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We construct a fully covariant theory of massive gravity which does not require the introduction of an
external reference metric, and overcomes the usual problems of massive gravity theories (fatal ghosts
instabilities, acausality and/or van Dam-Veltman-Zakharov discontinuity). The equations of motion of the
theory are nonlocal but respect causality. The starting point is the quadratic action proposed in the context
of the degravitation idea. We show that it is possible to extend it to a fully nonlinear covariant theory. This
theory describes the 5 degrees of freedom of a massive graviton plus a scalar ghost. However, contrary to
generic nonlinear extensions of Fierz-Pauli massive gravity, the ghost has the same mass m as the massive
graviton, independently of the background, and smoothly goes into a nonradiative degree of freedom for
m — 0. As a consequence, for m ~ H,, the vacuum instability induced by the ghost is irrelevant even over
cosmological time scales. We finally show that an extension of the model degravitates a vacuum energy
density of order Mﬁl down to a value of order Mlz,lmz, which for m = O(H,) is of order of the observed

value of the vacuum energy density.
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I. INTRODUCTION AND SUMMARY

The search for a viable theory of massive gravity provides
a longstanding challenge to theoretical physics and has a
long history [1,2]. Recent years have witnessed an explosion
of activity on the subject, and more generally on infrared
modifications of general relativity (GR), motivated both by
the intrinsic field-theoretical interest of the problem and by
its potential relevance for understanding the origin of dark
energy. This has led to beautiful theoretical ideas such as the
Dvali-Gabadadze-Porrati (DGP) model [3], degravitation of
vacuum energy [4-8], effective field theories for massive
gravity based on the Stiickelberg mechanism [9], Galileon
theories [10], and to the construction of a ghost-free theory
of massive gravity, the de Rham-Gabadadze-Tolley (ARGT)
theory [11,12] (see also [13-22] and Ref. [23] for a review).
Cosmological consequences of these ideas have been exten-
sively explored. A self-accelerated solution was first found
in the context of DGP [24,25] but is unfortunately plagued
by a ghost instability [26-30]. Self-accelerated solutions,
with the Hubble parameter determined by the graviton mass,
have also been found in dRGT theory [31-38].

Despite these remarkable advances, some crucial prob-
lems remain open. In dRGT, even if the sixth ghostlike
degree of freedom is absent in any background, the fluc-
tuations of the remaining 5 degrees of freedom can become
ghostlike over nontrivial backgrounds. In particular, the
self-accelerating solutions of dRGT theory generically
have scalar or vector instabilities [39-41]. Another impor-
tant open problem is posed by the existence of superlumi-
nal modes over some backgrounds [42—49], which also
appears in Galileon theories [50]. As discussed in [51] in
the case of Galileon theories, this however does not
necessarily imply the loss of causality, since in the attempt
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of constructing closed timelike curves one is forced to
leave the domain of validity of the effective field theory.

At a different (and possibly more subjective) level, the
need for an external reference metric in dRGT theory is
disturbing. This can be seen particularly clearly in the
unitary gauge, where the Stiickelberg fields ¢“ are set to
zero. In this gauge the theory is constructed in terms of a
field h,, = g,, — 8§uv» Where g, is a fiducial reference
metric given by a classical solution of Einstein gravity. In
practice, this means that we have a different Lagrangian for
the massive theory for any classical solution of the mass-
less theory, a situation that can hardly be accepted as
fundamental. Bimetric versions of ghost-free massive
gravity [52-56] address this concern by assigning a dy-
namics to the reference metric, but this seems to spoil, or at
least significantly complicate, the simple and beautiful
geometric interpretation of GR.

In this paper we approach the problem of constructing a
consistent theory of massive gravity from a different point
of view, developing a nonlocal formulation of the theory.
One might fear that nonlocality brings in new conceptual
complications. However, while it is true that nonlocality
can bring in technical complications (e.g., integro-
differential equations of motion), conceptual issues that
are sometimes raised in this context are actually rather due
to some common misconceptions about nonlocal theories.
For instance, one should not mix up nonlocality with lack
of causality. If in an equation of motion there is a term
proportional to the inverse of the d’Alembertian operator
0!, this does not mean that the theory is acausal, as long
as (07! is defined in terms of the retarded Green’s function.
Another common misconception is that nonlocal theories
necessarily hide extra ghostlike degrees of freedom, much
as higher-derivative theories. If the equations of motion
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involve a function f([J) and we expand this function and
truncate the expansion to a finite order N, we indeed have a
higher-derivative theory with time derivatives up to order
2N. This requires 2N data as initial conditions and there-
fore describes N degrees of freedom. The Ostrogradski
theorem ensures that at least one of these extra degrees
of freedom is a ghost. However, as discussed in [57] (see
also [58-60]), in general the solutions of the truncated
theory are spurious and do not converge to solutions of
the full nonlocal theory as the order of the expansion
N — oo. In particular, when f(CJ) is nonanalytic, e.g.,
f(O) = 1/(0 — m?), most of the solutions of the truncated
theory have large frequencies, which lie outside the
convergence radius of the derivative expansion, and for
N — oo they do not converge to solutions of the full theory.
Nonlocal theories with nonanalytic functions f(z) emerge
for instance from the integration of degrees of freedom in a
perfectly healthy theory, so in this case it is clear that they
have no pathology. As a trivial example, one can consider
the nonlocal Lagrangian [57]

L[]—1'2—122+122< (1)2 ) (11)
D=4 @4 T8N\ prge v 2)

An expansion of the nonlocal factor in powers of d?/dt?,

followed by truncation to a finite order N, leads to a theory

that requires 2N initial data and so describes N degrees

of freedom, out of which at least one is an Ostrogradski

ghost. However, the Lagrangian L[g] can be obtained by

integrating out the x variable from the Lagrangian
1 1 15,

1
L'g,x]= qu ——w?@* + =it — -~ wx? — gw’xq,

> > > (1.2)

which describes two coupled harmonic oscillators, and
obviously has no pathologies. Similar examples also com-
monly occur in quantum field theory. For instance, even if
the running of coupling constants is more frequently for-
mulated in momentum space, there is also an alternative
formulation, developed in gauge theories and in quantum
gravity in the pioneering works [61,62] (see also [63-68]),
which uses nonlocal effective actions in coordinate space.
In this formalism the one-loop effective action obtained in
QED by integrating out the fermionic fields can be written
in the form

1 1 -
=~ [l pom(—5) [
Seff 4/ XE oy g(z) BO n /.L2 ( 3)

where 3 is the one-loop B-function and w an appropri-
ately chosen mass scale.! Nonlocal expressions can
also emerge from the reduction to four dimensions of

"The operator In(—[J/u?) can be defined via a momentum
space convolution or, equivalently, from

-0 o0 1 1
n(—3) = [Tand ]
7 0 m-+ u m=— [
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higher-dimensional theories, as in DGP, where the reduc-
tion to four dimensions gives an action involving +/—[]
[3,23]. Thus, nonlocal theories do not necessarily have
pathologies, and nonlocal modifications of gravity have
been discussed in a number of different contexts, in the
attempt to construct both IR [6-8] and UV modifications
[69-72]. Nonlocal operators also naturally enter in the
description of fields with spin s > 2 [73].

We will see in this paper that the use of a nonlocal
formulation can be very useful in massive gauge theories
and in massive gravity. Indeed, at the level of linearized
theories there is a sort of duality between gauge invariance
and locality, which can both be made manifest in the
formalism, but in a mutually exclusive manner. The sim-
plest example is given by massive electrodynamics,
governed by the Proca Lagrangian,

1

1
L= = Fu P = Em%/AMA”. (1.4)

nv
As we will recall in Sec. II (following Refs. [7,8]), this
theory is actually equivalent to a theory with Lagrangian

1 2
P P

o (1.5)

The formulation (1.4) is explicitly local but not gauge
invariant. In contrast, the Lagrangian (1.5) is explicitly
gauge invariant, even in the massive case, at the price of
manifest locality. Observe that the equation of motion
derived from Eq. (1.5) can be written as

m
O - m%)A” = (1 - EV)BVGMA“. (1.6)
The nonlocal term in this equation can be eliminated by
fixing the gauge 9,A* = 0, thereby recovering the equa-
tions of motion derived directly from (1.4). Thus the theory
described by (1.4), which is not gauge invariant, can be
understood as the gauge fixing of a gauge-invariant but
nonmanifestly local theory. Fixing the gauge we lose
manifest gauge invariance, but at the same time we
eliminate the nonlocal terms.

The same strategy can be used for linearized massive
gravity. As we will see in Sec. III (see also [23]) the
Fierz-Pauli (FP) Lagrangian

1 m?

£FP = Eh'uyg’u’v'pohpa. - T(hl“}hluj - h2), (17)

(where E#%P7 is the Lichnerowicz operator) is equivalent
to a theory with

1 m?

L= Ehw(] - Il )5“ P hp(,
1

— 2m2N—8/L6,,(h’“’ — n*7h),

n (1.8)
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where N is an extra field that enters as a Lagrange multi-
plier. Since 9,0, (h*” — n*”h) is the linearization of the
Ricci scalar, and (1/2)h,,E*"P7h,, is the quadratic
Einstein-Hilbert action, the formulation (1.8) is manifestly
invariant under linearized diffeomorphisms even in the
massive case, but is nonlocal, and again the local formu-
lation (1.7) can be obtained by imposing a gauge fixing at
the level of the equations of motion. The theory governed
by the first term in Eq. (1.8),

2

1 m
£nonloc = Eh,uv(l - ﬁ)gﬂ’/’pa’hpm (1.9)

has been first proposed in the context of the degravitation
idea in [6,8]. In Ref. [8] it is argued that this theory only
describes 2 degrees of freedom, corresponding to the states
with helicities £2 of a massive graviton. A detailed analy-
sis, performed in Sec. IV, will show however that it actually
describes 6 radiative degrees of freedom, that make up the
five components of a massive spin-2 particle plus a scalar,
and the scalar is a ghost. Indeed, the constraint imposed by
N in Eq. (1.8) eliminates the ghost, leaving us with the 5
degrees of freedom of the massive graviton of the linear-
ized FP theory. Furthermore we will show that the scalar,
the helicity zero and the helicity =1 modes decouple
smoothly in the m — 0 limit, so this theory has no van
Dam-Veltman-Zakharov (vDVZ) discontinuity.

The advantage of this nonlocal reformulation of the
linearized theory will become apparent in Sec. V, where
we will look for a generally covariant generalization of the
equations of motion derived either from Eq. (1.8) or from
Eq. (1.9). As already observed in [74], the covariantization
of Eq. (1.8) cannot produce a viable theory, since the
constraint imposed by N is promoted to the fully covariant
constraint R = 0, which is not present in Einstein theory.
Therefore such a theory has a vDVZ discontinuity that
persists at the fully nonlinear level, and is ruled out. We
will then turn our attention to the covariantization of
Eq. (1.9), which in its simplest form is

Guv — mZ(DglG#V)T = 87GT,,, (1.10)
where we used the fact that any symmetric tensor S, (here
Sy = D;lGW, where [, is the d’ Alembertian in curved
space) can be decomposed as S, = S}, + (1/2)(V,S, +
V.,S,), where VAS,, =0 (see also [74] for a similar
approach, applied however to FP theory). The extraction
of the transverse part can in principle be performed with
nonlocal operators, which fits well with our general
approach. We will then turn to a discussion of the virtues,
as well as of the potential problem, of the classical theory
defined by Eq. (1.10).

The first virtue is that it provides a fully covariant theory
of massive gravity, without the need of introducing an
external reference metric. Once again, the advantage of
having full general covariance even in a massive theory
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comes at the price of nonlocality. A second important point
is that this theory has no vDVZ discontinuity, since the four
extra states (the two modes in the scalar sector and the
states with helicity *1) smoothly decouple in the m — 0
limit. Thus, the Vainshtein mechanism [75] is not needed
here. Another bonus is that this theory does not have the
acausality problem identified in [45], since the latter comes
from the same constraint that removes the Boulware-Deser
ghost. At the linearized level this is simply the constraint
imposed by N in Eq. (1.8), which is absent in Eq. (1.9).
However, these encouraging results seem to come at a
disastrous price, namely the existence of a sixth ghostlike
mode, which is already present in the linearized theory
(1.9). We will tackle the ghost issue in Sec. VI, where we
will see that this ghost is quite different from the Boulware-
Deser ghost that appears in generic nonlinear extensions of
FP theory. In our case the ghost has the same mass m as the
spin-2 graviton, so for m ~ H it is very light. At the same
time, in the limit m — O it decouples from the theory and
reduces to a nonradiative degree of freedom of GR. In
contrast, the Boulware-Deser ghost is not smoothly con-
nected, in the m — 0 limit, to a harmless nonradiative field,
and is not light in a generic background. Rather on the
contrary, one usually tries to get rid of it by tuning the
parameters of the theory so that its mass goes to infinity.
We will see that, as a consequence of the fact that the ghost
present in Eq. (1.9) decouples in the m — 0 limit, the decay
rate of the vacuum due to associated production of ghosts
plus positive-energy states is negligible, even over a cos-
mological time scale. Thus, despite the ghost, the classical
theory described by Eq. (1.10) can be perfectly acceptable.
In Sec. VII we will examine a variant of Eq. (1.10) of the
form

1

T
G,, — m2(ﬁGW) — 8GT,,,  (L11)
g M

with u = O(m?/Mp,) < m. This is basically the same as
Eqg. (1.10) on field configurations for which [1, > u?ie.,
for modes that change on a length scale (or on a time scale)
L such that L << u~!, but strongly deviates from it in the
far IR, when L = u~'. The introduction of u is particu-
larly interesting since, if we put on the right-hand side a
vacuum energy-momentum tensor 7T, = —pyuc&uvs
Eq. (1.11) admits a de Sitter solution G, = —Ag,, with

2

M
A =87G ——— Pvac- 1.12
T m2 + szvac ( )

Taking now u — 0 we see that A — 0. This can be seen as
an extreme form of degravitation, in which even in the
presence of an arbitrarily large vacuum energy, the effec-
tive cosmological constant A = O@(u?) — 0. More gener-
ally, for finite p the vacuum energy p.,. is degravitated so
that the quantity that actually contributes to the observed
acceleration of the Universe is
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2

!
5 Pvac:

—_— 1.13
s (1.13)

PA =

In order to reproduce the observed value p, = O(M3H3)
from a vacuum energy p,,. = O(Mp) we need u =
O(Hym/Mp)) In particular, for m = O(H,), the vacuum
energy that drives the observed acceleration of the
Universe is reproduced by a value

2
= @(m_)
7

which could be naturally generated by gravitational loop
corrections. We conclude in Sec. VIII, where we show that
this nonlocal theory of massive gravity, specialized to a
Friedmann-Robertson-Walker (FRW) background, pro-
vides a specific model of nonlocal cosmology. Nonlocal
cosmological models have been much studied recently. In
particular, in Ref. [76] a nonlocal Friedmann equation has
been proposed, obtained by adding to the Einstein-Hilbert
action an extra term of the form Rf(CJ~'R). Its theoretical
structure and cosmological consequences for different
choices of the function f(C17'R) have been discussed in
a number of papers; see e.g., [77-87]. In this approach
there is no basic principle that fixes the function f(C17'R),
which is therefore chosen on purely phenomenological
grounds, and can be reconstructed to fit any given expan-
sion history [88,89]. In our case, in contrast, the nonlocal
Friedmann equation follows from Eq. (1.11), and there is
no arbitrary function corresponding to f; the only free
parameter is the graviton mass (and w, which however
could in principle be determined in terms of m from the
loop corrections).

Some extra material is discussed in the appendices.
We use the signature 7, = (=, +, +, +) and units A =
c=1, and we define x = (327G)"/2. We use 0=
n*”d,0, to denote the flat-space d’ Alembertian, and [,
for the d’ Alembertian with respect to a metric g,,,,.

(1.14)

II. NONLOCAL FORMULATION OF
MASSIVE ELECTRODYNAMICS

Before moving to massive gravity, let us first discuss
how massive electrodynamics can be written in a gauge-
invariant but nonlocal form. This will be useful to pave the
way for the gravitational case, and also has an intrinsic
interest. Part of these results have already been presented in
[7,8] (see also [23] for review). We will however discuss in
more detail some technically subtle points involved in the
derivation. We start from the Proca action with an external
conserved current j*

1
S = [d“x[—ZFM,,FW

The equations of motion obtained from (2.1) are

1
— S mAALA" = AN ] @.1)
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a,FH" — m%A” = j". (2.2)
Acting with d, on both sides and using 9, j” = 0, Eq. (2.2)
gives

m2a,A” = 0. (2.3)

Thus, if m, # 0, we get the condition 9,A” = 0 dynami-
cally, as a consequence of the equation of motion, and
we have eliminated one degree of freedom. Making use
of Eq. (2.3), in the vacuum Eq. (2.2) becomes

(0 — m2)A* =0, (2.4)

Equations (2.3) and (2.4) together describe the 3 degrees of
freedom of a massive photon. In this formulation Lorentz
invariance and locality are manifest, while the U(1) gauge
invariance of the massless theory is lost, because of the
non-gauge-invariant term m%yA pA* in the Lagrangian.

A. Nonlocal equations of motion

An equivalent formulation of massive electrodynamics
that preserves both Lorentz and gauge invariance by giving
up manifest locality can be obtained as follows [7,8]. One
begins by performing the “Stiickelberg trick”, i.e., one
introduces a scalar field ¢ and replaces

1
A, —A, +—d,0
w “ m, w

(2.5)

in the Lagrangian. Under this replacement F,, is
unchanged, while the term A, j# only produces a boundary
term, since we are assuming that j# is conserved.
Therefore only the mass term changes, and the new
action is

1 1
S = ] d4x[— 3 FurF™ = S A A
1

- 58’“406“90 —m,A*9, ¢ — jMA”]. (2.6)

By construction A, and ¢ only appear in this Lagrangian
in the combination (A, + my'd, ¢) (apart from boundary
terms, that we will always assume to vanish, setting appro-
priate boundary conditions at infinity). Thus the theory is
trivially invariant under the local transformation

Ay—A,—3,0, e—o+mb (27

The equations of motion obtained by taking the variation of
the action (2.6) with respect to A, and ¢ are, respectively,

9, F* = m2AY + m,d' o + j7, (2.8)

Oe + myd,A* = 0. (2.9)

Of course these equations of motion are invariant under the
gauge symmetry (2.7) of the action. The Stiickelberg field
¢ can then be eliminated from the action by making use of
its own equation of motion, that can be written formally as

044033-4



NONLOCAL THEORY OF MASSIVE GRAVITY

o(x) = —mYD_l(HMA“), (2.10)
where, for any integrable function f(x),
O 1)) = f FRG ), @11

and G(x; x') is a Green’s function of the [ operator, which
for the moment we keep generic. Some basic facts about
the inversion of the d’Alembertian operator in flat and in
curved space are recalled in Appendix A. Substituting
Eq. (2.10) into Eq. (2.8) we get

m2
(O - m2)A” = (1 - E’)a”a#A“ + 5. (2.12)
Since Egs. (2.8) and (2.9) are invariant under the trans-
formation (2.7), the equation of motion (2.12), which
involves only A,, must be invariant under the gauge
transformation A, — A, —d,60. We can check this
immediately observing that, under A, — A, — 9,6, the
right-hand side of Eq. (2.12) changes by a factor

m2
—(1 - E’)ama =—(0O- m%,)&”ﬁ, (2.13)

which is local, and cancels the change of the left-hand side.
Alternatively, we can display the gauge invariance explic-
itly observing that Eq. (2.12) can be rewritten as [8,23]

m%’ v v
(1_5 BVF'“ =7].

B. Nonlocal action principle

(2.14)

We now wish to find an action whose variation gives
Eq. (2.14). It is natural to expect that this is obtained
performing the substitution (2.10) directly into action
(2.6), which gives

1 4 m%’ v .
S=- [d x[F,w<1 —E)F” —]MA“:I. (2.15)

In fact, the issue is more subtle. Writing Eq. (2.15) explic-
itly, we have

1
S = ]d‘*x[—ZFWFW - jMA“]
m2
+ Ty [d“xd“x’FW(x)G(x;x’)F’”(x’). (2.16)

Taking the functional derivatives with respect to A, and to
d,A, we see that the corresponding equation of motion is

[P =" [#iGte e + ool | = .
2.17)

Therefore, as observed also in [90], the variational princi-
ple automatically symmetrizes the Green’s function, so it
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gives back Eq. (2.14) only if G(x;x') = G(x';x), i.e., if
! is defined either using the symmetric combination
G, = (1/2)(G,e + Goqy), or the Feynman Green’s func-
tion G; see Appendix A. There are two possible solutions
to this problem:

(1) We indeed use G, (x;x’) [or Gp(x; x')] in Eq. (2.10)
and therefore in Eq. (2.14). In this case the nonlocal
action that provides the equations of motion is
indeed given by Eq. (2.15). At first sight, the fact
that one uses G (x; x') or Gp(x; x"), which are com-
binations of G, (x; x) and G, (x; x'), might seem
to pose problems of causality. However, we see from
Eq. (2.12) that the acausal behavior can be
eliminated choosing the gauge 9,A* = 0, and is
therefore a gauge artifact that does not affect
gauge-invariant observables. This point of view is
indeed tenable in a nonlocal formulation of massive
electrodynamics, but is potentially dangerous in a
nonlocal formulation of non-Abelian theories or in
the nonlocal formulation of fully nonlinear massive
gravity that we will study in Sec. V, since nonlinear
interactions could communicate the acausal
behavior to the physical sector.

(2) Alternatively, we can take the point of view that
the classical theory is defined by its equations of
motion, while the action is simply a convenient
“device” that, through a set of well-defined rules,
allows us to compactly summarize the equations of
motion. We can then take the point of view that the
action is given by Eq. (2.15) where (17! is defined
using the symmetric Green’s function G.. Then
the (J~! operator is self-adjoint and this allows us
to perform standard manipulations such as the
integration by parts; see Appendix A. The Euler-
Lagrange equations obtained from this action are
then given by Eq. (2.14), where again (07! = 07!
We then add the rule that the physical equations of
motion are obtained replacing now [1;! with the
inverse d’Alembertian computed with the Green’s
function of our choice, in particular with [},
which ensures causality. This is indeed the proce-
dure used in [76,91], in the context of nonlocal
gravity theories with a Lagrangian of the form
Rf(O'R).

A similar procedure can be used at the quantum level,
in the computation of in-in matrix elements
(in, vac| @|in, vac) of a quantum field &, for a Poincaré-
invariant in-vacuum state in the asymptotic past. In this
case one can first work in Euclidean space, computing
the Euclidean effective action in an asymptotically flat
space-time. In Euclidean space the Green’s function that
enters in the (17! operator is defined imposing vanishing
boundary conditions at infinity, and the (™! operator is
unambiguously defined. One can then prove that the non-
local effective equations for (in, vac|@|in, vac) can be
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obtained from the Euclidean equations of motion by an
analytic continuation, with the prescription that the
Euclidean (™' operator becomes the retarded inverse
d’ Alembertian [J;! in Lorentzian signature [62] (see also
the discussion in [66]).

An equivalent formulation of the latter procedure is
obtained as follows, adapting a construction developed in
[92] in the case of Rf(L1"'R) theories. We take the action
(2.15), with a generic O~ !, and rewrite it introducing a
Lagrange multiplier field £,,, as well as an auxiliary field

Wy a8

s= [as - Lp pur s M g
- X Z ny T ;U/lp

+ £, Oy — Frv) — jﬂA“]. (2.18)
The variation with respect to £, enforces the constraint
Y =[O 'F#7 and therefore Eq. (2.18) is formally
equivalent to Eq. (2.15), independently of the Green’s
function used in the definition of [17!. The variations
with respect to A, and ¢, give, respectively,

m
8#(Ff“’ ~ Dyt 2§W) - @19
m2
Ogrr + 2L prr =0, (2.20)
Substituting &4 = —(m3/4)0°'F#*  and  ¢rr =

O~ 'F~” into Eq. (2.19) we get Eq. (2.14), independently
of the definition of [J~!. These manipulations are some-
what formal, since we saw that a proper treatment of the
variation of the action (2.15) should rather give Eq. (2.17).
However, in the spirit of point (2) above, they can be used
as a well-defined set of rules that allows us to obtain the
equation of motion (2.14) from an action.”

In conclusion, the equation of motion (2.14) or (with the
above qualifications) the action (2.15) provides a formula-
tion of massive electrodynamics in which only the field A,
appears (i.e., Stiickelberg fields are no longer present), and
which is both manifestly Lorentz invariant and gauge
invariant. The price that we pay is the lack of manifest
locality, since the equation of motion (2.12) involves the
nonlocal operator [1~!. It should be stressed, however, that

At the quantum level, an approach similar in spirit consists in
stating that the nonlocal action is not the fundamental quantity
for determining whether the theory is causal. Rather, one must
consider the quantum effective action, which is a functional of
the expectation value of the quantum fields. The boundary
conditions for the nonlocal effective action are now fixed by
the choice of initial and final quantum states, and can be dealt
with using the Schwinger-Keldysh technique. A breakdown of
causality in the variational equation for the classical fields does
not necessarily imply an inconsistency in the computation of
(inlout) matrix elements; see the discussion in [90].
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the theory is local, even if not manifestly so, since we have
seen that the Lagrangian (2.15) is equivalent to the original
Proca Lagrangian, which is local. Observe that we could
now use gauge invariance to fix the Lorentz gauge
d,A# = 0. In this way the equation of motion (2.12)
simply becomes (CJ — m3)A” = j” and the nonlocal term
disappears. We therefore get back Eqgs. (2.3) and (2.4)
that define Proca theory, except that now the equation
d,A" =0 emerges as the gauge-fixing condition of an
underlying gauge theory. In other words, the nonlocality
only affects pure gauge modes and can be removed by a
suitable gauge fixing.

III. NONLOCAL FORMULATION OF FIERZ-PAULI
MASSIVE GRAVITY

We now consider FP massive gravity linearized over
Minkowski space. The action is Sgp + S, Where

1
SFP - E fd4X[huy5MV’pahp0 - mz(h;wh'uv - hz)]’ (31)

is the Fierz-Pauli action, h,, = g,, — 1,,, and indices
are raised and lowered with the flat metric. The
Lichnerowicz operator E#%*7 is defined as

ERVPT = %(’0’”’7}” + prIyrP — 2pH? P[]

1
+(P79RG + T arT) = o (087"

+ PPYTI* + proIPIY + 1P 9P IM), (3.2)
where [ = n#”9,0d, is the flat-space d’Alembertian.
Therefore

grr P = OhP — i Tlh + mva ,d  hP”

+ 0*0"h — 9,0"hHP — 9,0*h"P. (3.3)
The interaction with the matter energy-momentum tensor
is given by

K
Sint = > fd4thVT“”. (3.4)
We take T** conserved, so at the linearized level 9 ,T#” =
0. In order to obtain a gauge-invariant but nonlocal for-
mulation of the theory one can introduce a Stiickelberg
vector field A* through

1
hyy = hyy + E(GMA,, +9,A,), (3.5)

and then integrate it out using its own equations of
motion [7,8,23,74]. By construction, the theory is trivially
invariant under the gauge transformation

h,ul/ - h,u,v - (ap,'fy + av'f,u,)’

A,—A,+mé,, (3.6
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that corresponds to a linearized diffeomorphism. It is often
useful to perform a further Stiickelberg transformation
A, — A, + (1/m)d, e that introduces a U(1) symmetry
and explicitly extracts the helicity-0 mode. For the purpose
of obtaining the nonlocal form of massive gravity this
step is not really necessary, so we will only make the
replacement (3.5). Then the action becomes

1
SFP + Sint = —/-d4x[§h‘uyg#7’,ﬁo'hpu_

m2 14 1 14
(b = 1) = S F ¥ ]

K .
+ [d“x[EhMVT/“’ + 2mAV]V], 3.7
where F,, = d,A, — d,A, and
j7 = 0,(h*" — nk7h). (3.8)

Observe that we could obtain the standard normalization
(—1/4)F,,F*” for the kinetic term of A* by rescaling
AF — AF/ \/5 This would however produce a number of
/2 factors that would clutter many subsequent formulas, so
we prefer to keep a nonstandard normalization for the
F,,F"” term. The variation with respect to A* gives

A, Fr = —mj". (3.9
Applying 9, to Eq. (3.9) we also get the condition
a,j" = 0. (3.10)

One can now eliminate the Stiickelberg field A, through its
equations of motion. To solve Eq. (3.9) we separate A” into
its transverse and longitudinal parts,

AY =AY — da, (3.11)
where 9,A% =0, and we get [JAY = —mj”. Thus, the
equation of motion of the Stiickelberg field allows us to
fix the transverse part to the value A% = —m~!j”,
while the longitudinal part remains arbitrary. This is a
peculiarity of the FP mass term, which is such that after
the Stiickelberg replacement the kinetic term for the
Stiickelberg field A* happens to depend only on the
U(1)-invariant combination F,, F*”. Therefore the longi-
tudinal part, which has the form of a U(1) gauge trans-
formation, remains arbitrary. Thus, the most general
solution of Eq. (3.9) is [7,8]

AV = —mO7 1" — 0%a, (3.12)
where « is an arbitrary scalar field. Note that, because of
Eq. (3.10), 9,(07'j") = 0 so the term (I~'j” is indeed
transverse. The transformation properties of the field «
under linearized diffeomorphisms can be obtained
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observing that [la = —d,A*. Since under linearized
diffeomorphisms A* — A* + mé*, we get

Oa — UOa —ma, & (3.13)
Observe that the transformation property of ((a)/m is the

same as that of /2. We then find convenient to trade « for
a new field N,

NS

O
N = (3.14)
m
which is invariant under linearized diffeomorphisms.’
Performing the replacement (3.12) in the action (3.7) and
trading « for N we find

— 4 1 m2 umv,po
SFP-FSim—fdx Ehl_u,l_ﬁg ’ hpu'

1 K
— 2m2Naa#8,,(h*“’ — pH’h) + Eh’”TW]'

(3.15)

Observe that N enters the action as a Lagrange multiplier.*
Taking the variation with respect to N we get
0,0,(h*” — n#"h) = 0, (3.16)

which, in terms of j”, can be rewritten as d,j” = 0. The
variation with respect to &, gives

m> K fo Ll A
(1 - E)g’u ’po-l’lp = _ET/L - 2m2<77/“, - 7|:| )N

(3.17)

The field N can be determined algebraically by taking the
trace of Eq. (3.17) and using 7,,,E#"P7h,, = (d — 1)d,,j".
Thus, upon use of the equation of motion (3.10), the trace
of the left-hand side of Eq. (3.17) vanishes, and

(3.18)
Plugging Eq. (3.18) into Eq. (3.17) we finally obtain

3Here our treatment departs from that in [7,8,74], where « is
fixed to some given value, e.g., « = 0. Actually, « (or, equiv-
alently N), is an independent field that will enter the action, and
we will see that it plays the role of a Lagrange multiplier. This
gives a more transparent derivation of the constraint associated
to FP massive gravity, which otherwise emerges as a consistency
condition on the equations of motion.

4Equation (3.15) agrees with the result found with a somewhat
different route in [23]; see Eq. (4.48) in that work. Our «
corresponds to 2« and our m*N to N in the notation of [23].
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2d

m? K K
1= Beur ppr = — Equr 4 E (pur —
( D) po 2 (’7 O

6)“8”)
T.
(3.19)

Observe that the right-hand side is divergenceless
(consistently with the linearized Bianchi identity
0, [E*” ,oh?7]=0) and traceless. Therefore Eq. (3.19)
fully summarizes the two equations (3.16) and (3.17) and
provides a nonlocal formulation of FP massive gravity.

Observe also that one could diagonalize the action (3.15)
with a nonlocal field redefinition [23],

m2

SR (3.20)

h{uv = h,uv - n,uv

2

m
N' =6
Yo

- m

SN. (3.21)

The action (3.15) then becomes

Seo + S = [ dt] Sa, (1 = ) eurory
FP int X 5 nv ﬁ po

+ %N’(D - mz)N’]

f 4 / %% L ! )
+ > [d x(hMT + \/ENT . (3.22)
However one should be aware that, in general, it is not
legitimate to perform nonlocal field redefinitions, such as
that given in Egs. (3.20) and (3.21), and use the action
written in terms of these nonlocal fields. The basic point is
that operators such as 1/J or 1/(C0 — m?) are nonlocal not
only in space but even in time, and therefore there is no
one-to-one correspondence between the initial conditions
on the original fields and on the redefined fields. This is
important in particular when one wants to clearly identify
the true dynamical degrees of freedom of the theory. In
Appendix B we discuss some examples of the apparent
paradoxes in which one can run (even in massless GR)
when performing nonlocal field redefinitions.

IV. DEGREES OF FREEDOM OF THE
NONLOCAL ACTION

‘We now consider the action

— 4 1 mZ v,po
Snonloc = d xihlu,, 1- E EHvp hpo" (41)

This action was first introduced in the context of the
degravitation idea [6,8], and we have seen that it also enters
in FP massive gravity. However, to obtain FP massive
gravity, it must be supplemented by the constraint imposed
by the field N, as shown in Eq. (3.15). The action S, pioc
will be our starting point for the construction of a fully
nonlinear theory of massive gravity in Sec. V, so we will
discuss it now in more detail. In particular, we want to
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understand what degrees of freedom it describes. This is an
issue which hides some subtleties, and on which there
seems to be some confusion in the literature.

The propagating degrees of freedom of a theory can be
read from the propagator. In GR one starts from the qua-
dratic Einstein-Hilbert action

@ _1 np0
Spi = > f d*xh, ,EF" P R . 4.2)
To obtain the propagator one must add a gauge-fixing term.
A convenient choice is

Sgt = — f d*x(3"h,,,)(9 ,hPH), 4.3)

where h,, = h,, — (1/2)hn,,. Then
1 1
Sk + Ser = fd“x[—ia,,hwaphﬂ” + Za“haﬂh].
“4.4)

Inverting this quadratic form one finds the propagator of
massless gravitons,

- 1 —i
Drrr(k) = 5 (kP + ntTn"’ = n””n"")(kz = ie),
(4.5)

where the ie prescription selects the Feynman propagator.
Consider now the nonlocal action (4.1). This action is
gauge invariant, so we need again a gauge fixing.
We find convenient to use as a gauge-fixing term

1 - N 7
ng = _E fd4x(6”hﬂv)(l - mﬁ)(aﬂhp'u)’ (4‘6)

and use the gauge £ = 1. After some integration by parts
we get

1 m2
Snonloc + ng = [d“x[— Eaphw/(l — E)aph,uv
1 m2
+_gup(1 - =
48 h( D)a“h]
1
) f d*xhH7 A pe (O = m?)hP7, (47
where

A,uvp(r = (nupnwr + nlurnvp - nuvnpo‘)' (48)

N =

Observe that in gauge ¢ =1 the nonlocal terms in
Shonloc T S cancel. This gives again an example of the
interplay between gauge invariance and nonlocality. We
can write the action in a gauge-invariant form at the price
of nonlocality, or in a local form at the price of fixing a
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suitable gauge. The propagator in this gauge is obtained by
inverting this quadratic form, which gives

Do (k) = %(n"pn”" + It — mhnP?)

—1i
Xl—=————)
<k2+m2—ie>

Thus, the tensor structure is the same as in massless GR,
and the only change is in the overall factor —i/(k* — ie),
which becomes —i/(k?> + m? — i€). Observe that in the
theory defined by S,ou10c there is no vDVZ discontinuity,
and in the m — 0 limit the propagator (4.9) smoothly
reduces to the massless propagator (4.5).

Naively one might think that, since the tensor structure
of the propagator in massless GR and in S, are the
same, the radiative degrees of freedom are the same, too.
If this were the case, S,onoc Would only contain two
massive states with helicities =2. However, this reasoning
is incorrect. This can be first illustrated comparing mass-
less and massive electrodynamics. The propagator of the

massless photon is
k* kY
[ —a-075]

(4.9)

D (k) = (4.10)

kK —ie K

For conserved currents, in momentum space we have
k#j,(k) =0, so the term proportional to k*k” in the

propagator does not contribute, and the saturated
propagator is
et ~ 1 —i v et
Fu( =D (O], 6) = 15— M (— R (6)
_ i 0 0
= = (—k)j (k
e A ARG
FFERPW + 3 TR0 ]
i=12
(4.11)

In the massless case this tensor structure, proportional to
n*?, describes the exchange of only the states with hel-
icities =1. In fact, for an on-shell photon we can write
k, = w(—1,0,0, 1), and then current conservation implies
7Y(k) = j3(k). Thus the first two terms in Eq. (4.11) cancel,
and the interaction mediated by an on-shell massless
photon is proportional to

> FRF0 = FH R0 + (R (0,

i=1,2

(4.12)

where j© = (j' + ij%)/~/2. This shows that the interaction
of on-shell massless photons only involves the operators
fi, which have helicities =1, and therefore is of the form
A (=k)j_(k) + A_(—k)j,(k), where A are fields with
helicities *1.
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The propagator of the massive photon is instead

50 = ()
K> +m3 — ie K m3 )

(4.13)

Again, for a conserved current the term k#k”/ m%, does not
contribute so the massive photon propagator can be taken
to be

D (k) = 2 kv, (4.14)

+m? — i€
so its tensor structure is effectively given simply by n*”,
just as for the massless propagator. However, now k, =
(—w, 0,0, k) with @ = (k* + mf/)l/z, and the current con-
servation equation k/j“ =0 gives j°(k) = (k/w)} (k).
Then the terms —;°(—k)j°(k) + j*(—k)j*(k) no longer
cancel. Rather, now

]M(_k)ﬁ'uu(k)jv(k)

e I RNy

2
+ I P07w | (4.15)

showing that there is an extra term that describes the
coupling of the longitudinal polarization. Thus, even if
the tensor structure of the propagator (4.14) is the same as
that of the massless propagator, still it describes two
transverse and one longitudinal degrees of freedom,
as of course should be for a massive photon. Observe
also that, for m, — 0, the longitudinal mode smoothly
decouples.

The situation is completely analogous when comparing
the propagator of massless GR with that of S0 In the
massless case the tensor structure in Eq. (4.5) reflects the
fact that a massless graviton only has the helicities *2.
In fact, in momentum space energy-momentum conserva-
tion reads kMT“”(k) = (. For on-shell massless gravitons
we can write again k# = w(—1,0,0,1), and energy-
momentum conservation becomes

79 (k) = T3 (k). (4.16)

We can now compute explicitly the saturated propagator
TMV(—k)ﬁ“”p”(k)TpU(k), and eliminate all occurrences of
T%(k) using Eq. (4.16). Then one finds that the terms
involving a spatial index i = 3 cancel, and

T (=k)D***7 (k)T (k)

= T—z(_k)kz;_lieirz(k) + T+2(—k)kz_7_li€f_2(k),
4.17)

where
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(T]] T22 -+ 21T12) (418)

Under rotations by an angle # around the z axis the
combinations T, transform as T, — exp{*2i0}T .,
and are therefore eigenstates of the helicity with eigenvalue
*2. This shows that this propagator describes a massless
particle with helicities +2.°

In contrast, for massive gravitons one must again write
k, = (—®,0,0, k) withw = (k* + m?)'/2, and the conser-
vation equation k,, T*¥(k) = 0 no longer reduces the satu-
rated propagator to a form that only involves the helicity-2
operators. Rather, we now have 0=k, Tev (k) =
—wT%(k) + kT3%(k), so

T (k) = (k/w)T?" (k). (4.19)

We use this relation to eliminate all occurrences of 7°%, and
we introduce

~
~h
>
+1
ﬂ
@

(4.20)

Ty = 3T;. 4.21)
The five quantities 7', (k), with ¢ = =2, ..., 2, are helicity
eigenstates with eigenvalue ¢, and their normalizations

have been chosen for later convenience. The four-
dimensional trace T(k) = n*”T ,,(k) is instead a Lorentz

scalar. From Eq. (4.19) we have T%(k) = (k/w)T>°(k) and
T3(k) = T%(k) = (k/ w)T?(k), so TP(k) = (k/w)*T* (k).
This gives
T(k) = n*'T,,(k) = T1,(k) + T (k) + Tzz(k)

(4.22)

Eliminating~7~"0”(k) through Eq. (4.19) and trading the six
quantities T;;(k) for the five components of a spin-2
operator T,I(k), g = —2,...,2 plus the scalar T, we get

SIndeed, the graviton propagator (4.5) can be found without
performing explicitly the inversion of the quadratic form in the
action, simply observing that it must be symmetric in (u, ) and
in (p, o). Thus, it can only depend on the combinations
MupMvo T MuoMvp) and 1,7, (apart from the term involving
k,k,, k,kq, etc. that gives zero when contracted with the energy-
momentum tensor; the particular choice of gauge-fixing used in
Eq. (4.3) actually sets these terms to zero). Requiring that the
combination  (9,,Mye * MuoMvp T ANuMpe)  selects  the
helicity-2 part of the energy-momentum tensor and using
kMT‘“’(k) =0, with k,, = ©(—1,0,0, 1), fixes a = —1 [2].
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r V(_k)DMVp(T(k)TpU(k)

= 3 TR Ty

q—722

e S T B T

q=—11

m? —iD To(k)
* oz TR TR G ie( T(k) )

(4.23)

where the matrix D is given by

27,2
D— ( m*/w 1 )

-1 0
The eigenvalues of D are A\ = € = V1 + €” where € =
m?/(2w?), so Ay >0 and A_ <0, corresponding to a
particle with the good sign in the propagator and a ghost,
respectively. The eigenvectors are the combinations . =
Ty + A=T, which to lowest order in € reduce to T + T.
The fields that diagonalize the propagator in the scalar
sector are therefore the corresponding combinations of
the helicity-0 mode and of the scalar field. We see that
the propagator of S, describes six dynamical fields:
besides the expected massive states with helicities g =
*2, there are two states with helicities ¢ = =1, a state
with helicity ¢ = 0 (which, together, form the states of a
spin-2 massive particle), and a scalar field. In the limit
m — 0 the contribution of the helicities =1 goes smoothly
to zero, because it is multiplied by an overall factor m?/ w?.
The same happens in the scalar sector.’

This counting of degrees of freedom is confirmed
observing that we have been able to rewrite FP massive
gravity in the form (3.15). Here the field N enters as a
Lagrange multiplier, so it is not dynamical and it enforces
the single constraint (3.16). This constraint therefore
removes 1 scalar degree of freedom from the 6 described
by Sponlocs and we remain with 5 degrees of freedom, in

(4.24)

This shows that the statement in [8] that the action Spopc
describes only the states with helicity =2, once the helicities 0
and *£1 have been integrated out, is incorrect. The integration
over the Stiickelberg field A, should not be confused with the
integration over the helicity-0 and helicity-1 modes. When we
perform the Stiickelberg replacement (3.5) we are formally
increasing the number of fields in the theory, and this increase
is compensated by the appearance of a gauge symmetry. Thus,
after the replacement h,, — h,, + (1/m)(d,A, + 9,A,), the
field h,,, still contains its helicity-0, helicity-1, and helicity-2
states and, furthermore, we have introduced extra helicity-0 and
helicity-1 states associated to A,,. When we eliminate the latter
(either integrating out A ,, or for instance just choosing the gauge

» = 0) we still remain with the helicity-0, helicity-1, and
helicity-2 states associated with &, and the action Sy still
contains two scalars, two states with helicities =1, and two states
with helicities *2.
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agreement with the fact that Eq. (3.15) is just a rewriting of
linearized FP massive gravity.

Of course, the above counting of degrees of freedom can
also be derived from the invariance of the action (4.1)
under linearized diffeomorphisms 4, — h,, — (9,&, +
d,¢,,). Using this invariance, out of the 10 components of
h,, we can eliminate 4 (and only 4) degrees of freedom
from the action (4.1). Following the steps that in the mass-
less case lead to the transverse-traceless (TT) gauge we can
in fact use the four functions £* to fix the Lorentz gauge

a,h*" =0, (4.25)
where  A*” = (h** — (1/2)n**h).  Under  gauge
transformations

d,h*Y — 9, b — €M, (4.26)

so fixing the Lorentz gauge leaves a residual gauge
invariance parametrized by four functions & that satisfy
LI€E# = 0. In linearized massless gravity, after fixing the
Lorentz gauge, the metric satisfies [1h#*” =0, so the
residual gauge invariance can be used to set to zero
four more components of h/w, namely one transverse
vector and two scalars. Thus, out of the original ten
components of h,,, four are eliminated by Eq. (4.25)
and four more by the residual gauge invariance, and we
remain with the 2 degrees of freedom of a massless
graviton, corresponding to the helicities =2. In the mas-
sive case the residual gauge symmetry cannot be used to
eliminate further degrees of freedom. Indeed, the
equation of motion derived from Eq. (4.1) is

2

m
(1 - ﬁ)swmhw =0. (4.27)
Observe that
EWY L ohPT = Ohrr — aﬂapﬁﬂ” - aVapEW
+ MHYd,0 ,hP. (4.28)

Thus, in the Lorentz gauge we have E#” ,, h?7 = Ohrr
and Eq. (4.27) becomes local, and is just a massive
Klein-Gordon (KG), (O — m?)h uv = 0. Contracting
with 7,, we also have (O — m*)h =0, and therefore
in the end, after fixing the gauge (4.25), the equation of
motion for £, becomes

(O — m>)h*” = 0. (4.29)
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Using functions &# which are constrained to obey
[Jé* = 0 we cannot eliminate components of A*” that
satisfy [(JA*” # 0. Thus, we find again the action (4.1)
describes 6 degrees of freedom, which corresponds to the
five components of a massive spin-2 particle, plus a
Lorentz scalar.’” Further insight into the structure of the
nonlocal action Sy, can be gained by introducing non-
local variables in terms of which the action takes a local
form. This provides a rather elegant formulation, which is
discussed in Appendix C.

V. A COVARIANT FULLY NONLINEAR THEORY
OF MASSIVE GRAVITY

We now show how to construct a viable covariant, fully
nonlinear theory of massive gravity using this nonlocal
formulation.

A. Covariantization of FP theory

Consider first the FP action, in the form (3.15). To
perform the covariantization we begin by observing that,

linearizing around flat space, g, = m,, + h,,, we have
R = RY + O(h?), where
RY =9,0,(h*" — nk7h). 5.1)

Thus, the simplest covariant generalization of the term
NO™19,,0,(h*” — p#*’h) in the action (3.15) is just
NDglR, where the field N is promoted to be a scalar
under full diffeomorphisms, and the covariantization of
Eq. (3.16) is simply R = 0. This condition was already
found, with a different route, in [74], where it was also

"This situation is completely analogous to what happens in the
nonlocal formulation of massive electrodynamics discussed in
Sec. II. The action (2.15) describes three (rather than two)
radiative degrees of freedom. This is evident from the fact that
it is just a rewriting of the original Proca theory, which describes
a massive photon and therefore 3 radiative degrees of freedom.
One might be puzzled by the fact that Eq. (2.15) describes 3
propagating degrees of freedom because this action is gauge
invariant, and we are used to the fact that a U(1) gauge invari-
ance removes 2 degrees of freedom. However, again the point is
that the single function @ that parametrizes the gauge trans-
formation A, — A, — 9,6 allows us to eliminate 2 degrees of
freedom only in the massless case. This can be seen for instance
using the U(1) symmetry to fix the Lorentz gauge ,A* = 0.
This leaves us with the freedom of performing a residual gauge
transformation A, — A, — 9,6 with [16 = 0. In massless elec-
trodynamics, in the Lorentz gauge the equation of motion in
vacuum 9, F#*” = (0 becomes [JA” =0 and we can use the
residual gauge freedom to set A =0, and then 9 wAr =0
becomes V- A = 0. We have therefore reached the radiation
gauge A = 0, V- A = 0. Thus, when m.,, = 0, the single func-
tion € can be used to eliminate both A?’/ and the longitudinal
component of the photon. In contrast, when m.,, # 0, after fixing
the Lorentz 9,A* = 0, we remain with the equation (mE
m%)A” = 0, and the residual gauge invariance parametrized by
a function @ with [J§ = 0 cannot be used to eliminate a further
degree of freedom.
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correctly observed that it provides a discontinuity with the
massless theory, since in GR we rather have R = —87GT.
At the linearized level this is just the vDVZ discontinuity
and we see that in this covariantization it persists at the
level of the fully nonlinear theory. Such a covariantization
therefore necessarily leads to a theory in conflict with the
experiment, even assuming that it gives a consistent theory.
Of course the covariantization procedure is not unique,
and one could rather replace Nd,d,(h*” — n*"h) with
N[R + O(R%,,,,)], which still has the correct linearized
limit. However, this would still give rise to a constraint that
is not present in GR, and that reduces to R = 0 at low
curvatures. We will therefore turn our attention to S,.10c
and construct a covariant generalization of this theory,
rather than of FP theory.

B. Covariantization of S, p10c
We find it convenient to work at the level of the
equations of motion, so we look for a covariantization of
Eq. (4.27) including also the source term,

m2
( )S”V’p,,hp” = —16wGT*”, (5.2)

T
where we have rescaled h,, — «h,,, so that now in
Eq. (5.2) h,, is dimensionless, and we used K> = 327G.
In this section we continue to use the notation L] for the
flat-space d’Alembertian, while we denote by [, the
d’ Alembertian computed with respect to a generic metric
&uv- The covariant generalization of the left-hand side can
be found observing that the linearization of the Einstein
tensor over Minkowski is given by G, = G, + Oh?),
with

1
m _ _
Guy = ES””"’”

h?P?. (5.3)

Thus, a generally covariant expression that reduces to the
right-hand side of Eq. (5.2) is —2(1 — mz/Dg)G’“’. of
course, this is not the only possible expression that has
the correct linearized limit. However, we must further
require that the correct generalization of the left-hand
side is a covariantly conserved tensor, in order to be
consistent with VMT/“’ = (0. We then proceed as in [74],
and observe that any symmetric tensor S,, can be
decomposed as

Sy =S4, + %(VMSV +V,5,), (5.4)
where V#ST,, = 0. One could further decompose S7,, into
a transverse-traceless part S,TLT/ and the trace part, and
similarly §, = ST +V,3%, where VAS], =0 and
V/‘SlTL = 0. The various components can be extracted ex-
plicitly with the use of nonlocal operators, and in flat space

the explicit expressions are given in Egs. (B1)—(B6). For
a general metric the explicit expressions are more
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complicated, basically because the covariant derivative
does not commute with [,.

In terms of this decomposition, a natural covariantiza-
tion of Eq. (5.2) is

m? T
[(1-2)6,.] = sw6,

8

(5.5)

ie.,

G,, —m* 0,'G,,)" = 87GT,,,, (5.6)
where the superscript T denotes the operation of taking the
transverse part. By construction the divergence of the
left-hand side vanishes, so we still have V# T,, = 0.8
The classical theory defined by Eq. (5.6) is a covariant,
fully nonlinear theory of massive gravity defined without
introducing a reference metric. As discussed in the
Introduction, this is conceptually quite satisfying, since
the introduction of a reference metric basically means
that we have a different definition of the massive theory
for every background of the massless theory. Furthermore
this theory has no vDVZ discontinuity since its propagator,
given by Eq. (4.9), reduces smoothly to the GR propagator
asm— 0.

Note also that, if we use the retarded Green’s function in
the (I, ! operators that appear in Eq. (5.6), the theory is
nonlocal but only involves an integration over the past light
cone, and therefore preserves causality. Observe also that
the problems of superluminal propagation discussed in
[45] are generated by the same constraint that eliminates
the ghost in FP theory.” Since this constraint is absent in the
theory defined by S, ,n0c, this particular example of super-
luminality is also absent. Thus causality problems, at least
in the form identified to date in nonlinear extensions of FP
massive gravity, are not present (although a detailed
analysis is needed to study whether other forms of super-
luminality might emerge in some specific background).

80f course, one can always add (the transverse part of)
quantities quadratic in the Riemann tensor to the left-hand
side, since these do not affect the linearized limit. By dimen-
sional reasons, these terms must be suppressed by the inverse of
a mass squared. If they are suppressed by 1/M3,, these terms are
irrelevant much below the Planck scale. However, having at our
disposal both m and Mp;, one can also in principle write a theory
where such terms are suppressed by 1/A? with A” = m"~'Mpy
for some n (i.e., one of the scales that appear in the Stiickelberg
description of the local formulation of massive gravity). In this
case, Eq. (5.6) should be regarded as the IR limit of this more
general class of theories, and these extra terms could be impor-
tant for the UV completion of the theory.

However, as mentioned in the Introduction, the observation of
Ref. [45] does not yet imply the loss of causality in dRGT, since
in the attempt of constructing closed timelike curves one might
be forced to leave the domain of validity of the effective field
theory [51], so in dRGT the causality problem is rather post-
poned to the UV completion. See [93] for a review of the issue.
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VI. THE GHOST PROBLEM

As we found in Sec. 1V, 1 degree of freedom in S0 1S
a ghost. At first this seems to doom the theory (5.6) to
failure. In particular, one might fear that the vacuum
decays quickly through associated production of positive-
energy massive gravitons and negative-energy ghosts; see
e.g., the discussion in [94-97]. In our case, as discussed in
Sec. IV, in the scalar sector we have a healthy state ¢ and a
ghost state ¢, which are linear combinations of the
helicity-0 component of the massive spin-2 graviton and
of the scalar degree of freedom. In the covariantization of
Shonloc W€ have for instance a trilinear gravitational vertex
proportional to hdhdh (where h denotes symbolically the
five components of the massive graviton plus the scalar),
which induces processes such as (vacuum) — ¢ iy P
through diagrams such as that on the left of Fig. 1. The
four-point interaction hhdhdh is instead responsible for
the diagram on the right of Fig. 1.

Observe however that in our case the mass of the ghost
has the same value m as the mass of the spin-2 graviton.
This result is a consequence of the structure of the
propagator in S,,0c and is protected by the diffeomor-
phism invariance of the covariantization of S, o0c-
For cosmological applications the graviton mass m must
be very small, of the order of the present value of the
Hubble parameter H,. As a consequence, our ghost is
extremely light, too. Furthermore, and quite crucially, we
have seen that in this theory there is no vDVZ disconti-
nuity, and the extra scalar and vector polarizations de-
couple smoothly in the limit m — 0; see Eq. (4.23).
Indeed, we prove in Appendix C 2 that in the m — 0 limit
the ghost smoothly goes into a nonradiative degree of
freedom of GR. We therefore expect that, for m =
O(H,), instabilities associated to the ghost only develop
at most on cosmological time scales. In this sense, the
existence of the ghost could even be welcome, since a
phase of accelerated expansion of the Universe can be
seen as an instability. We will now put this physical intu-
ition on a more formal basis by estimating the probability
of ghost-induced vacuum decay.m

197¢ should be stressed that the ghost that appears in S,y and
in its covariantization is quite different from the Boulware-Deser
ghost that appears in nontuned nonlinear extensions of FP
theory. The Boulware-Deser ghost on a generic background
gets a mass fixed by the scales of the background [98], and is
not smoothly connected, in the m — O limit, to a harmless
nonradiative field. Rather on the contrary, one tries to get rid
of it by making it very heavy. Indeed, at the linearized level the
FP tuning sends the ghost mass to infinity. The problem is that
this procedure is in general unstable against the introduction of
nonlinearities, and when expanding the theory over a generic
background a finite ghost mass reappears. The tuning of the
potential in the dRGT theory [11,12] is indeed performed so to
send again the mass of the ghost above the cutoff scale of the
effective theory.
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FIG. 1. Left: the Feynman graph describing (vacuum)—
iy dp. The wavy line denotes any of the six states described
by h,,. Right: the same process, mediated directly by the
four-point vertex.

A. Ghost-induced vacuum decay rate

Before examining the computation in the nonlocal
formulation of massive gravity, let us consider a simpler
theory with action

S = fd“x[%(—aﬂzrl/alhj/ — my, )
+ %(aﬂcﬁaw —my$?) + %¢2¢/2]. (6.1)

With our “mostly plus” signature ¢ is a healthy scalar
while ¢ is a ghost. We first recall how the computation is
performed in this simpler case [95-97]. We consider for
definiteness the graph on the right of Fig. 1 and we denote
by ki, k, the momenta of the normal particles, and by p;,
p» the momenta of the ghosts. For the normal particles the
energies are positive, k¥ > 0, k9 > 0, while for the ghosts
pY <0, pY < 0. We also introduce the notation w; = kY,
and E; = —p? (i = 1, 2). The amplitude associated to the
graph on the right-hand side of Fig. 1 is given by
iMp; = idQm)*8W(p, + pa + ky + ky).  (6.2)
Regularizing the theory in a spatial volume V and a time
interval 7, and using
|@m)* 6D (p)P* = VIQ2m)*8@ (p), (6.3)
the differential probability of vacuum decay, dw, is
given by

1 dp
— 2 4 (4) 771
dw A (277) o (pl + pp, + kl + kZ)Vsz (277)32E1
Bp, 1 &Pk d’k,

2m)32E, 2! 2732w, 272w,

(6.4)

(where the 1/2! are the factors for identical particles). This
is the probability that the decay happens anywhere in space
and at any time, so the decay probability per unit volume
and unit time is
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r_"
vT

_ % p d’p, d’ky
- 2121 ) 2m)32E, 2m)32E, 272w,

Bk,
220,

Q@)W (p, + py + ki + ky).  (6.5)

This can be conveniently manipulated introducing the
identities

1= fd“Pé(‘”(P —pi— P,
(6.6)
1= f d*K8D(K — k; — k).

Then
=1 2 @ f d*Pd*K8W(P + K)
1 d3P1 d’ P2
[_ Qm)2E, (2m)2E, @m) o8P = p1=p 2)]
1 &Lk, Pl
[7 Qm)2w, 272w, (2m)*6®(K — ki — k2)]
(2 f d P KNP + K)OO(~ PO (—K?)
’7T
Gy i [aroPepadcr, ©7)

where <I)(¢2) is the two-body phase space for two identical
particles of mass my, and depends on P only through the
Lorentz scalars — P2, and similarly for (I)(j)(—Pz) (observe
that, with our signature, —P?> and —K? are positive).
The two-body phase space for two identical particles of

mass m is
@ 51 4m?
D (s) = 0(s — 4m?) ——4|1 — , (6.8)
167 s

and goes to a constant in the large s limit. Thus, the integral
over d*P diverges. To better understand this divergence
we can further manipulate Eq. (6.7) inserting the identity in
the form

[ Zdsd(s + PY) =1, (6.9)
0

where P2 = —(P%)? + P2. Then
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)\2
a (2 )4

fd4p¢§)(—P2)®(j)(—P2) foo dsd(s + P?)

(2 )4 f ds 2 (5)0%(s) f AP'PPS(s — (PO + P?)

(2 o f ds®(5)D2(s)
x f AP 5P P )

s ()02 d’P
@ )4f sy Py ()_/-2\/P2+s.

Both the integral over s and that over the three-momentum
P diverge. Putting a cutoff |P| < A as well as s < A? and
using the asymptotic form ®®@(s) = 1/(167r) one obtains

A \4
r-~ A2< )
8

Observe that, despite the fact that d°P/(2vP? + ) is a
Lorentz-invariant measure, it cannot be regularized pre-
serving Lorentz invariance. Putting a cutoff |P| < A breaks
Lorentz invariance, and therefore such a cutoff should
come from new Lorentz-violating physics [95,96]."" It
has been shown in [97] that, in the presence of nonlocal
interactions that become soft in the UV (which is indeed
our case), the momentum integral can become convergent,
and only the integral over s needs a regularization. A cutoff
s < A? does not spoil Lorentz invariance, so in this case
Lorentz-violating physics is no longer required. The whole
issue of Lorentz violations becomes irrelevant if we put the
cutoff A at the Planck scale, since in any case we expect
that beyond Mp; a Lorentz-invariant and local quantum
field theory description will no longer be appropriate.
However, for A ~ My, Eq. (6.11) provides a decay rate
of about one event per Planck volume per Planck time so
(unless one chooses a ridiculously small value of A) the
vacuum decay is basically instantaneous. This means that,
in the theory (6.1), with no new physics until A ~ Mp, the
ghost instability is a fatal one.

Consider next what happens if a ghost interacts only
gravitationally, but still in a local theory. The situation is
then somewhat different because G = 1/ M12>1 enters in the
coupling and there is a natural UV cutoff A ~ My, beyond
which one might reasonably assume that string theory or

(6.10)

(6.11)

"'One might consider the possibility of regularizing the original
integral over d*P by rotating into Euclidean space and putting a
Lorentz-invariant cutoff A over the modulus of the Euclidean
momentum, (P%)? + P? < A2. However, the usual Wick rotation
is an operation that is performed on the integrals that enter in the
loop corrections to the amplitudes, and is justified by the
analyticity properties of the amplitudes. Here the Euclidean
rotation would rather be performed on the phase space integrals,
and it is not obvious that it makes any sense.
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any other UV completion takes over and softens the gravi-
tational interaction. In normal GR the structure of the
Lagrangian is schematically of the form

L~ é[ahah + (hohoh) + (hhohoh)].  (6.12)

After rescaling i — G'/2h to get a canonically normalized
kinetic term, we get a Lagrangian of the form

L ~ dhdh + G'?(hdhdh) + G(hhohdh), (6.13)

and therefore the four-graviton vertex gives a contribution
proportional to GE?, where E is an energy scale of the
process. In a local theory of massive gravity in which
h,, contains the 5 degrees of freedom of the massive
graviton plus a scalar ghost, in order of magnitude the
computation will therefore be the same as above, with
the replacement

A — Agr(s) ~ Gs. (6.14)
Thus
r-_t 1 f M 4s(Gsy? / N 2 alpldlp]
m)* (167)?
4
- (%)41‘[;_; (6.15)

A contribution of the same order comes from the graphs on
the left-hand side of Fig. 1, due to a factor (G'/2s) from
each vertex and a factor ~1/s from the graviton propaga-
tor. Again, for A ~ Mp, Eq. (6.15) gives a production rate
of order one event per Planck time, per Planck volume,
and we therefore get a catastrophic decay that immediately
destabilizes the vacuum. This is indeed what happens if
we consider the vacuum decay induced by the ghost that
is present in the local formulation of nonlinear general-
izations of FP massive gravity, in agreement with the
discussion in [99].

Consider now the vacuum decay rate in the nonlocal
theory of massive gravity that we are proposing. To obtain
an order-of-magnitude estimate of the vacuum decay rate
we can argue as follows. The interaction involving the
ghost can only come from the nonlocal sector (given that
for m = 0 the ghost decouples and reduces to a nonradia-
tive degree of freedom). Thus, compared to the standard
gravitational case, the interaction is softened by a factor
m? /. This factor reflects the fact that the ghost matches
smoothly a nonradiative degree of freedom in the massless
limit, and there is no vDVZ discontinuity in our theory.
Independently of the details of the action, this should
contribute an extra factor @(m?/s) to the amplitude, and
hence a factor m*/s? to the probability. Thus, in order of
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magnitude, the vacuum decay rate in the nonlocal theory
can be estimated as'?

1 1 A m* A
r~— ds(G 2—[ 277|P|d|P
2 (1677)2,[ sy m|Pld|P]
m\4 A?
~(=) =, 6.16
(877') Mf,l ( )

We see that, even for A =~ Mp,, the rate does not exceed a
value of order [m/(87)]*. Taking m ~ 87H,,, for the pro-
duction of a ¢ final state out of the vacuum, this
gives a rate of one event in a volume equal to the present
Hubble volume H; 3, over the whole age of the Universe
1 ~ Hy'!'. Such arate is totally irrelevant. To get a sense for
it, consider the energy density p,, in ¢ particles produced
per unit time by this process (of course, an equal and
opposite energy density is produced in ghosts, and the total
energy density is conserved). This is obtained multiplying
the rate I' (number of events per unit time per unit volume)
by the energy carried by each event. Since the integral in
Eq. (6.16) is dominated by the UV cutoff region, setting
A ~ My, this is simply p,, ~ (m/8m)*Mp. We can com-
pare it with the evolution of the energy density of the
Universe due to the standard cosmological expansion;
writing p.,, ~ H>M3,, we have p,,, ~ HHMp3 ~ H>M3,.
Thus,

LB (lf A (6.17)
Prot 8wH) Mp

This quantity is an increasing function of time, and for
m = O(8mH,) even at the present epoch it is minuscule, of
order Hy/Mp ~ 10~%. Indeed, to make it of order one at
the present epoch, we would need a mass m parametrically
larger than H,, m ~ 87Hy(Mp/Hy)'"* ~10"°H, (.e.,
m~! ~ 0.1 au). For smaller values of m, and in particular
for the values m ~ H| of cosmological interest, the process
of ghost-induced vacuum decay is irrelevant.

Observe that, to get this result, it was crucial that the
ghost interaction is softened by the term m?/[J, giving an
extra factor m?/E? in the amplitude and finally an extra
factor m*/ A* in the rate. Without this factor, the decay rate
would have rather been given by Eq. (6.15). The crucial
difference with the Boulware-Deser ghost that appears in

20Observe that, for the purpose of this order-of-magnitude
estimate, it is irrelevant whether the term m2/0 contributes to
the integral over s with a factor m*/s?, or to the integral over |P|
with a factor m*/|P|*. In the latter case it would render UV finite
the integral over d°P, as in [97]. If the boost integral is not
regularized by the m?/[] term, then we need to rely on physics
beyond the Planck scale for its regularization. However, this does
not necessarily mean that physics beyond the Planck scale must
violate Lorentz invariance in order to regularize the vacuum
decay rate (indeed, Lorentz violations even at the Planck scale
are severely constrained [100]). Rather, a UV completion such as
string theory could provide an effective nonlocality that regu-
larizes the boost integral similarly to what happens in [97].
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generic nonlinear extensions of FP gravity can therefore be
traced back to the fact that the nonlocal theory (5.6) has no
vDVZ discontinuity, and all extra degrees of freedom,
including the ghost, decouple in the m — 0 limit, as shown
by Eq. (4.23).

VIIL DE SITTER SOLUTIONS
AND DEGRAVITATION

It is interesting to observe that Eq. (5.6) does not admit
exact de Sitter solutions G%, = —Ag,,, (observe that,
with our signature, de Sitter corresponds to A >0).
In fact, in this case (0,'G,,)" = —AO;'g,,)" =
—AD;lgW (because g, is already transverse). Since
0,8, =0, we have [, 'g,, = . Thus, in de Sitter,
the term (I, 'G M,,)T diverges. To understand this problem,
let us first introduce a new parameter w, and consider the
equation

1 T
G — m2(m GW) = 87GT,,. (1.1)
8

We have chosen the sign of u? in Eq. (7.1) so that u?> >0
corresponds to a nontachyonic mass term. We can think of
M as a regulator that will eventually be set to zero, but it is
in fact quite interesting to consider the theory with finite .
In particular, will see that it is especially interesting to
take a value u = O(m?/Mp). In this case u << m, and
Eq. (5.6) is now seen as an approximation which is
only valid for modes with typical spatial or temporal
variations much smaller than 1/, so that on these modes
U, > w.

Equation (7.1) admits de Sitter solutions, which show
interesting degravitation properties. Consider an energy-
momentum tensor of the form T,, = —pyc8u, =
(pvac’ _azpvacaij)» SO Pyac = ~ Pyac> and look for a solu-
tion G, = G%, = —Ag,,. Now this solution exists, and
A is fixed by

u?
A= 877Gmpvac. (72)
Taking now u — 0 at fixed m we see that A — 0. This can
be seen as an extreme form of degravitation in which, even
in the presence of an arbitrarily large vacuum energy, the
effective cosmological constant A = O(u?) — 0. More
generally, for finite w the vacuum energy p,,. is degravi-
tated so that the quantity that actually contributes to the
observed acceleration of the Universe is
2

M
2 Pvac:

=t (7.3)

PA

In order to reproduce the observed value p, = O(M3H3)
from a vacuum energy p,. = O(M3,) we need

Hym
- (9( 0 )
K M,

(7.4)
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In particular, if m = O(H,), we need

2
n= @(m—)

Mp,
Such a value, which would provide a natural solution
for the cosmological constant problem, is just of the
size that can be expected from gravitational loop correc-
tions: in fact, in the bubble graph giving the one-loop
graviton self-energy diagram, which provides the correc-
tion ém? to the graviton mass, each of the two trilinear
vertices gives a factor /G ~ 1/Mp), so m?> ~ 1/M3, (and
the same for the one-loop correction to the propagator
involving a single four-graviton vertex). In the limit
m — 0 we must have m?> — 0 since in this case mass
renormalization is protected by general covariance, so it is

natural to expect u? ~ dm? ~ m*/M3,.

The fact that the only exact de Sitter solution has the
above value of A is not a problem for inflation because, if
we take m of order of the present Hubble rate Hy, in the
early Universe Eq. (7.1) admits quasi-de Sitter solutions
which are practically indistinguishable from the usual
slow-roll inflationary solutions. Indeed, in a spatially uni-
form time-dependent background [ ~ d?/df> = O(w?),
where w is the characteristic frequency of variation of
the background, and the nonlocal term in Eq. (7.1) is
negligible if w? > m? (which also implies w? > u?).
For a FRW metric with Hubble parameter H(z), in particu-
lar, the characteristic frequency is @ = |H|/H. In terms of
the slow-roll parameter € = —H/H? the condition w > m
reads € > m/H(t). If we take m = O(H,), in the early
Universe when inflation takes place, m/H(z) is a ridicu-
lously small number (e.g., of order 10~ for grand unified
theory scale inflation), much smaller than the typical
values, say € = @(1072), of the slow-roll parameter.
More generally, for m = O(H,), the nonlocal term is
irrelevant in the early Universe and only becomes impor-
tant in the recent cosmological epoch. In other words,
Eq. (7.1) works as a high-pass filter that degravitates all
sources with a typical frequency w smaller than u, or
typical length scales larger than w~! [which, for m =
O(Hy) and pu = O(m*/Mp), is parametrically larger
than the horizon size]. In particular, an exactly constant
vacuum energy is totally degravitated. However, the source
term due to an inflaton field slowly rolling into a potential,
even in the “slow”-roll regime, still evolves with a
characteristic frequency which is huge compared to wu,
and is not affected at all by the nonlocal terms.'?

(7.5)

3Observe also that, linearizing Eq. (7.1), we get a propagator
D(p) = —i(p®> + u?)/[p*(p* + m*> + u?)]. Beside the pole at
p? = —(m? + u?) = —m? we therefore now have an extra pole
at p? = 0. Its residue is however proportional to w?/(m? + u?)
which, for u ~ m?/Mp and m ~ H,, is order H3/M3,. These
extra states are therefore totally decoupled on the subhorizon and
even on horizon scales, and their only role is to degravitate the
vacuum energy to the value (7.3) rather than down to zero.
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Finally it is interesting to observe that, if we rather take a
tachyonic value u?> = —m?, Eq. (7.1) becomes

1 T
G,, — m2<m Gw) — 87GT,,  (1.6)
8

which is equivalent to

( B, G )T 87GT (7.7)
O, + m> e '
In this case, degravitation is lost. However, this equation is
interesting because it admits a family of self-inflationary
solutions, i.e., de Sitter solutions GW = —Agw, with
arbitrary A, in the absence of any external source, T, =
0. Again, as long as |H/H| > m, the nonlocal term in
Eq. (7.6) is negligible. Thus, taking m of order H,, the early
Universe cosmology is unaffected, and in particular we
have the standard radiation dominated and matter domi-
nated (MD) era. However, when H(z) drops to values
comparable to Hj, even in a theory without a explicit
cosmological constant term in the action, we expect that
the matter dominated solution will be attracted by one of
these self-inflationary de Sitter solutions.

VIII. NONLOCAL COSMOLOGY
FROM MASSIVE GRAVITY

The nonlocal modification of GR that we are proposing
induces a nonlocal modification of the Friedmann equa-
tion. To derive the equations of nonlocal cosmology we
specialize Eq. (7.1) to a flat FRW metric. We use coordi-
nates (#, X) where  is cosmic time, so g, = (—1, a*(1)6;;)
and T,, = (p, a’pé;;), and we work for generality in d
spatial dimensions. The evolution of the scale factor
is determined by the nonlocal generalization of the
Friedmann equation, i.e., by the (00) component of
Eq. (7.1), together with energy-momentum conservation,
which is ensured by the fact that the left-hand side of
Eq. (7.1) is transverse. Introducing

1

S =
124 Dg_/-‘(’z

G (8.1)

pvr
and splitting S, as in Eq. (5.4), we can rewrite Eq. (7.1) as
the coupled system of equations

G, — m2S%, = 87GT,,,, (8.2)

o

(Dg - MZ)S,U,V = G/.LV' (83)

To extract the transverse part from §,, we take the

divergence of Eq. (5.4). Then S}, drops and we get
Ve(v,s, +V,5,) =2VLS,,. (8.4)

These four equations determine the four components of S,
in terms of S,,,. Then S}, is obtained in terms of S, by
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1
S,Tw =S, — E(VMS,, +V,8,). (8.5)
On a generic background it can be nontrivial to find the
solution of Eq. (8.4). However, in FRW the solution can be
obtained very simply observing that in this case there is no
preferred spatial direction, so the only possible solution of
Eq. (8.4) for the spatial vector S’ is S’ = 0. Equation (8.4)
with » = 0 then suffices to determine Sy,
_ 1
93 + dHdy — dH?
1

= — 7+ dHay — i’ (t + dHu — Hv),

S():

v,Sk

(8.6)

where H(f) = a/a, the dot is the derivative with respect to
cosmic time ¢, and we have introduced the variables

u(t) = SH(1), v(r) = Si(1),

(where sum over i={l,...d} is understood). From
Eq. (8.5) we have S§, = Sog — VoSo = Sgo — S since, in
the coordinates (7, x) we have I'fj, = 0. Therefore

(8.7)

(Sg)T = Sg + 8050
; 1
002+ dHd, — dH

=u— 5 (it + dHu — Hv),

(8.8)

and of course H = H(r) so we must be careful with the
ordering of 9y and [03 + dHd, — dH?]™!. This allows us
to write Eq. (8.2) in terms of H(z), u(z), and v(z). We now
turn to Eq. (8.3). Evaluating the L] operator on a rank-(1, 1)
tensor we get

08§ = -89 — dHSY + 2dH?SY — 2H?S!,  (8.9)

OS: = =S8t — dHS! — 2dH*S)) + 2HS.. (8.10)

Finally, in d spatial dimensions for the Einstein tensor in a
FRW background we have

B d(d — I)HZ,
2
d*(d—1)
_ HZ_
2

G =

(8.11)
Gi=—d(d - 1)H

Putting these results together we get a system of three
coupled equations for the three variables {H(z), u(z), v(¢)}:
the (00) component of Eq. (8.2) gives the modified
Friedmann equation

did—1)
H2
2

1
93 + dHdy — dH?

+ mzl:u — dy

X (i + dHu — Hv)] = 87Gp, (8.12)
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while the (00) and (ii) components of Eq. (8.3) give,
respectively,

dd—-1) ,
PR
(8.13)

it + w’u + dHi — 2dH*u + 2H>v =

v+ uv + dHv + 2dH*u — 2H*v
d*(d — 1)

=d(d — 5

DE+—=~ (8.14)

Equations (8.13) and (8.14) can be decoupled introducing

U=u+mv, V=u——v. (8.15)

d

Observe that U = S + S = g~#”S,,. Then we get the

system of equations

dd—1) m?
H? + +
2 d+ 1[U v
1 . :
—d U+dV+dd+ 1)HV
°ag+dHao—dH2( @+1 )]
= 87Gp, (8.16)

y ) o1
U-I—,uZU+dHU=d(d—1)[H+§(d+1)H2:|, (8.17)

V+ u?V+dHV —2(d+ 1)H?’V = —(d — 1)H, (8.18)
which provides the generalization of the Friedmann equa-
tion to nonlocal massive gravity.14 Observe that U and V
enter as new propagating degrees of freedom, correspond-
ing to the two dynamical degrees of freedom in the scalar
sector, and therefore one must also impose appropriate
initial conditions on them. Further initial data are required
for the inversion of the operator (33 + dHdy — dH?). A
detailed study of the solutions of these equations will be
presented in subsequent work.
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APPENDIX A: PROPERTIES OF (I~ AND Dg_l

In this appendix we recall some elementary facts on the
inverse d’Alembertian in flat and in curved space. We

“Note that, for ,u2 =0, Eq. (8.17) can be rewritten as
a=490(a’U) = d(d — 1)a=4*V/29,(a'¥*V/2H), which integra-
tes to U(1)=d(d— 1)a®(r)H(1) — L a? (1) f1 di'a (/) HA(1).
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begin with the flat-space d’Alembertian, that we denote
simply as [], while we reserve the notation [], for the
d’Alembertian in the metric g,,. The general solution of
an equation of the form ¢ = j is

o(x) = (@' )(0) = Prom(®) + f 3G lx — x)j(x),
(A1)

where @pom(x) is a solution of the homogeneous equation
and G(x — x') is a Green’s function of the d’ Alembertian
operator,

0,G(x — x') = 6W(x — x)). (A2)

Observe that, with the signature (—, +, +, +), the
propagator D(x) of the quantum theory is defined by
O,D(x — x') = i8W(x — x'), so D(x) = iG(x). Solutions
corresponding to different Green’s functions differ by a
solution of the homogeneous equation. In all the formal
manipulations involving (17! we will set to zero the
homogeneous solution. In this way the kernel of the [
operator becomes trivial, its inversion is well defined, and
we can perform a number of formal operations, such as
integrating (1! by parts; see below. The choice of the
Green’s function is determined by the physics of the prob-
lem. At the classical level, causality requires the use of the
retarded Green’s function

1 1
Gralwi) = = - =8l = ¢ = Ix = X (A9
The advanced Green’s function is instead
1 1
Gadv(x; x') = _E mé(i - t/ + |X - Xll). (A4)

In flat space, all Green’s functions are actually a function of
x — x" only. However, of course, G, (x; x") and G4, (x; x)
are not symmetric in x, x’. Rather exchanging x with x/,
Gro(x; x') becomes G, (x; x'), and vice versa. A Green’s
function invariant under x < x’ is obtained taking the
symmetric combinations

1
G+(X; xl) = E[Gret(x; X/) + Gadv(X; X/)]

d‘p 1 _.
— — e irl),

@m* p

where P denotes the principal part. Another Green’s
function invariant under x <« x’ is the Feynman Green’s
function

d*p 1
orts) =~ [

(A5)

e~ P (A6)
The two differ by an imaginary term, according to the
relation 1/(y = ie) = P(1/y) ¥ iw5(y). Observe that the
operator (17! is self-adjoint only if it is defined using a
symmetric Green’s function, i.e., G or G, since in this
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case for any two differentiable and square integrable func-
tions A(x) and B(x) we have (using for definiteness G )

f A0 B)(x) = f dxd* Y ARG, (x: ') B(x')

_ ] Px(O7'AWBG), (A7)

or, in other words, [J; ! can be integrated by parts. Observe
also that in flat space, for a generic Green’s function, 9,
commutes with [17!. This is a consequence of the fact that
in flat space G(x;x') = G(x — x). Thus

0,070 = [ ] 556 x) )

— [d4x’|:aj/ﬂ G(x — x’)]f(x’)
=+ fd“x’G(x —x') aj’# F(x)
0719, ),

(A8)

where in the second line we integrated 9/dx'* by parts.

We next consider the inverse d’Alembertian in curved
space. On a scalar function f the inverse of [, is defined
by

(O, ) = f ()G (6 )F),  (A9)

where
1
(0,),G,(x;x") = S(x — x'), (A10)
A v—8W)
and
1
U, = Tga,u(\/_gg’u,/all)’ (A11)

is the d’Alembertian on a scalar function. The notation
(O,) indicates that the derivatives are with respect to x*.
The factor 1/4/—g(x) on the right-hand side of Eq. (A10)
is chosen because under coordinate transformation
8(x — x')/+/—g(x) is a scalar (rather than a scalar density),
as it is clear from the fact that its integral over dx,/=g is
equal to one. Thus, with this definition even G, (x; x’) and
hence D;l f are scalar under coordinate transformations.

Observe that in a generic space-time the Green’s func-
tion is no longer a function of the difference x — x'.
However, Gp(x; x') and G | (x; x) are still symmetric under
the exchange of x and x'. The operator D&Tl defined using
G, +(x;x) or G,p(x;x') is therefore self-adjoint and we
can integrate it by parts, since in this case
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[ ey~ g (ARO; B

= [ a0ty = e()AWG i3 Bx)

= fd4x\/—g(x)d“x’\/—g(x’)A(x)Gg(x’;x)B(x’)

= [d“x‘/—g(x)B(x)/d4x’\[—g(x’)Gg(x;x’)A(x’)

= f d*xyf —g(x)(O; ' A)(x)B(x). (A12)

Of course the [, operator depends on whether it acts on a
scalar, a scalar density, a four-vector, a tensor, etc., and the
same is true for D;l. Observe that, since g,, commutes

with Vw it commutes also with [1. Therefore, for any
tensor T,
g*'T,, = O 07'T,,). (A13)
Applying (07! to both sides,
D_l(g/“’TM,,) = g‘“’D_lTW. (Al4)

Now g#"T,, is a scalar, so

O-'(g#7T,,,) = f dx'y~ ()G x)gh ()T, (x),
(A15)

where G(x;x') is a Green’s function of the [, operator
acting on scalars. Thus, the definition of 0! on a tensor
T,, is such that

g ()(O7'T,,)(x)

= [dx’\/—g(x’)G(x; gt (XN, (x).  (A16)

The explicit form of D;l on a scalar density (such as
/—8gR) can be obtained similarly, observing that
V,.(/=¢) = 0. Thus, ,/~¢g commutes with (1, =V V~,
and this implies that it also commutes with Dg".ls This
means that the definition of Dg_l on a scalar density, such

as /—gR, is
[0 '(V=8gR)Ix) = =g, 'R)(x)

— =) f A= ¢ ()G 4 (x: XIR(Y).

(A17)

"The proof is obtained writing V.(/~gd;'R) =
V=8V, ([O;'R). Applying again V#, [O,(/=g0,'R) =
V=800, 'R = \/=gR. With the definition of [], that sets to
zero the solution of the homegeneous equation we also have

D;llzlg =1, so we get ,/—gD;lR = D;l(\/—gR).
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Thus, D;l applied to a scalar density gives back a scalar
density. We can therefore write equivalently ./ —gD;lR or
O, '(/=gR), taking however into account the different
definitions of Dg_l on scalars and on scalar densities.

APPENDIX B: NONLOCAL FIELD
REDEFINITIONS AND PROPAGATING
DEGREES OF FREEDOM

Nonlocal field theories are certainly less familiar than
the usual local field theories, and when manipulating them
one must be aware of some subtleties. In particular, blind
manipulations might lead one to believe that the theory has
more propagating degrees of freedom than it actually has,
and might even lead one to believe that the theory has
ghosts when in fact it is perfectly healthy. The issue is
interesting in itself, and is important for understanding the
degrees of freedom in the nonlocal formulations of massive
gravity, so we discuss it here in some detail.

As a first trivial example consider a scalar field ¢ which
satisfies a nondynamical equation of motion such as a
Poisson equation V2¢ = p. If we define a new field ¢
from ¢ = 071 ¢, the equation of motion can be written as
O¢ = V~2p = j, and now ¢ looks like a dynamical field.
However, we certainly cannot transform a nondynamical
degree of freedom into a dynamical one in this manner. A
way to see where the procedure goes wrong is to realize
that assigning initial conditions on a given time slice to ¢
does not provide initial conditions on ¢. To get ¢ on any
single time slice, we need to know ¢ everywhere not only
in space but even in time. Alternatively, we can observe
that for p = 0 we have ¢ = 0, which means that the we
must set also ¢ = 0 in order not to introduce spurious
degrees of freedom. In other words, among the solutions of
the equation [J¢p = 0, we must discard all the plane-wave
solutions, and only retain ¢ = 0.

An example of this sort appears even in linearized
massless GR, when we decompose the metric perturbation
in terms of quantities which are transverse or longitudinal
with respect to the Lorentz group. The decomposition
reads

1 1
hy,,=h., + E(a,,deI +d,€e,)+0d,0,at

M, (BD)

o

where thLT,, is transverse and traceless with respect to the

Lorentz indices,

ounTh =0, AL =0, (B2)
and o* e; = 0. The factor 1/d in front of s is an unconven-
tional normalization that will be useful later. Thus, in
d = 3, h}}, carries 5 degrees of freedom, €}, 3, and 2 scalar
degrees of freedom are carried by « and s. Observe that E;l;
and a come from the decomposition of a generic
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four-vector €, = elTL + 9, . Itis straightforward to invert
Eq. (B1) and express a, s, €}, and A}, in terms of &, but
the inversion involves the nonlocal operator 17!
The explicit expression of s and « in terms of A, can
be found taking the trace of Eq. (B1), which gives h =
[(d + 1)/d]s + Oa, and contracting Eq. (B1) with 9497,
which gives 9#9”h,, = O[(s/d) + Oa]. Combining
these equations we get

1
5= (7]’“’ — Ea“a”)hw, (B3)
11 d+1
= —_ " [ pur — wav
a d[](n w L) )hw' (B4)

We can now extract elTL by applying 0# to Eq. (B1) and
using the above expressions for « and s. This gives

2 9,07
el = 5(5,’; -~ )avhp(,.

Finally, substituting these expressions into Eq. (Bl)
we get

(B5)

1 9,0,
h'/l:{; = h,u,v - a(”?,w - E )h

1 11
= 5000y + 0,07 h,p) + =, 570D

d—1 1
+—— 0

T T 0u 007Ny

(B6)

Observe also that thE, and s are invariant under linearized
diffeomorphisms, while the four-vector €,
transforms as €, — €, — &£,. Thus we can choose the
gauge so that €, = 0, and this leaves no residual gauge
symmetry.

The crucial point is that this inversion involves (1! and
is therefore nonlocal both in space and time,16 and a blind
use of these variables can lead to some apparent paradox.
Indeed, substituting Eq. (B1) in the quadratic Einstein-
Hilbert action, €, drops because of the invariance under
linearized diffeomorphisms, and one finds

_ T
—eM-i-a#a

1
2 v,po
Sg& =3 fdd“xhw,f“ PRy

1
7 SDS]. (B7)

1 d
— E [dd+1x[h£ED(hMV)TT —

'°This should be contrasted with the usual (3 + 1) decomposi-
tion of the metric, which involves only the inversion of the
Laplacian V2 (see e.g., [101,102]), and is therefore nonlocal in
space but local in time.
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Performing the same decomposition in the energy-
. . . 1
momentum tensor, the interaction term can be written as'’

Sint — g [dd+1XhlLyTMV
K 1
=3 fddﬂxl:hffy(” )IT + QST]’ (B8)

so the equations of motion derived from Sgﬁl + S, are

K
+—7FT.

K
— __TTT Os =
ST

OnpY 5 T (B9)
Thus, using these variables one might be induced to
conclude that linearized GR has 6 radiative degrees of
freedom, because both /), and s are governed by a KG
equation. Observe furthermore that these degrees of free-
dom are gauge invariant, so they cannot be gauged away.
Furthermore, for all d > 1 the scalar s has the “wrong”
sign of the kinetic term in the action, so one might be
induced to conclude that it is a ghost.

Of course these conclusions are wrong, and linearized GR
is a ghost-free theory with only 2 radiative degrees of free-
dom, corresponding to the =2 helicities of the graviton. The
loophole in the above argument is exactly the same as in the
trivial example presented at the beginning of this section,
where a nondynamical field ¢ was transformed into an
apparently dynamical field & through the redefinition b =
[0~ !¢. Indeed, expressing s in terms of the variables enter-
ing the (3 + 1) decomposition, we find (specializing the
above results to d=23) s=60 —2071V(D + P),
where ® and V¥ are the scalar Bardeen’s variable defined
in flat space (see [102]). Since ® and V¥ are nonradiative, s is
nonradiative too. The fact that it is obtained applying the
[0~ ! operator to the nonradiative field V>(® + W) gives to
its equation of motion the appearance of a dynamical equa-
tion, but nevertheless s does not represent a dynamical
degree of freedom of the theory. Again, this is reflected in
the fact that giving initial conditions on a given time slice for
the metric does not provide the initial conditions on s.

Another example of the apparent puzzles that can arise
from nonlocal field redefinitions is obtained diagonalizing
the action (3.15). Following [23], the quadratic term that
mixes N and h,,, can be removed deﬁning18

YWriting T, = T+ (1/2)(0,,ST + 0,8%) +0,0,% +
71,5, energy-momentum conservation implies (1/2)CST +
9,(0% + 8) = 0. The transverse and longitudinal parts of this
expression must vanish separately. For a localized source, from
ST = 0 it follows that ST = 0. Eliminating S from § = —[0%
and expressing ¥ in terms of T using 7 =02 + (d + 1)S =
—dO3 it follows that T, = TL} + (1/d)(n,, —07'9,0,)T,
which gives Eq. (B8).

'"®In generic d spatial dimensions, all equations written in
Sec. III simply go through with the trivial replacement d*x —
d®*'x. In contrast, the space-time dimension enters in the
diagonalization, and in d spatial dimensions the factor V6 in

the equations below must be replaced by 4/d(d — 1).
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m2

5N (B10)

h;uz = h,uv - T]/.LV

m2

N' = V6 —=———N.

B11
0.2 (BI1)

The action (3.15) then becomes [23]

Sep + S = [[at] 2n, (1= ) eurooy
FP int X 5 Mty ) po

+ 1N’(D - m2)N']

2
1
+g f d“x(h'WTW + —N’T),

NG

where T = n#”T,,. At first sight something very strange
happened here, since the term £, (1 — m*/C)EF"P7hl,,
has the same functional form as the term #,,(1 —
m2/0)ErPTh po» S0 one would think that the two describe
the same number of dynamical degrees of freedom.
However, the field N, which in Eq. (3.15) entered as a
Lagrange multiplier and removed a scalar degree of free-
dom from h,,, (1 — m?/0)EH"#7 h,,,, has now been traded
for a field N’ which looks fully dynamical. Thus, we have
apparently lost a scalar constraint, and furthermore we
have gained a dynamical scalar field, so the number of
scalar degrees of freedom apparently increased by 2.

Again, the solution to this apparent puzzle is that the
correct counting of radiative degrees of freedom can only
be done using the original variables #,, and N." For
instance, the field N’ is a fake dynamical field, just as the
field ¢ discussed at the beginning of this section. Indeed, N
is determined algebraically by Eq. (3.18), N = ¢T, with c a
constant, so Eq. (B11) gives ((0 — m?)N' = ¢'T. However,
the initial conditions on {%,,, N} do not fix the initial
conditions on {A),,, N'}. Rather, /), and N’ at a given
time slice can only be determined if we know £, and N
at all times, i.e., if we have already solved the equations of
motion. Of course, nothing forbids one from considering
the theory (B12) for its own sake, and solving its equations
of motion by assigning initial conditions on {4/,,, N'}.
However, in this way we define a different theory, which
has nothing to do with FP massive gravity, even as far as
the number of dynamical degrees of freedom is concerned.

One should also be careful in the use of an action such as
(B7) and of its nonlinear extension, when computing the
S-matrix elements. Indeed, while standard theorems assure
the invariance of the S-matrix under local field redefini-
tions, its invariance under nonlocal field redefinitions is in
general not assured.

(B12)

Observe that N is a combination of 4 and of Oa = —d,A"%,
so it does not involve nonlocal operators.

044033-21



MAUD JACCARD, MICHELE MAGGIORE, AND ERMIS MITSOU

APPENDIX C: THE ACTION OF THE MASSIVE
THEORY AS A LOCAL FUNCTIONAL
OF NONLOCAL FIELDS

We have seen in the previous appendix that nonlocal
transformations of the field must be used with care, par-
ticularly when one wishes to study what are the dynamical
and nondynamical degrees of freedom of the theory.
Having understood this point, it is however still interesting
to observe that there exist nonlocal transformations of the
fields that bring the nonlocal actions that we have discussed
into simple and elegant local forms, which can be useful for
obtaining a further understanding of the structure of these
theories. In particular we will see explicitly how, for
m — 0, the ghost of the massive theory smoothly reduces
to a nonradiative degree of freedom of GR. We start again
from electrodynamics, where the construction is simpler.

1. Nonlocal variables in electrodynamics
In electrodynamics the gauge field A, can be separated
into a transverse and a longitudinal part,

A, = AlTL + 0,0, (CD)
where
B“A,TL = 0. (C2)

To invert Eq. (C1) we take its divergence, which gives
0#A, = Ua, so that

a = D"G”AM. (C3)
Substituting this into A}, = A, — 9, & we get
1
A};:AM_EaMa A, =PlA, (C4)
where we introduced the nonlocal operator
v — SV aMaV
Py, =0} — 0 (CS5)

Observe that P{, P}, = P?,. Furthermore, applying P}, to a
pure gauge configuration we get zero,

P%9,6 = 0. (C6)

Since P}, is linear, this implies that AE is gauge invariant,

AT — Pr(A, — 9,0) = AL, (C7)

Thus, under a gauge transformations A, — A, — 9,60, we
have @« — @ — 6 and A}, — A},. Thus P}, is a projector
that associates to a gauge orbit (of which A, is a repre-
sentative) a gauge-invariant vector field Az that satisfies
the Lorentz condition. Observe that, because of Eq. (C2),
AlTL describes 3 degrees of freedom. In the case of massive
electrodynamics these are the three spin states of a massive
photon. Thus, Aﬁ provides a gauge-invariant description
of the 3 physical degrees of freedom of massive
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electrodynamics. We see here again the interplay between
gauge invariance and locality in the massive gauge theory.
If we insist on manifest locality we must use the gauge field
A*, which is not gauge invariant, and we cannot construct
with it a local gauge-invariant mass term. In contrast, if we
give up manifest locality, we have at our disposal a field Aﬁ
which is gauge invariant. Using this field it is straightfor-
ward to write an action with a mass term that does not spoil
gauge invariance,

1 1 .
Sgauge-inv = fd4x(_ZF/WFMV — EM%,A;EAT”) — A,

(C8)

We could have also replaced A, — AlTL in the kinetic term.
However, we see from Eq. (C1) that

Fu,=0d,A,—d,A, =03,A —9,AL (C9)

Similarly, upon integration by parts, for a conserved
current we can write equivalently j*A, or j“A,TL. We
now insert into (C8) the nonlocal expression of Aﬁ in terms
of A, given in (C4). Performing some integration by parts
and using the identity

1 1
Fum PP = 200,A,) 5 (044" = a"A%)

1
= “2A,A47 = 2(0,A%) 5 (0,4"),

(in which again the second equality has been obtained
integrating by parts) we find that

ALATH = Y lFW,

1
S Furs (€10)

and therefore

2
S L= —l [d“xF (1 - _my)FW (C11)
gauge-inv 4 nv 0O .

Thus, the nonlocal action (2.15) is equivalent to (C8). In
the former action the nonlocality is explicitly displayed. In
the latter, it is hidden in the nonlocal relation between AlTL
and A ,. We stress again that this nonlocality has no physi-
cal consequences, since it only affects pure gauge modes
and can be gauged away giving up explicit gauge invari-
ance by fixing the Lorentz gauge d#A, = 0, since in this
gauge AITL reduces to the local field A, as we see from
Eq. (C4). This illustrates again the interplay between gauge
invariance and locality in massive electrodynamics.

It is also interesting to note that the projection onto the
transverse part allows one to define a scalar product in
the physical configuration space, i.e., in the space of
gauge orbits. Indeed, the following bilinear functional is
independent of the orbit representative

1
(A.B)=7 j d*xAT BTH, (C12)

044033-22



NONLOCAL THEORY OF MASSIVE GRAVITY

since we have seen that A’TL and BT# are gauge invariant.
Using Eq. (C10) we see that the Proca action can be written
as the “‘expectation value” of the Klein-Gordon operator

with respect to that scalar product
Sgauge-inv = <A: (D - mz)A> (C13)

In terms of this scalar product the inclusion of a mass term
is therefore trivial.

2. Nonlocal variables in linearized gravity

‘We now generalize to the spin-2 case the construction of
nonlocal variables discussed above. We begin by introduc-
ing a projector P45 which is just the symmetrization of the
square of the projector P, defined in Eq. (C5),

Pl = S (PLPY + PLPY)
— (8057 + 8559)

- %(aﬁaya” + 899,00 + 809,07 + 899,0°)
+L8 d,0°97.

DZ MmEY
We can then define a projected field

h

(C14)

, = PiSh,,. (C15)

o

Observe that /,, can be obtained starting from h v

ny
and performing a gauge transformation h,, —
hy, — (9,6, +9,€,) with
1
f,, = Ea”h,,p - ﬁav(apa hpu-)' (C16)

Similarly to the spin-1 case, the projector gives zero on
pure-gauge configurations,

Pfl«(;(apg(r + a(rfp) = 0’

and therefore h uv 18 gauge invariant under linearized
diffeomorphisms,

hA,u,V - P,lptg[hpo - (apftf + ao’fp)] = ﬁyv-

Thus, in full analogy with the case of electrodynamics, PLS
sends &, into a gauge-invariant field 4, ,,, that satisfies the
transversality condition 9#h,,, = 0, and which is a gauge-
invariant representative of the gauge orbit to which £,
belongs. The field &

(C17)

(C18)

uv 18 transverse but not traceless.

Defining 1 = p~’h uv» W€ have the identity
T £ 1 1 N
hw_hw_g nw—aaﬂav h. (C19)
Contracting with n*” or with 0¥, and using *h puvs WE S€e

that the right-hand side of Eq. (C19) is indeed transverse
and traceless so it is clear that it must be equal to /.. This
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can indeed be immediately checked using the explicit

expressions of ﬁw given in Egs. (C14) and (C15) and
T

comparing with the explicit expression of th“, given in
Eq. (B1). Since h uv 18 invariant under linearized diffeo-
morphisms, Eq. (C19) nicely shows that A}, is also invari-
ant under diffeomorphisms.

From Eq. (B3) we see that also s is invariant under
linearized diffeomorphisms. In contrast, as it is clear
from Eq. (B1), the vector €, = E;TL + 0, @ transforms as
€, — €, — &,, and can be set to zero by a gauge trans-
formation. Observe that choosing the gauge so that €, = 0
leaves no residual gauge freedom. Thus, €, describes the
four pure-gauge modes, while the 5 degrees of freedom of
hH, together with the scalar s, describe 6 physical degrees
of freedom of the gravitational field. As we learned in
Appendix B, these variables are not appropriate for iden-
tifying which degrees of freedom are radiative and which
are not. However, we already saw in Sec. IV that, in the
theory defined by the action S,y10c, all 6 gauge-invariant
degrees of freedom are radiative.

Just as in the case of massive electrodynamics, it is
straightforward to write a gauge-invariant action for line-
arized massive gravity using the gauge-invariant variable

h wv- We can in fact construct the gauge-invariant action

1 A A N
Sgauge-inv = 5 fdd+1x[hMV5#V,PO'hpo_ - mz(h,u,vhluy - hz)]’

(C20)
with a FP mass term constructed using ﬁw and
h= n“”ﬁw. Observe that

hyyEF PN,y = hy EFPR,,, (C21)

since this term is gauge invariant and 4, and h wy are
related by a gauge transformation. From the explicit
expression of h wv 10 terms of A, given by Eq. (B6) we
find that

C 1
f A (P — h2) = / d“lx(hwié’“”’”"hpa),
(C22)

and therefore Sg,pc-iny 18 the same as the nonlocal action
Shonloc given in Eq. (4.1). We therefore have the identities
1 m?
Snonloc = /dd+1x§h,uv<1 - E)‘S’#V’pghp(r
= [ gi+! 1;’1‘ g,uv,p(r]fi _ m? (]fi hv — }’I‘Z)
- X E nv po 7 my

1 A~ A 1 A A
— / dd“xl:zh,w(lj — ) = (O - m2)h],

(C23)
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where in the last line we used Eq. (B2) to simplify
hyEF PR, .. Thus, Sponiec 1S a local functional of 4,
and the nonlocality of S,n0c @s @ functional of the metric
perturbation %, is now hidden in the nonlocal relation
between ﬁ#,, and .

In the action (C23) the terms ﬁw(D — m?)h*” and
h(0 — m?)h are not independent, since 7 = 17‘“’}2#,,. We
can however decouple them using Eq. (C19) to write

1 N
—d,0 )h,

F0udy (C24)

N 1
h,uv = h;l:l;/ + g(”flw -
and we can use 4,5, and / as independent fields. Then the
action (C28) becomes

1
Snonloc = 5 ]dd+lx[h£?/(m - mz)hTTMV

d - 1 A A
_dmho- mz)h].

p (C25)

We see that /), has a healthy kinetic term. In contrast,

for d > 1, in a theory governed by S,,n.. the scalar h
is a ghost, since its kinetic term has the wrong sign.
Equation (C25) confirms the analysis made in Sec. IV:
the action S, describes 6 degrees of freedom, out of
which 5 correspond to the helicities 0, =1, and *2 of a
massive spin-2 particle, while the sixth degree of freedom
is a Lorentz scalar, and we further see that it is a ghost.
Taking the m = 0 limit and comparing with Eq. (B7) we
see that in this limit /4 reduces to the nonradiative field s.
However, from the discussion in Sec. IV it follows that in
the massive case /1 is truly dynamical, while we saw that in
the massless case s is a nonradiative degree of freedom,
despite its KG action. Similarly, in the massive case /),
describes 5 dynamical degrees of freedom.

Consider now FP massive gravity. According to
Eq. (3.15), we must then add to S,y the term

1
—2m? [d4XNE aﬂa,,(hf“’ — n*7h). (C26)
Observe, from Eq. (B6), that

3, (h*v — nkvh). (C27)

_Ea'u,

PHYSICAL REVIEW D 88, 044033 (2013)

Therefore the FP action (3.15) can be rewritten as

1
Skp + Sim = j dd“x[5 RIT(O) — m2)RTTe

d_l/\ A A
———h(@O - m»)h +2m? ]
¥ h( m*)h m*Nh

1.
+g fdd+1x[hﬁTyTTW + ghT]. (C28)

We also wrote Eq. (3.15) in a generic space-time dimension and
we used the fact that, because of 9 " T#” = 0, upon integration
by parts h,,, T*" = h,,, T*" = hIETT™4 + (1/d)hT.>* We
see that the Lagrange multiplier N imposes the constraint
h =0 and kills the ghost. Thus, the action (C28) is
equivalent to

1

SFP+Sth=[dd+1X[§h££(D _m2)hTT,uV +gh”£Il;TTTMV]

(C29)

Equation (C29) provides a gauge-invariant description of
the 5 physical degrees of freedom of the massive graviton of
FP theory. The price to be paid for explicit gauge invariance
is of course nonlocality, which is now hidden in the relation
between the gauge-invariant field A}, and the metric per-
turbation h,,, given by Egs. (B6) and (C19). It is also
interesting to observe that, under an infinitesimal confor-
mal transformation of the metric g, — ¢ ?’g,,,, we have
hyy — hy, — 267, and

hyy— by, —2(n,, —079,0,)0.  (C30)
Plugging this into Eq. (C19) we find that /, is invariant.
Thus, the reduction from the 10 degrees of freedom of 4,
to the 5 of hfLTV can be understood as a consequence of
diff invariance (which eliminates 4 degrees of freedom)
plus an ““accidental” conformal invariance of the linearized
theory.

20 Assuming that T,., has compact support, the integrations by
parts involving nonlocal terms are well defined.
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