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We consider the interatomic van der Waals interaction energy between two neutral ground-state atoms

moving in vacuum space with the same uniform acceleration. We assume the acceleration orthogonal to

their separation so that their mutual distance remains constant. Using a model for the van der Waals

dispersion interaction based on the interaction between the instantaneous atomic dipole moments, which

are induced and correlated by the zero-point field fluctuations, we evaluate the interaction energy between

the two accelerating atoms in terms of quantities expressed in the laboratory reference frame. We find that

the dependence of the van der Waals interaction between the atoms from the distance is different with

respect to the case of atoms at rest, and the relation of our results with the Unruh effect is discussed. We

show that in the near zone a new term proportional to R�5 adds to the usual R�6 behavior, and in the far

zone a term proportional to R�6 adds to the usual R�7 behavior, making the interaction of a longer range.

We also find that the interaction energy is time dependent, and the physical meaning of this result is

discussed. In particular, we find acceleration-dependent corrections to the R�7 (far zone) and R�6 (near

zone) proportional to a2t2=c2; this suggests that significant changes to the van der Waals interaction

between the atoms could be obtained if sufficiently long times are taken, without necessity of the

extremely high accelerations required by other known manifestations of the Unruh effect.
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I. INTRODUCTION

The van der Waals and Casimir-Polder forces are long-
range interactions between atoms or between atoms and
neutral macroscopic objects, respectively, due to fluctua-
tions of the quantum electromagnetic field [1,2]. These
interactions have not a classical analogue, and they can
be equivalently attributed to zero-point fluctuations of the
quantum electromagnetic field or to fluctuations of currents
in the microscopic and/or macroscopic objects considered
[3,4]. They have been recently considered also in dynami-
cal (time-dependent) situations [5]. Although these
interactions have a very small strength, they have been
measured in several physical situations [6–9].

One important aspect is related to the change of both van
der Waals and Casimir-Polder interactions due to the
motion of the objects considered. A uniformly accelerated
motion is particularly relevant, due to the so-called Unruh
effect: the Unruh effect predicts that a uniformly acceler-
ated observer perceives vacuum fluctuations as a thermal
field with temperature T ¼ ℏa=ð2�ckBÞ, with a being the
observer’s acceleration [10,11]. The Unruh effect has not
been observed yet, although many proposals for its mea-
surement have been presented in the literature (see
Ref. [11] and references therein), for example, detecting
spin depolarization of accelerated electron [12], or accel-
erating particles by ultraintense laser pulses [13,14] or
laser filaments [15,16]. These considerations give impor-
tant motivations for investigating also other observable
physical effects that can be affected by an accelerated

motion and that could give evidence of the Unruh effect
and in general quantum electrodynamical effects related to
noninertial motion. The effect of a uniform acceleration on
the Lamb shift [17,18], atom-wall Casimir-Polder interac-
tions, and related phenomena [19–21] have been investi-
gated in the literature; it was shown that extremely high
accelerations (� 1022 m=s2) were necessary in order to
make observable the Unruh effect in the Lamb shift and
atom-wall interactions.
The van derWaals dispersion forces between two neutral

atoms in the vacuum are related to fluctuations of the zero-
point electromagnetic field, and thus they could be good
candidates for detecting an accelerated motion of the atoms
and the Unruh effect. In this paper we will consider the
effect of the acceleration on the dispersion interaction
between two atoms, and we will show that new phenomena
are present in this case, namely, a change of the distance
dependence of the interaction energy and its explicit time
dependence. Using a simple model, we had already
obtained some hints on the effect of the Unruh effect on
the dispersion force on accelerating atoms, exploiting the
relation between acceleration and temperature given by the
Unruh effect [22].
As mentioned, in this paper we investigate the effect of a

uniform acceleration on the van der Waals interaction
energy between two ground-state atoms moving in vacuum
space with a uniform acceleration. In particular, we are
interested in investigating whether the (uniform) accelera-
tion of the atoms yields a qualitative change of the force
properties. We consider two atoms/molecules A and B
moving in the laboratory system with the same uniform
acceleration a in the x direction. They move along the*roberto.passante@unipa.it
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same direction perpendicular to their distance so that their
separation is constant. In order to obtain their van der
Waals interaction, both in the near zone and in the far
zone (Casimir-Polder regime), and in particular how this
interaction is affected by their acceleration, we use the
following physical model: the interaction energy arises
from the dipolar interaction between the (instantaneous)
oscillating dipole moments of the atoms induced and cor-
related by zero-point electromagnetic field fluctuations. In
this model the dipolar fields are classical fields, and the
quantum properties of the radiation are included in the
spatial correlations of the electric field associated to vac-
uum fluctuations. This model has been used and proved
valid for atoms at rest [23,24], and it has been used also for
three-body dispersion forces [25] when boundary condi-
tions are present [26] or in the presence of external radia-
tion [27]. In the present case, we need to generalize this
model to the case of accelerating atoms, expressing the
field generated by the atomic dipole moments in the accel-
erated reference frame. An advantage of our method is that,
even if the interaction energy is calculated for the accel-
erating atoms in their comoving frame (the system in
which the atoms are instantaneously at rest), all physical
quantities relative to the atoms are given in terms of their
known values in the laboratory frame. We obtain an ex-
plicit expression of this interaction energy and discuss in
detail the near- and far-zone limits, showing that the main
effects of the accelerated motion of the atoms are a change
of the distance dependence of the van der Waals interaction
with respect to the usual case of inertial atoms and an
explicit time dependence of the interaction energy. Our
results show that in the near zone, a new term proportional
to R�5 adds to the usualR�6 behavior, and in the far zone, a
term proportional to R�6 adds to the usual R�7 behavior,
making the interaction of a longer range. We also find that
the interaction energy has an explicit time dependence. In
particular, we show that acceleration-dependent correc-
tions to the R�7 (far zone) and R�6 (near zone) terms
proportional to a2t2=c2 are present. This suggests that
significant changes to the interaction between the two
atoms could be obtained if sufficiently long times are
considered, even for reasonable values of the acceleration,
contrary to other knownmanifestations of the Unruh effect,
such as the Lamb shift and the atom-wall interaction for
accelerated atoms, which require extremely high acceler-
ations. Both of these effects could be relevant for the
observation of the Unruh effect or other acceleration-
dependent effects in quantum electrodynamics. Although
the Lamb shift and atom-wall interactions have the same
physical origin of the atom-atom interaction, the van der
Waals interaction seems more sensitive to the acceleration
because of the time dependence of the interaction in this
case. This time dependence follows from the effective
interaction distance introduced in Sec. II, which grows
with time for the atom-atom interaction, while it is constant

in the case of an atom accelerating parallel to an infinite
wall (such a concept has no meaning for the Lamb shift).
This paper is organized as follows. In Sec. II we intro-

duce our physical model for the van der Waals interaction
energy for the accelerating atoms, based on the method of
correlated induced dipole moments, and evaluate the di-
pole fields of the accelerating atoms; we also introduce the
important concept of effective interaction distance. In
Sec. III, after appropriate Lorentz transformation to the
comoving reference frame, we use these results in order to
evaluate the interaction energy between the two atoms in
the accelerated frame in terms of the physical quantities
calculated in the laboratory frame. Finally, Sec. IV is
devoted to the discussion of our results and some conclud-
ing remarks.

II. THE MODEL FOR THE VAN DER WAALS
INTERACTION IN THE ACCELERATED FRAME

In this section we generalize the method of induced
dipole moments, originally introduced for the calculations
of the van der Waals interaction between atoms at rest
[23,24], to the case of atoms in accelerated motion. In
this model, the interatomic interaction energy originates
from the interaction of the instantaneous dipole moments
of the two atoms. These dipoles are induced and correlated
by the spatially correlated zero-point fluctuations of the
quantum electromagnetic field. In this model the quantum
nature of the dispersion interaction enters in the correlation
function of zero-point fluctuations of the electric field,
while the dipole fields are treated classically.

~Eiðk�; r; tÞ indicates the (k�) Fourier component (� ¼
1, 2 is the polarization index) of the electric field at position
r generated by atom A whose position is RA. This field
evaluated in the moving reference frame where atom B is
instantaneously at rest (i.e., the comoving frame) depends
on the instantaneous (fluctuating) dipole moment of atom
A in the laboratory reference frame at the retarded time
tr ¼ t� �ðtrÞ=c. �ðtrÞ is an effective interaction distance
given by the distance traveled by a light signal from its
emission by atom A at time tr to the time t when it is
received by atom B. We shall evaluate this distance for our
specific case of uniformly accelerated atoms at the end of
this section. In this model, the atoms are assumed as having
instantaneous oscillating dipole moments and their van der
Waals interaction arises from the interaction between the
field emitted by the fluctuating dipole of one atom with the
dipole moment induced on the second atom. This field
can be expressed as (summation over repeated index is
understood)

~E iðk�;RB; tÞ ¼ ��A
j
~V 0
ijðk;R; trÞ; (1)

where RB is the position of atom B, R ¼ RB �RA and
�A

j is the dipole moment of atom A. ~V 0
ijðk;R; trÞ is a tensor

potential that will be obtained in the next section. From
now on, a tilde indicates that the corresponding quantity is
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evaluated in the comoving reference frame, where the
atoms are instantaneously at rest. In the comoving frame,
the interaction of this field with the induced dipole moment
of atom B is given by

� ~�B
i
~Eiðk�;RB; tÞ ¼ ~�B

i �
A
j
~V0
ijðk;R; trÞ; (2)

where ~�B
i is the dipole moment of atom B in the accel-

erated frame. Summation over (k�) yields the interaction
energy.

The Fourier (k�) component Eðk�; rÞ of the electric
field given by

Ejðk�; rÞ ¼ i

�
2�ℏck

V

�
1=2

� ðêjðk�Þak�eik�r � ê?j ðk�Þayk�e�ik�rÞ (3)

[êjðk�Þ is the polarization unit vector] induces a dipole

moment in the atom at position r given by

�indðk�; rÞ ¼ �ðkÞEðk�; rÞ; (4)

where we are assuming an isotropic atom with dynamic
polarizability �ðkÞ. The instantaneous dipole moment in-
duced in one atom, let us say atom A, generates an electric
field that then interacts with the other atom (B). This
electric field is the field generated by atom A with position
RA at the retarded time tr ¼ t� �ðtrÞ=c evaluated at the
position of atom B. Because in our case both atoms are
accelerating, we need the expression of the electric field
generated by an oscillating dipole in motion. This expres-
sion, as well as that of the magnetic field, is known and it is

usually separated in the two components EðpolÞ and EðRoeÞ
called the polarization and Röntgen components, respec-
tively. Because we are interested in the interaction between
the two accelerating atoms in their comoving system that is
a locally inertial frame, the electric field must be Lorentz
transformed to the comoving system; thus, the electric and
magnetic fields are both necessary because Lorentz trans-
formations mix electric and magnetic fields. In the labora-
tory frame, these fields for a dipole moving along an
arbitrary trajectory xðtÞ are given in Refs. [28,29] in terms
of the retarded time tr ¼ t� r=c. We use the general
expressions in Refs. [28,29] for the polarization and
Röntgen components of the electric and magnetic fields
in our case of a uniformly accelerated trajectory along x
given by [30]

xðtÞ ¼ c2

a

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2t2

c2
þ 1

s
� 1

1
A;

xð�Þ ¼ c2

a

�
cosh

a�

c
� 1

�
;

(5)

where time t is related to the proper time � by the relation

t ¼ c

a
sinh

�
a�

c

�
: (6)

We also assume xð0Þ ¼ 0, _xð0Þ ¼ 0, and take into ac-
count that the two atoms are moving in a direction orthogo-
nal to their distance so that their distance does not change
with time. We thus obtain the polarization and Röntgen
components of the electric and magnetic fields for the
uniformly accelerating dipole evaluated at the position of
the other dipole,

E
ðpolÞ
i ðr; tÞ ¼ �

�
1

�3
T̂ij�jðtrÞ þ 1

c�2
T̂ij _�jðtrÞ

þ 1

c3�
Ŝij €�jðtrÞ

�
; (7)

EðRoeÞ
i ðr; tÞ ¼ �

�
1

c2�2
_xiðtrÞ�̂j _�jðtrÞ þ 1

c2�2
€xiðtrÞ�̂j�jðtrÞ

þ 1

c3�
_xiðtrÞ�̂j €�jðtrÞ þ 1

c3�
_€xiðtrÞ�̂j�jðtrÞ

þ 2
1

c3�
€xiðtrÞ�̂j _�jðtrÞ

�
; (8)

B
ðpolÞ
i ðr; tÞ ¼ � �ikj

c�2
�̂k _�jðtrÞ �

�ikj

c2�
�̂k €�jðtrÞ; (9)

BðRoeÞ
i ðr; tÞ ¼ � 1

c�2
T̂ij�jkl

�
1

�
�kðtrÞ _xlðtrÞ þ 1

c
�kðtrÞ €xlðtrÞ

þ 1

c
_�kðtrÞ _xlðtrÞ

�
� 1

c3�
Ŝij�jklð�kðtrÞ _€xlðtrÞ

þ 2 _�kðtrÞ €xlðtrÞ þ €�kðtrÞ _xlðtrÞÞ; (10)

where tr ¼ t� r=c is the retarded time, �ðtÞ ¼ r� xðtÞ,
and �ilk is the totally antisymmetric symbol. We have also
defined the following tensors:

T̂ij � �ij � 3�̂i�̂j; (11)

Ŝij � �ij � �̂i�̂j: (12)

In order to obtain the dispersion interaction energy for
the two accelerating atoms, we need some considerations
about the retarded time and the distance between the atoms
to be used in the expressions for the fields. The effective
interaction distance �ðtrÞ introduced at the beginning of
this section is the distance traveled by a light signal from
one atom to the other. For atoms at rest, it coincides with
the interatomic distance �, while in the case of atoms
moving at a constant velocity v, it is easy to show that
�ðtrÞ ¼ 	�. In our case the atoms are in an accelerated
motion: this makes evident that we should expect an ex-
plicit time dependence of the interaction distance because

	 ¼ ð1� v2=c2Þ�1=2 depends on time. We assume that at
t ¼ 0 the atoms are at rest and have a uniform acceleration
a. Using Eq. (5) and simple geometrical considerations, it
is possible to show that
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�ðtrÞ ¼ �þ c

�
t� c arctan ðatc Þ

a

�
; (13)

showing that indeed �ðtrÞ depends on time and, as
expected, it grows with time.

III. THE VAN DER WAALS INTERACTION
ENERGY FOR THE ACCELERATING ATOMS

We now evaluate the interaction energy between the
fluctuating atomic dipoles in accelerated motion. We as-
sume a nonrelativistic motion for the atoms; because their
acceleration is given, this assumption limits the time scale
of the validity of our results, as we shall discuss in more
detail in the next section. The potential energy will be
evaluated in the comoving frame of the accelerating atoms.
All relevant physical quantities will be, however, expressed
in terms of the quantities measured in the laboratory ref-
erence frame and thus directly measurable; this makes our
approach different with respect to the results in the litera-
ture concerning the radiative processes in accelerated
frames (such as the Lamb shift, atom-wall interactions,
etc.), which are in terms of physical quantities measured
in the comoving frame [18–20,22].

In our approach, each Fourier component of vacuum
field fluctuations induces an oscillating dipole in the atoms,
that in the laboratory frame is of the form (in the k space)

�AðBÞ;indðk; �; tÞ ¼ �AðBÞ;indðk; �Þ cos ð!tÞ (14)

with ! ¼ ck. Using Eq. (2), the van der Waals interaction
energy can be expressed as

�~E ¼ X
k;�

X
k0;�0

~�B;ind
i ðk; �Þ�A;ind

j ðk0; �0Þ ~V 0
ijðR; tÞ: (15)

We stress that in Eq. (15) the dipole moment of atom A is
in the laboratory frame while that of atom B is still in the
comoving frame. We shall now transform the latter in the
laboratory frame in order to express the energy shift in
terms of the quantities in this frame only. Under a Lorentz
transformation, the dipole moment transforms as a length;
thus, in our case of atoms moving along the x direction, we
have

~� ¼ 	�x{̂þ�y|̂þ�zk̂; (16)

that shows that only the x component is different in the two
reference frames.

Using the relation (4) between the induced dipole
moment and the fluctuating vacuum field, we get

�~E¼X
k;�

X
k0;�0

�ðA;k0Þ�ðB;kÞEiðk0;�0;RAÞ

�Ejðk;�;RBÞ ~VijðR;tÞ: (17)

The Fourier components of the electric field operator in
Eq. (17) are in the laboratory frame because they come
from relation (4) with the induced dipole moment in the

laboratory system. The tensor ~VijðR; tÞ in Eq. (17) differs

from the tensor ~V 0
ijðR; tÞ in Eq. (15) because the 	 factor in

Eq. (16) has been included in it, that is,

~VxjðR; tÞ ¼ 	 ~V 0
xjðR; tÞ;

~VyjðR; tÞ ¼ ~V 0
yjðR; tÞ;

~VzjðR; tÞ ¼ ~V 0
zjðR; tÞ:

(18)

In Eq. (17) a factor of 2 should be added, taking into
account that we should also consider an equal interaction
energy obtained by exchanging the role of the two atoms
given by the interaction of the field emitted by atom B with
atom A. We shall include this factor of 2 in the expression
of the potential tensor ~VijðR; tÞ given in the following of

this section. We now take the vacuum expectation value
of Eq. (17), taking into account that the electric field
operators are in the laboratory frame. Thus, we have

h0jEiðk0; �0;RAÞEjðk; �;RBÞj0i

¼ 2�ℏck
V

êiðk; �Þê�j ðk; �Þe�ik�ðRB�RAÞ�kk0���0 : (19)

In the continuum limit, V ! 1,
P

k ! V=ð2�Þ3 �R
k2dkd�. Performing polarization sum and angular

integration, X
�

êiðk; �Þê�j ðk; �Þ ¼ �ij � k̂ik̂j; (20)

1

4�

Z
ð�ij � k̂ik̂jÞe�ik�Rd�

¼ ð�ij � R̂iR̂jÞ sin ðkRÞkR

þ ð�ij � 3R̂iR̂jÞ
�
cos ðkRÞ
k2R2

� sin ðkRÞ
k3R3

�
; (21)

we obtain

h�~Ei ¼ 2
ℏc
�

Z �
Ŝij

sin ðkRÞ
kR

þ T̂ij

�
cos ðkRÞ
k2R2

� sin ðkRÞ
k3R3

��

� ~VijðR; tÞk3dk: (22)

In the approximation of a nonrelativistic motion, we have
_xðtÞ ¼ at, €xðtÞ ¼ a, and _€xðtÞ ¼ 0. Using these expressions
in Eqs. (7)–(10), we obtain the electric and magnetic fields
generated by the uniformly accelerating dipole in the
laboratory frame. In order to obtain the expression of the
tensor ~VijðR; tÞ in Eq. (22), we need the electric field in

the comoving frame. Thus, we Lorentz transform the fields
according the well-known relations

~Ex ¼ Ex;

~Ey ¼ 	ðEy � 
BzÞ;
~Ez ¼ 	ðEz þ 
ByÞ

(23)
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[31]. Using these transformations, the potential tensor ~VijðR; tÞ in Eq. (22) is obtained as

~V1jðR; tÞ ¼ � 2	ðtÞ
R

�
T̂1j

R

�
� 1

R
AðR; tÞ þ!

c
BðR; tÞ

�
þ Ŝ1j

!2

c2
AðR; tÞ

þ R̂j

a

c2

��
1

R
þ!2t

c

�
AðR; tÞ þ

�
!t

R
þ 2!

c

�
BðR; tÞ

��
; (24)

~V2jðR; tÞ ¼ � 2	ðtÞ
R

�
T̂2j

R

�
� 1

R
AðR; tÞ þ!

c
BðR; tÞ

�
þ Ŝ2j

!2

c2
AðR; tÞ � 
ðtÞ

c

�
R̂l"3lj!

�
!

c
AðR; tÞ þ 1

R
BðR; tÞ

�

þ T̂3l"lj1
a

R

�
�
�
1

c
þ t

R

�
AðR; tÞ þ t!

c
BðR; tÞ

�
þ Ŝ3l"lj1

a!

c2
½!tAðR; tÞ þ 2BðR; tÞ�

��
; (25)

~V3jðR; tÞ ¼ � 2	ðtÞ
R

�
T̂3j

R

�
� 1

R
AðR; tÞ þ!

c
BðR; tÞ

�
þ Ŝ3j

!2

c2
AðR; tÞ þ 
ðtÞ

c

�
R̂l"2lj!

�
!

c
AðR; tÞ þ 1

R
BðR; tÞ

�

þ T̂2l"lj1
a

R

�
�
�
1

c
þ t

R

�
AðR; tÞ þ t!

c
BðR; tÞ

�
þ Ŝ2l"lj1

a!

c2
½!tAðR; tÞ þ 2BðR; tÞ�

��
; (26)

where 
ðtÞ ¼ vðtÞ=c, 	ðtÞ ¼ ð1� 
2ðtÞÞ�1=2. We have
used Eqs. (11) and (12) with R in place of � and defined
the functions

AðR; tÞ ¼ cos ð!tÞ cos
�
!

�
t� R

c

��
; (27)

BðR; tÞ ¼ cos ð!tÞ sin
�
!

�
t� R

c

��
: (28)

Some considerations about the time dependence of the
potential tensor ~VijðR; tÞ are now necessary. In the case of

atoms at rest in the laboratory system discussed in
Ref. [23], the potential tensor is calculated for each mode
ðk; �Þ after a time average on an oscillation period 2�=!
of the dipoles. In that case, this is equivalent to taking a
time average of the quantities AðR; tÞ and BðR; tÞ in
Eqs. (27) and (28), respectively. In our case of accelerating
atoms, extra time dependence is contained in the factors

ðtÞ and 	ðtÞ in Eqs. (24)–(26). We now take the time
average of ~VijðR; t0Þ on a time tmuch larger than!�1 (that

is, we take !t 	 1 for a given !) and keep the leading
term in t only, which gives the main contribution to the
time average. We thus consider the quantity

h ~VijðR; tÞi ¼ 1

t

Z t

0
VijðR; t0Þdt0: (29)

We take a nonrelativistic approximation, then


ðtÞ ’ at

c
; 	ðtÞ ’ 1þ a2t2

2c2
; (30)

and keep only terms up to the second order in at=c. In order
to evaluate Eq. (29), we need to calculate the integrals of
AðR; t0Þ and BðR; t0Þ and the integrals of these functions
multiplied by t0 or t02, keeping only leading terms in t.

After lengthy but straightforward algebraic calculations,
we finally obtain

h ~VijðR; tÞi ¼
�
1þ a2t2

6c2

�
1

R3
fT̂ij½cos ðkRÞ

þ kR sin ðkRÞ�Ŝijk2R2 sin ðkRÞg þ Zij;

(31)

where R ¼ ð0; 0; RÞ is along the z axis, and T̂ij ¼
diagð1; 1;�2Þ and Ŝij ¼ diagð1; 1; 0Þ are diagonal 3� 3

matrices. The 3� 3 matrix Zij is defined below.

Substituting Eq. (31) into Eq. (22), we obtain the van der
Waals interaction energy shift of the two accelerating
atoms

h�~Ei ¼
�
1þ a2t2

6c2

�
�Er þ 2

ℏc
�

Z �
Ŝij

sin ðkRÞ
kR

þ T̂ij

�
cos ðkRÞ
k2R2

� sin ðkRÞ
k3R3

��
Zijk

3dk; (32)

where

�Er ¼ � ℏc
�R3

Z 1

0
�ðA; kÞ�ðB; kÞ

�
kR sin ð2kRÞ

þ 2 cos ð2kRÞ � 5
sin ð2kRÞ

kR

� 6
cos ð2kRÞ
k2R2

þ 3
sin ð2kRÞ
k3R3

�
k3dk

¼ � ℏc
�R2

Z 1

0
�ðA; iuÞ�ðB; iuÞ

�
1þ 2

uR
þ 5

u2R2

þ 6

u3R3
þ 3

u4R4

�
u4e�2uRdu (33)
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is the well-known van der Waals potential energy for two
atoms at rest [1,23]. In Eq. (32), t is the observation time
and h�~Ei is the interaction energy averaged between times
0 and t, as it follows from our averaging in Eq. (29);
however, for the sake of simplicity, we shall call it the
interaction energy at time t. Equation (32) clearly shows
that one effect of the uniform acceleration of the atoms is a
correction to the potential proportional to a2t2=c2 and a
new term (that with the k integral) that we are now going to
evaluate explicitly. We will show that this new term gives
also a change of the R dependence of the van der Waals
potential energy when the two atoms are subjected to a
uniform acceleration. From Eq. (32) and taking into

account that T̂ij and Ŝij are diagonal matrices, we notice

that only diagonal elements of the matrix Zij appearing in

Eq. (31) are relevant. Their values are

Z11 ¼ 0; (34)

Z22 ¼ T̂33

�
a2t

2c3R2
cos ðkRÞ þ a2t2

3c2R3
cos ðkRÞ

þ a2t2

3c2R2
k sin ðkRÞ

�
; (35)

Z33 ¼ T̂22

�
a2t

2c3R2
cos ðkRÞ þ a2t2

3c2R3
cos ðkRÞ

þ a2t2

3c2R2
k sin ðkRÞ

�
þ Ŝ22

�
a2t

c3R
k sin ðkRÞ

� a2t2

3c2R
k2 cos ðkRÞ

�
: (36)

The substitution of Eqs. (34)–(36) into Eq. (32) finally
yields

h�~Ei ¼ �Er þ a2t

2c3
ℏc
�R3

Z 1

0
�ðA; iuÞ�ðB; iuÞ

�
�
3þ 4

uR
þ 2

u2R2

�
u2e�2uRduþ a2t2

6c2
ℏc
�R2

�
Z 1

0
�ðA; iuÞ�ðB; iuÞ

�
�1þ 4

uR
þ 8

u2R2

þ 8

u3R3
þ 4

u4R4

�
u4e�2uRdu: (37)

The result given by Eq. (37) shows two terms correcting
the van der Waals potential energy due to the atomic
uniform acceleration: both are proportional to the square
of the acceleration, and they explicitly depend on time as t
and t2 within our approximations. Because the potential for
inertial atoms �Er is negative (attractive interaction),
Eq. (37) shows that the effect of the acceleration is to
reduce the interaction energy, and this reduction grows
with time. This is consistent with the fact that the

‘‘effective interaction distance’’ �ðtrÞ in Eq. (13) grows
as time goes on, yielding a decrease of the interaction
energy between the accelerating atoms. However, as we
shall discuss in more detail in Sec. IV, these corrections
cannot turn the potential in a repulsive one, i.e., a positive
value of h�~Ei, at least within our approximations.
In order to discuss in more detail the effect of the

acceleration, we can consider two limiting cases of the
van der Waals dispersion energy: the so-called near zone
and far zone. The near zone is when the interatomic
distance R is smaller than a main transition wavelength
of the atoms; the far zone (Casimir-Polder regime) is for
larger distances.
In the near zone, the interaction energy�Er for atoms at

rest is as R�6. In this zone, we can approximate uR 
 1 in
Eq. (37), obtaining

h�~Ei ’ �
�
1� 4a2t2

9c2

�
3ℏc

2�R6

Z 1

0
�ðA; iuÞ�ðB; iuÞdu

þ a2tℏ

�c2R5

Z 1

0
�ðA; iuÞ�ðB; iuÞdu: (38)

In the far zone, we can approximate the atomic dynami-
cal polarizabilities to their static value �A;Bð0Þ, obtaining

h�~Ei ¼ �Er � �Að0Þ�Bð0Þ ℏc
�R3

Z 1

0

�
a2t

2c3k

�
3 sin ð2kRÞ

þ 4
cos ð2kRÞ

kR
� 2

sin ð2kRÞ
k2R2

�

þ a2t2

6c2

�
kR sin ð2kRÞ � 2 cos ð2kRÞ þ 3

sin ð2krÞ
kR

þ 2
cos ð2kRÞ
k2R2

� sin ð2kRÞ
k3R3

��
k3dk; (39)

where in this case (far zone) the dispersion energy �Er

behaves as R�7. Performing the k integrals, we finally get

h�~Ei ’ �ℏc
�

�Að0Þ�Bð0Þ
R7

�
23

4
� 7

24

a2t2

c2

�

þ 11ℏa2t
8�c2

�Að0Þ�Bð0Þ
R6

: (40)

These results clearly show the two new main features of
the van der Waals interaction energy for accelerating
atoms: a change of the dependence on the distance and
an explicit time dependence. In fact, from Eq. (40) we can
see that in the far zone, an effect of the acceleration is to
add a new (time-dependent) term behaving as R�6, which
has a longer range than the usual R�7 van der Waals energy
in the Casimir-Polder regime for atoms at rest. An R�6

term in the atom-atom dispersion energy is known to occur
when the interaction is calculated for atoms at rest at finite
temperature [32], and this indicates the deep connection
between our results and the Unruh effect. The near-zone
result (38) also shows corrections giving an explicit time
dependence of the interaction energy proportional to the

ANTONIO NOTO AND ROBERTO PASSANTE PHYSICAL REVIEW D 88, 025041 (2013)

025041-6



acceleration squared, and a new term proportional to ac-
celeration and time, and decreasing as R�5. This new term
has thus a slower decrease with the interatomic distance
compared with the R�6 behavior for inertial atoms. Also,
the explicit time dependence as a2t2=c2 in the first line of
both Eqs. (38) and (40), for the near and far zone, respec-
tively, gives corrections to the interaction that grows with
time and may become significant even for a reasonable
value of the acceleration. In fact, it is possible to find time
intervals such that, from one side the nonrelativistic ap-
proximation is still valid (a2t2=c2 
 1), and on the other
side, the corrective term, although relatively small, is not
negligible. For example, if a2t2=c2 ’ 0:2, we can still
consider reasonable our approximation of a nonrelativistic
motion of the atoms, and the correction to the van der
Waals interaction energy from Eqs. (38) and (40) is around
10% in the near zone and 1% in the far zone. These
changes are small but not negligible. Because only the
product of acceleration and time is relevant for this cor-
rection to the dispersion energy due to the acceleration
(and not the absolute value of the acceleration, as in the
correction to the Lamb shift or the atom-wall interaction
energy [18–20,33]), this should be achievable even with
reasonable accelerations, provided a sufficiently long time
is taken. Also, the corrections as R�6 andR�5 in the second
lines of Eqs. (38) and (40), respectively, give a change to
the van der Waals interaction of a few percent, using the
same value of the acceleration considered above and an
interatomic distance R such that aR=c2 � 0:1, for which
our use of a locally inertial system is valid (see also the
discussion at the end of the next section). All this suggests
a new possibility for detecting the Unruh effect, or in
general effects related to accelerated motion in quantum
electrodynamics, without the extremely high accelerations
necessary in the case of other quantum electrodynamical
effects recently discussed in the literature [11,18–20].

IV. CONCLUDING REMARKS

We have considered the van der Waals interaction
energy between two ground-state atoms (or polarizable
bodies) moving in the vacuum with the same uniform
acceleration. The acceleration is assumed orthogonal to
the separation between the atoms so that their distance is
constant. In order to calculate their interaction energy, we
have used a method based on the interaction between the
instantaneous atomic dipole moments, which are induced
and correlated by the zero-point fluctuations of the quan-
tum electromagnetic field. We have shown there are two
main effects of the acceleration: an explicit time depen-
dence of the interatomic interaction and a qualitative
change of its dependence from the interatomic distance,
making the interaction of longer range. In particular, in the
near zone, a new term as R�5 adds to the usual R�6

behavior, while in the far zone, an R�6 term adds to the

usual R�7 van der Waals energy in the Casimir-Polder
regime.
We now discuss some consequences of our results as

well as the limits of our approximations.
Our result (37) for the van der Waals dispersion interac-

tion energy for two uniformly accelerating atoms, and
approximated in Eqs. (38) and (40) for the near and far
zone, respectively, clearly shows how the accelerated mo-
tion of the atoms affects their interaction energy. The main
effects are the time dependence of the dispersion energy
and a change of its distance dependence, depending on the
acceleration squared, yielding a longer-range interatomic
potential. This in an important point showing that the effect
of the accelerated motion is not only a correction to the
strength of the potential energy but also a qualitative
change of its properties. This also suggests, in perspective,
the intriguing possibility of detecting signatures of the
Unruh effect in interacting atomic systems, in particular
when their properties, even at the macroscopic level, may
critically depend on the form of the interaction among the
atoms. The time dependence of the interaction in Eq. (37)
is related to the effective interaction distance given by
Eq. (13), which grows with time for the accelerated atoms,
making larger the ‘‘effective distance’’ traveled by the
virtual photons exchanged between the atoms as time
goes on. A similar effect is not present in cases previously
considered for the Lamb shift of an accelerated hydrogen
atom [18,33] or the atom-surface Casimir-Polder interac-
tion for an atom accelerating parallel to an infinite con-
ducting plate [19]: in these cases, the field fluctuations
perceived by the atom are time independent and the
atom-surface ‘‘effective distance’’ is constant, and thus a
time dependence is not expected, and the corrections
depend on the absolute value of the acceleration only. We
have also shown that by taking appropriate values of the
product of acceleration and time, the relative change of the
van der Waals interaction, with parameters such that all our
approximations are valid, can be in the range of 1%–10%
and thus not negligible.
In our model, we have neglected the possibility that the

atoms are excited due to their acceleration. It is known that
accelerated atoms have a finite probability of being sponta-
neously excited [21,33,34]. In principle, this could add
another source of change of the distance dependence of
the dispersion interaction between the atoms because this
interaction behaves differently if one or both atoms are
excited [35]. This probability, however, behaves as

1=ðe2�c!0=a � 1Þ, with !0 being a main atomic transition
frequency [21,33,34]. It is thus very small (exponentially)
when a 
 c!0. Taking a typical value for !0 � 1015 s�1,
we expect that this contribution will be negligible for
a 
 1023 m=s2. This is an extremely high acceleration,
and our results show that we can obtain a significant
change of the van der Waals energy for much smaller
accelerations (making negligible the excitation probability,
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which decreases exponentially with decreasing accelera-
tions), provided we consider a sufficiently long time (see
discussion above). Thus, atomic excitation induced by
acceleration can be neglected in our case. Moreover, the
contribution of the atomic excitation to the interatomic
potential energy is a higher-order effect. In fact, the van
der Waals interaction is a fourth-order effect, both for
ground- and excited-state atoms [35]. Because the atomic
excitation probability due to acceleration is a second-order
effect, its contribution to the van der Waals interaction
starts from sixth-order in the atom-field interaction.

Finally, we wish to make some considerations about the
sign of the interaction energy of the accelerated atoms,
which determines the attractive or repulsive character of
the electric van der Waals force between two ground-state
atoms (for atoms at rest, it is always attractive). Equations
(38) and (40) show that the accelerated motion reduces the
potential energy between the atoms; this reduction grows
with time, in agreement with the increasing effective in-
teraction distance given by Eq. (13). One interesting ques-
tion is to investigate whether the terms related to the
acceleration in Eqs. (38) and (40) can turn the van der
Waals force to a repulsive character, that is making the
interaction energy positive. In the near zone, analyzing
Eq. (38), we see that the R�6 term changes sign when
at=c is of the order of unity, but this is not compatible
with our nonrelativistic approximation. On the other hand,
the new (positive) R�5 term becomes comparable with the
usual (negative) R�6 term for a distance between the atoms
R� c3=ða2tÞ and, due to our nonrelativistic approximation
at=c 
 1, this would require R 	 c2=a. This situation,

however, would require a different treatment of our prob-
lem by quantizing the field in a curved space-time; in fact,
our use of a locally inertial system for the accelerated
atoms is valid only when the dimension of the system is
much less than c2=a [36–38]. An interatomic distance
larger than c2=a cannot thus be considered by adopting
the locally inertial frame we have used. Similar consider-
ations hold for the far-zone potential energy in
Eq. (40), too. We can then conclude that within our
approximation scheme, the attractive character of the van
der Waals interaction is preserved also for the accelerated
atoms. However, our results show that the van der Waals
interaction between the two atoms is significantly
affected by their acceleration, as shown by Eqs. (32),
(38), and (40). In particular, as already mentioned, the
time dependence of the interaction energy could allow us
to detect the accelerated motion without the necessity of
the extremely high accelerations necessary in the case of
other quantum electrodynamics effects recently proposed
in the literature.
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