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We apply the Callan-Harvey anomaly-inflow mechanism to the study of QCD (chromoelectric) flux

tubes, quark (pair) creation, and the chiral magnetic effect, using new variables from the Cho-Faddeev-

Niemi decomposition of the gauge potential. A phenomenological description of chromoelectric flux

tubes is obtained by studying a gauged Nambu–Jona-Lasinio effective Lagrangian, derived from the

original QCD Lagrangian. At the quantum level, quark condensates in the QCD vacuum may form a

vortexlike structure in a chromoelectric flux tube. Quark zero modes trapped in the vortex are chiral and

lead to a two-dimensional gauge anomaly. To cancel it, an effective Chern-Simons coupling is needed and,

hence, a topological charge density term naturally appears.
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I. INTRODUCTION

Flux tubes in quantum chromodynamics (QCD) play
important roles in many interesting places like confine-
ment, quark pair creation, hadron structure, and phase
transitions. In the dual-superconductor description of
QCD vacuum [1], the chromoelectric field lines between
color sources, like a quark and antiquark pair, are squeezed
into a narrow flux tube along the line connecting the pair.
The resulting potential is linear and consequently leads
to color confinement. On the other hand, these flux tubes
can provide a chromoelectric field strong enough for
quark pair creation, via the usual Schwinger mechanism
[2] (note that this is a nonperturbative particle creation
mechanism) [3]. QCD flux tubes are also well studied in
the formation of quark gluon plasma (QGP) in heavy-ion
collisions.

Other subjects of lasting interest are the topological
charge and its distribution in the QCD vacuum. Different
topological defects in the QCD vacuum have been
explored by large-Nc methods, holographic QCD, and
lattice simulations. Among the topological defects, the
vortex is particularly interesting, especially when we con-
sider its connection to the flux tubes and how it interacts
with the quarks. For example, the localization of quark
zero modes on the topological defects leads to an interest-
ing phenomenon—anomaly inflow [4]—which could shed
some light on the study of topological charge distribution
in the QCD vacuum. It has been shown [4,5] that chiral
fermion zero modes are localized on an axion string or a
domain wall embedded in a higher dimensional spacetime.
When the fermions are coupled to some external gauge
potential, a gauge anomaly appears on the string or domain
wall and it is canceled by the gauge variation of an effec-
tive action, a Chern-Simons type coupling living in the
bulk of the higher dimensional spacetime.

The purpose of this paper is to provide a new descrip-
tion for the QCD flux tubes and to study how topological
charge emerges via the anomaly-inflow mechanism.
Our formulation is based on a new set of variables in
non-Abelian gauge theories (Cho-Faddeev-Niemi) [6–8]:
the usual gauge potential A� splits into two new gauge

potentials ~A� and B�, which are quite convenient and

efficient in studying both confinement and chiral symme-
try breaking, since this decomposition reveals the Abelian
sector of QCD and the associated topological defects
in a gauge-independent way. As it has been shown in

Refs. [9,10], the gauge potential ~A� alone is responsible

for the Wilson loop and the Polyakov loop at the operator
level, while the potential B� can be integrated out in the

presence of dynamical quarks to produce a nonlocal four-
fermion Nambu–Jona-Lasinio (NJL) interaction, which
can be used to study chiral symmetry breaking as an
effective Lagrangian method [11]. This decomposition
and the resultant physics become more complicated in
our formulation, since the chromoelectric fields in the flux
tube can cause a phase transition—in fact, if the flux-tube
field lines are strong enough, the chiral symmetry can be
restored [12]. Therefore, the quark condensates inside the
flux tube vanish, i.e., h �qqi ¼ 0, while outside the flux
tube the QCD vacuum has nonvanishing h �qqi � 0.
Furthermore, if this configuration carries a topological
charge, the quark condensates can form a vortex or even
vortex lattice, similar to the Abrikosov lattice in type-II
superconductors [13]. Therefore, a strong chromoelectric
flux tube can induce vortices in the quark condensates. We
then can show that the chiral anomaly naturally emerges
in the bulk as a Chern-Simons effective action in the
anomaly-inflow scenario. When chromomagnetic fields
are included, this formulation can be used to describe
the chiral magnetic effect in QGP [14,15]. While selecting
relevant degrees of freedom to study the flux tubes and
enjoying the simplicity of calculations due to its Abelian
character, this formulation connects different phenomena,*xiongchi@ntu.edu.sg
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such as confinement, chiral symmetry breaking and quark
creation, to the original gauge potential and the QCD
Lagrangian.

This paper is arranged as follows: in Sec. II we introduce
the Cho-Faddeev-Niemi decomposition of non-Abelian
gauge theories and show how the original QCD
Lagrangian splits consequently. Section III has a brief
review of the Callan-Harvey anomaly-inflow mechanism.
We then study chromoelectric flux tubes in details in
Sec IV, where we explain why vortices in the quark con-
densates can be induced by the flux tube and how anomaly
and topological charges come into play. As an application,
chiral magnetic effect and quark creation are considered in
Sec. V. Discussions and conclusions are given in Sec. VI.

II. CHO-FADDEEV-NIEMI DECOMPOSITION

In this section we briefly review the reformulation
of a non-Abelian gauge theory in terms of a set of new
variables, or the Cho-Faddeev-Niemi decomposition
[6–8,16–18]. This formulation provides a new description
for the QCD flux tube as it will be shown in Sec. IV. We
consider the SU(2) case for simplicity and the general-
ization to SU(3) or SU(N) can be found in [7,10,16]. This
decomposition gives an Abelian projection and the asso-
ciated topological structures in a gauge-invariant way, and
as shown in [17] it is also quite convenient in studying the
crossover of the confinement and chiral symmetry break-
ing and the topological feature of the gauge configurations.
The decomposition reads [6–8,16–18]

A� ¼ ~A� þ B�; (1)

where the new variables ~A� and B� are defined as

~A� ¼ ðA� � nÞnþ ig�1½n; @�n�
B� ¼ ig�1½r�n;n�;

(2)

with r�n ¼ @�n� ig½A�;n� and a unit vector n in the

color space, satisfying

n � n ¼ 1: (3)

Under the gauge transformation, ~A� transforms like the

original gauge field A�, while B� and n transform cova-

riantly in the adjoint representation. One can define a field

strength from ~A�

~F�� ¼ @� ~A� � @� ~A� � ig½ ~A�; ~A��; (4)

which depends on A� and n as

~F�� ¼ G��n;

G�� � @�ðA� � nÞ � @�ðA� � nÞ þ ig�1n � ½@�n; @�n�:
(5)

The original field strength can be decomposed as well:

F�� ¼ Fk
�� þ F?

��; (6)

where Fk
�� and F?

�� are defined as

Fk
�� ¼ ðF�� � nÞn; F?

�� ¼ ~r�B� � ~r�B�; (7)

with ~r� ¼ @� � ig½ ~A�; �. To see the Abelian character of

this decomposition, we follow Ref. [18] and introduce a
basis ðn1;n2;n3Þ in the SU(2) color space. The color vector
n can be identified with n3. Then the gauge potential ~A�

can be rewritten as

~A� ¼ �vac
� þ ðC� þH3

�Þn3; (8)

where �vac
� represents a classical QCD vacuum

�vac
� � �Ha

�n
a; (9)

since the corresponding field strength vanishes. The chro-
momagnetic potential Ha

� is defined by

Ha
� � � 1

2g
�abcnb@�n

c; (10)

and the chromoelectric potential C� ¼ A� � n3. The field

strength ~F�� becomes

~F�� ¼ ðC�� þH��Þn3; (11)

where the chromoelectric field strength C�� and the chro-

momagnetic field strength H�� are given by

C�� ¼ @�C� � @�C�; (12)

H�� ¼ @�H
3
� � @�H

3
� þ g�1n1 � ½@�; @��n2; (13)

respectively. The last term in (13) vanishes except for the
cases like the Dirac string associated to a magnetic mono-
pole. From Eqs. (8)–(13) we see the Abelian nature of the

potential ~A�, which is crucial in studying the confinement

problem as in the usual Abelian projection approach [1].
This approach and other Abelianized methods have fre-
quently been used in the flux-tube models (see for example,
Refs. [12,19,20]). One of the advantages in using the
decomposition (1) is that it separates the Uð1Þ component
of the original connection in a gauge-independent way.
Therefore, we are not baffled by the question of whether
we are modeling a physical object or merely a gauge
artifact. More importantly, it has been shown in [9,10]

that the gauge potential ~A� alone is responsible for the

Wilson loop and the Polyakov loop at the operator level.

These motivate us to use the component ~A� to describe

the flux tube which is supposed to be responsible for
confinement.
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The action of pure Yang-Mills theory then splits into

SYM ¼
Z

d4x

�
� 1

4
F2
��

�

¼
Z

d4x

�
� 1

4
½G2

�� þ B2
�� þ 2ð~r�B�Þ2

þ 4ðG��nþ ~r�B�Þ � B���
�
; (14)

where B�� � �ig½B�;B�� and we have used the reduction
condition [16,17]

~r�B
� ¼ 0: (15)

This condition also makes the dynamical degrees of free-
dom of the new variables match with those of the original
gauge potential. It is useful to rewrite the action in the form
of [6,7,16,17]

SYM ¼
Z

d4x

�
� 1

4
G2

�� � 1

4
B2
�� � 1

2
B�Q��B

�

�
; (16)

with the operator Q�� defined as

Qij
�� � ����ð~r�

~r�Þij þ 2g�ijk ~Fk
��: (17)

The quark sector of the QCD action in terms of the new
variables will be given and studied in Sec. IV, where we
show that a gauged nonlocal Nambu–Jona-Lasinio effec-
tive action is obtained after integrating out the B� field, so

we can study the chiral symmetry breaking as well. This
reflects the convenience of using the decomposition (1)
in the crossover of confinement and chiral symmetry
breaking in QCD.

III. ANOMALY-INFLOW MECHANISM

In the flux-tube picture, the chromoelectric field
between color sources can be strong enough for quark
creation. If these quarks and antiquarks are created in a
topologically nontrivial background, say, vortices or
domain walls, their zero modes will basically live on the
topological defects [4]. The localization of chiral fermion
zero modes on vortices or domain walls brings an interest-
ing topic—anomaly-inflow mechanism [4]—into the study
of topological charge distribution in the QCD vacuum. It
has been shown [4] that chiral fermion zero modes are
localized on an axion string or a domain wall embedded in
a higher dimensional spacetime. When the chiral zero
modes are coupled to some external gauge potential, a
gauge anomaly appears on the string or domain wall and
it is canceled by the gauge variation of an effective action, a
Chern-Simons type coupling living in the higher dimen-
sional spacetime. In general, a chiral anomaly in (2nþ 2)
dimensions specifies the coupling between the gauge fields
and the topological background. This coupling leads to the
net flux of gauge charge into the topological defect, can-
celing the gauge anomaly due to the chiral zero-mode

fermions in 2n dimensions. This is how the chiral anomaly
in (2nþ 2) dimensions is related to the gauge anomaly in
2n dimensions. From a geometric point of view, they are
related by the Stora-Zumino descent equations [21,22].
Let us take Callan and Harvey’s axion-string model as

an example [4,5]: an axion string, described by a complex
scalar field � ¼ fð�Þei� (�, � are the polar coordinates on
the plane transverse to the string), is embedded in a four-
dimensional bulk space. Fermions coupled to the string
have chiral zero modes localized on it. If the fermions are
also coupled to some gauge potential, there will be a
two-dimensional gauge anomaly due to the fermion zero
modes

DkJk ¼ 1

2�
�ij@iAj; i; j; k ¼ 0; 1; (18)

which can only be canceled by a Chern-Simons type
coupling [4]

Seff ¼ � 1

8�2

Z
d4x@��K

�: (19)

Note that there is a subtlety in using a covariant anomaly or
consistent anomaly and it has been clarified in [5]. Here we
use the covariant anomaly. The effective coupling

Lint ¼ @��K
� (20)

contains the Chern-Simons current

K� ¼ ��	
� Tr

�
A	@
A� þ 2

3
A	A
A�

�
; (21)

which comes from the Chern-Simons form Kcs ¼
TrðA ^ F� 1

3A ^ A ^ AÞ. Integrated by parts, it gives a

term resembling the QCD � term

�F��
~F��; (22)

with the help of the identity

dKcs ¼ TrF ^ F: (23)

Note that the topological charge density in (22) is gauge
invariant, while the Chern-Simons current coupling (20) is
not. This is because the Chern-Simons form transforms
under the gauge transformation

A ! A0 ¼ g�1Agþ g�1dg;

Kcs ! K0
cs ¼ Kcs � dTrðdgg�1AÞ � 1

3
Tr½ðg�1dgÞ3�:

(24)

The gauge variation of (20) is crucial in the anomaly-
inflow mechanism, as it can be seen from the descent
equation �Ki�1

2n�i ¼ dKi
2n�i�1 [21,22]
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�
Z
M
d� ^K0

3 ¼
Z
M
d� ^ dK1

2 ¼ �
Z
M
d2� ^K1

2

¼ �
Z
�
K1

2; (25)

where K0
3 is the Chern-Simons 3-form and connected to

K1
2 through the descent equation. Equation (25) relates the

four-dimensional axial anomaly dK0
3 to the lower dimen-

sional gauge anomaly K1
2 on the topological defect �.

Note that the phase angle � is ambiguous at the origin and,
hence, d2� is singular [4]:

d2� ¼ 2��ðxÞ�ðyÞdx ^ dy: (26)

Thus, we cannot apply d2 ¼ 0 in (25). We will show how
this anomaly-inflow mechanism (on the stringlike topo-
logical defects) can be applied to the QCD flux tubes in the
next section. Similar applications for the membranelike
topological defects can be found in Refs. [23,24], where
we study membrane structures in the QCD vacuum.

IV. CHROMOELECTRIC FLUX TUBE
AND ANOMALY INFLOW

Chromoelectric flux tubes can be generated by quark
pair creation, as described in Ref. [3], in the process of
hadron production in eþe� annihilation. Given enough
energy, a quark pair q �q is created at some point and then
the quark and antiquark move away in opposite directions
at a speed v close to the speed of light (v � c). The
chromoelectric flux tube is then formed when the distance
between the quark pair becomes�1 GeV�1 or more. New
quark pairs can be produced in a cascade way. The confin-
ing constant chromoelectric field inside the flux tube pulls
the new quark pairs apart until shorter flux tubes with lower
energy form.

We first consider a simplified case: There already exists
a pair of static quark and antiquark q �q and a chromo-
electric flux tube connects the q �q pair. We also assume
that the flux tube is stable against the quantum fluctuations.
These are possible scenarios: firstly, the chromoelectric
flux tube is treated just like an ordinary electric flux tube,
although the color degree of freedom has to be included.
This has been studied in detail in [3] and other references;
therefore, we focus on another scenario, where the quark
condensates are taken into account, and their interactions
with quarks are studied as in the usual NJL effective
methods in chiral symmetry breaking and other issues.
Just like a magnetic monopole-antimonopole pair creates
a stringlike region of normal conduction in a superconduc-
tor, the quark-antiquark pair creates a region where the
chiral quark condensate vanishes, i.e., h �qqi ¼ 0, while
outside the chromoelectric flux tube the QCD vacuum
has h �qqi � 0. This is easy to understand since in a suffi-
ciently strong chromoelectric field, the q �q pairs can be
pulled apart and, hence, the quark condensates disappear.
As it will be shown later in this section, it is possible for

quark condensates to form a vortex in the chromoelectric
flux tubes. This is similar to the phenomenon in condensed
matter physics that rotating Bose-Einstein condensates can
form vortices when the angular velocity goes beyond some
critical value.
Using the new variables introduced in Sec. II, the quark

part of the QCD action becomes

Squark ¼
Z

d4x½ �c ði�� ~r� �MQÞc þ g �c��tacBa
��:
(27)

Integrating out B� yields the gauged NJL effective action

SgNJL ¼
Z

d4xð �c ði�� ~r� �MQÞc

þ
Z

d4yGðyÞ � ½ �c ðxþ yÞ�Ac ðx� yÞ �c ðx� yÞ
� �Ac ðxþ yÞ�Þ; (28)

where �A are matrices in Dirac, color, and flavor spaces.
For simplicity we will only consider one-flavor cases and
generalizations to two and more flavors are straight-
forward. Also, the nonlocal structure of the NJL coupling
is not needed in the present study, so we only consider the
limiting case where the function GðxÞ ¼ G�ðxÞ and G is
the usual NJL four-fermion coupling constant. The gauged
NJL action, which must keep the original symmetry of
QCD action, can be parametrized as

Leff ¼ �c ½i��ð@� � ig ~A�Þ �Gðþ i�5�Þ þ � � ��c ;

(29)

where the terms and� terms represent the scalar channel
and the pseudoscalar channel, respectively, as in [11]. The
ellipsis includes contributions from the vector and pseudo-
vector channels. So far this is quite similar to the usual NJL
formulation except for the gauged piece, i.e., terms involv-

ing the gauge potential ~A�. The usual NJL Lagrangian

(perhaps even with some extensions) does not lead to a
dual superconductor picture, so we have to assume that the
~A�-related Abelian dominance leads to quark confinement.

This is exactly what we expect from ~A�. As mentioned

earlier, the Wilson loop operator and the Polyakov loop

operator only depend on ~A�. However, we will not study

the confinement problem in the present paper. Here we
only assume that the chromoelectric field lines are
squeezed into tubes and, hence, the force between a
quark-antiquark pair is linear. Let us define a complex field
� using the mean fields or condensates  and �:

� � þ i� ¼ fei	: (30)

In order to describe a single straight vortex configuration
with winding number m, one can take the amplitude and
the phase of � to be, respectively,
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f ¼ fð�Þ; 	 ¼ m�; m ¼ �1;�2; � � � (31)

For the quark condensates to form a vortex, � should
satisfy the boundary condition

fð0Þ ¼ 0; fð1Þ ¼ constant; (32)

and this suggests that we choose

j�jð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ�2

p
ð0Þ ¼ 0; j�jð1Þ ¼ constant: (33)

Can these conditions be satisfied? Following the stan-
dard route of computing the effective potential with
Schwinger’s proper time approach [2], one obtains

V effð;�Þ ¼ � 1

4G
ð2 þ �2Þ � i

2
Tr ln

�
ð@� � ig ~A�Þ2

� g

2
��

~F�� þ 2 þ �2 � i�

�
: (34)

For constant (chromo)electric and/or (chromo)magnetic
background, this effective potential has been calculated
before (see [12] for example). One of the conclusions is
that when the chromoelectric field exceeds some critical
strength, say, Ecrit � 4 GeV=fm [12], the chiral symmetry
is restored inside the chromoelectric flux tube, and we then
have a normal phase with chiral symmetry, similar to the
normal phase inside the magnetic flux tube of a supercon-
ductor. Therefore, for strong chromoelectric flux tubes, the
boundary condition (33) can be satisfied, and it is possible
for the quark condensates to form a nontrivial topological
defect—a vortex at the same region where the chromo-
electric flux tube is located. Moreover, a vortex lattice can
be formed in the QCD vacuum just like the Abrikosov
lattices in type-II superconductors. A couple of remarks are
in order: first, the boundary condition cannot guarantee the
existence of vortex solution, as a trivial configuration with
a vanishing winding number is still a possible solution.
Second, these vortices emerge at quantum level, and they
are not the classical solutions of the QCD vacuum.

Now let us study the effective Lagrangian (29) in the
background of (33). We focus on the vortices with winding
number m ¼ �1 in the quark condensates. From Sec. II,

the gauge potential ~A� can be rewritten as

~A� ¼ �̂vac
� þ Z�n; (35)

where Z� � A� � nþH� is the Uð1Þ potential introduced
in Eq. (8) and the corresponding field strength

~F�� ¼ Z��n (36)

Z�� ¼ @�Z� � @�Z�; (37)

which shows the Abelian character of Z�. Here we have

dropped the last term in Eq. (13) since in our case n can be
well defined in the flux tube with a pair of color sources at
its ends, unlike the nonphysical Dirac string. In the flux
tube one can simply impose a gauge on n, say, n ¼ ð0; 0; 1Þ

in the color space as in [6,16,17]. In fact, as it is pointed out
in [6,16], if one sets n ¼ ð0; 0; 1Þ in the entire space,
Eq. (15) turns into the maximal Abelian gauge condition,
and the gauge transformation needed to reach this gauge
will contain singularities or defects with the quantum
numbers of magnetic monopoles. More complicated gauge
conditions on n can be associated with the knot topology of
the QCD vacuum [18,25].
Now we choose a longitudinal variation of gauge

potential with respect to �̂vac
� :

Z� ¼ ðZ0; Z1; 0; 0Þ; (38)

for example, where Z� ¼ ð0;�Et; 0; 0Þ corresponds to a

constant electrical field ~E background along the x1 axis (or
the z axis). Wewill consider more general configurations in
the next section. Writing the quark field variation c in
terms of c R;L ¼ 1=2ð1� r5Þc , the Dirac equation splits

into two equations, similar to Ref. [4]:

i�ið@i � igZiÞc L þ ið�2 cos �þ �3 sin�Þ@�c L

þ fð�Þe�i�c R ¼ 0;

i�ið@i � igZiÞc R þ ið�2 cos�þ �3 sin �Þ@�c R

þ fð�Þeþi�c L ¼ 0; (39)

where i ¼ 0, 1. From these two equations one can derive
the equation of motion for a two-dimensional spinor
�Lðx0; x1Þ,

i�ið@i � igZiÞ�L ¼ 0; (40)

and �L satisfies ð�r0r1Þ�L ¼ ��L. Then the solution to
(39) obtains the same exponential profile as in Ref. [4],

c L ¼ �L exp

�
�
Z �

0
fð�0Þd�0

�
; (41)

and c R ¼ i�2c L. Note that the difference between
Eqs. (39) and (40) and those in Ref. [4] is that we have
included the gauge potential Z� explicitly. The exponential

profile in (41) shows that chiral zero modes are localized
on the flux tube. However, let us keep in mind that this is
based on the assumption (38). Other gauge configurations
could modify the exponential profile significantly, indicat-
ing the transverse motion of quark zero modes. Note that
there is a two-dimensional chirality defined by the��0�1,
which is the two-dimensional analogue of �5 in four
dimensions. From Eq. (40) we see that chiral zero modes
are coupled to a gauge field. It is well known that a gauge
anomaly appears in such a situation [4,5]:

DkJk ¼ 1

2�
�ij@iZj; i; j; k ¼ 0; 1: (42)

This seems to be a problem, since the original theory QCD
should not have any gauge anomaly in four-dimensional
spacetime. This paradox, similar to what we have encoun-
tered in the axion string model in Sec. III, can be solved if
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we apply the anomaly-inflow mechanism [4] to the case of
QCD flux tubes. The key is to realize that massive modes
of the Dirac equation which live off the vortex mediate an
effective interaction between the quark condensates and
the chromoelectric field in the flux tube. The induced
vacuum current can be calculated as in [4,5]

Jind� ¼ 1

8�2
�����Z

��@��; (43)

which can be converted to an effective action

Lc-s ¼ � 1

8�2

Z
d4x@��K

�; (44)

where the Chern-Simons current is

K� � �����Z
�Z��: (45)

It is easy to see that the gauge variation of Lc-s cancels
precisely the gauge anomaly on the vortex configuration.
The consequence is that a topological effective action (44)
emerges in the bulk and should be included in the phe-
nomenological applications of the flux-tube models. An
intriguing fact is that although the Chern-Simons current
coupling in (44) yields the topological charge term (22)
after integration by parts, it does not mean that they are
equivalent, since they have different gauge transformation
laws. They could be related if one includes the boundary
terms and treats them properly, or promotes the usual �
parameter to a local variable which transforms under the
gauge transformation. In Ref. [23] the � variable is inter-
preted as a compactified Ramond-Ramond potential from
the holographic QCD point of view. In Ref. [24] it indicates
codimension-one membranelike topological charge struc-
tures in the QCD vacuum, without reference to the string
theory framework. In the present arena it might be possible
to reconcile two expressions of topological terms by
gradually increasing the radius of the flux tube, from
infinitesimal to some finite value; however, we defer the
question about their connections to future work.

We have shown that a strong chromoelectric flux tube
may induce a vortex configuration in the quark conden-
sates. The example we studied above has winding number
m ¼ �1. Given more energy, which means stronger color
electric field strength, a vortex with a larger winding
number or more vortices can be created as well. We have
also shown that quark zero modes located at the vortex
become chiral, which leads to a gauge anomaly in the
two-dimensional defect. This can only be canceled by a
topological term containing a Chern-Simons current in the
bulk of four-dimensional spacetime. Therefore, it relates
the gauge anomaly in the vortex to the chiral anomaly in
the bulk. From the current inflow point of view one may
consider the flux tube as an ‘‘anomaly battery.’’ It is
‘‘charged’’ by the current (43) whose only nonvanishing
component is J� ¼ gE=ð4��Þ (see Fig. 1). It is interesting
that this current flows in the direction perpendicular to the

chromoelectric field E like that of the Hall effect, as first
noticed by Callan and Harvey [4].

V. FLUX TUBE WITH MAGNETIC FIELDS
AND CHIRAL MAGNETIC EFFECT

In this section we extend our formulation to the flux
tubes with extra magnetic fields (chromomagnetic and
electromagnetic). Such field configurations can be applied
to some interesting phenomena, like the glasma state [26]
and the chiral magnetic effect [14,15]. Also, the quark
creation in such a gauge configuration is different from
those chirality-conserving processes which are the usual
source of pair creation in strong (chromo)electric fields [3]
with the Schwinger pair-creation mechanism [2], where
the anomaly does not seem to play a role. Let us take
QGP into account. The formation of QGP also involves
color flux tubes. During the ultrarelativistic collision of
heavy nuclei, net color charges develop and consequently
color flux tubes connect these color charges. Quark-
antiquark and gluon pairs are produced from the color fields
via the Schwinger mechanism as mentioned before.
Nevertheless, pair creation can be enhanced when the
chromomagnetic field appears and has a nonvanishing
component in the direction of the chromoelectric field,

more precisely, ~E � ~B � 0. For example, in [26] it has
been proposed that longitudinal color electric and magnetic
fields are produced immediately after high energy hadronic
collisions. Such a gauge configuration has a nonvanishing
winding number and can separate charge in a background
(electromagnetic) magnetic field. Consequently, an elec-
tromagnetic current is generated along this magnetic field.
This is dubbed as the chiral magnetic effect [14,15], where
the chiral anomaly plays an important role.

FIG. 1. The anomaly-inflow picture of a chromoelectric flux
tube in the QCD vacuum. The black circle and the white circle
represent color sources (e.g., a quark-antiquark pair) and the
lines between them are chromoelectric field lines squeezed
into a thin tube in the vacuum (shaded area). The arrows on
the circle indicate the directions of the induced vacuum current
on a particular cross section of the flux tube, similar to the
configuration of the Hall effect.
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There are different approaches in understanding chiral
anomalies, e.g., perturbation theory, path integral, and index
theorem. The ‘‘Dirac sea’’ explanation in [27] is appealing
and particularly suitable for our case. From Eq. (40)

i�ið@i � igZiÞ�L ¼ 0; (46)

with Z� ¼ ð0;�EðtÞ; 0; 0Þ, it becomes

@�L

@t
¼ �@�L

@z
� igEðtÞ�L: (47)

For a uniform chromoelectric field EðtÞ ¼ Et, this reduces
to the case studied in [27], where a very simple argument
leads to the axial anomaly: the creation/annihilation rate of
right-/left-handed particles per unit time and unit length
depends on the change of the Fermi surface. According to
[27], the annihilation rate of the left-handed particles is

@nL
@t

� _nL ¼ � g

2�
E; (48)

based on the dispersion relation from (46)!ðpÞ ¼ �p and
the classical equation of a charged particle in a uniform
electric field @p=@t ¼ gE. Therefore, Eq. (48) gives the
axial anomaly for Dirac particles in two-dimensional
spacetime,

_nR � _nL ¼ g

�
E; (49)

which is consistent with the relation usually obtained from
the index theorem,

nR � nL ¼ � g

2�

Z
d2x�ijZ

ij: (50)

This can be generalized to four-dimensional space-
time where we add a constant chromomagnetic field
in the z direction. In the symmetric gauge Z� ¼
ð0;�Et;� 1

2By;
1
2BxÞ, the Dirac equation in the collinear

color electric and magnetic fields becomes

i�ið@i � igZiÞc L þ ið�2 cos �þ �3 sin �Þ@�c L

þ 1

2
gB�ð�3 cos�� �2 sin�Þc L þ fð�Þe�i�c R ¼ 0;

i�ið@i � igZiÞc R þ ið�2 cos�þ �3 sin�Þ@�c R

þ 1

2
gB�ð�3 cos�� �2 sin�Þc R þ fð�Þeþi�c L ¼ 0:

(51)

The profile of the quark zero modes now has an extra
B-dependent factor,

exp

�
�
Z �

0
fð�0Þd�0 � 1

4
gB�2

�
: (52)

[More general cases like time-dependent EðtÞ, BðtÞ fields
can be studied in a similar way.] The direction of the color

magnetic field in the z axis also matters ( ~B parallel or

antiparallel to ~E). If the fð�Þ factor is set to zero, the

equations in (51) will reduce to the Dirac equation in a
constant electric field and magnetic field background,
which has been studied before (see, e.g., [28]). In general
we cannot treat the configuration as a string and must solve
the equation in four-dimensional spacetime. However, it is
easy to see that if color electric and magnetic fields are
(anti)parallel, the topological charge density

1

4
Z��

~Z�� ¼ ~B � ~E � 0; (53)

and the winding number of a gauge configuration is

Q ¼ g2Nf

32�2

Z
d4xZ��

~Z�� � 0; (54)

Hence, the chirality is not conserved:

NR � NL ¼ �2NfQ � 0: (55)

Now we include the electromagnetic fields. Inside the flux
tube, it is a deconfinement phase with restored chiral
symmetry; the localized quarks are massless and these
are the same conditions as those considered in the chiral
magnetic effect [14,15]. For the additional (electro)mag-
netic background, we need to add an electromagnetic
potential AM

� to Eq. (51). Instead of solving the equation,

we study the chiral magnetic effect through the anomaly
argument as follows: from Eqs. (54) and (55) one notices
that there should be net chiral or antichiral quark zero
modes in the flux tube with both chromoelectric and chro-
momagnetic fields. Since these (anti)chiral zero modes are
coupled to the electromagnetic potential AM

� , they lead to

the gauge anomaly with respect to the electromagnetic
potential, and the anomaly-inflowmechanism should apply
in the same way. Following the procedure in the previous
section, we obtain an extra effective coupling in the bulk,

�LMCS �� e2

8�2
@�	K

�
MCS; (56)

where K�
MCS ¼ �����A�F�� is the Maxwell-Chern-Simons

current, and we have also replaced the � variable by a more
general phase 	 [see Eq. (31)]. This is because the flux
tubes that we have studied so far are stationary, whereas the
real ones should be dynamical in the sense that they may
rotate, vibrate, or even decay into particles [26,29,30].
By the spacetime dependence and the Lorentz symmetry,
the � variable in the stationary case should be promoted to
a spacetime-dependent phase 	ð ~x; tÞ. Equations (54) and
(56) suggest that there is an interplay between the Abelian
anomaly and the non-Abelian anomaly. Consequently, the
Maxwell equation becomes

@�F
�� ¼ J� � e2

2�2
@�	 ~F��; (57)

which yields the component equation

r� ~BM � @ ~EM

@t
¼ ~J þ e2

2�2
ð _	 ~BM �r	� ~EMÞ: (58)
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Taking the limit ~EM ! 0 as in [14,15], and noticing that

r� ~BM ¼ 0, one obtains

~J �� _	 ~BM; (59)

which is the induced current due to the chiral magnetic
effect. The coefficient _	 can be identified as the chiral
chemical potential [14,15] and r	 is a superflow term

suppressed by the vanishing electric field ~EM. This simple
derivation is based on our particular flux-tube model and
the anomaly-inflowmechanism.More general and rigorous
derivations can be found in [14,15].

VI. DISCUSSIONS AND CONCLUSIONS

The effective Chern-Simons coupling, @��K
�
c-s obtained

from the QCD flux-tube model and the anomaly-inflow
mechanism, can be put in the familiar form �F ~F after
integration by parts. This suggests the emergence of the
chiral charge in the bulk. Our formulation explains why
such topological charge is needed, but does not explain
how it is distributed in the QCD vacuum. Instantons, center
vortices, and domain walls are possible gauge configura-
tions which can ‘‘recharge’’ the ‘‘anomaly battery’’—the
flux tube. Also the appearance of this topological term is
associated with quark creation, and it could be related to
the instanton or sphaleron cases in [26,29,30] where the
production of particles is due to the decay of Chern-Simons
charge.

We close by pointing out that applying the anomaly-
inflow mechanism to the QCD flux tubes should not
depend on particular formulations. Even for the Cho-
Faddeev-Niemi decomposition that we used in this paper,
there is a dual formulation [7,25]

~A� ¼ �C�n� g�1n� @�nþ�1@�n��2n� @�n;

(60)

where �1;2 are two real scalar fields which are dual to the

color vector n. Given proper vacuum expectation values
for these fields, a (dual) Abelian-Higgs model can be
constructed [25]. It would be interesting to see how to
use these variables to formulate the color flux tubes. Note
that these variables appear at the classical level while some
dynamical degrees of freedom in our model emerge at the
quantum level.
To summarize, we used a set of new QCD variables

from the Cho-Faddeev-Niemi decomposition to formulate
QCD flux-tube models and applied the anomaly-inflow
mechanism to the studies of chromoelectric flux tubes,
quark (pair) creation and the chiral magnetic effect. At
the quantum level, quark condensates in the QCD vacuum
can induce vortexlike structures in a chromoelectric flux
tube. Quark zero modes trapped in the vortex are chiral
and generate a two-dimensional gauge anomaly. To can-
cel this anomaly, a Chern-Simons type effective action is
introduced; hence, a topological charge density term
naturally appears in the bulk spacetime. This scenario
can also be used to study anomaly enhanced quark pair
creation, the chiral magnetic effect, etc. In this paper we
only considered straight stringlike color flux tubes. It may
be interesting to study more complicated situations, like
the �-shape and Y-shape flux-tube configurations for
baryons.
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