, XII, and XIV. The table with the
combinations that allows three mixing angles up to two
Higgs bosons is presented in Table VII.
In order to present some properties of models in classes

ð3; iÞ we shall, once more, study a particular case. We

choose the case with the chain Cð3;2Þ
3 for the down sector

and Cð3;3Þ
3 for the up sector. Before drawing the nodes and

associated charges we should notice that, contrarily to what
happens for other classes, the possible left permutations
of chains belong to the same class and should be taken

as different chains. Therefore, when choosing Cð3;2Þ
3 we

TABLE VI. Combinations with N ¼ 3 which lead to three
mixing angles for classes ð2; iÞ.

Classes

A5 	 A9 	 A0
0Cð2;1Þ

1

A2 	 A3 	 A0
0Cð2;2Þ

1

A2 	 A8 	 A0
0Cð2;2Þ

2

A2 	 A11 	 A0
0Cð2;2Þ

2

A2 	 A8 	 A11 Cð2;2Þ
2

A7 	 A3 	 A0
0Cð2;2Þ

3

A7 	 A3 	 A12 Cð2;2Þ
3

A7 	 A8 	 A11 Cð2;2Þ
4

A7 	 A8 	 A12 Cð2;2Þ
4

A7 	 A11 	 A12 Cð2;2Þ
4

A4 	 A4P 321 	 A0
0Cð2;3Þ

1;4

A4 	 A4P 123 	 A0
0Cð2;3Þ

1;3

A4P 321 	 A4P 123 	 A0
0Cð2;3Þ

1

A4 	 A4P 321 	 A4P 123 Cð2;3Þ
1

A4 	 A4P 23 	 A8P 13 Cð2;3Þ
2

A4 	 A4P 23 	 A12P 13 Cð2;3Þ
2

A4 	 A8P 13 	 A12P 13 Cð2;3Þ
2;5

A4P 23 	 A8P 13 	 A12P 13 Cð2;3Þ
2

A4 	 A4P 123 	 A8P 13 Cð2;3Þ
3

A4 	 A4P 123 	 A12 Cð2;3Þ
3

A4P 123 	 A8P 13 	 A12 Cð2;3Þ
3

A4 	 A8P 13 	 A12 Cð2;3Þ
3;5

A4 	 A4P 321 	 A12P 13 Cð2;3Þ
4

A4 	 A4P 321 	 A8P 23 Cð2;3Þ
4

A4 	 A12P 13 	 A8P 23 Cð2;3Þ
4;5

A4P 321 	 A12P 13 	 A8P 23 Cð2;3Þ
4

A4 	 A8P 23 	 A8P 13 Cð2;3Þ
5

TABLE VII. Combinations with N ¼ 2 which lead to three
mixing angles for classes ð3; iÞ.

Classes

f1;P 12g fA14 	 P 123A14g Cð3;2Þ
1;3

f1;P 12g fA14 	 P 321A14g Cð3;2Þ
1

f1;P 12g fP 123A14 	 P 321A14g Cð3;2Þ
1

fP 13;P 23;P 123;P 321g fA14 	 P 123A14g Cð3;2Þ
3

A13 	 P 321A13 Cð3;3Þ
1

f1;P 12;P 23g fA13 	 P 321A15g Cð3;3Þ
2;3

f1;P 12;P 23g fA13 	 A15P 123g Cð3;3Þ
2;3
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actually have to study the six cases PCð3;2Þ
3 and for Cð3;3Þ

3

the three cases f1;P 12;P 23gCð3;3Þ
3 . The extended table for

the charge vectors of class ð3; iÞ, Table XIII, gives us the
information for each individual case. These charge vectors
have a correlation between kL1 and kL2, which are shown
in Table VIII.

From the constraints in Table VIII, we see that the only
possible matchings are

(a) f1;P 12gCð2;3Þ
3 � P 23C

ð3;3Þ
3 ,

(b) fP 13;P 123gCð2;3Þ
3 � P 12C

ð3;3Þ
3 ,

(c) fP 23;P 321gCð2;3Þ
3 � Cð3;3Þ

3 .

Any other case will imply that kL1 or kL2 equal n=3, which
always leads to at least two equal charges in the charge
vector of each sector. Let us then start with the first case of

ðaÞ, i.e. Cð2;3Þ
3 � P 23C

ð3;3Þ
3 . The diagrams with the 0 in the

first node are

The last four diagrams imply massless quarks. The second
one does not have three mixing angles. Therefore only the
first diagram survives. Shifting the 0 to the node below
we get

Only the first diagram has no massless quarks and three
mixing angles. Shifting the 0 one node down we get

Only the second diagram has no massless quarks. However,
from Table VII we see that it does not have three mixing
angles. Thus no diagrams survive in this case. We can
continue the same procedure but no new diagram is found.
Therefore we summarize our result as

From Table XIV we get that the class Cð3;3Þ
3 can be imple-

mented in models with just the first texture. So in principle
we should have added a null texture and studied the

class 0Cð3;3Þ
3 instead. However, a quick examination shows

us that no coupling with the null texture is possible.
The second case of ðaÞ, i.e. the down sector with the

chain P 12C
ð2;3Þ
3 � P 23C

ð3;3Þ
3 , is found in a similar way. The

final diagrams are

The other cases are correlated with these two last results.
Actually we can easily check that multiplying the chain

Cð3;2Þ
3 � P 23C

ð3;3Þ
3 by P 23 on the left we get the first chain

of (3), and by P 123 we get the second case of (2). The same
can be applied to the other three cases. We can

them summarize this as f1;P 23;P 123g � Cð3;2Þ
3 �

P 23C
ð3;3Þ
3 corresponds to Eq. (68) and f1;P 23;P 123g �

P 12C
ð3;2Þ
3 � P 23C

ð3;3Þ
3 corresponds to Eq. (69).

TABLE VIII. Constraints imposed by each chain.

Cð3;2Þ
3 Constraint

1, P 12 kL1 ¼ 2kL2
P 13, P 123 kL1

¼ �kL2
P 23, P 321 kL2 ¼ 2kL1

Cð3;3Þ
3 Constraint

1 kL2 ¼ 2kL1
P 12 kL2

¼ �kL1
P 23 kL1 ¼ 2kL2
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The full set of diagrams for N ¼ 2 are presented below.
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V. DIRECT PRODUCT OF ABELIAN GROUPS

Until now, all the results found are associated with
cyclic groups. However, the fundamental theorem of finite
Abelian groups states that any finite Abelian group G is
isomorphic to a direct product of cyclic groups of prime-
power order. This allows the group G to be written as a
direct product of cyclic groups in either of the following
ways:

(i) G ffi Zq1 � � � � � Zqn , where each qj is a power of a

prime;
(ii) G ffi Zr1 � � � � � Zrm , where rj divides rjþ1 for

1 � j � m� 1.
Any group satisfying (i) or (ii) is not isomorphic to a cyclic
group.

The main idea is to have the fields transforming under a
set of n diagonal generators, leading to the symmetry
equation

 Yn
i¼1

Siy
L

!
Aa

 Yn
i¼1

Si
R

!
ðSHÞaa ¼ Aa: (78)

Since the product of n generators can be reproduced by a
single generator where the entries are the product of the n
phases, the textures previously found for Aa are not
altered. However, this successive product of generators
can add new chains. In order to find these new chains we
shall introduce a, less common, matrix product:

Definition (Hadamard product): Let A and B be two
matrices with the same dimension m� n. The Hadamard
product A � B is given by

ðA � BÞij ¼ ðAÞijðBÞij: (79)

The Hadamard product is associative, distributive, and
commutative (unlike the usual matrix product).

We can now state the necessary and sufficient steps in
order to find the chains obtained by the product of cyclic
groups. The three steps are as follows:

(1) Find the chains for each individual cyclic group.
(2) Pick one texture from each of these chains and

multiply them using the Hadamard product. The
resulting matrix is one texture of the final chain.

(3) Repeat step (2) for all possible combinations.
In order to make the procedure clear, we shall present an
example. Let us suppose that we have Z2 � Z2, where one
Z2 generates the chain A5 	 A9 and the other the chain
P 23fA5 	 A9g. The Hadamard products of these textures
gives

A5 � P 23A5 ¼ P 13A9; A5 � P 23A9 ¼ P 23A9;

A9 � P 23A5 ¼ A9; A9 � P 23A9 ¼ A0:
(80)

The final chain is then given by

A9 	 P 23A9 	 P 13A9 	 A0; (81)

which, in this case, can also be implemented from a Z4

corresponding to the chain 0Cð3;1Þ
1 . However, there are

solutions for model implementations that can be imple-
mented with the Z2 � Z2 solution and not with the Z4. In
order to understand this issue, it is convenient to write the
charge vector associated with the chain in Eq. (81), when it
is a result of the action of two generators. The charge
vector in this case is

ðð!kL2
n ; 1Þ; ð1; !k0

L2
n Þ; ð1; 1Þ; ð!kL2

n ; !
k0
L2
n ÞÞ: (82)

Contrarily to the cyclic groups, in this case each ele-
ment of the group is specified by two phases, one from
each cyclic group. The possible models constructed

from the chain 0Cð3;1Þ
1 in both sectors and three Higgs

bosons are

Doing the same procedure, but now using the charge
vector of Eq. (82), we get a single diagram

which is not one of the possible models implemented
with a Z4. Therefore, even if the chains found by direct
products are already present for the cyclic groups, the
model implementation may differ. We shall not pursue
the determination of all possible model implementations
for the chains that are shared by cyclic groups and
direct products of cyclic groups.
The cases we are most interested in are chains that can

only be implemented through a direct product of cyclic
groups. When the chains for the cyclic groups were found,
in Appendix B, there were some combinations of textures
not allowed. These cases are the ones we are interested in.
From a simple inspection, we find out that the cases not
allowed by cyclic symmetries are
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ð1Þ: A13 	 P 23A15 	 P 123A15P 12 	 P 321A15P 13;

ð2Þ: f1;P 13;P 23gfA13 	 P 23A15 	 P 123A15P 12

	 P 13A12P 23 	 P 23A12P 13g;
ð3Þ: f1;P 12;P 23gfA13 	 P 23A15 	 P 321A15P 13

	 P 13A12 	 A12P 13g;
ð4Þ: f1;P 12;P 13gfA13 	 P 123A15P 12 	 P 321A15P 13

	 P 23A12 	 A12P 23g: (85)

The chains (2) to (4) have dimension 5. Therefore, they
cannot be implemented through direct products, unless we
had null textures. The minimal order is 8, so, if we are able
to build these chains, at least three null textures would have
to be present. There are only seven chains whose products
may end up with A13 or permutations. These chains are

Cð2;2Þ
1;2 andCð3;3Þ

1;2;3;4;5. The idea is to look now for products that

lead to at least two textures of

fP 23A15;P 123A15P 12;P 321A15P 13g: (86)

Since the chains from class ð3; 3Þ do not have two of these
textures, they can never be used to obtain chains (1) to (4).
We are left with only two chains from class ð2; 2Þ. In order

to obtain a texture of the type A13, we must use Cð2;2Þ
1;2 �

PCð2;2Þ
1 P , with P ¼ fP 13;P 23g. Any of these cases leads

to chain (1). Therefore, (1) is the only chain that can be
exclusively implemented by direct products. The smallest

implementation is given by the Hadamard product Cð2;2Þ
1 �

P 23C
ð2;2Þ
1 P 23, leading to the Z2 � Z2 group. The chain has

the associated charge vector

ðð1; 1Þ; ð�1;�1Þ; ð�1; 1Þ; ð1;�1ÞÞ: (87)

VI. QUARK MODELS: GENERAL FEATURES
AND SOME EXAMPLES

In general, when analyzing the Yukawa sector of a
NHDM, the scalar fields are transformed nontrivially under
the horizontal symmetry. Since these fields can acquire
vacuum expectation values, it is very important to avoid
a (pseudo)Goldstone boson in the scalar potential. It is well
known that the breaking of a continuous symmetry will
lead to these massless particles. If only the scalar sector
presents this property, then loop corrections can induce a
mass to these scalars. Nevertheless, light scalars that
couple to SM fermions and gauge fields are not desirable
in a realistic model. Continuous symmetries in the scalar
potential can be present by explicit construction, or acci-
dentally. One shall focus on the second case.

Ivanov, Keus, and Vdovin [6] have developed a strategy
to identify all the discrete Abelian symmetries that can be
implemented in NHDM and do not lead to an accidental
continuous symmetry. The major result is the upper bound
on the order of the Abelian discrete group jGj � 2N�1,

with N the number of Higgs fields in the model. We shall
use this information when classifying models.
Until now, we have only used the following experimen-

tal facts: quarks have nonzero masses, and the VCKM

mixing matrix mixes all the flavor sectors. However, phe-
nomena such as flavor changing neutral currents (FCNC),
which are very suppressed in nature and appear only at
loop level for both gauge and Higgs sectors in the SM, have
no natural suppression in the NHDM without additional
constraints. These FCNC are a consequence of the mis-
alignment between the Yukawa couplings and the mass
matrices. In the SM the mass matrix is proportional to the
Yukawa coupling. However, in models with more scalar
doublets this is no longer true and, in the mass eigenbasis,
there will appear fermion interactions mediated by scalars
that violate flavor. A simple way to obtain natural relations
is through the use of symmetries in the Lagrangian; when
they preclude FCNC it is said that the model has natural
flavor conservation (NFC). Glashow and Weinberg [10]
and Paschos [11] pointed out that sequential extensions
of the SM have a Glashow-Iliopoulos-Maiani-like mecha-
nism [12] suppressing all direct neutral currents effects.
From their work, NFC in NHDM can be formulated as the
situation where all Yukawa couplings are simultaneously
diagonalizable

Uny
L �aU

n
R ¼ diag and Upy

L �aU
p
R ¼ diag; 8a; (88)

withUn;p
L;R defined in Eq. (5). An alternative, and equivalent,

way of expressing these conditions is through the definition
of the sets

�LL ¼ f�a�
y
b g; �RR ¼ f�y

a�bg (89)

for the down sector and

�LL ¼ f�a�
y
b g; �RR ¼ f�y

a�bg (90)

for the up sector. Requiring that each set �LL, �RR, �LL,
and �RR are Abelian is equivalent to the statement of
NFC [13]. We shall use this second way of implementing
NFC to classify the models.
For simplicity, we shall use AXX to represent �XX or

�XX. This set can be split into two parts

AXX ¼ fH XX;Aoff
XXg;

8>>><
>>>:
H XX � fH a

Xg
Aoff

LL � fAaA
y
b g

Aoff
RR � fAy

aAbg
(91)

and a � b. The usefulness of this separation has to do with
the fact that we already know a lot from the structure of
H a

X when Abelian symmetries are in action, due to
Table I. We shall now use the NFC condition and devia-
tions from it as a way to classify these Abelian models.
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A. Model with NFC in just one sector

We start this section by presenting the following
theorem:

Theorem (one sector NFC): There are only six classes of
models, within Abelian symmetries, that can implement
NFC in one sector and have no massless fermion. The
classes are as follows:

(i) A1 	 ðN � 1ÞA0,
(ii) P LfA2 	 ðN � 1ÞA0g,
(iii) P LfA7 	 nA12 	 ðN � ðnþ 1ÞÞA0g,
(iv) P fnA13 	 ðN � nÞA0gP 0,
(v) P fnA15 	mP 13A12P 13 	 ðN � ðnþmÞÞA0gP 0,
(vi) P fnA12 	mP 23A12P 23 	 kP 13A12P 13

	 ðN � ðnþmþ kÞÞA0gP 0.
Proof (see Appendix A).

From this theorem a very simple result on natural flavor
conserving models can be extracted:

Corollary: The only NFC model phenomenologically
viable is the one with (i) in both sectors.

Proof: In order for the model to be phenomenologically
viable it has to have three mixing angles in the unitary
matrix that mix the left rotation of both sectors. Since any
of the possible NFC implementations for a given sector,
i.e. (i) to (vi) , belongs to the classes ði; iÞ with the texture
of the chain equal to the texture of H a

X of that class; only
cases belonging to class ð1; 1Þ lead to three mixing angles.
It follows immediately that the only allowed case is (i) in
both sectors.

These models correspond to some of the ones presented
in Eq. (56a). We can have direct models, where �1 is
connected with �1 and �0 with �0, or cross models, where
�1 is connected with �0 and vice versa. For any number N
of Higgs fields the minimal symmetry group that can be
used to implement these models is Z2. Therefore we can
always implement NFC without the introduction of acci-
dental symmetries.

There are other ways of implementing NFC in
NHDM; however, these cannot be implemented through
a symmetry. One common example is the Yukawa align-
ment in 2HDM [14]. In this case NFC is achieved by
requiring that all the Yukawa couplings, for each sector
are proportional,

�i ¼ ci�j and �i ¼ ci�j; 8ij: (92)

As shown in [15], no symmetry implementation can be
used to implement this requirement. In [16], alignment was
seen as a low-energy effect of NFC models, while in [17]
its origin was related with flavor symmetries.

Another consequence of the above theorem follows:
Corollary: Without the null texture, i.e. A0, there are at

most three phenomenological classes of models with NFC
in one sector: classes (iii), (v), and (vi).

Proof: Case (ii) is excluded since there is no matrix,
apart from A2, in the classes ð2; iÞ that has a nonzero
determinant, and an A2 texture alone cannot accommodate

three mixing angles. In case (iii) it is possible to find
combinations of two matrices with determinants different
from zero and three angles. For case (iv) the texture has to
belong to classes ð3; iÞ. By construction, no matrix in these
classes can bring three mixing angles. For cases (v) and
(vi) we can find combinations of two or three textures,
respectively, from classes ð3; iÞ that would allow phenome-
nological models.
This is an upper bound on these types of phenomenologi-

cal models because we did not prove that we could imple-
ment them. This can only be donewith the help of the chains.
However, case (iii) is implemented in Eq. (C1d), case (v) in
Eq. (75), and case (vi) (which needs a minimum of three
Higgs bosons) can be implemented, for example, as

Therefore, we can conclude that there are really three classes
of phenomenological models with NFC in one sector and no
null textures.
Definition (BGL models [18]): Models with NFC in just

one sector and FCNCs in the other sector depending only
on quark masses and VCKM elements.
Alternative definition [19] (BGL model): Models

with NFC in one sector (up or down) and satisfying the
constraint

� y
i �j ¼ 0 ði � jÞ: (94)

Let us assume, without loss of generality, that we have
NFC in the upper sector. Then Eq. (94) implies

ðUy
dR�

y
i UdLÞðVCKMd�jÞ ¼ 0: (95)

Since the second term VCKMd�j
� 0 we can write the first

one as ByVy
CKM, leading to (up to permutations)

Byd�j ¼ 0 ,
(
B ¼ A9 for d�j ¼ ð�;�; 0Þ
B ¼ A5 for d�j ¼ ð0; 0�Þ ; (96)

where the texture of d�j
with no zeros is not available for

models belonging to (iii), (v), or (vi). In these classes the
mixing coming from the NFC sector, the up sector in our
case, is block diagonal. We can then conclude that�i has to
be a matrix of the set

P LfA5; A9g: (97)

The texture A5 belongs to class ð2; iÞ, which implies
that only models of class (iii) can be implemented.
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These models are the BGL implementation in 2HDM [18];
see Eq. (C1d). The other two classes of models,
i.e. (v) and (vi), need at least three Higgs bosons in order
to have det ðMdÞ � 0. This would imply that models of
class (v) would have two Higgs bosons coupling to the
same texture in the up sector but to different textures in the
down sector, such a case is not possible by construction.
We are left with models of class (vi), that as seen in
Eq. (93), can be constructed. This last case corresponds to
the 3HDM implementation of BGL presented in [20]. We
then summarize the possible BGL implementations, in mod-
els without the null texture and up to�i $ �i exchanges:

(i) BGL in 2HDM

�1 ¼ P L

� � 0

� � 0

0 0 0

0
BB@

1
CCAP R;

�2 ¼ P L

0 0 0

0 0 0

0 0 �

0
BB@

1
CCAP R; and

�1 ¼ P L

� � �
� � �
0 0 0

0
BB@

1
CCA;

�1 ¼ P L

0 0 0

0 0 0

� � �

0
BB@

1
CCA:

(98)

(ii) BGL in 3HDM

�1 ¼
� 0 0

0 0 0

0 0 0

0
BB@

1
CCA; �2 ¼

0 0 0

0 � 0

0 0 0

0
BB@

1
CCA;

�3 ¼
0 0 0

0 0 0

0 0 �

0
BB@

1
CCA; and �1 ¼

� � �
0 0 0

0 0 0

0
BB@

1
CCA;

�2 ¼
0 0 0

� � �
0 0 0

0
BB@

1
CCA; �3 ¼

0 0 0

0 0 0

� � �

0
BB@

1
CCA:
(99)

Models with more Higgs bosons, or three bosons for
Eq. (98), cannot be BGL since we will need to repeat
textures, and Eq. (94) will not be satisfied for the full set
of textures. Both of these BGL implementations lead to
accidental symmetries in the scalar sector. A possible way
out is the addition of extra Higgs doublets having no
coupling to quarks (inertlike).

B. Nearest-neighbor interaction

The nearest-neighbor interaction assumes that the light
quarks acquire their masses through an interaction with
their nearest neighbors. The mass matrices take the form

Mu;d ¼
0 � 0

� 0 �
0 � �

0
BB@

1
CCA: (100)

There have been many studies on NNI models within the
SM [21] and extensions [22–24]. In this section we shall
look for the minimal implementations of NNI within
NHDMs. By minimal we mean that all the N Higgs have
nontrivial Yukawa textures associated and different
charges under the Abelian group.
We start by splitting the texture of Eq. (100) into the

largest set of non-null textures. We get the following set of
textures:

fP 23A12P 13;P 13A12P 23; A12P 23;P 23A12; A12g: (101)

The smallest chains where this set of textures are present

are the P 321C
ð3;3Þ
13 P 123 and P 12C

ð3;3Þ
17 P 321, leading to the

diagrams

and

respectively. Diagrams where the order of the group was
larger than 8 where discarded. This allows us to state that
NNI textures in a five Higgs doublet model can only be
implemented with at least a Z8 group.
We now turn to the case of four Higgs doublets. We

should join two of the five textures of the previous case, in
all possible combinations, and study each case. However,
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since each texture in a given chain belongs to the same
class, we can just look for combinations that belong to
class ð3; 3Þ, since we always have a texture of the type A12.
For example, a possible union between to textures of
Eq. (101) is

P 23A12P 13 [ P 13A12P 23 ¼ P 321A15P 13 2 ð3; 3Þ: (104)

However, the union

P 23A12P 13 [ P 23A12

¼ P 23A11P 12 2 P 23ð2; 2Þ or ð3; 2Þ (105)

does not belong to the same class as the other textures.
Doing this procedure for all combinations one finds five
distinct cases:

ð1Þ: fP 321A15P 13; A12P 23;P 23A12; A12g;
ð2Þ: fA15P 12;P 13A12P 23; A12P 23;P 23A12g;
ð3Þ: fP 321A15; A12P 23;P 23A12P 13; A12g;
ð4Þ: fP 12A15;P 23A12P 13;P 23A12; A12P 23g;
ð5Þ: fA15P 23;P 13A12P 23;P 23A12P 13; A12g:

(106)

The smallest chain that can implement case (2) is

Cð3;3Þ
11 P 12, for case (3) the smallest chains are Cð3;3Þ

4 P 13

and P 321C
ð3;3Þ
12 P 123, and for case (4) it is P 12C

ð3;3Þ
12 . The

cases (1) and (5) are implemented with larger chains and,
therefore, will not be considered. Therefore, the diagram
for case (2) is

In case (3), the chain P 321C
ð3;3Þ
12 P 123 can only be imple-

mented with a group of order larger than the one of chain

Cð3;3Þ
4 P 13. Therefore, for this case we have

Finally, for case (4) we have

We now study the case of three Higgs doublets. Following
the usual procedure one gets seven cases

ð1Þ: fA13P 12; A12P 23;P 23A12g;
ð2Þ: fP 321A15P 13; A15P 23; A12g;
ð3Þ: fA15P 12;P 321A15; A12P 23g;
ð4Þ: fA15P 12; A15P 23;P 13A12P 23g;
ð5Þ: fP 321A15; A15P 123; A12g;
ð6Þ: fP 12A15; A15P 123;P 23A12g;
ð7Þ: fP 12A15; A15P 23;P 23A12P 13g:

(110)

In this case, the smallest chain is the one containing the

textures of case (2), i.e. C3;3
3 P 13. The diagram is

We now study the case of two Higgs doublets, where one
gets a single case

fA13P 12; A15P 23g: (112)

The smallest chain to which this case belongs is

P 23C
ð3;3Þ
2 P 321. The corresponding diagram is

In agreement with [23]. We shall now present the symme-
try implementation for this last case. For classes with one
texture P LA13P R, the symmetry generators are–see sec-
tion (9) of Appendix B—�SL ¼ P Ldiagð1; !kL1

n ; !kL2
n ÞP T

L

SR ¼ P T
Rdiagð1; !kL1

n ;!kL2
n ÞP R

: (114)

The charge vectors tell us that the order of the group is 4n
and kL2 ¼ 2kL1 ¼ 2n. Since we permute on the left by
P 23, we get the new identification kL1¼2kL2¼2n, leading
to the generator
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SL ¼ diagð1; !2n
4n; !

n
4nÞ: (115)

For the generator of the right sector, we just need to do the
permutation 1 ! 2 ! 3 ! 1 in the diagonal elements,
leading to

SR ¼ diagð!2n
4n; 1; !

n
4nÞ: (116)

Until this point, all the information used was in the chain

P 23C
ð3;3Þ
2 P 321 and its associated charge vector. Now we

shall look at the corresponding diagram and extract the last
piece of information. The diagram is telling us that the
down sector does not connect the first texture with the first
texture of the up sector. Since all the charge vectors start
with the trivial phase, the fact that the first texture is
connected with the third one implies an overall phase
transformation in the right-handed up sector, in order to
put a trivial phase in the third entry. Therefore, the last step
is to transform the up-quark right-handed fields with an
additional !n

4n phase. The model symmetry implementa-
tion finally reads8>>><

>>>:
SL ¼ diagð1; !2n

4n; !
n
4nÞ

Sn
R ¼ diagð!2n

4n; 1; !
n
4nÞ

Sp
R ¼ diagð!3n

4n; w
n
4n; !

2n
4nÞ

and

SH ¼ diagð1; !n
4nÞ:

(117)

with the associated Yukawa sector

�1 ¼
0 � 0

� 0 0

0 0 �

0
BB@

1
CCA; �2 ¼

0 0 0

0 0 �
0 � 0

0
BB@

1
CCA;

�1 ¼
0 0 0

0 0 �
0 � 0

0
BB@

1
CCA �2 ¼

0 � 0

� 0 0

0 0 �

0
BB@

1
CCA:

(118)

In this last example the order of the group had to belong to
4Z, which in the minimal case is 4 and the next-to-minimal
8. However, the next-to-minimal order is only 8 when

implemented within the chain P 23C
ð3;3Þ
2 P 321. The textures

in Eq. (112) are also presented in the chain P 23C
ð3;3Þ
3 P 321,

which is one texture larger than the previous one, and
therefore, not included before when finding the minimal
symmetry group. With this chain we have

which allows the NNI texture to be implemented within the
THDM not only with Z4n, but also with Zn�5 [and in
particular Uð1Þ]. We summarize in Table IX the minimal

NNI implementation groups and the existence or absence
of accidental continuous symmetries.
There is a NNI extension, known as four-zero parallel

texture [24] and given by

Mu;d ¼
0 � 0

� � �
0 � �

0
BB@

1
CCA: (120)

Up to N ¼ 2 this texture is an ansatz. The minimal number
of Higgs bosons needed to implement this texture through
a symmetry is N ¼ 3. In this case we have three sets of
textures allowed:

ð1Þ: fA13P 12; A15P 23;P 23A12P 23g;
ð2Þ: fP 321A15P 13; A15; A15P 23g;
ð3Þ: fA15P 123;P 321A15; A15g:

(121)

Case (1) is the one that can be implemented with the

smallest chain, which is P 23C
ð3;3Þ
3 P 321. The diagram is

given by

Therefore, this model can be implemented with any
Abelian group of order n � 5. This model contains an
accidental global symmetry in the scalar sector.

C. The Z2 � Z2 model

In Sec. V we found that the only chain that can be
implemented by direct products of cyclic groups is chain
(1) of Eq. (85). In this section we shall present the model
implementation in more detail. We start by noticing that
from the four textures available in the chain we need at
least three; otherwise we get at least one vanishing mixing
angle. The model implementations are given by

TABLE IX. Minimal symmetry implementation in NNI mod-
els and the existence of accidental symmetries.

NNI Minimal group Accidental symmetry

N ¼ 2 Z4 Yes

N ¼ 3 Z5 Yes

N ¼ 4 Z6 No

N ¼ 5 Z8 No

YUKAWA SECTOR OF MULTI-HIGGS-DOUBLET MODELS . . . PHYSICAL REVIEW D 88, 056015 (2013)

056015-19



We shall now specify the symmetry implementation of
theses models. The chain used was built from the

Hadamard product of Cð2;2Þ
1 with P 23C

ð2;2Þ
1 P 23. The left

generator for each chain is

diagð1; 1;�1Þ and diagð1;�1; 1Þ; (124)

respectively. The generators of the right sector take the
same form as Eq. (124). Therefore, the final symmetry
generators are given by

S u
R ¼ Sd

R ¼ SL ¼ diagðð1; 1Þ; ð1;�1Þ; ð�1; 1ÞÞ: (125)

This set of generators allows us to build the first 4 diagrams
of Eq. (123); the other 12 diagrams are found through
global phase transformations in one right-handed sector.
The mass matrix Mu;d can take one of the four textures8>>><

>>>:
0 � �
� 0 �
� � 0

0
BB@

1
CCA;

� 0 �
0 � �
� � �

0
BB@

1
CCA;

� � 0

� � �
0 � �

0
BB@

1
CCA;

� � �
� � 0

� 0 �

0
BB@

1
CCA
9>>>=
>>>;: (126)

These models are free from accidental symmetries. Other
models could be constructed with Z2 � Z2, for example,
connecting the chain used here with the one of Eq. (81).

VII. CONCLUSIONS

The presence of Abelian symmetries may restrict con-
siderably the Yukawa textures of NHDM. In this work a
general method for determining these textures and their
implementations was given. The method allows us to
determine all possible model implementations for a given
number of Higgs fields. We have mapped all possibilities

and presented several specific examples for the case of
N ¼ 2 and N ¼ 3. It was shown that the number of
Higgs fields only dictates the possible model implementa-
tions it has no effect on the available textures. This means
that all the textures found could be implemented in the SM.
However, these would in general lead to unphysical mass
matrices. The presence of additional Higgs fields allow us
to choose several textures, phenomenologically forbidden
in the SM, and keep having no massless quark and three
mixing angles. Therefore, all possible textures in NHDM
were found, turning the construction of flavor models into a
straightforward combinatorial problem.
We have also found that, within Abelian symmetries and

without inertlike couplings, there are only three types of
models with NFC in one sector, where two out of these are
BGL-like. All these implementations introduce accidental
symmetries in the scalar potential.
The method presented is not only helpful in order to

give a systematic classification of possible NHDM with
Abelian symmetries, but it can also be used to find the
minimal symmetry implementations giving the mass tex-
tures. The example presented was the NNI case. We found
all the minimal implementations up to N ¼ 5 starting from
the mass matrix textures; additional Higgs fields will
introduce inertlike couplings or textures repetition. We
found that only for N � 4 we are able to avoid accidental
symmetries in the scalar sector.
We have also looked at the possibility of having a direct

product of cyclic groups. We found that there was only one
single chain, not present in the case of a single cyclic
group: the chain generated by Z2 � Z2. The model imple-
mentation of this case was also presented.
All the work done assumed that the Higgs fields had no

inert vacuum. These extra cases can be easily extracted
from results present in this work.
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APPENDIX A: PROOF OF THE THEOREM
FOR NFC IN ONE SECTOR

In order to guarantee that the set AXX is Abelian, we
can first look to the H XX part. We do this by looking at
each class of Table I and see what combination of textures
we are allowed to have.
For class ð1; 1Þ, there is only one texture A1 that has

the most general texture and, therefore, can only be
present one time, leading to H XX Abelian and Aoff

XX ¼
; [case (i)].
For classes ð1; 2Þ, ð1; 3Þ [and similarly ð2; 1Þ, ð3; 1Þ] we

always need more than one of its textures in order to have
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the determinant different from zero. The presence of more
than one of these textures will imply, due to the general
form of H a

L (or H a
R), the noncommutativity of H LL (or

H RR).
For the class ð2; 2Þ, we can split the cases in either with

A2 or without A2. In the first case only the textures A12 and
A0 lead toH XX Abelian. However, since a chain is a set of
disjoint matrices, only A0 survives Aoff

XX ¼ ; [case (ii)].
For the second case, i.e. without A2, the only combination
of textures that leads to a nonzero determinant is A7, A12,
and A0. The presence of more than one A7 texture would
leave H XX non-Abelian. Therefore, the only nontrivial
texture that can be repeated is A12 leading to H XX

Abelian and Aoff
XX ¼ ; [case (iii)].

For the class ð2; 3Þ [or similarly ð3; 2Þ], in order to have a
nonzero determinant we need at least an A4 and an A8

texture (with some appropriate permutation on the right).
Both of these textures have a 2� 2 block form for the
combination H a

L. Therefore, no Abelian set can be
constructed.

In the last class, i.e. ð3; 3Þ,H XX is trivially Abelian. We
then need to look at the set Aoff

XX.
In order to tackle this case, we introduce the 3� 3

matrices Pij (not the permutation matrices), where the

element ði; jÞ is one and all other are zero. These matrices
satisfy the following relation:

PijPkl ¼ Pil�jk: (A1)

Any of the textures in this class can be written as

A ¼ aPij þ bPkl þ cPmn ði � k � m; j � l � nÞ:
(A2)

We may calculate the commutator ½AA0y; A0Ay
 and evalu-
ate it to zero; we get

ðaa0Þ2ð1� �ii0 Þ�jj0 þ ðbb0Þ2ð1� �kk0 Þ�ll0

þ ðcc0Þ2ð1� �mm0 Þ�nn0 þ ðab0Þ2ð1� �ik0 Þ�jl0

þ ðac0Þ2ð1� �im0 Þ�jn0 þ ðba0Þ2ð1� �ki0 Þ�lj0

þ ðbc0Þ2ð1� �km0 Þ�lk0 þ ðca0Þ2ð1� �mi0 Þ�nj0

þ ðcb0Þ2ð1� �mk0 Þ�nl0 ¼ 0: (A3)

If a, b, c and a0, b0, c0 are different from zero, then Eq. (A3)
implies A0 with the same texture as A. This leads to
Aoff

XX ¼ ; [case (iv)]. If one or two parameters of A0
were zero, it would imply a texture with some of the entries
that were nonzero to be zero. However, the nonzero final
entries would overlap with entries of A, which is not
possible in a chain.

If one parameter of each texture is zero, for example a
and a0, we get

ðbb0Þ2ð1� �kk0 Þ�ll0 þ ðcc0Þ2ð1� �mm0 Þ�nn0

þ ðbc0Þ2ð1� �km0 Þ�lk0 þ ðcb0Þ2ð1� �mk0 Þ�nl0 ¼ 0:

(A4)

This leads to two cases: A and A0 with the same texture and
A0 with one overlapping element. In the first case the mass
matrix will have determinant zero, while in the second case
the determinant is nonzero. However, since the second case
has an overlapping element the parameter associated with
that texture must be zero, leaving A0 with just one parame-
ter and Aoff

XX ¼ ; [case (v)].
If two parameters of both matrices are zero, for example

a, b, a0, and b0, we get

ðcc0Þ2ð1� �mm0 Þ�nn0 ¼ 0: (A5)

The only solution that does not lead to determinant zero is
n � n0 and another texture A00 with a00 ¼ b00 ¼ 0 and n00 �
n � n0, leading to Aoff

XX ¼ ; [case (vi)].

APPENDIX B: SYMMETRY IMPLEMENTATION,
CHAINS, AND VECTORS CHARGE

1. Class ð1; 1Þ
No symmetry is needed in order to impose the

texture A1.

2. Class ð1; 2Þ
The symmetry implementation(

SR ¼ P Rdiagð1; 1; !k3
n ÞP R;

SL ¼ diagð1; 1; 1Þ; (B1)

leads to the phase transformation matrix �A6P R

2�

n

0 0 k3

0 0 k3

0 0 k3

0
BB@

1
CCAP R: (B2)

Therefore, the chain and its symmetry is

Zn�2: fA6 	 A10gP R; (B3)

with the associated charge vector

ð1; !�k3
n Þ: (B4)

The tilde is present to remind us that, up to a global
rephasing, this k appears only in the SR generator.

3. Class ð1; 3Þ
The symmetry implementation(

SR ¼ P Tdiagð!k1
n ; !

k2
n ; 1ÞP

SL ¼ diagð1; 1; 1Þ (B5)

leads to transformation matrix �A10P
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2�

n

k1 k2 0

k1 k2 0

k1 k2 0

0
BB@

1
CCA: (B6)

The chain and symmetry is

Zn�3: fA10 	 A10P 23 	 A10P 13gP ; (B7)

with the associated charge vector

ð1; !�~k2
n ; !�~k1

n Þ: (B8)

4. Class ð2; 1Þ
The symmetry implementation(

SR ¼ diagð1; 1; 1Þ
SL ¼ P Ldiagð1; 1; !kL2

n ÞP L
(B9)

leads to the phase transformation matrix �P LA5

2�

n
:P L

0 0 0

0 0 0

kL2 kL2 kL2

0
BB@

1
CCA: (B10)

Therefore, the chain and its symmetry is

Zn�2: P LfA5 	 A9g; (B11)

with the associated charge vector

ð1; !kL2
n Þ: (B12)

5. Class ð2; 2Þ
a. With P LA2P R

The symmetry implementation is given by

�SR ¼ P Rdiagð1; 1; !kL2
n ÞP R;

SL ¼ P Ldiagð1; 1; !kL2
n ÞP L;

(B13)

leading to the phase transformation matrix �P LA2P R

2�

n
:P L

0 0 kL2

0 0 kL2

�kL2 �kL2 0

0
BB@

1
CCAP R: (B14)

In this case we have two possibilities:
(i) kL2 � �kL2

This implies kL2 � n=2. The order of the group has
to be n � 3, leading to the chain

Zn�3: P LfA2 	 A8 	 A11gP R: (B15)

The associated charge vector is

ð1; !�kL2
n ; !kL2

n Þ: (B16)

(ii) kL2 ¼ �kL2
This implies kL2 ¼ n=2. The order of the group has
to be n 2 2Z, leading to the chain

Z2n: P LfA2 	 A3gP R: (B17)

We have made the redefinition n ! 2n. The asso-
ciated charge vector is� ð1; !n

2nÞ
kL2 ¼ n

: (B18)

b. Without P LA2P R

The symmetry implementation is given by

�SR ¼ P Rdiagð1; 1; !k3
n ÞP R

SL ¼ P Ldiagð1; 1; !kL2
n ÞP L

(B19)

leading to the phase transformation matrix �P LA7P R

2�

n
:P L

0 0 k3

0 0 k3

�kL2 �kL2 k3 � kL2

0
BB@

1
CCAP R: (B20)

In this case we have the following possibilities:
(i) k3 ¼ �kL2

This implies kL2 � n=2. The group order has to be
n � 3, leading to the chain

Zn�3: P LfA7 	 A3 	 A12gP R; (B21)

with the associated charge vector

ð1; !kL2
n ; !2kL2

n Þ: (B22)

(ii) k3 � �kL2
The group order has to be n � 4, leading to the
chain

Zn�4: P LfA7 	 A8 	 A11 	 A12gP R: (B23)

The associated charge vector is

ð1; !�k3
n ;!kL2

n ; !kL2�k3
n Þ: (B24)

6. Class ð2; 3Þ
a. With at least one matrix of the form P LA4P

The symmetry implementation is given by�SR ¼ P Tdiagð!k1 ; !kL2 ; 1ÞP
SL ¼ P Ldiagð1; 1; !kL2ÞP L

(B25)

leading to the phase transformation matrix �P LA4P
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2�

n
:P L

k1 kL2 0

k1 kL2 0

k1 � kL2 0 �kL2

0
BB@

1
CCAP : (B26)

We now have the following cases:
(i) Another two matrices from P LA4P

This leads to k1 ¼ �kL2 and kL2 ¼ k1 � kL2. This
implies kL2 ¼ n=3. The order of the group has to be
n 2 3Z, leading to the chain

Z3n: P LfA4 	 A4P 321 	 A4P 123gP : (B27)

The associated charge vector is

� ð1; !2n
3n;!

n
3nÞ

kL2 ¼ 2n
: (B28)

(ii) Another matrix from P LA4P
We get two cases:

(1) kL2 ¼ �kL2
This implies kL2 ¼ n=2. The order of the group has
to be n 2 2Z with n � 4, leading to the chain

Z2ðnþ1Þ: P LfA4 	 A4P 23 	 A8P 13 	 A12P 13gP ;

(B29)

with the associated charge vector� ð1; !nþ1
2ðnþ1Þ; !

�k1
2ðnþ1Þ; !

�k1þnþ1
2ðnþ1Þ Þ

kL2 ¼ nþ 1
: (B30)

(2) kL2 ¼ k1 � kL2
This implies k1 ¼ 2kL2 and kL2 � n=2, n=3. The
order of the group has to be n � 4, leading to the
chain

Zn�4: P LfA4 	 A4P 123 	 A8P 13 	 A12gP : (B31)

The associated charge vector is

ð1; !�kL2
n ; !�2kL2

n ; !kL2
n Þ: (B32)

(3) k1 ¼ �kL2
This implies kL2 � n=2, n=3. The order of the group
has to be n � 4, leading to the chain

Zn�4: P LfA4 	 A4P 321 	 A12P 13 	 A8P 23gP :

(B33)

The associated charge vector is

ð1; !kL2
n ; !2kL2

n ; !�kL2
n Þ: (B34)

(iii) No additional matrices from A4P
The only possibility is with all the k0s different. It
implies kL2 � n=2 and k1 � �kL2. The order of
the group has to be n � 5, leading to the chain

Zn�5: P LfA4 	 A8P 23 	 A8P 13 	 A12

	 A12P 13gP : (B35)

The associated charge vector is

ð1; !�kL2
n ;!�k1

n ; !kL2
n ; !kL2�k1

n Þ: (B36)

b. Without a matrix of the form P LA4P
and at least one form P LA8P

The symmetry implementation is given by

�SR ¼ P Tdiagð!k1
n ;!

k2
n ; 1ÞP

SL ¼ P Ldiagð1; 1; !kL2
n ÞP L

(B37)

leading to the phase transformation matrix �P LA8P

2�

n
:P L

k1 k2 0

k1 k2 0

k1 � kL2 k2 � kL2 �kL2

0
BB@

1
CCAP : (B38)

The only case possible is with all k0s different. The order of
the group has to be n � 6, leading to the chain

Zn�6:P LfA8	A8P 23	A8P 13	A12	A12P 23	A12P 13gP :

(B39)

The associated charge vector is

ð1; !�k2
n ; !�k1

n ; !kL2
n ; !kL2�k2

n ; !kL2�k1
n Þ: (B40)

7. Class ð3; 1Þ
The symmetry implementation is

�SR ¼ !kL2
n diagð1; 1; 1Þ

SL ¼ diagð1; !kL1
n ; !kL2

n Þ
; (B41)

leading to the phase transformation matrix �A9

2�

n
:P 0

kL2 kL2 kL2

kL2 � kL1 kL2 � kL1 kL2 � kL1

0 0 0

0
BB@

1
CCA: (B42)

Therefore, the chain and its symmetry is

Zn�3: A9 	 P 23A9 	 P 13A9; (B43)

with the associated charge vector

ð1; !kL1�kL2
n ; !�kL2

n Þ: (B44)

8. Class ð3; 2Þ
a. With at least one matrix of the form P 0A14P R

The symmetry implementation in order to obtain A14P R

is given by
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�
SR ¼ P Rdiagð!kL1

n ; !kL1
n ; !kL2

n ÞP R

SL ¼ diagð1; !kL1
n ; !kL2

n Þ ; (B45)

leading to the phase transformation matrix �A14P R

2�

n

kL1 kL1 kL2

0 0 kL2 � kL1

kL1 � kL2 kL1 � kL2 0

0
BB@

1
CCAP R: (B46)

This allows for the following three cases:
(i) Another two matrices from PA14P R

This leads to kL2 ¼ kL1 � kL2 and kL1 ¼ kL2 � kL1.
This implies kL2 ¼ 2kL1 and kL1 ¼ n=3. The order
of the group has to be n 2 3Z, leading to the chain

Z3n: fA14 	 P 123A14 	 P 321A14gP R (B47)

and the associated charge vector

� ð1; !2n
3n; !

n
3nÞ

kL1 ¼ 2kL2 ¼ 2n
: (B48)

(ii) Another matrix from PA14P R

We get two cases:
(1) kL1 � kL2 ¼ kL2 � kL1

This implies 2kL1 ¼ 2kL2, or kL2 ¼ kL1 þ n=2. The
order of the group has to be n 2 2Z with n � 4,
leading to the chain

Z2ðnþ1Þ: fA14 	 P 23A14 	 P 13A11 	 P 13A12gP R:

(B49)

The associated charge vector is

� ð1; !nþ1
2ðnþ1Þ; !

�kL1
2ðnþ1Þ; !

�kL1þnþ1
2ðnþ1Þ Þ

kL2 ¼ kL1 þ nþ 1
: (B50)

(2) kL1 � kL2 ¼ kL2
This implies kL1 ¼ 2kL2 and kL2 � n=2, n=3. The
order of the group has to be n � 4, leading to the
chain

Zn�4: fA14 	 P 123A14 	 P 13A11 	 P 23A12gP R:

(B51)

The associated charge vector is

� ð1; !�k2
n ; !�2k2

n ;!k2
n Þ

kL1 ¼ 2kL2
: (B52)

(3) kL1 ¼ kL2 � kL1
This implies kL2 ¼ 2kL1 and kL1 � n=2, n=3. The
order of the group has to be n � 4, leading to the
chain

Zn�4: fA14 	 P 321A14 	 P 13A12 	 A11gP R: (B53)

The associated charge vector is

� ð1; !�kL1
n ; !�2kL1

n ; !kL1
n Þ

kL2 ¼ 2kL1
: (B54)

(iii) No additional matrices from PA14P R

The only possibility is with all the entries different.
The order of the group has to be n � 5, leading to
the chain

Zn�5: fA14 	 A11 	 P 13A11 	 P 23A12

	 P 13A12gP R (B55)

and the associated charge vector

ð1; !kL2�kL1
n ; !�kL1

n ; !kL1�kL2
n ; !�kL2

n Þ: (B56)

b. Without a matrix of the form P 0A14P R

and at least one form P 0A11P R

The implementation is given by

�SR ¼ P Rdiagð!kL2
n ; !kL2

n ; !
k3
n ÞP R

SL ¼ diagð1; !kL1
n ; !kL2

n Þ
(B57)

leading to the phase transformation matrix �A11P R

2�

n

kL2 kL2 k3

kL2 � kL1 kL2 � kL1 k3 � kL1

0 0 k3 � kL2

0
BB@

1
CCAP R: (B58)

The only case possible is with all k0s different. The order of
the group has to be n � 6, leading to the chain

Zn�6: fA11 	 P 23A11 	 P 13A11 	 A12

	 P 23A12 	 P 13A12gP R (B59)

and the associated charge vector

ð1; !kL1�kL2
n ; !�kL2

n ;!kL2�k3
n ; !kL1�k3

n ; !�k3
n Þ: (B60)

9. Class ð3; 3Þ
a. With one matrix belonging to P 0A13P

This can be implemented through the symmetry
generators

�SR ¼ P Tdiagð1; !kL1
n ;!kL2

n ÞP
SL ¼ diagð1; !kL1

n ; !kL2
n Þ

(B61)

leading to the phase transformation matrix �A13P
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2�

n

0 kL1 kL2

�kL1 0 kL2 � kL1

�kL2 kL1 � kL2 0

0
BB@

1
CCAP : (B62)

We now have the following possibilities:
(i) Another disjoint matrix from A13P .

This imposes the additional condition kL1 ¼ kL2 �
kL1 ¼ �kL2. This implies kL1 ¼ n=3 (or kL2 ¼ n=3)
and, therefore, n 2 3Z. The chain is given by

Z3n: fA13 	 P 123A13 	 P 321A13gP (B63)

with the associated charge vector� ð1; !n
3n; !

2n
3nÞ

�kL1 ¼ �kL2 ¼ n
: (B64)

(ii) Three matrices from P 0A15P
(1) kL1 ¼ kL2 � kL1, kL2 ¼ �kL2

This implies kL2 ¼ n=2 and kL1 ¼ n=4. The
order of the group has to be n 2 4Z, leading to
the chain

Z4n: fA13 	 P 321A15 	 A15P 123 	 P 123A15P 12gP
(B65)

with the associated charge vector� ð1; !3n
4n; !

n
4n; !

2n
4nÞ

kL2 ¼ 2kL1 ¼ 2n
: (B66)

(2) kL2 � kL1 ¼ �kL2, kL1 ¼ �kL1
This implies kL1 ¼ n=2 and kL2 ¼ n=4. The order
of the group has to be n 2 4Z, leading to the chain

Z4n: fA13 	 P 123A15 	 A15P 321 	 P 321A15P 13gP
(B67)

with the associated charge vector� ð1; !3n
4n;!

n
4n; !

2n
4nÞ

kL1 ¼ 2kL2 ¼ 2n
: (B68)

It can be obtained from case (1) when P L ¼ P ¼
P 12.

(3) kL1 ¼ �kL2, kL2 � kL1 ¼ kL1 � kL2
This implies kL1 ¼ n=4 (or kL2 ¼ n=4) and kL1 ¼
�kL2. The order of the group has to be n 2 4Z,
leading to the chain

Z4n: fA13 	 P 13A15P 12 	 P 12A15P 13 	 P 23A15gP
(B69)

with the associated charge vector� ð1; !3n
4n; !

n
4n; !

2n
4nÞ

�kL1 ¼ �kL2 ¼ n
: (B70)

It can be obtained from case (1) when P L ¼ P ¼
P 23.

(iii) Two matrices from P 0A15P
(1) kL1 ¼ kL2 � kL1

This implies kL2 ¼ 2kL1 and kL1 � n=2, n=4. The
order of the group has to be n � 5, leading to the
chain

Zn�5: fA13 	 P 321A15 	 A15P 123

	 P 13A12 	 A12P 13gP : (B71)

The associated charge vector is

� ð1; !�kL1
n ; !kL1

n ; !�2kL1
n ; !2kL1

n Þ
kL2 ¼ 2kL1

: (B72)

(2) kL2 ¼ kL1 � kL2
This implies kL1 ¼ 2kL2 and kL2 � n=2, n=4. The
order of the group has to be n � 5, leading to the
chain

Zn�5: fA13 	 P 123A15 	 A15P 321

	 P 13A12P 23 	 P 23A12P 13gP : (B73)

The associated charge vector is

� ð1; !�kL2
n ; !kL2

n ; !�2kL2
n ; !2kL2

n Þ
kL1 ¼ 2kL2

: (B74)

It can be obtained from case (1) when P L ¼ P ¼
P 23.

(3) kL2 ¼ �kL1
The order of the group has to be n � 5, leading to
the chain

Zn�5: fA13 	 P 12A15P 13 	 P 13A15P 12

	 A12P 23 	 P 23A12gP : (B75)

The associated charge vector is

� ð1; !�kL1
n ; !kL1

n ; !�2kL1
n ; !2kL1

n Þ
kL2 ¼ �kL1

: (B76)

It can be obtained from case (1) when P L ¼ P ¼
P 12.

(iv) One matrix from P 0A15P
(1) kL1 ¼ �kL1

This implies kL1 ¼ n=2. The order of the group has
to be n 2 2Z, leading to the chain

Z2ðnþ2Þ: fA13 	 P 321A15P 13 	 A12P 23 	 P 23A12

	 A12P 13 	 P 13A12gP : (B77)

The associated charge vector is
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�ð1;!nþ2
2ðnþ2Þ;!

kL2þnþ2
2ðnþ2Þ ;!�kL2þnþ2

2ðnþ2Þ ;!kL2
2ðnþ2Þ;!

�kL2
2ðnþ2ÞÞ

kL1¼nþ2
:

(B78)

(2) kL2 ¼ �kL2
This implies kL2 ¼ n=2. The order of the group has
to be n 2 2Z, leading to the chain

Z2ðnþ2Þ: fA13 	 P 123A15P 12 	 P 23A12

	 A12P 23 	 P 23A12P 13 	 P 13A12P 23gP :

(B79)

The associated charge vector is

�ð1;!nþ2
2ðnþ2Þ;!

kL1þnþ2
2ðnþ2Þ ;!�kL1þnþ2

2ðnþ2Þ ;!kL1
2ðnþ2Þ;!

�kL1
2ðnþ2ÞÞ

kL2¼nþ2
:

(B80)

It can be obtained from case (1) when P L ¼ P ¼
P 23.

(3) kL2 � kL1 ¼ kL1 � kL2
This implies 2kL2 ¼ 2kL1, or kL2 ¼ kL1 þ n=2. The
order of the group has to be n 2 2Z, leading to the
chain

Z2ðnþ2Þ: fA13 	 P 23A15 	 A12P 13 	 P 13A12

	 P 23A12P 13 	 P 13A12P 23gP : (B81)

The associated charge vector is

�ð1;!nþ2
2ðnþ2Þ;!

kL1þnþ2
2ðnþ2Þ ;!�kL1þnþ2

2ðnþ2Þ ;!kL1
2ðnþ2Þ;!

�kL1
2ðnþ2ÞÞ

kL2¼kL1þnþ2
:

(B82)

It can be obtained from case (1) when P L ¼ P ¼
P 13.

(v) Only matrices from P 0A12P
In this case we have six distinct k0s, which leads to
the chain

Zn�7: fA13 	 A12P 23 	 P 23A12 	 A12P 13 	 P 13A12

	 P 13A12P 23 	 P 23A12P 13gP : (B83)

The associated charge vector is

ð1; !kL2þkL1
n ; !�ðkL2þkL1Þ

n ; !2kL1þkL2
n ;

!�ð2kL1þkL2Þ
n ; !�kL1

n ;!kL1
n Þ: (B84)

b. No textures from P 0A13P and at least
one from P 0A15P

The symmetry implementation

�SR ¼ P Tdiagð!k1
n ;!

kL1
n ; !kL2

n ÞP
SL ¼ diagð1; !kL1

n ; !kL2
n Þ

(B85)

which leads to the phase transformation matrix �A15P is

2�

n

k1 kL1 kL2

k1 � kL1 0 kL2 � kL1

k1 � kL2 kL1 � kL2 0

0
BB@

1
CCAP ; (B86)

We have the following possibilities:
(i) Four matrices from P 0A15P

In this case we may have the following:
(1) kL1 ¼ k1 � kL1, kL2 � kL1 ¼ kL1 � kL2, kL2 ¼

k1 � kL2
This implies k1 ¼ 2kL1 ¼ 2kL2 and kL1 ¼
kL2 þ n=2. The order of the group has to be n 2
2Z, leading to the chain

Z2ðnþ2Þ: fA15 	 P 23A15 	 P 321A15P 13

	 P 123A15P 12 	 P 13A12P 13 	 A0gP :

(B87)

The symmetry automatically gives the A0 in the
chain. The associated charge vector is

�ð1;!nþ2
2ðnþ2Þ;!

�kL2þnþ2
2ðnþ2Þ ;!�kL2

2ðnþ2Þ;!
�2kL2
2ðnþ2Þ;!

~k
2ðnþ2ÞÞ

kL1¼kL2þnþ2
:

(B88)

(2) kL1 ¼ k1 � kL2, kL2 ¼ k1 � kL1, kL2 � kL1 ¼
kL1 � kL2
This implies k1 ¼ kL1 þ kL2 and kL1 ¼ kL2 þ n=2
(or 2kL1 ¼ 2kL2). The order of the group has to be
n 2 2Z, leading to the chain

Z2ðnþ2Þ: fA15 	 P 23A15 	 P 12A15P 13 	 P 13A15P 12

	 P 13A12P 13 	 A0gP : (B89)

The symmetry automatically gives the A0 in the
chain. The associated charge vector is

�ð1;!nþ2
2ðnþ2Þ;!

�kL2þnþ2
2ðnþ2Þ ;!�kL2

2ðnþ2Þ;!
�2kL2þnþ2
2ðnþ2Þ ;!

~k
2ðnþ2ÞÞ

kL1¼kL2þnþ2
:

(B90)

It is included in case (1) when P ¼ P 23.
(3) k1 ¼ kL1 � kL2, kL1 ¼ k1 � kL2, kL2 ¼ k1 � kL1

This implies k1 ¼ kL1 þ kL2 and kL2 ¼ n=2. The
order of the group has to be n 2 2Z, leading to
the chain
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Z2ðnþ2Þ: P 0fA15 	 P 13A15P 12 	 P 12A15P 123

	 P 12A15P 13 	 P 23A12 	 A0gP : (B91)

The symmetry automatically gives the A0 in the
chain. The associated charge vector is

�ð1;!nþ2
2ðnþ2Þ;!

�kL1þnþ2
2ðnþ2Þ ;!�kL1

2ðnþ2Þ;!
kL1þnþ2
2ðnþ2Þ ;!

~k
2ðnþ2ÞÞ

kL2¼nþ2
:

(B92)

It is included in case (1) when P L ¼ P 12 and P ¼
P 123.

(4) k1 ¼ kL2 � kL1, k1 � kL1 ¼ kL1 � kL2 kL2 ¼ k1 �
kL2
This implies k1 ¼ �2kL1, kL2 ¼ �kL1, and kL1 ¼
�n=5. The order of the group has to be n 2 5Z,
leading to the chain

Z5n: fA15 	 A15P 123 	 P 321A15P 12 	 P 123A15P 12

	 P 13A12P 23gP : (B93)

The associated charge vector is

� ð1; !2n
5n; !

3n
5n; !

4n
5n; !

n
5nÞ

�kL1 ¼ �kL2 ¼ n
: (B94)

(5) k1 ¼ kL1 � kL2, kL1 ¼ k1 � kL1, kL2 � kL1 ¼ k1 �
kL2
This implies k1 ¼ 2kL1, kL2 ¼ �kL1, and kL1 ¼
�n=5. The order of the group has to be n 2 5Z,
leading to the chain

Z5n: fA15 	 P 12A15P 123 	 A15P 321 	 P 13A12

	 P 321A15P 13gP : (B95)

The associated charge vector is

� ð1; !2n
5n; !

3n
5n;!

4n
5n; !

n
5nÞ

�kL1 ¼ �kL2 ¼ n
: (B96)

It is included in case (4) when P L ¼ P 12 and P ¼
P 123.

(6) k1 ¼ kL1 � kL2, kL1 ¼ kL2 � kL1, kL2 ¼ k1 � kL2
This implies k1 ¼ 4kL1, kL2 ¼ 2kL1, and kL1 ¼
n=5. The order of the group has to be n 2 5Z,
leading to the chain

Z5n: fA15 	 P 23A12P 13 	 P 123A15P 12

	 P 321A15 	 P 12A15P 123gP : (B97)

The associated charge vector is

� ð1; !2n
5n;!

3n
5n; !

4n
5n; !

n
5nÞ

kL2 ¼ 2kL1 ¼ 2n
: (B98)

It is included in case (4) when P L ¼ P 12 and P ¼
P 123.

(7) k1 ¼ kL2 � kL1, kL1 ¼ k1 � kL1, kL2 ¼ kL1 � kL2
This implies k1 ¼ 2kL1, kL1 ¼ 2kL2, and kL2 ¼
n=5. The order of the group has to be n 2 5Z,
leading to the chain

Z5n: fA15 	 A12P 13 	 P 321A15P 13 	 P 123A15

	 P 321A15P 12gP : (B99)

The associated charge vector is

� ð1; !2n
5n; !

3n
5n;!

4n
5n; !

n
5nÞ

kL1 ¼ 2kL2 ¼ 2n
: (B100)

It is included in case (4) when P L ¼ P 13 and P ¼
P 123.

(ii) Three matrices from P 0A15P .
In this case we have the following possibilities:

(1) kL1 ¼ kL2 � kL1, kL2 ¼ kL1 � kL2
This implies kL1 ¼ �kL2 and kL1 ¼ �n=3. The
order of the group has to be n 2 3Z with n � 6,
leading to the chain

Z3ðnþ1Þ: fA15 	 P 321A15 	 P 123A15 	 A12P 13

	 P 23A12P 13 	 P 13A12P 13gP : (B101)

The associated charge vector is

�ð1;!2ðnþ1Þ
3ðnþ1Þ;!

nþ1
3ðnþ1Þ;!

�k1þ2ðnþ1Þ
3ðnþ1Þ ;!�k1þnþ1

3ðnþ1Þ ;!�k1
3ðnþ1ÞÞ

�kL1¼�kL2¼ðnþ1Þ
:

(B102)

(2) kL1 ¼ k1 � kL2, kL2 ¼ k1 � kL1
This implies k1 ¼ kL1 þ kL2 and kL1 � f2kL2; n=2g,
kL2 � f�kL1; 2kL1; n=2g and 2kL1 � 2kL2. For n ¼
6 we have four possible charges for kL1 and kL2;
however, there are five constraints between the k0s.
The order of the group has to be n � 7, leading to
the chain

Zn�7: fA15	P 12A15P 13	P 13A15P 12	P 13A12P 13

	A12P 23	P 23A12	A0gP : (B103)

The associated charge vector is

ð1; !kL2�k1
n ; !�kL2

n ; !�k1
n ; !kL2�kL1

n ; !kL1�kL2
n ; !k

nÞ:
(B104)

(3) k1 � kL1 ¼ kL1 � kL2, kL2 � kL1 ¼ k1 � kL2
This implies 3kL1 ¼ 3kL2 (or kL2 ¼ kL1 � n=3).
The order of the group has to be n 2 3Z with n �
6, leading to the chain
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Z3ðnþ1Þ: fA15 	 A15P 123 	 A15P 321 	 P 13A12 	 P 13A12P 23 	 P 13A12P 13gP : (B105)

The associated charge vector is

� ð1; !�2ðnþ1Þ
3ðnþ1Þ ; !�ðnþ1Þ

3ðnþ1Þ ; !
�kL1�ðnþ1Þ
3ðnþ1Þ ; !�kL1

3ðnþ1Þ; !
�kL1�2ðnþ1Þ
3ðnþ1Þ Þ

kL2 ¼ kL1 � ðnþ 1Þ
: (B106)

(4) kL1 ¼ k1 � kL1, kL2 ¼ kL1 � kL2
This implies k1 ¼ 4kL2 and kL1 ¼ 2kL2. The order
of the group has to be n � 6, leading to the chain

Zn�6: fA15 	 P 123A15 	 P 13A15P 123 	 P 13A12P 13

	 P 23A12 	 A12P 13gP : (B107)

The associated charge vector is� ð1; !�kL2
n ; !�2kL2

n ; !�4kL2
n ;!kL2

n ; !�3kL2
n Þ

kL1 ¼ 2kL2
: (B108)

(5) kL1 ¼ kL2 � kL1, kL2 ¼ k1 � kL2
This implies k1 ¼ 4kL1 and kL2 ¼ 2kL1. The order
of the group has to be n � 6, leading to the chain

Zn�6:fA15 	 P 321A15 	 P 123A15P 12 	 P 13A12P 13

	 A12P 23 	 P 23A12P 13gP : (B109)

The associated charge vector is� ð1; !�kL1
n ; !�2kL1

n ; !�4kL1
n ;!kL1

n ; !�3kL1
n Þ

kL1 ¼ 2kL2
: (B110)

It is obtained from case (4) with P L ¼ P ¼ P 23.
(6) k1 ¼ kL2 � kL1, kL2 ¼ kL1 � kL2

This implies k1 ¼ �kL2 and kL1 ¼ 2kL2. The order
of the group has to be n � 6, leading to the chain

Zn�6:fA15 	 P 321A15P 12 	 P 123A15 	 A12P 13

	 P 13A12P 23 	 P 23A12P 13gP : (B111)

The associated charge vector is� ð1; !kL2
n ; !2kL2

n ; !�kL2
n ; !�2kL2

n ;!3kL2
n Þ

kL1 ¼ 2kL2
: (B112)

It is obtained from case (4) with P L ¼ P 12 and
P ¼ P 23.

(7) k1 ¼ kL1 � kL2, kL1 ¼ kL2 � kL1
This implies k1 ¼ �kL1 and kL2 ¼ 2kL1. The order
of the group has to be n � 6, leading to the chain

Zn�6: fA15 	 P 12A15P 123 	 P 23A12P 13

	 P 321A15 	 P 13A12 	 A12P 13gP : (B113)

The associated charge vector is

� ð1; !kL1
n ; !2kL1

n ;!�kL1
n ; !�2kL1

n ;!3kL1
n Þ

kL2 ¼ 2kL1
: (B114)

It is obtained from case (4) with P L ¼ P 321.
(8) k1 ¼ kL2 � kL1, kL2 ¼ k1 � kL2

This implies k1 ¼ �2kL1 and kL2 ¼ �kL1. The
order of the group has to be n � 6, leading to the
chain

Zn�6: fA15 	 P 123A15P 12 	 P 321A15P 12

	 P 13A12P 23 	 A12P 23 	 P 23A12P 13gP :

(B115)

The associated charge vector is

� ð1; !kL1
n ; !2kL1

n ; !�kL1
n ; !�2kL1

n ; !3kL1
n Þ

kL2 ¼ �kL1
: (B116)

It is obtained from case (4) with P L ¼ P 13 and
P ¼ P 321.

(9) k1 ¼ kL1 � kL2, kL1 ¼ k1 � kL1
This implies k1 ¼ 2kL1 and kL2 ¼ �kL1. The
order of the group has to be n � 6, leading to the
chain

Zn�6: fA15 	 P 321A15P 13 	 P 12A15P 123 	 P 13A12

	 P 23A12 	 A12P 13gP : (B117)

The associated charge vector is

� ð1; !�kL1
n ; !�2kL1

n ;!kL1
n ; !2kL1

n ;!�3kL1
n Þ

kL2 ¼ �kL1
: (B118)

It is obtained from case (4) with P L ¼ P 123 and
P ¼ P 13.

(10) kL1 ¼ k1 � kL1, kL2 � kL1 ¼ k1 � kL2
This implies k1 ¼ 2kL1 and 2kL2 ¼ 3kL1. The or-
der of the group has to be n � 6, leading to the
chain

Zn�6: fA15 	 A15P 321 	 P 13A15P 123 	 A12P 23

	 P 13A12 	 P 13A12P 13gP (B119)

The associated charge vector is
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� ð1; !kL1�kL2
n ; !�kL1

n ;!kL2�kL1
n ; !�kL2

n ;!�2kL1
n Þ

3kL1 ¼ 2kL2
:

(B120)

(11) k1 � kL1 ¼ kL1 � kL2, kL2 ¼ k1 � kL2
This implies k1 ¼ 2kL2 and 3kL2 ¼ 2kL1. The or-
der of the group has to be n � 6, leading to the
chain

Zn�6: fA15 	 A15P 123 	 P 123A15P 12 	 P 23A12

	 P 13A12P 23 	 P 13A12P 13gP : (B121)

The associated charge vector is

� ð1; !kL2�kL1
n ; !�kL2

n ;!kL1�kL2
n ; !�kL1

n ;!�2kL2
n Þ

2kL1 ¼ 3kL2
:

(B122)

It is obtained from (10) with P L ¼ P ¼ P 23.
(12) k1 ¼ kL1 � kL2, kL2 � kL1 ¼ k1 � kL2

This implies k1 ¼ kL1 � kL2 and 2kL1 ¼ 3kL2. The
order of the group has to be n � 6, leading to the
chain

Zn�6: fA15 	 P 12A15P 123 	 P 13A12 	 A15P 321

	 P 13A12P 23 	 P 23A12P 13gP : (B123)

The associated charge vector is

�ð1;!kL2�kL1
n ;!�kL2

n ;!kL1�kL2
n ;!�kL1

n ;!kL2
n Þ

2kL1¼3kL2
: (B124)

It is obtained from (10) with P L ¼ P 23 and P ¼
P 12.

(13) k1 ¼ kL2 � kL1, k1 � kL1 ¼ kL1 � kL2
This implies k1 ¼ kL2 � kL1 and 3kL1 ¼ 2kL2. The
order of the group has to be n � 6, leading to the
chain

Zn�6: fA15	P 321A15P 12	P 13A12P 23

	A15P 123	P 13A12	A12P 13gP : (B125)

The associated charge vector is

� ð1; !kL1�kL2
n ; !�kL1

n ; !kL2�kL1
n ; !�kL2

n ; !kL1
n Þ

3kL1 ¼ 2kL2
:

(B126)

It is obtained from (10) with P ¼ P 123.
(14) k1 ¼ kL1 � kL2, kL2 ¼ k1 � kL2

This implies k1 ¼ 2kL2 and kL1 ¼ 3kL2. The order
of the group has to be n � 6, leading to the chain

Zn�6: fA15 	 P 12A15P 123 	 P 123A15P 12

	 P 23A12P 13 	 P 23A12 	 P 13A12P 23gP :

(B127)

The associated charge vector is

� ð1; !2kL2
n ;!�kL2

n ; !kL2
n ;!2kL2

n ; !�3kL2
n Þ

kL1 ¼ 3kL2
: (B128)

It is obtained from (10) with P L ¼ P 123 P ¼ P 13.
(15) k1 ¼ kL2 � kL1, kL2 ¼ k1 � kL1

This implies k1 ¼ 2kL1 and kL2 ¼ 3kL1. The order
of the group has to be n � 6, leading to the chain

Zn�6: fA15 	 P 321A15P 12 	 P 321A15P 13

	 A12P 13 	 A12P 23 	 P 13A12gP : (B129)

The associated charge vector is

� ð1; !�2kL1
n ; !�kL1

n ; !kL1
n ; !2kL1

n ; !�3kL1
n Þ

kL2 ¼ 3kL1
: (B130)

It is obtained from (10) with P L ¼ P 13 P ¼ P 321.
(iii) Two matrices from P 0A12P .

In this case we have the following possibilities
(1) kL1 ¼ k1 � kL1

This implies k1 ¼ 2kL1, kL1 � n=2, kL2 � f�kL1;
2kL1; 3kL1; kL1 þ n=2; n=2g. and 3kL1 � 2kL2. The
order of the group has to be n � 7; however, for
n ¼ 7 we get five possibilities for kL2 given a kL1.
But these are the different forbidden kL2; therefore,
n ¼ 7 is not possible, leading to n � 8. The chain is
given by

Zn�8: fA15 	 P 321A15P 13 	 P 13A12P 13 	 P 23A12

	 P 13A12 	 A12P 23 	 A12P 13 	 A0gP :

(B131)

The associated charge vector is

ð1; !�kL1
n ; !�2kL1

n ; !kL1�kL2
n ;!�kL2

n ; !kL2�kL1
n ;

!kL2�2kL1
n ;!

~k
nÞ: (B132)

(2) kL2 ¼ k1 � kL2 ¼ k
This implies k1 ¼ 2kL2, kL2 � n=2, kL1 � f�kL2;
2kL2; 3kL2; kL2 þ n=2; n=2g, and 3kL2 � 2kL1. The
order of the group is n � 8. The chain is given by

Zn�8: fA15 	 P 123A15P 12 	 P 13A12P 13

	 A12P 23 	 P 13A12P 23 	 P 23A12

	 P 23A12P 13 	 A0gP : (B133)

The associated charge vector is
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ð1; !�kL2
n ;!�2kL2

n ; !kL2�kL1
n ; !�kL1

n ; !kL1�kL2
n ;

!kL1�2kL2
n ; !

~k
nÞ: (B134)

It is obtained from (1) with P L ¼ P R ¼ P 23.
(3) k1 ¼ kL2 � kL1

This implies kL1 � f2kL2; n=2g, kL2 � f�kL1;
2kL1; 3kL1; kL1 þ n=2; n=2g, and 3kL1 � 2kL2. The
order of the group is n � 8, leading to the chain

Zn�8: fA15 	 P 321A15P 12 	 P 13A12P 23

	 P 13A12 	 A12P 13 	 A12P 23

	 P 23A12P 13 	 A0gP : (B135)

The associated charge vector is

ð1; !kL1�kL2
n ; !�kL1

n ; !�kL2
n ; !kL1

n ; !kL2�kL1
n ;

!2kL1�kL2
n ; !

~k
nÞ: (B136)

It is obtained from (1) with P L ¼ P 13 and P R ¼
P 123.

(4) k1 ¼ kL1 � kL2
This implies kL2 � f2kL1; n=2g, kL1 � f�kL2;
2kL2; 3kL2; kL2 þ n=2; n=2g, and 3kL2 � 2kL1. The
order of the group is n � 8, leading to the chain

Zn�8fA15 	 P 12A15P 123 	 P 13A12

	 P 13A12P 23 	 P 23A12P 13

	 P 23A12 	 A12P 13 	 A0gP : (B137)

The associated charge vector is

ð1; !kL2�kL1
n ; !�kL2

n ; !�kL1
n ; !kL2

n ; !kL1�kL2
n ;

!2kL2�kL1
n ; !

~k
nÞ: (B138)

It is obtained from (1) with P L ¼ P 321 and
P R ¼ P 13.

(5) kL1 ¼ kL2 � kL1
This implies kL2 ¼ 2kL1, kL1 � n=2; n=3. and k1 �
fkL1;�kL1; 2kL1; 3kL1; 4kL1g. The order of the group
has to be n � 7, leading to the chain

Zn�7: fA15 	 P 321A15 	 P 13A12P 13

	 P 13A12 	 A12P 23 	 A12P 13

	 P 23A12P 13gP : (B139)

The associated charge vector is

�ð1;!�kL1
n ;!�k1

n ;!�2kL1
n ;!kL1

n ;!2kL1�k1
n ;!kL1�k1

n Þ
kL2¼2kL1

:

(B140)

(6) kL2 ¼ kL1 � kL2
This implies kL1 ¼ 2kL2, kL2 � n=2, n=3, and k1 �
fkL2;�kL2; 2kL2; 3kL2; 4kL2g. The order of the group
has to be n � 7, leading to the chain

Zn�7: fA15 	 P 123A15 	 P 13A12P 13

	 P 13A12P 23 	 P 23A12

	 P 23A12P 13 	 A12P 13gP : (B141)

The associated charge vector is

�ð1;!�kL2
n ;!�k1

n ;!�2kL2
n ;!kL2

n ;!2kL2�k1
n ;!kL2�k1

n Þ
kL1¼2kL2

:

(B142)

It is obtained from (5) with P L ¼ P R ¼ P 23.
(7) k1 � kL1 ¼ kL1 � kL2

This implies k1 ¼ 2kL1 � kL2, kL1 �
fkL2; 2kL2; kL2 þ n=2g, 3kL1 � 2kL2, 3kL2 � 2kL1.
The order of the group has to be n � 7, leading to
the chain

Zn�7: fA15 	 A15P 123 	 A12P 13 	 P 23A12

	 P 13A12 	 P 13A12P 23 	 P 13A12P 13gP :

(B143)

The associated charge vector is

ð1; !kL2�kL1
n ; !2ðkL2�kL1Þ

n ; !kL1�kL2
n ;!�kL2

n ;

!�kL1
n ;!kL2�2kL1

n Þ: (B144)

(8) kL2 � kL1 ¼ k1 � kL2
This implies k1 ¼ 2kL2 � kL1, kL2 � fkL1; 2kL1;
kL1 þ n=2g, 3kL1 � 2kL2, 3kL2 � 2kL1. The order
of the group has to be n � 7, leading to the chain

Zn�7: fA15 	 A15P 321 	 P 23A12P 13

	 A12P 23 	 P 13A12P 23

	 P 13A12 	 P 13A12P 13gP : (B145)

The associated charge vector is

ð1; !kL1�kL2
n ; !2ðkL1�kL2Þ

n ; !kL2�kL1
n ;!�kL1

n ;

!�kL2
n ;!kL1�2kL2

n Þ: (B146)

It is obtained from (7) with P R ¼ P 123

(9) kL2 � kL1 ¼ kL1 � kL2
This implies 2kL1 ¼ 2kL2 (or kL2 ¼ kL1 þ n=2).
The order of the group has to be n 2 2Z with n >
7, leading to the chain
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Z2ð3þnÞ: fA15 	 P 23A15 	 P 13A12P 13 	 P 13A12 	 P 13A12P 23 	 A12P 13 	 P 23A12P 13 	 A0gP : (B147)

The associated charge vector is� ð1; !3þn
2ð3þnÞ; !

k1
2ð3þnÞ; !

�kL1þ3þn
2ð3þnÞ ; !�kL1

2ð3þnÞ; !
kL1�k1þ3þn
2ð3þnÞ !kL1�k1

2ð3þnÞ ; !
k
2ð3þnÞÞ

kL2 ¼ kL1 þ 3þ n
: (B148)

(iv) One matrix form P 0A15P
In this case we only have one possibility and the constraints 2kL1 � 2kL2, kL1 � 2kL2, kL2 � 2kL1, and k1 �
f�ðkL1 � kL2Þ; 2kL1;2; kL1 þ kL2; 2kL1 � kL2; 2kL2 � kL1g, leading to the chain

Zn�8: fA15 	 A12P 23 	 A12P 13 	 P 23A12 	 P 23A12P 13 	 P 13A12 	 P 13A12P 23 	 P 13A12P 13gP : (B149)

The associated charge vector is

ð1; !kL2�kL1
n ; !kL2�k1

n ; !kL1�kL2
n ; !kL1�k1

n !�kL2
n ; !�kL1

n ; !k1
n Þ: (B150)

c. Only matrices from P 0A12P

The symmetry generators are given by (
SR ¼ P Tdiagð!k1

n ; !
k2
n ; !

kL2
n ÞP

SL ¼ diagð1; !kL1
n ; !kL2

n Þ
(B151)

leading to the phase transformation matrix �A12P

2�

n

k1 k2 kL2

k1 � kL1 k2 � kL1 kL2 � kL1

k1 � kL2 k2 � kL2 0

0
BB@

1
CCAP : (B152)

There is only one chain possible when k0s are all different. We get

Zn�9: P 0fA12 	 P 23A12P 23 	 A12P 23 	 A12P 13 	 P 23A12 	 P 23A12P 13 	 P 13A12 	 P 13A12P 23 	 P 13A12P 13gP :

(B153)

The associated charge vector is

ð1; !kL1�k2
n ; !kL2�k2

n ; !kL2�k1
n ; !kL1�kL2

n ; !kL1�k1
n ; !�kL2

n ; !�k2
n ; !�k1

n Þ: (B154)

APPENDIX C: MODELS BELONGING TO CLASSES ð2; iÞ
Explicit representation of the available models for classes 2, i.
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APPENDIX D: TABLES

In this appendix Tables X, XI, XII, XIII, and XIV, useful in different stages of the paper, are presented.

TABLE X. Symmetry groups that implement a given chain.

Cð3;1Þ
1 :Zn�3

Cð3;2Þ
1 :Z3n

Cð3;2Þ
2 :Z2ðnþ1Þ

Cð3;2Þ
3;4 :Zn�4

Cð3;2Þ
5 :Zn�5

Cð3;2Þ
6 :Zn�6

Cð3;3Þ
1 :Z3n

Cð2;1Þ
1 :Zn�2 Cð3;3Þ

2 :Z4n

Cð2;2Þ
1 :Z2n Cð3;3Þ

3 :Zn�5

Cð2;2Þ
2;3 :Zn�3 Cð3;3Þ

4 :Z2ðnþ2Þ
Cð1;1Þ
1 :None Cð2;2Þ

4 :Zn�4 Cð3;3Þ
5 :Zn�7

Cð1;2Þ
1 :Zn�2 Cð2;3Þ

1 :Z3n Cð3;3Þ
6 :Z2ðnþ2Þ

Cð1;3Þ
3 :Zn�3 Cð2;3Þ

2 :Z2ðnþ1Þ Cð3;3Þ
7 :Z5n

Cð2;3Þ
3;4 :Zn�4 Cð3;3Þ

8 :Z3ðnþ1Þ
Cð2;3Þ
5 :Zn�5 Cð3;3Þ

9 :Zn�7

Cð2;3Þ
6 :Zn�6 Cð3;3Þ

10 :Z3ðnþ1Þ
Cð3;3Þ
11 :Zn�6

Cð3;3Þ
12 :Zn�6

Cð3;3Þ
13 :Zn�8

Cð3;3Þ
14 :Zn�7

Cð3;3Þ
15 :Zn�7

Cð3;3Þ
16 :Z2ðnþ3Þ

Cð3;3Þ
17 :Zn�9

Cð3;3Þ
18 :Zn�9

TABLE XI. Combinations with N ¼ 3 which lead to three mixing angles for classes ð3; iÞ
(part I).

Classes

A9 	 P 23A9 	 P 13A9 Cð3;1Þ
1

A14 	 P 123A14 	 A0
0Cð3;2Þ

1;3

A14 	 P 321A14 	 A0
0Cð3;2Þ

1

P 123A14 	 P 321A14 	 A0
0Cð3;2Þ

1

A14 	 P 123A14 	 P 321A14 Cð3;2Þ
1

A14 	 P 23A14 	 P 13A11 Cð3;2Þ
2

A14 	 P 23A14 	 P 13A12 Cð3;2Þ
2

A14 	 P 13A11 	 P 13A12 Cð3;2Þ
2;4

P 23A14 	 P 13A11 	 P 13A12 Cð3;2Þ
2

A14 	 P 123A14 	 P 13A11 Cð3;2Þ
3

A14 	 P 123A14 	 P 23A12 Cð3;2Þ
3

A14 	 P 13A11 	 P 23A12 Cð3;2Þ
3;4

P 123A14 	 P 13A11 	 P 23A12 Cð3;2Þ
3
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Classes

A14 	 A11 	 P 13A11 Cð3;2Þ
4

A14 	 A11 	 P 13A12 Cð3;2Þ
4

A14 	 P 13A11 	 P 23A12 Cð3;2Þ
4

A13 	 P 123A13 	 A0
0Cð3;3Þ

1

A13 	 P 321A13 	 A0
0Cð3;3Þ

1

P 123A13 	 P 321A13 	 A0
0Cð3;3Þ

1

A13 	 P 123A13 	 P 321A13 Cð3;3Þ
1

A13 	 P 321A15 	 A0
0Cð3;3Þ

2;3

A13 	 A15P 123 	 A0
0Cð3;3Þ

2;3

A13 	 P 321A15 	 A15P 123 Cð3;3Þ
2;3

A13 	 P 321A15 	 P 123A15P 12 Cð3;3Þ
2

A13 	 A15P 123 	 P 123A15P 12 Cð3;3Þ
2

P 321A15 	 A15P 123 	 P 123A15P 12 Cð3;3Þ
2

A13 	 P 321A15 	 P 13A12 Cð3;3Þ
3

A13 	 P 321A15 	 A12P 13 Cð3;3Þ
3

A13 	 A15P 123 	 P 13A12 Cð3;3Þ
3

A13 	 A15P 123 	 A12P 13 Cð3;3Þ
3

P 321A15 	 A15P 123 	 P 13A12 Cð3;3Þ
3

P 321A15 	 A15P 123 	 A12P 13 Cð3;3Þ
3

A13 	 P 321A15P 13 	 A12P 23 Cð3;3Þ
4

A13 	 P 321A15P 13 	 P 23A12 Cð3;3Þ
4

A13 	 P 321A15P 13 	 A12P 13 Cð3;3Þ
4

A13 	 P 321A15P 13 	 P 13A12 Cð3;3Þ
4

A13 	 A12P 23 	 A12P 13 Cð3;3Þ
4;5

A13 	 A12P 23 	 P 13A12 Cð3;3Þ
4;5

A13 	 P 23A12 	 A12P 13 Cð3;3Þ
4;5

A13 	 P 23A12 	 P 13A12 Cð3;3Þ
4;5

A13 	 A12P 23 	 P 13A12P 23 Cð3;3Þ
5

A13 	 A12P 23 	 P 23A12P 13 Cð3;3Þ
5

A13 	 P 23A12 	 P 13A12P 23 Cð3;3Þ
5

A13 	 P 23A12 	 P 23A12P 13 Cð3;3Þ
5

A13 	 A12P 13 	 P 13A12P 23 Cð3;3Þ
5

A13 	 A12P 13 	 P 23A12P 13 Cð3;3Þ
5

A13 	 P 13A12 	 P 13A12P 23 Cð3;3Þ
5

A13 	 P 13A12 	 P 23A12P 13 Cð3;3Þ
5

A15 	 P 23A15 	 P 321A15P 13 Cð3;3Þ
6

A15 	 P 23A15 	 P 123A15P 12 Cð3;3Þ
6

A15 	 P 321A15P 13 	 P 123A15P 12 Cð3;3Þ
6

P 23A15 	 P 321A15P 13 	 P 123A15P 12 Cð3;3Þ
6

TABLE XI. (Continued)
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TABLE XII. Combinations with N ¼ 3 which lead to three mixing angles for classes ð3; iÞ
(part II).

Classes

P 23A15 	 P 321A15P 13 	 P 13A12P 13 Cð3;3Þ
6

P 23A15 	 P 123A15P 12 	 P 13A12P 13 Cð3;3Þ
6

A15 	 A15P 123 	 P 321A15P 12 Cð3;3Þ
7

A15 	 A15P 123 	 P 123A15P 12 Cð3;3Þ
7

A15 	 A15P 123 	 P 13A12P 23 Cð3;3Þ
7;10;15

A15 	 P 321A15P 12 	 P 123A15P 12 Cð3;3Þ
7

A15 	 P 321A15P 12 	 P 13A12P 23 Cð3;3Þ
7

A15 	 P 123A15P 12 	 P 13A12P 23 Cð3;3Þ
7

A15P 123 	 P 321A15P 12 	 P 123A15P 12 Cð3;3Þ
7

A15P 123 	 P 321A15P 12 	 P 13A12P 23 Cð3;3Þ
7

A15P 123 	 P 123A15P 12 	 P 13A12P 23 Cð3;3Þ
7

P 321A15P 12 	 P 123A15P 12 	 P 13A12P 23 Cð3;3Þ
7

A15 	 P 321A15 	 A12P 13 Cð3;3Þ
8;14

A15 	 P 321A15 	 P 23A12P 13 Cð3;3Þ
8;14

A15 	 P 321A15 	 P 13A12P 13 Cð3;3Þ
8;14

A15 	 P 123A15 	 A12P 13 Cð3;3Þ
8

A15 	 P 123A15 	 P 23A12P 13 Cð3;3Þ
8

A15 	 P 123A15 	 P 13A12P 13 Cð3;3Þ
8;10;15

P 321A15 	 P 123A15 	 A12P 13 Cð3;3Þ
8

P 321A15 	 P 123A15 	 P 23A12P 13 Cð3;3Þ
8

P 321A15 	 P 123A15 	 P 13A12P 13 Cð3;3Þ
8

A15 	 P 12A15P 13 	 P 13A15P 12 Cð3;3Þ
9

A15 	 P 12A15P 13 	 P 13A12P 13 Cð3;3Þ
9

A15 	 P 12A15P 13 	 P 23A12 Cð3;3Þ
9

A15 	 P 13A15P 12 	 P 13A12P 13 Cð3;3Þ
9

A15 	 P 13A15P 12 	 A12P 23 Cð3;3Þ
9

P 12A15P 13 	 P 13A15P 12 	 A12P 23 Cð3;3Þ
9

A15 	 P 13A15P 12 	 P 23A12 Cð3;3Þ
9

A15 	 A15P 123 	 P 13A12 Cð3;3Þ
10;15

A15 	 A15P 321 	 P 13A12 Cð3;3Þ
10;12

A15 	 A15P 321 	 P 13A12P 23 Cð3;3Þ
10

A15 	 A15P 321 	 P 13A12P 13 Cð3;3Þ
10;12

A15P 123 	 A15P 321 	 P 13A12 Cð3;3Þ
10

A15P 123 	 A15P 321 	 P 13A12P 23 Cð3;3Þ
10

A15P 123 	 A15P 321 	 P 13A12P 13 Cð3;3Þ
10

A15 	 P 123A15 	 P 13A15P 123 Cð3;3Þ
11

A15 	 P 123A15 	 P 13A12P 13 Cð3;3Þ
11

A15 	 P 123A15 	 A12P 13 Cð3;3Þ
11

A15 	 P 13A15P 123 	 P 23A12 Cð3;3Þ
11

A15 	 P 13A15P 123 	 A12P 13 Cð3;3Þ
11

P 123A15 	 P 13A15P 123 	 P 13A12P 13 Cð3;3Þ
11

P 123A15 	 P 13A15P 123 	 P 23A12 Cð3;3Þ
11

P 123A15 	 P 13A15P 123 	 A12P 13 Cð3;3Þ
11

A15 	 A15P 321 	 P 13A15P 123 Cð3;3Þ
12
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Classes

A15 	 P 13A15P 123 	 A12P 23 Cð3;3Þ
12

A15 	 P 13A15P 123 	 P 13A12 Cð3;3Þ
12

A15P 321 	 P 13A15P 123 	 A12P 23 Cð3;3Þ
12

A15P 321 	 P 13A15P 123 	 P 13A12 Cð3;3Þ
12

A15P 321 	 P 13A15P 123 	 P 13A12P 13 Cð3;3Þ
12

A15 	 P 321A15P 13 	 P 23A12 Cð3;3Þ
13

A15 	 P 321A15P 13 	 P 13A12 Cð3;3Þ
13

A15 	 P 321A15P 13 	 A12P 23 Cð3;3Þ
13

A15 	 P 321A15P 13 	 A12P 13 Cð3;3Þ
13

TABLE XII. (Continued)

TABLE XIII. Charge vector for the classes ð3; iÞ.
Cð3;1Þ
1 ð1; !kL1�kL2

n ; !�kL2
n Þ

Cð3;2Þ
1 ð1; !2n

3n; !
n
3nÞ kL1 ¼ 2kL2 ¼ 2n

P 12� ð1; !2n
3n; !

n
3nÞ kL2 ¼ 2kL1 ¼ 2n

Cð3;2Þ
2 ð1; !nþ1

2ðnþ1Þ; !
�kL1
2ðnþ1Þ; !

�kL1þnþ1
2ðnþ1Þ Þ kL2 ¼ kL1 þ nþ 1

P 12� ð1; !nþ1
2ðnþ1Þ; !

kL1
2ðnþ1Þ; !

kL1þnþ1
2ðnþ1Þ Þ kL2 ¼ nþ 1

P 13� ð1; !nþ1
2ðnþ1Þ; !

kL2þnþ1
2ðnþ1Þ ; !kL2

2ðnþ1ÞÞ kL1 ¼ nþ 1

Cð3;2Þ
3 ð1; !�kL2

n ; !�2kL2
n ; !kL2

n Þ kL1 ¼ 2kL2

P 12� ð1; !kL2
n ; !2kL2

n ; !�kL2
n Þ kL1 ¼ 2kL2

P 13� ð1; !kL2
n ; !2kL2

n ; !�kL2
n Þ kL1 ¼ �kL2

P 23� ð1; !�kL1
n ; !�2kL1

n ; !kL1
n Þ kL2 ¼ 2kL1

P 123� ð1; !kL1
n ; !2kL1

n ; !�kL1
n Þ kL2 ¼ �kL1

P 321� ð1; !kL1
n ; !2kL1

n ; !�kL1
n Þ kL2 ¼ 2kL1

Cð3;2Þ
4 ð1; !kL2�kL1

n ; !�kL1
n ; !kL1�kL2

n ; !�kL2
n Þ

P 12� ð1; !kL2
n ; !kL1

n ; !�kL2
n ; !kL1�kL2

n Þ
P 13� ð1; !�kL1

n ; !kL2�kL1
n ; !kL1

n ; !kL2
n Þ

P 23� ð1; !kL1�kL2
n ; !�kL2

n ; !kL2�kL1
n ; !�kL1

n Þ
P 123� ð1; !�kL2

n ; !kL1�kL2
n ; !kL2

n ; !kL1
n Þ

P 321� ð1; !kL1
n ; !kL2

n ; !�kL1
n ; !kL2�kL1

n Þ
Cð3;2Þ
5 ð1; !kL1�kL2

n ; !�kL2
n ; !�k

n ; !kL1�kL2�k
n ; !�ðkL2þkÞ

n Þ
Cð3;3Þ
1 ð1; !n

3n; !
2n
3nÞ �kL1 ¼ �kL2 ¼ n

Cð3;3Þ
2 ð1; !3n

4n; !
n
4n; !

2n
4nÞ kL2 ¼ 2kL1 ¼ 2n

P 13� ð1; !3n
4n; !

n
4n; !

2n
4nÞ kL1 ¼ 3kL2 ¼ 3n

P 23� ð1; !3n
4n; !

n
4n; !

2n
4nÞ kL1 ¼ 2kL2 ¼ 2n

Cð3;3Þ
3 ð1; !�kL1

n ; !kL1
n ; !�2kL1

n ; !2kL1
n Þ kL2 ¼ 2kL1

P 12� ð1; !kL1
n ; !�kL1

n ; !2kL1
n ; !�2kL1

n Þ kL2 ¼ �kL1

P 23� ð1; !�kL2
n ; !kL2

n ; !�2kL2
n ; !2kL2

n Þ kL1 ¼ 2kL2

Cð3;3Þ
4 ð1; !nþ2

2ðnþ2Þ; !
kL2þnþ2
2ðnþ2Þ ; !�kL2þnþ2

2ðnþ2Þ ; !kL2
2ðnþ2Þ; !

�kL2
2ðnþ2ÞÞ kL1 ¼ nþ 2

P 13� ð1; !nþ2
2ðnþ2Þ; !

�kL2þnþ2
2ðnþ2Þ ; !kL2þnþ2

2ðnþ2Þ ; !�kL2
2ðnþ2Þ; !

kL2
2ðnþ2ÞÞ kL1 ¼ kL2 þ nþ 2

P 23� ð1; !nþ2
2ðnþ2Þ; !

kL1þnþ2
2ðnþ2Þ ; !�kL1þnþ2

2ðnþ2Þ ; !kL1
2ðnþ2Þ; !

�kL1
2ðnþ2ÞÞ kL2 ¼ nþ 2

Cð3;3Þ
5 ð1; !kL2þkL1

n ; !�ðkL2þkL1Þ
n ; !2kL1þkL2

n ; !�ð2kL1þkL2Þ
n ; !�kL1

n ; !kL1
n Þ

Cð3;3Þ
6 ð1; !nþ2

2ðnþ2Þ; !
�kL2þnþ2
2ðnþ2Þ ; !�kL2

2ðnþ2Þ; !
�2kL2
2ðnþ2Þ; !

~k
2ðnþ2ÞÞ kL1 ¼ kL2 þ nþ 2
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P 12� ð1; !nþ2
2ðnþ2Þ; !

kL1
2ðnþ2Þ; !

kL1þnþ2
2ðnþ2Þ ; !2kL1

2ðnþ2Þ; !
~k
2ðnþ2ÞÞ kL2 ¼ nþ 2

P 13� ð1; !nþ2
2ðnþ2Þ; !

kL2þnþ2
2ðnþ2Þ ; !kL2

2ðnþ2Þ; !
2kL2
2ðnþ2Þ; !

~k
2ðnþ2ÞÞ kL1 ¼ nþ 2

Cð3;3Þ
7 ð1; !2n

5n; !
3n
5n; !

4n
5n; !

n
5nÞ �kL2 ¼ �kL1 ¼ n

P 12� ð1; !2n
5n; !

3n
5n; !

4n
5n; !

n
5nÞ �kL2 ¼ �2kL1 ¼ 2n

P 13� ð1; !2n
5n; !

3n
5n; !

4n
5n; !

n
5nÞ �kL1 ¼ �2kL2 ¼ 2n

Cð3;3Þ
8 ð1; !2ðnþ1Þ

3ðnþ1Þ; !
nþ1
3ðnþ1Þ; !

�k1þ2ðnþ1Þ
3ðnþ1Þ ; !�k1þnþ1

3ðnþ1Þ ; !�k1
3ðnþ1ÞÞ �kL2 ¼ �kL1 ¼ nþ 1

Cð3;3Þ
9 ð1; !kL2�k1

n ; !�kL2
n ; !�k1

n ; !kL2�kL1
n ; !kL1�kL2

n ; !k0
n Þ

Cð3;3Þ
10 ð1; !�2ðnþ1Þ

3ðnþ1Þ ; !�ðnþ1Þ
3ðnþ1Þ ; !

�kL1�ðnþ1Þ
3ðnþ1Þ ; !�kL1

3ðnþ1Þ; !
�kL1�2ðnþ1Þ
3ðnþ1Þ Þ kL2 ¼ kL1 � ðnþ 1Þ

P 12� ð1; !�2ðnþ1Þ
3ðnþ1Þ ; !�ðnþ1Þ

3ðnþ1Þ ; !
kL1�ðnþ1Þ
3ðnþ1Þ ; !kL1

3ðnþ1Þ; !
kL1�2ðnþ1Þ
3ðnþ1Þ Þ kL2 ¼ �ðnþ 1Þ

P 13� ð1; !�2ðnþ1Þ
3ðnþ1Þ ; !�ðnþ1Þ

3ðnþ1Þ ; !
�kL2�2ðnþ1Þ
3ðnþ1Þ ; !�kL2�ðnþ1Þ

3ðnþ1Þ ; !�kL2
3ðnþ1ÞÞ kL1 ¼ �ðnþ 1Þ

Cð3;3Þ
11 ð1; !�kL2

n ; !�2kL2
n ; !�4kL2

n ; !kL2
n ; !�3kL2

n Þ kL1 ¼ 2kL2

P 12� ð1; !kL2
n ; !2kL2

n ; !4kL2
n ; !�kL2

n ; !3kL2
n Þ kL1 ¼ 2kL2

P 13� ð1; !kL2
n ; !2kL2

n ; !4kL2
n ; !�kL2

n ; !3kL2
n Þ kL1 ¼ �kL2

P 23� ð1; !�kL1
n ; !�2kL1

n ; !�4kL1
n ; !kL1

n ; !�3kL1
n Þ kL2 ¼ 2kL1

P 123� ð1; !kL1
n ; !2kL1

n ; !4kL1
n ; !�kL1

n ; !3kL1
n Þ kL2 ¼ �kL1

P 321� ð1; !kL1
n ; !2kL1

n ; !4kL1
n ; !�kL1

n ; !3kL1
n Þ kL2 ¼ 2kL1

Cð3;3Þ
12 ð1; !kL1�kL2

n ; !�kL1
n ; !kL2�kL1

n ; !�kL2
n ; !2kL1

n Þ 3kL1 ¼ 2kL2

P 12� ð1; !�kL2
n ; !kL1

n ; !kL2
n ; !kL1�kL2

n ; !�2kL1
n Þ kL1 ¼ �2kL2

P 13� ð1; !kL1
n ; !kL2�kL1

n ; !�kL1
n ; !kL2

n ; !2ðkL1�kL2Þ
n Þ 3kL1 ¼ kL2

P 23� ð1; !kL2�kL1
n ; !�kL2

n ; !kL1�kL2
n ; !�kL1

n ; !2kL2
n Þ 3kL2 ¼ 2kL1

P 123� ð1; !kL2
n ; !kL1�kL2

n ; !�kL2
n ; !kL1

n ; !2ðkL2�kL1Þ
n Þ 3kL2 ¼ kL1

P 321� ð1; !�kL1
n ; !kL2

n ; !kL1
n ; !kL2�kL1

n ; !�2kL2
n Þ kL2 ¼ �2kL1

Cð3;3Þ
13 ð1; !�kL1

n ; !�2kL1
n ; !kL1�kL2

n ; !�kL2
n ; !kL2�kL1

n ; !kL2�2kL1
n ; !k0

n Þ
P 12� ð1; !kL1

n ; !2kL1
n ; !�kL2

n ; !kL1�kL2
n ; !kL2

n ; !kL2þkL1
n ; !k0

n Þ
P 13� ð1; !kL2�kL1

n ; !2ðkL2�kL1Þ
n ; !kL1

n ; !kL2
n ; !�kL1

n ; !kL2�2kL1
n ; !k0

n Þ
P 23� ð1; !�kL2

n ; !�2kL2
n ; !kL2�kL1

n ; !�kL1
n ; !kL1�kL2

n ; !kL1�2kL2
n ; !k0

n Þ
P 123� ð1; !kL1�kL2

n ; !2ðkL1�kL2Þ
n ; !kL2

n ; !kL1
n ; !�kL2

n ; !kL1�2kL2
n ; !k0

n Þ
P 321� ð1; !kL2

n ; !2kL2
n ; !�kL1

n ; !kL2�kL1
n ; !kL1

n ; !kL1þkL2
n ; !k0

n Þ
Cð3;3Þ
14 ð1; !�kL1

n ; !�k1
n ; !�2kL1

n ; !kL1
n ; !2kL1�k1

n ; !kL1�k1
n Þ kL2 ¼ 2kL1

P 12� ð1; !kL1
n ; !�k1

n ; !2kL1
n ; !�kL1

n ; !�2kL1�k1
n ; !�kL1�k1

n Þ kL2 ¼ �kL1

P 13� ð1; !kL1
n ; !�k1

n ; !2kL1
n ; !�kL1

n ; !�2kL1�k1
n ; !�kL1�k1

n Þ kL2 ¼ 2kL1

P 23� ð1; !�kL2
n ; !�k1

n ; !�2kL2
n ; !kL2

n ; !2kL2�k1
n ; !kL2�k1

n Þ kL1 ¼ 2kL2

Cð3;3Þ
15 ð1; !kL2�kL1

n ; !2ðkL2�kL1Þ
n ; !kL1�kL2

n ; !�kL2
n ; !�kL1

n ; !kL2�2kL1
n Þ

P 12� ð1; !kL2
n ; !2kL2

n ; !�kL2
n ; !kL1�kL2

n ; !kL1
n ; !kL1þkL2

n Þ
P 13� ð1; !�kL1

n ; !�2kL1
n ; !kL1

n ; !kL2
n ; !kL2�kL1

n ; !kL2�2kL1
n Þ

P 23� ð1; !kL1�kL2
n ; !2ðkL1�kL2Þ

n ; !kL2�kL1
n ; !�kL1

n ; !�kL2
n ; !kL1�2kL2

n Þ
Cð3;3Þ
16 ð1; !nþ3

2ðnþ3Þ; !
k1
2ðnþ3Þ; !

�kL1þ3þn
2ðnþ3Þ ; !�kL1

2ðnþ3Þ; !
kL1�k1þ3þn
2ðnþ3Þ ; !kL1�k1

2ðnþ3Þ ; !
k0
2ðnþ3ÞÞ kL2 ¼ kL1 þ 3þ n

P 12� ð1; !nþ3
2ðnþ3Þ; !

k1
2ðnþ3Þ; !

kL1þ3þn
2ðnþ3Þ ; !kL1

2ðnþ3Þ; !
�kL1�k1þ3þn
2ðnþ3Þ ; !�kL1�k1

2ðnþ3Þ ; !k0
2ðnþ3ÞÞ kL2 ¼ 3þ n

P 13� ð1; !nþ3
2ðnþ3Þ; !

k1
2ðnþ3Þ; !

kL2
2ðnþ3Þ; !

kL2þnþ3
2ðnþ3Þ ; !�kL2�k1

2ðnþ3Þ ; !�kL2�k1þnþ3
2ðnþ3Þ ; !k0

2ðnþ3ÞÞ kL1 ¼ 3þ n

Cð3;3Þ
17 ð1; !kL2�kL1

n ; !kL2�k1
n ; !kL1�kL2

n ; !kL1�k1
n ; !�kL2

n ; !�kL1
n ; !k1

n Þ
P 12� ð1; !kL2

n ; !kL2�kL1�k1
n ; !�kL2

n ; !�kL1�k1
n ; !kL1�kL2

n ; !kL1
n ; !k1

n Þ
P 13� ð1; !�kL1

n ; !�kL2�k1
n ; !kL1

n ; !kL1�kL2�k1
n ; !kL2

n ; !kL2�kL1
n ; !k1

n Þ
P 23� ð1; !kL1�kL2

n ; !kL1�k1
n ; !kL2�kL1

n ; !kL2�k1
n ; !�kL1

n ; !�kL2
n ; !k1

n Þ
Cð3;3Þ
18 ð1; !kL1�k2

n ; !kL2�k2
n ; !kL2�k1

n ; !kL1�kL2
n ; !kL1�k1

n ; !�kL2
n ; !�k2

n ; !k1
n Þ

TABLE XIII. (Continued)
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TABLE XIV. Combinations, up to N ¼ 3, of textures that lead to a nonsingular mass matrix.

Classes N ¼ 1 N ¼ 2 N ¼ 3

Cð1;1Þ
1 all all all

Cð1;2Þ
1 all all

Cð1;3Þ
1 all

Cð2;1Þ
1 all all

Cð2;2Þ
1 (1) all all

Cð2;2Þ
2 (1) (1,2);(1,3) all

Cð2;2Þ
3 (1,2);(1,3) all

Cð2;2Þ
4 (1,4) (1,2,3);(1,2,4);(1, 3,4)

Cð2;3Þ
1 (1,2);(1,3);(2,3) all

Cð2;3Þ
2 (1,3);(2,3) (1,2,3);(1,2,4);(1, 3,4);(2,3,4)

Cð2;3Þ
3 (1,2);(1,3) (1,2,3);(1,2,4);(1,3,4);(2,3,4)

Cð2;3Þ
4 (1,2);(2,4) (1,2,3);(1,2,4);(1,3,4);(2,3,4)

Cð2;3Þ
5 (1,3) (1,2,3);(1,2,5);(2,3,4);(1,3,4);(1;3;5)

Cð2;3Þ
6 (1,2,6);(1,3,5);(2,3,4)

Cð3;1Þ
1 all

Cð3;2Þ
1 (1,2);(1,3);(2,3) all

Cð3;2Þ
2 (1,3);(2,3) (1,2,3);(1,2,4);(1, 3,4);(2,3,4)

Cð3;2Þ
3 (1,2);(1,3) (1,2,3);(1,2,4);(1, 3,4);(2,3,4)

Cð3;2Þ
4 (1,3) (1,2,3);(1,2,5);(1,3,4);(1,3,5);(2,3,4)

Cð3;2Þ
5 (1,2,6);(1,3,5);(2,3,4)

Cð3;3Þ
1 (1);(2);(3) (1,2);(1,3);(2,3) all

Cð3;3Þ
2 (1)

(1,2);(1,3);(1,4)
(1,2,3);(1,2,4);(1, 3,4);(2,3,4)

(2,4);(3;4)

Cð3;3Þ
3 (1)

(1,2);(1,3);(1,4) (1,2,3);(1,2,4);(1,2,5);(1,3,4);(1,3,5);(1,4,5);(2,3,4);(2,3,5);(2,4,5)

(1,5);(2,5);(3;4) (3,4,5)

Cð3;3Þ
4 (1) (1,2);(1,3);(1,4) (1,2,3);(1,2,4);(1,2,5);(1,2,6);(1,3,4);(1,3,5);(1,3,6);(1,4,5);(1,4,6)

(1,5);(1,6) (1,5,6);(2,3,6);(2,4,5)

Cð3;3Þ
5 (1)

(1,2);(1,3);(1,4) (1,2,3);(1,2,4);(1,2,5);(1,2,6);(1,2,7);(1,3,4);(1,3,5);(1,3,6);(1,3,7)

(1,5);(1,6);(1,7) (1,4,5);(1,4,6);(1,4,7);(1,5,6);(1,5,7);(1,6,7);(2,5,7);(3,4,6)

Cð3;3Þ
6 (1,3);(1,4);(1,5) (1,2,3);(1,2,4);(1,2,5);(1,3,4);(1,3,5);(1,4,5);(2,3,4);(2,3,5);(2,4,5)

(2,5)

Cð3;3Þ
7 (1,3);(1,4);(2,3) (1,2,3);(1,2,4);(1,2,5);(1,3,4);(1,3,5);(1,4,5);(2,3,4);(2,3,5);(2,4,5)

(2,4) (3,4,5)

Cð3;3Þ
8 (1,6);(2,4);(3,5) (1,2,4);(1,2,5);(1,2,6);(1,3,4);(1,3,5);(1,3,6);(1,4,6);(1,5,6);(2,3,4)

(2,3,5);(2,4,5);(2,4,6);(3,4,5);(3,5,6)

Cð3;3Þ
9 (1,4);(2,6);(3,5) (1,2,3);(1,2,4);(1,2,6);(1,3,4);(1,3,5);(1,4,5);(1,4,6);(1,5,6);(2,3,4)

(2,3,5);(2,3,6);(2,4,5);(2,4,6);(3,4,5);(3,5,6);(4,5,6)

Cð3;3Þ
10 (1,6);(2,4);(3,5) (1,2,4);(1,2,6);(1,3,4);(1,3,5);(1,3,6);(1,4,6);(1,5,6);(2,3,4);(2,3,5)

(2,3,6);(2,4,5);(2,4,6);(3,4,5);(3,5,6)

Cð3;3Þ
11 (1,3);(1,4);(2,3) (1,2,3);(1,2,6);(1,3,4);(1,3,5);(1,4,6);(1,5,6);(2,3,4);(2,3,5);(2,3,6)

(2,4,6);(3,4,5)

Cð3;3Þ
12 (1,3);(1,6);(2,3) (1,2,3);(1,2,5);(1,2,6);(1,3,4);(1,3,5);(1,4,6);(1,5,6);(2,3,4);(2,3,5)

(2,3,6);(2,4,6);(3,4,5)

Cð3;3Þ
13 (1,2);(1,3) (1,2,3);(1,2,4);(1,2,5);(1,2,6);(1,2,7);(1,3,4);(1,3,5);(1,3,6);(1,3,7)

(1,5,7);(2,4,7);(2,5,6);(3,4,6)

Cð3;3Þ
14 (1,3);(2,6) (1,2,3);(1,2,6);(1,2,7);(1,3,4);(1,3,5);(1,3,6);(1,3,7);(1,4,6);(2,3,5)

(2,3,6);(2,4,6);(2,5,6);(2,6,7);(4,5,7)

Cð3;3Þ
15 (1,7);(2,5) (1,2,5);(1,2,6);(1,2,7);(1,3,5);(1,3,7);(1,4,7);(1,5,7);(1,6,7);(2,3,5)

(2,4,5);(2,4,7);(2,5,6);(2,5,7);(3,4,6)

Cð3;3Þ
16 (1,3);(2,3) (1,2,3);(1,3,4);(1,3,5);(1,3,6);(1,3,7);(1,4,6);(1,5,7);(2,3,4);(2,3,5)

(2,3,6);(2,3,7);(2,4,7);(2,5,6)

Cð3;3Þ
17 (1,8) (1,2,8);(1,3,6);(1,3,8);(1,4,8);(1,5,7);(1,5,8);(1,6,8);(1,7,8);(2,4,8)

(2,5,6);(3,4,7)

Cð3;3Þ
18 (1,2,9);(1,6,8);(2,4,7);(3,5,9);(3,6,7);(4,5,8)
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