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We study linear responses of DO-branes in the low frequency region by using gauge/gravity corre-
spondence. The dynamics of the DO-branes is described by matrix theory with finite temperature, which is
dual to a near extremal DO-brane black hole solution. We analyze the tensor mode and vector modes of a
stress tensor and a Ramond-Ramond 1-form current of matrix theory. Then, we show that if a cutoff
surface is close to a horizon of the DO-brane black hole, the linear responses take forms similar to the
hydrodynamic stress tensor and current on S%. By taking a Rindler limit, those linear responses come to
obey the hydrodynamics exactly, which is consistent with previous works on a Rindler fluid. We also show
that if the cutoff surface is far from the horizon, the linear responses do not take the forms of the
hydrodynamic stress tensor and current on 8. Especially, we find that the vector modes no longer possess
a diffusion pole in the low frequency region, which indicates that the linear responses of the DO-branes

cannot be explained by hydrodynamics.
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I. INTRODUCTION

If we apply a time-dependent external field to a black
hole, what occurs in the black hole? According to the
membrane paradigm [1-3], the response of the black hole
can be represented by the degrees of freedom on the
stretched horizon. It is expected that these degrees of free-
dom carry information on the interior of the black hole. This
is suggested by two guiding principles of quantum gravity:
the holographic principle (which states that the entropy in a
spatial region is bounded by the area) and the black hole
complementarity (which states that there is a consistent
theory in the frame of an observer outside the horizon).

It has long been known that matter on the stretched
horizon obeys hydrodynamic laws in the long wavelength
limit [1]. On the other hand, it was pointed out that a
localized perturbation spreads over the entire horizon in a
time logarithmic in the Bekenstein-Hawking entropy. This
time scale, which is different from the ones in local quantum
field theories, plays a crucial role in forbidding a possible
violation of the no-cloning theorem of quantum state [4—6].
These properties have been derived from classical general
relativity. To understand what the degrees of freedom on the
stretched horizon are, and how they thermalize, we will
need a fundamental theory, such as string theory.

In string theory, the Bekenstein-Hawking entropy and
the Hawking emission rate of some specific black holes
have been correctly reproduced by D-brane systems [7,8].
It is likely that D-branes provide microscopic descriptions
for more general black holes, but there are few quantitative
results.
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Recently, it has been found that transport coefficients in
the membrane paradigm agree with those of a highly
excited fundamental string at the correspondence point,
up to numerical coefficients [9,10]. This can be regarded
as a support for string theory as a microscopic description
of the stretched horizon, in spite of a few limitations. First,
the black hole is realized when the string coupling is larger
than the value at the correspondence point [11]. In this
situation, one can no longer neglect the excitations of
D-branes because the masses of the D-branes are pro-
portional to the inverse of the string coupling [12]." In
addition, the authors of [9,10] have considered only homo-
geneous perturbations to obtain the transport coefficients
of the fundamental string. To study dynamical processes
such as diffusion, one has to apply inhomogeneous pertur-
bations to the system.

According to AdS/CFT correspondence or matrix the-
ory, string theory can be defined nonperturbatively by
supersymmetric Yang-Mills theories. These gauge theories
should allow us to study the dynamics on the stretched
horizon from the first principles, even though it is difficult
to solve these theories. In fact, there have been extensive
studies of hydrodynamic properties of strongly coupled
gauge theories from gravity calculations using AdS/CFT
correspondence (or gauge/gravity correspondence, more
generally), following the work of Policastro et al. [15]. In
these studies, transport coefficients of gauge theories have
been obtained by studying fluctuations around black brane
backgrounds which have momentum along the brane, in

n [13), transport coefficients of the D1-D5-P system induced
by a few moduli fields have been discussed. However, since the
low energy effective theory of the D1-D5-P system does not
couple to the bulk metric and gauge field [8,14], we could not
discuss the linear responses of the stress tensor and current.

© 2013 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.88.026020

YOSHINORI MATSUO, YUYA SASAI, AND YASUHIRO SEKINO

the limit of small momentum. The computations of gauge/
gravity correspondence are closely related to those in the
old membrane paradigm [16].

In spite of this development, it is not clear how the
transport phenomena in the directions which surround a
black hole (or a black brane; the S° direction in the case of
D3-branes) are represented in gauge theories. This question
should be important in the understanding of black holes in
the real world, since there are no directions along the brane
in this case. Also, answers to this question may shed light on
how the space emerges from lower dimensional theories.

Let us consider the case of DO-branes for definiteness.
There are no spatial directions along the brane, and the DO-
brane black hole is surrounded by S3. The low-energy
description of DO-branes is given by maximally supersym-
metric (0 + 1) dimensional Yang-Mills theory with U(N)
gauge symmetry. This theory is called matrix theory and
has been proposed to be a description of M theory in a
particular large N limit [17].

Black holes should correspond to dynamically realized
spherically symmetric configurations of matrix-valued
scalar fields. Fluctuations on the stretched horizon should
correspond to fluctuations around such a configuration.
It is not clear how these fluctuations propagate, and it is
not even clear if they can be effectively described by a local
field theory on §%.2

An important clue is that one knows how the matrices
couple to background fields. Kabat and Taylor [20] and
Taylor and Van Raamsdonk [21-23] studied one-loop
effective potential in matrix theory and found that certain
single-trace operators couple to supergravity backgrounds.
These operators have definite SO(9) R-charges, meaning
that they are in the momentum representation on S®. One
should be able to find linear responses of matrix theory to
external perturbations by computing correlation functions
of these operators.

In this paper, we will study transport phenomena along
S% in matrix theory by using gauge/gravity correspon-
dence. Our aim is to clarify what kind of behavior one
should expect from the dynamics of matrices. In particular,
we wish to understand to what extent the theory behaves as
in field theory on S®.

Gauge/gravity correspondence for DO-branes was pro-
posed in [24,25]. Correlation functions at zero temperature
have been found [26—-30] by applying the Gubser-Klebanov-
Polyakov-Witten (GKPW) [31,32] prescription to the
near-horizon D0O-brane background. It was found that the
zero-temperature correlators for operators which couple to
supergravity modes obey power law, even though the theory
is not conformally invariant. These results have been con-
firmed by Monte Carlo simulations of matrix theory [33,34].

’In [18,19], fluctuations of matrix theory have been analyzed
by a numerical simulation of the classical dynamics to study the
thermalization in the high temperature regime.
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In this paper, we follow the standard procedure for
studying the hydrodynamic limit in gauge/gravity corre-
spondence. We will use the real-time prescription proposed
by [15,35]. We evaluate the on-shell action on the near-
extremal DO-brane background and obtain correlation
functions following the GKPW prescription. We make a
series expansion in the frequency and study the low fre-
quency limit. We will study the tensor and vector modes
and find shear viscosity and diffusion poles for the stress
tensor and Ramond-Ramond (R-R) 1-form current. The
scalar modes are deferred to future work.

One should note that the types of operators that we
consider are different from the ones familiar in the holo-
graphic study of hydrodynamics. The stress-energy tensor
on S8 is represented by scalar operators from the perspec-
tive of gauge theory on (0 + 1) dimension. Modes with
different momentum on S® are represented by different
operators. Unlike stress-energy tensors in conformal field
theories, these operators are not marginal operators and
will have nontrivial wave function renormalization.

We follow the interpretation in [16,36,37] and assume
that the position r = r. of the regulated boundary (or the
“cutoff surface’’), on which the on-shell action is eval-
uated, sets the scale of renormalization. We assume that the
normalization of the operators is fixed at that scale. Since
the gauge theory has only time, the renormalization scale
refers to the scale of time separation.

We will consider the two cases: when the cutoff surface
is near the horizon and when it is near infinity. In the
former case, we obtain the results which can be interpreted
as conventional hydrodynamics. This is the limit where the
operators are defined at an infrared scale. However, in the
latter case, we observe that the theory behaves differently
from the usual fluid. This is the limit where the operators
are defined at some ultraviolet scale, so that the operators
could be sensitive to the short-time behavior of the theory.

This paper is organized as follows. In Sec. II, we review
hydrodynamic equations for a charged fluid on S%. We
consider the tensor and vector modes, and we find the
expressions for the stress tensor and current in the presence
of external perturbations. In Sec. III, after briefly reviewing
matrix theory and gauge/gravity correspondence at zero
temperature, we describe gauge/gravity correspondence at
finite temperature on which our analysis is based. In
Sec. IV, we calculate the linear responses of the stress
tensor and R-R 1-form current of matrix theory by using
the gauge/gravity correspondence.® In Secs. IV B and IV C,

3In this paper, we assume that the stress tensor of matrix theory
is coupled to the mode of the metric in the bulk and the R-R 1-form
current of matrix theory is coupled to the mode of the R-R 1-form
field in the bulk. This is different from the correspondence between
the operators in matrix theory and the modes of the supergravity
fields proposed in [26]. However, we believe that our assumption is
more natural to obtain the correct linear responses of matrix theory
under the perturbations of the bulk metric and R-R 1-form field.
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we calculate the on-shell action for the tensor and vector
modes, respectively, at arbitrary r... In Sec. IV D, we study
transport coefficients when the cutoff surface is near the
horizon. From the tensor mode, we find that the linear
response of the stress tensor takes the form of the hydro-
dynamic stress tensor on S%, and that the shear viscosity to
entropy density ratio is equal to 1/47. From the vector
modes, we find that the linear responses of the stress tensor
and R-R 1-form current take forms similar to the hydro-
dynamic stress tensor and current on S%. By taking a
Rindler limit, the linear responses become the hydrody-
namic stress tensor and current on R8, which is consistent
with previous work on a Rindler fluid [16,38]. In Sec. IVE,
we consider the case in which the cutoff surface is far from
the horizon. We find that both the tensor mode and vector
modes do not follow the hydrodynamics. Especially, there
is no diffusion pole in the vector modes in the low fre-
quency region, which indicates that the linear responses of
the DO-branes cannot be explained by hydrodynamics.
The final section is devoted to the summary and comments.
In Appendix A, we briefly summarize the definitions
and properties of the spherical harmonics on S%. In
Appendix B, we derive the on-shell action of the tensor
mode and vector modes.

II. HYDRODYNAMICS ON S3

In this section, we review a charged fluid on
9-dimensional spacetime whose spatial part is S%. We
introduce external perturbations of the metric g,, and
gauge field A,, and consider the linear response [39]. The
background metric and gauge field are given by

-1 0
8uv = ( _ ) (1)
0 8ij

A, =(@0), 2

where the indices w, v run from O to 8, and g; ] is the metric

on S% with radius R. We introduced the chemical potential

M as the constant mode of Ay, and f is its background part.
The hydrodynamic equations of the charged fluid are

0="V,TH — F"#],, 3)

0=V, )

where F,, = d,A, — d,A,, is the field strength. The con-
stitutive relations of the stress tensor and current are

TH = eutu’ + pA*?
1
- T]A/'LaAVﬂ(vab{B + Vﬁua - Zgalgvyuy)
— [ARYY w0, 5)

JE = nu* + o A*ME) — TA,, VP (u/T)), (6)
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where € is the energy density, p is the pressure, n is the
charge density, T is the temperature, w is the chemical
potential, and

AH? = ghV 4 yhy?, (7

E, =Fyu’, 8)

are the projection to spatial direction and the external
electric flux, respectively. The coefficients of second order
parts, 1, {, and o, are the shear viscosity, bulk viscosity,
and conductivity, respectively. The normalization condi-
tion of the velocity field u* is given by g, uu” = —1.

Now, we introduce perturbations for the metric and
gauge field and then consider the response of the fluid at
the linear order of perturbations. By expanding them in
terms of spherical harmonics on S%, they can be classified
into the tensor, vector, and scalar modes which are asso-
ciated to the tensor, vector, and scalar harmonics, respec-
tively. We consider the tensor mode and vector modes and
introduce no perturbation for the scalar mode. Then, the
scalar quantities such as €, p, and n have no response and
remain constant. Since in this case, the velocity field
satisfies the incompressible condition V,u* =0, the
constitutive relations are simplified as

TMVzéu#MV—i—ﬁAIU’V—T]A’U’QAVB(VQMB—'—VBM&V): (9)

J* = fiuk + cAMVE,, (10)

where €, p, and 71 denote the energy density, pressure, and
charge density in equilibrium, respectively.

We apply the following external perturbations to the
fluid in equilibrium:

8uv = &uv T My (11)
A, =A,+5A, (12)
where

hij(t, x7) = Y bH(DY](x), (13)

1
hoi(t, x) = Y by Y!(x'), (14)

1
8A(t,x7) = D a (DY (x). (15)

1

Here, Y! and Y{j are the vector harmonics and tensor
harmonics on S3, respectively. The tensor mode is b’ and
the vector modes are b)) and a’. Hereafter, we often sup-
press the angular momentum index / and the sum in the
spherical harmonic expansions. The definitions and prop-
erties of the spherical harmonics are summarized in
Appendix A.
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Under the perturbations, the velocity field changes as
ut* = g* + Sut, (16)

where i# is the velocity field in the equilibrium and
the linear responses can be expanded by the spherical
harmonics:

i* = (1,0,...,0), (17)

Su® =0, Sul = u(r)Y" (18)

Since u° behaves as a scalar on S%, it does not change
in this case. Note that &u; =d6u*g,; +iutdog, =
(u— b%)Y,. Thus, the changes of the stress tensor and
current are

8T = ((€ + pu — pbO)Y’, (19)
8T = —(pb + b)Y — qu(V'Y! + VYY), (20)

8J' = (iu — odga)Y'. 1)

Inserting (19)—(21) into the hydrodynamic equation (3), we
find

iwb(w) — io=a(w)
_ p
u(w) = o — DUEED (22)
where we have used the Fourier transformation,
d )
u(t) = f—wu(w)e_“”’. (23)
27

In the expression (22), [ is the angular momentum (see also
Appendix A) and

p=—"1_ 24)
E+p
is the diffusion constant. Therefore, the linear response
of the stress tensor and current under the external
perturbations are

ST (w, x') = Z[_ﬁbz(w)Yﬁj(xi) + iwnb (@)Y} (x)
1

—bj(0) + F5 a(w)

+ion £1p — (viY'i(xi)
iw — D(H—XI)?(Z/ 1) 1
+wnwﬂ, (25)
(+8)(—1)
0i i) — z R 0 i(yi
oT ((l), .xl) = Z[(E + nW)bI(M)YI(X)
1 R?

iw

—ﬁ—————fawwwﬂ, (26)
i — D(1+81)e(21 et 1
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. , i? iw o
6 (w,x')= E ] — Yi(x
() 7 [(”M E+I3iw—D7(l+8,)e(zl_l)>al(w) i)

iw o
+i—— b)Y’ (x’)]. (27)
iw _D(1+81)e(2171) 1 1

Since we are interested in the dissipative behavior of the
stress tensor and current, we neglect the nondissipative
terms in (25) and (26). If we expand the stress tensor and
current in terms of the spherical harmonics as

ST (w, x1) = 3 T (@)Y (x') + T()(V'¥](x)
1

+ V/Yi(x)), (28)
8T (w, x') = D T(w)Yj(x"), (29)
1
87 (w, x') = Y T (@)Yi(x'), (30)
7
the coefficients T/, T/, T9, and J' are
T!(w) = ionb!(w), (€2))
b w) + = a;(w)
=1 - i €E+p
T'(w) = iown P T (32)
R2
(A+8)(I—1) i
0 _ R? 0 _ 5 I
() . _D(z+81)e(21—1)b1(“’) " _D(l+81)€(21_1)a (@),
(33)
@) = (iwo - e
w)=livoc — —— a(w
E+ P im— D(1+81)2<21—1)
B iw 0
+ n—iw — D(l+81)e(21_1)b1(w). (34)

III. GAUGE/GRAVITY CORRESPONDENCE
FOR MATRIX THEORY

In this section, we briefly review matrix theory and the
gauge/gravity correspondence for matrix theory in the
extremal and the near-extremal case.

A. Matrix theory

Let us consider a system which is composed of N
DO-branes on top of one another in 10-dimensional type
ITA string theory. In this system, there are open strings
whose ends are attached on the DO-branes and closed
strings which are propagating in the bulk. Although the
closed strings are usually coupled to the DO-branes, we can
decouple the closed strings from the DO-branes by taking a
near-horizon limit [24]. Since all the massive string modes
are also decoupled in this limit, the dynamics of the

026020-4



LINEAR RESPONSES OF DO-BRANES VIA ...

DO-branes can be described by the lowest modes of the
open strings, namely, matrix theory [17].

Matrix theory is the maximally supersymmetric U(N)
Yang-Mills theory in (0 + 1) dimensions, which can be
viewed as matrix quantum mechanics. The action is

S = f dtTr[ ! X"X, + ! [X™ X"T?
281, 4g,03
+ (fermionic terms) ] (35)

where g, is the string coupling constant and /; is the string
length. In this action, we have adopted the gauge condition
A =0. The Yang-Mills coupling constant is g%, =
(2m)2g,l; 3, which has mass dimension 3. The fields
X"(m =1,...,9), which are N X N Hermitian matrices,
describe the lowest modes of open strings connecting the
DO-branes, and the diagonal components represent the
positions of the DO-branes in the 9 spatial dimensions.

B. Gauge/gravity correspondence: Extremal case

For g, < 1 and g,N > 1, the DO-brane system can be
treated as a classical solution of type IIA supergravity. The
extremal DO-brane black hole solution in string frame is
given by*

5 R7 _% ) R7% 2 2 2
dsy=—(1+-7) dr+(1+- (dr* + r*dQg), (36)

p
5 R7 3
e¢=gw¢=g{1+fai (37)
r
R7\-1
Ay = g;1[<1 + —7) — 1], (38)
r

where ¢ and A, are the dilaton and R-R I-form field,
respectively. The “radius” R is determined by the number
of DO-branes as

R = (607°)7(g,N)l,. (39)

“Although the overall sign of A is different from that in [26],
this is just a matter of convention. Let us calculate the total R-R
charge in our convention. We apply a homogeneous chemical
potential u = §A, to the system at the asymptotic boundary,
which is coupled to the total R-R charge ¢ = [ d®x,/g5J°. The
change of the Lagrangian is 6L = ug. The variation of the
action with respect to A is

2
& | g0, = 40
6nG d"x[=g[V ,(6A F*°) + (e.0.m.)]

785Vg
— dt SA
fw 16#GR"~

OSpa = —

where we have inserted the solution (36) and (38) in the second

line. Therefore, the total R-R charge is ¢ = + 176”;;&.

PHYSICAL REVIEW D 88, 026020 (2013)

By taking the near-horizon limit R7/r’ > 1, the solution
becomes

T P

. R\

et = (7)“, (41)
I

Ay = o R (42)
S

For the classical supergravity description to be reliable,
the string coupling e® must be much smaller than 1 and the
curvature radius in string frame must be much longer than
I;. Then, one finds the following condition for r [24,26]:

(g, MINH < = < (g, M) 43)
The former condition leads to the first inequality and the
latter condition leads to the second inequality. In addition,
from the near-horizon condition r << R, we have

zﬁ < (g, N (44)

N

Therefore, the total region of r becomes [26]

& (gN)} < - < (&M, (45)
N
The condition (45) is satisfied in a wide range of r if
gs <1 and g,N > 1. Thus, matrix theory can be
described by the classical solution (40)—(42) in this region.
The near-horizon metric (40) is related to the metric on
AdS, X S® by a Weyl transformation as [26]

ds? = e1ds?, (46)

2\2 1
ds?, = RZI:(—) 2_2(_dt2 + dz?) + dQ%] A7
where
7 =—=—Rzra. (48)

In our paper, we call the frame whose metric is given by
47) “AdS frame.”

The GKPW relation for this gauge/gravity correspon-
dence is given by [26]

T <exp (i [ d;ﬁ;(r)@;(r))), (49)

where Sy is the action of 10-dimensional type IIA super-
gravity, hj denotes each mode of perturbations of the bulk
fields, and z,. is the radial coordinate of the cutoff surface,
on which matrix theory is defined. On the left-hand side,
hj is a solution of the bulk equations of motion which

026020-5



YOSHINORI MATSUO, YUYA SASAI, AND YASUHIRO SEKINO

satisfies two boundary conditions hj(z — o0) =0 and
hi(z = z.) = h3(t). Therefore, the left-hand side is a func-
tional of /5(#). The right-hand side represents a generating
functional for connected correlation functions of matrix
theory operator 03(z), which couples to the source 43(7).
By taking the functional derivatives of (49) with respect to
h3(t) and sending /3(t) to zero, we obtain the correlation
functions of matrix theory via the on-shell action of
type ITA supergravity.

C. Gauge/gravity correspondence: Near-extremal case

Next, we consider the near-extremal DO-branes. If non-
extremality is sufficiently small, the horizon remains in the
near-horizon region r < R and we can take the near-
horizon limit in a similar fashion to the extremal case.
Then, in the near-horizon limit, the near-extremal
DO-brane black hole solution becomes

ds? = et ds?, (50)

ds? = Iéz[z—z(_ Fde + f1dz?) + @)zdng], (51)

1 (BY, e = ()
F=1 (Zo) ' ¢ (R) ’ 62

M=i@ﬁ (53)

~ -3
where R = 2R and z, = %R%ro * denotes the radius of the
horizon. The Hawking temperature 7y, the Bekenstein-
Hawking entropy Sgy and the total DO-brane charge ¢ are’

7
T, = i 54
H 107TZ() (>4)
Vs (R\?
Spn = — (=), 55
BH 4G<z0) (53)
78
= Ve, 56
1~ l6mGR '® (56)

where Vj is the volume of S® with radius R.
For the gauge/gravity correspondence to be valid, r
should be in the region of (45). Then, one finds®

4 < N7 (57)

2
N
(g, N)¥ < B3
TH

>The DO-brane charge ¢ has mass dimension 1 because the
1-form field A, is defined to be dimensionless.
The condition (57) does not hold if we take the large N limit

2
when other parameters are fixed because g;—‘g”’ ~ (gXN)%(%)% Itis
H
satisfied if g, scales as N*(—1 < a < —3) [5].
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Thus, we can study the strongly coupled DO-brane system
by using the gauge/gravity correspondence.

In the near-extremal case, the definition of the GKPW
relation (49) is subtle if we discuss the real time correlation
functions [40]. Since the regularity condition on the hori-
zon is not well-defined in this case, we impose the ingoing
boundary condition [15,35]. Up to the quadratic order of
the perturbations, the on-shell action takes the following
form:

do - _,
Son—shell = ZAI fﬁhi(_w)fl(w’ Z)h; (w)lz:zr’ (58)
I

where

| Di=1fd®x /g5 Y;j Y ,Ij (for tensor mode),
1= .
D{= [ yGYiY!

and ,/gg is the square root of the determinant of the metric
on S® with radius R. Hereafter, we suppress the angular
momentum index I and the sum over I. Then, the retarded
Green function of matrix theory is given by

Wy [T2F (@2~ (fors=1s),
G (@) = {—f(w, =, (for s # ), (60)

where the retarded Green function of operators O° is
defined by

G (@) = —i [_"; e 9O (1), O (0)]).  (61)

(59)
(for vector modes),

Here, (), denotes the ensemble average in equilibrium.
Thus, according to the linear response theory [41], the
linear response of the matrix theory operator is

80 (0))=(0*(w)) = (O*(0))y = =G} ()1 (@), (62)

where _<> denotes the ensemble average when the source
fields h*(w) are turned on.

IV. LINEAR RESPONSES OF D0-BRANES

In this section, we investigate fluid in the gauge/gravity
correspondence for matrix theory. We introduce perturba-
tions in tensor and vector modes and calculate the linear
responses of the stress tensor and R-R 1-form current. Our
strategy for the calculation is the following:

(1) We put the cutoff surface at z = z,..

(i) We solve the bulk equations of motion for the
perturbations of the metric and the R-R 1-form.
Then, we impose the ingoing boundary condition
at z = zo and the Dirichlet boundary condition at
z = z, on the solutions.

(iii) We evaluate the on-shell action and calculate the
linear responses of the operators which are coupled
to those perturbations.

(iv) We compare the results with the hydrodynamic
stress tensor and current on S® (or R®) when
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(a) the cutoff surface is near the horizon.

(b) the cutoff surface is far from the horizon.

The bosonic action of the 10-dimensional type IIA
supergravity in string frame is’

1
SIIA = W fd10X1/_g[€72¢(R + 46M¢8M¢)

2
g v
_JF/LVFM ]’

) (63)

where w, v =20,...,9; 2k? = 167G; and G is the 10-
dimensional Newton constant. Because Neveu-
Schwarz—Neveu-Schwarz 2-form and R-R 3-form have
no nontrivial backgrounds in the DO-brane solution
(50)—(53), they are decoupled from the metric and R-R
1-form at the linear order. Hence, we have omitted them.

To reduce the calculations, it is convenient to use the
AdS frame (51). Then, the action becomes [26]

1 p 16
A = 22 fdwx\/__ge 7¢(R + @‘9;@3“(]5

g:

vy e FWF/“’). (64)

To obtain the correct on-shell action, we need to add the
Gibbons-Hawking term [42],

1

Son =~ f Px/~ye 1K, (65)
7=z

0="V,0,h+ (V*V h,, — V,V, i —V V) + h,,R —
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on the boundary, where vy,,, is the induced metric on the

cutoff surface and K is the trace of the extrinsic curvature

K, Therefore, the total action is
Stotal = S{IA + Sou- (66)

By varying the action (64) with respect to the metric,
1-form and dilaton, one finds the equations of motion

1 4 5
0= R,U.V - Eg,u,VR + ?(g,uvapd)ap(f) - ?a,u.(ﬁav(f))

6
+ ?(v/.l,all(b - guvvpap¢)

2
- %Se%s(ngvap(r —A4F L, FY), (67)
0=V, (el Frr), (68)
16 16

2
8s 1 v
0=R = 50,$0" + V, Vi + Zfe%FWFﬂ .

21

(69)
We denote the linear perturbations of the metric, R-R
I-form and dilaton around the background fields

(51)—(53) as hy,, A u» and $, respectively. At the linear
order of the perturbations, the equations of motion become

8uv(h* sR? , + VP ,h —V V7P )

- gl:h,u,vapd)apd) - g,u,u(hpaapd)ao—¢ - Zapd,;apd)) - ;(a,ud,;avd) + a,u,‘ﬁ‘%/é)]

12 ~ ~ 1
- 7[v#a,¢ — gV b = S (V0 V0, = VD)5, = 1, V07

1 2
+ 8un(Vph? 37 + 1P,V ,07¢p — iaphap(ﬁ)] - %

R . . 12 .
28, Fp FP7 = AEpF P+ FpFL0) + = (8,0, F o FP7 = 4FWFVP):|,

¢[hWFp,,FP” +4h? ,F, ,F,” —2g,,h? \F,,F"

(70)

6, - A N
0= 2 (0, F"" + a,¢F™" = a,¢h" ,Fr1) + V,E" + 29, hE™ = V" Foe = 1V FPt =V ht F72, - (7)

16 -
0= =V, 94 h+V, I, = W R, = 520,04 ¢ — 1,9, 49" $)

21\2

where FW =4 A,, —d,A,.

"Hereafter, we denote ¢ as ¢ for simplicity.

16/1 2\ L & 2g(6 s ) B
+—(—aﬂhaﬂ¢—vﬂhﬂyaw—hﬂvaaV¢+v#aﬂ¢)+7e7¢<7¢FwFﬂ —h#,F, FP" + F, F* ) (72)
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We adopt the following gauge conditions [26]:

) 1 .
V,-(h’j - g B;hkk> = O; (73)
Vih? = V"hf. =0, (74)
ViA, =0, (75)
where i = 1,...,8. Then, using the spherical harmonic

expansions on S®, we can classify the perturbations into
the scalar modes,

o) = B Y, Ae) = 3 B DY (),

hi(x#) = D bit, DY (x),  hi(x*) =D bilt, )Y (x),

AAO(X“) = Z Clo(t, Z)Y(Xi), Az(-x,u) = Z az(tJ Z)Y(-xi)r

) = o1, Y (), (76)

vector modes,

W) = 3 000 DY), ki) = 3 b DY)

Axt) = alt, 2)Y,(x), (77)

and tensor mode,
1

hij(x’u) - 3

8 hk (xt) = b(t, )Y ,(xT),  (78)

where Y, Y;, and Y;; are the scalar, vector, and tensor
harmonics on §8, respectively. Here, we have suppressed
the angular momentum indices. Since these modes are
decoupled from each other, we can analyze each mode

independently.

A. Solutions of equations of motion

As we will see later, the equations of motion can be
reduced into the differential equations which generally
take the following form:

0= ftu Pl fx) + & f 2u iy — fu2y

:X”"'(E_ 1 )X/+ @? v k? y
u 1—u wi(l — u)? w (1 —u)™

(79)

In this section, we will discuss the solutions and boundary
conditions for this differential equation. The function y is
related to perturbations of the metric and R-R 1-form. The
parameters p and k take

PHYSICAL REVIEW D 88, 026020 (2013)

+17
=0, K= : 80
P 19 (30)
for the tensor mode, and
9 I+1D){I—-1) ((+6)(+8
\e poUFDI=D (+OU+S)

7’ 49 49
for two independent modes of the vector modes. The
variable u is related to the radial coordinate z as

and & is the dimensionless frequency,

w

o= (83)
Although it is difficult to solve the differential equation
(79) for an arbitrary @, we can obtain the solution in the
hydrodynamic regime, @ < 1.

Near the horizon u = 1, the leading contributions of the

differential equation (79) are
7 ] / (I)z

=y - + : 4
0=y =X A X (84)

Then, the leading terms of two independent solutions of
(79) are
X(@,u) = Ci(1 —u)™"® + Cy(1 — u)'®

o<1

~ Ci(1—ioln(1—u)+ Cy(1+iawln(1 — u)),
(85)

where C; and C, are the integration constants. Imposing
the ingoing boundary condition, C, must vanish [15,35].
For @ < 1, y can be expanded as a series of @ as

X(@, u) = xo(u) + @ xr(u) + @*xy(u) + -+,  (86)

and the coefficients y,(u) can be solved recursively.
The differential equation for y, is

4 1 K2
0=t +(2- - (87
X0 (u 1= M)Xo 20— ) Xo, (87

and the solution is®

Xo = CruyFi(a, Bra + Biu) + Cou? o F (7, 8.y + 8iu),
(88)

where C, and C, are the integration constants, ,F, is the

Gauss’ hypergeometric function and
1
a=§(1 —p =y = p)+4K), (89)
8When a + B € Z(I € 7Z), the solution of (87) is not given

by (88) [43]. In this paper, we do not deal with this exceptional
case.
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_ %(1 +p— (1 — p)? +4k2), (90)
7:%(1_p+ (1 — p)? + 4k?), on
_ %(1 +p 41— p)? + 4k2), (92)

The expansion of the Gauss’ hypergeometric function
,F,(a, b;c;u) around u =1 is special when a + b = c.
It is given by [43]

,F\(a, bya + b;u)

_T(a+b) & (a),b),
[T () & (!

—¢b+n)—In(1-uwll-—w" (93)

2¢y(n+1)— ¢g(a+n)

where ¢(n) is the digamma function and

(@), =ala+1)a+2)---(a+n—1), (a)y=1 (99

Y(1)=—-7y,=-0.57721--+, (y,:Eulerconstant). (95)

Thus, near the horizon u =~ 1, y, becomes

uzl ~ F(a + B) _ _ _ _ _
~ T(y+96)
+ CZ F('Y)F(S) [_276 - ‘ﬂ(?’) - '7[/(8) - ln(l - u)]

(96)

This can be summarized in the form of (85). Since C, = 0
from the ingoing boundary condition, we find

e _¢ M@t HTHIO) 1 +i6Q2y, + y(a) + p(B)
2 '"T(a@)T(B) T(y+6) 1+i@Q2y, + y(y) + ¥(5))
o0 _a L@t pIore) ...
=~ 1Nawunrw+aﬁl+ (Y(a)+ y(B)
— () — ¥(9))) 97)

Imposing the Dirichlet boundary condition at the cutoff
surface,

x(@,u.) = y(@), (98)
the solution is
= ’?;)) [uazFl(a, B:a + Biu)

_ (e + B) T(y)I'(5)
F(a)I'(B) I'(y + )

—ww—¢wmwﬁw%&y+&m]
+ (9((?)2), 99)

x(@, u)

(1 +id((a) + ¢(B)

PHYSICAL REVIEW D 88, 026020 (2013)

where

— . oy Tla+ B) T(yI(5)
F= MCZFl(ay Bia + Biu,) T(@T(B) T(y + )

X (I +ia(pla) + ¢(B) — (y) — ¥(5)))
X ul,F\(y, 8,y + & u,).

(100)

B. Tensor mode

Now, we solve the equations of motion, and calculate
the on-shell action. We first consider the tensor mode.
The equation of motion for the tensor mode b is

4
0= f'280,(fz 0:b) = f203b — U+ Df 22,
(101)

For the tensor mode, the angular momentum must satisfy
[ = 2. Using the Fourier transformation,

b(t, u) = [;i—ib(a), u)e ot (102)

and the coordinate # which is defined by (82), the equation
of motion (101) becomes

0=f"'(fp") + &@*u~7f2b — nat) u 2f~'b,

103
49 (103)
where @ is the dimensionless frequency,
5z w
D =—w= . 104
T %Y aaty, (104

The prime ’ denotes the derivative with respect to u. From
the result of Sec. IVA, the solution of (103) for ® < 1 is

u TF(u) — X(&)u't1F (u)

b(@, u) = b(@) 2 (103)
ue 'Flu,) — X(@)ue "F(u,)
where u, = (z,/z¢)'*/ and
E((I)) = b(®, u.), (106)
l ) 21
F“”=2F<‘7"7*“7”)
(107)

L _ I3 ra+y s
X(@) = r(—§7)2 P +7271) [1 + 2@ cot (7)] (108)

The on-shell action for b is

df{fbb’ — u='(1 + £)b?].

=u,

2 T 50 4
2K°Son-shell = §R510 D,
u

(109)
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Derivation of the on-shell action is given in Appendix B 1. Hereafter, we do not consider the contact term, which does not
contribute to the dissipative behavior. Inserting (105) into the on-shell action, we find

— LU () + F(u,) — Xud (4D F(u,) + u, Fu)

T g 14 _
2 g =3 R% D [520 = b= w)bw)-— (110
5 Fluo)— Xus " F(u,)
C. Vect d N |
ector modes 0=0.b+0.a+ (z +8)(1— DRYZ 60, (117)
Next, we consider the vector modes. In this case, the
vector modes consist of metric components b°, b and R-R
I-form a. There are four equations of motion for these 0= aph + 944 — —(l +8)(I— DRSz7%p%,  (118)
fields,
0= 920" + f2000.b% — b =271, f o b° 196 -
z 0%z 5 ¢ 2 J%z 0=29 (ZSfa a)—22f~ 1GOa——(l+1)(l-i-6)a+fb
9
- (ngl £, f)aobz (119)
4 Inserting (117) and (118) into (116), we find
- E((l + 1)1+ 6) — 49)z72f 10 L R .
) 9 0= z30.(z5f9,(a + b)) — 2f1a3(a + b)
+—g,R55f 1o, 1=1), 111 4 .
58 froa, (=D (111 ~ 55+ 8)(1 = Db, (120)
0=—f"205b>+ 227" — f719.f)9ob° — 8y0.b° Using (119), the Eq. (120) becomes
4 o 4 onu. ) 4
—5s UH U= Df122b" = =g RS d0a, 0 = o (Ffa.5) — 21 a3b + S5+ 1)U+ 6)a
(I=1), (112) 4 N
— E((l +8)(I— 1)+ 49)b. (121)

0= a(faa)+ —z 'fo,a—f~ aoa——(l+1)(l+6)z*2a

14 <
585 RS 0(1B0) + f dobt =227 1)
(i=1), (113)
0 19 -1
0= dgb° + 9_b* B bz, (1=2). (114)

The Eq. (114) can be derived from (111) and (112). Since
two Eqgs. (112) and (113) contain the second order time
derivative, there are two physical degrees of freedom in the
vector modes. The other Eq. (114), or equivalently (111),
gives a constraint on the boundary conditions. Therefore,
these equations of motion yield two second order differen-
tial equations and one first order equation. The solution has
five integration constants which can be fixed by two
incoming boundary conditions at the horizon and three
Dirichlet boundary conditions on the cutoff surface for
b0, b%, and a.
Let us set [26]

= —8s4 (115)

A 5 ~14

b= = RS0, 200 + T agh). (116)

Then, the Egs. (111)—(113) become

Thus, we have obtained two Eqgs. (119) and (121) for 4 and
b, which represent the two physical degrees of freedom of
the vector modes.

To solve the equations, let us set

b= <I;> (122)

[ G+ DU+6) —49 123
_<—(l+1)(l+6) (1+8)(1—1)+49)' (1239

Then, the Egs. (119) and (121) can be summarized in the
following form:

IS)Y

0=20 (25f8 b) — 22f1aZb ——M b.

> (124)

Since the eigenmatrix of M is

A= U-'MU _ ((l +1D(—-1) 0 )
0 (I+6)(1+28)
(125)
where
1 1
U=<H_1 _H_f,), (126)
7 7
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the Eq. (124) can be diagonalized as

0 = z30,(z5f0,a) — 22! aoa——SA-a, (127)

az(‘)=U*h
2

Therefore, we obtain the diagonalized equations of motion,

where

IS)Y

(128)

IS)Y

0= flu"wifal) + f2u 0%,

I+ 1) -
IRV 129)
49
0= f"u7wifa,) + fu"7@%a,
[+6)(+8
_UHOUEs) 130,
49
where we have used the Fourier transformations of &,

and a,.
From (117), (118), and (128), the original modes a, b°,
and b* are

a=a +a, (131)
b = —7(2—0)%2( 4 _ & ) (132)
R -1 1+8/)
14 A A
. [20\5 wf a; a
bt = —17 = 1 - . 1
“"<R> ! (1—1 l+8) (139

From the result of Sec. IVA, the solutions of the diago-
nalized equations of motion for @ < 1 are

" o uTTIF () — Xy (@)u T (u)
al(a),u)=a1(a)) 11 1yl
Mc7 7I:l(uc) X (w)uc7 7 ( )
(134)
u 7F2(14) Xz(a))ug F,(u)
az(w M)—az(w) 1 611 ~
7F2(u)—X2(a))u7C 7F2(u)
(135)
where @, ,(&) = a;,(®, u.) and
1 18 I 21
FlzzFl(____)___,l__;u)r
7 77 7 7
R (<L LB 2 (0
N A A T AR R &
SR .S R
2 = 28 7 7’7 7» su,
F=F<§+£E+l3+21 ) (437
2 — 20 7 7, 7 7, 7 su,
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_ Ta-3%  rEiearéd+d

MERCIoore-) ra+mn e
(138)

P19 TEHITE+D

LT OG- TG+ (1 +i6S),

(139)
in (%

51 = o T (140)

sin (1%1 ) sin (HT] )

The on-shell action for the vector modes is
~j9 —24 1 19
2K2son_she” :R?ZO SDl f dtl:—zoufﬁbzéobo
2. 7, w7 (b2 0)2
(e F G+ LR+ )60
—fubo(bo)’)] ——Rzglef dtu_%fbofz

7
+5R 5ZOD [ dtfm”’ (141)
Derivation of the on-shell action is given in Appendix B 2.
The first line of (141) is of the order of @2 because b? is
proportional to @ from (133). Since we only consider the
solutions of the equations of motion to the linear order of
@, we neglect these terms. Suppressing the contact terms
of (141), the on-shell action which we should analyze is
~ 24
2K2son_she” R% Sl)l / dt ZM*%bO(bO)I
u=u,

+ (142)

il UII\]

59 ¢ N
R 5ZBD1[ difuraa.
u=u,

To evaluate the on-shell action, we need to express (%)
and @’ in terms of b° = b°(u,) and @ = a(u,). In order to
do this, we define the following functions:

G, = uti(u7IF)) (143)
G, = w i(uE,), (144)
G, = u i (uIF,), (145)

G, = wi(uHiE,), (146)
Hy = u"" (™ 77G,), (147)
H, = u? 7 (u"76G,), (148)
H, = u7 1 (u771G,), (149)
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H, = wi(u"71G,), (150)
and
Fr=u (Fy () ~ Xyul Fy(u)), (151
81 242 -
Fr=uc' "(Fyu) = Xoue ' Fa(uy),  (152)
_8_1 2l o
G, =u.’ (G (u,) — XjulG(u,)), (153)
_15_ 1 20 o
Gy = uc " (Golu) — Xouz 'Golu,)),  (154)
H, = us T (H () — Xyul B (w,),  (155)
Hy=u" (Hyu,) — Xoul 7o), (156)
Then, one finds
R - G
ahs(u,) = a;,—=, (157)
b2 b2 Fiz
Hi,
als(u,) = a,——= (158)
12 1,2 Fi
From (131) and (132), @, and a, are
_ .7:1 62 — 1 R ]?4 -2 x
= ——— X bo), 159
o= (-rvae 7<ZO) w09
|
T oo —24 dw
262 Son-shell = _ER%QZO D, u:u[ﬁu (1 -
4 - d
+ —gsta2D1 - z—wug(l
dC() 5
-9 Rz,°D —u (1
58:K2 1[4_%277 (
7 4 d
srgRn, [ S%a
5 u=u, <7

D. The case of u, ~ 1

In the previous section, we have calculated the on-shell
action on the cutoff surface at u,.. Since the solutions are
expressed in terms of the hypergeometric functions, it is
difficult to discuss properties of the linear response for
arbitrary u.. Hence, we focus on two regions, u, =~ 1 and
u, = 0. We first consider the case of u. = 1 in which the
cutoff surface is near the horizon. This corresponds to
putting a cutoff at the low energy scale in the matrix theory
side. Following [16,38], we evaluate the linear responses of
matrix theory in terms of the proper quantities on the cutoff
surface. According to [16,38], the stress tensor and R-R
I-form current are given by

— u)

PHYSICAL REVIEW D 88, 026020 (2013)

i, = 22(— St ga+ I(R)%uczflé(’), (160)

“ —1547 7\,
where
FiG,  F»G,
= + :
0 [+38 [—1 (161)

Taking the derivative of (131) and (132) with respect to u
and using (157)-(160), we find

2 . B FH
oyl = 0 4 2701
%)L, = —Q(l_1

Tulg,a
CU-DI+8)0\R

79

(% ) (G H, - H,G)),

(162)

4| _FiG— .Tz@( )]5_45 2047 G1Gy a
u=tc 7420 % (+8)(I—1) o &%
(163)

Since the first term of (162) becomes a contact term in the
on-shell action, we will suppress it. In terms of F ,, G 5,
H 1,2, and Q, the on-shell action (142) is expressed as

R A L
GIH2 j-[ GZ _
ST R
_ u)flgz é F»G, (- w)a(w)
0 —zi)j(Lz7+ 5 GIQGZ&(—a))é(w). (164)
[
T,LLV — j_S_;;I;SSﬂl;ell ) (165)
nv
J’“ 5Son shell (166)

JVOA,

where vy, and A u are the induced metric and R-R 1-form
on the cutoff surface, respectively. These expressions can
be understood in terms of the quasilocal charges. In fact,
the expression (165) is the same as the definition of the
Brown-York stress tensor [44].
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1. Tensor mode

Here, we consider the tensor mode. Expanding (110)
around u, = 1, the on-shell action becomes

1 1/R\ do . - _
Son- =——(—|D —iwb(—w)b(w),
on-shell 167G 2<Z0> 2 '/;(‘:1 2 lw ( a)) (0))
(167)

up to the linear order of w. Here, we have suppressed the
contact terms in the action.
Let us define the proper frequency as

w
\/—800'

Then, the on-shell action can be written as

in =

(168)

S o=_" “[=
on-shell 462G 2\ 2, w1 277

(169)

The tensor mode of the metric perturbation »(w) is coupled
to the tensor mode of the stress tensor 7 (w) in matrix
theory.” According to Sec. IIIC and (165), the linear
response of the stress tensor is

11 <R>§D2 40 s i0b(— 0)b(w).

PHYSICAL REVIEW D 88, 026020 (2013)

which is the same as (31) with
(171)

Therefore, the linear response obeys the hydrodynamics on
S8 when u,. =~ 1. Since the entropy density on the horizon in
AdS frame is

5= S‘:LH — %(%)2, 172)
8
we find'®
1
g = (173)

which is the same as the shear viscosity to entropy density
ratio in the membrane paradigm [2] or the AdS/CFT
correspondence [15].

2. Vector modes

Next, we consider the vector mode for u,=1.
Expanding F,, G2, H 5, and Q around u. = 1 and

T (w) = L(Q)gim b(w), (170) suppressilr}g the contact terms, the on-shell action
167G \R becomes
o (I+8)(I—1)
1 /R\? dw —_ _x _
2K2S gpeshell = —(—) D >—~/ 800 K b'(— w)by(w)
2 ) L (1+8)(1—1) _ 14QP+141-7) 030
%0 1 o7 1o D( R? QIT7)S, R )

im+ D 14(12+71+1)

g dw
- —RS D, [ V800
u

Czl 27T

20

QI+7)S, R AR
o — D=1 _ 14(212+14177)> bg(—w)a(w)
L R? QIS R

2 9
85 5 do _ _
+ ?(T> D, MFIE\/_SOOG(—W)CI(CO)

R

R? S,R? R?

Dz((l—l)(lﬂ) _ 14l )((1+6)(l+8) _ 14(1+7)> _ im@(zl2+}é1+47 _ 14(21+7)) — 2

S,R? S,R?

i — D((1+81)€(21—1) _ 14(212+141—7)> ’

where 0 is the proper time index (namely, l;ﬁ =

50/\/—800) and

(175)

Here, T is the proper temperature. B
The vector modes of the source fields »°(w) and a(w)
are coupled to the vector modes of the stress tensor and

°The tensor mode of the stress tensor is the Fourier coefficient
of the tensor harmonics Y/ in the spherical harmonic expansion
of the stress tensor ‘7 .

(174)

QI+7)S,R>

R-R 1-form current in matrix theory, respectively.
According to Sec. IIIC and (165) and (166), the linear
responses of the vector modes of the stress tensor and R-R
I-form current are

'9The dimensionless transport coefficients such as 7/s do not
depend on a choice of the frame.

"Strictly speaking, we should neglect the O(1p?) term in the
numerator of the last term in (174), since we have calculated
only to linear order of v. Although this term could possibly
receive corrections if we calculate O(iv?) contributions, we can
see that this term is consistent with charged fluid.
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i | y (1+8)(I—1)

T0 = (@)2 R? 0
167G \R) ;ip — (I+8)(I=1) _ 14Q2P+141-7)

& i D( R? QI+7)S B2 )

. 14(124+71+1)
78 i + D QTSR _

B 1677GR i — D((HS)(FI) _ 14(212+14177)> a

R? (21+7)S,R?
(176)

2 9 2 9
g5 R\s. _ 49Dgs (R)j

B . m __ “° |
J 1677G<r0)l " 16mGR 1y

X imw—-V i
i — I)(<l+8)<171> _ 14(2,@14177))51
R QI 7)S, R

. 14(P+71+1)
g i + D QITT)SR? =G

b
167GR 1y _ (1+8)(1—=1) __ 142 +141-7) ’
4 o @( R? QI+7)S,R? )

77
where we have suppressed the contact terms and

18
V=——8n088+|im—D
Q1+ 7)S, (l RZ
28D LR +77—7

(21 + 7)28? R?

lz+7l—1)

(178)

Comparing the linear responses to the hydrodynamic
stress tensor and current on S® with radius R, which are
given by (33) and (34), we find the following:

(i) Compared to the diffusion pole in (33) and (34), the

denominators in (176) and (177) possess an extra
14212 +141-7)

QI+7)S,R?
with the diffusion constant (24). In fact, using the
thermodynamic relation, € + p = Ts, and 71/s =
1/44r, the diffusion constant becomes

term, . However, the quantity D matches

p-_n1 _n1l_ 1 _ (179)

(i) Except for the extra term in the denominator, the
first term of (176) agrees with the first term of (33)
because the shear viscosity is given by (171).

(iii)) Except for the extra terms in the denominator and
numerator, the second term of (176) and the third

term of (177) agree with the second term of (33)
and the third term of (34), respectively, because
from (56), the charge density on the horizon in AdS
frame is

q _ g

n= (180)

(iv) Except for the extra terms in the denominator and
numerator, the second term of (177) agrees with the
second term of (34) because
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i’ _( 78, )2 1 49Dg: (R)%
E+p 16mGR) Ts 167GR>\ry

(181)

(v) The first term of (177) agrees with the first term of

34) if
o~ i)
167G ro )

(vi) The extra terms which appear in (176) and (177) are
decoupled if we take [ as large with [/R fixed
(S,_1 is of the order of 1). This means that the linear
responses of the vector modes locally obey the
hydrodynamics.

Although we have obtained charged fluid, the fluid
should have universal structure near the horizon. Such
universal structures appear if we take the Rindler limit.
In the next subsection, we see that by taking a Rindler
limit, (176) and (177) become the hydrodynamic stress
tensor and current with 7 = 0 in the 8-dimensional flat
space.

(182)

3. Rindler limit

Let us look at a local region of S$®, which can be
approximated by R®. Then, the metric of the

8-dimensional space is replaced by
R*dOZ — dx'dx;. (183)

The magnitude of the momentum in the flat 8-dimensional
space is

l
k=—. 184
- (184)
The Rindler limit is defined as follows: setting
7\2
1—u= <—~> 22, (185)
SR
xi = g (186)

and sending € — 0, the metric (50) becomes conformal to
the Rindler metric,

ds? = &2ds?, (187)

ds? = —k*P?df* + di* + di'dz,, (188)
where k = 27Ty gives the Hawking temperature of the
Rindler spacetime, Ty. Since we have magnified a small
region in S% the proper frequency, momentum, and
proper temperature are also rescaled. Those in the
Rindler spacetime are related to the original ones as

b = elp, (189)

A

k' = ek, (190)
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T =eT. (191)

The (0,i) component of the metric perturbation in the
Rindler spacetime is related to the original one as

hy; = eh;, (192)

because  is not rescaled by & [38]. The Newton constant
G ~ ¢2I8 is also rescaled as G = £8G, where G is the
Newton constant in the Rindler spacetime because the
string length in the Rindler spacetime is fs = [;/e. In this
limit, the stress tensor (176) and the R-R 1-form current
(177) become

o | (”o) £ o
167Ge® i — DI

7 1t ‘
& M sai (193)
167GRe’ it — DI>

. R\3
= L( ) iWoA!
167wGe°

B 49Dg? (R)% i sAl
167GR2E7 \ry) it — DI
Tg. i s
gs ! 7o (194)

+ ~ = ~~

16mGRe® itv — Di>

where A% = k77" and D =
() which denotes the perturbations on the cutoff surface.

Since the stress tensor and current in the Rindler spacetime
are related to the original ones as

TY% = 970 (195)
T =T, (196)
we find
~ i 1 k2 o

%~ (@) L V) (197)

167G \R) ity — Di?

2
>ri 85 R)

= iIDSA 198
J' = 167TG< ( )

Note that the second term in (193) and the second and third
terms in (194) are decoupled in the limit of & — O.
Therefore, in the Rindler limit, (176) and (177) exactly
match with the hydrodynamic stress tensor and current on
R?® with no charge density. This result is consistent with the
previous works on a Rindler fluid [16,38]. In a Rindler
fluid, there is no charge density because the Rindler metric
is a solution of the vacuum Einstein equation.

E. The case of u, ~ 0

We consider the case in which the cutoff surface is far
from the horizon. At first, we calculate the linear responses
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in terms of the proper quantities on the cutoff surface as in
the previous section.

When we do not put the cutoff surface but consider the
asymptotic boundary at r — oo, or equivalently, in the limit
of u. = 0, the divergent warp factor in the gravity side
should be excluded from the correspondence [31,32]. In
our case, since the dual geometry of matrix theory is
essentially AdS, (S® is interpreted as the internal space
in matrix theory), we have to care about the time-time
component of the metric. We take into account the metric
of matrix theory and obtain the linear responses of the
stress tensor and R-R 1-form current. Then, we compare
the linear responses with the hydrodynamic stress tensor
and current on S and discuss the differences between
them.

1. Tensor mode

Here, we consider the tensor mode. Expanding (110)
around u, = 0, the on-shell action becomes

1 l(ro)gD do {1+ 4
167G 2\R) ~* “Ta+ T(1 +2)?

X 1l b(— w)b(w),

Son-shell
(199)

to the linear order of w. Expressing this in terms of the
proper quantities, we find

S AU o
on-shell — 164 G2( ) f vV gO()lDF(l 21)2

X 1l b(— w)b(w). (200)

Although the factor u% is usually absorbed into the field

redefinition b — u, %5, we do not consider such a wave
function renormalization because it does not change our
conclusion. Namely, b is a bare field in an energy scale
which is determined by u,..

Therefore, the linear response of the tensor mode of the
stress tensor in terms of the proper quantities is

ro\s. T +5hH* »
T (w )—ﬁ(f) llDl_‘(li;l)z 'b(w).  (201)

Comparing this with (170), we find the extra factor

I'(1 +£*/T'(1 + 2)* except for the factor u?, which could
be absorbed into the field redefinition of b.

Taking into account the metric of matrix theory, the
linear response becomes

7 (1 4
T(w )—ﬁ(—o) F((l ;,))2 Whw). @0
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2

This is different from the hydrodynamic stress tensor (31) even if we absorb the factor u/ into the field redefinition, because
the shear viscosity 1 does not depend on /. Therefore, for the tensor mode, the linear response of the DO-branes cannot be
explained by the hydrodynamics when the cutoff surface is far from the horizon.

2. Vector modes

Here, we consider the vector modes. Expanding (164) around u, = 0, the on-shell action becomes

21

7 o 2 dw - _ vy 2]+7 2 +231—7+ 2121+ 7)1 — 1)B*uli®
2 — __pe, 3 R0 0 77 . 7
2 S = = 5 K52 "D f e M Ty Yy 5 _ 1) 13 ’
9(I—1)B* ¢
21
7 - do - ea 20+7 T—2121+ 71— 1)B*ulid
——o R 72D f_bO _ = . 7 7 . 7 . ,
5880 J 50 (Fo)a(w)u 9/(1 — 1)B? o — e ~1F
9(I—1)Bx ¢

5.2

QI+77  1+1-21(1- DB id

7 ~ 9 4 dw 5.2
+ 2 @2R735D, | = a(—w)a(w)u.’ , 2
585 % 1/277 Aot g, e (209
9(—1)B* ¢
|
to the linear order of @, where 70 1 <”0)3 -2 20 +7
= (DOVy T~ T
16wG \R 181(1 — 1)B?
14 D@+ 1 u
p="1" - 7+)F2(l7 il (204) BP 23 -7 43101 0 - DB
(1+3 . os@i+r) 1%
1O ™ 3Sa g e
According to Sec. IIIC and (165) and (166), the linear 2w — 343 u‘%
responses of the vector modes of the stress tensor and R-R _ T8 Q@i+ S2l@I+T)(I-1)B* il i
1-form current in terms of the proper quantities are 16mGR  63u. % T
=
207
Tﬁ 1 (r())% 727% 21+7 ( )
S A L =
16mG\R/ " 18I(1—1)B? wieD 2 i
49 (212 +231—7) + 2121 + 7)1 — DBitu, 77 - & (5)%[% 20047 SswhgEt T
K R — A 167G \r, 45, _ sseirn  —1-F
it — 94(119(211;33)13 u. 7 4570(1-1)B2 ¢
- 21
; 343 —7
. 7 78, U+ 7?10 T sommgcnE Yo -
Tg,  (1+7) I~ sy inarie s % 0
T géR( = ) 2EIDEVER g, 167GR ~ 63u,  ;, _ o) ~1-F
T U, i — 94(‘19?11;93)13 u, * 7 45zo(I—1)B
(205) (208)
These expressions are quite different from the linear
responses in the case of u. = 1 or the hydrodynamic stress
s tensor and current on S®. Especially, there is no pole
¢ (RYQI+TP s %u_ T structure in (207) and (208) [or (205) and (206)] in the
J= 167G <”_o) 9 Ue 2001+7) _%_ga low frequency region because in any / = 1, the factor
D — _1-u _9_u
: o0-nBR "¢ us 7 (orus ™ 7)is very large when u, = 0. It is important
5 _2 . .. o .
; T hat this fact is independent of the field redefinitions
7 2]+ 7)2 it — 3437 ut 7o to IlOtet P
T g(s;R ( & ) e 1)32_1; _Cﬂ bO. of b° and a. On the other hand, in hydrodynamics, there is a
™ Ue i — 9‘219911;;; e’ diffusion pole in the low frequency region.
(206) In order to look at the pole structure in the vector modes,

Taking into account the metric of matrix theory, the linear
responses become

let us consider the denominators in the above expressions
for arbitrary u.. In general u., the denominators of the
linear responses in the vector modes vanish when (161)
equals zero. Namely, it is when
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ey T N
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 1 (color online). The right-hand side of (209) is plotted
against u, when [ = 2 (bold line), [ = 5 (normal line), and [ =
10 (dashed line).

K, — B{'B|K, — B;'B,K; + B{'B,B;'B,K,

io = 15 15 —15 p-1p g
S/(BT'B,K, + By 'B,Ky — 2By 'B|B; ' B,K})
(209)
where
F,G, F,G,
— + ) 210
P48 -1 210
F,G, F,G
K, — y( 16,  F 1) 11
2T\ TI=1) @
F,G, F,G
Ky = 2%( 22 1), 212
S Vo (212)
F.G, F,G
K=2+£(12+ 21)’ 213
SR VS (219)
and
(= EHrE)
B =———1">7 214
_ TEHNED)
B =—1"-717 215
LT+ ) @15
(=531
By=— 1" 17 216
[+6 1+15
gzzw 217)
rg+42)

Figure 1 shows the value of the right-hand side of (209)
against u.. Since ® =~ w /Ty = /T, the left-hand side of
(209) does not depend on the redshift. When u, = 1, the
value of the right-hand side of (209) is close to zero for
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any [. Therefore, we can find a pole structure in the low
frequency region when the cutoff surface is close to the
horizon. However, as u, approaches zero, the value of the
right-hand side of (209) becomes large and exceeds 1.
Therefore, within the low frequency approximation, we
cannot find the pole structure when the cutoff surface is
far from the horizon.

V. SUMMARY AND COMMENTS

We have studied the linear responses of the near-
extremal DO-branes in the low frequency region by using
the gauge/gravity correspondence. We have analyzed the
tensor mode and vector modes. We have found that when
the cutoff surface, on which matrix theory is defined, is
close to the horizon, the linear responses of the stress
tensor and R-R 1-form current in matrix theory take forms
similar to the hydrodynamic stress tensor and current on S®
with radius R. By taking the Rindler limit, the linear
responses of matrix theory exactly agree with the hydro-
dynamic stress tensor and current on R®, which is consis-
tent with the previous result on a Rindler fluid [16,38]. This
is the limit in which the fluid takes the universal form for
many black holes, but our results show that without taking
the Rindler limit, the fluid keeps properties of DO-branes,
such as the correct background charge. We have also found
that when the cutoff surface is far from the horizon, the
linear responses of matrix theory do not correspond to the
hydrodynamic stress tensor and current on S®. Especially,
we have found that in the low frequency region, the vector
modes of the linear responses do not possess the pole
structure, although the vector modes of the hydrodynamic
stress tensor and current possess the diffusion pole. This
fact does not depend on the field redefinitions of the source
fields. From our results, we conclude that the linear
responses of the DO-branes cannot be explained by
hydrodynamics.

Three comments are in order. Firstly, we have analyzed
the linear responses of matrix theory in the AdS frame,
which is not the conventional frame, such as the Einstein
frame or string frame. However, the choice of the frame
does not change the dimensionless transport coefficients
such as n/s, which are the physically sensible quantities.

Secondly, if we were able to absorb the extra factor
(1 +H*/T(1 +2H? in (200) into the field redefinition of
b, the tensor mode of the linear responses for u,. = 0 would
take the same form as the hydrodynamic stress tensor.
However, since the discussion of the pole structure in the
vector modes is independent of the field redefinitions, our
conclusion does not change.

Finally, to understand what occurs in the DO-branes in
the time-dependent external sources, we also need to
analyze the linear responses in the high frequency region
(or full frequency region). If we obtain the linear responses
of the DO-branes in the high frequency region, we might
be able to discuss the fast scrambling time via the
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gauge/gravity correspondence [5,6]. This should be

investigated in a future work.
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APPENDIX A: SPHERICAL HARMONICS ON S8

We briefly summarize the definitions and properties of

the spherical harmonics on S® according to [26].
A scalar field ¢ on S® with radius R can be expanded as
¢ = e (R)Y'(x), (A1)

T

where [ denotes the angular momentum indices and
xi(i=1,...,8)arethe spherical coordinates on the sphere.
The function Y’ is called the scalar harmonic. In terms

of the normalized Cartesian coordinates {x"|m =
., 9, x"x,, = 1}, the explicit form of Y’ is given by

YI = C£nl...ml'xml M xml’ (l = 0’ 1’ .. ')! (AZ)

where Cfn]__,m[ are totally symmetric and traceless in the
indices (my, ..., m;). The scalar harmonic satisfies
. A+ 7
VzviYI ( RZ ) s (l = O), (A3)

where V; is the covariant derivative on the sphere.
A vector field A; on the sphere can be expanded as
A=Y d RY!I) + D a RVY(x).  (Ad)
1 1
The function Y/, which is divergentless V;Y; = 0, is called

the vector harmonic. In terms of the normalized Cartesian
coordinates, the explicit form is given by

Yi=Cly px™...x™  (I=12..) (A5

where the coefficients C,’m,l , are antisymmetric under the
exchange of n and m; and totally symmetric and traceless
with respect to the indices (my, ..., m;). The vector har-

monic satisfies

M;ﬂ, (1=1).

iyl —
ViV = .

(A6)
If we impose the gauge condition Vl-Ai = 0, the second
term of (A4) vanishes. Then, the harmonic expansion is
simplified as follows:

AAl’ = ZaIYi[.
1

(A7)
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A symmetric traceless tensor on the sphere can be
expanded as

hyj g,]hk Zb’(R)Y{j(xf)

+ Y B(R)(V,Y! + VY] (x)
1

= 1 X
+ Zb’(R)(V,Vj 5 g,.ijvk)yl(xl).
1
(A8)

The function Y l’j which is symmetric, traceless, and diver-
gentless, is called the tensor harmonic. In terms of the
normalized Cartesian coordinates, the explicit form is
given by

I _ _
Yn1n2 Cn]n2m1 (l - 2) 3, .. -),

m m
XM XM,

(A9)

where the coefficients C£L]n7m ...m, are antisymmetric under
the exchange of (n;, m;), symmetrlc under the exchange of

(n;, ny), and totally symmetric and traceless with respect to

my, ..., m;. The tensor harmonic satisfies
; —I(l1+7)+2
\AY Yfk = TY;,{ (I=2). (A10)
If we impose the gauge condition Vi(h;; —§g;;hf) =0,
the harmonics expansion is simplified as follows:
hij g,jhk Zb’Y (A1l)
APPENDIX B: DERIVATION
OF ON-SHELL ACTION
1. Tensor mode
We insert
g/u/ = g,u,v + h,uw (Bl)
A,=A,+A, (B2)
¢=0¢+4 (B3)

into the action (64) and expand the action around the
background fields up to the quadratic order of the pertur-
bations. Using the mode expansions (76)—(78) and the
formulas for the spherical harmonics in Appendix A, we
obtain for the tensor mode,

2K SIIA —2D2[d2x\[—g2q)[<

+ bV, Vb + Zvabvab],

S s 272
= 251(1 7)) b

(B4)

where a, b=0, z; ® = % = (R/2)5; V=%, is the
square root of the determinant of g,,; and n“ is the unit
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normal to the cutoff surface. By varying the action (B4)
with respect to b, we find the covariant form of the
equation of motion (101),

0= BV, Vb + V, OV + 2V4V,db

— A R20(63 + 10+ T)b.

75 (BS)

Inserting the equation of motion (BS5) into the action (B4),
we find

3
2K2S{IA = 2D2[ dt\/_gool:_ Zn“q)bvab
=z

1
+ Enava®b2]

3
= ——R%sz diz3fbd b
2 =2z

9 .
— ZRsD, f diz= 5 fbx (B6)
5 =2
Besides, we have to add the Gibbons-Hawking term (65)
to the action. For the tensor mode, the Gibbons-Hawking
term is
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2KZSGB = _R%Dz'/- dtZ_?sz

=2

1
+-RD, [ diz=3f'b*
2 7=z

+2R3D, ] diz3fba,b.  (B7)
=z

Therefore, the total on-shell action is

== 2K2(SiIA + SGB)

1
=_RD, / diz75fba.b
2 =2

2
2K Son-shell

7 «
—gR%D2 f diz=5(1 + f)b?,  (BS)
=2

which is the same as (109).

2. Vector modes

In the same way, we calculate the on-shell action for the
vector modes. Up to the quadratic order of the vector
modes, the action is

18 47
2K2S{IA = Dl '[dZX\,_gze_g(ﬁ[(_ gf - E - —l(l + 7)) Zbub - b"v Vbb - (V bu) - b“vbvabb

1 3 o
+ 269V, Vb, = SV,by Veb? +35V,b, Vb + E(aaqsa,](z;)babb

8

g% ~ 1 2 1 28
R, 0V — G ERE+ 1) 6)a? ]

where €% = —(—g,) /2= —R7222, €, = (—5,)"? =
R?z72, and V€%’ = 0. By varying the action with respect
to b* and a, we obtain the covariant forms of the equations
of motion (111)-(113),

94 36
= i T + -2 a
( 25 25f 25 l(l 7)) b
+ E(aa¢3a,,¢3)<1>bb — VeV, Db — V,Vedbb
+ 2V, Vedpt — V,0Veht + V,0VPh* — OV, Vbt
+ ®V,V’he — %gslé” €*V,a, (B10)

14 19
0= ?g*]Rsz SeibV, b, + R* 275V (5V)

- %(z 1)+ 6)z2a (B11)

Inserting these equations into the action (B9), we find

14
?g‘R 55€b,Vya

(B9)

1
2K2S{IA = D1 f_ dlql_ggol’lal:q)bavbbh + ECI)b”Vbb“

——fI)be"bb zgR €’b,a

+ &R sz3aVia + Vidb,b —

5 Vbd)bbb“],

(B12)

R%Df dtl:z Bb2a b0 — 773 (b9)? + f LIz =5(b%)?
I=Z¢

oz E0aght = ¥ PO+ )

3 19 7 ~
Zi?)beanbO]‘I'ggsRDl'/‘ dtz_szoa
7=z,

gs

R D[ dtfzsaaa (B13)

Since the G1bbons—Hawk1ng term for the vector modes is
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~ 3
262 = R5D, f dtl:(3z*25—4 froge ff’)(b°)2 —277% beOazbO:I,
=2

the total on-shell action for the vector modes is

2Kzson—shell = RIS_QDI f

(5]
(6]

7=z
7 ~ 2
+—gSRD1f dtz 2 fb% +&5
5 — 2

R7sD, [ difz5ad,a.
7=z
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(B14)

dt[%z-%bzaobo + %z-%(bZ)z — g fl2 3 (b9)? + ;z—%—“ FA(B°)* + gz—% F(B°)? — %z-? f2b0azb0]
_.

(B15)
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