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Contributions of the W-boson propagator to the p and 7 leptonic decay rates
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We derive closed expressions and useful expansions for the contributions of the tree-level W-boson
propagator to the muon and 7 leptonic decay rates. Calling M and m the masses of the initial and final
charged leptons, our results in the limit m = 0 are valid to all orders in M?/M3,. In the terms of
O(m?/M%V) (m; =M, m), our leading corrections, of O(M*/M3,), agree with the canonical value
(3/5)M?/M?%,, while the coefficient of our subleading contributions, of O(m?/M%,), differs from that
reported in the recent literature. A possible explanation of the discrepancy is presented. The numerical
effect of the (D(mjz- /M%) corrections is briefly discussed. A general expression, valid for arbitrary values of
My, M, and m in the range My, > M > m, is given in the Appendix. The paper also contains a review of

the traditional definition and evaluation of the Fermi constant.
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The correction of O(m?2/M73,) to the muon decay rate,
arising from the tree-level W-boson propagator, is well
known in the literature and amounts to a correction factor
1 + (3/5)m?,/M3,. An analogous result was first derived
by Lee and Yang in the framework of nonlocal extensions
of the Fermi theory [1]. Calling M and m the masses of the
initial and final leptons, recent papers have included both
the leading corrections, of O(M?/M%,), as well as the
subleading contributions, of @(m*/M3%,), to the p and 7
leptonic decay rates [2—4].

In the present paper, we evaluate the corrections to the w
and 7 leptonic decay rates induced by the W-boson propa-
gator in two cases: (i) in the limit m = 0, we derive a
closed expression, valid to all orders in M?/M3,, as well as
a useful expansion in powers of M?/M3,; (ii) in the cor-
rections of O(m3/Mj,) (m; =M, m), we evaluate the
leading contributions, of O(M?/M3,), as well as the sub-
leading ones, of O(m?/M?%,). In the calculation of the latter,
it is important to include the contribution of the
—g*q” /M3, term in the unitary-gauge W-boson propaga-
tor or, equivalently, in other gauges, that of the associated
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Goldstone boson. In fact, this term leads to contributions of
O(m?/M%,). Our result for (ii) is compared with those
reported in the recent literature. In the Appendix we
present expressions valid for arbitrary values of My, M,
and m in the range My, > M > m.

We focus our attention on u decay and later on we
extend the results to the 7 leptonic decay rates in a straight-
forward manner. Defining

M2

X = ——
2
My,

(D

the terms of @(x") (n = 1) are very small. For this reason
they are evaluated at the tree level, i.e. to zeroth order in a.
On the other hand, the QED correction §,, to muon decay
in the V-A Fermi theory is very important in the term of
zeroth order in x. In order to obtain simple expressions, we
follow the usual procedure of factorizing out the QED
correction [1 + 8, ] in all the terms of order x" (n = 0)
(see, for example, Ref. [5]). This factorization induces
terms of O(ax") (n = 1), which are however extremely
small. As a consistency check, we have carried out the
calculations of the decay rate in two different ways. The
first one is based on a method described in detail by
Veltman in Ref. [6]. The method requires working first in
the neutrino-pair rest frame, where all scalar products can
be written in terms of the energy transferred to the neutrino
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pair and the angle between the muon and ¥, momenta. The
integral over the 7, momentum is then carried out using the
three-dimensional delta function. The angular integrals
over the v, momentum are trivial, while the integral over
its absolute value is implemented by employing the residual
one-dimensional 6 function. Finally, one can rewrite the
energy transferred to the neutrino pair in a Lorentz-
invariant way and carry out the integration over the electron
momentum in the muon rest frame. In the second, more
conventional approach, one works always in the muon
rest frame. We integrate first over the #, momentum, thus
reducing the four-dimensional ¢ function to a
one-dimensional one, which leads to the relation E, =
M(E, — E)/[M — E + | p| cos a], where E, is the energy
of the muon neutrino, E and p are the energy and momen-
tum of the electron, E, = (M?> + m?)/2M its end-point
energy, and a the angle between p and the »,, momentum.
We then integrate over E, using the one-dimensional &
function, over the angle «, and finally over p. The two
approaches lead to the same results, which we present
below. In this paper, we call Iy the decay rate when the
contributions of the tree-level W-boson propagator are
included.

(i) Integrating over the full W-boson propagator, in the
limit m — 0 we find the closed expression

Loy = Fo{ [1 —§—§+(1 ;x) In(1 —X):”,

(2)
where
2 5
Fy=-"-2—[1+6,] 3
0 19277_3[ ,u] ( )
Furthermore,
G, g’
—= 1+A 4
F a0 @

where g is the SU(2); gauge coupling constant, Ar is
the electroweak correction introduced in Ref. [7],
and, as mentioned before, o " is the QED correction
to muon decay evaluated in the Fermi V-A theory.
Expanding In (1 — x), Eq. (2) leads to a useful and
quickly convergent expression,

F'm=T
W= Oz(n+3)(n+4)
3 2 2 3 x°
= +ox+zxr+= 3+—4+—+-~-}.
Fo{l LR Ly e
&)

We note that the term of O(x) in Eq. (5) agrees with
the canonical result (3/5)M?*/M3,. Equation (5) ex-
tends this result to all orders in x. Since Eq. (2)
involves sharp cancellations, the expansion in

PHYSICAL REVIEW D 88, 033012 (2013)

Eq. (5) is much more useful for numerical
calculations.

(i) For m # 0, to zeroth order in x, the decay rate is
given by the well-known expression

T, = ToF (), ©)
where
2
m
Y =37 @)
and

F(y)=1—8y—12y’Iny + 8y’ —y* (8)

is a phase-space factor (see, for example, Ref. [8]).
Equations (6)—(8) correspond to the My, — oo limit
and are the usual result in the V-A theory. In order to
evaluate the terms of O(x = M?/M3,) with m # 0,
in the calculation we include the correction factor
(1 +2¢*/M?%) arising from the expansion of the
W-boson propagator, as well as the contribution of
the —g*q"” /M3, term in the propagator. This leads
to the simple and compact result

3
Ty = Togx(1 = y)°. ©)

An interesting theoretical feature of Eq. (9) is that
logarithmic terms proportional to Iny cancel be-
tween the contributions of the (1 + 242 /M ) cor-
rection factor and the —g*q”/M3, term in the
propagator. We also observe that the y dependence
in Eq. (9) is very different from that in Egs. (6) and
(8), so that in their sum F(y) does not factorize
in a simple manner. Neglecting terms of O(xy> =
m*/(M?% M?)) and higher, Eq. (9) reduces to
2 2
S U T
SMy, My

The leading correction, (3/5)M?/M?,, agrees once more
with the canonical result. In the subleading correction of
O(m?/M%,), —2m? /M3, arises from the contribution of the
—qtq” /M3, term, while an additional —m?/M3, is in-
duced by the (1 + 2¢?/M3,) correction factor.

In the muon decay case, M and m are identified with m ,
and m,. The extension of our results to the 7 leptonic decay
rates is straightforward: M is identified with m_, while
m=m, in Iy(r—=v,+u+7,) and m=m, in
Lw)(r— v, + e+ p,). Furthermore, &, should be
changed into &§,, namely the appropriate QED corrections
in 7 decays.

As far as we know, our calculation (i), valid to all orders
in M?/M3, in the m — 0 limit, has not been carried out in
the literature. In order to compare our calculation (ii) with
existing results, we combine Egs. (6) and (10),
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In the literature, the phase-space factor F(y) is often fac-
torized. Performing such a factorization, Eq. (11) becomes

© 0
Loy + T

9 m?
5 M3,

3 M?

=TF 1+
0 (y)[ 5M2

4
+ @(L)] 12

war) (12
Thus, the factorization of F(y) induces a large change in
the coefficient of the subleading correction of O(m?*/M%,).
This is easy to understand recalling Egs. (7) and (8):
through terms of O(m?/M?) the factorization of F(y)
effectively leads to the change

3 M? (1+8m2)_
5 M3, M?

As a consequence, the factorization of F(y) induces a new
subleading correction (24/5)m*/M?, in the expression
between square brackets in Eq. (12). Combining this with
—3m? /M3, in Eq. (11), one obtains the subleading correc-
tion (9/5)m? /M3, reported in Eq. (12).

Our result in Eq. (12) can be compared with expressions
published in the recent literature. For example, Refs. [2—4]
consider the decay 7— [+ v, + v, (I = u, e). Modulo
QED corrections, the result for the leptonic decay rates
presented in those papers is

24 m?
5 M3’

3 M?
5 M3,

3 M?

VR (13)
5 M3,

GZ 2 3 2 2 2
e (R B
19277 \mz 5 My, My,
while, in this case, our Eq. (12) becomes
1o pr Gimg F(m—[z)l:l +§ m; +2m—12
W= 19273" \m?2 S5M3,  5M3,
4
" @(M2 )] (15)

Since the function f in Eq. (14) is identical to F, we see
that the two results agree on the leading correction
(3/5)m%/MZ,, but sharply disagree on the coefficient of
the subleading term of O(m?/M3,). In particular, the signs
of the O(m?/M3,) correction are opposite.

A possible explanation for this difference could be
that (1) in the derivation of Eq. (14), only the subleading
—2m?/M3, contribution from the —g*q”/M3 term in
the propagator has been retained (thus neglecting the
additional —m?/M3, contribution arising from the
1+ 2q2/M ) correction factor), and (2) the additional
(24/5)m? /M3, contribution induced by the factorization of
F(y) has not been taken into account.
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Numerically, the corrections of (Q(m2 /M3,) (m; =M, m)

are very small. Their largest values are attained in the decay
T— u + v, + v, Inthis case, the correction factor is

3
iz +§ —1+2.9315X 1074 + 3.11 X 1076,

2
T
5M% 5 M3

(16)

where we employed My, = 80.385 GeV. Since the current
relative error in the measurement of the 7 lifetime is
3.44 X 1073, in order to be sensitive to the leading correc-
tion in Eq. (16), it would be necessary to decrease the
experimental error by more than a factor 10.

In the case of muon decay,

3mi, 9 m:

1+ +-— 6 +73x1071,
5M3,

5 M3,
7)

The current relative error in the measured muon lifetime
is 1.00 X 107 [9]. Thus, the leading correction in
Eq. (17) is very close to the experimental error; it is also
very close to the two-loop QED correction [see, for ex-
ample, Eq. (36) in Ref. [8]]. Thus, at present, the
O(m% /M3,) correction has a marginal effect in muon
decay. On the other hand, in the foreseeable future the
subleading corrections of @(m*/M3,) are out of experi-
mental reach in both p and 7 decays.

We remind the reader that, in the traditional approach,
the Fermi constant G is defined from the muon lifetime,
as evaluated in the Fermi V-A theory to first order in the
weak-interaction coupling constant. Specifically, G is
defined by the relation

1 G%m

7. 1927 EFy[1+6,] (18)

where 7, is the muon lifetime and &, the QED correction.
This approach has several important advantages (see, for
example Ref. [8]): (1) the muon lifetime has been mea-
sured with great accuracy; (2) to first order in G, but all
orders in «, the very important QED correction to muon
decay in the Fermi V-A theory is known to be finite after
charge and mass renormalization [10]; (3) at present, its
contribution to the muon lifetime has been evaluated
through two-loop order [11-13] and estimated at three
loops [14]; (4) very importantly, in the traditional defini-
tion, Gy is a true constant of nature, like the electric
charge: it does not need to be redefined and numerically
changed every time a new particle contributing to muon
decay is discovered; (5) the relation of G to the funda-
mental constants of the Standard Model of particle physics
involves the electroweak radiative correction Ar and has
been explained in Ref. [7]. A detailed description of the
current evaluation of G is provided in Section II D of
Ref. [8]. It includes one- and two-loop QED corrections
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treated in two alternative ways, very small contributions
of O(a) and O(a?) proportional to powers of y, and an
estimate of the theoretical error due to truncation of the
QED perturbative series. The current value is [9]

Gr = 1.1663788(7) X 1073 GeV, (19)

an important determination at the 0.6 ppm level.

It is then clear that, in the traditional approach, the
corrections from the W-boson propagator we discuss in
this paper do not affect the definition or the value of Gp.
Rather, they are interpreted as additional, albeit very small,
corrections to the u and 7 leptonic decay rates that emerge
in the Standard Model of particle physics. In fact, by
writing Iy in the form

2 0,5

G,m
Loy = 1;27;; Fy)[1 + 6,101 + 8w, (20)

and comparing Egs. (18) and (20), one finds that the
relation between G% and G3, is given by

GL=GA(1+8 )=g—4(1 + AP+ Sy),  (21)

© (W) 32 M w))»
w

where, in the last step, we employed Eq. (4). The last factor
in Egs. (20) and (21) represents the additional tree-level
correction induced by the W-boson propagator in the
Standard Model.

In summary, we have re-examined the contribution of the
W-boson propagator to the w and 7 leptonic decay rates.
Calling M and m the masses of the initial and final charged
leptons, in the limit m — 0 we have derived a closed ex-
pression, Eq. (2), and a useful expansion, Eq. (5), valid to all
orders in x = M?/M3,. They extend the canonical result
(3/5)M?/M%, to all orders in x. In the terms of
O(m3/Mj,) (m; = M, m), we have evaluated the leading
corrections, of O(M?/M?%,), as well as the subleading ones,
of O(m?/M%,) [Eq. (12)]. While our leading corrections
agree with the canonical result, the coefficient of our sub-
leading corrections differs sharply from the one reported in
the recent literature. A possible explanation of this discrep-
ancy was presented. The numerical effect of the O(m3/My,)
corrections was briefly discussed. In the Appendix we have
presented an expression for the leptonic decay rates that
includes the contribution of the W-boson propagator for
arbitrary values of My, M, and m in the range My, > M >
m [Eq. (A3)]. This paper also contains a review of the
traditional definition and evaluation of the Fermi constant.
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APPENDIX

In this appendix we present expressions for Iy, valid

for arbitrary values of My, M, and m, in the range
My, > M > m. We find

41—-y) 200—yH) 1(2 224
= p— —_ | - — + ——
F(W) F03{ _x3 xz x<3 y y 3y)

5

— (1= (1 —y) =y + y)Iny
1. (1-

+—41n< x)[4(1—x)
X 1—xy

— xy(d = 3x— (1 + y2(1 —x2)))]}, (Al)
where I'y is given in Eq. (3). By setting y = 0 in Eq. (A1),
one immediately finds the result in Eq. (2). Equation (6)
can be recovered by taking the x — O limit in Eq. (Al).
Although the decay rate is obviously well behaved in the
limit x — 0, several of the terms in Eq. (A1) are singular in
that limit. This fact gives rise to large cancellations among
different terms, which in turn lead to a loss of significant
digits in numerical evaluations. This problem can be
avoided by rewriting the second logarithm in Eq. (A1) as
an infinite sum,

1 —x - x"
In = — 1—y")—.

(1—x) Sa-y
The first three terms in this series, when inserted into
Eq. (A1), lead to the cancellation of all terms which are

singular in the x — 0 limit. After a few manipulations of
the residual series, Iy can be written in the form

3
Ty = Lof F) + 2201 = )"

(A2)

2
+ ;—0(8 — 27y + 27y° — 8y® — 60y* In y)

£33 0,0 (A3)
n=3

where F(y) is defined in Eq. (8) and

Y=y yA+y)(1=y") 3y(1—y""?)

-2 n n+2
LAY —y") 40—y
n+3 n+4

The contributions of O(1, x, x*) are shown explicitly in the
first three terms of Eq. (A3), while those of O(x") (n = 3)
are given in the series presented at the end of the equation.
An interesting property of the functions H,(y) (n = 3) is
that they are proportional to (1 — y)3. This is due to the fact
that H,(y) and its first four derivatives vanish at y = 1. The
same property holds for the contribution of O(x), as ex-
plicitly shown in the second term of Eq. (A3). It is also
interesting to observe that only the contributions of @(x")
and of O(x?) contain terms proportional to Iny.

H,(y)=

(A4)
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