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First order actions for new massive dual gravities
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We present a first order formulation for the fourth order action of the new massive dual gravity in four
dimensions, from which the dual equivalence with the massive Curtright theory is established. This
proposal is easily generalized to arbitrary dimension. Also, we obtain the dual actions for massless and

massive Curtright fields in D dimensions.
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L. INTRODUCTION

Higher order derivative theories usually contain ghost
excitations, which make them nonunitary [1], although
other quantum properties can be improved [2]. This is
the case for gravities with curvature squared terms [3].
There are exceptions. For instance, some scalar fields
coupled to gravitation admit a higher order action descrip-
tion (R + R? theory; see [4]). Also, the action for
“Galileons” [5] contains higher derivatives; however, their
field equations are nonlinear second order differential
equations. This is analogous to the Lovelock gravity [6],
whose second order field equations arise from an action
that is higher order in curvature. In three dimensions, it is
possible to have higher order gravity theories without loss
of unitarity. The nondynamical Einstein-Hilbert action can
be augmented with a third order derivative Lorentz-Chern-
Simons term, the topologically massive gravity theory [7],
which describes the local propagation of one, ghost-free
and parity sensitive excitation: a massive graviton.
Furthermore, the dubbed new massive gravity in three
dimensions was formulated by Bergshoeff, Hohm, and
Townsend [8] four years ago. It consists, again, in the
nondynamical Einstein-Hilbert action supplemented with
a specific curvature squared term, which leads to a fourth
order field equation. At the linearized level, the new mas-
sive gravity is equivalent to the standard massive spin 2
Fierz-Pauli theory, which propagates 2 degrees of freedom
with the same mass and opposite helicities £2. In both
cases, the Einstein-Hilbert action has a wrong sign, which
is essential in order to have free ghost excitations. The new
massive gravity has a discontinuity in its degrees of free-
dom when the massless limit is considered. This limit leads
to the fourth order Schouten gravity, which describes a
massless, conformal invariant, ghost-free local excitation
[9]. Also, the general massive gravity [10], the most gen-
eral gravity theory in three dimensions, propagates two
massive gravitons of helicities =2 but with different
masses. Its gauge invariant linearized action was shown
to be dual equivalent [11] to the massive spin 2 Fierz-Pauli
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with a term that breaks explicitly the local Lorentz
symmetry [12].

Remarkably enough, it is the observation made in
[13,14] that solving on shell algebraic and differential
constraints, it is possible to obtain in three dimensions
higher order field equations for higher spin. This procedure
was extended to four dimensions, but considering the
massive Curtright field [15], which is the dual field to the
massive spin 2 Fierz-Pauli theory in four dimensions
[16,17]. In consequence, a fourth order derivative action
for the massive Curtright field is obtained. A necessary
condition is that the field, which solves the constraints,
belongs to the same Lorentz representation as the original
field. This theory was called new massive dual gravity [18]
and would be a unitary theory, by construction. The
extension to arbitrary dimension has been achieved
recently [19,20].

The aim of this work is to present a first order formula-
tion for new massive dual gravities. The plan of this work is
the following: in the next section, we introduce a first order
formulation for a massless, mixed symmetry ®,,, , field,
valid for arbitrary dimensions. From this action, we obtain
the corresponding dual theory. In Sec. III, we perform the
dimensional reduction of the action presented in Sec. II,
keeping only first massive modes, to obtain the first order
formulation for the massive ®,,, , field. In Sec. 1V, we
propose the first order action for the new massive dual
gravity in four dimensions. Also, a second order action is
established. From these actions the dual equivalence
between the massive Curtright theory and the new massive
dual gravity is easily achieved. These lower order deriva-
tive actions must be appropriate in order to carry out the
quantization and check out the unitarity of the fourth order
derivative new massive dual gravity. The generalization to
any dimension D will be straightforward. Throughout this
work we use 7,,, mostly positive, and brackets indicate
antisymmetrization without any normalization factor,
c.g. V[mnp] = anp + Vnpm + men'

II. THE CURTRIGHT FIELD

For general mixed symmetry fields @y ...y, v, With
second order actions, Zinoviev has achieved first order
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actions [21]. For our purpose, we will start with the
following first order action for the massless field ®¥N-F =
—®YMP in D dimensions:

1

3
2 YMNy
4 (D —3) MN

3
I = [de<Z YMNP,QYMNQ’P _

1
3Py 1)
where YMNP.Q is an auxiliary field (YMN = YMNP ) and

Fynp g is the field strength of the field ®MN-P

Fyneo = 0u®Prpo T OnPpyo + 0pPyn g (2)

This action differs from the Zinoviev action by a change of
variables:

YMNP,Q = QQ,MNP - ﬂ[QMQNP]- (3)

We have invariance under the following gauge transforma-
tions:

OPynp = INZMPs 4

being the gauge parameters z,,y an arbitrary general sec-
ond order tensor. Besides, we have invariance under local
“Lorentz” transformations

6Py, =

= dminp —

Aynp )

and

1
0Yynpo = 3 doAunr) — IrMom Anpirs (6)

where the parameters A ;5 p are completely antisymmetric.
We decompose the @MV field as

(I)MN,P — TMN,P + CMN,P’ (7)

where TMNP = —TNM.P ig the Curtright field, which sat-
isfies the cyclic identity Tyyy p) =0 and Cypyp is com-
pletely antisymmetric. The Lorentz symmetry indicates
that the Cy;yp is a nondynamical field and the action will
be written only in terms of the Curtright field. Let us see
this. The equation of motion obtained after independent
variations of the auxiliary field YMNPQ ig

Funeo- (8

YQ[MN Pl — 3 Nolm YNP]

This equation can be solved for Yyyp o as

2 1

YMNP,Q = gFMNP,Q + gFQ[MN,P] - nQ[MFNP} )

Substituting back into (1) we obtain the second order
action

1 1
= dex[_ EFMNP,QFMNPYQ _ ZFMNP,QFMNQ,P
3
+ Py | (10)
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where the field strength is now expressed only in terms of
the Curtright field Ty p. Equivalently, after using the
property of cyclic identity satisfied by T,y p and omitting
divergences, this last action can be rewritten as originally
proposed by Curtright:

1
=2 [ @[ =g FunroF e + SPE

On the other hand, we can consider the field equation
obtained making independent variations on @y p

doYMNE = g, (12)

Locally this equation can be solved in terms of a
Dy .5, , o field as
1

Vouno = 5 €M1, 5, 0

_ 1
- 2(D-3)
We have defined Fg, .5, .o = 95, Pg,...5, , 0 T cyclic
permutation. In five dimensions, we have Ypyy o ~
€"MNRS 9 g o, and plugging into (1), the linearized
Einstein action is obtained, illustrating the well known
duality relation between Curtright and the massless spin
2 fields in five dimensions [22]. In six dimensions the

Curtright field is self-dual, and in general D dimensions,
we have the following duality relationship:

ePMNS; "'SIHFS]

sy (13)

TMN,P = (I)M]"'MD,A;,N' (14)
The dual action is
(D—4) .
1= fara] g P Fu
_ EFM‘ My N, p M Mp_sP.N
1
+mFMI”'MD—4N)NF (15)

M1-~~MD4P,P]

II1. DIMENSIONAL REDUCTION

In this section we perform a dimensional reduction to the
action (1) from D to D-1 dimensions in order to provide
mass to the Curtright field. We will keep only the first
massive modes in a similar way as was accomplished for
spin 2 in [23]. For this goal, we make the following
definitions:

m
Ymnp,q(x,y) = \/;Ymnp,q(x) cos uy, (16)
M .
Ym"y,q(x,y) = \/%Ymn,p(x) sm uy, (17)
M .
Ymnp,y(x,_v) = \/;anp(x) sy, (18)
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H M
Ymny,y(x,y) = \/;Zm”(x) Cos py (19) (Dmy,y(x,y) = \/;am(x) cos uy. (23)
and
| The dependence with the extra compact dimension is
q)m””’(x’” - ‘/;(Dm”’”(") COS (LY, (20) denoted by y, and low letters: m, n, p, ... indicate coordi-
nates in the reduced spacetime. The fields X,,,,,,,» Z,» P s
_ M . and B,,, are completely antisymmetric, a,, is a vector
P = —D , 21 mn . > oom O
myn(xy) ‘/; mn(x) SULALY @ and Y,,,, and Y,,, will play the role of auxiliary
fields. Substituting these definitions and performing the
H : integration on the compact coordinate, we obtain the
b = ‘/:B sin wy, 22 g p ’
my() e "y @2 dimensionally reduced action y. The result is
|
3 3 3 3 3D—-4
— D—1 P — g — A — s
I = ]d xI:Z Ymnp,qum” m Ymnp,menq q 5 ymnp qam(l)np,q m ymnerz -+ Z mzmnzmn
3 3 1
- Ezmn(aman - anam + lu‘an) - EYmn’p(am(an - anq)mp - lu‘q)mn,p) - Eanp(amBnp + a}'thm + amen)]
+ éY’""”’Y N ym»ry, ..+ §X’"””Y . (24)
2 mp,n 2(D _ 3) mq,q 2 mp,n
This reducefi action is invariant under the following gauge 8Xnp = — Ay (35)
transformations:
od 25 and
mn,p(x) aman(x) - anzmp()c)) ( )
0Zyn = =0, A (36)
0By = OmZny = 9nZimys (26)  Similarly, we can break the Lorentz symmetry associated
with the A,,, parameter by choosing
0P, =29 + 27
mn = OmZyn T MZmn (27) B, —0. 37)
and . . . .
At this stage, we can eliminate the Z,,, field since it
Oy = 012y = MZmys (28)  appears as a quadratic multiplier. Its equation of motion
. leads to determining its value,
where we split up the gauge parameters as
2uN* s Zmys Zymo Zyy)- Zon = LYW ’. (38)
We can break these gauge symmetries choosing appro- D—4"""

priately the z,,, and z,,, gauge parameters to fix the gauges

®,,=0 and a, =0. (29)

The ®,,, and a,, are Stueckelberg fields. Furthermore,
the reduced action inherited Lorentz symmetries with
parameters Ay np: (Ayp Ay = Ayyy), expressed in the
following transformations:

6¢)mn,p = Amnpr (30)
(Sq)mn = _Amn = _8an» (31)
Sa, =0, (32)

8Ymnp,q = anmnp - arﬁ"h][mAAnp]r - an[mAnp], (33)

6Ymn,p = apAmn + T]p[mann]qr (34)

With these gauges fixing and substituting this value of Z,,,,,
the reduced action boils down to

3
1= f de[ZYmWY a.p
3

3
np,q + Exmnp an,m

3
Yy, Y
4(D —3) " mr
mp,n

_ E Ymnp,qamq)

3
2(D - 2)

3
+ 2 ymry,
2

mp,p
Y"PrY aq

+ 37;1, ymnp <I>mn,p:|. (39)
The local Lorentz symmetry associated with the parameter
A, can be used to fix gauge in two different ways. The
first alternative consists in choosing X" = 0, and the
other possibility allows us to eliminate the antisymmetric
part of @, , (i.e. ¥, ,) = 0). Both choices will lead to
the same result: the first order formulation for the massive
Curtright action. Fixing the gauge X7 = 0, the field
equation for Y"™"? is
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1
Ymp,n - an,m - D — 2(77pn m nmen) = _/J“(I)mn,[n
(40)
which can be solved as
_ M
Ymn,p - _E[q)mn,p + q)mp,n - (an,m]
- /J’[nmpq)n - nnpq)m]’ (41)

and when this expression is plugged into (39), the result is
the following nongauge invariant action:

3

3u?
Y’"”"qa D, ,—— (P"PP
~3 g m

np,q p.n

+20mrd,,  — 4®mq>m)]. (42)

The first line in this dimensional reduced action (42) is the
first order action for the massless Curtright field. Now, if
we decompose the ®,,, , in its irreducible parts: ®,,,, , =
T p + Chunp> with T,,,,, . = 0 and C,,,,,,, completely anti-
symmetric, this part does not depend on C,,,,, while the
coefficients of the massive term, the second line in action
(42), are such that the constituents of ®,,, , are decoupled.
Indeed

QP D, + 20" D
= 2T, ,T"™" — 4T, T"

— 4D,
— CpupC™™. (43)

mnp

mp,n

In consequence, C,,,, is a nondynamical field, and then by
eliminating Y,,,,, through its equation of motion, we

obtain the second order action for the massive Curtright
field,

el

(Tmn pI™mP — 2T, T’")] (44)

1
mnp qunp,q + Eanan

2
The number of degrees of freedom of this theory is given
by 3(D — 1)(D + 1)(D — 3), while in the massless case
the Curtright field propagates $D(D — 2)(D — 4) trans-
verse modes. The massless Curtright field in D + 1 dimen-
sions has the same number of degrees of freedom as the
massive Curtright field in D dimensions.

If we have chosen the gauge C,,,,, = 0(®,,, , = T, )
then X" is a multiplier, which tells us that Y, ,) = 0.
After eliminating Y,,, , through the use of its equation of
motion, we again reach the action for the massive Curtright
field. From now on, we will refer only to the Curtright
Ty, p-

From the first order action (42), we can obtain the dual
theory for the massive Curtright field if we eliminate the
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o™mmP field through its equation of motion. In fact, we
obtain

pmnp = _izaq(yqpm,n _ qun,m)
M
N 1
Z(D 2) q

and substituting into (42), the following action for Y4 is
obtained:

dg(mPmydn — pbnydm),  (45)

1
55 8 YY"

2
~ = [ de[aqwm"’ﬂarY,mp,n ~ 5=

3
2
+ # ymnp.ay . ymny 46
7 mngq,p m mn | | ( )
Now, if we decompose Y74 in its trace and traceless

parts

1
ymnp.q = Wmnp.q 4+ 5 2(nqmynp + T’an])m + T]qpymn)’
47)
where W74 is the traceless part of Y74 (W,"" = 0),
the action is written as

wi = / de[ 9 WP YW,
/'L (Wmnp W 1 le’lY )]
3 mg.p - (D—2)(D—3) ™)
(43)

which clearly shows that the trace of Y4 is a non-
dynamical variable. Next, we introduce the dual of W™"74,

Wmnp.q = emnpr

p-3T

g (49)

(D —3)

Since W™"P4 is traceless, then T, ..
cyclic identity: Tf,,...,, ,, = 0 and introducing the field
strength F, ...  ,=0,T,.., ., T cyclic permuta-
tions, the dual action for the massive Curtright field is

I—[dDI:
“I'p-3p,P

- (T,l...

- (D - 3)Tr1‘“rpfw,PTrlmrDiw'p)]' (50)

rp_ug Satisty the

Fri o34 |

— 2) ryrp-3p.q

Fri o Tp-49.9

T " Tp-3P
'p-3P

Thus, we have established the duality relationship
between the massive Curtright field (7, ,) and a massive
mixed symmetry field 7', ..., . p-

IV. THE FIRST ORDER ACTION

In four dimensions the massless Curtright does not
propagate any local excitations like the massless spin 2
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in three dimensions. Generally, a massless ®,, ., ) , »
field in D dimensions does not have any degrees of free-
dom. In four dimensions, Zinoviev has written down a first
order action for the nondynamical Curtright field, akin to
the well-known first order action of linearized Einstein
action in three dimensions. This action is expressed in
terms of the T, , field and an auxiliary field 4,,, neither
symmetric nor antisymmetric. This action is written out as

1 1
IC = jd4x|:— Z(hmnhnm - hz) + EémnpqhmranTquriI'

(D

In fact, the field equation obtained by varying the auxiliary
field A" tells us

W = emri,T,, . (52)

Note that & = 0 on shell, but we will keep the 42 term in
the action because it will be necessary to have the dual off-
shell equivalence between massive spin 2 and Curtright
fields in four dimensions. When this value of #,,, is
substituted into /.-, the second order Curtright action is
obtained

1
Ic = E fd4me’1’men,p’ (53)
where
1
Gmp = 5 GmerPquvaraunv,s (54)

is the ““generalized Einstein tensor’ for the Curtright field
introduced in Ref. [18].

Now, we are ready to propose the first order action in
four dimensions for the fourth order “‘new massive
gravity.” This action involves three independent variables:
the Curtright field 7, ,, a h,,, field and an auxiliary field
Yy, p- Both Ty, , and Y, , satisfy cyclic identities. The
action is written as

1 1
1= / d4x[— 3 o™ = ) + 2 €0 h,8, T,

1
+ Ymn,mep)n - EYmYm + /-LYmn'men,piI' (35)

Making independent variations on the fields, we obtain

ol

Sh = 0= = €, Ty, (56)
81
5Y

n
= Ymn,p == E[Tmnp + Tmp,n - Tnp,m]

= 1T = 0Tl (57)

and
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ol
0T,

1
=02 Y = Ay (S8)

Equations (56) and (58) are first order in derivatives. As
usual, the auxiliary fields (4,,, and Y,,, ,) can be substi-
tuted, using Egs. (56) and (57), in order to reach the second
order action (44) for the massive Curtright field 7,,,,, ,.

Alternatively, we can express the V,,,, , field [Eq. (58)] in
terms of the second derivative of the Curtright field 7, ,
using Eq. (56),

Yomy = —~G
M

np mn,p[T] (59)

Since Y,,, , satisfies a cyclic identity, we can write

1
Ymn,p Ymp,n —_ _ Y”‘l Ym j—

1 1
—ymry, —=Y"Y,. (60
2 2 mn,p m ( )

2

Plugging into the first order action (55), the values of
hy, and Y,,, , given by Egs. (56) and (59), we obtain the
fourth order action of the new massive gravity in four
dimensions,

1 1
I =— jd“x[—Tmn G"r + —Gm"rSs, . ] (61)
) D 2 P
where

1
Smn,p = Gmn,p - z(nanm - nmpGn) (62)

is a generalized ““Schouten’ tensor. Note the wrong sign of
the kinematical Curtright term; it has been flipped over.
In this way we have implemented a first order parent
action that establishes the equivalence between the second
order massive Curtright theory and the higher order action
of [18].

Alternatively, we can arrive to the fourth order action
from a second order action. After integrating out the 4,,,
auxiliary field, we introduce a new v,,, , auxiliary field, in
order to rewrite the second order action for the massive
Curtright field in the following way:

1
I = [d“x[—5umn,pem"”epquva,aqvm

1
T p € €010,0 Uy + Y™V = 5 Y,

+ uY"PT,, p:l. (63)
Now, the T, , field is a linear multiplier, whose constraint
is solved by Y, , = — ﬁGmn, J[v]» Which lead to the fourth

order action for v,,,, ,.

Moreover, we can establish the dual equivalence
between massive Curtright field and the massive spin 2
field, in four dimensions, from our parent first order action.
Indeed, using only (58), we obtain
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1 1 1
1= [a [——(cmn cmr——c, cmpy”+—cmcm)
[ L 16\ "mnp 16 ~mmp 4

1
- Z(hm,,h"’" - hZ)], (64)
where C,,, , = d,,h,, — d,h,,, and C,, = C,,,». This is

just the massive second order spin 2 Fierz-Pauli action.
The generalization to D dimensions is

1
1= de[— U = 12)

1
mnsy-"Sp—
w0, T

©Sp-2,T
+ ymimpsnpy _ 1 Y™ mp3y
myrmp_3n,p D-2 mycctmp—3
My mp_y,
DGR (65)

where T, 1, .m, ,n 18 the dual massive field of the mas-

sive h,,, field [17]. Y, m, .m, ,» 18 an auxiliary field

le,mz,_mufz,,, satisfy cyclic identities. Now, we have the
following equations:

hmn = Enpr]""szapTrl---rD,g,m (66)
and
1
le mp-n — __Gml mD,z,n’ (67)
M
where

1
mytmp_g,n — _ gMytmp - nsry=rp_
G™ D21 = _ /™ D-29P hST1*""T'p 2aqasTr|

(68)

“rpg.p

is the generalized Einstein tensor. Plugging (66) and (67)
into (65), the fourth order action [19,20] is obtained,

1
1
+ PGmlmmDZJnSml"'sz,Vl:I’ (69)

where

1
) Mufmp—> Gme--mp_s1p.p

(70)

my-mpon = Gmyemp on

is the generalized Schouten tensor. Also, the first order
action (65) permits one to show the dual equivalence

—

nmyctmp—, 2

(71)

which was established in [17] for the massive linearized
gravitation in arbitrary dimensions.

Finally, we consider the case for three dimensions.
We must expect to recover the fourth order new massive
gravity [8]. The first order action to consider is

PHYSICAL REVIEW D 88, 025045 (2013)

1
I= fd3x[— E(a)mnw”’" - w?) + e"Maw,,d,e,,
1 mn 1 2 mn
TSV = Y Y e, | (72)

We have denoted the auxiliary fields by w,,, (for
convenience) and Y,,,, which are general second order
tensor. The coefficients have been slightly changed in
concordance with the result of Ref. [23]. The following
equations of motion are obtained:

o1
S0 =0= w,;; — Mpm® + ef,’qapeqn =0, (73)
nm
o1 1
SY :0:>Ymn_§7’mnY+/~L€:O (74)
and
ol 1
5o =0=Y,,, = —;eﬁfapqu. (75)
mn

Equation (73) is solved as

W, = €479 e ! €ri g e, =
mn n Nmn ptqr —

pEqm 2 mn[e] (76)

while Eq. (74) determines Y,,,,,

Ymn = _/-L(emn - nmne)- (77)

Inserting Eqs. (76) and (77) into Eq. (72), the following
action is obtained:

2
I= dex[%emqem”VBanq[g] - %(emne”’” - ez):l, (78)
and after introducing the symmetric and antisymmetric
parts of e,,,, (¢,, = yp + €npv¥), We recognize (78) as
the action for the massive spin 2. The first term is the
linearized Einstein action (e, €™’ d,W ] = My, G™",
G™ = R,, — im,,,R is the linearized Einstein tensor)
expressed only in terms of the symmetric part h,,, of
e,.n- The antisymmetric component v¥ appears decoupled
in the massive term. Alternatively, as in the formulation for
the Curtright field, we can express Y,,, as

1 1
Yoo = — ; Erelqapqu == ; Gmn[h]! (79)

and substituting (76) and (79) into the action, the new
massive gravity is reached,

1 1 3
I — _ d3 [_h Gmn+_<R Rmn__RZ)]‘
BHT 2 f X mn Mz mn ]
(80)

Thus, we have implemented a first order formulation for
the fourth order new massive gravity in three dimensions.
On the other hand, the action expressed only in terms of
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,,, 1s the same form as for the ¢,,,. In three dimensions,
the massive spin 2 field is self-dual.

V. CONCLUSIONS

In this paper we have established a first order action for
the fourth order action of the new massive gravity in four
dimensions. To achieve this goal, two auxiliary fields were
introduced, besides the Curtright field. One of these
auxiliary fields comes from the dimensional reduction of
the first order action for the Curtright field, while the
other auxiliary field appears when we consider a first
order kinematical term for a general mixed symmetry
Tyyeosy o 1161,

1
1= [as] - Gy = 1)
4
1 mnsy---s
e D—zwm,a,,Tsl...sH,,]. @1)

This action is “topological” in the sense that it does not
propagate any local degrees of freedom. Likewise,

PHYSICAL REVIEW D 88, 025045 (2013)

a second order action was achieved. The extension to
arbitrary dimensions was straightforward formulated, in-
cluding D = 3 new massive gravity. Furthermore, we have
established the dual actions for massless and massive
Curtright field in any dimensions,

Tonp © Topyovomyy o p(e = 0)

T,

(82)
mn,p = Tml---mD,3,p(M # 0)

With these lower derivative actions, the canonical analysis
must be straightforward with the goal of confirming the
absence of ghost. This issue is the proposal of a future
work.
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