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Even if new data indicate that direct CP violation in D-meson decays is compatible with the standard

model expectation, the first hints for direct CP violation have triggered a lot of interest, and charm

phenomenology will remain an essential part of new physics searches due to its unique role as a probe for

flavor-changing neutral currents among up-type quarks. Charm physics poses considerable theoretical

challenges, because the charm mass is neither light nor truly heavy. The heavy quark expansion (HQE)

provides a perturbative expansion in the inverse heavy quark mass for inclusive rates. It has proved to be

very successful in the B sector, yet its validity for charm decays has often been questioned. We present

results of a HQE study of D-meson lifetimes including NLO QCD and subleading 1=mc corrections. We

find good agreement with experimental data, but with huge hadronic uncertainties due to missing lattice

input for hadronic matrix elements.
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I. INTRODUCTION

The charm quark plays a unique role in the standard
model. Since the top quark decays before it can hadronize
[1], charm is the only up-type quark whose hadronic weak
decays can be analyzed. The D sector thus offers the only
handle to probe flavor-changing neutral currents among
weak-isospin up quarks. Mixing is by now well established
in the charm sector [2–4] and has already provided severe
constraints on some new physics models [5]. First experi-
mental results on CP violation in D0 ! �þ��, KþK�
decays [6] caused a lot of attention among phenomenolo-
gists [7]; see e.g. Ref. [3] for an overview. However, after a
recent update [8], the experimental results seem to be
compatible with the standard model expectation. Yet, the
present experimental average [4] for �adirCP still differs

from zero by 2:7�, and further analyses are mandatory to
resolve this issue. Unfortunately, there are severe theoreti-
cal challenges in the charm sector, because the charm
quark mass is neither light nor truly heavy.

We present a study of D-meson lifetimes within the
heavy quark expansion (HQE) [9–17], an operator product
expansion (OPE)-based framework [18] that expresses in-
clusive decay rates as an expansion in the inverse heavy
quark mass. Lifetimes are used for the purpose of probing
the HQE in charm, because new physics effects are ex-
pected to be negligible. This formalism is well established
and experimentally verified in the B sector. The validity of
the HQE in the D sector has, however, often been ques-
tioned, because of the lower charm quark mass. But there is

a simple yet persuasive argument that suggests that the
situation is not that pessimistic [19]. The HQE is an
expansion in the hadronic scale � over the momentum

release
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i �m2
f

q
in the considered decay rate i ! f.

The confrontation of the HQE prediction for the lifetime
difference in the neutral Bs meson system, ��s [20],1

with recent experimental results [4] shows excellent
agreement:

��SM
s ¼ ð0:087� 0:021Þ ps�1;

��
exp
s ¼ ð0:081� 0:011Þ ps�1:

(1)

The dominant contribution to ��s comes from the

Dð�Þþ
s Dð�Þ�

s final state, where the momentum release is
�3:3–3:6 GeV. Explicit calculation shows that the HQE
expansion parameter for ��s is around 1=5 [26]. This
implies that the relevant hadronic scale is of order
0.7 GeVand thus slightly below the 1 GeV it is commonly
expected to be. Comparison with the typical momentum
release in D-meson decays should yield a rough estimate
of the expansion parameter governing the HQE in the D
sector. For D0 and Dþ mesons, the dominant final
states consist of a kaon and one to three pions, which
corresponds to a momentum release of �1:6–1:8 GeV.
For Dþ

s , the dominant decay channels are a kaon pair and
one or two pions, as well as �0ð958Þ�þ and ��þ with a
momentum release of �1:5–1:6 GeV, but there is also a
large branching ratio to �0ð958Þ�þ with a momentum
release of just�0:9 GeV [27]. This suggests an expansion
parameter of �0:4–0:5, which looks rather promising. Yet
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it is possible that final states with small momentum release
like �0ð958Þ�þ spoil the validity of the HQE in the
case of Dþ

s .
A calculation of subleading corrections in charm

mixing within the framework of the HQE [28] likewise
did not show signs of a breakdown of the perturbative
approach. It turned out that the charm width difference
receives NLO QCD corrections at a level below 50% and
1=mc corrections of 30%. Thus, we consider it worthwhile
to investigate D-meson lifetimes within the framework of
the HQE.

The outline of this paper is as follows: In Sec. II, we
summarize previous work on D-meson lifetimes. The rele-
vant formulas for the HQE are given in Sec. III. In Sec. IV,
we present a phenomenological analysis of the lifetimes of
charmed mesons. We conclude in Sec. V.

II. HISTORY OF D-MESON LIFETIMES

The first estimations of the lifetimes of charmed parti-
cles were based on the assumption that the free charm
decay dominates the process, while the lighter quarks in
the hadron only act as spectators [29–31]. Within this
spectator picture, the lifetimes of all charmed mesons are
expected to be nearly identical. Thus, it came as quite a
surprise when the first data showed that the lifetimes sub-
stantially differed, especially since the first measurements
hinted at a much larger deviation than what is established
today [32–34]. As a response, two mechanisms were sug-
gested trying to explain this effect. The first proposed a
reduction of theDþ decay rate due to the Pauli interference
contribution shown in Fig. 3(a) [35]. Here, the 1=m3

c sup-
pression of the Pauli interference effect was not accounted
for, i.e. in today’s language, the authors have set
16�2ðf2DMD=m

3
cÞ ¼ 1. The second mechanism proposed

an enhancement of the D0 decay rate due to the weak
annihilation diagram in Fig. 3(b). The weak annihilation
contribution suffers from chirality suppression. To ease this
suppression, it was proposed in Refs. [36–38] to consider
gluon emission from the ingoing quark lines as illustrated
in Fig. 1. This yields a contribution proportional to
f2D=hE2

�qi, where fD � 200 MeV is the D-meson decay

constant and hE �qi denotes the average energy of the initial

antiquark. In Ref. [38], the authors additionally included

the Cabibbo-suppressed weak annihilation of Dþ and ob-
tained for the effects of weak annihilation in D0 and Dþ

�ðDþÞ
�ðD0Þ

��������½38�
�5:6–6:9;

�ðDþÞ
�ðD0Þ

��������PDG012½27�
¼2:536�0:019:

(2)

One should keep in mind that Pauli interference, which is
now known to be the dominant effect, is still neglected
here. This shows what a severe overestimation these early
analyses were.
Further studies of the Pauli interference effect [39] al-

ready obtained results similar to the later HQE treatments;
however, they were still in a less formal fashion. The first
systematic treatments were performed in the following
years, when the idea of HQE was developed and was
applied to charm decays [9,10,40]. The formula below
represents the starting point of the HQE and was first
presented in Ref. [9] with a sign error which was corrected
in Ref. [40]:

�ðDþÞ ¼ G2
F

2MD

hDþj m5
c

64�3

2C2þ þ C2�
3

�cc

þ m2
c

2�
½ðC2þ þ C2�Þð �c��T

AdÞð �d��T
AcÞ

þ 2C2þ � C2�
3

ð �c��dÞð �d��cÞ�jDþi: (3)

We have rewritten this in the color-singlet and color-octet
basis commonly used today for �C ¼ 0 operators. The
leading term describes the decay of the free charm quark
in the parton model, and the following term describes the
1=m3

c—suppressed effect of Pauli interference. Neglecting
weak annihilation, the total decay rate for D0 is given by
the first term of this expression. The four quark operators
have been evaluated in the vacuum insertion approxima-
tion. In the early analyses, the lifetime ratios were gener-
ally underestimated,

�ðDþÞ
�ðD0Þ

��������early HQE analyses
� 1:5; (4)

which was mainly due to a too-small estimate for the
decay constant fD � 160–170 MeV. The present value

FIG. 1. Gluon emission from the weak annihilation diagram.
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of fD ¼ 212:7 MeV yields �ðDþÞ=�ðD0Þ � 2:2, which
drastically improves the consistency with experiments. In
Ref. [41], the effects of hybrid renormalization were first
included. This constitutes the present state of theory pre-
dictions for the ratio ofDþ andD0 lifetimes. It was argued
[10,41] that �ðDþ

s Þ � �ðD0Þ, which contradicted the ex-
perimental situation at that time. However, better experi-
mental results quickly straightened out the charmed
mesons’ lifetimes. It was further shown in Ref. [42] that
the HQE was able to correctly reproduce the hierarchy of
lifetimes in the charm sector:

�ðDþÞ> �ðD0Þ> �ð�þ
c Þ> �ð�þ

c Þ> �ð�0
cÞ> �ð�0

cÞ: (5)

During the second half of the 1980s, the experimental
values improved and got a lot closer to the present data.
In 1992, Bigi and Uraltsev explained the apparent
contradiction [13] between the 1=mc scaling of the HQE
and the f2D=hE2

�qi—enhanced gluon bremsstrahlung of

Refs. [36–38]. They showed that these power-enhanced
terms cancel in fully inclusive rates between different
cuts as indicated in Fig. 2, and preasymptotic effects hence
scale with 1=m3

c, consistently with the HQE. This was later
confirmed by an explicit calculation, first for ��s in
Ref. [22] and then for lifetimes in Refs. [23,43]. In the
following, Bigi and Uraltsev applied the HQE to charm
lifetimes [44,45]. For the Dþ

s meson they found

�ðDþ
s Þ

�ðD0Þ
��������½44�

¼ 0:9–1:3;

�ðDþ
s Þ

�ðD0Þ
��������PDG012½27�

¼ 1:219� 0:018;

(6)

where the uncertainty dominantly arises from the weak
annihilation. However, during the establishment of 1=mQ

expansions, the theory focus shifted towards B physics,
where the corrections are smaller and better controlled [46]
(see Ref. [20] for updated NLO results). The validity of the

HQE in charm decays has frequently been questioned
since, because of the smaller charm quark mass.
Yet, it has been shown in a number of reviews by Bigi
et al. that the lifetimes of weakly decaying charmed had-
rons can be accounted for within the HQE at least in a
‘‘semiquantitative’’ fashion [47–49].
Summing up, the HQE was successful in reproducing

the observed pattern of charm hadron lifetimes and ex-
plaining the issue of gluonic bremsstrahlung enhancement.
However, charm lifetimes have so far only been considered
at leading order in QCD. Subleading 1=mc corrections to
the spectator effects were never studied in charm, although
they are expected to be sizeable. There has never been a
dedicated quantitative analysis of �ðDþÞ=�ðD0Þ. For the
numerical estimations, the vacuum saturation approxima-
tion of the four quark operators has been invoked.
Deviations from this were parametrized in Refs. [45,46],
but never quantitatively examined in the charm sector.
Also, the mass of the strange quark and the muon have
generally been neglected. We aim to improve on this in a
number of crucial points:
(1) We include NLO QCD corrections, which consid-

erably reduces the dependence on the renormaliza-
tion scale. This required a NLO computation of the
coefficients for the semileptonic weak annihilation
in Dþ

s presented in Appendix A.
(2) Bag parameters are introduced to allow for the

matrix elements to differ from their vacuum inser-
tion approximation value.

(3) We compute subleading 1=m4
c corrections to the

spectator effects to investigate the convergence be-
havior of the HQE.

(4) The effects of the strange quark and muon mass are
fully included in the phase-space factors.

This improves the theory predictions for the lifetimes of D
mesons considerably.

III. INCLUSIVE RATES FOR
CHARMED HADRONS

The HQE provides an OPE-based framework for the
description of inclusive decay rates of hadrons containing
one heavy quark [9–17]. It yields an expansion of �ðHQÞ in
�=mQ, where� denotes the hadronic scale expected to be of

order�QCD andmQ denotes the heavy quark mass. The HQE

is based on the concept of quark hadron duality [50]. We
work under the assumption that duality holds and then con-
front the phenomenological results with experimental data.
Integrating out the W boson, one obtains the following

effective Hamiltonian describing �C ¼ 1 transitions (see
e.g. Ref. [51] for a review):

H eff ¼ GFffiffiffi
2

p ½C1ð�1ÞQ1 þ C2ð�1ÞQ2 þQe þQ�� þ H:c:

(7)

FIG. 2. Different cuts contributing to the weak annihilation.
The f2D=hE2

�ui—enhanced term due to the cut (b) considered in
Refs. [36–38] is canceled by interference effects (a) and (c), such
that the fully inclusive rate experiences the correct 1=m3

c scaling
behavior predicted by the HQE.
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The local �C ¼ 1 operators are

Q1 ¼ �s0j��ð1� �5Þci �ui��ð1� �5Þd0j;
Q2 ¼ �s0i��ð1� �5Þci �uj��ð1� �5Þd0j;

(8)

and

Ql ¼ �s0��ð1� �5Þc�l��ð1� �5Þ�; (9)

with d0 ¼ Vuddþ Vuss and s
0 ¼ Vcssþ Vcdd. The Wilson

coefficients Ci have been computed at NLO QCD in
Refs. [52,53] and at NNLO QCD in Ref. [54]. We will,
however, only use the NLO expressions in the NDR scheme
defined in Ref. [53] throughout this work. The HQE then
integrates out the hard momenta of the final-state particles.
We use the optical theorem to express the decay rate via the
imaginary part of the forward scattering amplitude

�ðHcÞ ¼ 1

2MHc

�
Hc

��������=
�
i
Z

d4xT½H effðxÞH effð0Þ�
���������Hc

�

¼ 1

2MHc

hHcjT jHci: (10)

For small x, i.e. large energy release, the transition operator
T can then be expanded by an OPE [18]. The result is a
series

T ¼ T 0 þT 2 þT 3 þT 4 þ � � � ; (11)

where T n denotes the 1=mn
c—suppressed part of T . The

leading term T 0 ¼ P
cðfÞ3 �cc describes the free charm de-

cay. Here, no nonperturbative contributions are present,
since the hadronic matrix element hHcj �ccjHci ¼
1þOð1=m2

cÞ is trivial. The corresponding Wilson coeffi-

cients cðfÞ3 have been determined for b decays in Ref. [55]

and can be easily adjusted to the charm sector. To this order,
the lifetimes of all weakly decaying charmed hadrons are

equal. We observe that no T 1 term is present, because the
contribution of the respective operator �ci 6Dc can be incor-
porated in the leading term T 0 by application of the
equations of motion. The 1=m2

c—suppressed part takes
the form [14]

1

2MHc

hHcjT 2jHci ¼
X

cðfÞ3

�2
GðHcÞ ��2

�ðHcÞ
2m2

c

þX
2cðfÞ5

�2
GðHcÞ
m2

c

; (12)

where the first term originates from the heavy quark effec-
tive theory (HQET) expansion of the dimension-3 matrix
element hHcj �ccjHci. The hadronic parameters �2

�ðHcÞ and
�2

GðHcÞ are the matrix elements of the kinetic and chromo-

magnetic operators, respectively. To this order, lifetime
differences between charmed mesons only arise through
SUð3Þ flavor breaking of the hadronic matrix elements. The
dominant contributions originate at order 1=m3

c from the
Pauli interference and weak annihilation diagrams shown in
Fig. 3. They describe 2 ! 2 instead of 1 ! 3 processes,
and hence are phase-space enhanced by a factor of 16�2.
We neglect further contributions of order 1=m3

c that lack
this enhancement. We decompose the 1=mc

3 part of the
transition operator as

T 3 ¼ T PI
3 þT WA0

3 þT WAþ
3 þT sing

3 : (13)

The contributionT sing
3 arises from strong interactions of the

free quark decay with the spectator quark of the type shown

in Fig. 4. The effect of T sing
3 cancels in the considered

lifetime ratios in the limit of SUð3Þ flavor symmetry, since
the corresponding dimension-6 operators are SUð3Þ flavor
singlets. The remaining terms are

FIG. 3. Spectator contributions to the lifetimes of charmed hadrons. (a) Pauli Interference, (b) weak annihilation in D0, (c) weak
annihilation in Dþ

s .

FIG. 4. Sample diagram for T sing
3 .
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T PI
3 ¼ G2

Fm
2
c

6�

X
d0¼d;s

X
q¼d;s

jVcqj2jVud0 j2ðFquQd0 þ Fqu
S Qd0

S þGquTd0 þGqu
S Td0

S Þ;

T WA0

3 ¼ G2
Fm

2
c

6�

X
q¼d;s

X
q0¼d;s

jVcqj2jVuq0 j2ðFqq0Qu þ Fqq0
S Qu

S þGqq0Tu þGqq0
S Tu

S Þ;

T WAþ
3 ¼ G2

Fm
2
c

6�

X
s0¼d;s

jVcs0 j2
� X
q0¼d;s

jVuq0 j2ð ~Fuq0Qs0 þ ~Fuq0
S Qs0

S þ ~Guq0Ts0 þ ~Guq0
S Ts0

S Þ

þ X
l¼e;�

ð ~F�lQs0 þ ~F�l
S Q

s0
S þ ~G�lTs0 þ ~G�l

S T
s0
S Þ
�
: (14)

The label qq0 in Fqq0 ; . . . ; Gqq0
S refers to the flavors of the

quarks in the qq0 loop in Fig. 3. The Wilson coefficients F,
G are functions of the mass ratio z ¼ m2

s=m
2
c and �0=mc,

where �0 denotes the renormalization scale for �C ¼ 0
operators. These dimension-6 operators read as follows:

Qq ¼ �c��ð1� �5Þq �q��ð1� �5Þc;
Qq

S ¼ �cð1� �5Þq �qð1þ �5Þc;
Tq ¼ �c��ð1� �5ÞTaq �q��ð1� �5ÞTac;

Tq
S ¼ �cð1� �5ÞTaq �qð1þ �5ÞTac:

(15)

The LO Wilson coefficients Fqq0 ; . . . ; Gqq0
S for B mesons

can be found in Refs. [56,57]. The NLO QCD corrections
have been computed in Refs. [23,43]. The Wilson coeffi-
cients ~Fqq0 ; . . . ; ~Gqq0

S for WAþ have been calculated at
LO QCD for the Bc meson in Ref. [58]. The NLO correc-
tions for the nonleptonicWAþ can be determined from the
published results via a Fierz transformation of the �C ¼ 1
operators given in Eq. (8). With our choice of evanescent

operators [53], the Fierz symmetry is respected at the one-
loop level. This allows us to obtain the following relation
between Wilson coefficients, that holds up to NLO:

ð ~Fud; ~Fud
S ; ~Gud; ~Gud

S Þ
¼ ðFsd; Fsd

S ; Gsd; Gsd
S ÞðC1 $ C2; ms ¼ 0Þ; (16)

where C1, C2 are the Wilson coefficients of the respective
�C ¼ 1 operator. The NLO coefficients for the semilep-
tonic weak annihilation ~F�l; . . . ; ~G�l

S have been computed
for the first time and are given in Appendix A.
The subleading 1=m4

c contribution of the HQE is ex-
pected to be sizeable in the charm sector. It furthermore
provides a crucial test of the convergence properties of the
expansion. This contribution is the leading correction in an
expansion of the spectator effects in the momentum and
mass of the spectator quark. Applying the same decom-
position as for T 3, we find

T PI
4 ¼ G2

Fm
2
c

6�

X
d0¼d;s

X
q¼d;s

jVcqj2jVud0 j2
X6
i¼1

ðgqui Pd0
i þ hqui Sd

0
i Þ;

T WA0

4 ¼ G2
Fm

2
c

6�

X
q¼d;s

X
q0¼d;s

jVcqj2jVuq0 j2
X6
i¼1

ðgqq0i Pu
i þ hqq

0
i Sui Þ;

T WAþ
4 ¼ G2

Fm
2
c

6�

X
s0¼d;s

jVcs0 j2
X6
i¼1

� X
q¼d;s

jVuq0 j2ð~guq
0

i Ps0
i þ ~huq

0
i Ss

0
i Þ þ

X
l¼e;�

ð~g�li Ps0
i þ ~h�li S

s0
i Þ
�
:

(17)

The dimension-7 operators and Wilson coefficients are
given in Appendix B. For the case of QCD operators (see
the discussion at the end of this section), this contribution
has previously been determined in Ref. [59] using a differ-
ent operator basis.

A comment about the T 5 term is in order. In addition
to the kinetic corrections, there is also a chromomagnetic
contribution to the spectator effects. The kinetic
corrections can be computed in the same fashion as for
T 4 and are found to be numerically unimportant. The
chromomagnetic effects of the form shown in Fig. 5 can,
however, not be estimated in the vacuum saturation

approximation (VSA) [60]. But if these contributions are
not severely enhanced compared to the kinetic effects, the
HQE can be truncated to good approximation after the T 4

term.
As stressed in Refs. [43,61], the two possible contrac-

tions shown in in Fig. 6 have to be considered when
computing the matrix elements of the dimension-6 opera-
tors ð �c�iqÞð �q�0

icÞ on the lattice. The eye contraction dia-
gram induces mixing of the renormalized dimension-6
operators into lower-dimensional operators. The required
power subtraction of this mixing poses considerable chal-
lenges for lattice computations. We therefore distinguish
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between these two contributions in our parametrization
of hadronic matrix elements in Appendix C. Such mixing
also occurs in T sing at Oð	sÞ in perturbation theory.
For dimensional reasons, this mixing has to be of the
form / 	sðmcÞm3

cð �ccÞ. In QCD, a perturbative subtraction
of this term is necessary as discussed in Ref. [22]. A NLO
computation of T sing has not been performed so far and is
also beyond the scope of this work. Yet, in the ratio
�ðDþÞ=�ðD0Þ, the contribution of T sing and the eye con-
traction cancel due to isospin symmetry. Unfortunately, the
deviations from exact SUð3Þ flavor symmetry are too large
in �ðDþ

s Þ=�ðD0Þ to be ignored. For the analysis of
�ðDþ

s Þ=�ðD0Þ, we thus match the QCD operators to
HQET operators, where the natural cutoff due to the limit
mc ! 1 guarantees the absence of mixing with lower-
dimensional operators in perturbation theory [22,43,61].
A HQET description of operators, however, affects the
subleading 1=mc corrections, because the QCD operators
�c�q �q�c coincide with the respective HQEToperators only
up to 1=mc corrections. The expansion of the QCD opera-
tors in HQET yields

�c�q �q�c ¼ �hv�q �q�hv þ 1

2mc

½ �hvð�i 6DQ Þ�q �q�hv

þ �hv�q �q�ði 6DÞhv� þO
�
1

m2
c

�
: (18)

The operators arising this way are Pq
5;6 and S

q
5;6 in Eq. (B1).

The respective terms are absent in QCD when the hadronic
matrix elements are determined to all orders in 1=mc.

IV. PHENOMENOLOGY

We perform an analysis of the lifetime ratios
�ðDþÞ=�ðD0Þ and �ðDþ

s Þ=�ðD0Þ. Since the pole mass defi-
nition contains an infrared renormalon ambiguity [62,63],

we use the MS in addition to the pole mass scheme. In the

MS scheme, we use �z ¼ �m2
sðmcÞ= �m2

cðmcÞ. As discussed in
detail in Ref. [23], this sums up terms of the form
	n
s ð�1Þzln nz to all orders in perturbation theory.

A. The ratio �ðDþÞ=�ðD0Þ
We determine the ratio �ðDþÞ=�ðD0Þ, first using QCD

operators, and then briefly discuss the HQET case. Isospin
symmetry implies the following relations:

hD0jð ~Q; ~P; ~SÞu;djD0i
2MD0

¼ hDþjð ~Q; ~P; ~SÞd;ujDþi
2MDþ

;

hD0jð ~Q; ~P; ~SÞsjD0i
2MD0

¼ hDþjð ~Q; ~P; ~SÞsjDþi
2MDþ

:

(19)

From Eqs. (14) and (17), and (C1) and (C2), we obtain
�ðDþÞ=�ðD0Þ:

�ðD0Þ � �ðDþÞ ¼ G2
Fm

2
c

12�
f2DMD

�
ð ~Fs0d0 � jVudj2 ~Fs0uÞ � ~B

þMD �mc

mc

ð ~fs0d0 � jVudj2 ~fs
0uÞ � ~b

�
:

(20)

For brevity, we have introduced the vector notation

~Fqq0 ¼

Fqq0

Fqq0
S

Gqq0

Gqq0
S

0
BBBBB@

1
CCCCCA; ~B ¼

B1

B2


1


2

0
BBBBB@

1
CCCCCA;

~fqq
0 ¼

gqq
0

3

gqq
0

4

hqq
0

3

hqq
0

4

0
BBBBBBB@

1
CCCCCCCA;

~b ¼

��3

�4

��3

�4

0
BBBBB@

1
CCCCCA:

(21)

The NLO QCD correction to ~Fss has not been determined.
Following Ref. [23], we thus set jVudj2 ¼ 1 and Vus ¼ 0 in

FIG. 5. Sample diagram for the chromomagnetic contribution
to the spectator corrections of order 1=m5

c in the HQE.

FIG. 6. Relevant Feynman diagrams for the nonperturbative matrix elements of D mesons. (a) Standard contraction, (b) Penguin/eye
contraction.
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the NLO term. The induced error is of order
jVusj2	sðmcÞz log z, which is of order 10�3 and thus neg-
ligible. Furthermore, the Cabibbo and chirality-suppressed
weak annihilation contribution to Dþ is neglected. The
matrix elements of the �C ¼ 1 operators can be estimated
within the VSA [60]. The uncertainties are expected to be
of order 1=NC, although calculations in the B sector
[61,64,65] hint at much smaller errors for the color octet
operators. Thus, using

ðB1; B2; 
1; 
2Þ ¼
�
1� 1

3
;

�
1þ 2

MD �mc

mc

��
1� 1

3

�
; 0

� 1

10
; 0� 1

10

�
1þ 2

MD �mc

mc

��
;

ð�3; �4; �3; �4Þ ¼
�
1� 1

3
; 1� 1

3
; 0� 1

10
; 0� 1

10

�
;

(22)

we obtain in the pole andMS mass schemes with the input
parameters given in Table I:�

�ðDþÞ
�ðD0Þ

�
exp

¼2:536�0:019;

�
�ðDþÞ
�ðD0Þ

�
pole;VSA

¼1:9�1:7ðhadronicÞþ0:6ðscaleÞ
�1:5 �0:0ðparametricÞ;

�
�ðDþÞ
�ðD0Þ

�
MS;VSA

¼2:2�1:7ðhadronicÞþ0:3ðscaleÞ
�0:7 �0:1ðparametricÞ:

(23)

We have varied �0 and �1 from 1 GeV to 2mc. We do not
use the full region 0:5mQ � 2mQ common in B decays,

because we do not trust perturbation theory to hold below
about 1 GeV. The overall error is largely driven by had-
ronic uncertainties. The size of the subleading 1=mc cor-
rections relative to the leading spectator effects is an
important check on the convergence behavior. We find that

�ð0Þ
4 ðD0Þ � �ð0Þ

4 ðDþÞ
�ð0Þ
3 ðD0Þ � �ð0Þ

3 ðDþÞ � �50%; (24)

which is large, but compatible with a convergent series.
The 1=m5

c term should be numerically less relevant, as
discussed in Sec. III. Next-to-leading-order QCD correc-
tions to T 3 are at a level of below 30% near the charm
scale.
The predictive power of the VSA is very limited. In the

following, we perform a very aggressive estimation of
�ðDþÞ=�ðD0Þ by extracting the bag parameters from a
lattice calculation in the B sector [61] and ignore any
possible systematic uncertainties related with this ap-
proach. We extract the bag parameters for a meson mass
of mP ¼ 1:8 GeV and a hadronic scale �0 ¼ 2:7 GeV
from Ref. [61] and evaluate this to the charm scale �0 ¼
mc at NLO. The required anomalous dimension matrices
can be inferred from Ref. [66]. This reduces the hadronic
uncertainty considerably:

�
�ðDþÞ
�ðD0Þ

�
pole;extr from ½61�

¼ 1:9� 0:5ðhadronicÞþ0:6ðscaleÞ
�1:4 � 0:0ðparametricÞ;

�
�ðDþÞ
�ðD0Þ

�
MS;extr from ½61�

¼ 2:2� 0:4ðhadronicÞþ0:3ðscaleÞ
�0:7 � 0:0ðparametricÞ:

(25)

The dependence on the renormalization scale of the
�C ¼ 1 operators is illustrated in Fig. 7. It is dominated
by the scale dependence of the subleading dimension-7
contributions, because they are only evaluated at LO QCD.
Also, the difference between the expectation values in the
pole mass and MS mass scheme originates dominantly
from �4. The �1 dependence of Fig. 7 suggests that

perturbation theory becomes unreliable at about 1 GeV,
but it seems to be under control at the charm threshold. We
see a substantial reduction of the theoretical uncertainties
from the VSA to the extracted matrix elements. The equal-
ity of the central values is coincidental.
In HQET, we get an expression similar to Eq. (20) for

�ðDþÞ=�ðD0Þ:

�ðD0Þ � �ðDþÞ ¼ G2
Fm

2
c

12�
f2DMD

�
ð ~Fs0d0 � jVudj2 ~Fs0u � jVcdj2ð ~Fud0 þ ~F�e þ ~F��ÞÞ � ~B

þMD �mc

mc

X6
j¼3

ð�1Þj½ðgs0d0j � jVudj2gs0uj � jVcdj2ðgud0j þ g�ej þ g��j ÞÞ�j þ ðgj ! hj; �j ! �jÞ�
�
;

(26)
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where ~F and ~B are defined as before and we have set
mu ¼ md ¼ 0. The non-Cabibbo-suppressed �’s cancel
in the difference jVudj2ð ~Fsd � ~FsuÞ because of isospin
symmetry. We neglect the remaining ones because of
Cabibbo suppression. In the VSA, we obtain�
�ðDþÞ
�ðD0Þ

�
pole;VSA

¼2:4�2:0ðhadronicÞþ0:3ðscaleÞ
�0:8 �0:0ðparametricÞ;

�
�ðDþÞ
�ðD0Þ

�
MS;VSA

¼2:6�1:9ðhadronicÞþ0:2ðscaleÞ
�0:5 �0:1ðparametricÞ:

(27)

The sizeable differences between the HQET and the QCD
results in the VSA seem puzzling at first, but we have to
remember that the matrix elements are defined in a differ-
ent scheme. The transformation law for the dimension-6
Wilson coefficients is given in Refs. [23,43]. We have
checked explicitly that this relation holds for our numerical
coefficients, if in HQET we neglect weak annihilation in
Dþ and set jVudj2 ¼ 1, Vus ¼ 0 at NLO as we have in
QCD. This scheme dependence is canceled by the scheme
dependence of the operators. The VSA is, however, not
sensitive to the scheme, and the numerical deviation be-
tween Eqs. (23) and (27) is just a consequence of this. This
once more emphasizes the dire need for lattice inputs for
the matrix elements.

B. The ratio �ðDþ
s Þ=�ðD0Þ

Since SUð3Þ flavor symmetry is rather crude in the case
of �ðDþ

s Þ=�ðD0Þ, the contributions of T sing and the eye
contraction do not fully cancel as was the case in
�ðDþÞ=�ðD0Þ. We hence use only HQET operators in the
following analysis. The dominant sources for the lifetime
difference between these mesons have been identified in

Ref. [45]. We further include (e), which could possibly
contribute at the level of a few percent.
(a) The decay Dþ

s ! �þ�
(b) SUð3Þ flavor breaking in �2

� and �2
G

(c) The weak annihilation in D0 and Dþ
s

(d) The Cabibbo-suppressed Pauli interference in Dþ
s

(e) SUð3Þ flavor breaking in the nonvalence part of the
c �d Pauli interference.

The first effect (a) cannot be properly dealt with in the
HQE, because the energy release in Dþ

s ! �þ� is just
�200 MeV. Instead, we define a subtractedDþ

s lifetime by

��ðDþ
s Þ ¼ �ðDþ

s Þ
1� BrðDþ

s ! �þ�Þ ¼ ð529� 8Þ � 10�15 s

(28)

and compare our prediction with ��ðDþ
s Þ=�ðD0Þ.

SUð3Þ flavor breaking in �ðDþ
s Þ=�ðD0Þ arises at order

ð�=mcÞ2 in the HQE. We follow Ref. [67] to extract the
corresponding matrix elements of the dimension-5 opera-
tors from experimental data. The expectation value �2

G of

the chromomagnetic operator can be extracted from the
hyperfine splitting. We find, using the meson masses given
in Ref. [27],

�2
GðDþ

s Þ
�2

GðD0Þ ’ MDþ�
s
�MDþ

s

MD0� �M0
D

¼ 1:012� 0:003: (29)

The effects of 1=mc corrections should cancel to a large
extent in the ratio in Eq. (29). Regarding the overall
uncertainties, this effect can safely be neglected. The situ-
ation in the case of the kinetic operator is less clear. Yet we
can estimate the difference �2

�ðDsÞ ��2
�ðDÞ from spec-

troscopy. We obtain

1.0 1.5 2.0 2.5 3.0
0

1

2

3

4

1 GeV

D

D 0

1.0 1.5 2.0 2.5 3.0
0

1

2

3

4

1 GeV

D

D 0

FIG. 7 (color online). �ðDþÞ=�ðD0Þ in the pole and MS mass scheme plotted over the scale �1. The black horizontal line shows the
experimental value, and the solid (dashed) line the NLO (LO) prediction using the matrix elements extracted from Ref. [61]. The
hatched and shaded regions show the theoretical uncertainties for the VSA and the extracted values, respectively. The dotted vertical
line marks the lower limit�1 ¼ 1 GeV of the region in which we vary the renormalization scale for the numerical evaluations. (a) Pole
mass scheme, (b) MS mass scheme.
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�2
�ðDsÞ ��2

�ðD0Þ
’ 2mbmc

mb �mc

½ðhMDþ
s
i � hMD0iÞ � ðhMB0

s
i � hMBþiÞ�

¼ ð0:07� 0:01Þ GeV2; (30)

where

hMDi ¼ 1

4
ðMD þ 3MD� Þ: (31)

Equation (30) holds up to relative 1=mc and 1=mb correc-
tions, which do not cancel here. Including the higher-order
effects, we expect up to [67]

�2
�ðDþ

s Þ ��2
�ðD0Þ � 0:1 GeV2; (32)

which corresponds to about 25% SUð3Þ flavor breaking in
�2

�. Fortunately, this effect can be included at NLO inde-

pendent of the coefficients cf5:�
��ðDþ

s Þ
�ðD0Þ �1

�
ðbÞ
¼G2

Fm
5
c

192�3

X
f

jVCKMj2
�
cf3
�2

�ðDþ
s Þ��2

�ðD0Þ
2m2

c

þðcf3þ4cf5Þ
�2

GðD0Þ��2
GðDþ

s Þ
2m2

c

þO
�
1

m3
c

��
� ��ðDþ

s Þ: (33)

Numerically, we find

�
��ðDþ

s Þ
�ðD0Þ �1

�
ðbÞ

¼
8<
:ð0:19þ0:04

�0:03Þ�
2
�ðDþ

s Þ��2
�ðD0Þ

GeV2 ; polemass scheme;

ð0:16þ0:03
�0:02Þ�

2
�ðDþ

s Þ��2
�ðD0Þ

GeV2 ; MSmass scheme;
(34)

which enhances ��ðDþ
s Þ=�ðD0Þ by 2% for �2

�ðDþ
s Þ �

�2
�ðD0Þ ¼ 0:1 GeV2.
The weak annihilation effects (c) are Cabibbo leading,

but do suffer from chirality suppression. Chirality breaking
stems from final-state masses and QCD effects. Since the
mass ratio z ¼ m2

s=m
2
c is rather small, the NLO corrections

to the Wilson coefficients are very important here to obtain
a meaningful result. The weak annihilation contributions
are given by

½�ðD0Þ��ðDþ
s Þ�WAðDþ

s Þ

¼�G2
Fm

2
c

12�
f2Ds

MDs
jVcsj2

�
ð ~~Fud0 þ ~~F

�eþ ~~F
��Þ�ð ~Bsþ� ~�Þ

þX6
j¼1

Mj½ðgs0uj þg�ej þg��j Þð�s
jþ���;jÞ

þðhs0uj þh�ej þh��j Þð�s
jþ���;jÞ�

�
(35)

for Dþ
s and

½�ðD0Þ � �ðDþ
s Þ�WAðD0Þ

¼ G2
Fm

2
c

12�
f2DMD

�
~~F
s0d0 � ð ~Bu þ ~� ~�Þ

þ X6
j¼1

Mj½gs0d0j ð�u
j þ ~���;jÞ þ hs

0d0
j ð�u

j þ ~���;jÞ�
�

(36)

for D0. We have introduced the following notation:

Mj ¼

8>>>>>><
>>>>>>:

� ms

mq
; j ¼ 1; 2;

ð�1Þj MDs�mc

mc
; j ¼ 3; 4;

ð�1Þj MDs�mc�ms

mc
; j ¼ 5; 6:

(37)

The �qq0
i only enter in the SUð3Þ-breaking combinations

� ~�ð�;�Þ ¼ ~�
ss
ð�;�Þ � f2DMD

f2Ds
MDs

~�
us
ð�;�Þ;

~� ~�ð�;�Þ ¼ ~�
uu
ð�;�Þ �

f2Ds
MDs

f2DMD

~�
su
ð�;�Þ:

(38)

These weak annihilation contributions depend strongly
on the amount of chirality breaking through the matrix
elements. Here, the VSA is far too crude, and we thus
estimate this using experimental results for semileptonic
rates similar to the study in Ref. [68]. They allow a very
clean extraction of the chirality-breaking combinations
B1 � B2 and 
1 � 
2. The experimental average for the
ratios of semileptonic rates is

�ðDþ
s ! Xeþ�Þ

�ðD0 ! Xeþ�Þ
��������½27�

¼ 0:821� 0:054: (39)

The difference of the semileptonic rates arises first at order
1=m2

c in the HQE because of SUð3Þ flavor breaking. The
dominant effect, however, is due to the semileptonic weak
annihilation at order 1=m3

c and higher in the HQE. In terms

of the required matrix elements, we obtain in theMS mass
scheme
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�ðDþ
s ! Xeþ�Þ

�ðD0 ! Xeþ�Þ
��������MS

¼ 1þ ð0:25� 0:03Þ�
2
�ðDþ

s Þ ��2
�ðD0Þ

GeV2

� ð7:10� 1:23ÞðBs
1 þ ��1 � Bs

2 ���2Þ � ð2:56� 1:10Þð
s1 þ��3Þ
þ ð2:38� 1:05Þð
s2 þ ��4Þ þ 0:51�s

1 þ 0:51�s
2 � 4:48�s

3 þ 1:73�s
5 þ 1:73�s

6: (40)

Setting all �s
i equal to 1 (VSA), we obtain the constraints illustrated in Fig. 8:

Bs
1 þ ��1 � Bs

2 ���2 ¼ 0:032–0:350ð
s1 þ��3 � 
s2 � ��4Þ � 0:013;

B1 þ ��1 þ B2 þ��2

2
¼ 1� 1=3;


s1 þ ��3 � 
s2 ���4 ¼ 0� 0:05;


s1 þ ��3 þ 
s2 þ��4 ¼ 0� 0:05:

(41)

For the D0 weak annihilation, we also reduce the parameter space to

B1 þ ~��1 þ B2 þ ~��2

2
¼ 1� 1

3
; B1 þ ~��1 � B2 � ~��2 ¼ 0� 0:1;


1 þ ~��3 þ 
2 þ ~��4

2
¼ 0� 0:05; 
1 þ ~��3 � 
2 � ~��4 ¼ 0� 0:05;

(42)

which is justified by the assumptions that the �’s are small and approximate SUð3Þ flavor symmetry. Numerically, we
obtain for the weak annihilation in Dþ

s

�
��ðDþ

s Þ
�ðD0Þ � 1

�
WAðDþ

s Þ
¼

8<
: 0:12� 0:06ðhadronicÞ � 0:02ðscaleÞ � 0:00ðparametricÞ; pole mass scheme;

0:12� 0:06ðhadronicÞ � 0:01ðscaleÞ � 0:00ðparametricÞ; MS mass scheme;
(43)

and for the weak annihilation in D0

�
��ðDþ

s Þ
�ðD0Þ � 1

�
WAðD0Þ

¼
(�0:01� 0:08ðhadronicÞ � 0:00ðscaleÞ � 0:00ðparametricÞ; pole mass scheme;

�0:01� 0:08ðhadronicÞ � 0:00ðscaleÞ � 0:00ðparametricÞ; MS mass scheme:
(44)

The contribution (d) from Pauli interference in Dþ
s is Cabibbo suppressed and should therefore only affect the lifetime

difference at the order of a few percent. It is given by

0.06 0.02 0.02 0.06
0.02

0.02

0.06

0.1

1 3 2 4

B
1

1
B

2
2

0.06 0.02 0.02 0.06
0.02

0.02

0.06

0.1

1 3 2 4

B
1

1
B

2
2

FIG. 8 (color online). Contour plot of jð�slðDþ
s Þ

�slðD0ÞÞtheory � ð�slðDþ
s Þ

�slðD0ÞÞexp j=ð��slðDþ
s Þ

�slðD0ÞÞexp over the chirality-breaking combinations


s1 þ��3 � 
s2 ���4 and Bs
1 þ��1 � Bs

2 ���2 in the pole and MS mass schemes. The contours correspond to the 1; 2; . . .�

regions. The black dot marks the VSA point. We used ��2
� 	 �2

�ðDþ
s Þ ��2

�ðD0Þ ¼ 0:1 in the T 2 contribution. The red region

indicates the matrix element space we use for further evaluation of �ðDþ
s Þ=�ðD0Þ. (a) Pole mass scheme, (b) MS mass scheme.
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½�ðD0Þ � �ðDþ
s Þ�PI ¼ �G2

Fm
2
c

12�
f2Ds

MDs
jVudj2

�
~Fs0u � ð ~Bs þ� ~�Þ þ X6

j¼1

Mj½gs0uj ð�s
j þ ���;jÞ þ hs

0u
j ð�s

j þ ���;jÞ�
�
: (45)

This yields

�
��ðDþ

s Þ
�ðD0Þ � 1

�
ðdÞ

¼
8<
: 0:04� 0:05ðhadronicÞþ0:03ðscaleÞ

�0:02 � 0:00ðparametricÞ; pole mass scheme;

0:06� 0:05ðhadronicÞþ0:02ðscaleÞ
�0:02 � 0:00ðparametricÞ; MS mass scheme:

(46)

The effect (e) could possibly yield a small contribution because the non-Cabibbo-suppressed Pauli interference is large. We
obtain

½�ðD0Þ � �ðDþ
s Þ�ðeÞ ¼ G2

Fm
2
c

12�
f2DMD

�
~Fs0u �

�
~�
ud � f2Ds

MDs

f2DMD

~�
sd
�

þ X6
j¼1

Mj

�
gs

0u
j

�
�ud
�;j �

f2Ds
MDs

f2DMD

�sd
�;j

�
þ hs

0u
j

�
�ud
�;j �

f2Ds
MDs

f2DMD

�sd
�;j

���
: (47)

Since nothing is known about the �’s, we can only give a
crude estimate about the size of this contribution. If we set
�ud
1 ¼ �sd

1 ¼ 0:01 and all other �’s to zero, we obtain
½ ��ðDþ

s Þ=�ðD0Þ � 1�ðeÞ ¼ 0:007. We do not expect a much
larger effect, but at present it can also not be excluded, and
we hence introduce an additional hadronic uncertainty of
0.05. The combination of the various contributions yields�
��ðDþ

s Þ
�ðD0Þ

�
exp

¼1:289�0:019;

�
��ðDþ

s Þ
�ðD0Þ

�
pole

¼1:18�0:13ðhadronicÞþ0:04ðscaleÞ
�0:05 �0:01ðparametricÞ;

�
��ðDþ

s Þ
�ðD0Þ

�
MS

¼1:19�0:12ðhadronicÞþ0:04ðscaleÞ
�0:04 �0:01ðparametricÞ:

(48)

The theory prediction falls a bit short of the experimental
value, but within the theory uncertainty it is well
consistent.

V. CONCLUSION

In this work, we investigated the validity of the HQE
in the charm sector using D-meson lifetimes. In the B
sector the HQE is well tested, but doubts about the
validity of the 1=mc expansion have often been voiced.
Because mc � mb=3, the convergence behavior of the
HQE is obviously slower than for B hadrons. Therefore,
we have considered subleading corrections in the 1=mc

expansion as well as NLO QCD corrections. For
�ðDþÞ=�ðD0Þ, we found very good agreement with
experimental data:

�
�ðDþÞ
�ðD0Þ

�
exp

¼ 2:536� 0:019;

�
�ðDþÞ
�ðD0Þ

�
MS;extr from½61�

¼ 2:2� 0:4ðhadronicÞþ0:3ðscaleÞ
�0:7 � 0:0ðparametricÞ:

(49)

However, an update of hadronic �C ¼ 0 matrix elements
is direly needed given the advances lattice QCD has made
in the past decade. For the �C ¼ 2 matrix elements re-
quired in D0 � �D0 mixing, such a computation has re-
cently been performed with high accuracy in Ref. [69].
We estimate that the remaining scale dependence could be
considerably reduced by a NLO calculation of the
dimension-7 Wilson coefficients. However, this is only
worthwhile if simultaneous progress on dimension-7 ma-
trix elements is made.

The low-momentum release decay Dþ
s ! �0ð958Þ�þ

poses a potential threat to the HQE description of the Dþ
s

lifetime. Thus, we would expect a possible failure of the

HQE to be most apparent here. We found that the HQE
result for the Dþ

s �D0 lifetime ratio falls slightly short of
the experimental value, but it is consistent within hadronic
uncertainties:�
��ðDþ

s Þ
�ðD0Þ

�
exp

¼1:289�0:019;

�
��ðDþ

s Þ
�ðD0Þ

�
MS

¼1:19�0:12ðhadronicÞþ0:04ðscaleÞ
�0:04 �0:01ðparametricÞ:

(50)

Presently, however, this does not exclude possible large
violations of the HQE. A nonperturbative determination
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of the hadronic matrix elements could provide a more
stringent upper bound. In addition, this would offer the
unique possibility to use semileptonic decays, where the
momentum release is large, to extract information
on the nonvalence contractions. This is not possible in B
decays, because the semileptonic weak annihilation is
doubly CKM suppressed and the difference of the semi-
leptonic widths is too small to be measured experimentally.
The subleading corrections to the lifetimes are large
(�30%QCD, �50%1=mc), but still allow a description
within the realm of perturbation theory. Similar behavior
was found in an earlier study of D0 � �D0 mixing [28]. The
analysis of the �1 dependence of our results suggests that
perturbation theory breaks down below about 1 GeV but
still works at the charm scale. In combination with the
intriguing agreement of the standard-model HQE predic-
tion for ��s with experiment in spite of the small momen-
tum release, this justifies confidence in the validity of the
HQE. Still, lattice inputs are crucial to confirming this view.
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APPENDIX A: NLOWILSON COEFFICIENTS FOR
THE SEMILEPTONIC WEAK ANNIHILATION

We decompose the Wilson coefficients as

Fqq0 ¼ Fqq0;ð0Þ þ 	s

4�
Fqq0;ð1Þ; . . . : (A1)

The Wilson coefficients for the semileptonic weak annihi-
lation in the scheme of Ref. [43] read

~F��;ð0ÞðzÞ ¼ �ð1� zÞ2
�
1þ z

2

�
;

~F
��;ð0Þ
S ðzÞ ¼ ð1� zÞ2ð1þ 2zÞ;

~G��;ð0ÞðzÞ ¼ 0;

~G
��;ð0Þ
S ðzÞ ¼ 0;

(A2)

and

~F��;ð1ÞðzÞ ¼ 4

3
ð1� zÞ2ð2þ zÞ

�
4þ 3 log

�
�0

mc

��
;

~F��;ð1Þ
S ðzÞ ¼ �8

3
ð1� zÞ2

�
4þ 5zþ 3ð1þ 2zÞ log

�
�0

mc

��
;

~G��;ð1ÞðzÞ ¼ 1

18
½ð1� zÞð�205� 7zþ 110z2Þ � 6z2ð6þ 11zÞ log ðzÞ�� 3ð1� zÞ2ð2þ zÞ

�
log

�
�0

mc

�
� log ð1� zÞ

�
;

~G
��;ð1Þ
S ðzÞ ¼ 1

9
ð1� zÞð95þ 104z� 211z2Þ � 4

3
z2ð12� 11zÞ log ðzÞ þ 6ð1� zÞ2ð1þ 2zÞ

�
log

�
�0

mc

�
� log ð1� zÞ

�
;

(A3)

where z ¼ m2
�=m

2
c. Note that our convention for the Wilson coefficients differs from that of Ref. [43] by a factor of 3. The

details of the calculation have been described in Refs. [23,43]. We have checked the correctness of these coefficients
against intermediate results from the computation in Ref. [23] kindly made available to us by Ulrich Nierste.

APPENDIX B: OPERATOR BASIS AND WILSON COEFFICIENTS FOR DIMENSION SEVEN

We use the following basis for the dimension-7 operators:

Pq
1 ¼ mq

mc

�cð1� �5Þq 
 �qð1� �5Þc; Pq
2 ¼ mq

mc

�cð1þ �5Þq 
 �qð1þ �5Þc;

Pq
3 ¼ 1

m2
c

�cDQ ���ð1� �5ÞD�q 
 �q��ð1� �5Þc; Pq
4 ¼

1

m2
c

�cDQ �ð1� �5ÞD�q 
 �qð1þ �5Þc;

Pq
5 ¼ 1

mc

�c��ð1� �5Þq �q��ð1� �5Þði 6DÞc; Pq
6 ¼

1

mc

�cð1� �5Þq �qð1þ �5Þði 6DÞc:

(B1)
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The Sqi are the corresponding color octet operators obtained by inserting TA in the two currents of the respective color
singlet operators. As discussed at the end of Sec. III, the operators Pq

5;6 and Sq5;6 only occur in HQET and are absent if we
use QCD operators. We decompose the Wilson coefficients for dimension seven defined in Eq. (25) as

gqq
0

i ¼ C2
1g

qq0;ð0Þ
i;11 þ C1C2g

qq0;ð0Þ
i;12 þ C2

2g
qq0;ð0Þ
i;22 þOð	sÞ: (B2)

As results for the LO coefficients we obtain

1

3
gsd;ð0Þ1;11 ðzÞ ¼ 1

2
gsd;ð0Þ1;12 ðzÞ ¼ 3gsd;ð0Þ1;22 ðzÞ ¼ 1

2
hsd;ð0Þ1;22 ðzÞ ¼ �ð1� zÞ2ð1þ 2zÞ;

1

3
gsd;ð0Þ2;11 ðzÞ ¼ 1

2
gsd;ð0Þ2;12 ðzÞ ¼ 3gsd;ð0Þ2;22 ðzÞ ¼ 1

2
hsd;ð0Þ2;22 ðzÞ ¼ �ð1� zÞ2ð1þ 2zÞ;

1

3
gsd;ð0Þ3;11 ðzÞ ¼ 1

2
gsd;ð0Þ3;12 ðzÞ ¼ 3gsd;ð0Þ3;22 ðzÞ ¼ 1

2
hsd;ð0Þ3;22 ðzÞ ¼ 2ð1� zÞð1þ zþ z2Þ;

1

3
gsd;ð0Þ4;11 ðzÞ ¼ 1

2
gsd;ð0Þ4;12 ðzÞ ¼ 3gsd;ð0Þ4;22 ðzÞ ¼ 1

2
hsd;ð0Þ4;22 ðzÞ ¼ �12z2ð1� zÞ;

1

3
gss;ð0Þ1;11 ðzÞ ¼ 1

2
gss;ð0Þ1;12 ðzÞ ¼ 3gss;ð0Þ1;22 ðzÞ ¼ 1

2
hss;ð0Þ1;22 ðzÞ ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4z
p ð1þ 2zÞ;

1

3
gss;ð0Þ2;11 ðzÞ ¼ 1

2
gss;ð0Þ2;12 ðzÞ ¼ 3gss;ð0Þ2;22 ðzÞ ¼ 1

2
hss;ð0Þ2;22 ðzÞ ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4z
p ð1þ 2zÞ;

1

3
gss;ð0Þ3;11 ðzÞ ¼ 1

2
gss;ð0Þ3;12 ðzÞ ¼ 3gss;ð0Þ3;22 ðzÞ ¼ 1

2
hss;ð0Þ3;22 ðzÞ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4z
p ½1� 2zð1þ zÞ�;

1

3
gss;ð0Þ4;11 ðzÞ ¼ 1

2
gss;ð0Þ4;12 ðzÞ ¼ 3gss;ð0Þ4;22 ðzÞ ¼ 1

2
hss;ð0Þ4;22 ðzÞ ¼ � 24z2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4z
p ;

6gsu;ð0Þ3;11 ðzÞ ¼ gsu;ð0Þ3;12 ðzÞ ¼ 6gsu;ð0Þ3;22 ðzÞ ¼ hsu;ð0Þ3;11 ðzÞ ¼ hsu;ð0Þ3;22 ðzÞ ¼ 12ð1� zÞð1þ zÞ;
hsd;ð0Þi;11 ¼ hsd;ð0Þi;12 ¼ hss;ð0Þi;11 ¼ hss;ð0Þi;12 ¼ 0;

gsu;ð0Þ1;ij ¼ gsu;ð0Þ2;ij ¼ gsu;ð0Þ4;ij ¼ hsu;ð0Þ1;ij ¼ hsu;ð0Þ2;ij ¼ hsu;ð0Þ4;ij ¼ hsu;ð0Þ3;12 ¼ 0:

(B3)

The coefficients gds;ð0Þi;jk are identical to gsd;ð0Þi;jk because of the

symmetry under interchange of the masses in the loops,

and gdd;ð0Þi;jk and gdu;ð0Þi;jk follow by setting z ¼ 0 in gsd;ð0Þi;jk and

gsu;ð0Þi;jk respectively. As with the dimension-6 operators, the

coefficients of the weak annihilation in Dþ
ðsÞ with quarks in

the loop are identical to those of the weak annihilation in

D0, when we interchange C1 and C2. For the semileptonic
weak annihilation, we obtain

~g��;ð0Þ
1 ðzÞ ¼ �ð1� zÞ2ð1þ 2zÞ;
~g
��;ð0Þ
2 ðzÞ ¼ �ð1� zÞ2ð1þ 2zÞ;
~g��;ð0Þ
3 ðzÞ ¼ 2ð1� zÞð1þ zþ z2Þ;
~g
��;ð0Þ
4 ðzÞ ¼ �12z2ð1� zÞ;
~h
��;ð0Þ
i ðzÞ ¼ 0;

(B4)

where z ¼ m2
�=m

2
c and the ~g�e;ð0Þi are given by setting

z ¼ 0. The additional coefficients that arise when we use
HQET operators are given by the relation

ðgsq;ð0Þ5;ij ÞHQET ¼ ðFsq;ð0Þ
ij ÞQCD;

ðgsq;ð0Þ6;ij ÞHQET ¼ ðFsq;ð0Þ
S;ij ÞQCD;

ðhsq;ð0Þ5;ij ÞHQET ¼ ðGsq;ð0Þ
ij ÞQCD;

ðhsq;ð0Þ6;ij ÞHQET ¼ ðGsq;ð0Þ
S;ij ÞQCD:

(B5)

APPENDIX C: PARAMETRIZATION OF THE
MATRIX ELEMENTS

We parametrize the matrix elements of the dimension-6
QCD operators following Ref. [23]:

hDþjQd �QujDþi
2MD

¼ f2DMD

2
B1;

hDþjQd
S �Qu

SjDþi
2MD

¼ f2DMD

2
B2;

hDþjTd � TujDþi
2MD

¼ f2DMD

2

1;

hDþjTd
S � Tu

S jDþi
2MD

¼ f2DMD

2

2:

(C1)
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For q ¼ u, d, the dimension-7 operators Pq
1 , P

q
2 , S

q
1 , S

q
2 vanish identically if we neglect the up and down quark masses. The

operators Pq
5 , P

q
6 , S

q
5 , S

q
6 do not arise in QCD. We choose the following parametrization for the remaining ones:

hDþjPd
3�Pu

3jDþi
2MD

¼�f2DMD

2

MD�mc

mc

�3þOð1=m2
cÞ; hDþjPd

4�Pu
4jDþi

2MD

¼f2DMD

2

MD�mc

mc

�4þOð1=m2
cÞ;

hDþjSd3�Su3jDþi
2MD

¼�f2DMD

2

MD�mc

mc

�3þOð1=m2
cÞ; hDþjSd4�Su4jDþi

2MD

¼f2DMD

2

MD�mc

mc

�4þOð1=m2
cÞ:

(C2)

This parametrization is inspired by the vacuum saturation approximation (VSA), where B1 ¼ 1, B2 ¼ 1þ 2ðMD �mcÞ=
mc þOð1=m2

cÞ, and 
1 ¼ 
2 ¼ 0 for dimension six, and �3 ¼ �4 ¼ 1 and �3 ¼ �4 ¼ 0 for dimension seven.
For HQET operators, we use a parametrization following Ref. [43], where the contributions of valance and nonvalence

operators are distinguished explicitly. We parametrize the matrix elements of the nonvalence operators ðq � q0Þ by

hDqjQq0 jDqi
2MDq

¼ f2Dq
MDq

2
�qq0
1 ;

hDqjQq0
S jDqi

2MDq

¼ f2Dq
MDq

2
�qq0
2 ;

hDqjTq0 jDqi
2MDq

¼ f2Dq
MDq

2
�qq0
3 ;

hDqjTq0
S jDqi

2MDq

¼ f2Dq
MDq

2
�qq0
4 ;

(C3)

and the matrix elements of the valence operators ðq ¼ q0Þ by

hDqjQqjDqi
2MDq

¼ f2Dq
MDq

2
ðBq

1 þ �qq
1 Þ; hDqjQq

SjDqi
2MDq

¼ f2Dq
MDq

2
ðBq

2 þ �qq
2 Þ;

hDqjTqjDqi
2MDq

¼ f2Dq
MDq

2
ð
q1 þ �qq

3 Þ; hDqjTq
S jDqi

2MDq

¼ f2Dq
MDq

2
ð
q2 þ �qq

4 Þ:
(C4)

In the VSA, we find Bq
1 ¼ Bq

2 ¼ 1, while the 
q1 , 

q
2 , and all the �’s vanish. We proceed in the sameway for the dimension-7

matrix elements of nonvalence operators

hDqjPq0
i jDqi

2MDq

¼ � f2Dq
MDq

2

mq0

mc

�qq0
�;i ; i ¼ 1; 2;

hDqjPq0
i jDqi

2MDq

¼ ð�1Þi f
2
Dq
MDq

2

MDq
�mc

mc

�qq0
�;i ; i ¼ 3; 4;

hDqjPq0
i jDqi

2MDq

¼ ð�1Þi f
2
Dq
MDq

2

MDq
�mc �mq0

mc

�qq0
�;i ; i ¼ 5; 6;

(C5)

and valence operators

hDqjPq
i jDqi

2MDq

¼ � f2Dq
MDq

2

mq

mc

ð�q
i þ �qq

�;iÞ; i ¼ 1; 2;

hDqjPq
i jDqi

2MDq

¼ ð�1Þi f
2
Dq
MDq

2

MDq
�mc

mc

ð�q
i þ �qq

�;iÞ; i ¼ 3; 4;

hDqjPq
i jDqi

2MDq

¼ ð�1Þi f
2
Dq
MDq

2

MDq
�mc �mq

mc

ð�q
i þ �qq

�;iÞ; i ¼ 5; 6:

(C6)

The color octet operators are parametrized by Eqs. (C5) and (C6) with the replacements P ! S and � ! �. This is chosen
such that in the vacuum insertion �q

i ¼ 1, and all the �’s and �’s vanish.
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