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Ionization of hydrogen by neutrino magnetic moment, relativistic muon, and WIMP
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We studied the ionization of hydrogen by the scattering of the neutrino magnetic moment, relativistic
muon, and a weakly interacting massive particle with a QED-like interaction. Analytic results were
obtained and compared with several approximation schemes often used in atomic physics. As current
searches for the neutrino magnetic moment and dark matter have lowered the detector threshold down to
the sub-keV regime, we tried to deduce from this simple case study the influence of the atomic structure
on the cross sections and the applicabilities of various approximations. The general features being found
will be useful for cases where practical detector atoms are considered.
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L. INTRODUCTION

The electromagnetic (EM) properties of neutrinos, in
particular, the magnetic dipole moments w,, are of funda-
mental importance not only in particle physics but also
astrophysics and cosmology (for reviews see, e.g.,
Refs. [1,2]). In the Standard Model with massive neutrinos,
a nonvanishing u, arises as a result of the one-loop elec-
troweak radiative correction; for Dirac neutrinos, ' it is
given by u, = 3.20 X 107"°(%) up, where the Bohr mag-
neton wg = e/(2m,) with e and m, being the magnitude of
charge and mass of electron. From the current mass upper
limit set on the electron neutrino in the tritium 8 decay [3],
m, <2 eV, one can estimate that p, < 10~ up is in-
deed very tiny in the Standard Model.

The best direct limits on w, so far are extracted mostly
from neutrino-electron (ve) scattering: with the reactor
antineutrinos, u; <2.9X 107" ug by the GEMMA
Collaboration [4] and u; <7.4 X 107" up by the
TEXONO Collaboration [5], with the solar neutrinos,
My, <5.4X 107" up by the Borexino Collaboration [6].
Many stronger, but indirect, limits ranging from 107! to
10~ 13 up were inferred from astrophysical or cosmologi-
cal constraints; however, they are subject to model depen-
dence and theoretical uncertainty. Because the current
limits, whether direct or indirect, are orders of magnitude
away from the Standard Model prediction, it makes the
search of w, a powerful probe of new physics.

The cross section of neutrino scattering off a free
electron through the EM interaction with w,, is [7]

'Note that both Dirac and Majorana neutrinos can acquire
“transition” magnetic dipole moments by similar one-loop
radiative corrections in the Standard Model. In this article we
concentrate on the ““static” ones, which only Dirac neutrinos can
have.

’In this article, we adopt the natural units ¢ = 2 = 1.
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where « is the fine structure constant, E, the neutrino
incident energy, and 7 the neutrino energy deposition.
The 1/T feature indicates a way of improving the limit
on u, by lowering the detector threshold of 7. Currently
the thresholds can be as low as a few keV (e.g., the
germanium semiconductor detectors deployed by both
the GEMMA and TEXONO Collaborations), and the
next-generation detectors are geared up to extend down
to the sub-KeV regime [8,9]. While one expects improved
limits from such experimental upgrades, a theoretical issue
regarding how the electronic structure of detectors affects
the simple free ve scattering formula naturally arises, as
the associated energy scale is comparable to the atomic
scale. Recently there have been discussions about whether
the atomic structure can possibly enhance an atomic ion-
ization (AI) cross section [10,11] and the robustness of an
free electron approximation in low energy transfer [12,13].
While experiments keep pushing down the detector thresh-
old, the need for more reliable cross section formulas will
certainly grow.

Another type of experiment where Al can be relevant is
the search for dark matter (DM), as it shares many similar
detection techniques as for w,. Most current search focus
on the weakly interacting massive particles (WIMPs) with
masses about GeV to TeV scales — favoured for astrophys-
ical reasons — with nuclear recoil in targets being the main
observable. Recently, the sub-GeV DM candidates, generi-
cally classified as light dark matter, have started to get
attention [14], and the associated Al processes in targets
can be used to constrain the interaction of light dark matter
candidates with electrons and their masses [15].

Given the importance of understanding the detectors’
response, in particular, in the low energy regime, our study
starts by considering the simplest atom, hydrogen. By
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treating the electrons as nonrelativistic particles and in-
cluding the one photon exchange together with the
Coulomb interaction, the problem is solved analytically
with O(v2) and O(a?) errors, where v, is the electron
velocity. We then compare our result against various
widely used approximation schemes for the AI through
M, or DM scattering; we try to draw useful information
about the applicabilities of these approximation schemes
under various kinematic conditions. This knowledge serves
as a precursor to our currently ongoing projects with
realistic atomic species.

The article is organized as follows: In Sec. II, we lay
down the general formalism for Al cross sections through
EM interactions. The analytic results for the atomic re-
sponse functions of hydrogenlike atoms are given explic-
itly, and approximation schemes including the free electron
approximation (FEA), equivalent photon approximation
(EPA), longitudinal photon approximation (LPA), and the
one of Kouzakov-Studenikin-Voloshin (KSV) [13] are in-
troduced. The case of Al by u, is studied in Sec. III, with
particular attention to the issue of whether the atomic
structure enhances or suppresses the cross sections while
scattering occurs at atomic scales. In Sec. IV, the well-
known AI process by a relativistic muon is revisited. A
detailed account of why EPA works for this case but not for
M, 1s given. Finally, we extend the above formalism to a
QED-like gauge model for the DM interaction with normal
matter, and study the hydrogenic response under various
DM kinematics in Sec. V. A brief summary is in Sec. VI.

II. FORMALISM

Consider the ionization of a hydrogenlike atom H by a
lepton I,

[+H—[+H"+e, (2)

through one photon exchange, as shown in Fig. 1. We will
treat the electron as a nonrelativistic particle and include
all its Coulomb interactions in the initial and final states.
This problem can be solved analytically. The results will be
referred as the “full” ones—in comparison to various

m,

(M,, 0) (E,,

m,
m+ meq p)
FIG. 1 (color online). The atomic ionization process / + H —
[+ H" + ¢~ through one photon exchange in the laboratory
frame.
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approximations to be discussed later on—and have errors
on the order of O(v2, a?).

The unpolarized differential cross section in the
laboratory frame, i.e., the velocity of the incident lepton
¥, # 0 and the velocity of the atomic target vy = 0, is
expressed as’

1 (4ra)?

do= 0 MW ., 2m)*8*(ky + pu—ky — pr— p,)

|41
&k, & pr &P,
@m? 2m) 2m)*

3)

where the four momenta k; = (w,, k;) and k, = (w,, Ez)
are of the initial and final leptons, py = (M, 0) of the
initial atom, pgp = (Eg, pg) and p, = (E,, p,) of the final
H™ + ¢~ state in the center-of-mass and relative coordi-
nates, and g* = k}' — k4 = (T, g) of the virtual photon,
respectively, and Q% = ¢ »gq" - The leptonic tensor,

= ZZU% sol i lky, s1)¢ka, solj kg, s1), (4)

sy 8

is obtained by a sum of the final spin state s, and
an average of the initial spin state s; of the leptonic
EM current j; matrix elements; and similarly the atomic
tensor,

W

IDXUIALSITADS )

mje Mj;

involves a sum of the final angular momentum state m;,
and an average of the initial angular momentum state m;. of
the atomic EM current j, matrix elements, where |i) and
| f) refer to atomic initial and final states, respectively.

In this work, we use the relativistic form for jf‘ ,

(ky, 55171 1ky, 51)
FO
=tk so)| FOy* = 132 0%, Jutki, 51, (6)
2m,
The Dirac and Pauli form factors, F(ll) and F(zl), which
describe the helicity-preserving and helicity-changing
EM couplings, are constant for elementary leptons: F (11) is
the charge e; (in units of e) and Fg) the anomalous
magnetic dipole moment «; (in units of ug).

Since we are only interested in the case that the energy
deposition by the incident particle is small enough such
that electrons can be treated as nonrelativistic particles,
the charge and spatial current densities in momentum
space are

pW(G) = = TP, (7

*We adopt the normalization utu = 1 for all Dirac spinors.
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JNG) = —— @B (G +2p, + iG, X §). ()

e

pW is leading in the 1/m, expansion while j(A) is sublead-
ing. The proton contribution can be neglected because its
contribution to j* is O(1 /m,) and is smaller than the
electron contribution by a factor of m,/m p- Its contribution
to p is smaller than the electron contribution by at least 1
power of m,/m, in the multiple expansion, because the
size of the proton wave function is smaller than that of the
electron wave function by a m,/m, factor.

After performing the spin sum, contraction of the lep-
tonic and atomic tensors, and implementing the current
conservation condition to relate the longitudinal spatial
current to the charge density

i@ ==-j@ = p(A)(q) )

where g = |g|, the cross section can be cast into the

following form:
7 (47a)’ [( 2y (F)) ]
= —= Vi + Vy?
k| 0 ZT o m )2 .
(10)

X=L,
Bk,
Q2m2w,’
through defining the longitudinal and transverse response
functions, R; and Ry, and the corresponding kinematic

factors, V; and V7. The kinematic factors, which depend
on the energy transfer 7 and momentum transfer ¢, are

4
VEFI) — %[(a)l + CU2)2 _ qZ]’ (11)

_[QZ(QZ + 40, 0,)

‘I(Fl) —
T 2 2

+ Q%+ 2m,2], (12)
and

) —0
Vi) = 7[&»1 + )20 + 4miq¥],  (13)

)_O
Vi = L0 + donen) — i) (14)

for couplings with the F Y) and F (21) form factors, respec-
tively.* The response functions, which are also functions of
(T, g) but independent of the form of leptonic coupling, are

‘As 02 =T? — ¢? and w, = w; — T, the independent varia-
bles in these expressions are thus taken by (7, g).
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d3p 612 p2

= ¢ ) 28(T—-B—————" )
=33 e

(15)

< [P, .0 ) ¢
k=33 [EEsis @lors(r -85 —50),
i M
(16)

where B is the binding energy of the H atom, M = m, +
m, =~ m,, and peq = m,m,/(m, + m,) = m,. Note that
the center-of-mass degrees of freedom in the final state
have been integrated out by the momentum conservation,
which yield pr = ¢; and the resulting energy conservation
delta function properly takes care the nuclear recoil effect.

Consider now the ionization of a hydrogenlike
atom from its ground state, i.e., the 1s orbit, the relevant
atomic spatial wave functions for the initial () and final (f)
states are

(Fli) = (Fl(nim; = 100)) = %23/262;, (17)

1D = 45,17
7z V4 Lo VA
= Fr(1 = D)o (S iy + 5, 7))
Pr Pr
()

in atomic units [so the barred quantities are 7 = rm,a,
P = p./(m,a), etc.], where I'(z) and | F,(a, b, z) are the
Gamma and confluent hypergeometric functions, respec-
tively. The evaluations of R; and Ry can be done analyti-
cally by the Nordsieck integration [16—19] and yield

287°3°(33* + p + Zz)exp[— é—%tan* ( _ 22, )]

R; = F-pit+7?
L= q D 7 A 5 ’
3G+ p,)? + Z2%((q — p,)* + Z22)3(1 — e7272/pr)
(19)

R 212 + Z)exp [_ é—%tan ] (qz 2gf'+z2)]
T 3((g + p,)? + 222G — p,)? + 2221 — e 272/pr)

1

+2Mea quL (20)

The first term in Ry is the contribution from the convection
current, and the second one from the spin current.
The overall a? factor appearing in both terms reflects the
1/m?2 order in the nonrelativistic expansion. In compari-
son, R; is O(a?).

The single differential cross section with respect to the
energy transfer can then be computed by integration over
the lepton scattering angle 6,
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2 k
fdcosﬁ e’ ky — (VLR + VRy),

4k
¢ 1)
F F’7
Vir=avi) + (2 )2 Vi,
with a constrained range of cos 6:
Kk + k3 —2My(T — B
min{l,max[—l, 1 2 i )]}SCOSGS 1.
2k ky
(22)

For the latter discussion, we note that for a fixed energy
transfer, the square of the four-momentum transfer,

Q2 = 2m[2 - 2&)1((1)1 - T)

+ 2\/w% - mlz\/(wl —T)*> —micosf, (23)

only depends on cos 6; therefore, the integration over cos 6
is equivalent to integrating over Q2 (or ¢2).

While it is straightforward to obtain complete and ana-
Iytic results for ionizations of the hydrogen atom to the
order outlined above,’ we shall discuss several approxima-
tion schemes often employed in atomic calculations, and
compare them with the full calculations for this case study
in the following sections.

A. Free electron approximation

The FEA is expected be a good approximation if the
photon wavelength is much smaller than the size of the
atom (or the typical distance between electrons in a multi-
electron system) such that the atomic effect is no longer
important. Thus, a necessary (but not sufficient) condition
for this approximation to be valid is that the scattering
energy needs to be high (compared with the typical scale of
the problem).

In this approximation, the electron before and after
ionization is treated as a free particle. The free electron
cross section of Eq. (1) is multiplied by the step function
O(T — B) to incorporate the binding effect:

do do
— =0(T-B)—| . (24)
ar FEA dTr FE

Energy and momentum conservation fixes Q> = —2m,T

in this two-body phase space.

B. Equivalent photon approximation

The equivalent photon approximation [20,21] treats the
virtual photon as a real (and thus transversely polarized)
photon. It could be a good approximation for low energy
processes where the photon is soft such that Q> =~ 0

>Tonizations of hydrogenlike atoms in metastable states can be
performed similarly; however, the analytic results get more and
more tedious as the principle quantum number n grows.
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because g* = 0 for every component of w. At high ener-
gies, besides soft photon emissions, when the initial and
final state electrons are highly relativistic and almost col-
linear, the emitted ““collinear” photon also has Q? = 0.
While the soft photon emission is likely to dominate the
phase space of low energy scattering, whether the soft and
collinear photon emission will dominate the high energy
scattering depends on the transition matrix elements.

The total cross section o, for the photoionization pro-
cessy+H—H" +e¢ is

27

o, (T) =

R, (25)

where the photon energy E, = T and the superscript “0”
denotes that the photon is “on shell,” i.e., 7> = ¢°. Then
EPA relates o, to a corresponding lepto-ionization process
(involving a virtual photon) by the following two steps:
(i) ignoring the longitudinal response function R; and
(i) substituting the off-shell response function R; by
the on-shell R). extracted from the photoionization

process, i.e.,
do 2ma? k, T
= | dcos@—— —=| Vo —5— 7))
EPA .[ o8 o* kl[ T<2772 oy ))]

1
= ZN(T)o,(T), (26)

dT

with the energy spectrum of an equivalent photon N(7T)
defined by

NI =2 k2 T2 [ d ose 27)

where the integration range of cos 6 is the same as Eq. (22).
Because it directly feeds the photoionization cross
sections (experimental accessible) to the corresponding
lepto-ionization cross sections, a lot of theoretical work
and uncertainties can be saved when it works properly.

At this point, we should make an important re-
mark regarding the approximation scheme adopted in
Ref. [10]: Even though it is in the spirit of the EPA,
however, it makes a stronger assumption that the integra-
tion leading to the energy spectrum of an equivalent photon
is also dominated by the Q? = 0 region (or staying con-
stant), i.e.,

ak2

N(T) =72 (28)

EPA*  ky 0*~0

To distinguish this stronger version of the EPA from the
conventional one, we shall denote it as the EPA* scheme.

C. Longitudinal photon approximation

The longitudinal photon contribution is at leading order
in the 1/m, expansion while the transverse photon contri-
bution is subleading. Thus, it might be a good approxima-
tion for nonrelativistic systems:
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FIG. 2. Differential cross sections ‘jz—‘; for v+ H— 0+ p + e via the EM interaction with the neutrino magnetic moment
M, = k,up. The incident neutrino has energy w; = 1 MeV with its mass m, taken to be zero. The results of the approximation
schemes KSV and LPA (both not shown) are in excellent agreement with the full calculation. The kinematic inputs are:

(a) w; = 1 MeV, (b) w; = 1 MeV, near threshold T.

do

T (29)

2ma’ k
z’[dCOSGFk—TVLRL.

LPA

The difference of this approximation to the full calculation
is a measure of how importantly the transverse current
contributes to the process.

D. Approximation scheme of Kouzakov,
Studenikin, and Voloshin

The KSV scheme includes the longitudinal photon con-
tribution which is at leading order in the 1/m, expansion
and approximates the subleading transverse photon contri-
bution by a relation only strictly suitable for the electric
dipole (E;) transition in the long wavelength limit, i.e.,
q—0:

T2

q

This relation® can be derived from the Siegert theorem
[22] for E|, which is based on current conservation. It can
also be explicitly checked by taking the same limit to
Egs. (19) and (20). In general, Ry is not dominated by E;
in the processes that we are considering, which requires
qry << 1 where r, is the size of the atom. But Eq. (30) can
still be a good approximation to the cross section calcu-
lations as long as R; remains subleading to R; .

In Refs. [12,13], the authors adopted the above relation
so the cross section was calculated without need to evalu-
ate the transverse response function which is harder to
compute:

SNote that the factor of 2 difference from Eq. (12) of Ref. [13]
is due to the different definitions for the transverse response
function.

2mal k 72
= fdcosﬁ% —2<VL +2?VT>RL. 31)

II1. IONIZATION BY NEUTRINO
MAGNETIC MOMENT

In case the incident lepton is a neutrino (») or antineu-
trino (¥), as e, = 0, the EM breakup process is thus
sensitive to the neutrino magnetic moment @, = K, uUp
(which is purely anomalous). The energy spectrum for
reactor antineutrinos typically peaks around a few tens of
keV to MeV (see, e.g., Ref. [5]); setting w; = 1 MeV, a
plot of the single differential cross section with energy loss
up to 1 keV is given in Fig. 2. Not shown in these figures are
the results of the approximation schemes KSV and LPA.
They both agree with the full calculation to good extents:
within 1073 for the former and 1073 for the latter in the
entire range. In other words, this atomic bound-to-free
transition is dominated by the atomic charge operator,
while the transverse current operator is negligible, which
implies the inadequacy of the EPA scheme.

The dominance of the charge operator over the trans-
verse current can be roughly understood by a comparison

of their corresponding kinematic factors VéF 2 and V(TF 2,
For neutrino scattering

Q? ~ —2wi(l — x), (32)
m,—o
where x = cos 0; they are
ViR 21— ) Vil (1 +x)
o' (1—x+L)f 9 o1-x+ i)
(33)

As T?/w?} << 1 in our consideration, both functions peak
near x = 1, and they have similar maximum values:
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FIG. 3. Double differential cross sections % for v+ H— v + p + ¢~ via the EM interaction with the neutrino magnetic
moment u,. The energy transfer is fixed at 20 eV. EPA" hugely overestimates at high w;, but works reasonably at low
;. The kinematic inputs are: (a) w; =1 MeV, T =20¢eV, (b) w; =1 keV, T =20 eV.

Vi /@l = @3/T? and Vi / Q%10 = 203/T2, and
widths. Since the transverse response function does not get
enhancement from the kinematic factor V(TFZ) over VEFQ), its
contribution to the cross section is suppressed by the usual
nonrelativistic order a2

The good agreements with the FEA scheme [Fig. 2(a)]
are not really a surprise: The energetic neutrino emits a
virtual photon with a wavelength smaller than the atomic
size so that the binding effect does not manifest in a short
distance. The only exception is near the ionization thresh-
old [Fig. 2(b)] where the virtual photon wavelength is
larger than the atomic size, and the binding effect sup-
presses the cross section in comparison to FEA.

Also shown in these figures is the result of the EPA*
scheme. Note that the curve in Fig. 2(b) has to be scaled
down by a factor of 100 in order to be cast on the same
plot as other calculations; in other words, the EPA* hugely
overestimates the cross section by several orders of

magnitude. There is only a tiny region near the ionization

threshold [see Fig. 2(a)] where the EPA* does work; that is
where the virtual photon approaches the real photon limit
(T = gq). The origin of such an overestimation can be
clearly seen in Fig. 3(a), where the double differential cross
section do /(dTdx) is plotted as a function of x with a fixed
energy loss T = 20 eV. Because of the kinematic con-
straint, the maximum scattering angle 6., = 6.28°.
However, even within this small range of the peripheral
scattering angle, the differential cross section decreases
dramatically by 12 orders of magnitude from the forward
angle as a combined result of the kinematic factors V; r
and the response functions R; 7. Therefore, the flatness of
do/(dTdx) required by the EPA” is severely violated and
results in this overestimation.

On the other hand, one does see the EPA* start to work
when the incident neutrino energy w; drops below the
binding momentum of the hydrogenlike atom ~Zm,a.
For hydrogen, the scale is about 3.73 keV, and Fig. 4 shows
that varying «; from 3 and 2 to 1 keV, the EPA™ result

40 ‘ 20 ‘ 20 : :
[ . Full [ Full [ A Full
S T N EPA* S O EPA* S EPA*
2 30r --—— FEA | ] o I5F --—- FEA | ] Q2 150\ ---- FEA
= [ ] = [ ] = [
g Lo ] g L ] g [IE
£ 1= 1 = 1 s P
N [ i N L ] N~ L1
3 20} X 1 3 101 1 3 00 N
O F ol j (o) [ o) 1 \
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(] il - ] - — o - AN
[ . [ ~
[ s [ P So
ol L) Rkl ] ol I = oL 1 L Tt
10 20 50 100 200 500 1000 10 20 50 100 200 500 1000 10 20 50 100 200 500 1000
T (eV) T (eV) T (eV)
(a) (b) (c)

FIG. 4. Differential cross sections ‘;—‘; forv + H— o + p + e~ via the EM interaction with the neutrino magnetic moment w, at a
few keV incident energies. The EPA* calculations gradually converge to the full ones. The kinematic inputs are: (a) w; = 3 keV,

(b) @, =2 keV, (c) w, = 1 keV.
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becomes reasonably good. As evidenced from
Fig. 3(b), the double differential cross section for
w; =1keV and T =20 eV, even though not looking
completely flat, does vary only modestly with increasing
0, and the agreement is getting better when w; is further
decreased. In the meanwhile, the FEA is no longer a good
approximation since the de Broglie wavelength of the
incident neutrino is on the order of atomic size so the
binding effect is not negligible.

IV. IONIZATION BY MUON

Replacing the incident lepton from a neutrino to a muon
(™), as e,~ = —1, the EM breakup process is instead
dominated by the F; coupling, while the F, coupling can
be ignored for the smallness of muon g — 2 = 0.001 [1].
Consider relativistic muons with 10%1%>3 GeV energies,
the differential cross sections are plotted in Fig. 5.
(Because the muon is relativistic while the electron is
nonrelativistic, the final state interaction between the
muon and electron can be ignored; see, e.g., Ref. [23].)
The noticeable differences in comparison to what have
been drawn in the previous neutrino case are (1) The
differential cross section falls off more quickly as T

20- T T T T T T

-
wn
— T

do/dT (kb/eV)

wm
T

10 100

30 T T T T 1

20

10F

do/dT (kb/eV)

100
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increases, i.e., the recoil electrons tend to have relatively
smaller energies. (2) The FEA results are insensitive to @
and largely underestimated in all cases. (3) There are
substantial contributions from the transverse current, de-
spite its built-in O(Z>a?) suppression due to the nonrela-
tivistic kinematics of atomic electrons. In fact, when w;
becomes big enough, the interaction with the atomic trans-
verse current dominates over the one with the charge and
longitudinal current, as indicated by the competition be-
tween the EPA and the LPA curves in Fig. 5, and one
expects the larger w; increases, the better the EPA works.

The reason for such differences is primarily due to the
associated kinematic factors. At the Q% — 0 limit, they
behave like VI o 04 and VI o 00 for muon (m 07 0),
and V") o« 06 and Vi o« Q* for neutrino (m, = 0) ion-
ization, respectively. As the differential cross section
do/dT involves a 1/Q* weighted integration over Q2,
only the transverse part in muon ionization receives a
strong weight at peripheral scattering angles (where
Q? = 0). This explains the importance of the transverse
current in relativistic muon ionization and its insignifi-
cance In neutrino ionization. Also, with the allowed
scattering angles becoming closer to the exact forward

20 [ T T T T T —T
I Full
oy == LPA
9 15 -— ...... EPA -1
2 -——- FEA
S~
=2
= 10 . g
S | \
E : . \‘\
s N J
3 N,
I e .\ )
0- T_“-|——'—"_-_T|.'_.:- L
10 15 20 30 50 70 100
T (eV)
(b)
30 T T T T T
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25+ 1\ |._._. LPA ]
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= 15k 3
S ]
® 10f " 3
= L ‘\ c. ]
i N,
5 3 .\..'. ]
b e
ot [T == S ; ) ]
10 15 20 30 50 70 100
T (eV)
(d)

FIG. 5. Differential cross sections % for u~ +H— u~ + p + e via the EM interaction. The results of the approximation
schemes KSV (not shown) are in excellent agreement with the full calculation. The kinematic inputs are: (a) w; = 1 GeV,

(b) w; =10 GeV, (c) w; = 100 GeV, (d) w; = 1000 GeV.
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direction as the muon incident energy increases (with T
fixed), the kinematics becomes real-photon-like and even-
tually the huge enhancement by the 1/Q* weight is able to
overcome the nonrelativistic suppression in the transverse
response function. The failure of the FEA in relativistic
muon ionization can also be understood in a similar way:
In the FEA scheme, the differential cross section do/dT is
determined from a specific kinematics Qg = —2m,T by
energy-momentum conservation; on the other hand, the
full calculation with two-body kinematics involves an in-
tegration over allowed |Q?| ranging from =~ 0 to some
maximum value determined by the maximum scattering
angle. Because the 1/Q* factor that enhances the contri-
butions from the Q* =~ 0 region, the Q¥ = —2m,T
ceases to be a good representative point.

A semiquantitative understanding could be obtained by

the following approximate forms of VQF’) and V(TF]). For a
relativistic muon,

TZ
Q2|w1>>mﬂ = _2‘0%(1 - X) - m%,,i’ (34)
1
they are
Vil 1 (4w
0" "2t (1-xt L)
w2 (35)
v =06 -0+ G +x05E 0
Q' 4wt (1-x+ L)1 = x+ ’;’%‘ )

One sees that unlike the previous case for which V(TFZ) and

V£F 2 are comparable in most of the range of x, V(TF ) /Q%is

comparable to V{/Q* only for 1 —x = % As the
1

scattering angle further decreases, V(TF‘) /Q* starts to domi-
2

nate over VV/Q* and when 1 — x = 2 I
1

it over-
Zw% ’

whelms by a factor ::—2% > 1. Also, because of this huge
“

weight on extremely small angles, the FEA scheme with
|Q%c\| = 2m,T overestimates the averaged |Q?| for the
realistic situation and leads to an underestimation.
Though one sees that the EPA serves as a better approxi-
mation than the FEA in the relativistic muon ionization,
however, as shown in Fig. 5, even at w; = 1000 GeV, it
can still not be taken as a good approximation to the full
result. The main reason is its nonzero mass which limits the
lowest |Q?| to be reached:
2
10 min = %mi|w1>>m#>>T' (36)
1

If m,, is adjusted to smaller values < 1 eV, then indeed the
EPA accounts for = 80% of the differential cross section
for w; on the orders of GeV-TeV with T = 15eV, as
shown in Fig. 6. In other words, in case one seeks a better
description of relativistic muon ionization or other
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EPA / Full

0 1 1 1 1
10° 10° 10° 10° 10°

m, (eV)

FIG. 6. The EPA scheme as an approximation for the
relativistic muon ionization with an adjustable m,, for do/dT
with T =15 eV.

processes alike beyond the EPA, the contribution from
charge and longitudinal current should be included.

V. IONIZATION BY WIMP

Instead of a relativistic muon, consider now the atomic
ionization by some nonrelativistic, weakly interacting mas-
sive particle, ), which could be a DM candidate. Suppose
this particle is of galactic origin with a mean velocity
v, ~220/(3 X 10°), its kinetic energy = 3im,vy =
270(0'%,) eV; therefore, in order to ionize a hydrogen,
m, = 60 MeV. To make use of the general formalism
developed in Sec. II, we postulate a QED-like fermionic
DM-electron (ye) interaction in which the new U(1) gauge
boson has mass m,, and the interaction strength a,, =
g ye«. Figure 7 shows the differential cross sections for
m, = 100 MeV and 1 GeV, with either a massless gauge
boson m; = 0, which corresponds to an infinitely long-
ranged interaction, or a very massive one m; = 125 GeV,
which leads to a extremely short-ranged interaction.’

Not shown in Figs. 7(a)-7(d) are the results of the KSV
and LPA, as they are in excellent agreement with the full
calculations in all cases illustrated. Accordingly, the failure
of the EPA scheme is anticipated. On the other hand,
although it is expected that the binding effect should sup-
press the FEA results, the several orders of magnitude
overestimation by the FEA scheme in the entire range of
the energy transfer, evidenced in panels (a)—(d), indicates
the inadequacy of the FEA scheme in such a kinematic
regime. Figures 7(e) and 7(f) show that the differential
cross section becomes “saturated” when m, becomes
much bigger than 1 GeV, which is about the mass of the
hydrogen target. This can be understood by transforming
the laboratory frame, where the hydrogen target is

"Note that the coupling strength 8ye 1s associated with the
choice of my,.
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Differential cross sections do/dT for y + H— y + p + ¢~ via a QED-like ye interaction with the U(1)

gauge boson of mass m,;, and interaction strength g, .. The results of the approximation schemes KSV and LPA [not shown in (a)—(d)]
are in excellent agreement with the full calculation, and only the full results are shown in (e) and (f). The kinematic inputs are:
(@ my, =0.1 GeV, m, =0, (b) m, =1GeV, m, =0, (c) m, =0.1 GeV, m;, =125 GeV, (d) m, =1 GeV, m; = 125 GeV,
(e) my, = 0, near threshold, (f) m;, = 125 GeV, near threshold.

stationary, to the DM rest frame which coincides with
the center-of-mass frame for m, > m,: The kinematics
only depends on v, and the reduced mass = m,,. Also by
comparing the case with m;, = 0, Figs. 7(a), 7(b), and 7(e)

and m;, = 125 GeV, Figs. 7(b), 7(d), and 7(e), the differ-
ential cross sections, apart from some overall scale factors,
show a slower decreasing with energy transfer 7 as the
range of the ye interaction decreases.
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Differential cross sections do/dT for y + H— © + p + ¢~ via an anomalous-magnetic-moment-like ye

interaction with the U(1) gauge boson of mass m,, and coupling strength « . Only the full results are shown in (e) and (f). The

kinematic inputs are: (a)

m, =0.1 GeV, m, =0, (b)

m,=1GeV, m,=0, () m,=0.1GeV, m, =125 GeV,

(d) m, =1 GeV, m, =125 GeV, (e) m;, = 0, near threshold, (f) m, = 125 GeV, near threshold.

If, on other hand, the neutral fermionic dark matter has a
nonzero (anomalous) magnetic moment, or its coupling
to the U(1) gauge boson is via the Dirac bilinear
X0 uvq” x/(2m,), a different constant a,, = Kk, is as-
signed to characterize the interaction strength. This
anomalous-magnetic-moment-like interaction yields quite
different results, as shown in Fig. 8, from the previous case
with the same kinematics. The most noticeable difference

seen in Figs. 8(a)-8(d) is that the KSV and LPA no longer
work, and in fact, largely underestimate. This implies not
only substantial contributions from the transverse response
but also the breakdown of the long wavelength approxi-
mation, which has been good for all cases previously
discussed. However, the EPA does not work either: It
yields a huge overestimation which implies that the trans-
verse kinematics is not dominated by the photonlike
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Q? = 0 region. Therefore, one encounters a very subtle
kinematic regime where none of the approximation
schemes work and requires a full calculation. While
Figs. 8(e) and 8(f) show a similar cross section saturation
for m), > m, and the range effect on the differential
cross section as previously found, a comparison of
Figs. 7 and 8 shows that the large energy transfer regime
is more suppressed in the QED-like interaction than the
anomalous-magnetic-moment-like interaction.

The general trend observed above for the ye cross
sections that the atomic charge operator dominates in the
QED-like interaction while the transverse current operator
dominates in the anomalous-magnetic-moment-like inter-
action is opposite to what has been concluded for the
ionizations by relativistic muons (| coupling) and neu-
trinos (F, coupling). This difference is also partially due to
the corresponding kinematic factors: With m2 > |0?|, ¢?,
T2, they are

(F)) 0! (F)
ViR ~ 4m§(?, Vi

€T o

and

- &2 01 ),

0%l o
ViR ~ 2m§(|Q2|(1 + Q—)

The square of the four-momentum transfer in DM scatter-
ing is

~ —(2 = rg — 241 = rpx)m2v?, (39)

where ry is the fraction of the DM kinetic energy transfer
to the atom, i.e., 2T/(m)(v§(). For most of the range of x
(which is less restricted unless m, > m,) and rg (which
can never be zero for ionization), one can estimate

|| ~ m3v3. Because T2 = (rPvi/4)mivi, ¢ =

T? + |Q?| ~ m3v3. Using these estimates, the leading
orders in v, are O(1) for VQF'), O(v?) for ViF‘), and

O(v}) for VéFZ), O(v3) for V(TFZ), respectively. Therefore,

PHYSICAL REVIEW D 88, 033006 (2013)

in ratio to the charge operator, the transverse current is
suppressed by O(v%)/O0(1) in the F,-type coupling, while
itis enhanced by O(v%)/O(v?}) in the F,-type coupling due
to the kinematic factors.

VI. CONCLUSION

We studied the ionization of hydrogen by the scatter-
ing of the neutrino magnetic moment, relativistic muon,
and weakly interacting massive particle with a QED-like
interaction. Analytic results were obtained and com-
pared with several approximation schemes often used
in atomic physics. It is found that for the case of the
neutrino magnetic moment, the atomic charge operator
dominates the process, and for typical reactor neutrino
energies about tens of keV to a few MeV, the atomic
binding effect is negligible. For relativistic muon scat-
tering, on the other hand, the transverse current operator
becomes dominant with increasing incident muon en-
ergy. In this case, the equivalent photon approximation
yields a reasonable result; however, for further improve-
ment, the contribution from the charge operator needs to
be taken into account. Also, due to the special weight by
kinematics, the free electron approximation largely
underestimates the result. The WIMP scattering is the
most kinematics-sensitive case, and the free electron
approximation fails badly. Depending on the coupling
to the dark matter particle, the cross section is dominated
by the charge operator for the F; coupling, and the
transverse current operator for the F, coupling. While
the longitudinal photon approximation works for the
former, none of the approximations under study work
for the latter.
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