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Energy and momentum in multiple metric theories
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We derive the expressions for canonical energy, momentum, and angular momentum for multiple
metric theories. We prove that although the metric fields are generally interacting, the total energy is the
sum of conserved energies corresponding to each metric. A positive energy theorem is given as a result. In
addition, we present an Hamiltonian formalism for a subgroup of multimetric theories.

DOI: 10.1103/PhysRevD.88.024050

I. INTRODUCTION

Energy, momentum and angular momentum are funda-
mental concepts in physics.

In the framework of special relativistic field theory, i.e. a
nondynamical Minkowski background, those conserved
quantities are defined as the space integration on the cur-
rents corresponding to invariance of the action under time
and space translations and rotations. The energy and
momentum defined in this way are known as “‘canonical.”
An angular momentum can be derived from a symmetric
energy-momentum tensor. The canonical energy-
momentum tensor is not symmetric, but it can be symme-
trized using the ‘““Belinfante procedure” [1]. There is
another way for obtaining an energy-momentum tensor,
by varying the action with respect to the background
metric, then estimate the outcome ““on shell.” The second
procedure gives a symmetric tensor by definition, and can
be shown to be equivalent to the canonical procedure.

The concept of energy and its conservation in general
relativity (GR) has been a matter of debate for a long time.
It can be defined in a coordinate system which is asymp-
totically Minkowski (and for other background metrics, see
[2]), and has a nontensorial character under general coor-
dinate transformation. Aside from the canonical procedure,
an energy-momentum pseudotensor can be constructed
from the metric field equation. There are a few known
procedures for doing so (the procedures of Weinberg [3]
and of Landau and Lifshitz [4] yield directly symmetric
pseudotensors), and they do not give the same result,
although often equal in their whole-space integrals.

Multiple metric theories are theories with more than one
second-rank tensor, that, besides being a dynamical field, is
used for raising and lowering indices, and for the construc-
tion of affine connection. Recently they arose as a possible
procedure for modifying general relativity. Milgrom
suggested “‘bimetric Modified Newtonian dynamics”
(BIMOND) [5] a theory with two metrics: one metric is
coupled to matter, and so determines the motion of test
particles, and the other, a ‘“‘twin metric,” is used to
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construct, with the first (ordinary) metric, an interaction
term. That interaction term becomes dominant at low
accelerations (the Modified Newtonian dynamics
[MOND] regime), and the theory can produce flat rotation
curves with less amount of dark matter than general rela-
tivity needs in order to explain the phenomena.

It should be noted that a large set of multiple metric
theories that can be approximated by the Pauli-Fierz action
suffer from Boulware-Deser ghost instabilities [6]. A sub-
set of these theories that avoid the ghost problem, has been
constructed [7], but recent developments [8] cast doubt on
the relevance of these. However, BIMOND gravity theories
are outside the framework of this debate, since these
theories are intended to give the MOND potential in the
weak field limit (for the flat rotation curve phenomenon),
and not the Newtonian potential, and therefore cannot be
linearized near the double Minkowski metrics, and cannot
be approximated by the Pauli-Fierz action.

An expression for the energy of a multiple metric theory
can be used for determining its stability and validity and
for generating a dynamics for the system.

II. TOTAL ENERGY IS SEPARABLE

In the following we find an expression for the total
energy-momentum pseudotensor of a multiple metric the-
ory, and prove that it is the sum of energy-momentum
pseudotensors; each one can be numerically determined
by one metric, and formally is the same as we get from
noninteracting general relativity (Einstein-Hilbert action)
systems.

Without loss of generality, we take the number of met-
rics to be two. The proof is valid for any number of metrics.
The action is

S = de4x = [(aLG + BLg + Ly )d*x, (1

where the scalar densities in the parentheses are the
Einstein-Hilbert scalar density for the metric g,,, Lg =
- ﬁRﬂ/— , a scalar density for the twin metric §,,,

Lg= —ﬁﬁ«/—ﬂ and an interaction term which
depends on both metric and other fields and their
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derivatives, i.e. Lin[& .15 8 uv,p: & uvs &uv,ps W3 ¥ ,1, Where
¢y symbolizes any other fields with any tensorial
properties. The coefficients « and 8 are any constants.

The total energy-momentum pseudotensor for the
system is the conserved current we get from invariance
with respect to translation. This is the canonical energy-
momentum pseudotensor

oL oL oL
8im,B 081m,p Iy g
2

Separating the Lagrangian density contributions, we write
this as

9L
®fé ( LGS +glmaagmﬁ>
dL¢
+ B( LG5 + glma ~ ) + <_Lint5%
ag Im,B
+ glm,aﬂ Alm,a aLth a aLim)- (3)
aglm,ﬁ aglm,/i‘ al;b,ﬁ

The first two terms on the right side of the equation are
recognized as the gravity and twin gravity energy-
momentum pseudotensors. Each one of them functionally
depends on one and only one metric field, and its form does
not depend on the interaction. It corresponds to the non-
linear part (with respect to the deviations of the field from
the Minkowski metric) of the Einstein tensor. Now we
would like to show that the energy-momentum pseudovec-
tor that corresponds to the third term is equal to the sum of
contributions from the energy-momentum source terms for
each metric field equation.

A. Interaction term is separable

We shall now prove that

JaL; JaL; JaL;
L. 5 + int + 5 int + mt) d3x
/( int 8ima = 3g1mo 8im,a 3§1m,o @ alﬁ’o

= f (V=BT + V=31 x, @)

where

2 O, 2 OSm
\/ 5gvﬁ \/ 8g1/,8

We use Ohanian’s proof [9] for the equality of volume
integrals of the energy-momentum tensor and the canoni-
cal energy momentum for the matter field, and we general-
ize it for interaction with more than one metric field. The
variation of the scalar density L;,, under an infinitesimal
coordinates transformation dx* = £#(x), is

Liy = (Lmtf) 5

Th = T =
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On the other hand, the variation as a functional of metric
and metric variations is

dL; dL. dL;
5Lim — int 6 aV _"_ All’lt 8§aV _"_ nt
98 ay ag,w agaw
aLml A 1m mt
+ 88, S + Sy
08av w w ay, "
6L1nt BLlnt 6L1nt
= 88un T 58 B
g, S g, 8 Ty OV
oL aL; oL
+( mt 6 aV + ~ nt Bgay ll’lt Blﬂ)
08an 08 Y, "

(6)

From (5) and (6) and the equation of motion ‘SSLI}/"‘ =

we get

JdL; JL; JL
<_Lint§'u - 8ga1/ - o 8§a1/ - L 6¢>
)

agav,,u, agav,,u, a'#,u,

oL,
_ lnta ay 4 —mt BL
88

int 6/\ 7
6/\“,} (lV ( )

First, from the right-hand side of (7) we obtain

5L1nt 5 Suv + 6{‘1nt 5/\(“}
6gaV 5 aV
OL;
= gmt(_gaaf,oll/ - gal/é‘:,(fz - gav,afa)
av
oL, 5 5 a 5 a
+ 5Alnt(_gaa§,0;/ - gal/f,a - gal/,ozér )

= (V8T 84aé") v — V8T 8uaé”
+ (W8T 800 €9, = N=8T% 800" (8)

where the semicolon and colon indicate covariant deriva-
tives with respect to the metric and twin metric, respec-
tively. However
\/ TV gaa+ V Ta;}gaa \/ TCYV+ V T
(9)

The above equation is true because from a variation of the
interaction action, a scalar, under coordinate transforma-
tion x'* = x* + £*, we get

SL; oL;
5Sin — d4 ( nt 5 int 5,\ 1nt 5 )
= [ on Sgon s Syrow
1 A
= [ @S (TR 58 4 08 +0)
=0 (10)

(raising and lowering indices for variations in a specific
metric, carried out using the same metric). Substituting
Sghv = EWV + gk and SRV = EMV + £V, and
making use of the symmetry of 7, and f"l“,, we have
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5Sint = j‘d4x(\/__ng,V§#;V + \/-:Téf,u,vglu:v) =0
- f dx(J=R(TLEM), — T2, &%)
+=a((Them)., — T €M) (11)

The first and third addends in the integrand can be written
in the form

(T569)78 = o (VTRT3E)
(Them):n—8 = 5 5 W8T,

and drop out as surface integrals. The variations &* are
arbitrary, and we therefore obtain (9).
The right side of (7) is now in the form

(V8T gao + N— 8T 800 +)E9) - (12)

For the variations of the metrics in the left side of (7) we
insert &g, = _glm,,u,é:ﬂ - gl,u,f:lfn - glmfv/;d/v and 68, =
—8imué” — &€l — 81mé'u, and for the variation of the
field ¢y we use the more general expression

Sthy = —thaaé® — AABaﬁfi;l//BO,

where capital letters A, B stand for all the tensorial indexes
of the field ¢ and A, P is a constant matrix, the exact
form depends only on the tensorial properties of ¢. We get

(~Lwmé* = 5™

aglm,u,

(=8 p &7 g,pfﬁn—g,mf?p))

glpfgn - glmé‘:,pp)

_ aLmt
agll

(T Waet™ NP E5n)

= (V8T 8ue + N=8T" 800) €9) - (13)

Collecting coefficients of first derivatives of §&*
from (13), we get the equation

o)

JoL; JL; JoL;
- Linlag + o 8im,a + A—mtglm,a + wA,a o
98 im B & 1m, B IPap
+ ( 0L 8ot aALim 8ia T (—aLim Im
9818 1 0818, 08 1mp
9L 3

+

L.
85+ — A g PEL Y )
aglm,,u, ) '7[’A,,u, ABa BB N

= \/_gTaﬁgaa + _gfaﬁ Aaov (14)

We would like to show that the third addend in the left-
hand side of (14) is a divergence of an antisymmetric
tensor. For this we collect the addends with the second
derivatives of &* from (13). The equation is
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JaL; JaL; JaL;
~ = Aloz + ( - 8im + A = glm>6g
aglﬁ,,u, aglm,,u, aglm,,u.

AupoPEthn )€ = 0. (15)

L.
( nt gla +
9816,

aLll’l[
Oau

Since % , is symmetric in 8 and p, its coefficient should

be antisymmetric in the same indices to satisfy this
equation. Therefore,

( aLim g + aALint A + ( aLim
9818 1 9818 1 0L im,u
aLml

YL

+

aL;
8im + ot A )8/3
aglm,pu

+

ABania lﬁB) = ng,i‘].
yn

Inserting this equation in (14), we get

JaL; JaL;
- Lintalg + 8im,a o + glm,a A m +
98 im, B 98im,p

wier

= \/_gTaBgao( + V_gfwﬁgaa' (16)

That means that the expression on the left side is different
from the expression on the right side by a divergence of an
antisymmetric (pseudo)tensor, and three-space integration
on both sides would give the same result. Statement (4) is
therefore proven.

B. Dependence on metrics is separable

Now, we want to clarify the fact that although the con-
tribution to the energy momentum from the interaction
term for each field equation seems to be functionally
dependent on both metrics, then, from the field equations,
we can see that they can be brought to a form which
depends on only one metric. The right-hand side of the
equations

8Sin 5S¢ 88 88¢
= —a , — = B
08uv 08 uv 08 v 08 v

is functionally dependent on only one metric, so the left
side is determined numerically by only one metric. The
contribution from the gravity term [first two addends in (3)]
is manifestly dependent on one and the same metric, so the
total energy-momentum contribution from each field equa-
tion depends on only one metric. More specifically, we
have seen that the (nonsymmetric) energy-momentum
pseudotensor is equivalent to (up to space integration)

oL oS,
0f = (o ~Ladt + gz ) + 28005, ™)

Im, au
ILg 58S,
+<B( LG5 +glmva,\ >+2Aav5,\mt)'
Im, ga,u.

Inserting
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6S int
08an

Ly OSing
—g ,u) —
2 08apn

e

"(X,LL)’

1
[—o(R™ — —
327TG gR™ — 28

we get (up to three-space integration)

Of = 1o 75| @

Sua Vo va 0
167G 3.7 Bur 9 (—g)(grges — grageh)

V8 0

+ﬂg’w (—8)(@”

JF ox
Each one of the two addends is manifestly divergence
free, because they are antisymmetric in 8 and v, so there
are two conserved energy-momentum (pseudo)vectors,
each one numerically determined by one metric alone.

In fact, since we proved that the total energy-momentum
pseudotensor is a sum of contributions that we get from
general relativity actions for each metric, we can use a
known result for the symmetric energy-momentum pseu-
dotensor of general relativity, derived using the Belinfante
procedure [10].

The symmetric energy-momentum pseudotensor for the
multiple metric system is then

10 9
OF = o T aep Ly 8" g — gkt

@~ gegn)]an

167G ox
+ mBghr — qrPg) + By=§(nHr 5P
— ngHP + PRy — prPgar)] (18)

With this symmetric pseudotensor the angular momentum
of the multiple metric system can be well defined.

C. Boundary conditions

The energy momentum pseudotensor ®#* and the
energy-momentum pseudovector P* = [O*d3x are
Lorentz-covariant, i.e. are tensor and vector under
Lorentz transformations of the coordinate system. In order
to insure finiteness and meaning of the quantity P* we
demand asymptotic behavior from the interaction energy-
momentum tensors

T, = o(r %), =0(r %

(in general relativity one can often assume an isolated
system of masses so T;, = 0 outside a bounded region of
space). We assume asymptotic behavior for the metric
fields as r — oo,

8ur =My TOUTY, g =1y, + 00,

so the gravity and twin gravity energy-momentum pseu-
dotensors, which are quadratic in the derivatives of the
metrics [first two terms in (3), resulting from the Einstein
scalars, G and G, go like r—*

The total energy-momentum tensor, then, has the
asymptotic behavior @#” = O(r™*) so its integral over
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three-space converges, and has the same numeric value
for every infinite spacelike hypersurface.

The energy-momentum P* is also invariant under any
coordinate transformation that tends to the identity at in-
finity, and preserving the boundary conditions above. This
is because the energy-momentum pseudotensor can be
written as a divergence of a third rank pseudotensor, as
we can see from (17) and (18). Taking, for example, the
expression from (18), we can write this (pseudo)tensor as a
sum of antisymmetric (pseudo)tensors,

1 0
@/.LV — [ ,LLV aff _ L av uf
167G (ax 0x ﬁ[ g(n 8"’

+ B8 g*F — morgrh)]

+ % ;ﬁ[a\/—_g(naﬁg”” — n#Pge)

+ B—2(n Py — 77"'85’“”)])
(0 o 5 o)

167TG axP

where A®*? = —AH@Y and BPH” = —BHBY 5o its whole
space integral reduces to an ordinary surface integral at
infinity, which is not changed by the above coordinate
transformation, i.e.

J
JGen
ax“
— /(iiAiOV + iiBiOII) d3x
0x 0x i=1,23

= f(AiOV + Bio”)dSE2).

aOv + iBBOV d3x
oxP

Specifically, we get for the total energy and total
momentum

P’ = P"+ P, (19)
where
(agu agu)ds
1677G ax! (20)
08 ad
167TG .[( (sclfj g“)ds
and

o! Igkk 98&ko agjO 3&/)
pi= 5, + 25 ds'
167G ,[( ax0 axk i axt 90
i B f(agkk 980 5, agjo 3gzj)d ;
167G ax° oxk axi 9x0

III. APPLICATIONS: POSITIVE
ENERGY THEOREM

In the following we prove that the total energy of a
multimetric system is not negative under specific

21
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conditions. In the following we assume that the coefficients
are positive, and we will discuss later the other cases. This
proof is a generalization of Witten’s elegant proof [11,12]
of the positive energy theorem for general relativity.

We define the tetrads
g;ux — eéfvnabEZ, g,u,l/ — é;‘:«nabéz’

(indices a, b, c in the tetrads are local), and impose the
conditions

600 —

e) =1, =eg = —1, ef =eh=0

(i =1, 2, 3), connection coefficients
1 c
Wyab = Ee,u,(Qcab - Qabc - cha)’
— “ o
Qcab - evc(ea a,u,eZ € a,u,eZ)r
. R JPVRPSY A A
w,u,ab - Ee,u(Qcab Qabc ‘Q’bca)’
A A A N A N
Qeap = &,0(64 0,8 — e, 9,er),

and the three-dimensional Dirac operators

D = ¢,y'V, D= éfﬁ’a@i,
1
V,u, = a,u + gwu,ab[yar yb]»
~ 1 R
v,u = a,u + gw,u,ab[’ya’ )’b]-

Ordinary matter fields in general relativity fulfill the
“positivity condition” for their energy-momentum tensor.
If the condition holds for each field equation in a multiple
metric theory, then there is a unique solution for the Dirac
equations

Dy =0, Dy =0

with asymptotic behavior

1 1 1
lr// = lﬂo + 0(;), 8M¢ = 0(’.1—+a)’ o >§,
. 1 . 1 1
lﬂ = l,bo + 0(;), a;ﬁb = O(W), a>§,

for the constant spinors ¢, fpo. The following equations
hold:

Q

[ 59T+ ey u + @y i Jatx

— LEW) + PuiY Y ho),

\‘
Q>

T 1

N =
<

“(Too + Toreky 'y + B(vilif)*(v'm]d%

EWsdo) + Pa(@riy vy do)), (22)
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where P, = n,5P%; P, = naﬁf’“ and E, E, P/, P/ are
defined by Egs. (20) and (21). From this set of equations
we have

E=|P,] E=|P,l (23)

Now we use the proof that the total canonical energy is
the sum of the energies that correspond to each metric, and
the same for the canonical momentum [Eq. (19)], and
conclude that the total energy is not negative and that the
Lorentz vector Py, is not spacelike.

That the total energy is zero if both metrics are flat can
be seen immediately by placing 7, in (18).

To prove that the total energy is zero only if all energy-
momentum tensors are zero and both metrics are flat, we
use (23) to note that if E, E = 0 then P,, ﬁa = 0. Placing
these in (22) we get the equations

V. =0, V. =0, (24)

and
o (Too + Torek ¥ y*)p =0,
I (Too + Tork 'y = 0.

Using (24) we can show than the curvature tensors on some
initial surface x° = 0 are zero,

(25)

A

Riap = 0, Rixap = 0. (26)
Using (25) we can show that
TOO = O, TOO =0. (27)

From (27) and the positivity condition we get 7, = 0
T,y = 0,50 R, = O R, = 0. Using this and (26) we get
Roroa = 0, Roroa = 0, so altogether we get

A

R/U/ah =0, R,uuah =0,

on the surface x° = 0.

We proved that the energies E, E are separately con-
served, i.e. constant in time, so the above proof is valid for
every surface x°: the curvature tensors are then zero in all
points, and both metrics are flat. This completes the proof
that the total energy is positive for every nontrivial
configuration in multimetric theories.

The proof was constructed under the assumption that the
coefficients «, B of the “kinetic” terms are both positive.
This assumption is crucial. Moreover, if one of the
coefficients is negative, say 8 < 0, and its corresponding
interaction energy-momentum tensor f#,, fulfills the
“negativity condition,” so that the matrix T, +
Torek ¥Oy* has only negative eigenvalues, then we can
use the above construction to prove that the energy E is
negative or can be made negative with some Lorentz trans-
formation. In that case, the total energy may be positive or
negative for different multimetric field configurations.
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These considerations can be used to exclude theories with
nonpositive coefficients.

IV. HAMILTONIAN FORMALISM

In this section we present the Hamiltonian, the canonical
variables and the constraint surfaces explicitly for some
multimetric interactions.

The theory of constrained Hamiltonian system was in-
troduced by Dirac [13,14], and extended by him to general
relativity. One of the best known and most used
Hamiltonian formalism for general relativity is the
Arnowitt-Deser-Misner (ADM) or 3 + 1 formalism [15].
To apply the Hamiltonian formalism in the relativistic field
theory, we need to separate the spacetime into space +
time, and to distinguish the time coordinate from the other
coordinates. This separation was done in previous sections,
when we chose the boundary conditions for the metric.

In order to find the canonical variables of a multimetric
theory, we want to follow the path shown in [16] the
canonical variables for GR are identified. We define the
conditions under which one can proceed on this route.

We present the gravitational parts of the action (1) in the
form

f (aLg+ BLg)d*x

a
— n
= [(azgThoty=ge™
+17,0,(V=ge"") +V=gg"" (Thol'y, —TLT0,))

B 5 oMY 5 V
B0, TR + 0, R
TR T NS 7 v )))d4x, (28)

so that the fields I'%,,, and f‘fw are varied independently and
not as functionals of the metrics. If the interaction L;y
depends only on the metrics on not on their derivatives,
then the equations obtained from variation of the metrics
are identical to the equations of motion in the “metric”
formalism, and the equations obtained from variations of
the connection coefficients I, give the desired connec-
tion between them and the metrics as Christoffel connec-
tions. The condition that the interaction depends only on
the metrics is sufficient, however not necessary, for getting
the correct equations of motions, but we need it for a later
argument. Under the same assumption that the interaction
depends only on the metrics and not on their derivatives,
the constraint equations

oS oL oS oL
5%, ~ars, o a0 @
uv ny 5FMV (‘)FM,,
for (p u, v) = (0, j, k), contain the fields I'Yy, T'%), I‘fj, e,

Flo, F in a linear manner, so these fields can be expressed
as a solutlon of (29) with the fields (I, h#?, T, A*)

PHYSICAL REVIEW D 88, 024050 (2013)

where h*” =  /—ggM” and = J—g8*”, or alterna-
tively with the variables (7, g, h°#, 7y, §%, i°*) where

qik = }0i 0k _ hOOhik, q\ik = h"Oi}’l‘Ok _ ]/;OOh"ik’
1 . 1 -~ (30)
Tk = _Wr?k, ik = _Wr?]{

The addends in the Lagrangian that contain time derivative
can be collected and written in the form

amydog™® + Bardog™, (31)

thatis,ina form of a kinetic term with canonical variables.
= SSint OSin
If To,, = \/—g 50 and TOM = \/— 5o can be written as

functionals of (g%, §’*), then, under the assumption of
double-Minkowski boundary conditions (and therefore
dropping a total 3-divergence terms), it is possible to put
the rest of the Lagrangian in the form

1 hOk
- HTot - (h()o + 1)CO (/’ZOO)Ck

1 . A%
G o
with
Hpo = H + H,
H=-Co— 15 Gaakq :
and
CO - ﬁ(qlkqmn(wlkﬂ-mn - 7Tik77mn) + 7R3) - TOO
q—f%whwmmfwmm+W»ﬁm
Cy = 16 G(zvk(l]”%z) 2V (q" 7)) — Tox
G = m(zvk(qll ) = 2V iry)) = T, (34)

where R;, R; are the curvatures of the submetrics on the
surfaces x” = const and are expressed with the canonical
variables and not with derivatives, in the same way that the
four-dimensional curvature scalars are expressed with
metrics and connections. In this form, one can see that
Hr is actually the generalized Hamiltonian of the system,
(Cy, Cr Cy, €) define constraint surfaces, and their coef-
ficients that are composed from the fields KO and ﬁo“, are
Lagrange multipliers.

In this case the number of degrees of freedom is the
number of metric fields multiplies the number of degrees of
freedom of general relativity (not including matter and
other nonmetric fields). In the general case, however, this
is not necessarily true, even if the interaction depends only

024050-6
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on the metrics. In general relativity, Bianchi identities
reduce the number of independent fields (metric terms).
In multimetric theories, Bianchi identities are still valid,
but the identities themselves are not independent, so the
number of the fields which are constrains by these identi-
ties is smaller than the number of metrics times four
Bianchi identities. Another way to look on this issue is to
by counting independent variations on the surfaces x* =
const. We can, with a suitable coordinate transformation,
make any change of the value of the “velocities™ g0
without changing the value of the fields g,, and the
velocities g;o, but the same transformation determines
the change in g .

We see that the energy obtained, which is actually the
numerical value of the Hamiltonian on the constraint sur-
faces, can be presented as a sum of two expressions, each
one depending functionally on one metric. This is a result
already proved in a previous section. It should be empha-
sized, however, that we proved the result for much more
general case than the one discussed in this chapter.

It is true in principal, that if we get the form of the
generalized Hamiltonian and the constraints, one can cal-
culate the energy. But finding this form, in the more general
case where the interaction depends also on metric deriva-
tives, may be a difficult task, and is a matter for a further
research.

V. SUMMARY AND DISCUSSION

We saw that energy, momentum and angular momentum
of a multimetric theory with interaction can be well defined
and divided into independently conserved quantities,
where each one depends numerically on one metric. With
appropriate boundary conditions, total energy and momen-
tum can be presented as surface integrals. Although we
have in general, only one diffeomorphism invariance, the
required boundary conditions are kept under general
Poincare transformation of the coordinated. These results
were applied in a generalization of positive energy theo-
rem, and we established a criterion for excluding multi-
metric theories with nonpositive coefficients, based on the
theorem’s proof. In the last section we presented an
Hamiltonian formalism for multimetric theories with

PHYSICAL REVIEW D 88, 024050 (2013)

interactions which does not involve metric derivatives,
and identified the canonical variables and constraint
surfaces.

The multimetric theory, like Einstein’s general relativity,
is constrained, and its naive Hamiltonian formulation, with
Legendre transform and the total energy expression, must
be modified to take into account these constraints. This can
be done by adding to the total energy expression some
combination of the constraints, with coefficients which are
determined by the algorithm of Dirac [13,14]. The ADM
Hamiltonian formalism [15] or an equivalent one [12] may
be used to build an Hamiltonian for some multimetric
system, based on the proof that multimetric system energy
is the simple sum of the canonical energies for general
relativity, as defined by the ADM expression.

The formalism that is presented in this paper can, in
principal, be used for elimination of bi(multi)metric theo-
ries by experiment. For example, if the interaction term in
specific instant is zero (the interaction term does not
depends explicitly in spacetime coordinates, but the fields
are) we can see if there is an “‘energy leak.”” Since we have
shown energy conservation for each metric, nonzero inter-
action is a necessary and sufficient condition for a change
in the energy flux of the gravity, which is a measurable
quantity. That is, if there is no change in the gravity energy-
flux, there is no multimetric interaction. This is not a trivial
result: If energy conservation were only for the whole
Lagrangian system, then there would have been the possi-
bility that a change in the interaction energy is approxi-
mately equal in magnitude and with the opposite sign of
the change in the energy of the other metric fields, so the
gravity energy would still be conserved.
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