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In 1936, Weisskopf [K. Dan. Vidensk. Selsk. Mat. Fys. Medd. XIV (1936)] showed that for vanishing
electric or magnetic fields the strong-field behavior of the one-loop Euler-Heisenberg effective Lagrangian
of quantum electro dynamics (QED) is logarithmic. Here we generalize this result for different limits of
the Lorentz invariants E° — B> and B - E. The logarithmic dependence can be interpreted as a lowest-
order manifestation of an anomalous power behavior of the effective Lagrangian of QED, with critical
exponents 8 = ¢*/(127) for spinor QED, and 85 = 8/4 for scalar QED.
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L. INTRODUCTION

In 1931 Sauter [1] and four years later Heisenberg and
Euler [2] provided a first description of the vacuum proper-
ties of QED. They identified a characteristic scale of strong
field E, = m2c3/eh, at which the field energy is sufficient
to create electron positron pairs from the vacuum, and
calculated an effective Lagrangian that will replace the
Maxwell Lagrangian at strong fields. In 1951, Schwinger
[3-5] gave an elegant quantum-field theoretic reformulation
of their result in the spinor and scalar QED framework (see
also [6,7]). The description was further extended to space-
time dependent electromagnetic fields in Refs. [8—14]. The
monographs [15-19] and the recent review articles [20-22]
can be consulted for more detailed calculations, discussions
and bibliographies. Since then, the properties of QED in
strong electromagnetic fields have become a vast arena of
theoretical research, awaiting experimental verification as
well as further theoretical understanding.

An interesting aspect of effective field theories in the
strong-field limit has recently been emphasized in a com-
pletely different class of quantum-field theories. These have
the property of developing an anomalous power behavior in
the strong-field limit. It is experimentally observable at the
critical point in second-order phase transitions, and for this
reason such a power behavior is also called critical behav-
ior. It arises if the so-called beta function (also called the
Stueckelberg-Petermann function or the Gell-Mann-Low
function) [23,24], which governs the logarithmic growth
of the coupling strength for varying energy scale, has a fixed
point in the infrared. In such theories, it is possible to take
the theory to the limit of infinite coupling strength. The
effective action can usually be calculated in perturbation
theory as a power series in the fields. The coefficients are
the one-particle irreducible n-point vertex functions of the
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theory. In the limit of large field strength, this power series
can be shown to develop an anomalous power behavior with
irrational exponents [25]. Also the gradient terms in this
effective action show anomalous powers [26].

In the past many authors have argued that in QED such a
fixed point may exist [27-31] and could ultimately explain
the numerical value of the fine structure constant. However
it is presently believed to be absent. Lattice simulations as
well as functional renormalization group methods show
that chiral symmetry breaking prevents QED from reach-
ing a fixed point [32,33]. This is supported by studies of the
Gell-Mann—-Low function [34]. However a fixed point
might exist if one adds gravity to the theory [35]. In this
article we shall not assume the existence of such a fixed
point, but point out that at strong fields, the effective action
in the weak-coupling expansion, namely the Euler-
Heisenberg effective action, exhibits a power behavior
that is typical for critical phenomena.

This anomalous power behavior in the weak-coupling
expansion can be seen as a first step in the direction of a
strong-coupling QED theory, by analogy with the above
mentioned behavior for strong-coupling quantum-field
theories. This could be reached by using a technique to
go from diverging weak-coupling series to a converging
strong-coupling series which was developed in the context
of ¢* theories [25,36]. However these calculations are left
for future work.

In QED, the nonperturbative, one-loop effective action
takes the form

)

AL4[A] = —itrlog [W]’

id —m,

with the classical external gauge potential A, and
Feynman’s slashed notation ¢ := y*v - Heisenberg and
Euler [2] and Weisskopf [37] showed that for a constant
classical external field this can be brought to the form
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where € and 8 are Lorentz invariant variables defined by

1
— 5 Fu P =128,

e —p2=F —-B:=
€B:=E-B:=—F,F" =P, 3)

where E and B are the electric and magnetic field strength,
F,, =9d,A, —d,A, is the field strength tensor and § and
P are scalar and pseudoscalar combinations thereof.
Explicitly, the quantities € and B are given by

WS T PP +s =S TP -5 @

For scalar QED, the corresponding quantity reads

—eA, ()] — m;
—ai — m%

AL.4[A] = % trlog {[ia“ } 5)

which for constant classical external fields can be brought
in the form [37]

0Ly = ﬁ /o a;s [e €Bcsch(see) csc (seB)
1 e? ,
- = + g( €2 132)] *1s(m€*11])’ (6)

where csc (x) = 1/ sin (x) and csch(x) = 1/ sinh (x). There
are several analytic reformulations and studies of the
Euler-Heisenberg Lagrangians (2) and (6) in Refs. [38—43].

In Ref. [37], Weisskopf showed that the leading behavior

of the effective Lagrangian (6) for strong magnetic and
electric fields is logarithmic for vanishing electric and
magnetic fields respectively. In this article we generalize
this for several special cases of the variables P, S and €, 3,
and express the results compactly as a fractional general-
ization of the Lagrangians (2) and (6)
Lo = g B9 — BB - BIIE-B)2+ ., ()
which is valid in the limit of strong electromagnetic fields,
with the anomalous power 8 = ¢2/(127) for spinor QED
and 6y = 6/4 for scalar QED.

In Sec. II, we briefly review the series representation of
the Euler-Heisenberg-Lagrangian (2) and (6), which has
been derived in various places over the years [39-42]. In
Sec. III, we derive the fractional expression (7) by using
this series representation and performing a strong-field
expansion up to the leading logarithmic order. In order to
make the text and ideas most transparent, we relegate
detailed technical calculations to the Appendices.
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II. REFORMULATION OF THE EULER-
HEISENBERG LAGRANGIAN

In this section we use an identity to bring the Euler-
Heisenberg Lagrangian (2) to a form that will be used in
Sec. III to go to strong fields. This reformulation has been
done similarly in the past [22,39-41] for spinor QED. We
shortly review this in Sec. Il A. For scalar QED the proce-
dure is presented in Sec. I B.

A. Reformulation of the spinor
Euler-Heisenberg Lagrangian

A useful expansion, to be derived in Appendix A 1, is
[44]

2
e’ coth (see) cot (seB) — — — e—(ez - B?)
ee coth (ees ) e coth (eBs,)
=2 2 —2s 2 n ,
Z S §2 — s nzl S, s2 + s%

8)

with s, = n7/(e€) and s,, = mm/(eB). Inserting that into

(2), it becomes

1 o0 < ee coth(ees,,)
_(277)2/0 dSS[ZS— 7_ 2

= Sm ST Sy

A£eff =

“s, sP+sk
We now rotate the integration contour to s = i7/(m2 — in)
where 7 runs along the real axis from zero to infinity, and
the mass carries the usual negative infinitesimal part —in
to ensure that the electron wave function goes to zero at
infinite time, and we obtain

m2 oo < e€ coth(eeT,,)
N P

=on = (i0,)

B i ef3 coth (eBT,,)]e_T

2 _ 2
“o, T lo

A£eff =

(10)

with o}, = s;(m2 — in) for k = m, n. Performing the in-
tegrals over 7, we arrive at the effective Lagrangian of
QED. It has an imaginary part from the poles atio,, and o,
in the integral, leading to the so-called Schwinger decay
rate of the vacuum [3-5]

_iml & ep ( B

— coth
47 g,

3
A‘Eeff

)e_”". (11)

n=1 e

The real part Aﬁeff can be derived with the help of the
principal value integral [see [45], Eq. (3.354)]

(N se S 1
Pl a ——2J
fo sy = =50

- _%(eszi@ +eEi(—z2)),  (12)
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where Ei(x) denotes the exponential integral [see [45],

Eq. (8.211)]
Ei(x) = — f_m ?dt. (13)
The result is
ALl =5 (3?7)2 [,,,Zl % coth (;"; o-m)J(iO'm)
— g% coth (% Un)J(Un)]. (14)

Equation (14) was first presented in Ref. [39], later in
different versions in [40,41]. The above version does not
quite conform with standard mathematical notation, since
the exponential integral is usually defined for real values
only (for details see [46]). Nevertheless, since it is easily
extended to purely imaginary values, using the sine and
cosine integral (see Appendix B for details) we proceed
with the slightly improper notation for convenience.

Combining (11) and (14) and resubstituting o, and o,
we find the total one-loop effective Lagrangian of QED for
constant fields

=(2i)3 i&[coth<ﬂ%n)J<inZEc)

el ) o]

(15)

Observe that this is not invariant under the duality trans-
formation € — i3, B — —ie. This is due do the fact that
for the extraction of the imaginary part we assumed € and
B to be real. There exists however the possibility to incor-
porate the imaginary part into a formulation via analytic
continuation using incomplete gamma functions. This and
its significance for the duality has been studied at length in
the literature [46,47]. We are however only interested in the
real part, which also in the above formulation is invariant
under the duality transformation.

B. Reformulation of the scalar
Euler-Heisenberg Lagrangian

We now reformulate the scalar Euler-Heisenberg
Lagrangian in the same way. Here (8) becomes (see
Appendix A 2) [44]

€2

e?€Besch(see) csc (seB) — lz + g(e2 - B?)

e€ csch(ees,,
=252 Z( 1" 72( 2)

m=1 Smo 87 7 S

o Z( 1)n65 csch(eps,) (16)

S, 52 +sn
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and (11) changes slightly to

1m

A£§ff ==

csch(—'Ba )e*"", (17)
ﬂ mC

a form first found by Popov [9,21]. Using the principal
value integral (12), the real part of the scalar effective
Lagrangian becomes

B -
A'Eeff

4(2 p [ Z(—l)" °p Csch<_'[§

— Z (=1)m e csch(e—i
m=1 O U

o (@)

am)J(iamm%)], (18)

and the full scalar Lagrangian reads, by analogy with (15),
e’ Be B nwE
M= 2OV (o))
4 02m)? nZl( ) P R P €

)] ol b5 )

19)

—27Tiexp(—

As in the spinor case, the duality transformation € — i3,
B — —ie does not hold for the whole Lagrangian, for the
same reasons as in the spinor case, with the same cure.

III. STRONG-FIELD APPROXIMATION

We now use the formulations of Secs. IT A and IIB to
find the leading terms in the approximation of the strong-
field limit (|E|, |B| > E,). Since Eqs. (15) and (19) are
expressed in terms of the Lorentz invariant terms S =
E>— B andP=E- E, we must ensure that this limit is
properly reflected in these variables. There is no direct way
to translate the above limit to the variables €, 8. Thus we
shall look at some special cases:

() IS/PI > 1,

(2) €, B> E.and €/8 ~ O(1),

3) |P/S| > 1.

The first case, where the component of the magnetic field
in the direction of the electric field is small, is discussed in
detail in [38] for the spinor case. We briefly revisit this case
in Sec. IIT A 1, and discuss the scalar case in Sec. IIIB 1.
In Secs. I A2 and 1B 2we study the second case for
spinor and scalar QED, respectively, which is a general-
ization of the third case to be studied in Secs. III A3 and
III B 3. In six cases we find that the leading order correction
is logarithmic, giving the possibility to rewrite the result as
a power with an anomalous exponent. We additionally find
that the only difference between scalar and spinor QED lies
in a factor of 4 for this exponent.
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A. Strong-field approximation for spinor QED
1. Small-P expansion

As described in Ref. [38] for the case that the component
of the magnetic field in direction of the electric field is
small we can expand the corrections to the Lagrangian in
the following way:

IAL(S, P)

—AL(S,0)+ P2 +.... (0

AL(S, P) op o

Here we concentrate on the lowest order which means
P = 0. Looking at (4), we see that this corresponds to € =
V25, B=0for $>0and e =0, B = /28, for § <O0.
These cases have been studied in [22,43]. Using
lim ,_,,J(iz) = 0, as well as lim ._z coth (az) = 1/a we
find the real part of the Lagrangian for 8 = 0,

2 2 00
ALY, = - z ('”TE ) @1

nln

We can now look at what happens in the limit of strong
fields 4/2[S] > E.. Then we can expand the exponential
and exponential integral of J(x) defined in (12) for small x.

It is important that we first perform the summation over
n and then sort the orders of the strong field €. The
summation formulas needed for that can be found in
Appendix B. Using (B7) for real or purely imaginary €
we find

e*e? 7E
ALY = -2 ( )
2472 e

i 2( 2g'(2)+y32) L (2

e €
84

whereas for € = 0, the result is

‘ 232 E
Aﬁg‘_ — e :8 1 (7T c)
=0~ 247 **\gl

e*e?

w2
+ 5 4< 20'2) + y 3)—1—.... (23)
The first terms are those derived by Weisskopf [37] for
vanishing magnetic (e = E, 8 = 0) or electric (e =0,
B = B) fields respectively [see also [43], Eq. (13.435)
and [22], Eq. (199)]. Here {’'(z) is the derivative of the
Riemann-zeta function.

Usinge=\/-2_§0rﬂ=

v/ —28 we can now write

= ;( -B) 5 (B - B log <|EZE+BZ|)
T (o( bfzg) (24)
This can be brought into the form
o= lps@ o R - pere 05
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where we define the anomalous power

€2
6= on (26)

This is the same result as proposed in [43], Eq. (13.436).

2. General strong-field case (B, € > E,)

If we want to know more about the case 8 # 0, € # 0in
strong fields, we start from (15) and split the real part of the
action into two parts

ALY = AL+ ALP, 27)
where
2 0
ALE = e Be Z — coth (7nz)J(nx),
877 —n (28)
2B6
ALP = Z ~ coth (7n/z)J(inx/z),

8

n:1

with z = B/€ and x = wE,./e. We expand this for € > 1,
which means around x = 0. For this we must first perform
the sum over n. Note that z is not necessary small. We shall
treat it as a quantity of order 1 in our expansion, which
implies that € and B are of the same order of magnitude.

The calculations necessary for the sums are summarized
in Appendix B. Using (B23) we find the logarithmic cor-
rections to the Lagrangian for real or purely imaginary €
and S to be

2
azg, =SB 1og () sen@ 1og (D)

+ log (|x])) + %771], (29)

where 71(z) is the Dedekind eta function [48]. We can now
use its property

1
n(— ;) = n(7)V—ir, (30)
rewritten as

tog (n(i2)) = 5 log (7 () ()5

after which (29) becomes

—log(z), (1)

AL

=S ()l
T

+10g( ’8|

)

€
B

(32)
IBI
By analogy we find for the second part (observe that we
can get this result directly from the above via the duality
transformation € — i3, B — —i€)
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st -5 m (A (e o]

“alif5])) ree(far)

So that in the end we have
A L‘)t - _

iog 2:;[2 (IBI) plo <|f|>]

() ()
by

(o2 il
where the last term is only a function of the ratio of € and
BB, and thus not of logarithmic order. Thus the result reads

€

B

T

5] (33)

X log

Aﬁ‘h

R N O

For the total effective Lagrangian we find

- (6 _ [ 2log<lé3l) £lo <|E|)]
+ (9(E2 gj) (36)

This is formulated with an anomalous power as
£ = SES@IBY = L)+ (3]

where the coefficient 8 = ¢2/127 is the same as in the
small-P case.

3. Small-S expansion

In the above section we studied the case of €, > E.
while €/8 ~ O(1). While the first restriction means that
|P| > EZ the second does not necessarily mean that S is
small. To study the |P/S| > 1 case we expand

() o)

2 |P|

B =715 ) + 0(52)

If we insert this in the logarithmic order for the €, 8 > E,
case (34) we find

(38)

2 E 2
A[?(; = 2Slog<77 C)— ¢ 5S
€ 127 P/ 24w

Slog(n(l))+(9< ) (39)

4 A3

The last two terms are not of logarithmic growth so that we
by discarding them find
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" e? |P| S2
ALy = 55550 g<E2> + (9( ) (40)

For the Lagrangian we find

£m=; §“%02f5
s s?
+ @<F’ ﬁ)’ (41)

which can be brought in the form

o1 N PN
ﬁ‘=§E;6(E2_32)|E-B|5/2+..., (42)

with the anomalous power & = e?/121.

B. Strong-field approximation for scalar QED
1. Small-P expansion

Asin Sec. III A 1 we concentrate on the first order of the
expansion of the Lagrangian in P (20) which is related to
P=0 or € =425, B=0for $>0 and e=0, B =
V=28, for §<0. Using lim,.,J(iz) =0 as well as
lim ,_z csch(az) = 1/a we find the real part of the scalar
Lagrangian for 8 =0

ALY 0—1674 Z( v o) @)

Using (B28) for real or purely imaginary € we find

2.2
% e“€ 7TEC)
A£,3:0 ~ %7 ——lo g( Ie]
62 772
+ 25 (g'(z)+[1og(2) y]€)+.... (44)

Analogously we obtain for € = 0

N 232 E .
At =P (75)
0" 9672\ gl

2ﬁ2 , 77.2
— (g(z)+[1og(z) y]?)-i-.... (45)

Usinge=\/2_S0rB=

2 2 52
e - |E- — B7|
+ 962 (E° — B)log <7E§

v/ —28 we can now write

1o
L4 = E(E2 - B

S P
+ 0l —=,=<) 46
(& 5) (46)
which can be brought into the form
.1 - . o
LV =_EE -B)E -B1P?+..., (4D

where we defined the anomalous power

eZ

025049-5



HAGEN KLEINERT, ECKHARD STROBEL, AND SHE-SHENG XUE

2. General strong-field case (B, € > E)

To study the case €, 8> E,. and €/8 ~ O(1) we split
up the real part of the action (19)

ALY = AL+ ALE, (49)
where
i _l)n csch(mnz)J(nx),
n=1 (50)
ALP = - 16[737 Z _1)n csch(mn/z)J(inx/z),

n=1

with z = B/€ and x = 7E_./e. Now using (B36) we find

AL, = 16ﬁ§1 g(|X|)|: mz — 4sgn(z) log(K(llzl))]

(D

Where the function «(x), defined in Eq. (B31), unlike the
Dedekind eta function used in the spinor case in
Sec. IIT A2 is not a function which can be found in the
literature. As shown in Appendix D in Eq. (D6) it is
however possible to find a property for this function which
is analog to (30) for the Dedekind eta function. This
identity reads

K(— ;) = k(1) (52)

and can be brought into the form
. 1 1y .
log (k(iz)) = 3 log (K(E)K(IZ)). (53)

We thus by resubstituting x and z find
_%ep 7E B

iy = e ()|
log ~ 1g3 8 le] B e

RRIHIE

and analogously
Feo)
€
B

ALE = _eeB log (
)

log 167
Adding these two equations we find

B
€

>ﬁ

€
B

e
Mﬂfg:‘gg;[f” (IBI) gioe (7|

—n(3) 5 e (i)
) 5o

X log (K(i )K(i ¢

— 2log (K(i

B
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In analogy to (34) the last term is not logarithmic since it
only depends on the fraction of € and 8. This means the
logarithmic part takes the form

sty = gl @we(f) - (7}

which leads to the Lagrangian

R

52
+ @(Ez’ E2) (58)
Or formulated with an anomalous power
1 ! ! !
LY =SE(E1BI — Blel®) +..., (59

where the coefficient 8’ = ¢?/487 is the same as in the
small P case.

3. Small-S expansion

We find the |P/S| > 1 expansion from (56) by expand-
ing with the help of (38) and find

2 E e2
ALY = -2 51 (” C)— S
e T T gz B\ P 967

163

By discarding the nonlogarithmic powers we find in anal-
ogy to (40)

: e Pl
ALy, =gezSlo g<E2> + (9( ) 61)

For the whole Lagrangian we find

Slog(K(l))+(9< ) (60)

1

> E'él
%= - B+ E* — BY)1 (l )
L 2( ) T 2 2( ) log B
s s?
; (9(?’?) 62)

and thus we find

1

L% = EE;ﬁ’(ﬁ2 —B)E-BIP?+..., (63

with the anomalous power 8’ = /487

IV. CONCLUSIONS

We conclude that in the strong-field expansion, the
leading order behavior of the Euler-Heisenberg effective
Lagrangian is logarithmic, and can be formulated as a
power law for three different cases:

() IS/PI> 1,

(2) €, B> E. and €/8 ~ O(1),

3) |P/S| > 1.
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The general form is the same for scalar and spinor
QED. The only difference is a factor of 4 in the anomalous
power 6.

Let us mention here that the anomalous powers 8 and dg
are closely connected to the lowest Taylor coefficient of the
expansion of the 8 function

Ble) = Be* + O(e), (64)
where (see e.g., [21])
spinor 1 scalar
e A TR (65)

for spinor and scalar QED, respectively. This can be
explained straightforwardly since there exists a well-
known relation between the strong-field limit of the
effective Lagrangian and the perturbative beta function
which was first established in Ref. [49] and reads (see
e.g., [21])

(B + .. )E* — B log (|E* — B*]).  (66)

1
AL ~ 4
By comparing with (46) one sees that the anomalous
powers are related to 3; by

6= ,8162. (67)

‘We have not been able to derive a result for S, P > E%
This case is equivalent to |E| > |B| > E. or |B| >
|E| > E, while the fields are almost parallel. If we com-
bine the results (25) and (42) for the cases 1 and 3, we
can conjecture the more general result Eq. (7). This
correctly reduces to the cases 1 and 3 in the respective
limits and thus is more general. As a result, Eq. (7) defines
a fractional formulation for QED in the regime of
strong fields. Thus our finding exhibits an interesting simi-
larity to the fractional quantum-field theory discussed in
Ref. [50].

As mentioned in the Introduction this analogy might
allow us to use the methods developed in [25,36] to get a
converging strong-coupling expansion starting from the
diverging weak-coupling series of QED. Thus the present
paper presents a first step towards a strong-coupling theory
for QED.

The Euler-Heisenberg Lagrangian is obtained in the
configuration of constant electromagnetic fields.
Nevertheless, for the case of smooth and slow variations
of electromagnetic fields in space and time, it can be
approximately used to study interesting effects like light-
by-light scattering, photon splitting or electron-positron
pair production (for reviews see [21,22]). This implies
that the fractional QED obtained in this article could find
some applications in the regime of strong electromagnetic
fields, due to its elegant mathematical formulation. This is
particularly important for the recent rapid developments of
experimental facilities using novel strong laser sources to
reach the field strength and intensity of theoretical interest.
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Such facilities include the Extreme Light Infrastructure,'
the Exawatt Center for Extreme Light studies,” or the High
Power laser Energy Research® facility, which are planned
to exceed powers of 100 PW. Both theoretical and experi-
mental studies of the QED of strong electromagnetical
fields at the Sauter-Euler-Heisenberg scale E,. promise to
become increasingly fascinating in the coming years.
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APPENDIX A: ELEMENTARY IDENTITIES
1. Identity used for spinor QED

Here we derive the formula (8) used in Sec. IT A to
simplify the Euler-Heisenberg Lagrangian. We start from
the well-known series representations for the cotangent and
the hyperbolic cotangent function [see [45], Eq. (1.421)]

cot (7x) = — + - kzlxz 2 (A1)
1 2x e 1
thim) =—+2% A2
coth () X W,(levakz (A2)
to find
e?€fB coth (see) cot (seB) — —
452 +2
m§15 — 52, 8% +s,1 mzlsz—sm
+ 22# (A3)
n:1s2 + s%'

where we have introduced s, = nw/(e€) and s,
mar/(eB). The first sum can be decomposed as

i 1 . e 1 ( 1 1 >
2_ 2 2 2 Z 2 2\ 2 _ 2 2 2 )
a1’ S §° 85 m‘nzlsm+s,, s Sy ST+ s,

(A4)

The individual sums in (A3) can be expressed in terms of
the digamma function ¢ (z) = I"(z)/T'(z) as follows:

'See http://www.extreme-light-infrastructure.eu/.
2See http://www.xcels.iapras.ru/.
3See http://www.hiper-laser.org/.
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&1
ZW

m=1
epr & 1
- mzlmz—i-(%sn)2
B e 1 =
_277's,,[ = m+i%s, _mzlm—leﬂ ]

) )

where we have used the series representation [see [45],
Eq. (8.363)]

had 1 1
Y — py) = ;)(m - m)

The result is simplified with the identity

(AS5)

(A6)

Yl —ix) — (1 +ix) = —i(w'coth(mc) - %), (A7)

that can be derived from the reflection formula [see [45],
Eq. (8.334)] of the gamma function

T

Q=21 +2) =T - JlE)z = - . (A8
sin (7z)
The logarithmic derivative of this
et D= gl =2) = mootlms)  (A9)

and cot (iz) = —icoth (z) lead directly to (A7). This allows
us to simplify the double sum in (A4). First we have from
(A5)

@ 1 (e 1
Z 1s2 T srzl = 5(; coth (eﬂsn) - s—%), (AlO)
and
d 1 1/[ee 1
’;S% T s% :2<Sm coth (eesm) _sgn) (A]])

Now we sum the first sum in Eq. (A4) over m and the
second over n, and insert everything in (A3) to get

e?€B coth (see) cot (seB) —

1
= 2s? z — coth (ees,,) 5—- T

m=1sm S
= ¢f3 1
— 252 ) —— coth(eps,)
© -3 © 1+5
+2 fmo 4D Z Al2
lesz—sfn rglszﬁ-s% ( )

PHYSICAL REVIEW D 88, 025049 (2013)

The last two sums simplify to

2
—225;24-22{2:%(62

2

3

_ 32) i k—2
k=1

(€ =B, (A13)

so that we arrive at (8):

1 2
e?€B coth (see) cot (seB) — 2 %(62 - B?)
ee coth (ees,,) < e/3 coth(eBs,)
— 242 COTNNCEIm) _ 92§ EP COTAREP )
mzl s—s%l sr;sn s2+s%

(Al4)

2. Identity used for scalar QED

Here we derive the analog of (A14) for the bosonic case.
We start from series representations of the cosecant and
hyperbolic cosecant function [see [45], Eq. 1.422]4

1 X o (—1)F
=+ = , Al5
csc (x) T kglxz e (A15)
I 2x &= (—D*
Combining these two yields
e?€Besch(see) csc (seB) — —
- (=" (—1)” - (="
= 457 +2
mnzls —S mzlsz_sm
1 n
Z ) (A17)
where we introduced s, = nw/(e€) and s,, = m/(ep).

The first sum can now be split as

( l)m ( l)n 00 (_1)n+m 1 1
24 Z 2 2(2 2_S2+S3)'

2_ 2 _
=80 T S s? + 52 et Sm S \87 — 53,

(A18)
By analogy with (A5) we find

“The second one is straightforwardly obtained from the first
one via csch(x) = icsc (ix).
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= 1y
2

m=1
6232 00 (_1)m
772 m=1 m2 + (%Sn)2
_ B [°° (VA ]
27TSn 1m+1eﬁ m— lm—leﬂ

B ()

ofiri) o)

where we again used (A6). Now we use (A9) as well as [see
[45], Eq. (8.366.9)]

(A19)

¢<% +) = (p(% )t man(m) (A20)

and tan (iz) = itanh (z) to find
— (=)™ 1/eB eBs, eBs, 1
- th ~ tanh -
PR 2(2sn[°° ( 2 ) o ( 2 )] sg)
(A21)

= l(ﬁ csch(efBs,) — %) (A22)
2\s S

n

Summing the first sum in Eq. (A18) over m and the second
over n, we get

1
e?eBcesch(see)csc(se) ——
s

=252 Z —csch(eesm) (_ l)m
m= l m
(="

—2s? Z ﬁcsch(eﬂsn)

sz+s2

s

i +2Z(—1)"

A23
52 +9 ( )

+2 Z (— 1)'"
The two last sums are now combined to
=23 (=75, 242> (= 1)s,?
m=1 n=1
2¢2 d e?
=@ YDA =~ (e =), (A2
™ k=1
and lead to

e*eBesch(see) csc (seB) — — + —(6 )

ee csch(ees )
= 242 pym = =
§ Z( ) 5, 22—

g Z( 1y B ep csch(e,Bs )'

A25
Sy 52 +sn ( )
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APPENDIX B: SUMMATION FORMULAS

For the calculations in the main part we use the series
expansion of the exponential integral function for real and
purely imaginary arguments

k

E =v+1 + B1
i(z) =y +log*(2) Z pat (B1)
where we defined
log (|z]) forz € R
log*(z) = ) B2
0g"(2) {log(lzl) FZ forz €iR", B2)

and iR* denote the positive and negative imaginary axis
respectively. We now insert this expansion into J(x), and
calculate the required sums separately. Subsequently we
sort the powers of x in

— J(nx) — 1 ) _ .
Z " = Z?[y(e”' +e7) + e*log *(—xn)
n=1 n=1
—xn * —xn < ('xn)k
e og*(xn) +e kZl ol
=, (—xn)k
+ en Z( kk,) ] (B3)

k=1

In the expansion, the polylogarithm function Li (y) plays
an essential role. In Appendix C the series used for the
expansion of this function are derived, with the help of the
results presented there we find

o 2
> L) =T 0w, B
n=1 "
> ,; log(n)=—9,Liy(e™)ly-2=—¢"(2)+ Ok), (BS)
n=1
Yy S e = 0w, ®6)
= o Gk G —

We thus find to logarithmic order in x

Z J (nx)

2 2
~20'(2) +y 7 + - llog"(x) + log*(—)]

+ O(x). (B7)

We are now interested in the sum

i J(Zx) coth (zn). (BY)

n=1

SFor real values see [45], Eq. (8.214). The series for purely
imaginary values can be derived via Ei(*ix) = ci(x) = si(x) and
the respective series for the sine and cosine integral [see [45],
Egs. (8.232) and (8.233)].
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To calculate it we write coth (7zn) as

2

eZTrnz -1

= sgn(z)(l +2 Z 6*27”'”'1'),

J=1

coth(mzn) =1+

(B9)

where the absolute value and the sign have to be introduced
to ensure convergence of the sum for negative values of z.
To find the result for (B8) we calculate the following
sums using again the expansions of Appendix C for the
polylogarithm:

 —Lije ™) =—log(x) + Ok),  (BI0)
> ——log(n) = —d,Lise ™)1,
n=1
> y? 1
=—+—+y +t=1 2
) Y1 3 og (x)
+ ylog(x) + O(x), (B11)
e M & () & EAE-Ya
352 S 3G ow)
2
- % + O(x) (B12)
So that we arrive at
— J
3 1) _ 2 2y, + log (1) log (—x) — log *(x) log (1)
n=1 n
—log*(—x)log (—x) + O(x). (B13)
For the second part of coth (x) in (B9) we need
Z € Z e 2mjnz — _ Z IOg(l _ e*x*Zﬂ'jz)
=1 1 j= j=1
_ 1og(]‘[[1 - e*zwz]) + 0w
j=1
= — EZ —log (n(iz)) + O(x),
(B14)
where we used the fact that Li(z) = —log(l — z)

[see [51], Eq. (IL.5)] and introduced the Dedekind eta
function

n(x) = e ¥ ﬁ(l — e2miix).

j=1

(B15)

This function and the identity (30) proved in [48] play a
crucial role in the formulation of a fractional QED for the
case studied in Sec. IIT A 2. We also need

PHYSICAL REVIEW D 88, 025049 (2013)

>

n=1

(o8]
—2mjnz — _ Z (:)yLiy(e—x—27sz)|y:1
=1

=—> 9,Li,(e"2™)| ;- + O(x).
j=1
(B16)

Unfortunately we have not been able to perform this sum
over j but, since we are primarily interested in the loga-
rithmic growth we will ignore that sum for the time being.
Furthermore we find

i e M ol (xn)k 00

—2mjnz

k

i X
Lij_4(e* 277]2)@

M: M
1M8 ”M

Me

(Lll e +@(xk+1)) 0(). (BI7)

k

I
-

1

J

So that we find
> i

yz = 2ylog(n(iz)) — 2 Z dyLiy(e™2™7)| -
Jj=1

[—z T log(nuz))][log (—2) + log*(x)] + O).

(B18)

—2mjnz

O\

We can now use the fact that € and S are either real or
purely imaginary to simplify the above results. We are just
interested in J(x) and J(ix) for real x; in this case the

following holds:
log *(x) + log*(—x) = log *(ix) + log *(—ix)

= 2log (|x]), (B19)

—log*(—x)log (—x)
(B20)

log (x) log (—x) — log *(x) log (x)

= —log?(|x),

log (ix) log (—ix) — log *(ix) log (ix) — log *(—ix)log (—ix)

3
= —log2(|x]) +Z7T2. (B21)
Now we use (B7) as well as (B13) and (B18) and put them
into (B9) to find the logarithmic growth of the sums
coming from the main part for real or purely imaginary x
and real z

{Z J(:zx)}] % log (|x1), (B22)
og

n=1
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{i J(ZX) coth(Wzn)} = (—gz — sgn(z)4log(n(i|2|)))

n=1 log
X log (|xl) — sgn(z) log (Ix])*
(B23)

For the scalar case we need the following two sums:

— J(nx) — J(nx)
Z 2 (=1)" and Z 2

n=1 n=1

(—1)*csch(mzn). (B24)

These can be found, up to order x, by using the series
representation of Ei(x) analogous to (B3) together with the
following sums:

S ¢ ) = Lis—e ) = =™+ O(),  (B25
HZI n2 = L1, (& = E X), ( )
Z e,;Z log (n)(=1)" = _ayLiy(_e_x)|y=2
n=1

i)+ T 0g @) + 00
Tpf g le ’“
(B26)
ie—xn B i(xn)kzi Li (ex)—=@(x) (B27)
= o o kK S T kk!

where the series used for the polylogarithm are derived in
Appendix C. So that we find

IR CHI

n=1

77.2
£2) + 7 (10g2) ~ )

)
— E[log*(x) + log*(—x)] + O(x).
(B28)

By analogy with (B9), we write csch(7rzn) as

2e° < —27(j+Yn
csch (7TZn) = m = ngn(z)jgoe (j+2) |Z|
(B29)
We now need the sums
S 2+ e
c 2
— Z 10g(1 + e—x—27r(j+%)z)
j=0
= —log (n[] + 6—27r(j+%)z]) + O(®x)
j=0
= —Z — log (k(iz)) + O(x), (B30)

24

PHYSICAL REVIEW D 88, 025049 (2013)

where we again used Li;(z) = —log (1 — z) [see [51],
Eq. (II.5)]. We also introduced the function

K(x) 1= e BRI + e2mlt2),
=1

(B31)

Observe that unlike the Dedekind eta function (B15) used
for the spinor case the function x(x) is not defined in the
literature, but constructed for our purposes. However it is
possible to derive the property (D6) which is analogous to
the identity (30) for the Dedekind eta function used in
Sec. IIT A 2. Additionally we find

n=1

_ l)n Z e*277(j+%)nz
Jj=0

= — Z ayLiy(_e*X*ZW(jJr%)z)|y:l
=0

== 9,Li,(=e 2"0"1)| _, + O(),

j=0

(B32)

where we again have not been able to perform the sum over
J but can see that there is no logarithmic contribution
coming from this sum. The last sum we need is

Z()]iz)' Z —27r(]+])nz

Li,_, (—er27G+hay X
i (e 2 )kk!

I
M8
M

x-
I

~.
Il

j=0

I
NgE
NgE

(Lll (—e 2”(1+2)Z)k + (9(xk+1)) = O(x).

k=1j=0
(B33)
Combining these three sums we find
Z J(nzx) (—1)"csch(mrzn)
= n
T .
= Ty~ asgn(a)y] log (x(ilz)
=0
T .
+ (732 ~ sen(@2log (x(lz))
X [log *(x) + log *(—x)] + O(x). (B34)

So that in the end using the restrictions on € and B8 and
(B19) we find the logarithmic growth of the sums for real
or purely imaginary x and real z

{Z( )nJ(nx)} _

log

2
~ % log () (B35)
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{i (-1)" @ csch(ﬂ'zn)}
n=1

log

= (%z — 4sgn(z) log (K(i|Z|))) log (|x[). (B36)

APPENDIX C: POLYLOGARITHMS
Polylogarithms are defined by (see e.g., [52])

= X/ 1 o 571
— == —dt Cl
2.5 WQL%—I (D

j:

Li,(z) :=

for all complex z, s except z real and z > 1, where I'(s) is
the gamma function. The integral representation only holds
for Re(s) > 0 but can be extended to negative values with
the method of contour integration [53]

F(—-s (=0

Lis(e") o - 1dl‘,

(C2)

where H is the Hankel contour which starts at # = oo in the
upper half of the complex plane, goes to ¢t = 0, encircles
the origin in a counterclockwise sense, and then runs to t =
oo in the lower half of the complex plane. It is now possible
to modify the contour to enclose the poles and to evaluate
the integral as the sum of residues

=TI —y) i Qkim — p)P~ 1.

k=—o00

Li(e%) (C3)

By expanding in u and summing over s we find the series
representation [see [52], Eq. (9.3)]

Lije") =T —s)(—x)* ! + i g’(sj‘— ) x,  (C4)
=0

where /(z) is the Riemann-zeta function.

For positive integer values s = n = 1,2,3 both I'(1 —
n) and £(1) in the sum (for j = n + 1) diverge. If we
however look at the expansion around the poles for the
respective functions [see [51], Eq. (II.3) and [54], p. 118]

_ =0t
M-8 =[S = v
+2 (w2 - v + )] + 06
(©3)
(1+8)=S+y=0y,+ 06, (O

where vy, is the first Stieltjes constant defined by

n 2
y, = lim (Z Ing(k) - logz(") ) ~ 0577, (C7)

n—0o0

k=1

and the expansion

PHYSICAL REVIEW D 88, 025049 (2013)
(—x)rto-1 = (—x)n*1<1 + log (—x)8

+ % log (—x)28% + @(53)), (C8)

we find
Z(1+ 8)x !
113)[1"(1 —n—290)+ 7( — ]
- ¢y~ eg(-0) (©)

So that for positive integers we find the summation formula
[see also [52], Eq. (9.5)]

nl

Li, () = =gl + y = log (~)]
- i Z(n_;'—j)x] (C10)
j=0j#n-1 J*

We also need series for the derivatives of Li(e*) with
respect to s for s = n = 1, 2. We could not find those in
the literature but it is possible to derive them using the
definition of the derivative and the formulas above
: . Li,5(e") — Li,(e")
aSLlS(ex)l_S‘:n = %lir%] u 5 ’
where for the first polylogarithm we have to use (C4) and
for the second (C10)

(C11)

a,Li (e"),_, = hm {F(l —n— §)(—x) o1

xn

+— =D (1 +9)
n—1
ey L)+~ tog (]

§ {6ody

i
j=0j#n-1 J°

+ (C12)

we can now again use the expansion of gamma and zeta
function around the poles (C5) and (C6) respectively to
find

. X! 1 )
Lo = gy 5 Toe (=02 + ) log (—
1 , ?
R = ) - T~ ]
+ i L'_j)x/ (C13)
j=0jFn—1  J°

The polylogarithms we need in Appendix B have the
following expansions up to order 1 in x for £ > 1:

Li(e™) = —log(x) + O(x), (C14)
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)
Lise™) = 2=+ O(x) (C15)
(x)*Li; (™) = TTk] + O(x), (C16)
(x)'Liy— (™) = O(x), (C17)
2 2
asLis(eix)|s=1 == % - 77 ~— Y1~ 10g ()C)2
— ylog (x) + Ox) (C18)
dsLig(e™)ls—a = '(2) + O(), (C19)
where we have used the known values (1) = —vy and

£(2) = ¢/(1) = 7?/6 [see [45], Egs. (8.366) and (9.542)].
For the calculations for scalar QED we are interested in
Li;(—e"). By analogy with (C3) we find

“T -5 3 (@K Dim— ),

k=—o00

Li (—e") (C20)

which by again expanding in p and summing over k can be
brought in the form

Li,(—e") = Z =) g —ames, can
= J
for positive integer values s=n=1,2,3,...and j = n — 1.

The sum contains the divergent (1), however it is finite
since

Tim (1-2/%1790(s = j) = —log (). (C22)
jon—
Such that we find
n—1
. X — x
Li,(—e*) = —log (2)701 —
D U —~ Dit =2ty (23)
j=0j#n—-1 J*

We also need the derivative of the polylogarithm with
respect to s for positive integer values which can be derived
analogously to (C13) and takes the form

n—1

X
(n—1)!

@ = =271

. 1
o Li(—ely = (5 g @ - ylog (2)
j:(],quﬁn*l

+ log (2)2/* 174 (n — j)). (C24)

So that the polylogarithms needed in Appendix B take the
form

2
Li,(—e™) = — B + O(x), (C25)

PHYSICAL REVIEW D 88, 025049 (2013)
(O*Liy_i(—e ™) = O(x), (C26)

d,Lig(—e™)|=p = — —{’(2)

where we have used {(2) = 72 / 6 [see [45], Eq. (9.542)].

— log (2) + O(x), (C27)

APPENDIX D: IDENTITY FOR THE
FUNCTION k(x)

In this appendix we prove an identity for the function
k(x) which is useful for our calculations. The proof is
inspired by a proof for an identity for the Dedekind eta
function [48]. We will use

f(z) = csc(z) cse (;)

nekN,

(D1)
iTr € R

The function F(z) = z~ ! f(vz) has poles of order one at

k —1)k k
7= = ™ with residue (=1 cot (W—)
v Tk T

and

hr (= D!

7= = with residue

cot (kT),

14
for k € N as well as one pole of order three at
. . 1 1
z =0 with residue —(7’ + —).
6 T

If we now choose the contour C, to be the thombus with
endpoints at 1, 7, —1, 7 in the z plane we can use the
residue theorem to find

j f(Vz)g(vaz)—=4 Z( 0k I:csc(#k>+csc(77kr)i|

1
+ 11<T + —). (D2)
3 T
Now we can write the cosecant function as
) e*Zix ) eZix
CSC (x) = 211_76_2” = —-2i 1= eZix’ (D3)

which shows that the limit of f(vz) for n— oo
everywhere in the complex plane except the axes is 0.
We thus find

i (_kl)k [csc (ﬂ-?k) + csc(7rk7'):|

k=1

1772(7+ 1) (D4)

Observe that for 7 = ie/ this is proportional to the con-
stant order of (18). We are however mainly interested in the
logarithmic order. One could now try to set F(z) =
7 'f(vz)In(vzE./€), which would in fact give the
logarithmic order of the sum in the residues. However
things get more complicated due to the branch cut of the
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logarithm. More importantly the integral on the contour
C diverges.
Finally it is possible to start from F(z) =
2 ' f(vz)J(vzE./€). By doing so, the sum of the residues
gives exactly (19) and the integral along the contour C,
vanishes again. One however has to alter the integration
contour to avoid the branch cuts. Integrating along the
J

00 (_l)k ) ] 00
Z oS (imkz) = —i Z
k=1 k=1

= —2isgn(z) log[«(ilz])] — 1—7; iz.

This again is not surprising since the need to define x(x)
arose from the summation over the hyperbolic cosecant
function in Eq. (B30). Now using this and (D4) we arrive at

the identity
1
K<— —) = k(7) (D6)
T

(=D
k

PHYSICAL REVIEW D 88, 025049 (2013)

branch cuts gives exactly the integral (6). This is not
surprising since this is the integral we started from to
derive (19).

We can use (D4) to find an identity for the function «(x)
which we defined in analogy to the Dedekind eta function
in Appendix B. To do so we use the definition of «(x) (B31)
and (B29) to find

2sen(z) Z e—27(j+Dnlzlk
=0

—2isgn(z) Z log[1 + 6*277(‘1'+%)n|zlk]

j=0

(D5)

for 7 purely imaginary. Observe that although the defini-
tion of k(x) may seem artificial it was defined for conve-
nience and to show parallels to the spinor case. It would of
course be possible to do the whole calculations without
defining the function and use directly (D4) instead of the
identity.
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