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We analyze the subleading nonresonant contributions to the eþe� ! WþW�b �b cross section at energies

near the top-antitop threshold. These correspond to next-to-next-to-leading-order (NNLO) corrections with

respect to the leading-order resonant result. We show that these corrections produce 1=� endpoint

singularities which precisely cancel the finite-width divergences arising in the resonant production of the

WþW�b �b final state from on-shell decays of the top and antitop quarks at the same order. We also provide

analytic results for the ðmt=�Þ2, (mt=�) and ðmt=�Þ0 log� terms that dominate the expansion in powers of

(�=mt) of the complete set of NNLO nonresonant corrections, where � is a cut imposed on the invariant

masses of the bW pairs that is neither too tight nor too loose (mt�t � �2 � m2
t ).
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I. INTRODUCTION

An eþe� linear collider (LC) is probably the most
compelling case as the next-generation particle collider
for high-precision physics. One of the LC options, the
International Linear Collider, has recently completed its
technical design, and there is hope that funding to begin its
construction could be gathered up in a near future, espe-
cially if Japan’s proposal to host it goes forward. The
physics motivation for a linear collider has been strength-
ened even more after the discovery of a new particle
compatible with a Higgs boson at the LHC whose inter-
actions could be studied at the LC with sufficient precision
to test the electroweak symmetry breaking (EWSB)
mechanism of the Standard Model. The LC would also
probe the dynamics behind the symmetry breaking mecha-
nism through high-precision measurements of the proper-
ties of the top quark, the heaviest of the fundamental
fermions and thus the most strongly coupled to the
EWSB sector. The flexibility in energy of a LC would
allow the top-antitop threshold behavior to be mapped
out in detail. Particularly, a theoretically well-defined top
mass with a total uncertainty below 100 MeV could be
extracted by means of such a threshold scan [1,2], sub-
stantially beyond the precision achieved at Tevatron, mt ¼
173:18� 0:56ðstatÞ � 0:75ðsystÞ GeV [3], and at the LHC
at 7 TeV, mt ¼ 173:3� 0:5ðstatÞ � 1:3ðsystÞ GeV [4].
While the statistical uncertainty of the top mass measure-
ment at the LHC is expected to improve in future runs, the
systematic (theoretical) uncertainties related to the connec-
tion between the mass parameter used in the theory and the
one measured in the experiment are a limiting factor for
further improving the accuracy of the top-quark mass
measurement at hadron colliders.

The perturbative nature of the t�t system which is pro-
duced near threshold in eþe� annihilation was recognized
long ago [5], and the leading-order Coulomb force was
treated to all orders in �s using a nonrelativistic approach
[6–8]. The matching between QCD and nonrelativistic
QCD (NRQCD) [9] provided the necessary pieces to com-
pute the next-to-next-to-leading order (NNLO) QCD cor-
rections to the t�t production cross section [10] in the region
defined by relative velocities of the top and antitop v� �s.
In this fixed-order approach which achieves a systematic
summation of terms �n

sv
mþ1 with nþm � k at order

NkLO, up to N3LO corrections to resonant t�t production
are known [11–13]. In parallel, the advances in the for-
mulation of the nonrelativistic effective theory allowed for
renormalization-group improved calculations for the t�t
system produced at threshold. Within the potential
NRQCD (pNRQCD) [14–17] and velocity NRQCD
(vNRQCD) [18–20] formalisms the systematic summation
of potentially large logarithmic terms ð�s logvÞn originat-
ing from ratios of the top-mass scalemt, the nonrelativistic
three-momentum ~p�mtv and the kinetic energy E�
mtv

2, was carried out to next-to-next-to-leading logarith-
mic order [21–24] for the total cross section, which
accounts for all terms proportional to �n

sv
mþ1log ‘v with

nþm� ‘ � 2.
The effective field theory (EFT) computations above

account for the QCD interactions among nearly on-shell
top and antitop quarks. However, the predictions can only
be evaluated for all threshold energies after the top decay
width is included in the EFT quark propagator,
ðE� ~p2=2mt þ i�tÞ�1, thus providing an infrared cutoff
for the top kinetic energy. The counting �t �mtv

2 �mt�
2
s

is naturally enforced in this way, which is also justified
numerically in the Standard Model, where �t � 1:5 GeV
due to the electroweak interaction. Once the top width is
included, the physical final state is WþW�b �b—at least if
we assume that Vtb � 1, and consider W bosons as stable.*ruiz@ific.uv.es
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Beyond leading order, the production of the final state
WþW�b �b can also occur through nonresonant processes
that do not involve a nearly on-shell t�t pair, and which
are thus not described by the standard NRQCD formalism.
In the counting scheme where the electroweak coupling
scales as �EW � �2

s , the leading nonresonant effects are
NLO for the total cross section and reproduce the full-
theory contributions where one of the bW pairs is produced
from a nearly on-shell top, while the other is produced
either from a highly virtual top or directly without an
intermediate top. The unstable-particle EFT [25–27] pro-
vides the framework for a systematic computation of reso-
nant and nonresonant contributions while maintaining an
expansion in the small parameters of the problem. The
NLO nonresonant corrections, calculated within this for-
malism in [28], represent the leading electroweak correc-
tion to the t�t cross section below the threshold, where the
LO (resonant) result rapidly vanishes, reaching up to 20%.
This had been noticed before in Refs. [29,30], obtaining
the dominant NLO nonresonant corrections when moder-
ate invariant-mass cuts on the bW pairs are applied within
the so-called ‘‘phase-space matching’’ approach, based on
vNRQCD.

Aside from the sizeable corrections induced by the non-
resonant production, there is a further conceptual reason to
term the pure QCD resonant result alone that is usually
shown in the literature as incomplete. The resonant cross
section at NNLO shows finite-width divergences, i.e. un-
cancelled divergences proportional to the top width, which
in dimensional regularization have the form

��NNLO
res / �s�t

�
/ �s�EW

�
; (1)

and arise from the logarithmic divergences in the imagi-
nary part of the two-loop nonrelativistic correlation func-
tion. These are also known as phase-space divergences
because they can be traced back to UV divergences in
the NRQCD t�t phase space integrations [31] that originate
because the unstable-particle propagators describing the
top quark in the EFTallow for contributions to the forward-
scattering amplitude from intermediate top and antitop
states which have arbitrarily large invariant masses
(see [32] for a detailed explanation). The occurrence of
finite-width divergences is an evidence that the pure reso-
nant result must be supplemented with additional short-
distance information from the full eþe� ! WþW�b �b
process. In the unstable-particle EFT, the additional input
is given by diagrams corresponding to off-shell top quark
decay that contribute to the nonresonant part at NNLO
[13]. In this paper we show that the NNLO nonresonant
contributions generate infrared divergences when the mo-
mentum of the virtual top-quark lines approaches the end-
point at p2

t ¼ m2
t , which precisely cancel the finite-width

divergences (1) from the resonant part. This is proved by
explicit computation of the NNLO nonresonant contribu-
tions, given by the Oð�sÞ corrections to the NLO

nonresonant diagrams. For the extraction of the endpoint-
singular terms we use the method of regions to
asymptotically expand the loop and phase-space integrals
around the endpoint. As a byproduct, we obtain the first
terms in the expansion in �=mt of the NNLO nonresonant
contributions, where � is a cut on the invariant masses of
the top and antitop decay products satisfying mt�t �
�2 � m2

t . This approximation provides an accurate esti-
mate of the NNLO nonresonant contributions to the t�t
inclusive cross section with moderate invariant-mass cuts
in the bW systems, and, as we prove, confirms the result
obtained for the same observable within the phase-space
matching approach in [30].
The structure of the paper is the following. In Sec. II we

recall the issue of the uncancelled divergences proportional
to the top width in resonant t�t production at NNLO and
collect the total divergent result. The framework to account
for nonresonant production at NLO and NNLO is de-
scribed in Sec. III. The origin of the endpoint singularities
that arise in the nonresonant amplitudes and the method
used for their analytic extraction is explained in the latter
section, which includes the introduction of the scale�. The
results for the endpoint-singular contributions to the
NNLO nonresonant corrections are summarized in
Sec. IV for the various sets of diagrams. Readers not
interested in the individual results might jump directly to
Sec. IVD, where the formula containing all endpoint-
singular nonresonant NNLO contributions to the eþe� !
WþW�b �b cross section with an invariant-mass cut � is
given and the cancellation of the finite-width divergences
against the endpoint divergences is made explicit. In Sec. V
we compare our findings with those of the phase-space
matching approach [30] and also comment on the approxi-
mation to the NNLO nonresonant contributions obtained in
another work [33] by expanding in � ¼ 1�MW=mt.
Finally, in Sec. VI we compare the nonresonant contribu-
tions computed in this work with the NLO ones as a
function of the cut �, and then show their numerical
impact as a function of the energy relative to the leading-
order QCD calculation of resonant t�t production. Our
conclusions are given in Sec. VII.

II. NNLO RESONANT CONTRIBUTIONS:
FINITE-WIDTH DIVERGENCES

Close to the top-antitop production threshold, the
WþW�b �b final state is produced from eþe� collisions
predominantly by intermediate top and antitop quarks
with small virtuality (resonant), i.e. p2

t �m2
t �m2

t v
2,

where v2 ¼ ðEþ i�tÞ=mt and E ¼ ffiffiffi
s

p � 2mt is the non-
relativistic kinetic energy. The QCD dynamics of the
nearly on-shell top and antitop quarks can be described
within the NRQCD approach, an effective field theory that
is built upon integrating out the hard modes with scale
�mt. Since the inclusive cross section for the eþe� !
WþW�b �b process can be obtained from the WþW�b �b
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cuts of the eþe� forward-scattering amplitude, the reso-
nant contribution to this observable is given in the EFT
formalism by the imaginary part of the matrix element

iAres¼
X
k;l

CðkÞ
p CðlÞ

p

�
Z
d4xhe�eþjT½iOðkÞy

p ð0ÞiOðlÞ
p ðxÞ�je�eþi; (2)

where OðlÞ
p ðxÞ (OðkÞy

p ðxÞ) are operators describing the pro-
duction (decay) of the resonant t�t pair from eþe�, and
Cðk;lÞ
p are short-distance coefficients. At leading order in the

nonrelativistic expansion, the t�t pair is produced in an
S-wave, and the first term in (2) is of order �2

EWv. The
corresponding LO production operators can be found in
[28]. At NNLO, P-wave production operators, as well as
new (v2-suppressed) S-wave operators contribute (for ex-
plicit expressions see [30]). The perturbative contributions
to the resonant amplitude (2) are characterized by top and
antitop quark lines with time and spatial components of the
momenta obeying the potential scaling, p0

t �mt �mtv
2

and ~pt �mtv (in the center-of-mass system or in a refer-
ence frame differing from it only by a small nonrelativistic
velocity).

As mentioned in the introduction, at NNLO the resonant
amplitude (2) shows an uncancelled finite-width diver-
gence in the imaginary part. The finite-width divergences
arise from two-loop diagrams with a Coulomb gluon and a
v2-suppressed insertion. The insertion may correspond to a
v2-suppressed potential, an NNLO correction to the kinetic
Lagrangian, a P-wave or a v2-suppressed S-wave current
producing the top–antitop pair, or an insertion of the ab-
sorptive part of matching coefficients of production opera-
tors describing finite lifetime corrections. The different
contributions to the NNLO finite-width divergence are
collected in the following formula:

div�NNLO
res ¼ ½ðCðvÞ

p Þ2 þ ðCðaÞ
p Þ2�2Ncð�4�adiv½ImGr�

þ div½ImGkin� þ div½ImGdil�
þ div½ImGv2�Þ þ ½ðCðvÞ

p;P-waveÞ2

þ ðCðaÞ
p;P-waveÞ2�

4Nc

3m2
t

div½ImGP-wave�

þ ½CðvÞ
p CðvÞ;abs

p þ CðaÞ
p CðaÞ;abs

p �4Ncdiv½ReGð0Þ
C �;
(3)

where

CðvÞ
p ¼ 4��

�
QtQe

s
þ vevt

s�M2
Z

�
;

CðaÞ
p ¼ �4��

aevt

s�M2
Z

;

(4)

CðvÞ
p;P-wave ¼ 4��

veat
s�M2

Z

;

CðaÞ
p;P-wave ¼ �4��

aeat
s�M2

Z

(5)

are the tree-level coefficient functions of the leading-order
S- and P-wave production operators, and a 	 CF�s, with
CF ¼ 4=3 the Casimir operator of the fundamental SU(3)
representation. The vector (vf) and axial-vector (af) cou-

plings of the fermions to the gauge bosons are given in
Eq. (27) below, and the remaining symbols are defined as

in [28]. The Cðv=aÞ;abs
p are the absorptive parts of the match-

ing coefficients of the leading-order S-wave production
operators. The latter contributions are part of the correc-
tions induced by the top-quark instability, as they can be
interpreted as top-pair production where one of the tops
arises from a bW system with invariant mass very close to

m2
t . The coefficients C

ðvÞ;abs
p and CðaÞ;abs

p were calculated in

Ref. [31] (there denoted CbW;abs
V and CbW;abs

A , respectively),

and their explicit expressions can be found therein. They
are suppressed by �EW � �t=mt with respect to the

leading-order Cðv=aÞ
p , and therefore amount to NNLO cor-

rections. The absorptive parts in the matching coefficients
of the t�t production currents lead to a dependence of the
cross section on the real part of the zero-distance Coulomb

Green function Gð0Þ
C , which has a divergence from the two-

loop graph with a Coulomb potential shown in Fig. 1,

div ½ReGð0Þ
C � ¼ m2

t a

16�

1

�
; (6)

here regulated dimensionally.
The remaining contributions to div�NNLO

res in (3) arise
from divergent contributions to the imaginary part of the
Green function:Gr,Gkin andGdil are first-order corrections
to the zero-distance Green function from the potential
~Vrð ~p; ~qÞ ¼ ð ~p2 þ ~q2Þ=2m2

t ð ~p� ~qÞ2 (in momentum space,
leaving out the corresponding Wilson coefficient), the in-

sertion of the kinetic energy correction ~@4=ð8m3
t Þ, and the

insertion of the lifetime-dilatation operator i�t
~@2=ð4m2

t Þ,
respectively. The explicit expressions for Gr, Gkin and Gdil

in d ¼ 4� 2� dimensions can be found in Ref. [31]. Their
divergent parts satisfy

FIG. 1. Two-loop resonant NRQCD graph with a Coulomb
potential.
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div ½ImGkin� ¼ �div½ImGdil� ¼ �ð4�aÞdiv½ImGr�

¼ mta

16�

�t

�
: (7)

The term Gv2 corresponds to the zero-distance Coulomb
Green function obtained with the top-antitop pair produced
by the v2-suppressed S-wave current, which can easily be
related to the leading-order Coulomb Green function by
the nonrelativistic equation of motion of the top quark,

Gv2 ¼ �ðv2=3ÞGð0Þ
C . Therefore,

div ½ImGv2� ¼ � �t

3mt

div½ReGð0Þ
C � ¼ �mta

48�

�t

�
: (8)

Finally, GP-wave is the ‘ ¼ 1 component of the Coulomb
Green function at zero distance and describes the produc-
tion of the top-antitop pair in a P wave, which first con-
tributes at NNLO. From the explicit expression of GP-wave
(see e.g. Ref. [31], denoted G1 therein) we have

div ½ImGP-wave� ¼ m3
t a

16�

�t

�
: (9)

Using the results (6)–(9) in (3), we get the total finite-width
divergence at NNLO,

div�NNLO
res ¼ CFNc�s

12�

mt�t

�

�
ðCðvÞ

p Þ2 þ ðCðaÞ
p Þ2

þ ðCðvÞ
p;P-waveÞ2 þ ðCðaÞ

p;P-waveÞ2

þ 3mt

�t

ðCðvÞ
p CðvÞ;abs

p þ CðaÞ
p CðaÞ;abs

p Þ
�
: (10)

The result in (10) agrees with the total UV divergence
generated in the NNLO effective-theory matrix elements
contributing to �NNLO

res as obtained in [31]. We note that
in the approach followed in Refs. [30,31], the finite-width
divergences (named phase-space divergences therein) are

absorbed by the counterterms � ~CV=A associated to

ðeþe�Þðeþe�Þ forward-scattering operators, and the corre-
sponding phase-space logarithms are resummed using
renormalization-group techniques known from effective

theories for the coefficients ~CV=A. The matching conditions

for these coefficients at the hard scale, ~CV=Að� ¼ 1Þ, are
related to the nonresonant contributions in the unstable-
particle effective theory approach which we discuss in the
following section.

III. ENDPOINT DIVERGENCES IN THE
NONRESONANT CONTRIBUTIONS

The nonrelativistic EFT formalism has to be extended in
order to account for nonresonant production of the physical
final state WþW�b �b, which involves processes where the
bW pairs are produced by highly virtual top or antitop
quarks, p2

t �m2
t �Oðm2

t Þ, or without intermediate tops.
The leading nonresonant contributions are caused by the

top-quark instability, and are thus of electroweak origin.
Adopting the counting scheme where �EW � �2

s , a system-
atic separation of resonant and nonresonant effects can be
achieved within the unstable-particle effective theory for
pair production near threshold [25–27,31]. Nonresonant
effects take place at short distances, as compared to the
length scales governing the QCD interaction of the non-
relativistic top–antitop pair. The nonresonant contributions
to the eþe� forward-scattering amplitude are thus repro-
duced in this formalism by the matrix element of four-

electron production–decay operators OðkÞ
4e ð0Þ [25,26,31]:

iAnonres ¼
X
k

CðkÞ
4e he�eþjiOðkÞ

4e ð0Þje�eþi; (11)

with short-distance coefficients CðkÞ
4e that are determined by

the hard contributions of the eþe� forward-scattering am-

plitude. Explicit expressions for the operators OðkÞ
4e can be

found in [28].
For theWþW�b �b inclusive cross section, only the imagi-

nary parts of CðkÞ
4e are needed. The first nonvanishing con-

tribution arises from the cut two-loop diagrams of order
�3
EW shown in Fig. 2, and is thus suppressed by �EW=v�

v (NLO) with respect to the leading term from the resonant
part.1 The diagrams in Fig. 2 are obtained by asymptotically
expanding the full electroweak theory diagrams of the eþe�
forward-scattering amplitude assuming that the momenta in
the top and antitop lines are hard, so that the top quarks are
far off-shell, p2

t �m2
t �Oðm2

t Þ. This expansion implies
that the top-quark self-energy insertions (resummed in the
full-theory diagrams in the top-quark propagator),
mt�ðp2

t Þ �m2
t �EW � p2

t �m2
t , must be treated perturba-

tively. Accordingly, top-quark propagators in the nonreso-
nant diagrams have no width, contrary to the case of
resonant top quarks. The leading-order imaginary contribu-
tion in this nonresonant expansion of the top propagator is
proportional to �ðp2

t �m2
t Þ, yielding the 3-particle final

states bWþ �t (Fig. 2) and �bW�t instead of the physical
4-particle final state WþW�b �b. In addition, the amplitudes
corresponding to the diagrams in Fig. 2 have to be expanded
in v in the threshold region. Altogether, the nonresonant
contribution at NLO amounts to the calculation of the
squared and phase-space integrated amplitudes for the on-
shell processes eþe� ! �bW�t and eþe� ! bWþ �t at the
center-of-mass energy s ¼ 4m2

t in ordinary perturbation
theory (see [28]). The NLO nonresonant corrections to the
WþW�b �b cross section, also including cuts on the invariant
masses of the bW systems, were determined in [28] and later
confirmed by [33].

1We do not consider other Oð�3
EWÞ contributions where the b �b

or the WþW� pair in the final state is reached through the
resonant decay of a Higgs or Z boson, since the latter constitute
a reducible background which can be eliminated in the t�t
resonance region by applying cuts on the invariant masses of
the final-state particle pairs [28].
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Divergences in the nonresonant part can arise when the
top (or antitop) propagators go on-shell [28,32]. This is a
consequence of the hard-momentum region expansion,
which forces us to drop the top width from the top–antitop
propagators. Given that dimensional regularization is used
to deal with divergences in the resonant amplitude, it
must also be used here consistently in order to regulate
phase-space singularities from top-quark propagators
going on-shell. For the 3-particle bWþ �t phase space, the
outer integration variable can be chosen as the squared
invariant mass of the bWþ subsystem, p2

t , where pt ¼
pb þ pW . The antitop momentum is on-shell here, p2

�t ¼
m2

t . Setting s ¼ 4m2
t , as dictated by the asymptotic expan-

sion, the kinematics of the process provides the restriction
m2

t ��2 � p2
t � m2

t , where �
2 ¼ 2mt�Mt ��M2

t is in-
troduced to allow for loose cuts (�2 
 mt�t or �Mt 

�t) in the bW invariant masses of the form [28]

mt ��Mt �
ffiffiffiffiffiffiffi
p2
t;�t

q
� mt þ �Mt: (12)

For the �bW�t phase space, the roles of p2
t and p2

�t are

reversed.
To recover the total cross section we have to set �2 ¼

m2
t �M2

W . Integrating over all other kinematic variables
but p2

t , each nonresonant contribution involves an integral
of the form

Z m2
t

m2
t��2

dp2
t

ðm2
t � p2

t Þrþn�
¼ 1

1� r� n�
ð�2Þ1�r�n�; (13)

where the endpoint singularity at p2
t ¼ m2

t for r � 1 has
been regularized in d ¼ 4� 2� dimensions, which drops
the scaleless singular contribution from the upper bound-
ary p2

t ¼ m2
t . The integrals (13) arise from expanding the

nonsingular parts of the numerator of the contributions
about the endpoint p2

t ¼ m2
t . At NLO, only the diagram

h1 has an endpoint divergence, with r ¼ 3=2, and the
dimensionally regularized result is therefore finite in the
limit � ! 0. At NNLO, however, integrands with r ¼ 1 are
found which generate 1=� terms of the form (1). These
shall cancel the finite-width divergences in the resonant
part of the full-theory diagrams.

From the unstable-particle EFT power-counting �s �
�1=2
EW, NNLO nonresonant corrections can only arise from

QCD corrections to the NLO ones. More precisely, the
nonresonant NNLO corrections are obtained from the NLO
contributions by adding to the diagrams h1 � h10 in Fig. 2
a virtual gluon or QCD counterterm (on one side of the cut)
or a real gluon (going through the cut) in all possible ways.
The number of diagrams contributing in this way is well
above 100. Fortunately, only a few of them are endpoint-
singular, as we show next, first for the virtual contributions
and afterwards for the real-gluon radiation diagrams.
NNLO amplitudes with virtual gluons (see Fig. 3) in-

volve the same 3-particle cuts (bWþ �t or �bW�t) as the NLO
diagrams. In order to isolate the endpoint-singular contri-
butions, the integrand of the p2

t -integration in the 3-particle
phase space is asymptotically expanded in powers of

(1� t), where t ¼ p2
t =m

2
t . A factor ð1� tÞ1=2�� is provided

FIG. 2. Two-loop forward-scattering amplitude diagrams with bWþ �t cuts contributing to the NLO nonresonant cross section. �bW�t
cuts and symmetric diagrams are not shown. This figure is reproduced from Ref. [28].
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by the kinematics of the phase space and originates from
splitting the total momentum q into pt and the on-shell
antitop momentum p�t. Negative integer powers of (1� t)
are introduced by top propagators. This simple counting

provides the leading term ð1� tÞ�3=2�� in the limit t ! 1
for the integrand of the NLO diagram h1,
while diagrams h2 � h4, with one intermediate top
propagator less, get an additional power of (1� t) and are
endpoint-regular. Likewise, the integrands for diagrams
h5 � h10, with no internal top line, exhibit the overall scal-

ing ð1� tÞ1=2�� and are well-behaved at the endpoint.
Gluon insertions can give rise to an additional power

ð1� tÞr0 , where only r0 � 1=2 is relevant for an endpoint-
singular behavior, and we note that half-integer values of r0
are needed in order to produce 1=� endpoint divergences.
The overall power in (1� t) of the loop integrals involved
in the virtual corrections can easily be inferred by using the
expansion by regions [34–36], as it is explained in
Sec. III A below. Negative powers of (1� t) can arise
from 1-loop integrals which (after integration over all
phase-space variables but t) are singular when t approaches
its maximum. This is only achieved by the gluon correction
to the t�t vertex and by the virtual gluon connecting the
antitop with the on-shell bottom quark radiated from a top
line. The former yields negative powers with r0 ¼ �1=2�
� and thus produces endpoint-singular contributions when
it corrects diagrams h1 � h4 (NNLO diagrams hia, i ¼
1; . . . ; 4 of Fig. 3). In particular, the negative half-integer
power introduced by the t�t vertex correction in the

NNLO diagrams h1a � h4a gives integrands scaling as
ð1� tÞ�2�2� (for h1a) and ð1� tÞ�1�2� (for hia, i ¼
1; . . . ; 4), where the latter produce 1=� endpoint divergen-
ces according to (13). On the other hand, the virtual gluon
connecting the antitop with the on-shell bottom quark
radiated from a top line yields factors ð1� tÞ�1�2� and

ð1� tÞ�1=2��. However, this loop integral replaces one top
propagator of the corresponding NLO diagram, so the
additional powers are r0 ¼ �2� and r0 ¼ 1=2� �.
Thus this loop integral is only of relevance when inserted
into diagram h1 (NNLO diagram h1b of Fig. 3), yielding

singular integrand terms scaling as ð1� tÞ�3=2�3� and
ð1� tÞ�1�2�, respectively.
The remaining virtual �s corrections to diagram h1,

namely the top-bottom vertex corrections (in diagram
h1c), the top self-energy plus the mass counterterm
(h1d plus h1e), as well as the tb and t�t vertex counterterms
(h1f and h1g), yield factors ð1� tÞ0þn� at leading order and

ð1� tÞ1þn� at next-to-leading order, such that the corre-
sponding diagrams have the same degree of divergence at
the endpoint as the NLO diagram h1, and subleading terms
are endpoint regular. The same applies to the remaining
virtual corrections to diagrams hi, i ¼ 2; . . . ; 10, which are
not shown in Fig. 3. In summary, the potentially endpoint-
singular cases that can be found from a virtual gluon at
NNLO are (y 	 1��2=m2

t )

Z 1

y
dtð1� tÞ�2�2� / m2

t

�2

�
m2

t

�2

�
2�
; diagramh1a; (14)

FIG. 3. Oð�sÞ virtual corrections to the two-loop forward-scattering diagrams with bWþ �t cuts which are endpoint-singular. �bW�t
cuts and symmetric diagrams are not shown. The eþe� external legs have not been drawn, except for the h4a diagram.
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Z 1

y
dtð1� tÞ�3=2�n�

/mt

�

�
m2

t

�2

�
n�
; diagramsh1X; X¼a; . . . ;g; (15)

Z 1

y
dtð1� tÞ�1�n�/1

�

�
m2

t

�2

�
n�

’ 1

�ep
þnln

m2
t

�2
; diagramshia; i¼1; .. . ;4; h1b: (16)

Only in the last case (16) we obtain a 1=� singularity,
which is labeled 1=�ep in order to mark it as an endpoint

divergence. The cases (14) and (15) are also endpoint-
divergent, but finite (in the limit � ! 0) through dimen-
sional regularization. The asymptotic expansion of the
phase-space integral near the endpoint translates into an
expansion in powers of �=mt in the results. Virtual cor-
rections to diagrams h5 � h10 are all endpoint-regular and
contribute first at Oðð�=mtÞ3Þ in this expansion.

Let us turn to the NNLO nonresonant contributions
with real-gluon emission which involve a 4-particle cut,
bWþ �tg (see Fig. 4) or �bW�tg. The corresponding phase
space can be written with an additional integration over the
variable t� ¼ p2

t�=m
2
t with pt� ¼ pb þ pW þ pg, where pg

is the gluon momentum. The kinematic restriction for the
total cross section reads x � t � t� � 1, where x ¼
M2

W=m
2
t . Now we want to impose an invariant-mass cut in

accordance with the one for the 3-particle phase space
described above. An infrared-safe definition requires that
the case where no gluon is emitted and the case where the
bottom quark emits a collinear gluon should be indistin-
guishable. Note that when the bottom quark emits a col-
linear gluon, splitting its momentum into pb þ pg, we may

have t ¼ ðpb þ pWÞ2=m2
t significantly smaller than

t� ¼ ðpb þ pg þ pWÞ2=m2
t . Without real-gluon emission,

the invariant-mass cut defined above imposes a lower bound
on the variable t, i.e. t > y with y ¼ 1��2=m2

t . With
gluon emission from the bottom quark, the new variable
t� represents the quantitywhich beforewas described by the
variable t. Then, for consistency, the lower cut has to be
imposed on t�, i.e. t� > y. If, instead, we imposed a lower
bound on t in the real-gluon case, the situation t < y < t�
could arise, thus excluding events where the gluon is de-
tected separately (t < y) and including events where the
gluon is part of the bottom jet (t� > y). Therefore, a
collinear-safe observable is only obtained by imposing the
lower limit on the variable t� which corresponds to the
3-particle variable twhen the collinear gluon is not detected
separately in the detector. With this choice, we obtain
integrals for the 4-particle phase space parametrized as

Z 1

y
dt�

Z t�

x
dt: (17)

To extract the endpoint behavior, these integrals are
asymptotically expanded for small (1� t�), using the strat-
egy of regions as explained in Sec. III A below. In this
parameterization, the size of the variable (t� � t), which is
proportional to the components of pg, characterizes the

different regions for expanding the inner integral in the
limit t� ! 1. We therefore need to keep track of factors of
(1� t�) and (t� � t) [or of ð1� tÞ ¼ ð1� t�Þ þ ðt� � tÞ]
appearing in the amplitudes. The phase-space splitting of
the total momentum into pt� and the antitop momentum p�t

provides a factor ð1� t�Þ1=2��, and the gluon emission,
pt� ! pt þ pg, yields ðt� � tÞ1�2�. Top propagators with

momenta pt and pt� contribute negative integer powers of
(1� t) and (1� t�), respectively, whereas bottom propa-
gators with momentum (pb þ pg) and antitop propagators

with momentum (p�t þ pg) have a negative power of

(t� � t) each. Other possible propagators emerging from

FIG. 4. Oð�sÞ real-gluon corrections to the two-loop forward-scattering diagrams with bWþ �tg cuts which are endpoint-singular.
�bW�tg cuts and symmetric diagrams are not shown. The eþe� external states have been omitted.
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diagrams h1 � h10 after the addition of a gluon
going through the cut are Oð1Þ in the limit t� ! 1,
t� � t ! 0. The overall scaling at leading order in
(1� t�) results asZ 1

y
dt�ð1� t�Þ1=2���nt�

�
Z t�

x
dtðt�� tÞ1�2��nb��n�t� ð1� tÞ�ntfðtÞ; (18)

where nt� , n�t� and nt are the numbers of top propagators
with momenta (pt þ pg), (p�t þ pg) and pt, respectively,

nb� stands for the number of bottom propagators with
momentum (pb þ pg), and fðtÞ is a function of Oð1Þ for
t ! 1. Two different regions are identified for the inner t
integration: the hard region where ðt� � tÞ � 1 and the
ultrasoft region where ðt� � tÞ � ð1� t�Þ � 1. After per-
forming the integral over t in the hard region and in the
ultrasoft region, we obtain contributions with scalings

ð1� t�Þ1=2���nt� and ð1� t�Þ5=2�3��nt��nb��n�t��nt , respec-
tively, under the t� integral. Since the n’s are integer
quantities, the endpoint-singular cases require either
nt� � 2 or nt� þ nb� þ n�t� þ nt � 4. It is straightforward
to check that these conditions are only accomplished by the
real-gluon corrections to the NLO diagram h1, which con-
sist of three squared eþe� ! bWþ �tg diagrams and three
interference diagrams, as shown in Fig. 4. Moreover, the
amplitudes from Fig. 4 involve only endpoint-singular

cases of the form
R
1
y dt

�ð1� t�Þ�3=2�n�, producing contri-

butions proportional to mt=� according to (15).
Subleading terms in the expansion in (1� t�) do not yield
half-integer powers, so no 1=� endpoint singularities arise
from the real-gluon emission diagrams that contribute to
the NNLO nonresonant cross section.

A. Calculation of endpoint singularities

The endpoint-singular contributions contained in the
amplitudes of Figs. 3 and 4 arise from terms in the inte-
grand of the outer phase-space integration of the form
ð1� tÞrþn�, with r ¼ �2, �3=2, �1 for the virtual-gluon

corrections, and of the form ð1� t�Þ�3=2þn� for the case of
real-gluon emission. The extraction of such terms is greatly
simplified if the 1-loop and phase-space integrals over
other variables are asymptotically expanded in (1� t)
and (1� t�) prior to their evaluation using the strategy of
expansion by regions [34–36]. The relevant regions are
determined and their completeness is confirmed by asymp-
totically expanding Mellin-Barnes representations of the
full integrals. Such an interplay between expansion by
regions and Mellin-Barnes representations has been de-
scribed in detail in [36]. For the 3-particle (virtual-gluon)
diagrams, three regions are found in the loop integration
over the (gluon) momentum k: the hard region where k�
mt, the ultrasoft region where k�mtð1� tÞ, and the po-

tential region where k0 �mtð1� tÞ and ~k�mtð1� tÞ1=2
(defined in the rest frame of pt). Note that these regions are
analogous to the ones that are found in the threshold
expansion [34] if we identify v2 there with (1� t). For
the 4-particle (real-gluon) diagrams, only the hard region
with k�mtðt� � tÞ �mt and the ultrasoft region with
k�mtðt� � tÞ �mtð1� t�Þ contribute to the phase-space
integral over the variable t. It is illustrative to show how the
method of regions applies to our case by means of two
nontrivial examples.
Consider first the virtual gluon connecting the antitop

with the on-shell bottom quark, diagram h1b of Fig. 3. The
relevant 1-loop scalar integral reads

I1b ¼
Z

ddk
1

ððpt þ kÞ2 �m2
t Þððp�t � kÞ2 �m2

t Þðpb þ kÞ2k2

¼
Z

ddk
1

ð2pt 
 kþ k2 �m2
t ð1� tÞÞð�2p�t 
 kþ k2Þð2pb 
 kþ k2Þk2 ; (19)

where we have used the on-shell conditions for the antitop (p2
�t ¼ m2

t ) and the bottom quark (p2
b ¼ 0). In order to expand

the denominators for each region we need to know the scaling in (1� t) of the final-state particle momenta. Working in the
top rest frame, where pt ¼ ðp0

t ; ~0Þ, simple kinematics gives, at leading order in (1� t),

p0
t ’ mt; p0

�t ’ mt; j ~p�tj ’
ffiffiffi
2

p
mtð1� tÞ1=2; p0

b ¼ j ~pbj ’ mt

2
ð1� xÞ: (20)

Note that we regard neither (1� x) nor x as small quantities for the purpose of the (1� t) expansion. In the hard region

where k�mt, all the propagators scale as order ð1� tÞ0 and IðhÞ1b �m�4�2�
t ð1� tÞ0. Taking into account the factor

ð1� tÞ1=2�� from the q ! pt þ p�t phase-space measure and ð1� tÞ�1 from the top propagator on the rhs of the cut, the

hard-region contribution scales as ð1� tÞ�1=2�� and is thus endpoint regular. In the ultrasoft region, we have to consider

k�mtð1� tÞ, which allows to drop k2 from the fermion propagators as well as ~p�t 
 ~k, obtaining

IðusÞ1b ¼
Z

ddk
1

ð2mtk
0 �m2

t ð1� tÞÞð�2mtk
0Þð2pb;0 
 kÞk2

; (21)
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where pX;0 denotes the first term in the t ! 1 expansion of
the corresponding momentum pX. Therefore we get that
IðusÞ1b �m�4�2�

t ð1� tÞ�1�2�, and an overall endpoint-
singular contribution to diagram h1b from the ultrasoft con-
tribution scaling as ð1� tÞ�3=2�3�. An additional factor
~p�t 
 ~k=ðmtk

0Þ � ð1� tÞ1=2 in the integrand of IðusÞ1b (coming,
for instance, from the next-to-leading term in the expansion

of the antitop propagator in the ultrasoft region) could po-
tentially yield a 1=�ep endpoint divergence. However, the
resulting angular integral can be shown to vanish, so there
are no 1=�ep endpoint divergences from the ultrasoft region.
Finally, the expansion of I1b in the potential region

where k0 � ~k2=mt � ð1� tÞ yields at leading order

IðpÞ1b ¼
Z

ddk
1

ð� ~k2 þ 2mtk
0 �m2

t ð1� tÞÞð� ~k2 � 2mtk
0 þ 2 ~p�t;0 
 ~kÞð�2 ~pb;0 
 ~kÞð� ~k2Þ : (22)

From (22) we find IðpÞ1b �m�4�2�
t ð1� tÞ�1��, and thus a

leading-order scaling ð1� tÞ�3=2�2� for the potential-
region contribution to diagram h1b. Subleading terms of
order ð1� tÞ�1�2� arise from the next-to-leading term in
the expansion of the bottom propagator (suppressed by
ð1� tÞ1=2) as well as from an additional factor of either
~p�t;0 
 ~pb;0 or ~pb;0 
 ~k (both�m2

t ð1� tÞ1=2) in the numerator
of the full h1b amplitude. These subleading terms generate
the 1=�ep endpoint divergences from diagram h1b.

Let us now consider an example involving a real-gluon
correction, namely diagram g5 from Fig. 4. In the rest
frames of either pt or pt� , the components of the on-shell
gluon momentum are proportional to the variable (t� � t),
defined in Sec. III, such that both the bottom propagator
with momentum (pb þ pg) and the antitop propagator with

momentum (p�t þ pg) provide a negative power of (t
� � t)

each. So, according to (18) with nt� ¼ n�t� ¼ nt ¼ nb� ¼ 1,
the integral over the variable t has the form

Ig5 ¼
Z t�

x
dt

fðtÞ
ð1� tÞðt� � tÞ1þ2�

¼
Z 1

0
du

�ðt� � x� uÞfðt� � uÞ
ð1� t� þ uÞu1þ2�

; (23)

where fðtÞ �Oð1Þ for t ! 1, and we have introduced u 	
ðt� � tÞ. Applying the expansion by regions to integrals
with finite boundaries or theta functions is explained in
[36]. We are interested in the expansion of this integral in
(1� t�). As can easily be confirmed by writing a Mellin–
Barnes representation of the integral, for t� ! 1 it receives
contributions from the hard region, u� 1 
 1� t�, and
from the ultrasoft region, u� 1� t�. In the former case we
can expand out factors of (1� t�) in the denominator of
(23) and set t� ’ 1 in the numerator for the leading-order
contribution:

IðhÞg5 ¼
Z 1�x

0
du

fð1� uÞ
u2þ2�

� ð1� t�Þ0: (24)

So the overall scaling of the hard contribution is given by

the remaining factor in (18), ð1� t�Þ�1=2��, which is end-
point regular. However, in the ultrasoft region we have to
set �ðt� � x� uÞ ’ �ð1� xÞ ¼ 1 and fðt� � uÞ ’ fð1Þ
and keep the first propagator unexpanded. Thus

IðusÞg5 ¼ fð1Þ
Z 1

0
du

1

ð1� t� þ uÞu1þ2�
� ð1� t�Þ�1�2�;

(25)

which provides the scaling ð1� t�Þ�3=2�3� for the leading
ultrasoft term. By explicit computation it can be shown that
no ð1� t�Þ�1�3� contribution is generated by subleading
terms in the expansion of the ultrasoft region because
they involve angular integrations of the formRþ1
�1 d cos�ð1� cos 2�Þ�� cos� which vanish.

IV. RESULTS FOR THE NNLO NONRESONANT
CONTRIBUTIONS IN THE �=mt EXPANSION

The following results contain all endpoint-singular con-
tributions to the individual diagrams in Figs. 3 and 4, i.e.
within the asymptotic expansion described above, the
terms of (13) with r � 1. Endpoint-regular contributions
with r < 1 are omitted. From the viewpoint of the results,
all terms of the expansion in powers of �=mt are provided
up to and including the order ð�=mtÞ0 ln ðm2

t =�
2Þ, as

shown in Eqs. (14)–(16). The omitted terms are of order
ð�=mtÞ0 without endpoint-singular 1=� terms or loga-
rithms of �, or of higher order in (�=mt); they are regular
in the limit � ! 0. The results presented here get domi-
nant in the limit � ! 0, where they are a priori not valid
because our effective-field-theory treatment requires
�2 
 mt�t (see [28]). However, our result taking � as a
tiny (� � mt) unphysical scale provides a precise ap-
proximation of the amplitude at the endpoint, which could
be complemented by a numerical evaluation of the contri-
butions outside this tight �-cut (where the top propagators
never go on shell) in order get a precise evaluation of the
full NNLO nonresonant corrections to the total cross sec-
tion with or without invariant-mass cuts.
All the diagrams relevant to this NNLO analysis with the

exception of h4a have the structure of a hadronic tensor
H	� connected to a leptonic tensor via two photon or Z
propagators. While the leptonic tensor contains the
eþe� pairs on the left-hand and right-hand sides of the
forward-scattering amplitude, the hadronic tensor involves
everything between the two photon=Z propagators, includ-
ing the cut through bWþ �tðgÞ, with the exception of two
powers of the elementary charge e removed from the two
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external vertices. In the case of photon=Z couplings to
quarks, these two vertices on the left-hand and right-hand
side of the hadronic tensor read

i
	ðvL
f � aLf
5Þ and i
�ðvR

f � aRf
5Þ; (26)

respectively, where vL;R
f and aL;Rf are the vector and axial-

vector couplings of the corresponding quark (f ¼ t, b). In
the case of a Z boson, they are given by

vL;R
f ¼ Tf

3 � 2Qfs
2
w

2swcw
; aL;Rf ¼ Tf

3

2swcw
; (27)

where sw (cw) is the sine (cosine) of the weak mixing
angle, Qf the electric charge of the fermion (Qt ¼ 2=3,

Qb ¼ �1=3; similarly Qe ¼ �1), and Tf
3 the third com-

ponent of the weak isospin of the fermion. For a photon,

vL;R
f ¼ �Qf and aL;Rf ¼ 0. In the case of diagram h3a the

relevant 3-gauge-boson coupling is ILWW , multiplying the
usual momentum-dependent terms as defined in (49) be-
low. We have ILWW ¼ 1 for a photon attached to the left of
the hadronic tensor and ILWW ¼ �cw=sw for a Z boson.

We note that for all diagrams except for gi, i ¼ 1, 2, 3,
(which are already symmetric) there is a symmetric con-
tribution where the right and left parts of the diagram have
been exchanged. For the diagrams with the hadronic-tensor
structure (all except h4a), the corresponding amplitude for
the symmetric amplitude is obtained by replacing the
coupling factors on the sides of the hadronic tensor as

XLYR ! YLXR; (28)

where X, Y ¼ vt, at, vb, ab, IWW , and then taking the
complex conjugate of the whole amplitude. The results in
this section correspond to the amplitudes with bWþ �tðgÞ
cuts, as shown in Figs. 3 and 4. The additional diagrams
with �bW�tðgÞ cuts also have to be taken into account when
computing the nonresonant contribution to eþe� !
WþW�b �b, but their contribution is equal to the corre-
sponding one with bWþ �tðgÞ cuts by virtue of
CP-invariance.

The hadronic tensor has the Lorentz structure H	� ¼
Hg	� þ ~Hq	q�=q2 with the total momentum q ¼ peþ þ
pe� ¼ pb þ pW þ p�tðþpgÞ and q2 ¼ s. Only the first

term contributes to the cross section, it is projected out by

H ¼ 1

3� 2�

�
g	� �

q	q�

q2

�
H	�: (29)

For the propagators and polarization sums of gluons,
Feynman gauge is used, while unitarity gauge is employed
for W bosons. All NNLO contributions are proportional to
the factor

N� ¼
�
	2

m2
t

�
3�
mt�

Born
t NcCF

�s

4�
; (30)

where 	 is the scale introduced in dimensional regulari-
zation and Nc ¼ 3 is the number of QCD colours. �Born

t is
the tree-level top decay width,

�Born
t ¼ �jVtbj2mt

16s2w

ð1� xÞ2ð1þ 2xÞ
x

; (31)

obtained from the amplitude t ! bWþ with the bottom-
quark mass set to zero. In the presentation of the results
that follows, we shall mark if the 1=� poles are of ultra-
violet, infrared or endpoint-singular origin by writing
1=�UV, 1=�IR or 1=�ep, respectively.

A. Virtual corrections to diagram h1

We first give results for the hadronic tensor coefficientH
from the virtual Oð�sÞ corrections to diagram h1, i.e.
diagrams h1X, X ¼ a; . . .g, depicted in Fig. 3, that gener-
ate the three types of endpoint-divergent contributions
listed in (14)–(16). It is a general feature of these correc-
tions that (m2

t =�
2) and ð�=mtÞ0 ln ðm2

t =�
2Þ terms arise

only from the potential region in the 1-loop integration
over the gluon momenta, whereas the (mt=�) terms come
from either hard or ultrasoft gluons (with the only excep-
tion of diagram h1b, as explained below).
The amplitude for h1a arises from inserting the virtual-

gluon correction in the t�t vertex and has the highest degree
of endpoint singularity, as explained in Sec. III. The result
reads

H1a ¼ N�

�
2
m2

t

�2
vL
t v

R
t þmt

�
vL
t v

R
t

ffiffiffi
2

p
�2

�
1

�UV
� 3 ln

m2
t

�2

� 2 ln ð1� xÞ � ln 2þ 2ð1þ xÞ
1þ 2x

�

þ
�
1

�ep
þ 2 ln

m2
t

�2

��
�vL

t v
R
t

2ð2þ 2xþ 5x2Þ
3ð1� xÞð1þ 2xÞ

� 1

4
vL
t a

R
t þ 1

6
aLt a

R
t

��
: (32)

Terms of order ð�=mtÞ0 without 1=�ep terms or logarithms

of � and endpoint-regular contributions of Oð�=mtÞ are
omitted in our results, as explained above. Also terms of
Oð�Þ are dropped everywhere.
For the virtual gluon connecting the bottom and the

antitop quark, diagram h1b, the hadronic tensor coefficient
reads
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H1b ¼ N�

�
mt

�
vL
t v

R
t

ffiffiffi
2

p
�2

�
� 1

�2IR
þ 1

�IR

�
�3 ln

m2
t

�2
þ 2 ln ð1� xÞ þ ln 2þ 2ð1þ 3xÞ

1þ 2x

�
� 9

2
ln 2 m

2
t

�2

þ 3

�
2 ln ð1� xÞ þ ln 2þ 2ð1þ 3xÞ

1þ 2x

�
ln
m2

t

�2
� 2ln 2ð1� xÞ � 2

�
ln 2þ 2ð1þ 3xÞ

1þ 2x

�
ln ð1� xÞ � 1

2
ln 22

� 2ð1þ 3xÞ
1þ 2x

ln 2� 4ð6þ 13xÞ
1þ 2x

þ �2

12
þ i�

�
� 2

�IR
� 4 ln

m2
t

�2
þ 4 ln ð1� xÞ þ 4ð1þ 3xÞ

1þ 2x

��

þ
�
1

�ep
þ 2 ln

m2
t

�2

��
vL
t v

R
t

3ð1þ xþ 2x2Þ
4ð1� xÞð1þ 2xÞ � ðvL

t a
R
t � aLt v

R
t Þ 1� 2x

6ð1þ 2xÞ
��
: (33)

The single and double infrared singularities in (33) are
related to the emission of the virtual gluon from the mass-
less bottom quark. The contribution proportional to i� of
order mt=� in the second-to-last line of (33) arises from
potential-gluon momentum, but, as it is purely imaginary,
it cancels with the symmetric contribution where the gluon
is exchanged on the rhs of the cut.

The virtual gluon correcting the tb vertex, diagram h1c,
gives

H1c¼N�

mt

�
vL
t v

R
t

2
ffiffiffi
2

p
�2

�
1

2�UV
þ 1

�IR

�
ln
m2

t

�2
þ lnð1�xÞ�3

�

þ2ln2m
2
t

�2
�
�
lnð1�xÞþ ln2þ 9þ22x

2ð1þ2xÞ
�
ln
m2

t

�2

�3ln2ð1�xÞþ
�
7þ15x

1þ2x
� ln2

�
lnð1�xÞ

þ5

2
ln2þ5ð1þ3xÞ

1þ2x
�Li2ðxÞþ�2

6

�
: (34)

The remaining virtual corrections to diagram h1 corre-
spond to renormalization and self-energy contributions.
At Oð�sÞ, the top- and bottom-quark fields and the top
mass need to be renormalized, which is done in the on-shell
scheme. Since the nonresonant NLO diagrams are purely
of electroweak origin, they do not involve QCD couplings,
so the renormalization of �s is irrelevant for the current
NNLO analysis. The insertion of the renormalized self-
energy into a top/antitop line with momentum p next to a
cut vanishes, since this contribution is proportional to
ðm2

t � p2Þ�2� in the on-shell limit, and the Cutkosky rules
prescribe a factor �ðp2 �m2Þ which sets ðm2

t � p2Þ�2� to
zero as a scaleless term in dimensional regularization. The
same is true for a cut bottom line, because the bottom self-
energy is scaleless and vanishes for p2

b ¼ 0. Therefore we
do not need to consider self-energy insertions in lines
which are cut. On the other hand, when the top self-energy
is inserted into an internal top line, the top-field renormal-
ization parts of the vertex counterterms from the two
adjacent vertices cancel exactly the contribution of the
field renormalization to the 2-point top counterterm in
the renormalized self-energy insertion, so the complete
correction to an internal top line is equal to the insertion
of the bare self-energy plus the mass-renormalization part

of the 2-point top counterterm. This correction only gen-
erates an endpoint-singular contribution when inserted into
the internal top lines of the NLO diagram h1. The corre-
sponding NNLO diagrams are h1d and h1e in Fig. 3, and the
sum of both gives the coefficient

H1de ¼ N�

mt

�
vL
t v

R
t

ffiffiffi
2

p
�2

�
� 1

�UV
þ 3 ln

m2
t

�2
þ 2 ln ð1� xÞ

þ ln 2� 2ð5þ 9xÞ
1þ 2x

�
: (35)

The bare self-energy entering diagram h1d receives con-
tributions from hard and ultrasoft loop momenta, whereas
the mass- as well as the field-renormalization constants are
entirely determined by hard contributions. For the compu-
tation of h1e (and also for h1f and h1g) we need the result

for the NLO amplitude h1 retainingOð�Þ terms, which was
not necessary for the calculation performed in [28].
For completeness we write here the hadronic tensor coef-
ficient for the endpoint-singular term of h1 with the full �
dependence:

HNLO
1 ¼

�
	2

m2
t

�
2�
mt�

Born
t Ncv

L
t v

R
t

mt

�

21=2��e2�
E�2ð1� �Þ
�2ð1þ 2�Þ�2ð2� 2�Þ

� 1þ 2ð1� �Þx
ð1þ 2xÞð1� xÞ2�

�
m2

t

�2

�
�
: (36)

Although the renormalized self-energy insertion into a cut
bottom line vanishes, there is a contribution from the
bottom-field renormalization part �b=2 of the counterterm
of the tbW vertex, diagram h1f. This correction is obtained

by multiplying the NLO resultHNLO
1 (36) with �b=2, where

�b is defined from the relation between the bare and

renormalized bottom-quark field, b0 ¼ ð1þ �bÞ1=2b,

�b ¼
�
	2

m2
t

�
�
CF

�s

4�

�
� 1

�UV
þ 1

�IR

�
þOð�2

sÞ; (37)

obtaining

H1f ¼ N�

mt

�
vL
t v

R
t

ffiffiffi
2

p
�2

�
� 1

2�UV
þ 1

2�IR

�
; (38)

which is effectively zero, but exhibits separate ultraviolet
and infrared singularities.
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Finally, there is a contribution from top-field renormal-
ization, diagram h1g, attributed to the antitop part �t=2 of

the counterterm of the t�t vertex. The top-field counterterm
�t, defined analogously to �b, is determined from the
derivative of the bare self-energy with respect to 6pt, giving

�t ¼
�
	2

m2
t

�
�
CF

�s

4�

�
� 1

�UV
� 2

�IR
� 4

�
þOð�2

sÞ: (39)

Multiplying �t=2 with (36) we get for the hadronic tensor
coefficient from diagram h1g:

H1g ¼ N�

mt

�
vL
t v

R
t

ffiffiffi
2

p
�2

�
� 1

2�UV
� 1

�IR
� 3

2
ln
m2

t

�2

þ 3 ln ð1� xÞ þ 3

2
ln 2� 5þ 7x

1þ 2x

�
: (40)

Let us note that in the sum of all virtual-gluon corrections
and renormalization contributions to the diagram h1 listed
above, the ultraviolet 1=�UV singularities cancel out, such
that the overall Oð�sÞ correction is ultraviolet-finite.
(Recall that the 1=� divergences in the real-gluon correc-
tions discussed next can only be of infrared origin.)

B. Real-gluon corrections

As explained in Sec. III, for endpoint-singular contribu-
tions involving real gluons we need to consider only the
forward-scattering amplitudes with a 4-particle cut corre-
sponding to real-gluon corrections to the NLO diagram h1.
These have been shown explicitly in Fig. 4 for the case of
bWþ �tg cuts. The real-gluon corrections involve three
squared eþe� ! bWþ �tg amplitudes (diagrams g1, g2,
g3) and three interference amplitudes (diagrams g4, g5,
g6) that have a symmetric counterpart which is obtained by

mirroring the diagram across the cut (without reversing the
fermion flow).
The contributions to the hadronic tensor from the sym-

metric diagrams read

Hg1 ¼ N�

mt

�
vL
t v

R
t

ffiffiffi
2

p
�2

�
�4

�
ln
m2

t

�2
þ ln ð1� xÞ

�

þ x2ð3þ 10xÞ
ð1� xÞ2ð1þ 2xÞ ln xþ

109þ 85x� 116x2

6ð1� xÞð1þ 2xÞ
�
;

(41)

Hg2 ¼N�

mt

�
vL
t v

R
t

ffiffiffi
2

p
�2

�
� 1

�IR
� ln

m2
t

�2
þ 4 ln ð1� xÞ

þ ln2þ x2ð3� 2xÞ
ð1� xÞ2ð1þ 2xÞ lnx�

29þ 5x� 40x2

6ð1� xÞð1þ 2xÞ
�
;

(42)

Hg3 ¼ N�

mt

�
vL
t v

R
t

2
ffiffiffi
2

p
�2

�
1

�IR
þ 3 ln

m2
t

�2
� 2 ln ð1� xÞ

� ln 2þ 2ð1þ xÞ
1þ 2x

�
: (43)

While diagram g1 receives contributions from both hard
and ultrasoft gluons, diagram g2 only gets contributions
from the hard region and diagram g3 only from the ultra-
soft region.
In the case of the interference diagrams, the contribu-

tions of both g4 and g5 are entirely produced by ultrasoft
gluons, whereas g6 receives as well contributions from
hard gluons. The results for the interference diagrams read

Hg4 ¼ �N�

mt

�
vL
t v

R
t

4
ffiffiffi
2

p
�2

; (44)

Hg5 ¼ N�

mt

�
vL
t v

R
t

ffiffiffi
2

p
�2

�
1

�2IR
þ 1

�IR

�
3 ln

m2
t

�2
� 2 ln ð1� xÞ � ln 2� 2ð1þ 3xÞ

1þ 2x

�
þ 9

2
ln 2 m

2
t

�2

� 3

�
2 ln ð1� xÞ þ ln 2þ 2ð1þ 3xÞ

1þ 2x

�
ln
m2

t

�2
þ 2ln 2ð1� xÞ þ 2

�
ln 2þ 2ð1þ 3xÞ

1þ 2x

�
ln ð1� xÞ

þ 1

2
ln 22þ 2ð1þ 3xÞ

1þ 2x
ln 2þ 4ð6þ 13xÞ

1þ 2x
� �2

12

�
; (45)

Hg6 ¼ N�

mt

�
vL
t v

R
t

2
ffiffiffi
2

p
�2

�
1

�IR

�
� ln

m2
t

�2
� ln ð1� xÞ þ 3

�
� 2ln 2 m

2
t

�2
þ

�
ln ð1� xÞ þ ln 2þ 5þ 12x

1þ 2x

�
ln
m2

t

�2

þ 3ln 2ð1� xÞ þ
�
ln 2� 2ð5þ 9xÞ

1þ 2x

�
ln ð1� xÞ � 3 ln 2

� xð2þ xÞ ln x
2ð1� xÞ2ð1þ 2xÞ �

43þ 97x� 122x2

12ð1� xÞð1þ 2xÞ þ Li2ð1� xÞ � 2�2

3

�
: (46)
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It can be checked that in the sum of the real-gluon and
virtual-gluon corrections to diagram h1, the infrared-
singular terms cancel out completely. The cancellation of
infrared divergences holds independently for the combina-
tions h1b þ g5, h1c þ g6, 2h1f þ g2 and 2h1g þ g3, where
the factor 2 in front of h1f and h1g accounts for the
symmetric contribution. It is also interesting to note that
the sum of the ultrasoft-gluon (real and virtual) contribu-
tions in the Oð�sÞ corrections to diagram h1 above van-
ishes. In particular, the ultrasoft pieces in the combinations
h1a þ h1d þ h1e, h1b þ g5, h1c þ g6 and g1 þ g3 þ 2g4,
cancel out separately. Since there are no potential-region
contributions of order mt=� and the remaining endpoint-
singular diagrams hia, i ¼ 2, 3, 4, give only ð�=mtÞ0 �
ln ðm2

t =�
2Þ terms, the ordermt=� in the nonresonant cross

section originates purely from the hard region. This also
implies that logarithms ln ðm2

t =�
2Þ will be absent in the

mt=� term: In individual contributions, they arise from
expanding hard-region terms ��kðm2

t =�
2Þ� and ultrasoft-

region terms ��kðm2
t =�

2Þ3� in powers of �. Due to the
different scaling of these two regions with m2

t =�
2, loga-

rithms ln ðm2
t =�

2Þ may remain in a contribution even if it
is finite for � ! 0, cf. the amplitude (41) for diagram g1.
But where the contributions from both hard and ultrasoft
regions are separately finite or, as here, the ultrasoft con-
tribution vanishes completely, leaving only an ultraviolet-
and infrared-finite hard contribution, there the logarithms
ln ðm2

t =�
2Þ must disappear.

The cancellation of ultrasoft terms in the NNLO non-
resonant calculation is closely connected with the absence
of contributions from ultrasoft gluons in the NNLO matrix
element (2) containing the interactions among the resonant
top and antitop quarks. We postpone the discussion of this
issue to Sec. VA.

C. Virtual corrections to diagrams h2, h3, h4

The NNLO diagrams h2a, h3a and h4a of Fig. 3 produce
endpoint-singular contributions of the form (16). The addi-

tional power ð1� tÞ�1=2�� needed to produce the 1=�ep
from the NLO diagrams h2, h3 and h4 arises from the
potential region of the t�t vertex correction. The hadronic
tensor coefficients from h2a and h3a read

H2a ¼ N�v
L
t ðvR

b þ aRb Þ
1� 5x� 2x2

12ð1þ xÞð1þ 2xÞ
�
1

�ep
þ 2 ln

m2
t

�2

�
;

(47)

H3a ¼ �N�I
L
WWv

R
t

2þ 5x� 2x2

12xð1þ 2xÞ
�
1

�ep
þ 2 ln

m2
t

�2

�
; (48)

where the coupling factor ILWW in (48) is defined from the
3-gauge-boson vertex Feynman rule

iILWW½g	�ðqþ pW�Þ� þ g��ð�pW� þ pWþÞ	
þ g�	ð�pWþ � qÞ��; (49)

omitting the elementary charge e. The total momentum
q ¼ pWþ þ pW� is incoming from the left-hand side (in-
dex 	), the lower W� boson has outgoing momentum
pW� (index �), and the upper Wþ boson has outgoing
momentum pWþ (index �).
For diagram h4a we have to evaluate directly its contri-

bution to the unpolarized eþe� ! bWþ �t cross section,
since it does not have the structure of a hadronic tensor
contracted with a leptonic tensor. The cross-section con-
tribution of diagram h4a, already summed over the two
gauge bosons, photon and Z, in the s-channel propagator
reads

��4a ¼ �N�

�2�2

s2w

1

s

�
QtQe

s
þ vtðve þ aeÞ

s�M2
Z

�

� x

ð1� xÞ3ð1þ 2xÞ
�
4 ln

�
2

x
� 1

�

þ ð1� xÞð1� 2x� 23x2Þ
3x2

��
1

�ep
þ 2 ln

m2
t

�2

�
; (50)

where the squared center-of-mass energy s has been set to
4m2

t only in the nontrivial parts of the loop and phase-space
integrations, but kept general in the photon and Z propa-
gators and in the kinematic factors of the cross section.
This corresponds to the same prescription used for the
NLO nonresonant contributions computed in [28].

D. Complete endpoint-singular NNLO
nonresonant cross section

With all the results from the individual diagrams of
Figs. 3 and 4 at hand, we can compute the complete
endpoint-singular nonresonant NNLO contribution to the
eþe� ! WþW�b �b cross section.
First, we need to sum up the contributions which come

in the form of a hadronic tensor coefficient (all diagrams
except h4a). The real-gluon contributions Hg1 (41), Hg2

(42) and Hg3 (43) from symmetric diagrams have to be

counted once. For all other diagrams, there are correspond-
ing symmetric diagrams, so the virtual-gluon contributions
H1a (32), H1b (33), H1c (34), H2a (47) and H3a (48), the
renormalization and self-energy contributions H1de (35),
H1f (38) and H1g (40), and the real-gluon interference

contributions Hg4 (44), Hg5 (45) and Hg6 (46) have to be

symmetrized before adding them together. This is done by
replacing pairs of coupling factors as specified in (28). The
contribution of each diagram (with hadronic tensor coeffi-
cient H) to the unpolarized eþe� ! bWþ �tðgÞ cross sec-
tion is then given by

�� ¼ �8ð1� �Þ�2�2 vL
ev

R
e þ aLe a

R
e

ðs�M2
LÞðs�M2

RÞ
H; (51)
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where � is the electromagnetic coupling and ML and MR

are the masses of the gauge bosons to the left-hand and
right-hand sides of the hadronic tensor; the latter are

attached to the eþe� initial state via couplings vL;R
e and

aL;Re , defined analogously to (26). The contribution (51) has
to be summed over the four combinations of gauge bosons
(L, R ¼ photon, Z) and, in addition, it must be counted

twice, because for every contribution with bWþ �tðgÞ cut
presented here, an equivalent one with �bW�tðgÞ cut exists.
The result from the correction ��4a (50) must be

counted four times (symmetrization and counting both
cuts bWþ �t and �bW�t). After adding this piece, the follow-
ing complete endpoint-singular nonresonant NNLO con-
tribution to the cross section results:

�ð2Þ;ep
nonres ¼ 32�2�2

s

�Born
t

mt

Nc

�
½Q2

t C

ðsÞ � 2QtvtC
ZðsÞ þ v2
t CZZðsÞ�

�
2CF

�s

�

m2
t

�2
þ 2

ffiffiffi
2

p
�2

mt

�

�
��ð1Þ

t � 4CF

�s

�

��

þ
�
�½Q2

t C

ðsÞ � 2QtvtC
ZðsÞ þ v2
t CZZðsÞ� 7þ 7xþ 22x2

6ð1� xÞð1þ 2xÞ þ
1

3
a2t CZZðsÞ þ 1

2
QtatC
ZðsÞ � 1

2
vtatCZZðsÞ

þ ½QtQbC

ðsÞ � ðQtðvb þ abÞ þQbvtÞC
ZðsÞ þ vtðvb þ abÞCZZðsÞ� 1� 5x� 2x2

6ð1þ xÞð1þ 2xÞ
þ

�
QtC

ðsÞ �

�
vt þQt

cw
sw

�
C
ZðsÞ þ vt

cw
sw

CZZðsÞ
�
2þ 5x� 2x2

6xð1þ 2xÞ � ½QtC
ðsÞ þ vtCZðsÞ�
�
ln

�
2

x
� 1

�

þ ð1� xÞð1� 2x� 23x2Þ
12x2

�
x

4ð1� xÞ3ð1þ 2xÞ
�
CF

�s

2�

�
1

�ep
þ 2 ln

	2
soft

�2

��
; (52)

where we have used the functions

C

ðsÞ ¼ �Q2
e

m2
t

4s
; C
ZðsÞ ¼ Qevem

2
t

4ðs�M2
ZÞ
; CZZðsÞ ¼ � ðv2

e þ a2eÞm2
t s

4ðs�M2
ZÞ2

;

C
ðsÞ ¼ Qem
2
t

s2ws
; CZðsÞ ¼ ðve þ aeÞm2

t

s2wðs�M2
ZÞ

; (53)

which arise from the photon and Z-boson propagators, and
dropped Oð�Þ terms. In order to improve the quality of the
EFT expansion, we have kept q2 ¼ s general in all photon
and Z propagators as well as in the kinematic factors of the
cross section and set s ¼ 4m2

t only in the nontrivial parts of
the loop and phase-space integrations, as done in [28]. We
comment below on the introduction of the scale 	soft

in (52).

The coefficient ��ð1Þ
t in themt=� term of (52) is equal to

��ð1Þ
t ¼ CF

�s

2�

�
�
�
2 ln xþ 5þ 4x

1þ 2x

�
ln ð1� xÞ � 4Li2ðxÞ

� 2�2

3
� 2xð1þ xÞð1� 2xÞ

ð1� xÞ2ð1þ 2xÞ ln x

þ 5þ 9x� 6x2

2ð1� xÞð1þ 2xÞ
�
; (54)

which agrees with the first-order QCD correction to the top
decay width neglecting the bottom mass, first obtained in

[37]. ��ð1Þ
t is given by the sum of the hard-region contri-

butions from diagrams h1c, h1f, g1, g2, g6 and from one

half of h1d þ h1e. The hard-region contribution from dia-
grams h1d and h1e is actually equal to the top-field renor-
malization contribution from the counterterms of both
vertices adjacent to the top line (2� �t=2 multiplied

with the NLO diagram h1). The above-mentioned set of
diagrams provides virtual and real corrections which only
affect the upper top line. In the on-shell top case which is
effectively taken by the leading hard-region contribution,
these corrections precisely correspond to the Oð�sÞ cor-
rections to the on-shell decay process t ! bWþ. In the

result (52), ��ð1Þ
t multiplies exactly the endpoint-divergent

�Born
t =� term in the NLO nonresonant result of [28], such

that ��ð1Þ
t may be dropped from our NNLO result if the top

width in the NLO result is replaced by its �s-corrected

version �Born
t ð1þ ��ð1Þ

t Þ.
Equation (52) is the main result of this work. As men-

tioned before, all ultraviolet (1=�UV) and infrared (1=�IR)
singularities are cancelled (independently of each other) in
this total contribution. The only remaining poles are found
at order ð�=mtÞ0; they represent 1=�ep endpoint singular-

ities and originate purely from the potential region. When
the 1=� finite-width divergences (10) from the NNLO
resonant contributions in NRQCD are added to the
NNLO nonresonant result (52), we observe a total cancel-
lation of the 1=� divergences.2 For the cancellation of the

2We have to set s ¼ 4m2
t and M2

Z ¼ m2
t x=c

2
w, as done in the

calculation of the absorptive matching coefficients Cðv=aÞ;abs
p [31],

in order to find an exact cancellation.
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dependence on the renormalization scale 	soft �mtv
associated with the finite-width divergences, we have
replaced consistently

�
	2

m2
t

�
3� !

�
	2

hard

m2
t

�
�
�
	2

soft

m2
t

�
2�

(55)

in the NNLO nonresonant amplitudes and taken 	hard ¼
mt. This is justified by the fact that our 1=�ep singularities

originate from one hard integration (associated with the
decay t ! bWþ) and two integrations with contributions
from a smaller scale	soft � 	hard, stemming from the on-
shell limit of the top quarks and from potential-region
gluon momenta. Also in the resonant NNLO amplitude,
one of the subgraphs always corresponds to a hard contri-
bution, i.e. to a matching coefficient between QCD and
NRQCD which is evaluated with	hard ¼ mt (and in d ¼ 4
dimensions). By setting consistently 	hard ¼ mt in our
contributions, too, the explicit dependence on 	soft asso-
ciated with the top-quark instability in the NNLO resonant
contributions (i.e. the log	soft terms proportional to �t or

Cðv=aÞ;abs
p ) cancels against the 	soft-dependence of the

NNLO nonresonant endpoint-singular contributions (52),
together with the cancellation of the 1=� poles. The re-
maining logarithms of kinematic scales in this combination
of resonant and nonresonant pieces for the inclusive t�t
cross section with bW invariant-mass cuts are of the
form log ðmtv=�Þ, in addition to logarithms of the velocity
in the resonant EFT matrix elements.

V. COMPARISON WITH OTHER APPROACHES

A. Comparison with the phase-space
matching approach

Our result (52) for the nonresonant contributions to the
total cross section with an invariant-mass cut�2 on the bW
subsystems was obtained for the case of loose cuts, �2 

mtE�mt�t. The condition of loose cuts implies that the
invariant-mass constraint only enters in the computation of
the nonresonant contributions, while matrix elements on
the resonant side are unaffected, as explained in
Refs. [28,38]. The endpoint-divergent terms presented
here are equivalent to the first terms in the expansion in
�=mt of the full NNLO nonresonant result.

Interestingly enough, an alternative approach [30]
(called ‘‘phase-space matching’’) has determined the
matching coefficients of the four-electron operators pro-
viding the nonresonant contributions to the cross section
with invariant-mass cuts on the bW pairs in the same range,
mt�t � �2 � m2

t , but through calculations involving
only the matrix elements in the nonrelativistic effective
theory. In the phase-space matching (PSM) approach,
symmetric cuts on the invariant masses of the top and
antitop decay products restrict the integration over the

top and antitop momenta in the resonant diagrams
contributing to (2). Then the resulting cut integrals are
expanded assuming that �2 
 mt�t, but still smaller
than m2

t so that the nonrelativistic expansion carried out
by NRQCD is still valid, yielding

Cð�sÞ � �t

�
� X

n;m;k¼0

��
mt�t

�2

�
n �

�
�2

m2
t

�
m
��

�s

mt

�

�
k

þ �NRQCDð1Þ; (56)

where �NRQCDð1Þ is the NRQCD resonant cross section

without invariant-mass restrictions (equivalently, for
� ! 1). The first term in (56) with powers of � can be
understood as minus the contributions to the NRQCD
matrix elements from the regions where the invariant-
mass constraints are not fulfilled, which are then subtracted
from the unrestricted cross section by means of (56). The
powers of �2=m2

t in (56) arise from cut diagrams with
relativistic corrections, while factors of �smt=� are intro-
duced by cut diagrams with Coulomb-like gluons.Cð�sÞ ¼
C0 þ C1�s þ 
 
 
 is a hard coefficient coming, for in-
stance, from the matching of the vector current that
produces the nonrelativistic t�t. Assuming for the power-
counting that ��OðmtÞ, the NLO terms in the phase-
space matching approach correspond to the terms n ¼ k ¼
0 in (56) with Cð�sÞ ’ C0, while at NNLO we have to
retain those with n ¼ 0 and k ¼ 1 plus the Oð�sÞ correc-
tion to Cð�sÞ times the NLO term. The whole computation
is equivalent to the nonrelativistic expansion of the full-
theory squared matrix elements containing the double-
resonant diagrams for eþe� ! t�t ! WþW�b �b and their
interference with the diagrams for eþe� ! WþW�b �b
having only either the top or the antitop in intermediate
stages. However, the full-theory contributions coming
from the square of single-top and pure background dia-
grams (the so-called remainder contributions in [30]) can-
not be reproduced by EFT resonant diagrams, and thus
have to be computed with external tools in the phase-space
matching approach. For moderate invariant-mass cuts it
was shown in [30] through a numerical comparison with
the full-theory tree-level eþe� ! WþW�b �b cross section
that the remainder contributions are small at NLO. Indeed,
in the computation of nonresonant corrections at this order
within the unstable-particle EFT (i.e. the n ¼ k ¼ 0 terms
in (56)), the remainder contributions are reproduced by
diagrams h5 � h10 (see Fig. 2) that contribute first with
�t�

3=m4
t terms in the �=mt-expansion, corresponding to

m ¼ 2 in (56). For the first two NLO terms in the series of
(56), m ¼ 0, 1, it was checked in [28] that they agree with
the corresponding terms in the expansion of the full NLO
nonresonant result.
Under the assumption that the QCD corrections to the

remainder contributions are also small in the above-
mentioned range of invariant-mass cuts, the phase-space
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matching contributions at Oð�sÞ were also computed in
[30]. We can now compare the NNLO terms of the phase-
space matching series with those computed in this work,
Eq. (52): the same coefficients in the m2

t =�
2, mt=� and

ðmt=�Þ0 log� contributions are found from that
comparison.3

A simple argument can be used to explain why the two
methods yield the same series expansion in (�=mt) of the
nonresonant contributions, despite the different starting
points in the respective calculations. In our method, the
full-theory amplitude is expanded first assuming that top-
quark lines are off-shell, i.e. jp2

t �m2
t j �m2

t , which drops
the top self-energy corrections from the full-theory top-
quark propagator, and then the (�=mt) series arises from
further expanding the resulting amplitude around the on-
shell limit, i.e. for jp2

t �m2
t j � m2

t . The last expansion is
equivalent to considering that the momentum pt is poten-
tial, since the antitop on-shell condition sets p0

t �mt ¼
ðp2

t �m2
t Þ=ð4mtÞ � ~p2

t =mt � mt. On the other side, the
PSM computation starts from the full-theory amplitude
expanded for nearly on-shell (potential) top quarks, with
p0
t �mt � ~p2

t =mt �mtv
2, producing ~p2

t =m
2
t and ðp0

t �
mtÞ=mt corrections. Then the latter are transformed into
(�2=m2

t ) terms from hard-pt momentum regions (jp2
t �

m2
t j �m2

t ) where we can expand the integrand taking the
off-shellness of pt much larger than the nonrelativistic
scales �t and E. The first important observation is that
in both methods a double expansion of the integrand in pt

(according to hard and potential region scalings) is per-
formed, but in reversed order. In the method of regions,
such double expansions are known as overlap contribu-
tions [36]. Adopting the notation of the latter reference,

we can denote as TðpÞTðhÞI the integrand resulting from
expanding the full-theory integrand I (including the Dirac
delta functions from the Cutkosky rules) according to first

hard and then potential momentum, and TðhÞTðpÞI the same
expansion taken in the reversed order, as effectively done
in the PSM approach. Within the expansion by regions,
especially in simple cases with only two relevant regions
(here hard and potential), double expansions usually yield
the same doubly-expanded integrand, whether the two
expansions are executed in one order or the other. So we

can expect that the identity TðpÞTðhÞI ¼ TðhÞTðpÞI 	 Tðh;pÞI
holds. Let us consider in the following at first the case
without invariant-mass restrictions, so that I does not
depend on any cut �. Then our second important remark

is that the integration of the integrand Tðh;pÞI over pt

vanishes in dimensional regularization,

Fðh;pÞ ¼
Z

ddptT
ðh;pÞI ¼ 0; (57)

because after doubly expanding the integrand according to
hard and potential momenta, there is no scale left in the
integrand (recall that we have not imposed any invariant-
mass constraints in I, so the integration limits are un-
bounded). If we now rewrite (57) using 1 ¼ �ðx� yÞ þ
�ðy� xÞ as

0 ¼
Z

ddpt�ð�2 � ðm2
t � p2

t ÞÞTðh;pÞI

þ
Z

ddpt�ððm2
t � p2

t Þ ��2ÞTðh;pÞI; (58)

we readily identify the first term as the Taylor series in
(�=mt) of the nonresonant contributions computed in our
approach for an invariant-mass cut of the form (12). The
second term corresponds to the resonant NRQCD ampli-
tude further expanded assuming hard pt and integrated
outside the region of p2

t allowed by the invariant-mass
cuts. That is precisely the quantity that yields minus the
series in the first term of (56) with powers of �, obtained
in the phase-space matching approach. Therefore, from
(58) we conclude that the PSM contributions must be
equal to the series expansion obtained with the unstable-
particle EFT, as we have shown by explicit computation
up to terms of order ðmt=�Þ0 log�. The equivalence
between both series is lost at the order where terms
coming from full-theory diagrams with just one top or
antitop, or with no tops at all, which are not described by
NRQCD, first contribute. As mentioned before, these
terms arise at NLO from diagrams h5 � h10, and are of
order �t�

3=m4
t . Since the Oð�sÞ corrections to diagrams

h5 � h10 do not introduce negative powers of (1� t), we
also expect that the NNLO nonresonant contributions in
the phase-space matching series start to differ from ours at
order �s�t�

3=m4
t .

The reasoning above also provides further insight on the
regions (of gluon momenta) which contribute to the
endpoint-singular NNLO corrections. In scaleless overlap
contributions like (57), where the integrand is doubly ex-
panded according to both regions, singularities from do-
mains of hard and potential top momenta pt cancel each
other to yield zero. Exactly the same cancellation of singu-
larities happens between the contributions of the individual
(hard or potential) regions, originating from the respective
integration domain where the top momentum approaches
the scaling of the opposite region: The ultraviolet singular-
ities (from the hard-pt limit) present in the integrals of the
resonant contribution (which have been expanded for po-
tential pt) are cancelled by the endpoint singularities (from

3We note that in the phase-space matching approach, the term

mt=�� ��ð1Þ
t in (52) is generated by including in the NRQCD

top-quark propagators the Oð�sÞ corrections to the top width,
which was not done explicitly in the analysis of [30] because �t
was considered an input parameter there. The rest of the mt=�
correction in (52) arises in the phase-space matching approach
from the product of the Oð�sÞ correction to the vector-current
matching coefficient (� 2CF�s=�) at both t�t vertices with the
NLO phase-space matching contributions.
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the potential-pt limit) of the nonresonant contribution
(whose integrals have been expanded for hard pt). This
cancellation occurs individually for the different scalings
of gluon momenta. It is known that the 1=� finite-width
divergences on the resonant side originate purely from
potential (Coulomb) gluons. So their cancellation must be
provided purely by potential gluon momenta in the
endpoint-divergent nonresonant diagrams. This is exactly
what we have found in our calculation for the origin of the
1=�ep terms from potential-region contributions.

Similarly, it is known that ultrasoft gluons do not con-
tribute to the total resonant NRQCD amplitudes at NNLO.
So it comes without surprise that we observe a cancellation
of the ultrasoft-region contributions to the endpoint-
divergent nonresonant corrections (see the remarks at the
end of Sec. IVB).

B. Comparison with an approach based on expanding
in � ¼ 1�MW=mt

A different path has been taken by the authors of
Ref. [33] to provide an estimate of the NNLO nonresonant
corrections. They have expanded the NNLO nonresonant
contributions to the t�t total cross section in powers of

ffiffiffiffi
�

p
,

where � ¼ 1�MW=mt � 0:5, and calculated the first two
terms in this expansion. For the NLO nonresonant correc-
tions, the leading-order term in � has been shown to
deviate from our exact result [28] by less than 5%, despite
the fact that the approximation for the individual diagrams
is much less accurate. Such a numerical comparison is not
possible at NNLO where the exact result is not known, and
our approximation, Eq. (52), does not correspond to the
total cross section, but to the cross section with invariant-
mass cuts applied in the bW pairs.

We notice though important differences between the
approach followed in [33] and ours for the NNLO result.
According to the authors of [33] the leading-order term in
� of the NNLO nonresonant contributions arises from
diagram h1a and contains an energy-dependent term of
the form log ðv=�Þ. The latter is generated in their ap-
proach because the scalemtv

2 in the top-quark propagators
is kept as an infrared regulator for the (infrared-divergent)
loop integration of the nonresonant amplitude, despite the

fact that the integral is saturated by the region j ~pj �
�1=2mt 
 mtv. Let us remark that in our approach loga-
rithms of the velocity can only appear in the resonant
matrix elements, because the hard-momentum expansion
performed in the nonresonant diagrams drops terms of
order E, �t �mtv

2 from the top-quark propagators and,
as a consequence, an energy-dependence there only arises
beyond NNLO as powers of E. The infrared divergence in
[33] is analogous to the 1=�ep endpoint divergences we find

within the unstable-particle EFT formalism and must be
compensated by an ultraviolet divergence arising from a
resonant contribution in order to render the leading-order

result in the � expansion independent of the regularization
scheme.4 The need for an ultraviolet counterpart for the
result of [33] becomes even clearer if the infrared diver-
gence on the nonresonant side is regulated dimensionally,
which substitutes the logv above by a log	 plus (poten-
tially) additional finite terms, thus introducing an explicit
scheme-dependence through the renormalization scale 	.
We can easily do this exercise by taking the integral form
of the leading-order term provided in Eq. (4.1) of [33] and
performing it in d dimensions. With the appropriate nor-
malization factor for the cross section, this contribution
reads

��ð2Þ;��1

nonres ¼ 4��2

3s

�
Q2

t Q
2
e þ 2QeQtvevt

1�M2
Z=ð4m2

t Þ

þ ða2e þ v2
eÞv2

t

ð1�M2
Z=ð4m2

t ÞÞ2
�
Nc�

Born
t

mt

�ð1Þ
1a j��1 ; (59)

with

�ð1Þ
1a j��1 ¼ 3

�
1

2�
þ ln

�
	2

�m2
t

�
þ 1

�
CF�s

�
: (60)

As expected, the coefficient of the infrared-divergent 1=�

term in ��ð2Þ;��1

nonres above agrees with the 1=�ep term which

arises from our result for diagram h1a, Eq. (32) plus
symmetric contributions, expanded at the leading order
for small � (note that x ¼ M2

W=m
2
t ¼ ð1� �Þ2 and that

the coefficient of vL
t v

R
t =�ep in (32) is proportional to

1=ð1� xÞ ’ 1=ð2�Þ). A quick inspection of the rest of
the 1=�ep endpoint-divergent results computed in Sec. IV

reveals that diagram h1b also contains an infrared 1=�ep
divergence proportional to ��1. It can also be checked that
the sum of the ��1=�ep divergences from diagrams h1a and

h1b (including symmetric contributions) cancels against
the first term in the �-expansion of the finite-width diver-
gence on the resonant side, Eq. (10). The contribution from
diagram h1b has not been considered, however, in the
analysis of the 1=� term of [33]. We therefore conclude
that in its present form, the leading-order NNLO nonreso-
nant result of [33] is incomplete and cannot be consistently
added as a correction to the known NNLO contributions
from the resonant side.
Finally, for implementing a loose cut on the bW invari-

ant masses in the integrals for the NLO nonresonant con-
tributions expanded in the parameter �, the authors of [33]
have provided the replacement rule �m2

t ! �2=2 applied

4The leading-order NNLO nonresonant term in [33] is pro-
portional to �s�t=�. While the NNLO relativistic corrections to
the resonant diagram with a Coulomb potential, Fig. 1, only give
terms scaling as �s�t �Oð�0Þ, the corrections arising from the
insertion of the (electroweak) absorptive matching coefficients

Cðv=aÞ;abs
p into Fig. 1 yield terms scaling also as �s�t=�. Part of

the latter provides the counterpart for the infrared divergence in
the leading-order result from [33].
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to the arguments of the theta functions of their integrals.
Adopting the same rule for the Oð�sÞ contribution that
yields the leading nonresonant term at NNLO in the ap-
proach of [33], the samem2

t =�
2 term as in our result (52) is

obtained. Our subleading terms of order mt=� cannot
directly be compared to [33].

VI. FINAL RESULTS

In this final section we compare numerically the first
terms in the (�=mt) series of the NNLO nonresonant
corrections with the NLO ones as well as with the
leading-order EFT approximation. This is done for the
eþe� ! WþW�b �b cross section with invariant-mass
cuts in the bW subsystems of the form (12), where �2 ¼
2mt�Mt � �M2

t . The NNLO nonresonant terms are given
by the endpoint-singular contributions computed in Sec. IV
and have been collected in Eq. (52). The NLO nonresonant

corrections, �ð1Þ
nonres, are obtained from the results given in

[28], which are too lengthy to be reproduced here. We
present NLO and NNLO contributions separately in this
section, i.e. ‘‘NNLO’’ always refers to the pure second-
order corrections without including the NLO result.

A dependence on the invariant-mass cut �Mt enters first
at NLO through the nonresonant contributions for the case
of loose cuts (i.e. �Mt 
 �t). The leading-order cross

section �ð0Þ
t�t is given entirely by the leading-order resonant

contribution (2), which sums Coulomb corrections propor-
tional to ð�s=vÞn to all orders in the strong coupling. Its
analytic expression, following the same conventions as in

this paper, can be found in [28]. �ð0Þ
t�t depends on the

renormalization scale 	soft only through �sð	softÞ.
Figure 5 shows the contribution to the cross section from

the NNLO endpoint-singular terms as a function of the
invariant-mass cutoff exactly at the threshold (s ¼ 4m2

t ).

The NNLO contribution corresponds to �
ð2Þ;ep
nonres in (52) with

the endpoint divergence 1=�ep removed. It uses �s 	
�sð	softÞ plus the Standard Model input parameters

MZ ¼ 91:1876 GeV; MW ¼ 80:398 GeV;

mt ¼ 172:0 GeV; G	 ¼ 1:166367� 10�5 GeV�2;

Vtb ¼ 1;

(61)

whereas the on-shell Weinberg angle cw ¼ MW=MZ and

the fine-structure constant in the G	 scheme, � 	ffiffiffi
2

p
G	M

2
Ws

2
w=�, are derived quantities. The solid (blue)

line is obtained for 	soft ¼ 30 GeV, where �sð30 GeVÞ ¼
0:142, whereas the shaded band displays the effect of
varying the scale 	soft from 15 to 60 GeV (lower values
of the scale corresponding to more negative contributions).
The dashed (red) line is the NLO nonresonant contribution

�ð1Þ
nonres from [28], which is also shown for comparison.

Both the NLO and NNLO nonresonant corrections give a
negative shift.

The values shown in Fig. 5 range from �Mt ¼ �t ’
1:46 GeV up to the maximum value allowed by the
kinematics, �Mt;max ¼ mt �MW ’ 91:6 GeV, which

corresponds to the total cross section. Recall that the
NNLO nonresonant terms computed in this work are a
valid description for moderate invariant-mass cuts, satisfy-
ing �t � �Mt � mt. For tight cuts (�Mt & �t), which
are not studied here, the expansion by regions dictates that
the dependence on �Mt is taken into account in the reso-
nant part of the amplitude, while the nonresonant contri-
butions are absent in this case (see [28]). The further
requirement �Mt � mt is a consequence of the expansion
around the endpoint that produces the result (52) for the
nonresonant contributions. From Fig. 5 we observe that in a
moderate �Mt-range (�Mt * 6�t � 9 GeV) the NNLO
nonresonant corrections are always smaller (in absolute
value) than the NLO ones, and (because of the higher
singularity in � or �Mt) they become more negative
when the available phase space for the bW pairs gets
restricted by tightening the invariant-mass cut. The ratio
between the NNLO and NLO nonresonant contributions
ranges approximately from 0.9 to 0.5 for �Mt in the
interval (10, 40) GeV.
The relative size of the endpoint-singular NNLO correc-

tions with respect to the LO cross section as a function of
the center-of-mass energy in the threshold region is dis-
played in Fig. 6 for two different values of the invariant-
mass cut, �Mt ¼ 35 GeV (upper blue solid line) and
�Mt ¼ 15 GeV (upper blue dashed line). The correspond-
ing curves for the NLO result are also shown (lower black
lines). At threshold energies, j ffiffiffi

s
p � 2mtj � 2mt, the non-

resonant corrections are almost energy-independent, with a
mild linear energy-dependence introduced from the Z and

2 5 10 20 50
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re
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p
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FIG. 5 (color online). Endpoint-singular NNLO nonresonant
contribution to the t�t cross section computed at s ¼ 4m2

t as a

function of the invariant-mass cut�Mt ¼ mtð1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1��2=m2

t

p Þ.
The solid (blue) line corresponds to �

ð2Þ;ep
nonres in (52) dropping the

1=�ep term and using �s 	 �sð	softÞ with 	soft ¼ 30 GeV. The

shaded (blue) band shows the same result varying 	soft in the
interval 15–60 GeV. For comparison, the NLO nonresonant

contribution (dashed red line), �ð1Þ
nonres from [28], is also shown.
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photon propagators. The NNLO nonresonant corrections
for the chosen values of �Mt give a constant negative shift
of about 2–3% above the threshold where the LO cross
section is also constant. Below the peak region, where the
LO result vanishes rapidly, the relative size of the
nonresonant corrections is very large, up to 10% for
�Mt ¼ 35 GeV in the energy range shown in Fig. 6. In
absolute value, the endpoint-singular NNLO nonresonant
corrections amount to 32–28 fb for �Mt ¼ 15 GeV and
20–18 fb for �Mt ¼ 35 GeV when the center-of-mass
energy is varied within the interval (338, 350) GeV.

For an analysis of the impact of higher-order nonreso-
nant corrections for moderate invariant-mass cuts not con-
sidered in the present work, namely the nonlogarithmic
terms of order ð�=mtÞ0 and a large part of the N3LO
contributions, we refer the reader to [30].

VII. SUMMARY

The corrections induced by off-shell top-quark
decay and by other nonresonant production processes of
the physical WþW�b �b final state are a missing piece
towards the prediction of the threshold top-quark pair
production cross section at the third order (NNLO).
Phenomenologically, they are needed to match the accu-
racy of the well-known QCD corrections to the resonant
production, as required for the precision attainable in the
top-mass determination at a future eþe� collider. The
computation of the full set of NNLO nonresonant correc-
tions represents a nontrivial task, involving Oð100Þ dia-
grams that include 1-loop virtual QCD as well as tree-level
gluon-radiation corrections to the bWt final state.

At the theory level, the NNLO nonresonant corrections
are also mandatory, because the purely resonant cross sec-
tion contains at the same order an uncancelled ultraviolet
divergence, div�NNLO

res / �s�t=� (10), which must be com-
pensated by a divergence with opposite sign on the non-
resonant side in order to yield a regularization-independent
result for this observable. In this work we have identified the
divergences in the NNLO nonresonant amplitudes that pro-
vide such a cancellation. They originate at the endpoint of
the phase-space integration over the bW invariant mass in
virtual diagrams with bWt final states. We have extracted
these endpoint divergences through an expansion of the
relevant NNLO nonresonant diagrams around the endpoint.
The expanded integrals involve the scale�2 of the invariant-
mass cut in the bW system. In this way, apart from the 1=�
divergences, we obtain the endpoint-singular terms
ðmt=�Þ2, (mt=�) and ðmt=�Þ0 log� which correspond to
the first terms in the expansion in powers of (�=mt). This
series provides a rigorous approximation of the NNLO non-
resonant contributions to the eþe� ! WþW�b �b cross sec-
tion with symmetric invariant-mass cuts of size
�2 � 2mt�Mt applied to the bW pairs, as long as �Mt is
much smaller than the top mass but significantly larger than
the top width (equivalently, if mt�t � �2 � m2

t ).
Our analytic result agrees with the one obtained for the

same observable within the phase-space matching ap-
proach [30]. On the other hand, by comparing the infrared
structure of our result with the one obtained in [33] at
leading order in the expansion for small � ¼ 1�
MW=mt, we conclude that the latter misses one contribu-
tion and that it cannot be combined with the NNLO
resonant corrections in a regularization-scheme indepen-
dent way. Numerically we find that within the above range
of invariant-mass cuts the NNLO nonresonant contribu-
tions produce a negative shift of about 2%–3%with respect
to the leading-order t�t cross section above threshold. For
energies below the peak, where nonresonant production is
known to dominate over the (subleading) resonant terms,
the corrections reach up to 10%–15%.
The presence of endpoint singularities in the NNLO non-

resonant contributions represents an additional complication
for their calculation, since these singularities have to be
subtracted from the amplitude, together with the standard
soft-collinear divergences due to gluon radiation. The analy-
sis performed in this work, which identifies and evaluates the
endpoint-singular terms, thus provides a necessary step to-
wards the computation of the full set of NNLO nonresonant
contributions to eþe� ! WþW�b �b and, consequently, to-
wards having a complete NNLO theoretical prediction for t�t
production near threshold that accounts for the effects re-
lated to top-quark decay in a consistent manner.

ACKNOWLEDGMENTS

We thank M. Beneke for helpful discussions and for his
comments on the manuscript. We also thank A.A. Penin

338 340 342 344 346 348 350
25

20

15

10

5

0

s GeV

n
on

re
s

t
t0

FIG. 6 (color online). Relative sizes of the nonresonant cor-
rections with respect to the t�t LO cross section in percent:

�
ð2Þ;ep
nonres=�

ð0Þ
t�t (upper blue lines) and �ð1Þ

nonres=�
ð0Þ
t�t (lower black

lines, from [28]). Solid (dashed) lines correspond to an
invariant-mass cut �Mt ¼ 35 GeV (�Mt ¼ 15 GeV). The re-
normalization scale in the NNLO nonresonant contribution has
been set to 	soft ¼ 30 GeV, and we have chosen �sð30 GeVÞ ¼
0:142 for the value of the QCD coupling that enters also in the
LO result.

NEXT-TO-NEXT-TO-LEADING ORDER NONRESONANT . . . PHYSICAL REVIEW D 88, 054011 (2013)

054011-19



for discussions on the comparison with their result. This
work is supported by the DFG Sonderforschungsbereich/
Transregio 9 ‘‘Computergestützte Theoretische
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