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In 1936, Weisskopf [K. Dan. Vidensk. Selsk. Mat. Fys. Medd. XIV (1936)] showed that for vanishing

electric or magnetic fields the strong-field behavior of the one-loop Euler-Heisenberg effective Lagrangian

of quantum electro dynamics (QED) is logarithmic. Here we generalize this result for different limits of

the Lorentz invariants ~E2 � ~B2 and ~B � ~E. The logarithmic dependence can be interpreted as a lowest-

order manifestation of an anomalous power behavior of the effective Lagrangian of QED, with critical

exponents � ¼ e2=ð12�Þ for spinor QED, and �S ¼ �=4 for scalar QED.
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I. INTRODUCTION

In 1931 Sauter [1] and four years later Heisenberg and
Euler [2] provided a first description of the vacuum proper-
ties of QED. They identified a characteristic scale of strong
field Ec ¼ m2

ec
3=eℏ, at which the field energy is sufficient

to create electron positron pairs from the vacuum, and
calculated an effective Lagrangian that will replace the
Maxwell Lagrangian at strong fields. In 1951, Schwinger
[3–5] gave an elegant quantum-field theoretic reformulation
of their result in the spinor and scalar QED framework (see
also [6,7]). The description was further extended to space-
time dependent electromagnetic fields in Refs. [8–14]. The
monographs [15–19] and the recent review articles [20–22]
can be consulted for more detailed calculations, discussions
and bibliographies. Since then, the properties of QED in
strong electromagnetic fields have become a vast arena of
theoretical research, awaiting experimental verification as
well as further theoretical understanding.

An interesting aspect of effective field theories in the
strong-field limit has recently been emphasized in a com-
pletely different class of quantum-field theories. These have
the property of developing an anomalous power behavior in
the strong-field limit. It is experimentally observable at the
critical point in second-order phase transitions, and for this
reason such a power behavior is also called critical behav-
ior. It arises if the so-called beta function (also called the
Stueckelberg-Petermann function or the Gell-Mann–Low
function) [23,24], which governs the logarithmic growth
of the coupling strength for varying energy scale, has a fixed
point in the infrared. In such theories, it is possible to take
the theory to the limit of infinite coupling strength. The
effective action can usually be calculated in perturbation
theory as a power series in the fields. The coefficients are
the one-particle irreducible n-point vertex functions of the

theory. In the limit of large field strength, this power series
can be shown to develop an anomalous power behavior with
irrational exponents [25]. Also the gradient terms in this
effective action show anomalous powers [26].
In the past many authors have argued that in QED such a

fixed point may exist [27–31] and could ultimately explain
the numerical value of the fine structure constant. However
it is presently believed to be absent. Lattice simulations as
well as functional renormalization group methods show
that chiral symmetry breaking prevents QED from reach-
ing a fixed point [32,33]. This is supported by studies of the
Gell-Mann–Low function [34]. However a fixed point
might exist if one adds gravity to the theory [35]. In this
article we shall not assume the existence of such a fixed
point, but point out that at strong fields, the effective action
in the weak-coupling expansion, namely the Euler-
Heisenberg effective action, exhibits a power behavior
that is typical for critical phenomena.
This anomalous power behavior in the weak-coupling

expansion can be seen as a first step in the direction of a
strong-coupling QED theory, by analogy with the above
mentioned behavior for strong-coupling quantum-field
theories. This could be reached by using a technique to
go from diverging weak-coupling series to a converging
strong-coupling series which was developed in the context
of �4 theories [25,36]. However these calculations are left
for future work.
In QED, the nonperturbative, one-loop effective action

takes the form

�Leff½A� ¼ �i tr log

�
i6@� e 6AðxÞ �me

i6@�me

�
; (1)

with the classical external gauge potential A� and

Feynman’s slashed notation 6v :¼ ��v�. Heisenberg and

Euler [2] and Weisskopf [37] showed that for a constant
classical external field this can be brought to the form
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�Leff ¼ � 1

2ð2�Þ2
Z 1

0

ds

s

�
e2�� coth ðse�Þ cot ðse�Þ

� 1

s2
� e2

3
ð�2 � �2Þ

�
e�isðm2

e�i�Þ; (2)

where � and � are Lorentz invariant variables defined by

�2 � �2 :¼ ~E2 � ~B2 :¼ � 1

2
F�	F

�	 ¼: 2S;

�� :¼ ~E � ~B :¼ �F�	
~F�	 ¼: P; (3)

where ~E and ~B are the electric and magnetic field strength,
F�	 ¼ @�A	 � @	A� is the field strength tensor and S and

P are scalar and pseudoscalar combinations thereof.
Explicitly, the quantities � and � are given by

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
þ S

q
; � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
� S

q
: (4)

For scalar QED, the corresponding quantity reads

�Leff½A� ¼ i

2
tr log

�½i@� � eA�ðxÞ�2 �m2
e

�@2� �m2
e

�
; (5)

which for constant classical external fields can be brought
in the form [37]

�Leff ¼ 1

4ð2�Þ2
Z 1

0

ds

s

�
e2��cschðse�Þ csc ðse�Þ

� 1

s2
þ e2

6
ð�2 � �2Þ

�
e�isðm2

e�i�Þ; (6)

where csc ðxÞ ¼ 1= sin ðxÞ and cschðxÞ ¼ 1= sinh ðxÞ. There
are several analytic reformulations and studies of the
Euler-Heisenberg Lagrangians (2) and (6) in Refs. [38–43].

In Ref. [37], Weisskopf showed that the leading behavior
of the effective Lagrangian (6) for strong magnetic and
electric fields is logarithmic for vanishing electric and
magnetic fields respectively. In this article we generalize
this for several special cases of the variables P, S and �, �,
and express the results compactly as a fractional general-
ization of the Lagrangians (2) and (6)

Leff ¼ 1

2
E�2�
c ð ~E2 � ~B2Þðj ~E2 � ~B2jj ~E � ~BjÞ�=2 þ . . . ; (7)

which is valid in the limit of strong electromagnetic fields,
with the anomalous power � ¼ e2=ð12�Þ for spinor QED
and �S ¼ �=4 for scalar QED.

In Sec. II, we briefly review the series representation of
the Euler-Heisenberg-Lagrangian (2) and (6), which has
been derived in various places over the years [39–42]. In
Sec. III, we derive the fractional expression (7) by using
this series representation and performing a strong-field
expansion up to the leading logarithmic order. In order to
make the text and ideas most transparent, we relegate
detailed technical calculations to the Appendices.

II. REFORMULATION OF THE EULER-
HEISENBERG LAGRANGIAN

In this section we use an identity to bring the Euler-
Heisenberg Lagrangian (2) to a form that will be used in
Sec. III to go to strong fields. This reformulation has been
done similarly in the past [22,39–41] for spinor QED. We
shortly review this in Sec. II A. For scalar QED the proce-
dure is presented in Sec. II B.

A. Reformulation of the spinor
Euler-Heisenberg Lagrangian

A useful expansion, to be derived in Appendix A 1, is
[44]

e2�� coth ðse�Þ cot ðse�Þ � 1

s2
� e2

3
ð�2 � �2Þ

¼ 2s2
X1
m¼1

e�

sm

coth ðe�smÞ
s2 � s2m

� 2s2
X1
n¼1

e�

sn

coth ðe�snÞ
s2 þ s2n

;

(8)

with sn ¼ n�=ðe�Þ and sm ¼ m�=ðe�Þ. Inserting that into
(2), it becomes

�Leff ¼ � 1

ð2�Þ2
Z 1

0
dss

�X1
m¼1

e�

sm

coth ðe�smÞ
s2 � s2m

� X1
n¼1

e�

sn

coth ðe�snÞ
s2 þ s2n

�
e�isðm2

e�i�Þ: (9)

We now rotate the integration contour to s ¼ i
=ðm2
e � i�Þ

where 
 runs along the real axis from zero to infinity, and
the mass carries the usual negative infinitesimal part �i�
to ensure that the electron wave function goes to zero at
infinite time, and we obtain

�Leff ¼ � m2
e

ð2�Þ2
Z 1

0
d



�X1
m¼1

e�

�m

coth ðe�
mÞ

2 � ði�mÞ2

� X1
n¼1

e�

�n

coth ðe�
nÞ

2 � �2

n

�
e�
; (10)

with �k ¼ skðm2
e � i�Þ for k ¼ m, n. Performing the in-

tegrals over 
, we arrive at the effective Lagrangian of
QED. It has an imaginary part from the poles at i�m and�n

in the integral, leading to the so-called Schwinger decay
rate of the vacuum [3–5]

�L=
eff ¼

im2
e

4�

X1
n¼1

e�

�n

coth

�
e�

m2
e


n

�
e��n : (11)

The real part �L<
eff can be derived with the help of the

principal value integral [see [45], Eq. (3.354)]

P
Z 1

0
ds

se�s

s2 � z2
¼ � 1

2
JðzÞ

:¼ � 1

2
ðe�zEiðzÞ þ ezEið�zÞÞ; (12)
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where EiðxÞ denotes the exponential integral [see [45],
Eq. (8.211)]

EiðxÞ ¼ �
Z 1

�x

e�t
t

dt: (13)

The result is

�L<
eff ¼

m2
e

2ð2�Þ2
�X1
m¼1

e�

�m

coth

�
e�

m2
e

�m

�
Jði�mÞ

� X1
n¼1

e�


n
coth

�
e�

m2
e

�n

�
Jð�nÞ

�
: (14)

Equation (14) was first presented in Ref. [39], later in
different versions in [40,41]. The above version does not
quite conform with standard mathematical notation, since
the exponential integral is usually defined for real values
only (for details see [46]). Nevertheless, since it is easily
extended to purely imaginary values, using the sine and
cosine integral (see Appendix B for details) we proceed
with the slightly improper notation for convenience.

Combining (11) and (14) and resubstituting �n and �m

we find the total one-loop effective Lagrangian of QED for
constant fields

�Leff ¼ e2

ð2�Þ3
X1
n¼1

��

n

�
coth

�
�
�

�
n

�
J

�
in�Ec

�

�

�coth

�
�
�

�
n

��
J

�
n�Ec

�

�
�2�iexp

�
�n�Ec

�

���
:

(15)

Observe that this is not invariant under the duality trans-
formation � ! i�, � ! �i�. This is due do the fact that
for the extraction of the imaginary part we assumed � and
� to be real. There exists however the possibility to incor-
porate the imaginary part into a formulation via analytic
continuation using incomplete gamma functions. This and
its significance for the duality has been studied at length in
the literature [46,47]. We are however only interested in the
real part, which also in the above formulation is invariant
under the duality transformation.

B. Reformulation of the scalar
Euler-Heisenberg Lagrangian

We now reformulate the scalar Euler-Heisenberg
Lagrangian in the same way. Here (8) becomes (see
Appendix A 2) [44]

e2��cschðse�Þ csc ðse�Þ � 1

s2
þ e2

6
ð�2 � �2Þ

¼ 2s2
X1
m¼1

ð�1Þm e�

sm

cschðe�smÞ
s2 � s2m

� 2s2
X1
n¼1

ð�1Þn e�
sn

cschðe�snÞ
s2 þ s2n

; (16)

and (11) changes slightly to

�L=
eff ¼ � im2

e

8�

X1
n¼1

ð�1Þn e�

n

csch

�
e�

m2
e

�n

�
e��n ; (17)

a form first found by Popov [9,21]. Using the principal
value integral (12), the real part of the scalar effective
Lagrangian becomes

�L<
eff ¼

m2
e

4ð2�Þ2
�X1
n¼1

ð�1Þn e�
�n

csch

�
e�

m2
e

�n

�
Jð�nÞ

� X1
m¼1

ð�1Þm e�

�m

csch

�
e�

m2
e

�m

�
Jði�mm

2
eÞ
�
; (18)

and the full scalar Lagrangian reads, by analogy with (15),

�Leff ¼ e2

2ð2�Þ3
X1
n¼1

ð�1Þn��
n

�
csch

�
�
�

�
n

��
J

�
n�Ec

�

�

�2�iexp

�
�n�Ec

�

��
�csch

�
�
�

�
n

�
J

�
in�Ec

�

��
:

(19)

As in the spinor case, the duality transformation � ! i�,
� ! �i� does not hold for the whole Lagrangian, for the
same reasons as in the spinor case, with the same cure.

III. STRONG-FIELD APPROXIMATION

We now use the formulations of Secs. II A and II B to
find the leading terms in the approximation of the strong-

field limit (j ~Ej, j ~Bj � Ec). Since Eqs. (15) and (19) are

expressed in terms of the Lorentz invariant terms S ¼
~E2 � ~B2 and P ¼ ~E � ~B, we must ensure that this limit is
properly reflected in these variables. There is no direct way
to translate the above limit to the variables �, �. Thus we
shall look at some special cases:
(1) jS=Pj � 1,
(2) �, � � Ec and �=��Oð1Þ,
(3) jP=Sj � 1.

The first case, where the component of the magnetic field
in the direction of the electric field is small, is discussed in
detail in [38] for the spinor case. We briefly revisit this case
in Sec. III A 1, and discuss the scalar case in Sec. III B 1.
In Secs. III A 2 and III B 2we study the second case for
spinor and scalar QED, respectively, which is a general-
ization of the third case to be studied in Secs. III A 3 and
III B 3. In six cases we find that the leading order correction
is logarithmic, giving the possibility to rewrite the result as
a power with an anomalous exponent. We additionally find
that the only difference between scalar and spinor QED lies
in a factor of 4 for this exponent.
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A. Strong-field approximation for spinor QED

1. Small-P expansion

As described in Ref. [38] for the case that the component
of the magnetic field in direction of the electric field is
small we can expand the corrections to the Lagrangian in
the following way:

�LðS; PÞ ¼ �LðS; 0Þ þ P
@�LðS; PÞ

@P

��������P¼0
þ . . . : (20)

Here we concentrate on the lowest order which means

P ¼ 0. Looking at (4), we see that this corresponds to � ¼ffiffiffiffiffiffi
2S

p
, � ¼ 0 for S > 0 and � ¼ 0, � ¼ ffiffiffiffiffiffiffiffiffiffi�2S

p
, for S < 0.

These cases have been studied in [22,43]. Using
lim z!1JðizÞ ¼ 0, as well as lim z!0z coth ðazÞ ¼ 1=a we
find the real part of the Lagrangian for � ¼ 0,

�L<
�¼0 ¼ � e2�2

8�4

X1
n¼1

1

n2
J

�
n�Ec

�

�
: (21)

We can now look at what happens in the limit of strong

fields
ffiffiffiffiffiffiffiffiffi
2jSjp � Ec. Then we can expand the exponential

and exponential integral of JðxÞ defined in (12) for small x.
It is important that we first perform the summation over

n and then sort the orders of the strong field �. The
summation formulas needed for that can be found in
Appendix B. Using (B7) for real or purely imaginary �
we find

�L<
�¼0 ¼ � e2�2

24�2
log

�
�Ec

j�j
�

� e2�2

8�4

�
�2� 0ð2Þ þ �

�2

3

�
þ . . . ; (22)

whereas for � ¼ 0, the result is

�L<
�¼0 ¼

e2�2

24�2
log

�
�Ec

j�j
�

þ e2�2

8�4

�
�2� 0ð2Þ þ �

�2

3

�
þ . . . : (23)

The first terms are those derived by Weisskopf [37] for
vanishing magnetic (� ¼ E, � ¼ 0) or electric (� ¼ 0,
� ¼ B) fields respectively [see also [43], Eq. (13.435)
and [22], Eq. (199)]. Here � 0ðzÞ is the derivative of the
Riemann-zeta function.

Using � ¼ ffiffiffiffiffiffi
2S

p
or � ¼ ffiffiffiffiffiffiffiffiffiffi�2S

p
we can now write

L< ¼ 1

2
ð ~E2 � ~B2Þ þ e2

24�2
ð ~E2 � ~B2Þ log

�j ~E2 � ~B2j
E2
c

�

þO
�
S

E2
c

;
P

S

�
: (24)

This can be brought into the form

L< ¼ 1

2
E��
c ð ~E2 � ~B2Þj ~E2 � ~B2j�=2 þ . . . ; (25)

where we define the anomalous power

� :¼ e2

12�
: (26)

This is the same result as proposed in [43], Eq. (13.436).

2. General strong-field case (�, � � Ec)

If we want to know more about the case � � 0, � � 0 in
strong fields, we start from (15) and split the real part of the
action into two parts

�L< ¼ �L� þ�L�; (27)

where

�L� ¼ � e2��

8�3

X1
n¼1

1

n
coth ð�nzÞJðnxÞ;

�L� ¼ e2��

8�3

X1
n¼1

1

n
coth ð�n=zÞJðinx=zÞ;

(28)

with z ¼ �=� and x ¼ �Ec=�. We expand this for � � 1,
which means around x ¼ 0. For this we must first perform
the sum over n. Note that z is not necessary small. We shall
treat it as a quantity of order 1 in our expansion, which
implies that � and � are of the same order of magnitude.
The calculations necessary for the sums are summarized

in Appendix B. Using (B23) we find the logarithmic cor-
rections to the Lagrangian for real or purely imaginary �
and � to be

�L�
log ¼ e2��

8�3
log ðjxjÞ

�
sgnðzÞð4 log ð�ðijzjÞÞ

þ log ðjxjÞÞ þ 1

3
�z

�
; (29)

where �ðzÞ is the Dedekind eta function [48]. We can now
use its property

�

�
� 1




�
¼ �ð
Þ ffiffiffiffiffiffiffiffiffi�i


p
; (30)

rewritten as

log ð�ðizÞÞ ¼ 1

2
log

�
�

�
i

z

�
�ðizÞ

�
� 1

4
log ðzÞ; (31)

after which (29) becomes

�L�
log ¼ e2��

8�3
log

�
�Ec

j�j
�
sgn

�
�

�

�

�
�
2 log

�
�

�
i

��������
�

�

��������
�
�

�
i

��������
�

�

��������
��

þ log

�
�Ec

j�j
�
þ

��������
�

�

��������
�

3

�
: (32)

By analogy we find for the second part (observe that we
can get this result directly from the above via the duality
transformation � ! i�, � ! �i�)
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�L�
log ¼ � e2��

8�3
log

�
�Ec

j�j
�
sgn

�
�

�

��
2 log

�
�

�
i

��������
�

�

��������
�

� �

�
i

��������
�

�

��������
��

þ log

�
�Ec

j�j
�
þ

��������
�

�

��������
�

3

�
: (33)

So that in the end we have

�L<
log ¼ � e2

24�2

�
�2 log

�
�Ec

j�j
�
� �2 log

�
�Ec

j�j
��

þ sgn

�
�

�

�
e2��

4�3
log

�j�j
j�j

�

� log

�
�

�
i

��������
�

�

��������
�
�

�
i

��������
�

�

��������
��
; (34)

where the last term is only a function of the ratio of � and
�, and thus not of logarithmic order. Thus the result reads

�L<
log ¼ e2

24�2

�
�2 log

� j�j
�Ec

�
� �2 log

� j�j
�Ec

��
: (35)

For the total effective Lagrangian we find

L< ¼ 1

2
ð�2 � �2Þ þ e2

24�2

�
�2 log

�j�j
Ec

�
� �2 log

�j�j
Ec

��

þO
�
�2

E2
c

;
�2

E2
c

�
: (36)

This is formulated with an anomalous power as

L< ¼ 1

2
E��
c ð�2j�j� � �2j�j�Þ þ . . . ; (37)

where the coefficient � ¼ e2=12� is the same as in the
small-P case.

3. Small-S expansion

In the above section we studied the case of �, � � Ec

while �=��Oð1Þ. While the first restriction means that
jPj � E2

c the second does not necessarily mean that S is
small. To study the jP=Sj � 1 case we expand

� ¼
ffiffiffiffiffiffiffi
jPj

p �
1þ 1

2

S

jPj
�
þO

�
S2

P2

�
;

� ¼
ffiffiffiffiffiffiffi
jPj

p �
1� 1

2

S

jPj
�
þO

�
S2

P2

�
:

(38)

If we insert this in the logarithmic order for the �, � � Ec

case (34) we find

�L<
log ¼ � e2

12�2
S log

�
�EcffiffiffiffiffiffiffijPjp

�
� e2

24�2
S

� e2

4�3
S log ð�ðiÞÞ þO

�
S2

P2

�
: (39)

The last two terms are not of logarithmic growth so that we
by discarding them find

�L<
log ¼ e2

24�2
S log

�jPj
E2
c

�
þO

�
S2

P2

�
: (40)

For the Lagrangian we find

L< ¼ 1

2
ð ~E2 � ~B2Þ þ e2

48�2
ð ~E2 � ~B2Þ log

�j ~E � ~Bj
E2
c

�

þO
�
S

E2
c

;
S2

P2

�
; (41)

which can be brought in the form

L< ¼ 1

2
E��
c ð ~E2 � ~B2Þj ~E � ~Bj�=2 þ . . . ; (42)

with the anomalous power � ¼ e2=12�.

B. Strong-field approximation for scalar QED

1. Small-P expansion

As in Sec. III A 1 we concentrate on the first order of the
expansion of the Lagrangian in P (20) which is related to

P ¼ 0 or � ¼ ffiffiffiffiffiffi
2S

p
, � ¼ 0 for S > 0 and � ¼ 0, � ¼ffiffiffiffiffiffiffiffiffiffi�2S

p
, for S < 0. Using lim z!1JðizÞ ¼ 0 as well as

lim z!0z cschðazÞ ¼ 1=a we find the real part of the scalar
Lagrangian for � ¼ 0

�L<
�¼0 ¼

e2�2

16�4

X1
n¼1

ð�1Þn
n2

J

�
n�Ec

�

�
: (43)

Using (B28) for real or purely imaginary � we find

�L<
�¼0¼� e2�2

96�2
log

�
�Ec

j�j
�

þ e2�2

16�4

�
� 0ð2Þþ½logð2Þ����

2

6

�
þ . . . : (44)

Analogously we obtain for � ¼ 0

�L<
�¼0¼

e2�2

96�2
log

�
�Ec

j�j
�

� e2�2

16�4

�
� 0ð2Þþ½logð2Þ����

2

6

�
þ . . . : (45)

Using � ¼ ffiffiffiffiffiffi
2S

p
or � ¼ ffiffiffiffiffiffiffiffiffiffi�2S

p
we can now write

L< ¼ 1

2
ð ~E2 � ~B2Þ þ e2

96�2
ð ~E2 � ~B2Þ log

�j ~E2 � ~B2j
E2
c

�

þO
�
S

E2
C

;
P

S

�
; (46)

which can be brought into the form

L< ¼ 1

2
E��0
c ð ~E2 � ~B2Þj ~E2 � ~B2j�0=2 þ . . . ; (47)

where we defined the anomalous power

�0 :¼ e2

48�
: (48)
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2. General strong-field case (�, � � Ec)

To study the case �, � � Ec and �=��Oð1Þ we split
up the real part of the action (19)

�L< ¼ �L� þ �L�; (49)

where

�L� ¼ e2��

16�3

X1
n¼1

ð�1Þn
n

cschð�nzÞJðnxÞ;

�L� ¼ � e2��

16�3

X1
n¼1

ð�1Þn
n

cschð�n=zÞJðinx=zÞ;
(50)

with z ¼ �=� and x ¼ �Ec=�. Now using (B36) we find

�L�
log ¼ e2��

16�3
log ðjxjÞ

�
1

3
�z� 4sgnðzÞ log ð
ðijzjÞÞ

�
:

(51)

Where the function 
ðxÞ, defined in Eq. (B31), unlike the
Dedekind eta function used in the spinor case in
Sec. III A 2 is not a function which can be found in the
literature. As shown in Appendix D in Eq. (D6) it is
however possible to find a property for this function which
is analog to (30) for the Dedekind eta function. This
identity reads




�
� 1




�
¼ 
ð
Þ (52)

and can be brought into the form

log ð
ðizÞÞ ¼ 1

2
log

�



�
i

z

�

ðizÞ

�
: (53)

We thus by resubstituting x and z find

�L�
log ¼ e2��

16�3
log

�
�Ec

j�j
�
sgn

�
�

�

����������
�

�

��������
�

6

� 2 log

�



�
i

��������
�

�

��������
�



�
i

��������
�

�

��������
���

(54)

and analogously

�L�
log ¼ � e2��

16�3
log

�
�Ec

j�j
�
sgn

�
�

�

����������
�

�

��������
�

6

� 2 log

�



�
i

��������
�

�

��������
�



�
i

��������
�

�

��������
���

: (55)

Adding these two equations we find

�L<
log ¼ � e2

96�2

�
�2 log

�
�Ec

j�j
�
� �2 log

�
�Ec

j�j
��

� sgn

�
�

�

�
e2��

8�3
log

�j�j
j�j

�

� log

�



�
i

��������
�

�

��������
�



�
i

��������
�

�

��������
��

: (56)

In analogy to (34) the last term is not logarithmic since it
only depends on the fraction of � and �. This means the
logarithmic part takes the form

�L<
log ¼ � e2

96�2

�
�2 log

�
�Ec

j�j
�
� �2 log

�
�Ec

j�j
��

; (57)

which leads to the Lagrangian

L< ¼ 1

2
ð�2 � �2Þ þ e2

96�2

�
�2 log

�j�j
Ec

�
� �2 log

�j�j
Ec

��

þO
�
�2

E2
c

;
�2

E2
c

�
: (58)

Or formulated with an anomalous power

L< ¼ 1

2
E��0
c ð�2j�j�0 � �2j�j�0 Þ þ . . . ; (59)

where the coefficient �0 ¼ e2=48� is the same as in the
small P case.

3. Small-S expansion

We find the jP=Sj � 1 expansion from (56) by expand-
ing with the help of (38) and find

�L<
log ¼ � e2

48�2
S log

�
�EcffiffiffiffiffiffiffijPjp

�
� e2

96�2
S

þ e2

16�3
S log ð
ðiÞÞ þO

�
S2

P2

�
: (60)

By discarding the nonlogarithmic powers we find in anal-
ogy to (40)

�L<
log ¼ e2

96�2
S log

�jPj
E2
c

�
þO

�
S2

P2

�
: (61)

For the whole Lagrangian we find

L< ¼ 1

2
ð ~E2 � ~B2Þ þ e2

192�2
ð ~E2 � ~B2Þ log

�j ~E � ~Bj
E2
c

�

þO
�
S

E2
c

;
S2

P2

�
(62)

and thus we find

L< ¼ 1

2
E��0
c ð ~E2 � ~B2Þj ~E � ~Bj�0=2 þ . . . ; (63)

with the anomalous power �0 ¼ e2=48�.

IV. CONCLUSIONS

We conclude that in the strong-field expansion, the
leading order behavior of the Euler-Heisenberg effective
Lagrangian is logarithmic, and can be formulated as a
power law for three different cases:
(1) jS=Pj � 1,
(2) �, � � Ec and �=��Oð1Þ,
(3) jP=Sj � 1.
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The general form is the same for scalar and spinor
QED. The only difference is a factor of 4 in the anomalous
power �.

Let us mention here that the anomalous powers � and �S

are closely connected to the lowest Taylor coefficient of the
expansion of the � function

�ðeÞ ¼ �1e
3 þOðe5Þ; (64)

where (see e.g., [21])

�spinor
1 ¼ 1

12�2
; �scalar

1 ¼ 1

48�2
; (65)

for spinor and scalar QED, respectively. This can be
explained straightforwardly since there exists a well-
known relation between the strong-field limit of the
effective Lagrangian and the perturbative beta function
which was first established in Ref. [49] and reads (see
e.g., [21])

�Leff � 1

4
ð�1e

2 þ . . .Þð ~E2 � ~B2Þ log ðj ~E2 � ~B2jÞ: (66)

By comparing with (46) one sees that the anomalous
powers are related to �1 by

� ¼ �1e
2: (67)

We have not been able to derive a result for S, P � E2
c.

This case is equivalent to j ~Ej � j ~Bj � Ec or j ~Bj �
j ~Ej � Ec while the fields are almost parallel. If we com-
bine the results (25) and (42) for the cases 1 and 3, we
can conjecture the more general result Eq. (7). This
correctly reduces to the cases 1 and 3 in the respective
limits and thus is more general. As a result, Eq. (7) defines
a fractional formulation for QED in the regime of
strong fields. Thus our finding exhibits an interesting simi-
larity to the fractional quantum-field theory discussed in
Ref. [50].

As mentioned in the Introduction this analogy might
allow us to use the methods developed in [25,36] to get a
converging strong-coupling expansion starting from the
diverging weak-coupling series of QED. Thus the present
paper presents a first step towards a strong-coupling theory
for QED.

The Euler-Heisenberg Lagrangian is obtained in the
configuration of constant electromagnetic fields.
Nevertheless, for the case of smooth and slow variations
of electromagnetic fields in space and time, it can be
approximately used to study interesting effects like light-
by-light scattering, photon splitting or electron-positron
pair production (for reviews see [21,22]). This implies
that the fractional QED obtained in this article could find
some applications in the regime of strong electromagnetic
fields, due to its elegant mathematical formulation. This is
particularly important for the recent rapid developments of
experimental facilities using novel strong laser sources to
reach the field strength and intensity of theoretical interest.

Such facilities include the Extreme Light Infrastructure,1

the Exawatt Center for Extreme Light studies,2 or the High
Power laser Energy Research3 facility, which are planned
to exceed powers of 100 PW. Both theoretical and experi-
mental studies of the QED of strong electromagnetical
fields at the Sauter-Euler-Heisenberg scale Ec promise to
become increasingly fascinating in the coming years.
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APPENDIX A: ELEMENTARY IDENTITIES

1. Identity used for spinor QED

Here we derive the formula (8) used in Sec. II A to
simplify the Euler-Heisenberg Lagrangian. We start from
thewell-known series representations for the cotangent and
the hyperbolic cotangent function [see [45], Eq. (1.421)]

cot ð�xÞ ¼ 1

�x
þ 2x

�

X1
k¼1

1

x2 � k2
; (A1)

coth ð�xÞ ¼ 1

�x
þ 2x

�

X1
k¼1

1

x2 þ k2
; (A2)

to find

e2�� coth ðse�Þ cot ðse�Þ � 1

s2

¼ 4s2
X1

m;n¼1

1

s2 � s2m

1

s2 þ s2n
þ 2

X1
m¼1

1

s2 � s2m

þ 2
X1
n¼1

1

s2 þ s2n
; (A3)

where we have introduced sn ¼ n�=ðe�Þ and sm ¼
m�=ðe�Þ. The first sum can be decomposed as

X1
m;n¼1

1

s2 � s2m

1

s2 þ s2n
¼ X1

m;n¼1

1

s2m þ s2n

�
1

s2 � s2m
� 1

s2 þ s2n

�
:

(A4)

The individual sums in (A3) can be expressed in terms of
the digamma function c ðzÞ ¼ �0ðzÞ=�ðzÞ as follows:

1See http://www.extreme-light-infrastructure.eu/.
2See http://www.xcels.iapras.ru/.
3See http://www.hiper-laser.org/.
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X1
m¼1

1

ð�me�Þ2 þ s2n

¼ e2�2

�2

X1
m¼1

1

m2 þ ðe�� snÞ2

¼ e�

2�sn
i

�X1
m¼1

1

mþ i e�� sn
� X1

m¼1

1

m� i e�� sn

�

¼ e�

2�sn
i

�
�c

�
1þ i

e�

�
sn

�
þ c

�
1� i

e�

�
sn

��
;

(A5)

where we have used the series representation [see [45],
Eq. (8.363)]

c ðxÞ � c ðyÞ ¼ X1
k¼0

�
1

kþ y
� 1

kþ x

�
: (A6)

The result is simplified with the identity

c ð1� ixÞ � c ð1þ ixÞ ¼ �i

�
� coth ð�xÞ � 1

x

�
; (A7)

that can be derived from the reflection formula [see [45],
Eq. (8.334)] of the gamma function

�ð1� zÞ�ð1þ zÞ ¼ �ð1� zÞ�ðzÞz ¼ z�

sin ð�zÞ : (A8)

The logarithmic derivative of this

c ðzþ 1Þ � c ð1� zÞ ¼ 1

z
� � cot ð�zÞ (A9)

and cot ðizÞ ¼ �i coth ðzÞ lead directly to (A7). This allows
us to simplify the double sum in (A4). First we have from
(A5)

X1
m¼1

1

s2m þ s2n
¼ 1

2

�
e�

sn
coth ðe�snÞ � 1

s2n

�
; (A10)

and

X1
n¼1

1

s2m þ s2n
¼ 1

2

�
e�

sm
coth ðe�smÞ � 1

s2m

�
: (A11)

Now we sum the first sum in Eq. (A4) over m and the
second over n, and insert everything in (A3) to get

e2�� coth ðse�Þ cot ðse�Þ � 1

s2

¼ 2s2
X1
m¼1

e�

sm
coth ðe�smÞ 1

s2 � s2m

� 2s2
X1
n¼1

e�

sn
coth ðe�snÞ 1

s2 þ s2n

þ 2
X1
m¼1

1� s2

s2m

s2 � s2m
þ 2

X1
n¼1

1þ s2

s2n

s2 þ s2n
: (A12)

The last two sums simplify to

� 2
X1
m¼1

s�2
m þ 2

X1
n¼1

s�2
n ¼ 2e2

�2
ð�2 � �2ÞX1

k¼1

k�2

¼ e2

3
ð�2 � �2Þ; (A13)

so that we arrive at (8):

e2�� coth ðse�Þ cot ðse�Þ � 1

s2
� e2

3
ð�2 � �2Þ

¼ 2s2
X1
m¼1

e�

sm

coth ðe�smÞ
s2 � s2m

� 2s2
X1
n¼1

e�

sn

coth ðe�snÞ
s2 þ s2n

:

(A14)

2. Identity used for scalar QED

Here we derive the analog of (A14) for the bosonic case.
We start from series representations of the cosecant and
hyperbolic cosecant function [see [45], Eq. 1.422]4

csc ð�xÞ ¼ 1

�x
þ 2x

�

X1
k¼1

ð�1Þk
x2 � k2

; (A15)

csch ð�xÞ ¼ 1

�x
þ 2x

�

X1
k¼1

ð�1Þk
x2 þ k2

: (A16)

Combining these two yields

e2��cschðse�Þ csc ðse�Þ � 1

s2

¼ 4s2
X1

m;n¼1

ð�1Þm
s2 � s2m

ð�1Þn
s2 þ s2n

þ 2
X1
m¼1

ð�1Þm
s2 � s2m

þ 2
X1
n¼1

ð�1Þn
s2 þ s2n

; (A17)

where we introduced sn ¼ n�=ðe�Þ and sm ¼ m�=ðe�Þ.
The first sum can now be split as

X1
m;n¼1

ð�1Þm
s2� s2m

ð�1Þn
s2þ s2n

¼ X1
m;n¼1

ð�1Þnþm

s2mþ s2n

�
1

s2� s2m
� 1

s2þ s2n

�
:

(A18)

By analogy with (A5) we find

4The second one is straightforwardly obtained from the first
one via cschðxÞ ¼ i csc ðixÞ.
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X1
m¼1

ð�1Þm
ð�me�Þ2 þ s2n

¼ e2�2

�2

X1
m¼1

ð�1Þm
m2 þ ðe�� snÞ2

¼ e�

2�sn
i

�X1
m¼1

ð�1Þm
mþ i e�� sn

� X1
m¼1

ð�1Þm
m� i e�� sn

�

¼ e�

4�sn
i

�
�c

�
1þ i

e�

2�
sn

�
þ c

�
1� i

e�

2�
sn

�

þ c

�
1

2
þ i

e�

2�
sn

�
� c

�
1

2
� i

e�

2�
sn

��
; (A19)

where we again used (A6). Nowwe use (A9) as well as [see
[45], Eq. (8.366.9)]

c

�
1

2
þ z

�
¼ c

�
1

2
� z

�
þ � tan ð�zÞ (A20)

and tan ðizÞ ¼ i tanh ðzÞ to find

X1
m¼1

ð�1Þm
s2m þ s2n

¼ 1

2

�
e�

2sn

�
coth

�
e�sn
2

�
� tanh

�
e�sn
2

��
� 1

s2n

�

(A21)

¼ 1

2

�
e�

sn
cschðe�snÞ � 1

s2n

�
: (A22)

Summing the first sum in Eq. (A18) overm and the second
over n, we get

e2��cschðse�Þcscðse�Þ� 1

s2

¼2s2
X1
m¼1

e�

sm
cschðe�smÞ ð�1Þm

s2�s2m

�2s2
X1
n¼1

e�

sn
cschðe�snÞ ð�1Þn

s2þs2n

þ2
X1
m¼1

ð�1Þm
1� s2

s2m

s2�s2m
þ2

X1
n¼1

ð�1Þn
1þ s2

s2n

s2þs2n
: (A23)

The two last sums are now combined to

�2
X1
m¼1

ð�1Þms�2
m þ2

X1
n¼1

ð�1Þns�2
n

¼2e2

�2
ð�2��2ÞX1

k¼1

ð�1Þkk�2¼�e2

6
ð�2��2Þ; (A24)

and lead to

e2��cschðse�Þ csc ðse�Þ � 1

s2
þ e2

6
ð�2 � �2Þ

¼ 2s2
X1
m¼1

ð�1Þm e�

sm

cschðe�smÞ
s2 � s2m

� 2s2
X1
n¼1

ð�1Þn e�
sn

cschðe�snÞ
s2 þ s2n

: (A25)

APPENDIX B: SUMMATION FORMULAS

For the calculations in the main part we use the series
expansion of the exponential integral function for real and
purely imaginary arguments5

Ei ðzÞ ¼ �þ log �ðzÞ þ X1
k¼1

zk

kk!
; (B1)

where we defined

log �ðzÞ ¼
8<
:
log ðjzjÞ for z 2 R

log ðjzjÞ � i�
2 for z 2 iR	;

(B2)

and iR	 denote the positive and negative imaginary axis
respectively. We now insert this expansion into JðxÞ, and
calculate the required sums separately. Subsequently we
sort the powers of x in

X1
n¼1

JðnxÞ
n2

¼ X1
n¼1

1

n2

�
�ðexn þ e�xnÞ þ exnlog �ð�xnÞ

þ e�xnlog �ðxnÞ þ e�xn
X1
k¼1

ðxnÞk
kk!

þ exn
X1
k¼1

ð�xnÞk
kk!

�
: (B3)

In the expansion, the polylogarithm function LisðyÞ plays
an essential role. In Appendix C the series used for the
expansion of this function are derived, with the help of the
results presented there we find

X1
n¼1

e�xn

n2
¼ Li2ðe�xÞ ¼ �2

6
þOðxÞ; (B4)

X1
n¼1

e�xn

n2
logðnÞ¼�@yLiyðe�xÞjy¼2¼�� 0ð2ÞþOðxÞ; (B5)

X1
n¼1

e�xn

n2
X1
k¼1

ðxnÞk
kk!

¼ X1
k¼1

Li2�kðexÞ x
k

kk!
¼ OðxÞ: (B6)

We thus find to logarithmic order in x

X1
n¼1

JðnxÞ
n2

¼ �2� 0ð2Þ þ �
�2

3
þ �2

6
½log �ðxÞ þ log �ð�xÞ�

þOðxÞ: (B7)

We are now interested in the sum

X1
n¼1

JðnxÞ
n

coth ðznÞ: (B8)

5For real values see [45], Eq. (8.214). The series for purely
imaginary values can be derived via Eið	ixÞ ¼ ciðxÞ 	 siðxÞ and
the respective series for the sine and cosine integral [see [45],
Eqs. (8.232) and (8.233)].
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To calculate it we write coth ð�znÞ as

coth ð�znÞ ¼ 1þ 2

e2�nz � 1

¼ sgnðzÞ
�
1þ 2

X1
j¼1

e�2�jnjzj
�
; (B9)

where the absolute value and the sign have to be introduced
to ensure convergence of the sum for negative values of z.
To find the result for (B8) we calculate the following
sums using again the expansions of Appendix C for the
polylogarithm:

X1
n¼1

e�xn

n
¼ Li1ðe�xÞ ¼ � log ðxÞ þOðxÞ; (B10)

X1
n¼1

e�xn

n
log ðnÞ ¼ �@sLisðe�xÞjs¼1;

¼ �2

12
þ �2

2
þ �1 þ 1

2
log ðxÞ2

þ � log ðxÞ þOðxÞ; (B11)

X1
n¼1

e�xn

n

X1
k¼1

ðxnÞk
kk!

¼ X1
k¼1

Li1�kðexÞ x
k

kk!

X1
k¼1

�
1

k2
þOðxÞ

�

¼ �2

6
þOðxÞ: (B12)

So that we arrive at

X1
n¼1

JðnxÞ
n

¼ �2 þ 2�1 þ log ðxÞ log ð�xÞ � log �ðxÞ log ðxÞ

� log �ð�xÞ log ð�xÞ þOðxÞ: (B13)

For the second part of coth ðxÞ in (B9) we need

X1
n¼1

e�xn

n

X1
j¼1

e�2�jnz ¼ �X1
j¼1

log ð1� e�x�2�jzÞ

¼ � log

�Y1
j¼1

½1� e�2�jz�
�
þOðxÞ

¼ � �

12
z� log ð�ðizÞÞ þOðxÞ;

(B14)

where we used the fact that Li1ðzÞ ¼ � log ð1� zÞ
[see [51], Eq. (II.5)] and introduced the Dedekind eta
function

�ðxÞ ¼ e
�
12 ix

Y1
j¼1

ð1� e2�ijxÞ: (B15)

This function and the identity (30) proved in [48] play a
crucial role in the formulation of a fractional QED for the
case studied in Sec. III A 2. We also need

X1
n¼1

e�xn

n
logðnÞX1

j¼1

e�2�jnz¼�X1
j¼1

@yLiyðe�x�2�jzÞjy¼1

¼�X1
j¼1

@yLiyðe�2�jzÞjy¼1þOðxÞ:

(B16)

Unfortunately we have not been able to perform this sum
over j but, since we are primarily interested in the loga-
rithmic growth we will ignore that sum for the time being.
Furthermore we find

X1
n¼1

e�xn

n

X1
k¼1

ðxnÞk
kk!

X1
j¼1

e�2�jnz

¼X1
k¼1

X1
j¼1

Li1�kðex�2�jzÞ x
k

kk!

¼X1
k¼1

X1
j¼1

�
Li1�kðe�2�jzÞ x

k

kk!
þOðxkþ1Þ

�
¼OðxÞ: (B17)

So that we find

X1
n¼1

JðnxÞ
n

X1
j¼1

e�2�jnz

¼��

6
�z� 2� log ð�ðizÞÞ � 2

X1
j¼1

@yLiyðe�2�jzÞjy¼1

�
�
�

12
zþ log ð�ðizÞÞ

�
½log �ð�xÞ þ log �ðxÞ� þOðxÞ:

(B18)

We can now use the fact that � and � are either real or
purely imaginary to simplify the above results. We are just
interested in JðxÞ and JðixÞ for real x; in this case the
following holds:

log �ðxÞ þ log �ð�xÞ ¼ log �ðixÞ þ log �ð�ixÞ
¼ 2 log ðjxjÞ; (B19)

log ðxÞ log ð�xÞ � log �ðxÞ log ðxÞ � log �ð�xÞ log ð�xÞ
¼ �log 2ðjxjÞ; (B20)

log ðixÞ log ð�ixÞ � log �ðixÞ log ðixÞ � log �ð�ixÞ log ð�ixÞ
¼ �log 2ðjxjÞ þ 3

4
�2: (B21)

Now we use (B7) as well as (B13) and (B18) and put them
into (B9) to find the logarithmic growth of the sums
coming from the main part for real or purely imaginary x
and real z

�X1
n¼1

JðnxÞ
n2

�
log

¼ �2

3
log ðjxjÞ; (B22)
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�X1
n¼1

JðnxÞ
n

coth ð�znÞ
�
log

¼
�
��

3
z� sgnðzÞ4 log ð�ðijzjÞÞ

�

� log ðjxjÞ� sgnðzÞ log ðjxjÞ2:
(B23)

For the scalar case we need the following two sums:

X1
n¼1

JðnxÞ
n2

ð�1Þn and
X1
n¼1

JðnxÞ
n2

ð�1Þncschð�znÞ: (B24)

These can be found, up to order x, by using the series
representation of EiðxÞ analogous to (B3) together with the
following sums:

X1
n¼1

e�xn

n2
ð�1Þn ¼ Li2ð�e�xÞ ¼ ��2

12
þOðxÞ; (B25)

X1
n¼1

e�xn

n2
log ðnÞð�1Þn ¼ �@yLiyð�e�xÞjy¼2

¼ 1

2
� 0ð2Þ þ �2

12
log ð2Þ þOðxÞ;

(B26)

X1
n¼1

e�xn

n2
ð�1ÞnX1

k¼1

ðxnÞk
kk!

¼X1
k¼1

Li2�kðexÞ x
k

kk!
¼OðxÞ; (B27)

where the series used for the polylogarithm are derived in
Appendix C. So that we find

X1
n¼1

JðnxÞ
n2

ð�1Þn ¼ � 0ð2Þ þ �2

6
ðlog ð2Þ � �Þ

� �2

12
½log �ðxÞ þ log �ð�xÞ� þOðxÞ:

(B28)

By analogy with (B9), we write cschð�znÞ as

csch ð�znÞ ¼ 2ez

e2�nz � 1
¼ 2sgnðzÞX1

j¼0

e�2�ðjþ1
2Þnjzj:

(B29)

We now need the sums

X1
n¼1

e�xn

n
ð�1Þn X1

j¼0

e�2�ðjþ1
2Þnz

¼ �X1
j¼0

log ð1þ e�x�2�ðjþ1
2ÞzÞ

¼ � log

�Y1
j¼0

½1þ e�2�ðjþ1
2Þz�

�
þOðxÞ

¼ �

24
z� log ð
ðizÞÞ þOðxÞ; (B30)

where we again used Li1ðzÞ ¼ � log ð1� zÞ [see [51],
Eq. (II.5)]. We also introduced the function


ðxÞ :¼ e��
24 ix

Y1
j¼1

ð1þ e2�iðjþ1
2ÞxÞ: (B31)

Observe that unlike the Dedekind eta function (B15) used
for the spinor case the function 
ðxÞ is not defined in the
literature, but constructed for our purposes. However it is
possible to derive the property (D6) which is analogous to
the identity (30) for the Dedekind eta function used in
Sec. III A 2. Additionally we find

X1
n¼1

e�xn

n
log ðnÞð�1Þn X1

j¼0

e�2�ðjþ1
2Þnz

¼ �X1
j¼0

@yLiyð�e�x�2�ðjþ1
2ÞzÞjy¼1

¼ �X1
j¼0

@yLiyð�e�2�ðjþ1
2ÞzÞjy¼1 þOðxÞ; (B32)

where we again have not been able to perform the sum over
j but can see that there is no logarithmic contribution
coming from this sum. The last sum we need is

X1
n¼1

e�xn

n
ð�1Þn X1

k¼1

ðxnÞk
kk!

X1
j¼0

e�2�ðjþ1
2Þnz

¼ X1
k¼1

X1
j¼0

Li1�kð�ex�2�ðjþ1
2ÞzÞ x

k

kk!

¼ X1
k¼1

X1
j¼0

�
Li1�kð�e�2�ðjþ1

2ÞzÞ x
k

kk!
þOðxkþ1Þ

�
¼ OðxÞ:

(B33)

Combining these three sums we find

X1
n¼1

JðnxÞ
n2

ð�1Þncschð�znÞ

¼ �

6
�z� 4sgnðzÞ�

�
log ð
ðijzjÞÞ

þ X1
j¼0

@yLiyð�e�2�ðjþ1
2ÞzÞjy¼1

�

þ
�
�

12
z� sgnðzÞ2 log ð
ðijzjÞÞ

�

� ½log �ðxÞ þ log �ð�xÞ� þOðxÞ: (B34)

So that in the end using the restrictions on � and � and
(B19) we find the logarithmic growth of the sums for real
or purely imaginary x and real z

�X1
n¼1

ð�1Þn JðnxÞ
n2

�
log

¼ ��2

6
log ðjxjÞ; (B35)
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�X1
n¼1

ð�1Þn JðnxÞ
n

cschð�znÞ
�
log

¼
�
�

6
z� 4sgnðzÞ log ð
ðijzjÞÞ

�
log ðjxjÞ: (B36)

APPENDIX C: POLYLOGARITHMS

Polylogarithms are defined by (see e.g., [52])

Li sðzÞ :¼
X1
j¼1

xj

js
¼ 1

�ðsÞ
Z 1

0

ts�1

et

z � 1
dt (C1)

for all complex z, s except z real and z > 1, where �ðsÞ is
the gamma function. The integral representation only holds
for ReðsÞ> 0 but can be extended to negative values with
the method of contour integration [53]

Li sðexÞ ¼ �ð1� sÞ
2�i

Z
H

ð�tÞs�1

et�� � 1
dt; (C2)

whereH is the Hankel contour which starts at t ¼ 1 in the
upper half of the complex plane, goes to t ¼ 0, encircles
the origin in a counterclockwise sense, and then runs to t ¼
1 in the lower half of the complex plane. It is now possible
to modify the contour to enclose the poles and to evaluate
the integral as the sum of residues

Li sðexÞ ¼ �ð1� sÞ X1
k¼�1

ð2ki���Þp�1: (C3)

By expanding in � and summing over s we find the series
representation [see [52], Eq. (9.3)]

Li sðexÞ ¼ �ð1� sÞð�xÞs�1 þ X1
j¼0

�ðs� jÞ
j!

xj; (C4)

where �ðzÞ is the Riemann-zeta function.
For positive integer values s ¼ n ¼ 1; 2; 3 both �ð1�

nÞ and �ð1Þ in the sum (for j ¼ nþ 1) diverge. If we
however look at the expansion around the poles for the
respective functions [see [51], Eq. (II.3) and [54], p. 118]

�ð1� n� �Þ ¼ ð�1Þn
ðn� 1Þ!

�
1

�
� c ðnÞ

þ �

2

�
c ðnÞ2 � c 0ðnÞ þ �2

3

��
þOð�2Þ;

(C5)

�ð1þ �Þ ¼ 1

�
þ �� ��1 þOð�2Þ; (C6)

where �1 is the first Stieltjes constant defined by

�1 ¼ lim
n!1

�Xn
k¼1

log ðkÞ
k

� log ðnÞ2
2

�

 0:577; (C7)

and the expansion

ð�xÞnþ��1 ¼ ð�xÞn�1

�
1þ log ð�xÞ�

þ 1

2
log ð�xÞ2�2 þOð�3Þ

�
; (C8)

we find

lim
�!0

�
�ð1� n� �Þ þ �ð1þ �Þxn�1

ðn� 1Þ!
�

¼ xn�1

ðn� 1Þ! ½c ðnÞ þ �� log ð�xÞ�: (C9)

So that for positive integers we find the summation formula
[see also [52], Eq. (9.5)]

Li nðexÞ ¼ xn�1

ðn� 1Þ! ½c ðnÞ þ �� log ð�xÞ�

þ X1
j¼0;j�n�1

�ðn� jÞ
j!

xj: (C10)

We also need series for the derivatives of LisðexÞ with
respect to s for s ¼ n ¼ 1, 2. We could not find those in
the literature but it is possible to derive them using the
definition of the derivative and the formulas above

@sLisðexÞjs¼n ¼ lim
�!0

Linþ�ðexÞ � LinðexÞ
�

; (C11)

where for the first polylogarithm we have to use (C4) and
for the second (C10)

@sLisðexÞjs¼n ¼ lim
�!0

1

�

�
�ð1� n� �Þð�xÞsþ��1

þ xn�1

ðn� 1Þ! �ð1þ �Þ

� xn�1

ðn� 1Þ! ½c ðnÞ þ �� log ð�xÞ�
�

þ X1
j¼0;j�n�1

� 0ðs� jÞ
j!

xj; (C12)

we can now again use the expansion of gamma and zeta
function around the poles (C5) and (C6) respectively to
find

@sLisðexÞjs¼n ¼ xn�1

ðn� 1Þ!
�
� 1

2
log ð�xÞ2 þ c ðnÞ log ð�xÞ

� 1

2
ðc ðnÞ2 � c 0ðnÞÞ � �2

6
� �1

�

þ X1
j¼0;j�n�1

� 0ðn� jÞ
j!

xj: (C13)

The polylogarithms we need in Appendix B have the
following expansions up to order 1 in x for k > 1:

Li 1ðe�xÞ ¼ � log ðxÞ þOðxÞ; (C14)
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Li 2ðe�xÞ ¼ �2

6
þOðxÞ; (C15)

ðxÞkLi1�kðe�xÞ ¼ �½k� þOðxÞ; (C16)

ðxÞkLi2�kðe�xÞ ¼ OðxÞ; (C17)

@sLisðe�xÞjs¼1 ¼ ��2

12
� �2

2
� �1 � log ðxÞ2

� � log ðxÞ þOðxÞ (C18)

@sLisðe�xÞjs¼2 ¼ � 0ð2Þ þOðxÞ; (C19)

where we have used the known values c ð1Þ ¼ �� and
�ð2Þ ¼ c 0ð1Þ ¼ �2=6 [see [45], Eqs. (8.366) and (9.542)].

For the calculations for scalar QED we are interested in
Lisð�exÞ. By analogy with (C3) we find

Li sð�exÞ ¼ �ð1� sÞ X1
k¼�1

ðð2k� 1Þi���Þp�1; (C20)

which by again expanding in� and summing over k can be
brought in the form

Li sð�exÞ ¼ �X1
j¼0

�ðs� jÞ
j!

xjð1� 2jþ1�sÞ; (C21)

for positive integer values s¼n¼1;2;3; . . . and j ¼ n� 1.
The sum contains the divergent �ð1Þ, however it is finite
since

lim
j!n�1

ð1� 2jþ1�sÞ�ðs� jÞ ¼ � log ð2Þ: (C22)

Such that we find

Linð�exÞ ¼ � log ð2Þ xn�1

ðn� 1Þ!
� X1

j¼0;j�n�1

�ðn� jÞ
j!

xjð1� 2jþ1�nÞ: (C23)

We also need the derivative of the polylogarithm with
respect to s for positive integer values which can be derived
analogously to (C13) and takes the form

@sLisð�exÞjs¼n ¼
�
1

2
log ð2Þ2 � � log ð2Þ

�
xn�1

ðn� 1Þ!
� X1

j¼0;j�n�1

xj

j!
ð� 0ðn� jÞð1� 2jþ1�nÞ

þ log ð2Þ2jþ1�n�ðn� jÞÞ: (C24)

So that the polylogarithms needed in Appendix B take the
form

Li 2ð�e�xÞ ¼ ��2

12
þOðxÞ; (C25)

ðxÞkLi2�kð�e�xÞ ¼ OðxÞ; (C26)

@sLisð�e�xÞjs¼2 ¼�1

2
� 0ð2Þ ��2

12
log ð2Þ þOðxÞ; (C27)

where we have used �ð2Þ ¼ �2=6 [see [45], Eq. (9.542)].

APPENDIX D: IDENTITY FOR THE
FUNCTION �ðxÞ

In this appendix we prove an identity for the function

ðxÞ which is useful for our calculations. The proof is
inspired by a proof for an identity for the Dedekind eta
function [48]. We will use

fðzÞ ¼ csc ðzÞ csc
�
z




�
; 	 ¼

�
nþ 1

2

�
�;

n 2 N; i
 2 R:
(D1)

The function FðzÞ ¼ z�1fð	zÞ has poles of order one at

z ¼ 	�k

	
with residue

ð�1Þk
�k

cot

�
�k




�
;

and

z ¼ 	�k


	
with residue

ð�1Þk
�k

cot ð�k
Þ;
for k 2 N as well as one pole of order three at

z ¼ 0 with residue
1

6

�

þ 1




�
:

If we now choose the contour Ce to be the rhombus with
endpoints at 1, 
, �1, 
 in the z plane we can use the
residue theorem to find

Z
Ce

fð	zÞgð	azÞdz
z
¼4i

Xn
k¼1

ð�1Þk
k

�
csc

�
�k




�
þcscð�k
Þ

�

þ�i

3

�

þ1




�
: (D2)

Now we can write the cosecant function as

csc ðxÞ ¼ 2i
e�2ix

1� e�2ix
¼ �2i

e2ix

1� e2ix
; (D3)

which shows that the limit of fð	zÞ for n ! 1
everywhere in the complex plane except the axes is 0.
We thus find

Xn
k¼1

ð�1Þk
k

�
csc

�
�k




�
þcscð�k
Þ

�
¼� �

12

�

þ1




�
: (D4)

Observe that for 
 ¼ i�=� this is proportional to the con-
stant order of (18). We are however mainly interested in the
logarithmic order. One could now try to set FðzÞ ¼
z�1fð	zÞ ln ð	zEc=�Þ, which would in fact give the
logarithmic order of the sum in the residues. However
things get more complicated due to the branch cut of the
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logarithm. More importantly the integral on the contour
Ce diverges.

Finally it is possible to start from FðzÞ ¼
z�1fð	zÞJð	zEc=�Þ. By doing so, the sum of the residues
gives exactly (19) and the integral along the contour Ce

vanishes again. One however has to alter the integration
contour to avoid the branch cuts. Integrating along the

branch cuts gives exactly the integral (6). This is not
surprising since this is the integral we started from to
derive (19).
We can use (D4) to find an identity for the function 
ðxÞ

which we defined in analogy to the Dedekind eta function
in Appendix B. To do sowe use the definition of 
ðxÞ (B31)
and (B29) to find

X1
k¼1

ð�1Þk
k

csc ði�kzÞ ¼ �i
X1
k¼1

ð�1Þk
k

2sgnðzÞX1
j¼0

e�2�ðjþ1
2Þnjzjk

¼ �2i sgnðzÞX1
j¼0

log ½1þ e�2�ðjþ1
2Þnjzjk�

¼ �2i sgnðzÞ log ½
ðijzjÞ� � �

12
iz: (D5)

This again is not surprising since the need to define 
ðxÞ
arose from the summation over the hyperbolic cosecant
function in Eq. (B30). Now using this and (D4) we arrive at
the identity




�
� 1




�
¼ 
ð
Þ (D6)

for 
 purely imaginary. Observe that although the defini-
tion of 
ðxÞ may seem artificial it was defined for conve-
nience and to show parallels to the spinor case. It would of
course be possible to do the whole calculations without
defining the function and use directly (D4) instead of the
identity.
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