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Within the Nambu–Jona-Lasinio model the temperature dependence of the shear viscosity is calculated

to the first nontrivial order in the 1=Nc expansion with �-derivable approximations. The two-particle

irreducible effective action is computed to next-to-leading order, from which the integral equations for the

3- and 4-point vertices are obtained. These sum infinite sets of diagrams contributing to the shear viscosity

at the same order in the 1=Nc expansion. We find that the shear viscosity decreases rapidly when the chiral

crossover is approached. Comparing with the hadron phase, the quark-gluon plasma phase has a low shear

viscosity, which is consistent with the measurements. The ratio of the shear viscosity to entropy density is

also calculated.
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I. INTRODUCTION

It is believed that a strongly interacting quark-gluon
plasma (QGP, or sQGP) is observed in ultrarelativistic
heavy ion collisions at the Relativistic Heavy-Ion Collider
(RHIC) [1–8]. The collective behavior of the sQGP is
almost like that of an ideal fluid, with a ratio of the shear
viscosity to entropy density �=s very close to the Kovtun-
Policastro-Son-Starinets (KPSS) lower bound 1=4� [9]. In
fact, the extraction of the transport coefficients from flow
measurements finds 1< 4�ð�=sÞ< 2:5 near the critical
temperature [10–12].

Motivated by the experimental studies of the transport
properties of strong-interaction matter, theoretical predic-
tions for the shear viscosity of the QGP have attracted
much attention. Employing kinetic theory, transport coef-
ficients were calculated in high temperature gauge theories
in the weak-coupling expansion [13] and the large Nf limit

[14]. Recently, the contribution of the gg $ ggg process
to the shear viscosity of a gluon plasma is discussed in
perturbative QCD [15,16]. Transport coefficients are also
calculated in a weakly coupled scalar field theory using
field theoretical methods [17], in which an infinite class of
diagrams contributing to the leading weak-coupling behav-
ior is summed through an integral equation. Similar calcu-
lations were also performed in the real-time formalism
[18]. It should be emphasized that these types of calcula-
tions rely on perturbative treatments of the system and
become unreliable near the QCD (pseudo)critical tempera-
ture. A way to overcome this problem is to employ lattice
simulations [19]. However, before lattice results become
quantitatively reliable, one has to solve the problem of how
to reliably perform the analytic continuation from imagi-
nary to real time based on a discrete set of data points [20].

A quite different approach to calculate the shear viscos-
ity is to adopt the AdS/CFT correspondence, where the
strong-coupling limit in a conformal field theory is mapped

onto the weak-coupling limit of a gravity dual with anti–de
Sitter metric. Then the shear viscosity of the conformal
field theory can be calculated from graviton absorption,
and one obtains the lower bound 1=4� for the shear
viscosity to entropy density ratio �=s [9]. This bound is
modified by higher-derivative gravity corrections [21]. One
should mention that it is doubted whether the lower bound
is universal [22], and it is argued that quantum field theory
appears to impose no lower bound on �=s, at least for
metastable fluids [23].
In this work we will study the shear viscosity in the

Nambu–Jona-Lasinio (NJL) model within a �-derivable
approximation [24,25], which is also known as the two-
particle-irreducible (2PI) effective action formalism [26]
and is a nonperturbative approach to quantum field theory.
The�-derivable approximation has also been widely used
to study the thermodynamics of quantum fields [27], quan-
tum dynamics far from equilibrium [28], and to formulate
efficient nonperturbative approximation schemes com-
bined with the exact renormalization group [29]. The shear
viscosity in the OðNÞ model has also been computed using
�-derivable approximations [30]. Furthermore, in a scalar
theory with cubic and quartic interactions, the four-loop
four-particle irreducible effective action is studied [31].
The NJL model, as a low-energy effective field theory of
the QCD, is very successful in describing the static prop-
erties of light hadrons and the chiral phase transition at
finite temperature [32,33]. The NJL model incorporates
chiral symmetry and its dynamical breaking mechanism
in a similar way as QCD. It is therefore interesting to
calculate the shear viscosity and study its evolution from
low temperatures towards the chiral transition. For this one
has to go beyond the leading-order mean-field approxima-
tion, in a symmetry-conserving fashion. A systematic
scheme is provided by the 1=Nc expansion [34,35]. In this
paper we will compute the shear viscosity at first nontrivial
order in 1=Nc.
The paper is organized as follows. In Sec. II we
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integral equation for the 4-point vertex formally. In Sec. III
we study the meson propagators and quark self-energy in
details. In Sec. IV we solve the integral equation for the
3-point vertex numerically and obtain the shear viscosity
from the Kubo formula. Section V summarizes the results
and draws pertinent conclusions.

II. �-DERIVABLE APPROXIMATIONS

We begin with the Lagrangian density for the two-flavor
NJL model:

LNJL ¼ �c ði��@
� �m0Þc þG½ð �c c Þ2 þ ð �c i�5 ~�c Þ2�;

(1)

where m0 is a small bare quark mass and �a(a ¼ 1, 2, 3)
denote Pauli matrices in flavor space. The four-fermion
interaction with effective coupling strength G for scalar
and pseudoscalar channels has SUVð2Þ � SUAð2Þ �UVð1Þ
symmetry, which is broken to SUVð2Þ �UVð1Þ in the non-
perturbative vacuum.

The corresponding generating functional with a
two-point source for the NJL Lagrangian is given as

Z½�; ��;K� ¼
Z
½dc �½d �c � exp fi½Ið �c ; c Þ þ ��c

þ �c�þ �cKc �g: (2)

Here, Ið �c ; c Þ ¼ R
d4xLNJL is the classical action, and

in the expression above we have used the following
abbreviated notations:

��c ¼
Z

d4x ��ðxÞc ðxÞ; �c� ¼
Z

d4x �c ðxÞ�ðxÞ;

�cKc ¼
Z

d4xd4y �c ðxÞKðx; yÞc ðyÞ: (3)

Introducing the generating functional for the connected
Green functions

W½�; ��;K� ¼ �i lnZ½�; ��;K�; (4)

it then follows that

�W½�; ��;K�
� ��ðxÞ ¼ c cðxÞ; (5)

�W½�; ��;K�
��ðxÞ ¼ � �c cðxÞ; (6)

�W½�; ��;K�
�Kðy; xÞ ¼ �ðc cðxÞ �c cðyÞ þ iSðx; yÞÞ: (7)

In the case of vanishing sources, c cðxÞ and �c cðxÞ become
expectation values of the corresponding fields c ðxÞ and
�c ðxÞ, and iSðx; yÞ is the propagator.
The generating functional for the vertex Green functions

is defined as the Legendre transform of W

�½c c; �c c; S� ¼ W½�; ��;K� � ��c c � �c c�

þ Tr½Kðc c
�c c þ iSÞ�; (8)

where

Tr½Kðc c
�c c þ iSÞ� ¼

Z
d4xd4yKðx; yÞðc cðyÞ �c cðxÞ

þ iSðy; xÞÞ: (9)

It can be easily proved that

��½c c; �c c; S�
�c cðxÞ ¼ ��ðxÞ þ

Z
d4y �c cðyÞKðy; xÞ; (10)

��½c c; �c c; S�
� �c cðxÞ

¼ ��ðxÞ �
Z

d4yKðx; yÞc cðyÞ; (11)

��½c c; �c c; S�
�Sðx; yÞ ¼ iKðy; xÞ: (12)

Using the �-derivable theory [24,25], the effective action
� in Eq. (8) can be computed as follows:

�½c c; �c c; S� ¼ Iðc c; �c cÞ � iTr lnS�1 � iTrS�1
0 ðc c; �c cÞS

þ�2½c c; �c c; S� þ const; (13)

where the S�1
0 ðc c; �c cÞ satisfies

�c S�1
0 ðc c; �c cÞc ¼

�
�c

�

� �c c

��
c

�

�c c

�
Iðc c; �c cÞ; (14)

and �2 is the sum of 2PI vacuum graphs governed by
vertices of Iintðc c; �c c; c ; �c Þ and the propagator iS [26].
Here Iintðc c; �c c; c ; �c Þ is given as

Iintðc c; �c c; c ; �c Þ ¼ Iðc þ c c; �c þ �c cÞ � Iðc c; �c cÞ

� �c
�Iðc c; �c cÞ

� �c c

� c
�Iðc c; �c cÞ

�c c

� �c S�1
0 ðc c; �c cÞc : (15)

Since we are only interested in c c ¼ �c c ¼ 0, it then
follows that

S�1
0 ðx� yÞ ¼ ði��@

� �m0Þ�4ðx� yÞ; (16)

Iintðc ; �c Þ ¼ G½ð �c c Þ2 þ ð �c i�5 ~�c Þ2�: (17)

We should note that in Eqs. (15) and (17) we have used
abbreviated notations, where the integrations are not
indicated.
Using the 2PI formalism above, we can easily obtain an

integral equation for the 4-point vertex function �ð4Þ. It
follows from Eqs. (7) and (12) that

@2�½S�
@Sij@Sk0l0

@2W½K�
@Kl0k0@Klk

¼ 1ij;kl; (18)

where 1ij;kl ¼ �ik�jl, ij . . . stands for all the degrees of

freedom of the Dirac field and a summation is assumed in
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the case of repeated indices. Here we use the ordinary
differential @ in place of the functional differential �.
Employing Eq. (4) one obtains

@2W½K�
@Kl0k0@Klk

¼ iðhTðc k0 �c l0c k
�c lÞiconn

� hTðc k0 �c lÞihTðc k
�c l0 ÞiÞ; (19)

where the first term in the right-hand side is the connected
4-point Green function. The connected Green function can
further be expressed as

hTðc k0 �c l0c k
�c lÞiconn ¼ ðiSk0k1ÞðiSl1l0 ÞðiSkk2ÞðiSl2lÞ�ð4Þ

k1l1;k2l2
:

(20)

Differentiating �½S� in Eq. (13) with respect to S, we arrive
at

@�½S�
@Sij

¼ iðS�1Þji � iðS�1
0 Þji þ @�2½S�

@Sij
: (21)

Requiring stationarity, i.e. the left-hand side to vanish,
the gap equation emerges:

S�1 ¼ S�1
0 ��; (22)

with

� ¼ �i
@�2½S�
@S

: (23)

Differentiating both sides of Eq. (21) with respect to S once
more, one obtains

@2�½S�
@Sij@Sk0l0

¼ iðiSÞ�1
jk0 ðiSÞ�1

l0i þ @2�2½S�
@Sij@Sk0l0

: (24)

Substituting Eqs. (19), (20), and (24) into Eq. (18) one

obtains the following integral equation for �ð4Þ:

�ð4Þ
ij;kl ¼ �ij;kl ��ij;k0l0 ðiSl0i0 Þ�ð4Þ

i0j0;klðiSj0k0 Þ: (25)

The scattering kernel is given as

�ij;kl ¼ �i
@2�2½S�
@Sji@Slk

: (26)

In the following we will calculate �2½S� to next-to-
leading order (NLO) in the expansion of 1=Nc. The leading
order (LO) and NLO terms of �2 are shown diagrammati-
cally in Figs. 1 and 2 respectively, and their expressions are
given as

�LO
2 ½S� ¼ G

X
�

Z
d4xtrðiSðx; xÞ��ÞtrðiSðx; xÞ��Þ; (27)

�NLO
2 ½S� ¼ i

2
Trc;� lnB; (28)

with

B�1�2
ðx; yÞ ¼ �4ðx� yÞ��1�2

� 2G��1�2
ðx; yÞ; (29)

��1�2
ðx; yÞ ¼ �itr½iSðy; xÞ��1

iSðx; yÞ��2
�; (30)

where ��1�2
ðx; yÞ are the quark-antiquark polarization

functions. The scalar and pseudoscalar interaction
channels correspond to ��¼0 ¼ 1 and ��¼a ¼ i�5�a,
respectively. We should note that the different trace nota-
tions in the equations above have different meanings: tr
only acts in the inner space (Dirac, flavor, and color), and
Trc;� in the coordinate space and � index. Since the

coupling strength G�OðN�1
c Þ, it is obvious that �LO

2 �
OðNcÞ and �NLO

2 �Oð1Þ.
Following the method in Ref. [30], we introduce the

‘‘meson propagators’’ as

D�1�2
ðx; yÞ ¼ 2GB�1

�1�2
ðx; yÞ: (31)

The meson propagators are related to the polarization
functions through

D�1�2
ðx; yÞ ¼ 2G

�
��1�2

�4ðx� yÞ

þX
�3

Z
d4z��1�3

ðx; zÞD�3�2
ðz; yÞ

�
: (32)

Substituting Eqs. (27) and (28) into Eqs. (23) and (26)
and after a calculation which is presented in Appendix A,
we obtain the expressions of self-energy and scattering
kernel in the 1=Nc expansion in NLO. Here, we just list
these results in momentum space:

�ðpÞ ¼ �LOðpÞ þ �NLOðpÞ þ � � � ; (33)

with

�LOðpÞ ¼ 2G
Z d4q

ð2�Þ4 trðiSðqÞÞ; (34)

FIG. 1. Leading order (LO) contribution to �2. The solid lines
represent the dressed quark propagator, and the wavy line the
local four-point interaction.

FIG. 2. NLO contribution to �2.
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�NLOðpÞ ¼ �X
�

Z d4q

ð2�Þ4 D�ðp� qÞ��iSðqÞ��: (35)

The polarization functions and meson propagators are
given by

��ðpÞ ¼ �i
Z d4q

ð2�Þ4 tr½iSðq� pÞ��iSðqÞ���; (36)

D�ðpÞ ¼ 2G

1� 2G��ðpÞ ; (37)

Figure 3 shows the diagrams of the self-energy at LO and
NLO.

The integral equation for 4-point vertex �ð4Þ is given by

�ð4Þ
ij;klðp; p0; qÞ ¼ �ij;klðp; p0;qÞ �

Z d4r

ð2�Þ4 �ij;k0l0 ðp; r; qÞ

� ðiSl0i0 ðrþ qÞÞ�ð4Þ
i0j0;klðr; p0;qÞðiSj0k0 ðrÞÞ;

(38)

where the scattering kernel takes the following form:

�ij;klðp;r;qÞ¼�LO
ij;klðp;r;qÞþ�NLO

ij;kl ðp;r;qÞþ��� ; (39)

with

�LO
ij;klðp; r; qÞ ¼ 2iG

X
�

��
ij�

�
kl; (40)

�NLO
ij;kl ðp;r;qÞ¼�i

X
�

D�ðp�rÞ��
il�

�
kj�

X
�1�2

Z d4l

ð2�Þ4
�ð��1

iSðpþ lÞ��2
ÞijD�1

ðq� lÞD�2
ðlÞ

�ð��2
iSðrþ lÞ��1

Þkl
� X

�1�2

Z d4l

ð2�Þ4 ð��1
iSðpþ lÞ��2

Þij

�D�1
ðq� lÞD�2

ðlÞð��1
iSðrþq� lÞ��2

Þkl:
(41)

Figures 4 and 5 show the integral equation and NLO
contributions to the scattering kernel, respectively.

III. MESON PROPAGATORS AND QUARK
SELF-ENERGY

In the section we calculate the meson propagators
and quark self-energy at finite temperature. We will adopt
the imaginary-time, i.e., Matsubara formalism throughout
this paper. In the imaginary-time formalism, the energy
is replaced by discrete Matsubara frequencies i!n with
!n ¼ 2n�T for bosons and !n ¼ ð2nþ 1Þ�T for
fermions. Furthermore, the 4-momentum integrations in
the last section are replaced by

Z d4p

ð2�Þ4 fðp
0; ~pÞ ¼ i��1

X
n

Z d3p

ð2�Þ3 fði!n; ~pÞ; (42)

with � ¼ 1=T being the inverse of the temperature.
From Eqs. (34) and (35) one finds that the LO part of the

quark self-energy �LO is of order Oð1Þ in the 1=Nc expan-
sion. Therefore, the real part of �NLO can be neglected,
because it is OðN�1

c Þ. Furthermore, we should emphasize
that the first nonvanishing imaginary part of the quark self-
energy occurs at the order of OðN�1

c Þ. The same also
happens in the OðNÞ model [30]. As a consequence we
only need the LO part �LO of the quark self-energy in the
gap equation (22) and the polarization functions in (36),

FIG. 3. Quark self-energy at LO and NLO. The dashed line
denotes the meson propagator.

FIG. 5. NLO contributions to the 4-point scattering kernel.

FIG. 4. Integral equation for 4-point vertex �ð4Þ.
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which simplifies the calculations considerably. The gap
equation is given by

M ¼ m0 þ 4GNcNf

Z d3q

ð2�Þ3
M

Eq

ð1� 2nfðEqÞÞ; (43)

with

Eq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

q
; (44)

nf;bðEqÞ ¼ 1

e�Eq � 1
; (45)

where M is the dressed or constituent quark mass. From
Eq. (36) one obtains the scalar polarization function which
reads

Re�0ðp0 þ i0þ; ~pÞ
¼ 4NcNf

�
I1 þ 1

2
ðp2

0 � p2 � 4M2ÞReIðp0 þ i0þ; ~pÞ
�
;

(46)

Im�0ðp0 þ i0þ; ~pÞ
¼ 2NcNfðp2

0 � p2 � 4M2ÞImIðp0 þ i0þ; ~pÞ; (47)

and the pseudoscalar polarization function

Re�aðp0 þ i0þ; ~pÞ
¼ 4NcNf

�
I1 þ 1

2
ðp2

0 � p2ÞReIðp0 þ i0þ; ~pÞ
�
; (48)

Im�aðp0 þ i0þ; ~pÞ ¼ 2NcNfðp2
0 � p2ÞImIðp0 þ i0þ; ~pÞ;

(49)

with

I1 ¼
Z d3q

ð2�Þ3
1

2Eq

ð1� 2nfðEqÞÞ; (50)

ReIðp0þi0þ; ~pÞ¼ 1

ð2�Þ2
1

2p

Z 1

0
dq

q

Eq

�
�
�nfðEqÞln

��������ðEþ�EqÞ2�p2
0

ðE��EqÞ2�p2
0

��������
þ
�
1

2
�nfðEqÞ

�
ln

��������ðEþþEqÞ2�p2
0

ðE�þEqÞ2�p2
0

��������
�
;

(51)

ImIðp0 þ i0þ; ~pÞ

¼ � 1

16�

1

p

�
2T�ðp2 � p2

0Þ ln
�
1þ e�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2�þM2

p
=T

1þ e�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
þþM2

p
=T

�

þ�ðp2
0 � p2 � 4M2Þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2� þM2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þ þM2

q

þ 2T ln

�
1þ e�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2�þM2

p
=T

1þ e�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
þþM2

p
=T

���
; (52)

where we have

E� ¼ ½ðq� pÞ2 þM2�1=2; (53)

p� ¼ 1

2

��������p� p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4M2

p2
0 � p2

s ��������: (54)

From Eq. (52) one sees that the imaginary part of the
quark-antiquark polarization functions are nonvanishing
only when s < 0 (s ¼ p2

0 � p2) or s > 4M2. Therefore,

in these regions, one can employ Eq. (37) to obtain the
retarded and advanced meson propagators D�

RðpÞ ��D�ðp0 þ i0þ; ~pÞ and D�
AðpÞ ¼ D�

RðpÞ�. It then follows
that the meson spectral density is given by

	�
DðpÞ ¼ iðD�

RðpÞ �D�
AðpÞÞ ¼

8G2Im��ðp0 þ i0þ; ~pÞ
ð1� 2GRe��ðp0 þ i0þ; ~pÞÞ2 þ ð2GIm��ðp0 þ i0þ; ~pÞÞ2 : (55)

In the region 0< s < 4M2, we should investigate whether
there is a pole in the meson propagators, in other words,
whether the mass of the mesons is less than 2M. For the
pion this is fulfilled below the Mott temperature TM,
defined by

m�ðTMÞ ¼ 2MðTMÞ: (56)

However, in the scalar channel, the mass of the 
 meson
m
 is always larger than 2M. (See the left panel of Fig. 6.
The three parameters of the NJL model are fixed as

� ¼ 651 MeV, G ¼ 5:04 GeV�2, and m0 ¼ 5:5 MeV,
which are obtained by fitting the following physical
quantities: m� ¼ 139:3 MeV, f� ¼ 92:3 MeV, and
jh �c uc uij1=3 ¼ 251 MeV. Same as the usual NJL litera-
tures, e.g. Ref. [36], we only employ the cutoff � for the
vacuum contribution. Since the thermal contribution is
finite, it does not need a regularization.) Therefore, we
only need to include the single particle contribution to
the spectral density for the pseudoscalar channel. In sum-
mary, the spectral density for the 
 meson is given by
Eq. (55), while that for the pion is changed to
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	1
DðpÞ ¼

8G2Im�1

ð1� 2GRe�1Þ2 þ ð2GIm�1Þ2
þ f1D2�sgnðp0Þ�ðp2

0 � p2 �m2
�Þ�ð2M�m�Þ;

(57)

where we use index 1 to denote the pseudoscalar channel,
while f1D is the residue of the pion propagator at the pole.
Figure 7 shows the scalar and pseudoscalar spectral density
(without the isolated single-particle contribution) for sev-
eral different temperatures. One observes that there is an
obvious peak in 	0

D, which originates from the pole of the

meson propagator. However, in 	1

D, there is no such peak

when the temperature is low. With increasing temperature,

the isolated single-particle contribution to the spectral

density becomes smaller and smaller and vanishes even-

tually at the Mott temperature (see the right panel of Fig. 6

which shows f1D as a function of the temperature), while

the continuous spectral density coming from the pole of the

pion propagator becomes more and more important.
In the following, we calculate the NLO of the quark

self-energy from Eq. (35) (details of the computation are

presented in Appendix B and we just list the results here),

whose expression in the imaginary time formalism is

given by

�NLOði!np; ~pÞ ¼
X
�

Z d3q

ð2�Þ3 �
�1
X
nq

D�ði!nq � i!np; ~q� ~pÞ��Sði!nq ; ~qÞ��; (58)

where !nq ¼ ð2nq þ 1Þ�=� and !np ¼ ð2np þ 1Þ�=�. In order to complete the summation over nq, we adopt the
Holstein summation formula [37,38], i.e.,

��1
X

even;oddm

Fði!mÞ ¼ 	X
poles

nb;fðziÞResðF; z ¼ ziÞ �
X
cuts

Z 1

�1
d�

2�i
nb;fð�ÞDiscF; (59)

and find

�NLOði!np ; ~pÞ ¼
X
�

Z d3q

ð2�Þ3
Z d�

2�i
½iD�ð�� i!np ; ~q� ~pÞ��	Sð�; ~qÞ��nfð�Þ

þ i	�
Dð�; ~q� ~pÞ��Sð�þ i!np; ~qÞ��nbð�Þ�; (60)

where 	S is the spectral density for the Hartree quark propagator

	SðqÞ ¼ 2�sgnðq0Þ�ðq20 � E2
qÞð��q

� þMÞ: (61)

After analytic continuation, we arrive at

Im�NLO
R ðp0; ~pÞ¼ 1

2i
½�NLOðp0þ i0þ; ~pÞ��NLOðp0� i0þ; ~pÞ�

¼�1

2

Z d4q

ð2�Þ4 ½	
þ
Dðq0�p0; ~q� ~pÞð��q

�Þþ	�
Dðq0�p0; ~q� ~pÞM�	Gðq0; ~qÞ½nfðq0Þþnbðq0�p0Þ�; (62)

with

FIG. 6 (color online). Left panel: Quark constituent mass M, pion mass m�, and 
 meson mass m
 as functions of the temperature
with j ~pj ¼ 100 MeV. Right panel: fD1 as a function of temperature with j ~pj ¼ 100 MeV.
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	Gðq0; ~qÞ � 2�sgnðq0Þ�ðq20 � E2
qÞ; (63)

	þ
Dðq0; ~qÞ ¼ 	0

Dðq0; ~qÞ þ 3	1
Dðq0; ~qÞ; (64)

	�
Dðq0; ~qÞ ¼ 	0

Dðq0; ~qÞ � 3	1
Dðq0; ~qÞ: (65)

We express Im�NLO
R as

Im�NLO
R ðp0; ~pÞ ¼ ��0p0ImCRðp0; ~pÞ þ ~� � ~pImARðp0; ~pÞ þ ImBRðp0; ~pÞ: (66)

After some calculations, one obtains

ImARðp0; ~pÞ ¼ 1

32�2

1

p3

Z 1

0
dq

q

Eq

Z qþp

jq�pj
dkkðp2 þ q2 � k2Þ½	þ

DðEq � p0; kÞðnfðEqÞ þ nbðEq � p0ÞÞ

� 	þ
DðEq þ p0; kÞðnfðEqÞ þ nbðEq þ p0ÞÞ�; (67)

ImBRðp0; ~pÞ ¼ � 1

16�2

M

p

Z 1

0
dq

q

Eq

Z qþp

jq�pj
dkk½	�

DðEq � p0; kÞðnfðEqÞ þ nbðEq � p0ÞÞ

� 	�
DðEq þ p0; kÞðnfðEqÞ þ nbðEq þ p0ÞÞ�; (68)

ImCRðp0; ~pÞ ¼ 1

16�2

1

p0p

Z 1

0
dqq

Z qþp

jq�pj
dkk½	þ

DðEq � p0; kÞðnfðEqÞ þ nbðEq � p0ÞÞ

þ 	þ
DðEq þ p0; kÞðnfðEqÞ þ nbðEq þ p0ÞÞ�: (69)

As we have mentioned above, Im�NLO is proportional to 1=Nc. Therefore, we can approximate the quark propagator as

SRðp0; ~pÞ � � � pþM

p2
0 � ~p2 �M2 þ iFRðp0; ~pÞ ; (70)

with

FRðp0; ~pÞ ¼ 2½p2
0ImCRðp0; ~pÞ � ~p2ImARðp0; ~pÞ �MImBRðp0; ~pÞ�: (71)

We define

GRðp0; ~pÞ � Gðp0 þ i0þ; ~pÞ � 1

p2
0 � ~p2 �M2 þ iFRðp0; ~pÞ : (72)

In the following, we adopt the method in Ref. [30] and obtain the corresponding spectral density as

FIG. 7 (color online). 
meson (left panel) and pion (right panel) spectral densities as functions of p0 with j ~pj ¼ 100 MeV at several
values of the temperature.
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	Gðp0; ~pÞ ¼ iðGRðp0; ~pÞ �GAðp0; ~pÞÞ

¼ 2FRðpÞ
ðp2

0 � E2
pÞ2 þ F2

RðpÞ
: (73)

This spectral density can be approximated as its leading
order contribution in the 1=Nc expansion, i.e., Eq. (63). In
the following we usually encounter the product
GRðpÞGAðpÞ, which is of order Nc. This is because

GRðpÞGAðpÞ ¼ 1

ðp2
0 � E2

pÞ2 þ F2
RðpÞ

¼ 	GðpÞ
2FRðpÞ ¼

	GðpÞ
4p0�p

;

(74)

with

�p ¼ FRðp0; ~pÞ
2p0

��������p0¼�Ep

¼ FRðEp; ~pÞ
2Ep

(75)

being the thermal width of a quark. ImAR, ImBR, ImCR,
and �p as functions of j ~pjwith T ¼ 130 MeV are shown in
Fig. 8. One can see that the thermal width increases with
j ~pj when the temperature is 130 MeV. In order to inves-
tigate the dependence of the thermal width on temperature,
we show �p as a function of T at several values of mo-
mentum in Fig. 9. In the regime of low momentum, which
contributes to the shear viscosity mostly as Eq. (86) shows,
we find that �p has a maximal value at the pseudocritical

temperature of the chiral crossover. When the momentum
is high, temperature corresponding to the maximal �p

becomes larger.

IV. SHEAR VISCOSITY

According to the Kubo formula, the shear viscosity is
related to the spectral density of the energy-momentum
tensor through [17,39]

� ¼ 1

20
lim
q0!0

lim
~q!0

@

@q0
	TTðq0; ~qÞ; (76)

with

	TTðq0; ~qÞ ¼
Z

d4xeiq
0t�i ~q� ~xh½TijðxÞ; Tijð0Þ�i; (77)

where Tij is the traceless spatial energy-momentum tensor

Tij ¼ �c

�
i�i@j � 1

3
�iji�k@k

�
c : (78)

Defining the Green function as

iGTTðxÞ ¼ hTðTijðxÞ; Tijð0ÞÞi; (79)

we have

	TTðq0; ~qÞ ¼ �2ImGTTðq0 þ i0þ; ~qÞ: (80)

One easily obtains that

GTTðq0 ¼ i!nq;0Þ ¼ ��1
X
np

Z d3p

ð2�Þ3 Tr½�ijðpþ q;pÞ

� SðpÞ�0
ijðp;pþ qÞSðpþ qÞ�; (81)

and the corresponding diagram is shown in Fig. 10, where
�0
ij is the bare 3-point vertex, given by

�0
ijðpþ q; pÞ ¼ �ipj � 1

3
�ij�kpk; (82)

and �ij is the fully dressed 3-point vertex. It is convenient

to express �ij as

FIG. 8 (color online). Left panel: ImARðEp; ~pÞ, ImBRðEp; ~pÞ, and ImCRðEp; ~pÞ as functions of j ~pj at T ¼ 130 MeV. Right panel: �p

as a function of j ~pj at T ¼ 130 MeV.

FIG. 9 (color online). Dependence of the thermal width on the
temperature at several values of momentum.

WEI-JIE FU PHYSICAL REVIEW D 88, 036012 (2013)

036012-8



�ijðpþ q; pÞ ¼ �0
ijðpþ q; pÞ�ðpþ q; pÞ: (83)

The dressed 3-point vertex has a relation with the
4-point vertex, which is shown in the first line of Fig. 11.
Employing the Bethe-Salpeter (BS) equation for the
4-point vertex shown in Fig. 4, one obtains the BS equation
for the dressed 3-point vertex as the second line of Fig. 11
shows. This is analogous to the method used by G. Aarts
et al. to obtain the BS equation for the 3-point vertex in the
OðNÞ model [30].

Employing the Holstein summation formula in Eq. (59),
we obtain

lim
q0!0

	TTðq0;0Þ ¼ 32

3
NcNf�q

0
Z d4p

ð2�Þ4 nfðp
0Þð1� nfðp0ÞÞ

��ðp0 þ q0 þ i0þ;p0 � i0þ; ~pÞ
� ~p2ð�2M2 � ~p2 þ 2p2

0ÞGRðp0; ~pÞ
�GAðp0; ~pÞ: (84)

Therefore, in order to calculate the shear viscosity one
should analytically continue the 3-point vertex to

V ðp0; ~pÞ � �q0!0ðp0 þ q0 þ i0þ; p0 � i0þ; ~pÞ: (85)

Inserting Eq. (74) into Eq. (84) and employing the Kubo
formula in Eq. (76), we finally arrive at

� ¼ 1

15�2
NcNf�

Z 1

0
dpp6 1

�pE
2
p

� nfðEpÞð1� nfðEpÞÞV ðEp; pÞ: (86)

In the following, we will solve the BS equation for the
dressed 3-point vertex

�xy;ijðpþ q; pÞ ¼ �0
xy;ijðpþ q; pÞ �

Z d4r

ð2�Þ4 �ij;k0l0

� ðp; r; qÞðiSl0i0 ðrþ qÞÞ�xy;i0j0 ðrþ q; rÞ
� ðiSj0k0 ðrÞÞ; (87)

where we use x, y to denote spatial components of the
energy-momentum tensor and i; j . . . the degrees of free-
dom in Dirac, colors, and flavors. The scattering kernel is
given in Eqs. (39)–(41). Multiplying the two sides of
Eq. (87) with �xpy and performing the trace, one obtains

the following scalar integral equation:

�ðpþ q; pÞ ¼ 1þ
Z d4r

ð2�Þ4 �ðp; r;qÞ
�Gðrþ qÞGðrÞ�ðrþ q; rÞ; (88)

with

�ðp;r;qÞ¼�1ðp;r;qÞþ�2ðp;r;qÞþ�3ðp;r;qÞ; (89)

where

�1ðp; r;qÞ ¼ i½D0ðp� rÞ þ 3D1ðp� rÞ�F0ðp; r;qÞ; (90)

�2ðp; r; qÞ ¼
Z d4l

ð2�Þ4 Gðpþ lÞGðrþ lÞf½D0ðq� lÞD0ðlÞ
þ 3D1ðq� lÞD1ðlÞ�F1ðp; r; l; qÞ
þ ½D0ðq� lÞD0ðlÞ � 3D1ðq� lÞD1ðlÞ�
� F3ð ~p; ~r; ~lÞg; (91)

�3ðp;r;qÞ¼
Z d4l

ð2�Þ4Gðpþ lÞGðrþq� lÞf½D0ðq� lÞD0ðlÞ
þ3D1ðq� lÞD1ðlÞ�F2ðp;r;l;qÞ
þ½D0ðq� lÞD0ðlÞ�3D1ðq� lÞD1ðlÞ�
�F3ð ~p; ~r; ~lÞg: (92)

FIG. 11. Bethe-Salpeter equation for the dressed 3-point vertex and its relation with the 4-point vertex.

FIG. 10. Diagrammatic representation of Eq. (81), where the
dot and black circle denote the bare and dressed vertices,
respectively.
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The three terms correspond to the three diagrams of the NLO contributions to the scattering kernel in Fig. 5,
respectively. In fact, the LO scattering kernel does not contribute to Eq. (88). Some expressions included in
Eqs. (90)–(92) are defined as follows:

F0ðp; r; qÞ ¼ ~r � ~p
~p2

�
�M2 � 1

2
~r2 þ ðr0 þ q0Þr0

�
; (93)

F1ðp; r; l;qÞ ¼ � 3

2

NcNf

~p2

��
~r � ~p ~r �ð ~pþ ~lÞ � 1

3
~r2 ~p � ð ~pþ ~lÞ

�
½ðr0 þ l0Þð2r0 þ q0Þ � 2~r � ð~rþ ~lÞ�

�
�
~r � ~pð ~rþ ~lÞ � ð ~pþ ~lÞ � 1

3
~r � ð~rþ ~lÞ ~p � ð ~pþ ~lÞ

�
½ðr0 þ q0Þr0 � ~r2 �M2�

�
; (94)

F2ðp; r; l; qÞ ¼ � 3

2

NcNf

~p2

��
~r � ~p ~r �ð ~pþ ~lÞ � 1

3
~r2 ~p � ð ~pþ ~lÞ

�
½ðr0 þ q0 � l0Þð2r0 þ q0Þ � 2~r � ð ~r� ~lÞ�

�
�
~r � ~pð~r� ~lÞ � ð ~pþ ~lÞ � 1

3
~r � ð~r� ~lÞ ~p � ð ~pþ ~lÞ

�
½ðr0 þ q0Þr0 � ~r2 �M2�

�
; (95)

F3ð ~p; ~r; ~lÞ ¼ �3NcNf

M2

~p2

�
~r � ~p ~r �ð ~pþ ~lÞ � 1

3
~r2 ~p � ð ~pþ ~lÞ

�
: (96)

We now return to the Matsubara formalism. After performing the frequency summations with Eq. (59), we should also
accomplish the following analytic continuations:

i!np ! p0 � i0þ; (97)

i!np þ i!nq ! p0 þ q0 þ i0þ; (98)

i!nq ! q0 þ i0þ; (99)

due to the requirement of the vertex in Eq. (85). Then, in the limit q0 ! 0, one obtains

V ðpÞ ¼ 1þ
Z d4r

ð2�Þ4 V ðrÞGRðrÞGAðrÞ�ðp; rÞ; (100)

with

�ðp; rÞ ¼ �1ðp; rÞ þ�2ðp; rÞ þ�3ðp; rÞ; (101)

�1ðp; rÞ ¼ ½	0
Dðp� rÞ þ 3	1

Dðp� rÞ�F0ðp; rÞ½nfðr0Þ þ nbðr0 � p0Þ�; (102)

�2ðp; rÞ ¼
Z d4l

ð2�Þ4	Gðpþ lÞ	Gðrþ lÞf½jD0
RðlÞj2 þ 3jD1

RðlÞj2�F1ðp; r; lÞ þ ½jD0
RðlÞj2 � 3jD1

RðlÞj2�F3ð ~p; ~r; ~lÞg½nfðl0 þp0Þ
� nfðl0 þ r0Þ�½nfðr0Þ þ nbðr0 �p0Þ�; (103)

�3ðp; rÞ ¼
Z d4l

ð2�Þ4	Gðpþ lÞ	Gðr� lÞf½jD0
RðlÞj2 þ 3jD1

RðlÞj2�F2ðp; r; lÞ þ ½jD0
RðlÞj2 � 3jD1

RðlÞj2�F3ð ~p; ~r; ~lÞg½nfðl0 þp0Þ
� nfðl0 � r0Þ�½nfðr0Þ þ nbðr0 þp0Þ�; (104)

where we have GRðrÞ ¼ Gðr0 þ i0þ; ~rÞ, GAðrÞ ¼ Gðr0 � i0þ; ~rÞ, and F0;1;2ðp; r; lÞ ¼ F0;1;2ðp; r; l; q ¼ 0Þ
Inserting Eq. (74) into Eq. (100) and after some calculations, we arrive at the following integral equation:

V ðEp; pÞ ¼ 1þ
Z 1

0
dr

H ðp; rÞ
�r

V ðEr; rÞ; (105)

with
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H ðp; rÞ ¼ H 1ðp; rÞ þH 2ðp; rÞ þH 3ðp; rÞ þH 4ðp; rÞ: (106)

We have

H 1ðp; rÞ ¼ 1

26�2

r4

p2E2
r

Z rþp

jr�pj
dkkzrpf½	0

DðEp � Er; kÞ þ 3	1
DðEp � Er; kÞ�½nfðErÞ þ nbðEr � EpÞ�

� ½	0
DðEp þ Er; kÞ þ 3	1

DðEp þ Er; kÞ�½nfðErÞ þ nbðEr þ EpÞ�g; (107)

with

zrp ¼ r2 þ p2 � k2

2rp
; (108)

H 2ðp; rÞ ¼ �3NcNf

28�3

r

E2
rp

3

Z 1

jr�pj
dl

Z 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þ4M2

p dl0
�
½jD0

RðlÞj2 þ 3jD1
RðlÞj2�

�
l2 � l20

2
þM2

�
þ ½jD0

RðlÞj2 � 3jD1
RðlÞj2�M2

�

�
��

1

3
� z2pl � z2rl þ 3z2plz

2
rl

�
p2r2 þ 2zpl

�
z2rl �

1

3

�
r2pl

�
½nfðl0 �ErÞ � nfðl0 �EpÞ�½nfðErÞ þ nbðEr �EpÞ�;

(109)

with

zpl ¼
l20 � l2 � 2Epl0

2pl
; zrl ¼ l20 � l2 � 2Erl0

2rl
; (110)

H 3ðp; rÞ ¼ �3NcNf

28�3

r

E2
rp

3

Z 1

0
dl

Z l

�l
dl0

�
½jD0

RðlÞj2 þ 3jD1
RðlÞj2�

�
l2 � l20

2
þM2

�
þ ½jD0

RðlÞj2 � 3jD1
RðlÞj2�M2

�

�
��

1

3
� z2pl � z2rl þ 3z2plz

2
rl

�
p2r2 þ 2zpl

�
z2rl �

1

3

�
r2pl

�
½nfðl0 �ErÞ � nfðl0 �EpÞ�½nfðErÞ þ nbðEr �EpÞ�;

(111)

with

zpl ¼
l20 � l2 � 2Epl0

2pl
; zrl ¼ l20 � l2 � 2Erl0

2rl
; (112)

H 4ðp; rÞ ¼ �3NcNf

28�3

r

E2
rp

3

Z rþp

0
dl

Z l

�l
dl0

�
½jD0

RðlÞj2 þ 3jD1
RðlÞj2�

�
l2 � l20

2
þM2

�
þ ½jD0

RðlÞj2 � 3jD1
RðlÞj2�M2

�

�
��

1

3
� z2pl � z2rl þ 3z2plz

2
rl

�
p2r2 þ 2zpl

�
z2rl �

1

3

�
r2pl

�
½nfðl0 þErÞ � nfðl0 �EpÞ�½nfðErÞ þ nbðEr þEpÞ�;

(113)

with

zpl ¼
l20 � l2 � 2Epl0

2pl
; zrl ¼ l20 � l2 þ 2Erl0

2rl
: (114)

Here H 1 corresponds to the first diagram in Fig. 5. In our
calculations we find that the second and the third diagram
in Fig. 5 contribute equally to the integral equation in
Eq. (105), and H 2;3;4 correspond to three different
2 $ 2 processes due to the box diagrams in Fig. 5 [30].

Finally, employing the expressions of H 1;2;3;4ðp; rÞ
given above, one can solve the vertex BS equation in
Eq. (105) numerically. After substituting the calculated

results ofV ðpÞ � V ðEp; pÞ into Eq. (86), we can evaluate
the shear viscosity. Figure 12 showsV ðpÞ as a function of
p at several values of temperature. It is seen that V ðpÞ
increases with the temperature at high momentum, but its
dependence on the temperature is weaker at low
momentum.
We give the calculated result of the shear viscosity as a

function of the temperature in Fig. 13. We observe that �
decreases rapidly with increasing temperature during the
QCD crossover from the confined hadron phase to the
deconfined QGP phase. When the crossover is completed,
the shear viscosity arrives at its minimum value. For higher
values of T, � increases slowly.
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So far, we have calculated the shear viscosity in the NJL
model to the first nontrivial order in the 1=Nc expansion.
Therefore, the entropy density s also only needs to be
calculated to its first nontrivial order, which has fulfilled
the requirement that the ratio of the shear viscosity to
entropy density �=s is calculated consistently in the
1=Nc expansion. The first nontrivial order of the entropy
density is the mean-field LO, which can be easily obtained
from the mean-field thermodynamical potential density,
given by

�ðM;TÞ ¼ ðm0 �MÞ2
4G

� 2NfNc

Z d3p

ð2�Þ3
� ½Ep þ 2T ln ð1þ e��EpÞ�: (115)

The entropy density can be obtained by

s ¼ �@�

@T
: (116)

The numerical result of the shear viscosity to entropy density
ratio�=s is shown in Fig. 14. We see that the ratio decreases
monotonously with the increase of the temperature. When
the temperature is above about 160 MeV, the value of �=s
falls below the KPSS lower bound. �=s has also been calcu-
lated within the NJL model in the simple relaxation time
approximation [40,41] and in a dynamical quasiparticle
model [42]. Comparing with these calculations, we should
emphasize that the present work is the first consistent

computation in the 1=Nc expansion. Furthermore, the fully
dressed 3-point vertex is also obtained from the BS equation.
We find that our result lies in between Refs. [40,41] at low
temperature but agrees with the latter at larger temperature.
Our result also agrees with that of Ref. [42] qualitatively
below the critical temperature.

V. SUMMARYAND OUTLOOK

In this work, we have calculated the temperature depen-
dence of the shear viscosity � in the NJL model in NLO in
the 1=Nc expansion. One has to go to this order, to obtain a
description beyond the trivial mean-field LO result of a
free relativistic gas. The 2PI effective action is computed at
NLO, from which the integral equations for the 3- and
4-point vertex are obtained. The integral equations sum
infinite sets of diagrams contributing to the shear viscosity
at the same order in the 1=Nc expansion. The meson
spectral density, self-energy and thermal width of the
quarks are calculated numerically.
Our results demonstrate that � decreases rapidly when

the chiral crossover is approached with increasing tem-
perature. Compared to the hadron phase, the QGP phase
has a low shear viscosity, which seems consistent with the
current RHIC measurements. Furthermore, we find that the
shear viscosity has a minimum value when the chiral
crossover is completed and then increases slowly again.
We also calculate the ratio of the shear viscosity to entropy
density�=s. We find that the ratio decreases monotonously
with the increase of the temperature.
Our model is a quasiparticle model. We should keep in

mind that the validity of the quasiparticle model is
questioned when the thermal width of a quark is large,
which is the case when the temperature is high as Fig. 9
shows.
In view of the experimental search for a chiral critical

end point in the QCD phase diagram in the RHIC low-
energy run and the future programs at NICA/Dubna and
CBM/FAIR it would be interesting to extend the present
calculations to finite quark chemical potential.FIG. 13. Shear viscosity � as a function of the temperature.

FIG. 14 (color online). Ratio of the shear viscosity to entropy
density �=s as a function of the temperature. The KPSS lower
bound is also shown in this plot.

FIG. 12 (color online). V ðpÞ as a function of the magnitude of
the momentum p at several temperature values.
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APPENDIX A: QUARK SELF-ENERGY
AND SCATTERING KERNEL IN THE

1=Nc EXPANSION IN NLO

In this appendix we derive the expressions of quark self-
energy and scattering kernel to NLO in the 1=Nc expan-
sion. From Eqs. (23) and (27), the LO self-energy is easily
obtained as

�LO
ij ðx; yÞ ¼ 2G�4ðx� yÞ��

ijtrðiSðx; xÞ��Þ: (A1)

As for the NLO contribution, from Eq. (28) we have

@�NLO
2 ½S�

@Sjiðy; xÞ ¼
i

2
B�1
�1�2

ðx1; x2Þ
@B�2�1

ðx2; x1Þ
@Sjiðy; xÞ : (A2)

Substituting Eqs. (29) and (30), we obtain

@B�2�1
ðx2; x1Þ

@Sjiðy; xÞ ¼ �2G½��1

ii1
iSi1i2ðx1; x2Þ��2

i2j
�4ðx2 � yÞ

� �4ðx1 � xÞ þ ��2

ii1
iSi1i2ðx2; x1Þ��1

i2j

� �4ðx1 � yÞ�4ðx2 � xÞ�: (A3)

Substituting Eq. (A3) into Eq. (A2), we arrive at

@�NLO
2 ½S�

@Sjiðy; xÞ ¼ �2iGB�1
�1�2

ðx; yÞ��1
ii1
iSi1i2ðx; yÞ��2

i2j
; (A4)

Then the NLO self-energy is given by

�NLO
ij ðx; yÞ ¼ �2GB�1

�1�2
ðx; yÞ��1

ii1
iSi1i2ðx; yÞ��2

i2j

¼ �D�1�2
ðx; yÞ��1

ii1
iSi1i2ðx; yÞ��2

i2j
; (A5)

where we have used the definition of the meson propagator
in Eq. (31) in the second line of the equation above. We
should note that summations or integrals are assumed for
all the dummy indices and arguments in the equations
above.
From the definition of the four-quark scattering kernel in

Eq. (26), we have

�ij;klðx; y; x0; y0Þ ¼
@�ijðx; yÞ
@Slkðy0; x0Þ

¼ @�LO
ij ðx; yÞ

@Slkðy0; x0Þ þ
@�NLO

ij ðx; yÞ
@Slkðy0; x0Þ þ � � � :

(A6)

The first term on the right-hand side of equation above is
obtained as

@�LO
ij ðx; yÞ

@Slkðy0; x0Þ ¼ 2iG��
ij�

�
kl�

4ðx� yÞ�4ðx� y0Þ�4ðx� x0Þ;
(A7)

the second term is given by

@�NLO
ij ðx; yÞ

@Slkðy0; x0Þ ¼ �@D�1�2
ðx; yÞ

@Slkðy0; x0Þ ��1

ii1
iSi1i2ðx; yÞ��2

i2j

� iD�1�2
ðx; yÞ��1

il �
�2

kj �
4ðx� y0Þ�4ðy� x0Þ:

(A8)

Furthermore, we have

@D�1�2
ðx; yÞ

@Slkðy0; x0Þ ¼ �2GB�1
�1�

0
1
ðx; x1Þ

@B�0
1
�0
2
ðx1; y1Þ

@Slkðy0; x0Þ B�1
�0
2
�2
ðy1; yÞ

¼ ð2GÞ2B�1
�1�

0
1
ðx; x1Þ½��0

2

ki1
iSi1i2ðy1; x1Þ�

�0
1

i2l
�4ðx1 � y0Þ�4ðy1 � x0Þ

þ �
�0
1

ki1
iSi1i2ðx1; y1Þ�

�0
2

i2l
�4ðy1 � y0Þ�4ðx1 � x0Þ�B�1

�0
2
�2
ðy1; yÞ

¼ D�1�
0
1
ðx; y0Þ��0

2

ki1
iSi1i2ðx0; y0Þ�

�0
1

i2l
D�0

2�2
ðx0; yÞ þD�1�

0
1
ðx; x0Þ��0

1

ki1
iSi1i2ðx0; y0Þ�

�0
2

i2l
D�0

2�2
ðy0; yÞ: (A9)

Substituting Eq. (A9) into Eq. (A8), we obtain

@�NLO
ij ðx; yÞ

@Slkðy0; x0Þ ¼ �iD�1�2
ðx; yÞ��1

il �
�2

kj �
4ðx� y0Þ�4ðy� x0Þ � ��1

ii3
iSi3i4ðx; yÞ��2

i4j
½D�1�

0
2
ðx; y0ÞD�0

1
�2
ðx0; yÞ

þD�1�
0
1
ðx; x0ÞD�0

2
�2
ðy0; yÞ���0

1

ki1
iSi1i2ðx0; y0Þ�

�0
2

i2l
; (A10)

which are the NLO contributions to the four-quark scattering kernel shown in Fig. 5.
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APPENDIX B: NLO QUARK SELF-ENERGY

The expression of the NLO quark self-energy is given by

�NLOði!np; ~pÞ ¼
X
�

Z d3q

ð2�Þ3 �
�1
X
nq

D�ði!nq � i!np; ~q� ~pÞ��Sði!nq ; ~qÞ��: (B1)

Employing the Holstein summation formula in Eq. (59), we have

��1
X
nq

D�ði!nq � i!np; ~q� ~pÞ��Sði!nq; ~qÞ�� ¼ �
Z 1

�1
d�

2�i
D�ð�� i!np ; ~q� ~pÞ��½Sð�þ i0þ; ~qÞ

� Sð�� i0þ; ~qÞ���nfð�Þ �
Z 1

�1
d�

2�i
½D�ð�þ i0þ; ~q� ~pÞ

�D�ð�� i0þ; ~q� ~pÞ���Sð�þ i!np; ~qÞ��nfð�þ i!npÞ

¼
Z 1

�1
d�

2�i
½iD�ð�� i!np; ~q� ~pÞ��	Sð�; ~qÞ��nfð�Þ

þ i	�
Dð�; ~q� ~pÞ��Sð�þ i!np; ~qÞ��nbð�Þ�; (B2)

where in the last step we have used the following relations:

	Sð�; ~qÞ ¼ i½Sð�þ i0þ; ~qÞ � Sð�� i0þ; ~qÞ�; (B3)

	�
Dð�; ~q� ~pÞ ¼ �i½D�ð�þ i0þ; ~q� ~pÞ �D�ð�� i0þ; ~q� ~pÞ�; (B4)

nfð�þ i!npÞ ¼ �nbð�Þ: (B5)

	S and 	
�
D are the spectral densities for the quark and meson, respectively. nb is the Bose distribution function. Substituting

Eq. (B2) into Eq. (B1), we obtain

�NLOði!np ; ~pÞ ¼
X
�

Z d3q

ð2�Þ3
Z d�

2�i
½iD�ð�� i!np ; ~q� ~pÞ��	Sð�; ~qÞ��nfð�Þ

þ i	�
Dð�; ~q� ~pÞ��Sð�þ i!np; ~qÞ��nbð�Þ�: (B6)

Then we perform the following analytic continuation:

Im�NLO
R ðp0; ~pÞ ¼ 1

2i
½�NLOðp0 þ i0þ; ~pÞ ��NLOðp0 � i0þ; ~pÞ�

¼ �1

2

X
�

Z d3q

ð2�Þ3
Z d�

2�
f½iD�ð��p0 � i0þ; ~q� ~pÞ � iD�ð��p0 þ i0þ; ~q� ~pÞ���	Sð�; ~qÞ��nfð�Þ

þ	�
Dð�; ~q� ~pÞ��½iSð�þp0 þ i0þ; ~qÞ � iSð�þp0 � i0þ; ~qÞ���nbð�Þg

¼ �1

2

X
�

Z d3q

ð2�Þ3
Z d�

2�
f	�

Dð��p0; ~q� ~pÞ��	Sð�; ~qÞ��nfð�Þ þ	�
Dð�; ~q� ~pÞ��	Sð�þp0; ~qÞ��nbð�Þg

¼ �1

2

X
�

Z d3q

ð2�Þ3
Z d�

2�
f	�

Dð��p0; ~q� ~pÞ��	Sð�; ~qÞ��nfð�Þ

þ	�
Dð��p0; ~q� ~pÞ��	Sð�; ~qÞ��nbð��p0Þg

¼ �1

2

X
�

Z d4q

ð2�Þ4 f	
�
Dðq0 �p0; ~q� ~pÞ��	Sðq0; ~qÞ��½nfðq0Þ þ nbðq0 �p0Þ�g; (B7)

where in the last step we have changed the integral variable � to q0. Employing the spectral density of the Hartree quark
propagator in Eq. (61) and defining

	Gðq0; ~qÞ � 2�sgnðq0Þ�ðq20 � E2
qÞ; (B8)

as shown in Eq. (63), we have
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X
�

	�
Dðq0 �p0; ~q� ~pÞ��	Sðq0; ~qÞ�� ¼ 	0

Dðq0 �p0; ~q� ~pÞ	Gðq0; ~qÞð��q
� þMÞ

þ 3	1
Dðq0 �p0; ~q� ~pÞ	Gðq0; ~qÞð��q

� �MÞ
¼ ½	0

Dðq0 �p0; ~q� ~pÞð��q
� þMÞ þ 3	1

Dðq0 �p0; ~q� ~pÞð��q
� �MÞ�	Gðq0; ~qÞ

¼ f½	0
Dðq0 �p0; ~q� ~pÞ þ 3	1

Dðq0 �p0; ~q� ~pÞ�ð��q
�Þ

þ ½	0
Dðq0 �p0; ~q� ~pÞ � 3	1

Dðq0 �p0; ~q� ~pÞ�Mg	Gðq0; ~qÞ: (B9)

Substituting Eq. (B9) into Eq. (B7), we arrive at

Im�NLO
R ðp0; ~pÞ ¼ � 1

2

Z d4q

ð2�Þ4 ½	
þ
Dðq0 � p0; ~q� ~pÞð��q

�Þ þ 	�
Dðq0 � p0; ~q� ~pÞM�	Gðq0; ~qÞ½nfðq0Þ

þ nbðq0 � p0Þ�; (B10)

with 	þ
D and 	�

D defined in Eqs. (64) and (65).
We parametrize Im� like this:

Im�NLO
R ðp0; ~pÞ ¼ ��0p0ImCRðp0; ~pÞ þ ~� � ~pImARðp0; ~pÞ þ ImBRðp0; ~pÞ: (B11)

It then follows that

ImARðp0; ~pÞ ¼ 1

2p2

Z d4q

ð2�Þ4 	
þ
Dðq0 � p0; ~q� ~pÞð ~p � ~qÞ	Gðq0; ~qÞ½nfðq0Þ þ nbðq0 � p0Þ�; (B12)

ImBRðp0; ~pÞ ¼ �M

2

Z d4q

ð2�Þ4 	
�
Dðq0 � p0; ~q� ~pÞ	Gðq0; ~qÞ½nfðq0Þ þ nbðq0 � p0Þ�; (B13)

ImCRðp0; ~pÞ ¼ 1

2p0

Z d4q

ð2�Þ4 	
þ
Dðq0 � p0; ~q� ~pÞq0	Gðq0; ~qÞ½nfðq0Þ þ nbðq0 � p0Þ�: (B14)

After an easy calculation, one obtains Eqs. (67)–(69).
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