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We present a new functional form of pion and kaon fragmentation functions up to next-to-leading order

obtained through a global fit to single-inclusive electron-positron annihilation data, and also employ the

semi-inclusive deep inelastic scattering asymmetry data from HERMES and COMPASS to determine

fragmentation functions. We also apply very recent electron-positron annihilation data from BABAR and

Belle at
ffiffiffi
s

p ¼ 10:54 GeV and
ffiffiffi
s

p ¼ 10:52 GeV, respectively. In this analysis we consider the impression

of semi-inclusive deep inelastic scattering asymmetry data on the fragmentation functions, where the

produced hadrons of different electric charge are identified. We break the symmetry assumption between

the quark and antiquark fragmentation functions for favored partons by using the asymmetry

data. The results of our analysis are in good agreement with electron-positron annihilation data and

also with all the semi-inclusive deep inelastic scattering asymmetry data. We also apply the obtained

fragmentation functions to predict the scaled-energy distribution of �þ=Kþ inclusively produced in top-

quark decays at next-to-leading order using the zero-mass variable-flavor-number scheme, exploiting the

universality and scaling violations of fragmentation functions.

DOI: 10.1103/PhysRevD.88.054019 PACS numbers: 13.87.Fh, 13.60.Hb, 13.66.Bc, 13.85.Ni

I. INTRODUCTION

In high-energy processes at the Relativistic Heavy Ion
Collider (RHIC) and the LHC, the QCD predictions of cross
sections have a very important role. In the general case the
parton distribution functions (PDFs) of initial hadrons,
parton-level differential cross sections, and fragmentation
functions are three necessary ingredients to calculate cross
sections. Fragmentation functions (FFs) form the non-
perturbative component of the hard-scattering process and
describe the transition of a parton into the outgoing hadron.

FFs are important for model-independent predictions of
the cross sections at the LHC in which a hadron is detected
in the outgoing products. Interest in FFs has increased in,
for example, tests of QCD such as theoretical calculations
for recent measurements of inclusive production in proton-
proton collisions at RHIC, and in investigating the origin of
the proton spin. In the naive parton model the FFs are
independent of the factorization scale (depending only on
the scaling variable z), but in the QCD-improved parton
model the scaling violations of FFs are subject to
Dokshitzer-Gribov-Lipatov-Alteralli-Parisi (DGLAP) evo-
lution equations [1]. Note that FFs can be extracted from
fits to data at intermediate to large momentum fractions.

FFs are studied in electron-positron annihilation, and
lepton-hadron and hadron-hadron scattering processes.

Among these, eþe� annihilation provides a clean environ-
ment to determine the fragmentation densities, but without
an initial hadron state one cannot separate quark distribu-
tions from antiquark distributions. Since the most precise
data from eþe� annihilation exists for the production of
the lightest charged hadrons (pion, kaon, and proton), we
are interested in the fragmentation processes of the partons
into the pion and kaon in electron-positron annihilation and
semi-inclusive deep inelastic scattering. Fragmentation
functions are included in hadron-production processes in
electron-positron annihilation, lepton-proton or nucleus
scattering, and proton-proton and heavy-ion collisions.
Such processes are important in hadron physics for study-
ing and investigating the origin of the proton spin [2,3],
and the role of FFs in determining the polarized parton
distribution functions was pointed out in Refs. [4–7]. In
the present analysis to determine FFs, we consider semi-
inclusive deep inelastic scattering (SIDIS) asymmetry
data along with the data on eþe� annihilation from
LEP (ALEPH, DELPHI, and OPAL Collaborations),
SLAC (SLD and TPC Collaborations), DESY (TASSO
Collaboration), KEK (TOPAZ Collaboration) [8–15], and
the very recent BABAR and Belle data at SLAC and KEKB
[16,17], respectively. Other kinds of new analyses were
also performed by using these new reported data [18,19].
There are already several theoretical studies on QCD

analysis for FFs, which are listed in Ref. [20]; in particular,
those using parameterizations were widely obtained by
the KKP and AKK Collaborations [21] and Kretzer [22].
As was shown in Ref. [23], there are differences between
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the fragmentation functions of KKP and Kretzer, and there-
fore it is convenient to make an error calculation for the
fragmentation functions to check the consistency of the
results. In this regard, a determination of the FFs and their
uncertainties has already been attempted by the HKNS
and DSS Collaborations [23,24]. But we have an oppor-
tunity to use the asymmetry SIDIS experimental data from
HERMES [25] and COMPASS [26,27], which makes this
the first attempt to study how the asymmetry SIDIS data
affects the determination of FFs and their uncertainties.

Since the decay of the top quark is one of the interesting
subjects at the LHC, we shall make theoretical predictions
for the energy spectrum of�þ andKþ mesons produced in
top decay using the FFs obtained from our present work.
We will also compare our predictions with the known
results of Refs. [23,24,28].

This paper is organized as follows. In Sec. II we explain
the hadronization process in electron-positron collisions by
introducing the FFs. Double-spin asymmetry in semi-
inclusive deep inelastic scattering processes is defined in
this section too. In Sec. II B we describe our formalism and
parametrization form for pion and kaon fragmentation den-
sities. The global �2 minimization for the data is defined in
this section as well. We also outline the Hessian method for
assessing the neighborhood of the global minimum. In
Sec. IVour formalism to predict the energy distribution of
�þ andKþ in top-quark decay is explained. The full results
for the pion and kaon FFs and their uncertainties are listed in
Sec. V. We also present a comparison of our results with
experimental data and the other models, as well as our
predictions of the energy spectrum of outgoing pions and
kaons in top-quark decay. Our conclusion is given in
Sec. VI. We also provide an Appendix which describes
the FORTRAN-code which is available.

II. THEORETICAL FORMALISM FOR
FRAGMENTATION FUNCTIONS

The fragmentation functions are related to the low-energy
components of the hadron-production processes and they
form the nonperturbative aspect of QCD. FFs describe the
inclusive emission of a hadron from a parton and they cannot
be precisely calculated by theoretical methods at this stage.
The perturbative QCD framework is used to study single-
inclusive hadron production in eþe� annihilation, lepton-
nucleon deep inelastic scattering (DIS), and hadron-hadron
collisions, where the factorization theorem is a strong tool to
study such processes. This theorem states that the cross
section can be expressed in terms of perturbatively calculable
partonic hard-scattering cross sections, PDFs, and FFs, the
last two being related to the low-energy components of QCD
processes. The low-energy components of QCD processes
are universal and they can be used to make predictions.

In this section, we explain the theoretical framework that
is relevant for our global QCD analysis of fragmentation
functions.

A. Single-inclusive eþe� annihilation

In the single-inclusive eþe� annihilation processes,

eþe� ! ð�; ZÞ ! H þ X; (1)

one should not deal with the uncertainty introduced
by PDFs in comparison with the hadron collisions, and
so the optimal way to determine FFs is to fit them to
experimental data extracted from these processes. In the
above process, X stands for the unobserved jets which are
produced along with a detected hadron H.
The perturbative QCD framework is used to study hadron

production in eþe� annihilation, where the factorization
theorem is an important tool to study this process.
According to the hard-scattering factorization theorem
of the parton model [29,30], the cross section can be written
as a sum of convolutions of perturbatively calculable par-
tonic hard-scattering cross sections, d�aðy;�R; �FÞ=dy
[22,31,32], with the nonperturbative fragmentation func-
tions of the hadron H from a parton a, DH

a ðx;�FÞ, as
follows:

1

�tot

d�H

dz
¼X

a

Z 1

z

dy

y
DH

a

�
z

y
;�F

�
1

�tot

d�a

dy
ðy;�R; �FÞ;

(2)

where a stands for one of the partons a ¼ g; u; �u; � � � ; b; �b.
We denote the four-momenta of the intermediate
gauge boson and the hadron H by q and pH, respectively,
so that s ¼ q2, and the scaling variable z is defined as
z ¼ 2ðpH:qÞ=q2. In the c.m. frame, z is simplified to
z ¼ 2EH=

ffiffiffi
s

p
, which refers to the energy of H scaled to

the beam energy. The function DH
a ðx;�FÞ indicates the

probability to find the hadron H from a parton a with the
scaled energy fraction x. In equation above, y is defined in
analogy to z as y ¼ 2ðpa:qÞ=q2, where pa is the four-
momentum of the parton a. The renormalization and
factorization scales are given by �R and �F, respectively;
one can choose two different values for these scales, but a
common choice consists of setting �2

R ¼ �2
F ¼ Q2, and

we shall adopt this convention in this work.
At next-to-leading order (NLO), the total cross section

is described by the q �q pair-creation subprocesses,
eþe� ! ð�; ZÞ ! q �qþ ðgÞ, as

�tot ¼ Nc�0

Xnf
i¼1

ðV2
qi þ A2

qiÞ
�
1þ �sð�Þ

2�
CF

3

2
þOð�2

sÞ
�
;

(3)

where CF ¼ ðN2
c � 1Þ=ð2NcÞ ¼ 4=3 for Nc ¼ 3 quark

colors, �0 ¼ ð4��2=3sÞ is the leading-order total cross
section of eþe� ! �þ�� for massless muons, nf is the

number of active flavors, Nc ¼ 3 is the number of quark
colors, and � is the electroweak coupling constant. Vqi and

Aqi are the effective vector and axial-vector couplings of

the quark qi to both the intermediate photon and Z boson,

M. SOLEYMANINIA et al. PHYSICAL REVIEW D 88, 054019 (2013)

054019-2



which can be found in Ref. [33]. For small energies,
ffiffiffi
s

p �
MZ, for the summation of squared effective electroweak
charges one has V2

qi þ A2
qi ¼ e2qi , where eqi is the electric

charge of the quark qi; see Ref. [33].
In our global analysis of FFs, some of the data sets from

the OPAL and ALEPH experiments are in the form of
1=NZ!HadronðdNH=dzÞ, where N is the number of detected
events. This is defined as the ratio of the single-inclusive
eþe� annihilation cross section (2) in a certain bin of z to
the totally inclusive rate, i.e.,

1

Ntot

dNH

dz
� 1

�tot

d�H

dz
: (4)

B. Hadronization process in ep collisions
and spin asymmetry

Generally, the parton distribution function qðx;Q2Þ
expresses the probability density to find a parton q in a
nucleon carrying a fraction x of the target nucleonmomentum
at the transfer momentum Q2. For the polarized PDFs, we
assume that a proton ismade ofmassless partonswith positive
and negative helicity distributions, and thus the difference

�qðx;Q2Þ ¼ qþðx;Q2Þ � q�ðx;Q2Þ (5)

demonstrates how much the parton of flavor q represents the
proton polarization. Universally, the functional forms of the
polarized and unpolarized PDFs are determined by a QCD fit
to the experimental data obtained from various interactions.
These analyses have been discussed in many recent reviews
[2,3,34–52] and new, more precise investigations are still in
progress.

In order to cover more kinematics regions in the current

analysis we consider the polarized SIDIS process, ~lðlÞ þ
~NðpNÞ ! l0ðl0Þ þHðpHÞ þ X, where the hadron H is also
detected along with the scattered lepton l0 and jets X. This
process gives remarkable information concerning the nu-
cleon structure in quite a distinct kinematics which probes
different aspects of fragmentation distributions. Moreover,
SIDIS data help us to specify the difference between the
quark and antiquark distributions in the nucleon by con-
sidering outgoing produced hadrons, which is not possible
in fully inclusive experiments.

In the polarized SIDIS, the measured double-spin asym-

metry AN;H
1 can be expressed in terms of the ratio of the

polarized and unpolarized structure functions gN;H
1 and

FN;H
1 [43] as

AN;H
1 ðx; z;Q2Þ ¼ gN;H

1 ðx; z; Q2ÞNLO
FN;H
1 ðx; z;Q2ÞNLO

; (6)

where z is the scaled energy fraction of the outgoing
hadron, Q2 is the transfer momentum, and x is the
Bjorken scaling variable. The indices N and H stand for
the different nucleon targets and the outgoing detected
hadron, respectively.

In the NLO approximation, the polarized and unpolar-

ized structure functions gN;H
1 and FN;H

1 in SIDIS processes

are presented as (see Ref. [43])

2gN;H
1 ðx;z;Q2Þ¼Xnf

q; �q

e2q

�
�qðx;Q2ÞDH

q ðz;Q2Þþ�sðQ2Þ
2�

�½�q��Cð1Þ
qq �DH

q þ�q��Cð1Þ
gq �DH

g

þ�g��Cð1Þ
qg �DH

q �ðx;z;Q2Þ
�

(7)

and

2FN;H
1 ðx; z;Q2Þ ¼ Xnf

q; �q

e2q

�
qðx;Q2ÞDH

q ðz; Q2Þ þ �sðQ2Þ
2�

� ½q � Cð1Þ
qq �DH

q þ q � Cð1Þ
gq �DH

g

þ g � Cð1Þ
qg �DH

q �ðx; z; Q2Þ
�
; (8)

where nf is the number of active flavors, eq is the electric

charge of quark q, �s is the strong coupling constant, �q
and q are polarized and unpolarized parton densities, and

�Cð1Þ
ij ðx; zÞ and Cð1Þ

ij ðx; zÞ are the polarized and unpolarized

NLO Wilson coefficient functions, respectively, presented
in Ref. [53]. The corresponding parton FFs, DH

q; �q and DH
g ,

are determined in the present global analysis and play a

significant role in the determination of AN;H
1 .

According to Eq. (6) the double-spin asymmetry AN;H
1

depends on the polarized and unpolarized parton distribu-
tion functions, so in order to calculate the double-spin
asymmetry we need to use the results of available polarized
parton distribution function (PPDF) and PDF sets. Here we
choose the latest DSSV PPDFs and KKT12 PDFs [3,34];
however, different choices of PPDFs and PDFs do not
considerably change our result.

III. QCD ANALYSIS AND PARAMETRIZATION

A. ZM-VFN scheme

In a parton fragmentation function DH
i ðz;�2Þ, z repre-

sents the fraction of a parton’s momentum carried by a
produced hadron, while in a parton distribution qðx;�2Þ, x
represents the fraction of a hadron’s momentum carried by
a constituent parton. In both cases, the QCD parton-model
approach would predict z and x distributions that are
independent of the factorization scale. Note that similar
violations of this scaling behavior occur when QCD cor-
rections are taken into account [29]; in other words, beyond
the leading order of perturbative QCD these universal
functions are factorization-scale dependent. The z depen-
dence of the fragmentation functions is a nonperturbative
aspect of QCD and they are not yet calculable from first
principles. However, once they are given at the initial
fragmentation scale �0 their � evolution is determined
by the DGLAP renormalization group equations [1], which
are very similar to those for parton densities. For example,
the flavor-singlet evolution equation reads [54]
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@

@ ln�2

DH
S ðz;�2Þ

DH
g ðz;�2Þ

 !
¼ PqqðzÞ PgqðzÞ

PqgðzÞ PggðzÞ

 !
� DH

S ðz;�2Þ
DH

g ðz;�2Þ

 !
;

(9)

whereDH
S ðz; �2Þ refers to the singlet functionDH

S ðz; �2Þ ¼P
q½DH

q ðz; �2Þ þDH
�q ðz;�2Þ�, and the convolution integral

� is defined by

fðzÞ � gðzÞ ¼
Z 1

z

dy

y
fðyÞg

�
z

y

�
: (10)

The functions Pji are time-like splitting functions, which

are the same as those in deep inelastic scattering at the
lowest order but the higher-order terms are different. The
third-order contributions (N2LO) to the quark-gluon and
gluon-quark time-like splitting functions can be found in
Ref. [54]. The evolution equations are essentially the same
as in the PDF case, so that the same numerical method can
be used to obtain a solution. Also, the flavor nonsinglet
evolution equation can be found in Refs. [55–57].

To extract the fragmentation functions from data analy-
sis there are several approaches, and in the present analysis
we adapt the zero-mass variable-flavor-number (ZM-VFN)
scheme [58]. In this scheme, all quarks are treated as
massless particles and the nonzero values of the charm-
and bottom-quark masses only enter through the initial
conditions of the FFs. The number of active flavors also
varies with the factorization scale, where for scales higher
than the respective flavor thresholds the quark is active as a
parton. This scheme works best for high-energy scales,
where mQ ¼ 0 is a good approximation.

We also evaluate �
ðnfÞ
s ð�Þ at NLO in the improved-

minimal subtraction (MS) scheme using

�
ðnfÞ
s ð�Þ ¼ 1

b0 log ð�2=�2Þ
�
1� b1 log ½log ð�2=�2Þ�

b20 log ð�2=�2Þ
�
;

(11)

with

b0 ¼
33� 2nf

12�
; b1 ¼

153� 19nf

24�2
; (12)

where � is the typical QCD scale. We adopt

�ð4Þ
QCD ¼ 334:0 MeV [59] for NLO adjusted such that

�ð5Þ
s ¼ 0:1184 forMZ ¼ 91:1876 GeV [60]. Also,�ð4Þ

QCD at

leading order (LO) is fixed in our fits to 220.0 MeV.

B. Parametrization of fragmentation functions

We parametrize the pion and kaon fragmentation func-
tions at LO and NLO considering the single-inclusive
annihilation (SIA) and SIDIS data. At the initial scale �0

this parametrization contains the functional form

DH
i ðz;�2

0Þ ¼ Niz
�ið1� zÞ�i½1� e��iz�; (13)

which is a convenient form for the light hadrons. A simple
polynomial parametrization with just three parameters (Ni,
�i, and �i) controls the small- and large-z regions [61].
Accordingly, the power term in z emphasizes the small-z
region and the power term in (1� z) restricts the large-z
region. We consider the extra term ½1� e��iz� to control
the medium-z region and to improve the accuracy of the
global fit [62]. The free parameters Ni, �i, �i, and �i are
determined by fitting the �2 of the SIA and SIDIS data. In

the MS scheme, there is an important sum rule for the FFs
regarding energy conservation,Z 1

0
dzz

X
H

DH
i ðz;�2Þ ¼ 1; (14)

which means that each parton will surely fragment
into some hadron H. Since the summation over all the
hadrons cannot be taken practically and the behavior of
small values of z is unstable, Eq. (14) cannot be a viable
constraint in a global analysis.
The initial scale �0 is different for partons. The starting

scale for the FFs of the light quarks ðu= �u; d= �d; s=�sÞ and g
into ��=K� mesons is �2

0 ¼ 1 GeV2 and it is taken at

�2
0 ¼ m2

c and �2
0 ¼ m2

b for charm and bottom quarks

[63,64]. We choose mc ¼ 1:43 GeV and mb ¼ 4:3 GeV
in our analysis. Then these FFs are evolved to higher scales
using the DGLAP group equations in Eq. (9).
In all analyses it is necessary to use different assump-

tions for various FFs. In our analysis, we take the same
fragmentation densities for valence quarks. Since the pos-
sibility of �þ=Kþ production from valence or favored
quarks is more than that from sea or unfavored quarks,
we assume distinct fragmentation functions for the light
sea quarks. Because of the mass difference, the different
functions are also specified for heavy quarks and we
assume the same FFs for a heavy quark and its antiquark,
DH

c ¼ DH
�c and DH

b ¼ DH
�b
. According to the pion structure

j�þi ¼ ju �di and the general functional form presented in
Eq. (13), for the parton FFs into �þ one has

D�þ
u; �d

ðz; �2
0Þ ¼ N�þ

u z�
�þ
u ð1� zÞ��þ

u ½1� e���þ
u z�;

D�þ
d; �u;s;�sðz; �2

0Þ ¼ N�þ
d z�

�þ
d ð1� zÞ��þ

d ½1� e���þ
d

z�;
(15)

where we impose SU(2) isospin invariance between u and
�d quarks for a pion. Isospin symmetry is also considered
for sea quarks of pion fragmentation functions. Gluon and
heavy-quark FFs are defined as

D�þ
g ðz; �2

0Þ ¼ N�þ
g z�

�þ
g ð1� zÞ��þ

g ½1� e���þ
g z�;

D�þ
c; �c ðz; m2

cÞ ¼ N�þ
c z�

�þ
c ð1� zÞ��þ

c ½1� e���þ
c z�;

D�þ
b; �b

ðz; m2
bÞ ¼ N�þ

b z�
�þ
b ð1� zÞ��þ

b ½1� e���þ
b

z�:
(16)

Considering the constituent quark composition of the kaon,
jKþi ¼ ju�si, we define the kaon functional form for light
partons as follows:
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DKþ
u ðz;�2

0Þ ¼ NKþ
u z�

Kþ
u ð1� zÞ�Kþ

u ½1� e��Kþ
u z�;

DKþ
�s ðz;�2

0Þ ¼ NKþ
�s z�

Kþ
�s ð1� zÞ�Kþ

�s ½1� e��Kþ
�s z�;

DKþ
d; �d; �u;s

ðz;�2
0Þ ¼ NKþ

d z�
Kþ
d ð1� zÞ�Kþ

d ½1� e��Kþ
d

z�:
(17)

We apply a new form of the kaon FF for the strange quark
because of its mass compared to the u-quark mass. Kaon
fragmentation functions for sea quarks are defined by
considering the isospin symmetry between them. Gluon
and heavy-quark FFs are defined as follows:

DKþ
g ðz;�2

0Þ ¼ NKþ
g z�

Kþ
g ð1� zÞ�Kþ

g ½1� e��Kþ
g z�;

DKþ
c; �c ðz;m2

cÞ ¼ NKþ
c z�

Kþ
c ð1� zÞ�Kþ

c ;

DKþ
b; �b

ðz; m2
bÞ ¼ NKþ

b z�
Kþ
b ð1� zÞ�Kþ

b :

(18)

In our analysis, the heavy parton parameters �c and �b

affect the �2 value.We use Eq. (13) as a functional form for
all partons of the pion and our decision to include or omit
the term ½1� e��iz� for different flavors of kaon FFs is
based on getting the best �2. In the reported parameters in
Refs. [22–24] some parameters are fixed, i.e., the simple
parametrization form is used. In Ref. [23] one of the gluon
parameters was fixed for the pion and kaon, and the DSS
model [24] uses the simple parametrization for c and b
quarks for �þ and Kþ mesons.

According to the parton structure of ��ð �udÞ and
K�ð �usÞ, the parton fragmentation functions can be
calculated for �� and K� as

D��
i ðz; �2

0Þ ¼ D�þ
�i
ðz; �2

0Þ; DK�
i ðz;�2

0Þ ¼ DKþ
�i
ðz;�2

0Þ;
(19)

where i ¼ u, d, s, c, b, and for the gluon fragmentation
functions we obtain

D��
g ðz;�2

0Þ ¼ D�þ
g ðz;�2

0Þ; DK�
g ðz;�2

0Þ ¼ DKþ
g ðz;�2

0Þ:
(20)

C. QCD analysis of experimental data
and global minimization of �2

The free parameters in the functional forms of the �þ
and Kþ FFs [Eqs. (15)–(18)] are determined by minimiz-
ing �2 for differential cross section and asymmetry experi-

mental data [i.e., ð1=�tot � d�=dzÞexp and ðAN;H
1 Þexp ] in x

space. The global �2 is defined as

�2
global ¼

X
n

wn�
2
n; (21)

where n is the number of the experimental data group and
wn denotes a weight factor for the nth experimental data
group. The �2

n is defined as

�2
n ¼

�
1� Nn

�Nn

�
2 þXk

j¼1

�
NnEj � Tj

Nn�
E
j

�
2
; (22)

where Tj and Ej are the theoretical and experimental values

of 1=�tot � d�=dz for eþe� SIA data and AN;H
1 for SIDIS

data, and �E
j is the error of the corresponding experimental

value. Here, the summation goes over the k bins of the
experimental data. �Nn is related to the experimental nor-
malization uncertainty which is reported by the experiments,
andNn corresponds to an overall normalization factor which
refers to the experimental data. Usually, Nn is calculated
from the first minimization and fixed in the second minimi-
zation. In our global fit we take SIA experimental data from
LEP (ALEPH, DELPHI, and OPAL Collaborations),
SLAC (BABAR, SLD, and TPC Collaborations), DESY
(TASSO Collaboration), and KEK (Belle and TOPAZ
Collaborations). The energy scales of the experimental
data are from 10.52 GeV to 91.2 GeV [8–17]. In the reported
data without discrimination of hadron species, authors have
distinguished between four cases: fragmentation of u, d, and
s quarks, c quarks only, b quarks only, and all five quark
flavors (u, d, s, c, and b). These categories are only in the
DELPHI and SLD data [9,10,12].
Also, the BABAR and Belle Collaborations [16,17] re-

cently reported inclusive hadron-production cross sections
at a center-of-mass energies of 10.54 GeV and 10.52 GeV,
respectively. Since the center-of-mass energies are below
the threshold to produce a b �b pair, these data contain a pure
eþe� ! q �q sample, where q ¼ u, d, s, c. Although most
of the precision eþe� annihilation data are limited to
results from experiments at LEP and SLAC at the energy
scale of the MZ, large data samples are available from
the BABAR and Belle Collaborations at Q ¼ 10:54 GeV
and Q ¼ 10:52 GeV, respectively. In addition, these two
collaborations reported the differential cross sections at
z > 0:7. We also provide SIDIS experimental data for

Ap;�þ
1 , Ap;��

1 , Ad;�þ
1 , Ad;��

1 , Ap;Kþ
1 , Ap;K�

1 , Ad;Kþ
1 , and

Ad;K�
1 from HERMES05 [25], COMPASS09 [26], and

COMPASS10 [27]. The energy scales of SIDIS experimen-
tal data are from 1:16 GeV2 to 55:60 GeV2.
In each collaboration, small-z data were excluded since

the splitting functions in evolution equations lead to nega-
tive FFs in their NLO part for z � 1, and additionally mass
corrections are more important in this region. So we
exclude regions where mass corrections and the singular
small-z behavior of the splitting functions are effective.
z > 0:1 is used for data which have

ffiffiffi
s

p
<MZ and z > 0:05

is used for data which have
ffiffiffi
s

p ¼ MZ.

D. Neighborhood of the global minimum
and the Hessian method

In recent years, the assessment of uncertainties has seen
significant progress in the QCD analysis of PDFs and FFs
[65–67], and among the different approaches the Lagrange
multiplier technique (LM) and the Hessian method are the
most reliable ones. While LM avoids any approximations or
assumptions about the effect of the �2 on the parameters, its
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only drawback is that its calculation is slow because it needs
separate minimizations for each of the parameters.

Since we use the Hessian or error matrix approach in our
analysis, wewill explain the outline of thismethod. The basic
assumption of the Hessian approach is a quadratic expansion
of the �2 in the fit parameters ai near the global minimum,

��2 � �2 � �2
min ¼ Xn

i;j¼1

Hijðai � a0i Þðaj � a0j Þ; (23)

with

Hij ¼ 1

2

@2�2

@ai@aj

��������min
; (24)

where Hij are the elements of the Hessian matrix. Since

the Hessian matrix and its inverse (C � H�1)—which is
the error matrix—are symmetric, they have a set of n or-
thogonal eigenvectors vik with eigenvalues 	k,Xn

j¼1

Cijvjk ¼ 	kvik; (25)

Xn
i¼1

vijvik ¼ �jk: (26)

The parameter variation around the global minimum can be
expanded in a basis of eigenvectors and eigenvalues; that is,

ai � a0i ¼
Xn
k¼1

eikzk; (27)

where eik �
ffiffiffiffiffiffi
	k

p
vik. Using Eqs. (26) and (27), it can be

shown that the expansion of the �2 in the fit parameters ai
near the global minimum (23) reduces to

�2 ¼ �2
min þ Xn

k¼1

z2k; (28)

where
P

n
k¼1 z

2
k 	 T2 is the interior of a sphere of

radius T. The eigenvector sets S�k are defined by choosing

T ¼ ð��2Þ1=2 and the corresponding positive and negative
of eigenvector directions are defined as follows:

ziðS�k Þ ¼ �T�ik: (29)

Using the last equation, the ai parameters that specify the
eigenvector basis sets S�k at a fixed value of �S are given by

aiðS�k Þ ¼ a0i � Teik: (30)

In the standard parameter-fitting criterion, the errors are
given by the choice of the tolerance T ¼ 1. Also, we can
determine the size of uncertainties by applying the Hessian
method based on the correspondence between the confidence
level P and ��2 with the number of fitting parameters N,

P ¼
Z ��2

0

1

2�ðN=2Þ
�
x

2

�N
2�1

exp

�
� x

2

�
dx; (31)

where we get P ¼ 0:68 as the confidence level, and
��2 ¼ 22:43 and ��2 ¼ 24:58 are obtained for the pion
and kaon, respectively.

The uncertainty on the quantity FðaiÞ, which is an
attributive function of the input parameters obtained in
the QCD fit procedure at the scale Q0, is obtained by
applying the simple Hessian method,

�F ¼ T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
i;j¼1

@F

@ai
Cij

@F

@aj

vuut : (32)

E. The method of error calculation

According to Eqs. (15)–(18) the evolved fragmentation
functions for the pion and kaon are attributive functions of
the input parameters which are calculated from the fit.
Their standard linear errors are given by Gaussian error
propagation. If DH

i ðz;Q2Þ is the evolved fragmentation
density at Q2 then the Gaussian error propagation is
defined as

½�DH
i ðzÞ�2¼��2

Xn
j;k

@DH
i ðz;ajÞ
@aj

ðHjkÞ�1@D
H
i ðz;akÞ
@ak

; (33)

where ��2 is the allowed variation in �2, and ajjnj¼1 are

free parameters, where n is the number of parameters in the
global fit. Also, Hjk is the Hessian or covariance matrix of

the parameters determined in the QCD analysis at the
initial scale Q2

0, and it is defined in Eq. (24).

Consequently, we can calculate the uncertainties of any
FFs by using the Hessian or covariance matrix based on the
Gaussian method at any value ofQ2 by the QCD evolution.
More information and a detailed discussion can be found in
Refs. [23,68,69].

IV. INCLUSIVE �þ=Kþ-MESON PRODUCTION
IN TOP-QUARK DECAY

Nowadays, the LHC at CERN is a superlative machine

for producing top-quark pairs; at the design energy
ffiffiffi
S

p ¼
14 TeV and design luminosityL ¼ 1034 cm�2 s�1 in each
of the four experiments it is expected to produce about
90 million top-quark pairs per year [70]. This large volume
of events will allow for the determination of the properties
of the top quark—such as its mass mt, branching fractions,
and matrix elements Vtq of the Cabibbo-Kobayashi-

Maskawa [71]—with high precision. Because of its large
mass, the top quark decays so rapidly that it has no time to
hadronize, and due to the fact that jVtbj 
 1 top quarks
almost decay to bottom quarks via the decay mode
t ! bWþ in the standard model. Bottom quarks also had-
ronize—via b ! H þ X—before they decay, and thus the
decay mode t ! HWþ þ X is of prime importance, where
H refers to the detected outgoing hadron. Of particular
interest at theLHC is the study of the scaled energy
distributions of outgoing hadrons.
In this section, we study the energy spectrum of

the inclusive light mesons including the �þ and Kþ in
top-quark decay, working in the ZM-VFN scheme.
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We wish to study the inclusive production of a light
meson in the decay process

t ! bþWþðgÞ ! ��=K� þ X; (34)

where X stands for the unobserved final state. The gluon
in Eq. (34) contributes to the real radiation at NLO and
both the b quark and the gluon may hadronize to the
outgoing light mesons. To obtain the energy distribution
of light hadrons we use the realistic FFs obtained in our
approach.

To study the energy spectrum of the outgoing meson
it would be convenient to introduce the scaled energy
fractions xi ¼ Ei=E

max
b (i ¼ b, g, H), where H stands

for the light mesons. In the top-quark rest frame, the
energy ranges are 0 	 ðEb; EgÞ 	 ðm2

t �m2
WÞ=ð2mtÞ and

mH 	 EH 	 ðm2
t þm2

H �m2
WÞ=ð2mtÞ [72].

We wish to calculate the partial decay width of the
process (34) differential in xH (d�=dxH) at NLO in
the ZM-VFN scheme. Considering the factorization
theorem of QCD [30], the energy distribution of a hadron
H can be expressed as the convolution of the parton-level
spectrum with the fragmentation densities DH

i ðz; �FÞ,
describing the hadronization i ! H,

d�

dxH
¼ X

i¼b;g

Z xmax
i

xmin
i

dxi
xi

d�̂i

dxi
ð�R; �FÞDH

i

�
xH
xi

; �F

�
; (35)

TABLE II. Values of fit parameters for the �þ meson at NLO in the starting scale.

Flavor i Ni �i �i �i

u, �d 1:049� 0:563 �1:916� 0:421 0:977� 0:304 0:964� 0:65
�u, d, s, �s 9:968� 7:441 �0:516� 0:481 5:952� 1:565 1:898� 1:885
c, c 0:946� 0:859 �1:723� 0:451 3:590� 1:280 1:947� 1:981
b, �b 0:869� 0:550 �2:059� 0:234 5:803� 1:460 1:561� 1:054
g 219:507� 44:789 1:073� 0:362 7:505� 1:140 2:142� 1:411

TABLE I. Fit parameters for the parton FFs into the charged pion (�þ) at LO, D�þ
i ðz;�0Þ.

The starting scale is taken to be �2
0 ¼ 1 GeV2 for light partons and gluons, and �2

0 ¼ m2
c and

�2
0 ¼ m2

b for c and b quarks.

Flavor i Ni �i �i �i

u, �d 0:841� 0:435 �2:041� 0:417 0:803� 0:284 1:170� 0:789
�u, d, s, �s 2:509� 1:143 �1:514� 0:269 4:610� 1:083 2:123� 1:189
c, c 1:059� 0:788 �1:918� 0:364 3:325� 1:060 1:697� 1:447
b, �b 1:062� 0:596 �2:043� 0:218 5:902� 1:328 1:750� 1:044
g 59:993� 10:523 0:939� 1:961 5:801� 5:394 1:219� 3:508

TABLE III. Fit parameters for the parton FFs into the charged kaon (Kþ) at LO [DKþ
i ðz;�0Þ]

in the starting scale.

Flavor i Ni �i �i �i

u 4:415� 5:203 �0:388� 0:315 1:486� 0:725 0:412� 0:513
�s 29:284� 15:300 1:395� 1:865 2:524� 1:293 0:848� 2:413
�u, d, �d, s 6:231� 3:877 �0:398� 0:106 6:273� 2:337 2:435� 2:168
c, c 4:853� 3:343 0:245� 0:411 4:530� 1:090 � � �
b, �b 8:324� 2:947 0:076� 0:084 8:841� 1:836 � � �
g 1:309� 3:529 8:871� 4:530 0:293� 2:44 0:165� 2:732

TABLE IV. Values of fit parameters for the Kþ meson at NLO in the starting scale.

Flavor i Ni �i �i �i

u 0:660� 0:156 �1:584� 0:342 0:858� 0:227 0:390� 0:107
�s 17:769� 7:775 0:708� 0:390 2:479� 0:316 0:665� 0:218
�u, d, �d, s 6:467� 1:587 0:028� 0:547 7:338� 0:819 3:299� 1:282
c, c 7:217� 1:013 0:550� 0:113 5:366� 0:314 � � �
b, �b 14:675� 3:227 0:293� 0:080 10:882� 0:943 � � �
g 2:383� 0:381 5:714� 0:696 0:892� 0:085 53542:030� 5:859
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where d�̂i=dxi is the parton-level differential width of the
process t ! iþWþði ¼ b; gÞ, which is extracted from
Ref. [72]. Here, �F and �R are the factorization and
renormalization scales, respectively, which are set to�R ¼
�F ¼ mt. The values of all FF parameters are listed in

Tables I, II, III, and IV. Since these FFs are parametrized at
the low factorization scale, the extraction of the FFs at each
arbitrary scale of energy should be performed using the
grids and fortran routines, which are presented in the
Appendix, based on solving DGLAP equations.
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FIG. 1 (color online). Comparison of our NLO results for 1
�tot

d��

dz in total and tagged cross sections with pion production data at
Q2 ¼ M2

Z by ALEPH, DELPHI, OPAL, and SLD [8–12]. Our model (‘‘Model’’) is included for comparison [23,24,28].
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Z by ALEPH, DELPHI, OPAL, and SLD [8–12]. Our model (‘‘Model’’) is included for comparison [23,24,28].
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V. FIT RESULTS

Now we are in a situation to explain our global analysis
of the fragmentation functions for the pion and kaon
results. We compare our calculated cross section and
double-spin asymmetry results with the experimental
data and find a good agreement.

According to the last section—where we introduced the
experimental data for our fits—we present our results of
the optimum fits for the fragmentation parameters of the
�þ and Kþ mesons in the initial scale �0 at LO and
NLO. We also report �2 and normalization fit values for
each individual collaboration. On the other hand, we are
interested in presenting how much the asymmetry SIDIS
data effects the determination of the pion and kaon FFs.
Also, the FF comparisons are made with the results
obtained in the other FF analyses in Refs. [23,24,28].
We also briefly present the dependance of the global
��2 along some random samples of eigenvector direc-
tions to illustrate the deviations of the ��2 function from
the expected quadratic dependence. Finally, we show our
prediction for the energy spectra of the pion and kaon as
light mesons in top decay.

A. Experimental data and our analysis

The experimental data for inclusive hadron production

in SIA covers orders of magnitude from 10.52 GeV to the

mass of the Z boson. By adding SIDIS experimental data

the range of energy is extended and covers low energies

from 1:16 GeV2 to 55:60 GeV2. In Figs. 1 and 2, using the

new functional forms of the FFs, we compare our results

for 1
�tot

d�i

dz (i ¼ � or K) with the data at �2 ¼ M2
Z reported

by the ALEPH, DELPHI, OPAL, and SLD Collaborations

at NLO. In these figures we separate the light, charm, and

bottom tagged cross sections, and most of the diagrams

show a remarkable agreement between our results and

experimental data.
Comparing other FF models in these figures also gives a

nice all-around description of our model, where we have

used the AKK set [28] that included hadron production

data in electron-positron and hadron-hadron scattering

data, the DSS set [24] that included electron-positron,

lepton-nucleon, and hadron-hadron scattering data, and

the HKNS set [23] that included electron-positron data.

However, as Fig. 1 shows, due to the largeness of the �2

contributions for the SLD and DELPHI b-tagged data

TABLE V. The individual �2 values and the fitted normalization at LO for each collaboration
and the total �2 fit for �þ.

Collaboration Data properties
ffiffiffi
s

p
GeV

Data

points

Relative normalization

in fit �2(LO)

Belle [17] Untagged 10.52 78 0.983 11.5

BABAR [16] Untagged 10.54 38 0.936 204.5

TPC [14] Untagged 29 12 0.993 6.4

TASSO [13] Untagged 34 8 1.051 6.6

Untagged 44 5 1.051 6.2

TOPAZ [15] Untagged 58 4 1.013 1.3

ALEPH [8] Untagged 91.2 22 0.997 28.2

OPAL [11] Untagged 91.2 22 1.017 35.3

SLD [12] Untagged 91.2 29 1.012 53.6

uds tagged 91.2 29 1.012 94.7

c tagged 91.2 29 1.012 44.8

b tagged 91.2 29 1.012 90.6

DELPHI [9,10] Untagged 91.2 17 0.987 9.4

uds tagged 91.2 17 0.987 7.7

b tagged 91.2 17 0.987 53.7

HERMES [25] SIDISðp; �þÞ 1.10–3.23 9 1.051 10.1

SIDISðp; ��Þ 1.10–3.23 9 1.051 6.6

SIDISðd; �þÞ 1.10–3.2 9 1.051 11.4

SIDISðd; ��Þ 1.10–3.2 9 1.051 20.5

COMPASS [26] SIDISðd; �þÞ 1.07–5.72 10 1.028 3.9

SIDISðd; ��Þ 1.07–5.72 10 1.028 5.5

COMPASS [27] SIDISðp; �þÞ 1.07–7.45 12 0.997 10.8

SIDISðp; ��Þ 1.07–7.45 12 0.997 13.7

TOTAL: 436 736.32

ð�2=d:o:fÞ 1.77
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(see Tables Vand VI) some points are outside of the curves.
Generally, �2 values of the heavy flavors—in particular
b-tagged data—are larger than the other data (see Tables V,
VI, VII, and VIII), and this might be caused to some extent
by contaminations from weak decay.

Recent differential cross-section data from the Belle
and BABAR Collaborations are included in our analysis. In
Fig. 3 our results for the pion and kaon at Q ¼ 10:52 GeV
and Q ¼ 10:54 GeV are compared with these data. Also,
the other FF models are compared with Belle and BABAR
data and this figure shows a nice agreement between our
model and these data.

Figures 4 and 5 present the extracted values of A1 for the
proton and deuteron from the global fit for�þ,��,Kþ, and
K� at NLO in comparison with the SIDIS data from
HERMES and COMPASS [25–27]. The extraction of
double-spin asymmetry data from the global fit for fragmen-
tation functions is done for the first time, and as is shown the
overall agreement of the experimental data sets in the global
analysis is great. Some of the theoretical analyses—such as
Refs. [3,43]—have used the asymmetry data from DIS and
SIDIS to calculate the polarized parton distributions.

B. Fit results for �þ and Kþ FFs

According to the scenarios defined for the fragmenta-
tion functions of �þ andKþ mesons at the starting scales,
20 and 22 parameters have to be determined, respectively.
These parameters are listed in Tables I and II for �þ and
in Tables III and IV for Kþ at LO and NLO. The initial
scales for the b ! �þ=Kþ and c ! �þ=Kþ FFs are
�2

0 ¼ m2
b and �2

0 ¼ m2
c, respectively, and �2

0 ¼ 1 GeV2

is considered for the gluon and light quarks. In Tables V, VI,
VII, and VIII, we list all experimental data sets included in
our global analysis, discussed in Sec. VA, and the �2 values
per degree of freedom pertaining to the LO and NLO fits
are presented for each collaboration based on data points.
The relative normalization in fit for each data set is reported
in these tables. Indeed, the global minimization of �2

(discussed in Sec. IIIC) in the global fit considerably
improves after taking relative normalization into account.
The �þ and Kþ fragmentation densities and their

uncertainties are presented in Figs. 6 and 7 at �2
0 ¼

1 GeV2 for the gluon and light quarks and �2
0 ¼ m2

c and
�2

0 ¼ m2
b for c and b quarks at NLO. We present the FF

uncertainties for ��2 ¼ 1 and ��2 ¼ 22:43 for the pion

TABLE VI. The individual �2 values and the fitted normalization at NLO for each collabo-
ration and the total �2 fit for �þ.

Collaboration Data properties
ffiffiffi
s

p
GeV

Data

points

Relative normalization

in fit �2(NLO)

Belle [17] Untagged 10.52 78 1.001 12.5

BABAR [16] Untagged 10.54 38 0.928 138.3

TPC [14] Untagged 29 12 0.992 5.7

TASSO [13] Untagged 34 8 1.049 7.9

Untagged 44 5 1.049 6.9

TOPAZ [15] Untagged 58 4 1.015 1.6

ALEPH [8] Untagged 91.2 22 1.001 31.7

OPAL [11] Untagged 91.2 22 1.020 33.5

SLD [12] Untagged 91.2 29 1.015 31.7

uds tagged 91.2 29 1.015 62.3

c tagged 91.2 29 1.015 26.8

b tagged 91.2 29 1.015 85.2

DELPHI [9,10] Untagged 91.2 17 0.991 15.9

uds tagged 91.2 17 0.991 13.2

b tagged 91.2 17 0.991 48.8

HERMES [25] SIDISðp; �þÞ 1.10–3.23 9 1.063 10.3

SIDISðp; ��Þ 1.10–3.23 9 1.063 4.6

SIDISðd; �þÞ 1.10–3.2 9 1.063 18.6

SIDISðd; ��Þ 1.10–3.2 9 1.063 22.3

COMPASS [26] SIDISðd; �þÞ 1.07–5.72 10 1.071 12.8

SIDISðd; ��Þ 1.07–5.72 10 1.071 5.61

COMPASS [27] SIDISðp; �þÞ 1.07–7.45 12 1.011 10.5

SIDISðp; ��Þ 1.07–7.45 12 1.011 7.6

TOTAL: 436 611.52

ð�2=d:o:fÞ 1.47
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TABLE VII. The individual �2 values and the fitted normalization at LO for each collaboration and the total �2 fit for Kþ.

Collaboration Data properties
ffiffiffi
s

p
GeV

Data

points

Relative normalization

in fit �2 (LO)

Belle [17] Untagged 10.52 78 1.060 109.1

BABAR [16] Untagged 10.54 28 0.992 130.5

TPC [14] Untagged 29 11 1.063 9.0

TASSO [13] Untagged 34 4 0.995 0.3

TOPAZ [15] Untagged 58 3 1.004 0.8

ALEPH [8] Untagged 91.2 18 1.008 6.1

OPAL [11] Untagged 91.2 10 0.975 2.7

SLD [12] Untagged 91.2 29 0.993 19.3

uds tagged 91.2 29 0.993 61.1

c tagged 91.2 29 0.993 37.2

b tagged 91.2 28 0.993 153.6

DELPHI [9,10] Untagged 91.2 17 1.063 2.3

uds tagged 91.2 17 1.063 7.4

b tagged 91.2 17 1.063 11.9

HERMES [25] SIDISðd; KþÞ 1.22–3.19 9 1.004 7.1

SIDISðd; K�Þ 1.22–3.19 9 1.004 6.8

COMPASS [26] SIDISðd; KþÞ 1.07–5.72 10 1.012 7.9

SIDISðd; K�Þ 1.07–5.72 10 1.012 16.0

COMPASS [27] SIDISðp; KþÞ 1.07–7.45 12 1.004 10.8

SIDISðp; K�Þ 1.07–7.45 12 1.004 12.26

TOTAL: 380 612.18

ð�2=d:o:fÞ 1.71

TABLE VIII. The individual �2 values and the fitted normalization at NLO for each collaboration and the total �2 fit for Kþ.

Collaboration Data v
ffiffiffi
s

p
GeV

Data

points

Relative normalization

in fit �2(NLO)

Belle [17] Untagged 10.52 78 1.029 105.7

BABAR [16] Untagged 10.54 28 0.974 100.8

TPC [14] Untagged 29 11 1.041 7.6

TASSO [13] Untagged 34 4 0.992 0.3

TOPAZ [15] Untagged 58 3 1.004 0.8

ALEPH [8] Untagged 91.2 18 1.017 4.9

OPAL [11] Untagged 91.2 10 0.983 2.8

SLD [12] Untagged 91.2 29 1.003 19.1

uds tagged 91.2 29 1.003 67.6

c tagged 91.2 29 1.003 42.7

b tagged 91.2 28 1.003 116.5

DELPHI [9,10] Untagged 91.2 17 1.084 2.6

uds tagged 91.2 17 1.084 6.9

b tagged 91.2 17 1.084 11.8

HERMES [25] SIDISðd; KþÞ 1.22–3.19 9 1.009 6.0

SIDISðd; K�Þ 1.22–3.19 9 1.009 8.1

COMPASS [26] SIDISðd; KþÞ 1.07–5.72 10 1.032 7.2

SIDISðd; K�Þ 1.07–5.72 10 1.032 20.4

COMPASS [27] SIDISðp; KþÞ 1.07–7.45 12 1.013 6.5

SIDISðp; K�Þ 1.07–7.45 12 1.013 15.3

TOTAL: 380 551.32

ð�2=d:o:fÞ 1.54
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and��2 ¼ 24:58 for the kaon in Figs. 6 and 7. The method
of error calculation is described in Secs. III D and III E.

To show how different choices of PPDFs from dif-
ferent analyses affect the results, we applied one of
the most accurate PPDFs, i.e., KATAO PPDFs [35], which
are obtained from a global analysis of DIS data. The
comparison of extracted pion and kaon fragmentation
functions by including KATAO [35] and DSSV [3]
PPDFs are shown in Figs. 8 and 9 at NLO. As can be
seen the differences are small and negligible, and these
differences become smaller by increasing the energy
scaling. Therefore, the different choices of PPDFs do
not change our result considerably.

Since we would like to present how effective the
asymmetry SIDIS data are at determining the FFs, in
Figs. 10 and 11 the FFs for different flavors are
presented in two cases at �2 ¼ M2

Z. In the first case
we determine FFs by fitting on the SIA and SIDIS
asymmetry data. According to the last section, we
assume asymmetry between valence or favored fragmen-
tation functions and unfavored fragmentation functions
for both the pion and kaon because the possibility of
�þ=Kþ production from valence or favored quarks is
greater than from sea or unfavored quarks. Moreover,
SIDIS data help us to specify the difference between the
quark and antiquark distributions in the nucleon by
considering outgoing produced hadrons, which is not
possible in fully inclusive experiments.

In the second case we calculate FFs by fitting just on the
SIA data. Since we omit asymmetric SIDIS data from our
fit, the symmetry between the quark and the antiquark is
assumed in this case,

DH
u ðz; �2

0Þ ¼ DH
�u ðz; �2

0Þ;
DH

d ðz; �2
0Þ ¼ DH

�d
ðz; �2

0Þ;
DH

s ðz; �2
0Þ ¼ DH

�s ðz; �2
0Þ:

(36)

According to Figs. 10 and 11, the SIDIS data are effective
on different partons of the FFs. Our results are also
compared with the AKK model in these figures.
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We also present the �þ and Kþ fragmentation densities
at the scales�2 ¼ 10 GeV2 and�2 ¼ M2

Z and the ratios of
our fragmentation densities to those presented by HKNS,
DSS, and AKK [23,24,28] in Figs. 12–15. According to
these figures, our FF models’ densities are different in
comparison with other models at large z; this is not
unexpected because (according to Figs. 10 and 11), since
the effect of the SIDIS data on the FFs at large z is greater
than at small z, the ratios in Figs. 12–15 are in much better

agreement at small z. However, when Q2 increases the
difference between the models decreases.
Since (unlike our assumption) the light-quark functional

forms are separated in the AKK analysis due to fully
flavor-separated OPAL data, the difference between our
FF results and the AKK results is greater than that between
our results and the DSS and HKNS results in Figs. 12–15.
These data—which are not used in the overall analysis,
in contrast to the HKNS analysis—are more difficult to
appreciate within perturbative QCD beyond the LO. We
then use just the untagged OPAL data, and the light-quark
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functions are not separated in our analysis, as was done in
the DSS and HKNS analyses.

C. Quadratic behavior of ��2

According to the Hessian method, which is discussed in
Sec. III D, we want to show whether ��2 shows the as-
sumed quadratic behavior of the parameters from the best
fit. To explore this further, we present the dependance of the
global ��2 along some random samples of eigenvector
directions to illustrate the deviations of the ��2 function
from the expected quadratic dependence. As can be seen, to
exhibit the quadratic approximation in Eq. (23), Figs. 16
and 17 are presented to show the pion and kaon global��2

along some random samples of eigenvector directions.
Since the variation range of the fitted parameters is corre-
lated, here only one of the parameters is varied. Figure 16
presents the pion ��2 along some random samples of
eigenvector directions, with the eigenvalues k ¼ 6, 9, 16,
19, and 20. In this figure the curve with the eigenvector
direction k ¼ 19 for the pion shows the most idealistic
quadratic behavior, and the curves with k ¼ 6, 9 show a
deviation from the ideal parabolic behavior curve,
��2 ¼ T2. Figure 17 presents the kaon ��2 along some
random samples of eigenvector directions, with the eigen-
values k ¼ 8, 9, 13 and 17. To have a best fit we omit the
term ½1� e��iz� for heavy partons c= �c and b= �b in the
global analysis of the kaon (see Tables III and IV), which
improves the quadratic behavior of��2. More details about
the kaon parameters are explained in Sec. III B.

D. Energy spectrum of light mesons in top-quark decay

Now, by having the pion and kaon fragmentation func-
tions in every scale, we make our phenomenological

prediction for the energy spectrum of light mesons in top
decay. We adopt from Ref. [60] the input parameter values
GF ¼ 1:16637 � 10�5 GeV�2, mt ¼ 172:0 GeV, and
mWþ ¼ 80:399 GeV. In Figs. 18 and 19, we show our
predictions for the size of the NLO corrections and their
uncertainties by comparing the relative importance of the
b ! �þ=Kþ (dashed line) and g ! �þ=Kþ (dot-dashed
line) fragmentation, on a logarithmic scale. As is seen, the
gluon fragmentation leads to an appreciable reduction in the
decay rate in the low-xH region, and for higher values of xH
the b ! H contribution is dominant. The mass of the light
meson is responsible for the appearance of the threshold at
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xH ¼ 2mH=ðm2
t �m2

WÞ. For comparison, we also show the
energy spectrum of light mesons in top decay using the FFs
obtained by AKK, DSS, and HKNS in Figs. 18 and 19.

VI. CONCLUSIONS

We have determined the nonperturbative parton
fragmentation functions for the pion and kaon in the LO
and NLO approximations from a global analysis of
single-inclusive electron-positron annihilation eþe� !
ð�; ZÞ ! H þ X and the double-spin asymmetry from

semi-inclusive deep inelastic scattering data, AN;H
1 , ~lðlÞ þ

~N ! l0ðl0Þ þH þ X. Our analysis was based on the ZM-
VFNS scheme, where all quarks are treated as massless
particles. Our new parametrization form covers a
wide kinematic range of z because of the extra term
½1� e��iz�, which controls the medium-z region and
improves the accuracy of the global fit. Figures 1–5
show the comparison of our model with SIA and
double-spin asymmetry SIDIS experimental data and in-
dicate that our model is successful. We determined the

FFs of gluon and light quarks at the initial scale �2
0 ¼

1 GeV2 and the FFs of heavy quarks at �2
0 ¼ m2

c and

�2
0 ¼ m2

b. The evaluation was performed using the

DGLAP equations. The theoretical results of the b heavy
quark for the pion in our model and other models such as
HKNS and DSS [23,24] deviate from the SLD and
DELPHI data at large z, and any deviation between theory
and experimental data occurs a large �2. In comparison
with other groups we applied—for the first time—spin

asymmetry data (AN;H
1 ) in the global analysis of the frag-

mentation functions, and the energy scales reported for
the SIDIS experimental data are low-energy scales which
are usually smaller than the eþe� annihilation scales (see
Tables V, VI, VII, and VIII). On the other hand, adding the
SIDIS data in a global fit allows us to test the universality
of parton fragmentation functions so that the results are in
good agreement with the FFs of other models. We also
used one of the most accurate polarized and unpolarized
parton distribution functions, i.e., NLO DSSV for polar-
ized PDFs and NLO KKT12 for unpolarized PDFs. Using
PDFs to determine FFs both indicates the universality of
PDFs and is a good test for perturbative QCD analysis.
We also applied fragmentation functions to determine
the parton distributions into the proton, deuteron, and
neutron, and showed that parton densities do not depend
on the corresponding cross sections and are universal.
Finally, we used the fragmentation functions to predict the
energy spectrum of �þ and Kþ mesons produced in top-
quark decay. The comparison of our results for the pion and
kaon energy spectra with other models shows that the
fragmentation functions are universal; see Figs. 18 and 19.
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APPENDIX: FORTRAN CODE

A FORTRAN package containing our unpolarized frag-
mentation functions for the pion and kaon at LO and NLO
can be found at http://particles.ipm.ir/links/QCD.htm [73],
as Supplemental Material to this article [74], or obtained
via email from the authors. These functions are interpo-
lated using cubic splines inQ2 and a linear interpolation in
log ðQ2Þ. The package includes an example program to
illustrate the use of the routines.
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