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The Layzer-Irvine equation describes energy conservation for a pressure less fluid interacting though

quasi-Newtonian gravity in an expanding Universe. We here derive a Layzer-Irvine equation for scalar

field theories where the scalar field is coupled to the matter fields, and show applications of this equation

by applying it to N-body simulations of modified gravity theories. There it can be used as both a

dynamical test of the accuracy of the solution and the numerical implementation when solving the

equation of motion. We also present an equation that can be used as a new static test for an arbitrary matter

distribution. This allows us to test the N-body scalar field solver using a matter distribution which

resembles what we actually encounter in numerical simulations.
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I. INTRODUCTION

The apparent accelerated expansion of the Universe
[1,2] is one of the biggest puzzles in modern cosmology.
There exist several theoretical explanations for it and these
generally go under the broad term dark energy [3].

Dark energy in the form of a cosmological constant is
currently the best fit to observations, but it has several
theoretical problems like the fine-tuning and the coinci-
dence problem. Some of these problems can be alleviated
if the energy density of the cosmological constant becomes
dynamical. This approach leads to dark energy models
where the accelerated expansion is due to some new
dynamical field [4]. The dark energy field(s) evolves on
cosmological time scales, and therefore if dark energy has
interactions with ordinary baryonic matter then a cosmo-
logically long range fifth force will be the result [5].

Gravity is very well tested in the Solar System and the
results agree perfectly with the predictions of general
relativity (GR) [6]. Gravitational interactions that differ
from general relativity are at odds with local gravity
experiments and in models where the dark energy is
coupled to dark matter (like coupled quintessence [7]) it
is therefore generally assumed that there is no coupling to
baryons. If a coupling to baryons does exist (we call this
scenario modified gravity) then a screening mechanism [8]
is required to evade local experiments and at the same time
give rise to interesting dynamics on cosmological scales.

In the past decade several modified gravity models with
a screening mechanism, most based on a single scalar
degree of freedom, have been put forward. Models follow-
ing from works on massive gravity such as DGP [9] and the
Galileon [10,11] are well-known examples. Another class
of models is the chameleon-like models such as the
chameleon/fðRÞ [12–15], symmetron [16,17], and environ-
mental dependent dilaton [18].

For this last class of models it has been shown that the
background cosmology is generally very close to that of
�CDM. However, even though the background cosmology
is the same, the growth of linear perturbations is modified
and alters structure formation. One can also show quite
generally that the results of local gravity experiments
imply a interaction range in the cosmological background
today in the submegaparsec region [19]. This is in the
range where perturbations in the fiducial �CDM model
go from being well described by linear theory to where one
needs more elaborated methods likeN-body simulations to
make accurate predictions of the theory.
N-body simulations for modified gravity theories

require one to fully solve for the 3D distribution of the
scalar field just as one normally does for the gravitational
potential. The highly nonlinear form of the field equation
makes this computationally challenging. Recently, several
different N-body codes have been created that do this
job [20–25], and studies of structure formation in the
nonlinear regime have been performed for many differ-
ent modified gravity models like for example the
chameleon=fðRÞ gravity [26–29], the symmetron [30,31],
the environmental dependent dilaton [32], the DGP model
[33,34], and phenomenological fifth-force models [35].
For a review of N-body simulations for nonstandard
scenarios see [36].
One important lesson learned from these studies is that

one needs simulations to make accurate predictions: linear
perturbation theory gives inaccurate results for almost
all scales where the matter power spectra differs from
�CDM [28,31].
Before performing such simulations the scalar field

solver needs to be properly tested for both static and
dynamical cases where analytical or semianalytical solu-
tions exist. For the static case several tests already exist
[20], while for the time evolution of the cosmological
simulations so far the only real test is to compare the results
with that of other codes.*h.a.winther@astro.uio.no
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There is however one other test based on energy conser-
vation, that so far has been ignored for modified gravity
simulations, which can be used for this purpose. For
collisionless N-body simulation (i.e. dark matter only
simulations) a Newtonian energy conservation equation,
taking into account the expanding background, exists and
is known as the Layzer-Irvine equation [37,38]. This equa-
tion gives a relation between the kinetic energy and the
gravitational potential energy of dark matter particles and
is valid throughout the process of structure formation. The
equation only applies for standard gravity and needs to be
generalized if we want to use it for modified gravity
theories.

The idea to look at extensions and generalizations of the
Layzer-Irvine equation for models beyond �CDM is not
new. In [39], the equation was extended to a dark energy
component with an arbitrary equation of state and then
generalized to account for a nonminimal interaction
between dark matter and dark energy. The spherical col-
lapse model was applied in [40] to derive a generalized
Layzer-Irvine equation for the case where the dark energy
can cluster and was used to estimate the maximum impact
that dark energy perturbations can have on the dynamics of
clusters of galaxies. A Layzer-Irvine equation for interact-
ing dark energy models was derived in [41,42], using
perturbation theory, and then applied to study how dark
matter and dark energy virializes. In [43] the equation was
derived for several phenomenological gravitational force
laws. The equation has also been applied to observations to
put constraints on the coupling between dark matter and
dark energy [42].

In this paper, we derive the Layzer-Irvine equation for
a quite general class of modified gravity models and the
methods we use can easily be extended to any scalar
field model of interest. We implement the resulting equa-
tion in an N-body code and show that it can be used
as a new dynamical test for N-body codes of modified
gravity.

The setup of this paper is as follows. We begin by
briefly reviewing scalar-tensor theories of modified grav-
ity in Sec. II and the Layzer-Irvine equation for standard
gravity in Sec. III. The modified Layzer-Irvine equation
is derived in Sec. IV and we discuss how to implement
this equation in an N-body code in Sec. VI. In Sec. VII
we present the results from tests on N-body simulations
of modified gravity before we summarize and conclude
in Sec. VIII.

Throughout this paper we use units of c ¼ ℏ ¼ 1 and
the metric signature ð�;þ;þ;þÞ.

II. SCALAR-TENSOR THEORIES OF
MODIFIED GRAVITY

In this section be briefly review scalar-tensor modified
gravity theories. We are in this paper mainly interested in
scalar-tensor theories defined by the action

S ¼
Z

d4x
ffiffiffiffiffiffiffi�g

p �
R

16�G
þ fðX;�Þ

�
þ SmðA2ð�Þg��; c mÞ; (1)

where R is the Ricci scalar, G is the bare gravitational
constant, g is the determinant of the metric g��, � the

scalar field, X ¼ � 1
2g

���;��;�, and c m represents the

different matter fields which are coupled to the scalar field
� via the conformal rescaled metric ~g�� ¼ A2ð�Þg��.

The Einstein equation follows from a variation of the
action with respect to g�� and reads

R�� � 1

2
Rg�� ¼ 8�G½Að�ÞTm

�� þ T�
���; (2)

where Tm
�� is the energy-momentum tensor for the matter

fields and

T�
�� ¼ fX�;��;� þ g��f; fX � @f

@X
(3)

is the energy-momentum tensor for the scalar field.
The Klein-Gordon equation for � follows from a varia-

tion of the action with respect to � and reads

r�ðfXr��Þ ¼ �f;� � A;�Tm; (4)

where Tm ¼ g��Tm
�� is the trace of the energy-momentum

tensor of the matter field(s). In the rest of this paper we will
only consider a single dustlike matter component for which
Tm ¼ ��m. The conformal coupling of � to matter gives
rise to a fifth force which in the nonrelativistic limit and per
unit mass is given by

~F� ¼ � ~r logA ¼ ��ð�Þ
MPl

~r�;

�ð�Þ � MPl

d logAð�Þ
d�

:

(5)

The Bianchi identity and the field equations imply the
following conservation equations:

r�T
��
� ¼ þ @ logA

@�
Að�ÞT��

m r��; (6)

r�ðAð�ÞT��
m Þ ¼ �@ logA

@�
Að�ÞT��

m r��; (7)

r�T
��
m ¼ 0: (8)

The equations presented above are the only ones needed to
derive the modified Layzer-Irvine equation. For a more
thorough review of scalar tensor modified gravity theories,
see [44].
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III. THE LAYZER-IRVINE EQUATION FOR
GENERAL RELATIVITY

In this section we rederive the Layzer-Irvine equation
for the case of a collisionless fluid interacting with gravity
in an expanding background. This equation was first
derived by Layzer [37] and Irvine [38] in the early 1960s
and our derivation below will be close to that of [37].

We will here only consider a flat spacetime. However,
the results we derive below also apply for curved space-
times as long as we only apply them to regions smaller than
the radius of curvature [37]. The background metric of a
flat homogenous and isotropic Universe is the Friedmann-
Lemaı̂tre-Robertson-Walker metric

ds2 ¼ �dt2 þ dr2 ¼ �dt2 þ a2ðtÞðdx2 þ dy2 þ dz2Þ:
(9)

In the following ~xwill denote the comoving coordinate and
~r ¼ a~x the physical coordinate. For a collection of colli-
sionless particles the energy momentum tensor is given by

T��
m ð ~x0Þ ¼ X

i

mi�ð ~x0 � ~xiÞu�i u�iffiffiffiffiffiffiffi�g
p ; (10)

where u
�
i is the four-velocity of particle i. If we treat the

collection of particles as a fluid then we can define

T
��
m ¼ �mu

�u�; (11)

where u� is the four-velocity of the fluid. We let �mðr; tÞ ¼
��mðtÞ þ ��mðr; tÞ denote the matter density field and

~v ¼ a _~x the peculiar velocity field. An overbar will always
denote a quantity defined in the background cosmology,
e.g. ��mðtÞ is the homogenous and isotropic component of
the matter field.

The continuity equation for the energy-momentum
tensor reads

r�T
0�
m ¼ 0 ! r�ð�mu

�Þ ¼ 0: (12)

By writing out the components and subtracting off the
background equation, _��m þ 3H ��m ¼ 0, we get it on a
convenient form

ða3 _��mÞ þ a3 ~rrð�m ~vÞ ¼ 0: (13)

In the real Universe the metric is perturbed due to the
presence of matter perturbations and this equation will
have additional contributions like terms containing the
time derivative of the Newtonian potential �N . These
terms can generally be neglected as long as the weak-field
approximation �N � 1 holds (which is the case for most
cosmological and astrophysical applications).

The equation describing the motion of the particles
(fluid) is the geodesic (Euler) equation,

dui

d�
þ �i

��u
�u� ¼ 0; ui ¼ dxi

d�
: (14)

If we take the energy-momentum tensor of matter to be that
of particles then this equation follows directly from the
Bianchi identity. Writing out the geodesic equation and
neglecting small terms, we get an equation of motion very
similar to the Newtonian result generalized to an expand-
ing background,

€~xþ 2H _~x ¼ � 1

a
~rr�N; (15)

or equivalently

@ða ~vÞ
@t

¼ � ~rrða�NÞ vi ¼ a _xi: (16)

The Newtonian gravitational potential is determined by the
Poisson equation

r2
r�N ¼ 4�G��m (17)

and the solution can also be written explicitly as

�Nðr; tÞ ¼ �G
Z ��mðr0; tÞd3r0

jr� r0j ; (18)

where the integration is over the whole space. The system
of equations

€~xþ 2H _~x ¼ � 1

a
~rr�N (19)

r2
r�N ¼ 4�G��m (20)

forms the basis of N-body simulations for collisionless
matter.
To form the Layzer-Irvine equation we need to integrate

the equation of motion, Eq. (16), over space. In the follow-
ing we will consider a very large, but finite, volume to be
able to neglect surface terms arising from integration by
parts and to avoid convergence problems. It is also possible
to consider, as is the case for N-body simulations, a finite
volume with periodic boundary conditions. We will in the
next section discuss how to handle the case of going to an
infinite volume, which turns out to be pretty straightfor-
ward and does not change the form of the final equation.
To form the Layzer-Irvine equation we contract Eq. (16)

with ~va�md
3r ¼ ~va4�md

3x and integrate over the distri-
bution of particles with the result

@T

@t
þ 2HT ¼ �

Z
d3rð�m ~vÞ � ð ~rr�NÞ; (21)

where

T ¼
Z 1

2
v2�md

3r ¼ XNparticles

i¼1

1

2
miv

2
i (22)

denotes the total kinetic energy associated with the pecu-
liar motion. Using integration by parts and applying the
continuity equation, Eq. (13), we can rewrite the right-hand
side of Eq. (21) as
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�
Z
ð ~rr�NÞ � ~v�md

3r ¼
Z

�N
~rrð ~v�mÞd3r

¼ �
Z

�N

@

@t
ð��md

3rÞ; (23)

which can be rewritten once again using the Poisson
equation as

�
Z

�N

@

@t
ð��md

3rÞ ¼ �
�
@UN

@t
þHUN

�
; (24)

where

UN ¼
Z 1

2
�N��md

3r

¼ �G

2

ZZ ��mðr; tÞ��mðr0; tÞd3rd3r0
jr� r0j (25)

is the gravitational potential energy. Collecting results we
are left with

@

@t
ðT þUNÞ þHð2T þUNÞ ¼ 0 (26)

which is the Layzer-Irvine equation.
If the total energy E ¼ T þUN is conserved we recover

the well-known virial relation 2T þUN ¼ 0.
By making the definitions (the justifications for these

definitions in terms of statistical physics of fluids have
been given by Irvine [38])

	m ¼ T þUN

V
; (27)

3pm ¼ 2T þUN

V
; (28)

where1 V ¼ R
d3r we have that Eq. (26) can be written on

the more familiar form

@

@t
	m þ 3Hð	m þ pmÞ ¼ 0 (29)

which is a cosmological continuity equation.

IV. LAYZER-IRVINE EQUATION FOR
SCALAR-TENSOR THEORIES

In this section we derive the Layzer-Irvine equation for
the class of scalar-tensor (modified gravity) theories given
by the action Eq. (1). We will just state the equations
describing our system without derivation, as a complete
derivation of the equations below can be found in e.g. [32].

As we did in the previous section we take the energy-
momentum tensor of the matter to be that of particles. Note
that we use the definition of T

��
m depicted in Eq. (2) so that

the density �m satisfies the usually continuity equation,
Eq. (13), but as we will see below the Newtonian potential

is sourced by the density �J � Að�Þ�m. The continuity
equation in terms of this density reads

ða3 _��JÞ
a3

þ ~rrð�J ~vÞ � �J ~v
~rr logA� _logA��J

� ��J

@

@t
log

A
�A
¼ 0; (30)

where ��J ¼ Að�Þ�m � Að ��Þ ��m.
The geodesic equation describing the motion of the fluid

is modified due to the presence of the coupling of � to
matter,

dui

d�
þ �i

��u
�u� ¼ �d logA

d�
ð�;i þ u��;�u

iÞ; (31)

which in the nonrelativistic limit becomes

@

@t
ða ~vÞ þ ða ~vÞ @ logA

@t
¼ �a ~rrð�N þ logAÞ: (32)

The Poisson equation is also modified due to the presence
of the scalar field and reads

r2
r�N ¼ 4�G��J þ 4�G�S� � 4�G�Stot; (33)

where the source coming from the scalar field is

�S� ¼ ��� þ 3�p� (34)

with ��� ¼ �� � ��� and likewise for �p�. The energy

density and pressure of the scalar field is defined as
�� ¼ T0

� 0 and p� ¼ 1
3T

i
� i respectively.

Contracting Eq. (32) with a ~v�Jd
3r ¼ a4 ~v�Jd

3x and
integrating up we find

_T þHð2T þ �TÞ ¼ �
Z

~rrð�N þ logAÞ�J ~vd
3r; (35)

where

T ¼
Z

d3r
1

2
v2�J; (36)

�T ¼
Z

d3r
1

2
v2�J

�
@ logA

@ log a

�
: (37)

Using the continuity equation, Eq. (30), we can remove the
velocity term in Eq. (35) by integration by parts to findZ

~rrð�N þ logAÞ ~v�Jd
3r ¼ (38)

þ
Z

�N

�
@

@t
ð�Stotd3rÞ

�
(39)

�
Z

�N

�
@

@t
ð�S�d3rÞ

�
(40)

þ
Z

logA

�
@

@t
ð��Jd

3rÞ
�

(41)
1For an infinite volume this is to be understood as a limiting

procedure.
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�
Z

d3rð�N þ logAÞ�Stot @ logA@t
(42)

þ
Z

d3rð�N þ logAÞ�S� @ logA

@t
(43)

�
Z

d3rð�N þ logAÞ ��J

@

@t
log

A
�A

(44)

�
Z

d3rð�N þ logAÞð ~rr logAÞ�J ~v: (45)

We will now go through the different terms one by one.
The first term, Eq. (39), can be integrated by parts with

the result Z
�N

�
@

@t
ð�Stotd3rÞ

�
¼ _UN þHUN; (46)

UN ¼
Z �N

2
�Stotd

3r ¼ � 1

8�G

Z
d3rð ~rr�NÞ2: (47)

This last form ofUN follows from the Poisson equation and
integration by parts and is identical to that of standard
gravity except here the Newtonian potential is also sourced
by the scalar field.

The term Eq. (40) is of order _US� , where

US� ¼
Z �N

2
�S�d

3r: (48)

This term cannot be written on a form that does not include
time derivatives of the Newtonian potential.2 We will
therefore assume jUS� j � jUNj so that we can neglect

this term and the term in Eq. (43). For known modified
gravity theories this assumption is usually satisfied (see
e.g. [30]).

The term Eq. (42) becomes�Hð2�UN þ �UlogAÞwhere

�UN ¼
Z

d3r
�N

2
�Stot

@ logA

@ loga
; (49)

�UlogA ¼
Z

d3r logA�Stot
@ logA

@ log a
: (50)

In the following all terms �Ux will mean Ux with the

inclusion of a factor @ logA
@ log a in the integrand. We have, for

example,

UN þ �UN ¼
Z

d3r
�N

2
�Stot

�
1þ @ logA

@ log a

�
(51)

and similar for all other terms Ux so that all the terms �Ux

can be neglected when j @ logA@ log a j � 1.

The term Eq. (44) can be neglected as it is a factor
j�N þ logAj � 1 smaller than a term coming from
Eq. (42) as we will show below.
The term Eq. (45) can also be neglected for most models

of interest. To see this, take the ‘‘worst-case’’ scenario of a
scalar fifth force which is proportional to gravity every-
where with some constant strength �. For this case this
term is of order

2�2ð1þ 2�2Þ @
@t

Z
d3r

�2
N

2
�Stot (52)

and the integrand is a factor 2�2ð1þ 2�2Þ�N � 1 smaller
than the integrand ofUN for the interesting case� & Oð1Þ.
The only term left to evaluate is Eq. (41). The equation

needed to rewrite this term can be found by either using the
field equation or more directly by using the conservation
equation for the energy-momentum tensor of the scalar
field Eq. (3). For the first approach we start with the field
equation

L� � 1

a3
@

@t
ða3fX _�Þ � ~rr � ðfX ~rr�Þ � f;� þ logA;��J

¼ 0: (53)

At the background level this equation simplifies to

L �� � 1

a3
@

@t
ða3f �X

_��Þ � f; �� þ logA; �� ��J ¼ 0: (54)

The two equations above (trivially) imply

Z
d3rðL�

_��L ��
_��Þ ¼ 0 (55)

which can be written out and integrated by parts to get it on
a convenient form. This procedure applies for any scalar
field theory.
The second approach is to start directly from the con-

servation equation for the scalar field Eq. (6) and integrate
it over space to get

@

@t

Z
d3rðT� 0

0 � �T� 0
0Þ þH

Z
d3rðT� i

i � �T� i
iÞ

¼
Z

d3r

�
Að�ÞTm

@ logA

@t
� Að ��Þ �Tm

@ log �A

@t

�
; (56)

where an overbar as usual denotes a background quantity.
This expression is valid for any scalar-field theory in which
f ¼ fð�; @�; @@�; . . .Þ and not just for our particular
f ¼ fðX;�Þ. However, if we have a theory where the
coupling to the matter sector is not conformal, then the
right-hand side of this equation needs to be modified.
When we specialize to theories given by the action

Eq. (1) we find

2This is crucial when we later will implement these equations
in an N-body code as time derivatives of the gravitational
potential is in most codes not known.
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ð _Ur� �HUr�Þ þ ð _U _� þ 3HU _�Þ þ ð _Uf � 3HUfÞ
þ ð _UA �H�UAÞ þ _UlogA

¼
Z

logA
@

@t
ð��Jd

3rÞ; (57)

where

Ur� ¼
Z

d3rfX
1

2
ðrr�Þ2; (58)

U _� ¼
Z

d3rfX
1

2
ð _�2 � _��

2Þ; (59)

Uf ¼
Z

d3rðgðX;�Þ � gð �X; ��ÞÞ; (60)

UA ¼
Z

d3rðlogAð�Þ � logAð ��ÞÞ ��J; (61)

�UA ¼
Z

d3rðlogAð�Þ � logAð ��ÞÞ ��J

�
@ log �A

@ log a

�
: (62)

The g function is defined as gðX;�Þ �
fXðX;�ÞX � fðX;�Þ and

UlogA ¼
Z

d3r logA�Stot

¼ � 1

4�G

Z
d3rð ~rr�NÞ � ð ~rr logAÞ: (63)

We can now combine all the results above to get the
modified Layzer-Irvine equation

@

@t
ðT þUN þUlogA þUA þUr� þUf þU _�Þ
þHð2T þUN �Ur� � 3Uf þ 3U _�Þ
þHð�T � 2�UN � �UlogA � �UAÞ ¼ 0: (64)

The derivation above assumed a finite volume or a box with
periodic boundary conditions. If the volume is infinite we
reformulate the equation in terms of

Wi ¼ Ui

V
; (65)

where V ¼ R
d3r ¼ a3

R
d3x. The final equation is then

to be read as first integrating over a finite volume V and
then taking the limit limV!1Wi. This procedure leaves the
equation invariant.

To understand the final equation better we can rewrite it
slightly. We start with the space averaged energy density
and pressure of the scalar field (the space integral of the T0

0

and Ti
i components)

	� ¼ U _� þUr� þUf

V
; (66)

3p� ¼ 3U _� �Ur� � 3Uf

V
: (67)

We now associate, as we did for standard gravity,

	m ¼ T þUN

V
; (68)

3pm ¼ 2T þUN

V
(69)

with the internal energy and the cosmic pressure for the

matter (due to gravity) and 	�m ¼ UlogA

V
with the potential

energy associated with the matter-scalar interaction.
Inserting all this in the modified Layzer-Irvine equation,

neglecting the (typically) small terms �Ux, we can write it
on the form

@

@t
ð	�þ	mþ	m�Þþ 3Hð	�þ	mþ	m�þp�þpmÞ ’ 0

(70)

which is a continuity equation. The total energy density is
seen to be just the sum of the expected matter, scalar and
interaction energy density and the pressure likewise.
There is one last, but very handy, relation we can derive

in the case where the time derivatives of the scalar field can
be neglected in the Klein-Gordon equation. Starting from
Ur� and using integration by parts we find

Ur� ¼ � 1

2

Z
d3r�rðfXr�Þ

¼ � 1

2

Z
d3r�

�
f; �� � f;� þ �ð�Þ�m

MPl

� �ð ��Þ ��m

MPl

�
:

(71)

Now if � is a constant then this equation simplifies to

Ur� þ 1

2
UlogA ¼ � 1

2

Z
d3r�ðf; �� � f;�Þ (72)

which can be used separately from the Layzer-Irvine
equation as a consistency relation or together with the
Layzer-Irvine equation itself to remove e.g. the term Ur�.

The advantage of using Eq. (71) [or Eq. (72)] is that it
does not depend on time derivatives and can be used for an
arbitrary static configuration. This equation can serve as a
novel test of the scalar field solver in an N-body code. The
advantage of this test over current static tests is that it
allows us to test the code using a realistic density distribu-
tion, i.e. one similar to that encountered in numerical
simulations. One can also use this relation at each time
step when performing numerical simulations as an accu-
racy check.

V. SPECIFIC MODELS

In this section we go through specific models and
conditions where additional approximations and simplifi-
cations can be made. The simplifications we make are
those that apply for N-body simulations and are not always
applicable in general. We start by checking that the
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equation we have derived gives predictions that agree with
our expectations.

A. Enhanced gravity

Let us, as a consistency check, start with the case where
we have a fifth force that has an infinite Compton wave-
length and a constant coupling �. This is achieved by

taking fðX;�Þ ¼ X and Að�Þ ¼ e
��
MPl . This case corre-

sponds to standard gravity, but where Newton’s constant
G is larger by a factor 1þ 2�2. Under the assumption
that we can neglect time derivatives in the Klein-Gordon
equation for the scalar field we find

logA ¼ ��

MPl

¼ 2�2�N (73)

giving

UlogA ¼ 4�2UN; Ur� ¼ �2�2UN: (74)

Since ��
MPl

¼ 2�2�N � 1 we can safely put A ¼ 1. This

means we can also takeUA ¼ 0 andU _� is negligible as this

is second order in the time derivative of the gravitational
potential. The term Uf � 0 as g� �g � 0 and this also

holds if we add a constant potential (a cosmological con-
stant) to the scalar field. This leaves us with the equation

@

@t
ðT þUtotÞ þHð2T þUtotÞ ¼ 0; (75)

where Utot ¼ UNð1þ 2�2Þ. This is the correct result as
can be seen by making the substitutionG ! Gð1þ 2�2Þ in
the original Layzer-Irvine equation, Eq. (26).

B. Yukawa interaction

The next simplest case is a massive scalar field coupled
to matter. This case leads to a total gravitational force
between two point masses of the Yukawa type,

~F ¼ �GM1M2

r2
ð1þ 2�2ð1þmrÞe�mrÞ ~r

r
; (76)

where 2�2 is the strength and m�1 is the range of the
matter-scalar interaction.

This scenario is achieved by taking fðX;�Þ ¼
X � Vð�Þ, where Vð�Þ ¼ 1

2m
2�2 and Að�Þ ¼ e

��
MPl .

As for the case above we can neglect UA and U _�, but

now the term Uf is nonzero,

Uf ¼
Z

d3r
1

2
m2ð�2 � ��2Þ; (77)

and represents the potential energy of the scalar field itself.
From Eq. (72) we get the very simple relation

Ur� þ 1

2
UlogA þUf ¼ 0 (78)

which gives the Layzer-Irvine equation

@

@t
ðT þUtotÞ þ 2Hð2T þUtot � 2UfÞ ¼ 0; (79)

whereUtot ¼ UN þ 1
2UlogA. We can now check that we get

the correct value for Utot.
If we assume the time derivatives can be neglected then

we can Fourier transform the Klein-Gordon equation with
the result

F ð�Þ ¼ �F ð��mÞ
MPl

k2

k2 þm2
: (80)

Taking the inverse Fourier transform and using the con-
volution theorem together with F�1ð 4�

m2þk2
Þ ¼ 1

r e
�mr we

can write down an explicit solution for the scalar field:

��

MPl

¼ �2�2G
Z ��ðr1Þd3r1

j~r� ~r1j e�mj ~r� ~r1j: (81)

From this it follows that

Utot ¼ UN þ 1

2
UlogA

¼ �G

2

ZZ ��ðr1; tÞ��ðr2; tÞd3r1d3r2
j ~r1 � ~r2j

� ð1þ 2�2e�mj ~r1� ~r2jÞ (82)

which is the correct potential energy for a Yukawa inter-
action combined with gravity. In the limit m ! 0 we
recover the case discussed above. Our result, Eq. (79),
agrees with that of [43] with the exception of the term
Uf which was not taken into account in their phenomeno-

logical approach.

C. Nonclustering scalar field

In theories where the scalar field does not cluster

significantly the factor @ logA
@ log a can be taken to be equal to

the background value giving �Ux ¼ @ log �A
@ log a Ux.

For quintessence models f ¼ X � V and the coupling to
matter is zero (� � 0) giving the same equation as for
standard gravity. The modifications from standard gravity
are only implicit in the evolution of HðtÞ. This is also
expected as the quintessence field only affects the back-
ground cosmology.
Coupled quintessence [7] is a class of models where

dark matter and dark energy (given by the scalar field �)
have interactions. General models in this class have a time-
varying coupling �ð�Þ ’ �ð ��Þ � �ðaÞ. The interaction
range in these models, when explaining dark energy, is of
the order of the Hubble radius giving logA ’ 2�2ðaÞ�N

and the Layzer-Irvine equation simplifies greatly to

@

@t
ðT þUtotÞ þHð2T þUtotÞ þ �ðaÞ

MPl

_��ðT � 2UtotÞ ¼ 0;

(83)
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where Utot ¼ ð1þ 2�2ðaÞÞUN is the total potential energy.
This equation agrees3 with the result found in [41,42].

D. Chameleon-like theories

Chameleon-like modified gravity theories refer to mod-
els given by the action Eq. (1) with f ¼ X � Vð�Þ, where
the effective potential Veff � Vð�Þ þ Að�Þ�m has a mini-
mum �min ð�mÞ and where the mass m2ð�Þ ¼ Veff;�� at

this minimum is an increasing function of �m. Examples of
such a model are the fðRÞ=chameleon [12], symmetron
[16], and environmental dependent dilaton [18]. In these

models local gravity constraints forces @ logA
@ log a � 1 [19] and

all the terms �Ux can be neglected. This also generally

implies that j _�j � j ~r�j implying U _� � Ur�, an

approximation often refereed to as the quasistatic approxi-
mation [30] and is the reason why N-body simulation
of these theories can neglect the time derivatives in the
Klein-Gordon equation,4 This leaves us with the simplified
equation

@

@t
ðT þUN þUlogA þUr� þUf þUAÞ
þHð2T þUN �Ur� � 3UfÞ ¼ 0: (84)

VI. IMPLEMENTATION IN N-BODY CODES

In this section we discuss how to numerically implement
the modified Layzer-Irvine equation in an N-body code
and how we can monitor the level of which it is satisfied.

For standard gravity the kinetic energy of the dark
matter particles is given by

T ¼
Z

d3r
1

2
v2�m ¼ XNpart

i¼1

1

2
miv

2
i ; (85)

where mi is the mass of each N-body particle with

mi ¼ �m0B
3
0

Npart
when all particles have the same mass. B0

denotes the box size at a ¼ 1 and Npart the number of

particles in the simulation.
Using the Poisson equation and integration by parts, the

gravitational potential energy can be written

UN ¼
Z

d3r
1

2
�N��m ¼ 1

4�G

Z
d3r

1

2
�Nr2

r�N (86)

¼ � 1

8�G

Z
d3rð ~rr�NÞ2: (87)

In an N-body code we can approximate this potential (here
for a grid based code) by

UN ’ � 1

8�G

XNcell

i¼0

dr3cell ið ~FNÞ2i ; (88)

where the sum is over all the cells of the grid structure,

ð ~FNÞi ¼ �ð ~rr�NÞi is the force field, and dr3cell i is the

volume of grid cell i. Note that the gradient and the volume
element are in terms of the physical variable: rr ¼ 1

arx

and d3r ¼ a3dx3.
In modified gravity, the kinetic energy is modified com-

pared to standard gravity as the mass of the particles is now
� dependent,

T ¼ XNpart

i¼1

1

2
mið�Þv2

i ; (89)

where mið�Þ ¼ Að�Þmi with
P

imi ¼ �m0B
3
0. As for stan-

dard gravity we have

UN ’ � 1

8�G

XNcell

i¼0

dx3cell ið ~FNÞ2i : (90)

The fifth-force potential can be rewritten using the Poisson
equation and integration by parts to give

UlogA ¼ � 1

8�G

Z
d3r2ð ~rr�NÞ � ð ~rr logAÞ (91)

which can be evaluated as

UlogA ’ � 1

8�G

XNcell

i¼0

dx3cell i2ð ~FNÞi � ð ~F�Þi; (92)

where ð ~FNÞi ¼ �ð�ð�Þ
MPl

~rr�Þi is the fifth force in grid cell i.
The other potentials are trivial to calculate, for example

UA ’ XNcell

i¼0

dx3cell iðAð�iÞ � Að ��ÞÞ: (93)

There is also a further simplification for theories with

constant coupling � (i.e. logA � ��
MPl

) where we can write

the term Ur� as

Ur� ’ þ ð2�2Þ�1

8�G

XNcell

i¼0

dx3cell ið ~F�Þ2i : (94)

When implementing the Layzer-Irvine equation in an
N-body code it is convenient to work with the normalized
potentials

Ei � a2Ui

ðH0B0Þ2�m0B
3
0

: (95)

In this form the potentials are dimensionless and also the
kinetic friction term 2HT is removed from the equation.
This is also the definition used in RAMSES [45], for which

3In the notation of [41] we have 
1 ¼ 1
3
�ðaÞ
MPl

d�ðaÞ
d loga and 
2 ¼ 0

for the model considered here. Inserting this in their Eq. (17)

gives our Eq. (83). Likewise, by comparing our notation with

that of [42] we find �
 ¼ �ðaÞ
MPl

d�ðaÞ
d log a which in their Eq. (5) gives

our Eq. (83).
4Recently, a new code came out where the full Klein-Gordon

equation is solved for the first time in an N-body code [25].
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theN-body code ISIS [21] we have used to implement these
equations, is based on.

To define the deviation from the modified Layzer-Irvine
equation we first start by writing it asX

i

�
�i

@

@t
þ �iH

�
Ei ¼ 0; (96)

where �i and �i are constants or functions of the back-
ground cosmology only. In order to evaluate this equation
numerically, it is more convenient to rephrase it as the
integral equationX

i

�iðEiðajÞ � Eiða0ÞÞ þ
Z aj

a0

X
i

ð�iEiÞdaa ¼ 0: (97)

We denote the left-hand side of the equation above as 
j.

To have something to compare 
j against we define

�j �
X
i

j�ijðjEiðajÞj � jEiða0ÞjÞ þ
��������
Z aj

a0

X
i

ð�iEiÞ daa
��������:

(98)

We can now define the error, or deviation, from the
Layzer-Irvine equation at time step j by

	ðajÞ �

j

�j

: (99)

The function 	ðaÞ will be referred to as the Layzer-Irvine
constant.

It only remains to define how we calculate the integral in
Eq. (97). In an N-body code we only have the potentials
EiðajÞ at each discrete time step j and must therefore use

some approximation for the integral. We start by writing
the integral in Eq. (97) as

Ij ¼
Z aj

a0

X
i

ð�iEiÞ daa ¼ Xj
k¼1

Z ak

ak�1

X
i

ð�iEiÞ daa ; (100)

so that Ij ¼ Ij�1 þ �Ij, where

�Ij ¼
Z aj

aj�1

X
i

ð�iEiÞdaa : (101)

This integral is approximated by the mean value of the
discrete integrand and an exact integration of

R
da=a

giving

�Ij ’
½Pið�iEiÞ�a¼aj�1

þ ½Pið�iEiÞ�a¼aj

2
log

 
aj
aj�1

!
:

(102)

VII. TESTS ON N-BODY SIMULATIONS

We have run N-body simulations of modified gravity
models to see whether the Layzer-Irvine equation devel-
oped here is satisfied and also to see what level of violation
we would get if a mistake is made in the numerical

implementation. Before we ran the simulations we tested
our N-body scalar field solver against static density con-
figurations where analytical solutions were known, and
found a good agreement. We will therefore assume that
the implementation of the (static) Klein-Gordon equation
is correct and the tests we perform will tell us if the code is
able to accurately solve for the time integration of these
models.
The N-body simulations performed in this paper are

done with the ISIS code [21] which is based on the publicly
available code RAMSES [45].

A. Enhanced gravity and the Yukawa interaction

We have implemented the Yukawa interaction model
described in Sec. VB in the N-body code ISIS [21]. We
ran simulations in a box of size B0 ¼ 200 Mpc=h with
N ¼ 1283 particles and a standard WMAP7 cosmology
starting from z ¼ 20. The model parameters used in
this test are m�1 ¼ f1; 5;1g Mpc=h together with
2�2 ¼ f0:01; 0:1; 0:5g. The m�1 ¼ 1 run is equivalent to
standard gravity with an enhanced gravitational constant
G ! Gð1þ 2�2Þ and serves as a benchmark for the modi-
fied gravity models we will look at below.
In Fig. 1 we show the Layzer-Irvine constant 	 for the

enhanced gravity model (m�1 ¼ 1) with 1þ 2�2 ¼ 1:5,
1þ 2�2 ¼ 1:1, 1þ 2�2 ¼ 1:01, and standard gravity
� ¼ 0. All the simulations use the same initial conditions
and the same background cosmology. We find that
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Layzer-Irvine constant for enhanced gravity

1+2β2=1.00
1+2β2=1.01
1+2β2=1.10
1+2β2=1.50

FIG. 1 (color online). The Layzer-Irvine constant as a function
of scale factor for the enhanced gravity model (solid lines)
Geff ¼ Gð1þ 2�2Þ. The dotted lines show the corresponding
Layzer-Irvine constant calculated using the pure GR equation,
Eq. (26), i.e. when not taking the potential energies of the scalar
field (Ur� and UlogA) into account.
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	 & 0:01 during the whole evolution for all runs
which is also what we get for the standard gravity simula-
tion. This test tells us that even when gravity is enhanced
the code is still able to accurately solve the N-body
equations.

The dotted line in Fig. 1 shows the Layzer-Irvine con-
stant calculated using the Layzer-Irvine equation for stan-
dard gravity Eq. (26). This result is equivalent to what we
would get if we made a mistake in the numerical imple-
mentation consisting of taking the prefactor in the geodesic
equation to be a factor 1þ 2�2 larger than the correct
value. The huge deviation we see, even for 1þ 2�2 ¼
1:1, demonstrates the usefulness of the Layzer-Irvine equa-
tion: a small mistake in the numerical implementation of
the geodesic equation will show up as a clear violation in
the Layzer-Irvine constant.

In Fig. 2 we show the Layzer-Irvine constant for
the Yukawa model with 2�2 ¼ 0:1 and m�1 ¼
f1; 5;1g Mpc=h together with an enhanced gravity simu-
lation with the same strength. The Layzer-Irvine constant
is just as well satisfied for the Yukawa simulations as for
the pure gravity simulation.

For the Yukawa interaction we also test the relation
Eq. (72). This relation does not involve time evolution so
the results in one time step is independent of the previous
time steps and this allow us to use it to test the code for
a realistic5 static configuration where no analytical solu-
tions can be found. The results are shown in Fig. 3. The

deviation from this relation (measured against the sum of
the absolute values of the three terms) for the most extreme
model is found to be less than 0.2% during the whole
evolution.
In all cases we see that the Layzer-Irvine constant for the

Yukawa interaction is small and the deviation we find is
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Layzer-Irvine constant for the Yukawa interaction
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FIG. 2 (color online). The Layzer-Irvine constant as a function of scale factor for the Yukawa interaction model (solid lines) with
coupling strength 2�2 ¼ 0:1 (left) and 2�2 ¼ 0:5 (right). The dotted lines show the corresponding Layzer-Irvine constant calculated
using the pure GR equation, Eq. (26).
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FIG. 3 (color online). Test of the relation Ur� þ 1
2UlogA þ

Uf � 0 for the Yukawa interaction model. The error is defined

as ðUr� þ 1
2UlogA þUfÞ=ðjUr�j þ 1

2 jUlogAj þ jUfjÞ.
5With realistic we mean a density distribution similar to what

we encounter when performing numerical simulations.
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roughly the same as for the enhanced gravity simulation
with the same �.

We note that the (small) violation of the Layzer-Irvine
equation is closely related to the creation of new refine-
ments in the code. The relative fraction of new refinements
being created in the simulations peaks during the period
0:2 & a & 0:5 which agrees with the time when we see the
largest deviation. This happens because when new refine-
ments are created we automatically increase the accuracy
in the calculation of the potentials while leaving the kinetic
energy (which comes from the particles) untouched. We
also note that the evolution of the Layzer-Irvine constant
for any model, standard gravity included, depends sensi-
tively on the refinement criterion, the number of particles,
and the time-stepping criterion used in the simulation.
A complete study of all these effects is beyond the scope
of this paper.

B. fðRÞ gravity
fðRÞ gravity can be written as a scalar tensor theory

where Að�Þ ¼ e
��
MPl with � ¼ 1=

ffiffiffi
6

p � 0:408 and for some
model specific potential Vð�Þ [46].

The particular Hu-Sawicky fðRÞ model [47] has been
implemented in ISIS. The implementation has been prop-
erly tested against analytical (static) configurations and
against results from the literature. The code was found to
work accurately.

For the simulations performed in [21] we have calcu-
lated the Layzer-Irvine constant using Eq. (84) which is
consistent with the approximations used in the simulation.
These simulations all have N ¼ 5123 particles in a box of

size B0 ¼ 256 Mpc=h using a standard WMAP7 cosmol-
ogy. See [21] for more details.
In Fig. 4 we show the Layzer-Irvine constant for

the three simulations with the model parameter jfR0j ¼
f10�4; 10�5; 10�6g compared to a�CDM simulation using
the same initial conditions. For a more complete descrip-
tion of the Hu-Sawicky model, see for example [27,47].
We find that the Layzer-Irvine constant has a

maximum deviation of �2% which is comparable with
the evolution of the Yukawa interaction with � ¼ 0:5
presented above.

VIII. CONCLUSIONS

We have derived the Layzer-Irvine equation, describing
quasi-Newtonian energy conservation for a collisionless
fluid in an expanding background, for a large class of
scalar-tensor modified gravity theories. The equations
derived have been tested in N-body simulations of modi-
fied gravity theories.
Monitoring the Layzer-Irvine equation is one of the few

tests that directly probes the time evolution of a simulation.
We demonstrated that a mistake made in the implemen-

tation of a modified gravity theory, consisting of a wrong
prefactor in the geodesic equation off by no more than a
few percent from the correct one, will lead to a huge
violation of the Layzer-Irvine equation. Such a mistake
will also give effects on the matter power spectrum, but
these can be degenerate with cosmic variance.
As a test, the Layzer-Irvine equation can be used in

several different ways. When implementing new models
in an N-body code, one often makes several approxima-
tions to simplify the equations of motion. One way to apply
it is to take the actual equation we put into the code, derive
the corresponding Layzer-Irvine equation, and run the
simulation. The results from this equation will tell us
how good the code solves the equations we actually try
to solve, i.e. how good is the accuracy and the methods
used. Secondly, we can take the full Layzer-Irvine equation
and test it. The results from this equation can tell us some-
thing about how good the approximations we have used
are. Lastly, we have shown how the relation Eq. (71) can be
used as a new static test which can be applied to any
density distribution where no analytic or semianalytic
solution of the Klein-Gordon can be found.
There are scalar-tensor theories that are not covered by

our analysis, like for example the Galileon; however, the
same methods we used here can easily be applied to any
scalar field theory of interest.
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FIG. 4 (color online). The Layzer-Irvine constant as function
of scale factor for the fðRÞ simulations in [21].
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