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Jared Greenwald,1,* Jonatan Lenells,2,3,† V. H. Satheeshkumar,1,‡ and Anzhong Wang1,4,§

1Physics Department, GCAP-CASPER, Baylor University, Waco, Texas 76798-7316, USA
2Department of Mathematics, Baylor University, Waco, Texas 76798-7328, USA

3Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge CB3 0WA, United Kingdom
4Institute for Advanced Physics Mathematics, Zhejiang University of Technology, Hangzhou 310032, China

(Received 7 April 2013; published 24 July 2013)

We study gravitational collapse of a spherical fluid in nonrelativistic general covariant theory of

the Hořava-Lifshitz gravity with the projectability condition and an arbitrary coupling constant �, where

j�� 1j characterizes the deviation of the theory from general relativity in the infrared limit. The junction

conditions across the surface of a collapsing star are derived under the (minimal) assumption that the

junctions be mathematically meaningful in terms of distribution theory. When the collapsing star is made

of a homogeneous and isotropic perfect fluid, and the external region is described by a stationary

spacetime, the problem reduces to the matching of six independent conditions. If the perfect fluid is

pressureless (a dust fluid), it is found that the matching is also possible. In particular, in the case � ¼ 1, the

external spacetime is described by the Sch–(anti–)de Sitter solution written in Painlevé-Gullstrand

coordinates. In the case � � 1, the external spacetime is static but not asymptotically flat. Our treatment

can be easily generalized to other versions of Hořava-Lifshitz gravity or, more generally, to any theory of

higher-order derivative gravity.
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I. INTRODUCTION

The study of gravitational collapse provides useful in-
sights into the final fate of a massive star [1]. Within the
framework of general relativity, the dynamical collapse of
a homogeneous spherical dust cloud under its own gravity
was first considered by Datt [2] and Oppenheimer and
Snyder [3]. It was shown that it always leads to the for-
mation of singularities. However, in a theory of quantum
gravity, it is expected that the formation of singularities
in a gravitational collapse is prevented by short-distance
quantum effects.

In this paper, we study this phenomenon (classically) in
the context of the Hořava theory of gravity [4]. Since
Hořava’s theory is motivated by the Lifshitz theory in solid
state physics [5], it is often referred to as Hořava-Lifshitz
(HL) theory. One of the essential ingredients of the theory
is the inclusion of higher-dimensional spatial derivative
operators which dominate in the ultraviolet, making the
theory power-counting renormalizable. The exclusion of
higher-dimensional time derivative operators, on the other
hand, guarantees that the theory is unitary (the problem of
nonunitarity has plagued the quantization of gravity for a
long time [6]). However, this asymmetrical treatment of the
space and time variables inevitably leads to the breaking of
Lorentz symmetry. Although such a breaking is much less
restricted by experiments in the gravitational sector than it
is in the matter sector [7,8], the question of how to prevent

the propagation of the Lorentz violations into the Standard
Model of particle physics remains challenging [9].
The breaking of Lorentz symmetry in the ultraviolet

manifests itself in strongly anisotropic scalings of space
and time,

x ! ‘x; t ! ‘zt: (1.1)

In (3þ 1)-dimensional spacetimes, HL theory is power-
counting renormalizable provided that z � 3 [4,10]. In this
paper, we will assume that z ¼ 3. At low energies, the
theory is expected to flow to z ¼ 1. In this limit the Lorentz
invariance is ‘‘accidentally restored.’’
The anisotropy between time and space mentioned

above is conveniently expressed in terms of the Arnowitt-
Deser-Misner (ADM) decomposition [11], N, Ni, gij,

(i, j ¼ 1, 2, 3), which are, respectively, the lapse function,
shift vector, and the three-dimensional metric defined on
the leaves of constant time. The requirement that the
foliation defined by these leaves be preserved by any gauge
symmetry implies that the theory is covariant only under
the action of the group DiffðM;F Þ of foliation-preserving
diffeomorphisms,

�t ¼ �fðtÞ; �xi ¼ ��iðt;xÞ: (1.2)

As a consequence, an additional degree of freedom appears
in the gravitational sector—the spin-0 graviton. In order to
be consistent with observations, this degree of freedom
needs to decouple in the infrared (IR). Whether this decou-
pling takes place or not is still an open question [12]. Let us
point out that the spin-0 mode is unstable in the Minkowski
background in the original incarnation of HL theory [4]. If
the projectability condition
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N ¼ NðtÞ (1.3)

remains imposed, this instability persists in the general-
ization of HL theory in which additional higher-order
operators are included [13,14] (although in this case the
de Sitter spacetime is stable [15]). Another potential com-
plication of HL theory is that the theory becomes strongly
coupled when energy is very low [16]. However, as long as
the theory is consistent with observations when the non-
linear effects are taken into account, this is not necessarily
a problem (at least not classically). A careful analysis
shows that the theory is consistent with observations in
the vacuum spherically symmetric static case [17] and in
the cosmological setting [18–20].

One way to overcome the above problems is to introduce
an extra localUð1Þ symmetry, so that the total symmetry of
the theory is enlarged to [21]

Uð1Þ 2 DiffðM;F Þ: (1.4)

This is achieved by introducing a gauge field A and a
Newtonian prepotential ’. One consequence of the Uð1Þ
symmetry is that the spin-0 gravitons are eliminated
[21,22]. As a result, all problems related to them, such as
instability, strong coupling, and different propagation
speeds in the gravitational sector, are resolved. The Uð1Þ
symmetry was initially introduced in the case of � ¼ 1,
but the formalism was soon extended to the case of any �
[23–25]. In the presence of a Uð1Þ symmetry, the consis-
tency of HL theory with solar system tests and cosmology
was systematically studied in [26–28]. In particular, it was
shown in [29] that in order for the theory to be consistent
with solar system tests, the gauge field A and the
Newtonian prepotential ’ must be part of the metric in
the IR limit [this ensures that the line element ds2 is a
scalar not only under DiffðM;F Þ but also under the local
Uð1Þ symmetry].

Another possibility is to give up the projectability con-
dition (1.3). This opens up for new operators to be included
in the action, in particular, operators involving ai � N;i=N
[16]. In this way, all the problems mentioned above can be
avoided by properly choosing the coupling constants.
However, since this leads to a theory with more than 70
independent coupling constants [30], it makes the theory’s
predictive power questionable, although only five coupling
constants are relevant in the infrared.

A nontrivial generalization of the enlarged symmetry
(1.4) to the nonprojectable case N ¼ Nðt; xÞ was recently
presented in [31,32]. It was shown that, as in general
relativity, the only degree of freedom of the model in the
gravitational sector is the spin-2 massless graviton.
Moreover, thanks to the elimination of the spin-0 gravitons,
the physically viable range for the coupling constants is
considerably enlarged, in comparison with the healthy
extension [16], where the extra Uð1Þ symmetry is absent.
Furthermore, the number of independent coupling con-
stants is dramatically reduced from more than 70 to 15.

The consistency of the model with cosmology was recently
established in [32–34]. In the case with spherical symme-
try, the model was shown to be consistent with solar system
tests [35]. In contrast to the projectable case, the consis-
tency can be achieved without taking the gauge field A and
Newtonian prepotential ’ to be part of the metric. Finally,
the duality between this version of HL theory and a non-
relativistic quantum field theory was analyzed in [36], and
its embedding in string theory were constructed in [37] (for
other examples, see for example, [38]).
In this paper, we study gravitational collapse of a spheri-

cal star with a finite radius in the HL theory with the
projectability condition, an arbitrary coupling constant �,
and the extra Uð1Þ symmetry [21–24]. In general relativity,
there are two common approaches for such studies. One
approach relies on Israel’s junction conditions [39], which
are essentially obtained by using the Gauss and Codazzi
equations. An advantage of this method is that it can be
applied to the case where the coordinate systems inside and
outside a collapsing body are different.1 The other
approach is originally due to Taub [42] and relies on
distribution theory. In this approach, although the coordi-
nate systems inside and outside the collapsing stars are
taken to be the same, the null-hypersurface case can be
easily included. Taub’s approach was widely used to study
colliding gravitational waves and other related issues in
general relativity [43].
In this paper, we follow Taub’s approach, as it turns out

to be more convenient when dealing with higher-order
derivatives. Moreover, in contrast to the case of general
relativity, the foliation structure of the HL theory implies
that the coordinate systems inside and outside of the col-
lapsing star are unique. Thus, also from a technical point of
view, Taub’s method seems a natural choice for the study of
a collapsing star with a finite radius in the HL theory.
The paper is organized as follows: in Sec. II, we give a

brief introduction to the HL theory with the projectability
condition, an arbitrary coupling constant �, and an extra
Uð1Þ symmetry. In Sec. III, we write down the field equa-
tions relevant for a spherical spacetime filled with a fluid.
In Sec. IV, we generalize these equations to include the
case where an infinitesimal thin matter shell appears on
the surface of a collapsing star, and give explicitly all the
necessary junction conditions. This generalization is car-
ried out under the only assumption that the junctions
should be mathematically meaningful in terms of general-
ized functions; therefore, in this sense the generalization is
the most general. In Sec. V, we apply the junction con-
ditions to the case where the collapsing star is made of a
homogeneous and isotropic perfect fluid, while the external
region is described by a stationary spacetime. When the

1Although Israel’s method was initially developed only for
non-null hypersurfaces, it was later generalized to the null-
hypersurface case [40]. For a recent review of this method, we
refer to [41] and references therein.
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perfect fluid is pressureless (a dust fluid), we find that
matching is possible for any choice of �, but with different
external spacetimes. In particular, when � ¼ 1, the exter-
nal spacetime is described by the Sch–(anti–)de Sitter
solution written in Painlevé-Gullstrand coordinates [44].
In Sec. VI, we present our main results and conclusions.
Two appendixes are also included. In Appendix A, some
relevant functions are given for the spherical
case considered here, while in Appendix B, proof of
Eqs. (4.11) and (4.12) is provided.

We would like to emphasize that our approach can be
easily generalized to other versions of HL gravity or, more
generally, to any model of a higher-order derivative gravity
theory.

II. GENERAL COVARIANT HL THEORY

In this section, we give a brief introduction to HL theory
with the projectability condition (1.3), an arbitrary
coupling constant � and the enlarged symmetry (1.4).
For details, we refer readers to [24]. The fundamental
variables are ðN;Ni; gij; A; ’Þ, which transform as

�N ¼ �krkNþ _NfþN _f;

�Ni ¼ Nkri�
k þ �krkNi þ gik _�

k þ _NifþNi
_f;

�gij ¼ri�j þrj�i þ f _gij;

�A¼ �i@iAþ _fAþ f _A;

�’¼ f _’þ �i@i’;

(2.1)

under DiffðM;F Þ, and as

��A ¼ _�� Niri�; ��’ ¼ ��;

��Ni ¼ Nri�; ��gij ¼ 0 ¼ ��N;
(2.2)

under the localUð1Þ symmetry, where � is the generator of
the Uð1Þ symmetry. The total action is given by

S¼�2
Z
dtd3xN

ffiffiffi
g

p ðLK�LVþL’þLAþL�þ��2LMÞ;
(2.3)

where g ¼ detgij, and

LK ¼ KijK
ij � �K2;

L’ ¼ ’Gijð2Kij þrirj’Þ;
LA ¼ A

N
ð2�g � RÞ;

L� ¼ ð1� �Þ½ðr2’Þ2 þ 2Kr2’�:

(2.4)

Here the coupling constant �g, which acts like a three-

dimensional cosmological constant, has the dimension of
ðlengthÞ�2. The Ricci and Riemann terms all refer to the
three-metric gij. Kij is the extrinsic curvature, and Gij

is the three-dimensional ‘‘generalized’’ Einstein tensor
defined by

Kij ¼ 1

2N
ð� _gij þriNj þrjNiÞ;

Gij ¼ Rij � 1

2
gijRþ�ggij:

(2.5)

LM is the matter Lagrangian density and LV denotes the
potential part of the action given by

LV ¼ �2g0 þ g1Rþ 1

�2
ðg2R2 þ g3RijR

ijÞ

þ 1

�4
ðg4R3 þ g5RRijR

ij þ g6R
i
jR

j
kR

k
i Þ

þ 1

�4
½g7Rr2Rþ g8ðriRjkÞðriRjkÞ�; (2.6)

which preserves the parity, where the coupling constants
gsðs ¼ 0; 1; 2; . . . 8Þ are all dimensionless. The relativistic
limit in the IR requires that

g1 ¼ �1; �2 ¼ 1

16�G
; (2.7)

where G denotes the Newtonian constant.
Variation of the total action (2.3) with respect to the

lapse function NðtÞ yields the Hamiltonian constraintZ
d3x

ffiffiffi
g

p ½LK þLV � ’Gijrirj’� ð1� �Þðr2’Þ2�

¼ 8�G
Z

d3x
ffiffiffi
g

p
Jt; (2.8)

where

Jt ¼ 2
�ðNLMÞ

�N
: (2.9)

Variation of the action with respect to the shift Ni yields
the supermomentum constraint

rj½�ij � ’Gij � ð1� �Þgijr2’� ¼ 8�GJi; (2.10)

where the supermomentum �ij and matter current Ji are
defined as

�ij � �Kij þ �Kgij; Ji � �N
�LM

�Ni

: (2.11)

Similarly, variations of the action with respect to ’ and A
yield, respectively,

G ijðKij þrirj’Þ þ ð1� �Þr2ðK þr2’Þ ¼ 8�GJ’;

(2.12)

R� 2�g ¼ 8�GJA; (2.13)

where

J’ � ��LM

�’
; JA � 2

�ðNLMÞ
�A

: (2.14)

On the other hand, variation with respect to gij leads to the

dynamical equations
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1

N
ffiffiffi
g

p f ffiffiffi
g

p ½�ij �’Gij � ð1��Þgijr2’�g;t

¼�2ðK2Þij þ 2�KKij þ 1

N
rk½Nk�ij � 2�kðiNjÞ�

� 2ð1��Þ½ðKþr2’Þrirj’þKijr2’� þ ð1��Þ
� ½2rðiFjÞ

’ � gijrkF
k
’� þ 1

2
ðLK þL’ þLA þL�Þgij

þFij þFij
’ þFij

A þ 8�G�ij; (2.15)

where ðK2Þij � KilKj
l , fðijÞ � ðfij þ fjiÞ=2, and

Fij
A ¼ 1

N
½ARij � ðrirj � gijr2ÞA�;

Fij
’ ¼ X3

n¼1

Fij
ð’;nÞ;

Fij � 1ffiffiffi
g

p �ð� ffiffiffi
g

p
LVÞ

�gij
¼ X8

s¼0

gs�
nsðFsÞij;

(2.16)

with ns ¼ ð2; 0;�2;�2;�4;�4;�4;�4;�4Þ. The

3-tensors ðFsÞij and Fij
ð’;nÞ are given by Eqs. (2.21)–(2.23)

in [22], which, for the sake of the readers’ convenience, are
reproduced in Eqs. (A1) and (A2) of this paper. The stress
3-tensor �ij is defined as

�ij ¼ 2ffiffiffi
g

p �ð ffiffiffi
g

p
LMÞ

�gij
: (2.17)

The matter quantities ðJt; Ji; J’; JA; �ijÞ satisfy the

conservation lawsZ
d3x

ffiffiffi
g

p �
_gkl�

kl � 1ffiffiffi
g

p ð ffiffiffi
g

p
JtÞ;t þ 2Nk

N
ffiffiffi
g

p ð ffiffiffi
g

p
JkÞ;t

� 2 _’J’ � A

N
ffiffiffi
g

p ð ffiffiffi
g

p
JAÞ;t

�
¼ 0; (2.18)

rk�ik � 1

N
ffiffiffi
g

p ð ffiffiffi
g

p
JiÞ;t � Jk

N
ðrkNi �riNkÞ

� Ni

N
rkJ

k þ J’ri’� JA
2N

riA ¼ 0: (2.19)

In general relativity, the four-dimensional energy-
momentum tensor is defined as

T�� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
�gð4Þ

q �

� ffiffiffiffiffiffiffiffiffiffiffiffi
�gð4Þ

q
LM

�
�gð4Þ��

; (2.20)

where �, � ¼ 0, 1, 2, 3, and

gð4Þ00 ¼ �N2 þ NiNi; gð4Þ0i ¼ Ni; gð4Þij ¼ gij:

(2.21)

Introducing the normal vector n� to the hypersurface

t ¼ constant by

n� ¼ N�t
�; n� ¼ 1

N
ð�1; NiÞ; (2.22)

one can decompose T�� as follows [45]:

	H�T��n
�n�; si��T��h

ð4Þ�
i n�; sij�T��h

ð4Þ�
i hð4Þ�j ;

(2.23)

where hð4Þ�� is the projection operator defined by hð4Þ�� �
gð4Þ�� þ n�n�. In the relativistic limit, one may make the

following identification:

ðJt; Ji; �ijÞ ¼ ð�2	H;�si; sijÞ: (2.24)

III. SPHERICAL SPACETIMES FILLED
WITH A FLUID

Spherically symmetric static spacetimes in the frame-
work of the HL theory withUð1Þ symmetry with or without
the projectabilty condition are studied systematically in
[26,27,29,35,46–48]. In particular, the ADM variables for
spherically symmetric spacetimes with the projectability
condition take the forms

N ¼ 1; Ni ¼ �i
re

�ðr;tÞ��ðr;tÞ;

gijdx
idxj ¼ e2�ðr;tÞdr2 þ r2d�2;

(3.1)

in the spherical coordinates xi ¼ ðr; 
;�Þ, where d�2 �
d
2 þ sin 2
d�2. The diagonal case Ni ¼ 0 corresponds
to �ðt; rÞ ¼ �1. On the other hand, using the Uð1Þ gauge
freedom (2.2), without loss of generality, we set

’ ¼ 0; (3.2)

which uniquely fixes the gauge. Then, we find that

L’ ¼ 0 ¼ L�; Fij
’ ¼ 0;

Kij ¼ e�þ�ðð�0 � _�e��þ�Þ�r
i�

r
j þ re�2��ijÞ;

Rij ¼ 2�0

r
�r
i�

r
j þ e�2�½r�0 � ð1� e2�Þ��ij;

LK ¼ ð1� �Þ
�
_�2 � 2 _��0e��� þ

�
�02 þ 2

r2

�
e2ð���Þ

�

þ �

�
4

r
_�e��� � 2

r2
e2ð���Þð2r�0 þ 1Þ

�

LA ¼ 2A

r2
½e�2�ð1� 2r�0Þ þ�gr

2 � 1�;

LV ¼ X3
s¼0

LðsÞ
V ; (3.3)

where a prime denotes the partial derivative with respect to

r, �ij � �

i �



j þ sin 2
��

i �
�
j , and LðsÞ

V ’s are given by

Eq. (A1) in [49]. The Hamiltonian constraint (2.8) readsZ
ðLK þLV � 8�GJtÞe�r2dr ¼ 0; (3.4)
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while the momentum constraint (2.10) yields

ð1� �Þfe���½r2ð�00 þ�02 ��0�0Þ þ 2ð�0r� 1Þ� � _�0r2g
þ 2rð��0e��� � _�Þ ¼ �8�Gr2e��þ�v; (3.5)

where

Ji � e�ð�þ�Þðv; 0; 0Þ:
It can also be shown that Eqs. (2.12) and (2.13) now read

½e2�ð�gr
2�1Þþ1�ðe�þ��0 �e2� _�Þ�2ð�0 ��gre

2�Þe�þ�

þð1��Þfe2�ð�r2 _�00 þr2 _�0�0 �2r _�0Þ
þe�þ�½r2ð�000 þ3�0�00 ��0�00 �3�00�0

þ�03�3�0�02þ2�0�02Þ
þ2rð2�00 ��00 þ2ð�0 ��0Þ2Þþ2�0�g¼8�Gr2e4�J’;

(3.6)

2r�0 � ½e2�ð�gr
2 � 1Þ þ 1� ¼ 4�Gr2e2�JA: (3.7)

The dynamical equations (2.15), on the other hand, yield

ð1� �Þr
�
e�þ�ð _��0 þ _�0 � _�0Þ � e2�

�
€�þ 1

2
_�2

�

þ e2�
�
�00 þ 1

2
�02 ��0�0

��

þ
�
2ð�0 þ ��0Þ þ ð4�� 3Þ 1

r

�
e2�

� 2e�þ�ð� _�þ _�Þ þ 1

2
re2�LA

¼ �rðFrr þ FA
rr þ 8�Ge2�prÞ; (3.8)

�
�rð�00 ��0�0Þþð2��1Þð2�0 ��0Þþ1

2
ð3�þ1Þr�02

�
e2�

þ1

2
re2�LAþ

�
� €�þ1

2
ð�þ1Þ _�2

�
re2�

�½ð2��1Þ _�þr�0ð _�þ� _�Þþ�rð _�0 þ _�0Þ�e�þ�

¼�e2�

r
ðF

þFA



þ8�Gr2p
Þ; (3.9)

where

�ij ¼ e2�pr�
r
i�

r
j þ r2p
�ij;

FA
ij ¼

2

r
ðA0 þ A�0Þ�r

i�
r
j þ e�2�½r2ðA00 � �0A0Þ

þ rðA0 þ A�0Þ � Að1� e2�Þ��ij; (3.10)

and Fij is given by Eq. (A4) in Appendix A. We define a

fluid with pr ¼ p
 as a perfect fluid, which in general
allows energy flow along a radial direction; i.e., v does
not necessarily vanish [50].

The energy conservation law (2.18) now reads

Z
dre�r2½ _	H þ ð	H þ 4prÞ _�þ 4ð _v� v _�Þ
� 2ð _JA þ _�JAÞ� ¼ 0; (3.11)

while the momentum conservation (2.19) yields

v�0 � ðv0 � p0
rÞ � 2

r
ðv� pr þ p
Þ

� 1

2
JAA

0 � e���½ _vþ vð2 _�� _�Þ� ¼ 0: (3.12)

To relate the quantities Jt, Ji and �ij to the ones often

used in general relativity, in addition to the normal vector
n� defined in Eq. (2.22), we also introduce the spacelike

unit vectors ��, 
� and �� by

n� ¼ �t
�; n� ¼��

�
t þ e����

�
r ; �� ¼ e���

�
r ;

�� ¼ e��t
� þ e��r

�; 
� ¼ r�

�; �� ¼ r sin
��

�:

(3.13)

In terms of these four unit vectors, the energy-momentum
tensor for an anisotropic fluid can be written as

T�� ¼ 	Hn�n� þ qðn��� þ n���Þ þ pr����

þ p
ð
�
� þ����Þ; (3.14)

where 	H, q, pr and p
 denote, respectively, the energy
density, heat flow along radial direction, radial, and tan-
gential pressures, as measured by the observer with the
four-velocity n�. This decomposition is consistent with the

quantities Jt and Ji defined by

	H ¼ � 1

2
Jt; v ¼ e�q: (3.15)

It should be noted that the definitions of the energy density
	H, the radial pressure pr and the heat flow q are different
from the ones defined in a comoving frame in general
relativity. We refer readers to Appendix B of [49] for
details.

IV. JUNCTION CONDITION ACROSS THE
SURFACE OF A COLLAPSING SPHERE

The surface� of a spherically symmetric collapsing star
naturally divides the spacetime M into two regions, the
internal and the external regions, denoted by M� and Mþ
respectively, as shown schematically in Fig. 1. The surface
� ¼ @M� ¼ �@Mþ is described by

�ðt; rÞ ¼ 0; (4.1)

where �ðt; rÞ � r�RðtÞ. The spherical symmetry
implies that the ADM variables on M take the form (3.1).
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A. Preliminaries

We assume that the normal vector r� to the hypersur-
face � with components

�;� ¼ �r
� � _R�t

�;

�;� ¼ e�2�ð1� e2� � _Re�þ�Þ��
r þ ðe��� þ _RÞ��

t ;

(4.2)

is everywhere spacelike, i.e.

�;��;� ¼ e�2�½1� ðe� þ e� _RÞ2�> 0: (4.3)

This is the case if _R is small enough. We may then define
the vector field N ¼ r�=kr�kg in a neighborhood of�.2
N has length 1, i.e.N�N

� ¼ 1, and the restriction ofN to�
is the outward pointing unit normal vector field on �.

Let Hð�Þ denote the Heaviside function defined by

Hð�Þ ¼
8><
>:
1; �> 0;
1
2 ; � ¼ 0;

0 �< 0;

(4.4)

and let �ð�Þ denote the delta distribution with support on
�. By definition, �ð�Þ acts on a smooth test function ’ 2
C1ðMÞ of compact support by

ð�ð�Þ; ’Þ ¼
Z
�
’d�; (4.5)

where d� ¼ NVolg is the volume three-form induced by

g on � and N denotes interior multiplication by N.

The derivatives �ðnÞð�Þ, n � 1, of �ð�Þ are defined in a
standard way and the following relations are valid [51]:

@Hð�Þ
@x�

¼ @�

@x�
�ð�Þ;

@

@x�
�ðnÞð�Þ ¼ @�

@x�
�ðnþ1Þð�Þ; n¼ 0;1;2; . . . ;

��ðnÞð�Þ ¼ �n�ðn�1Þð�Þ; n¼ 1;2; . . . :

(4.6)

If f is a function defined in a neighborhood of �, we

define the distribution f�ðnÞð�Þ by letting it act on a test
function ’ by

ðf�ðnÞð�Þ; ’Þ ¼ ð�ðnÞð�Þ; f’Þ: (4.7)

The product f�ð�Þ is well defined whenever f is C0 and it
depends only on the restriction fj� of f to �. More gen-

erally, the product f�ðnÞð�Þ is well defined provided that f
is Cn and it depends only on the values of f and its partial
derivatives of order � n evaluated on �.
Let F be a distribution on M of the form

F ¼ FþHð�Þ þ F�½1�Hð�Þ� þ Xn
k¼0

FImðkÞ�ðkÞð�Þ;

(4.8)

where the Fn’s are functions defined in a neighborhood of
� while Fþ and F� are sufficiently smooth functions
defined on Mþ and M� respectively. We define the func-
tion FD on M by

FD ¼ FþHð�Þ þ F�½1�Hð�Þ�; (4.9)

and we define the jump ½F�� of F across � by

½F��ðxÞ ¼ FþðxÞ � F�ðxÞ; x 2 �: (4.10)

We will also need the fact that the equation F ¼ 0 is
equivalent to the equations

F�ðxÞ ¼ 0; x 2 M�; (4.11)

and

Xj
k¼0

ð�1Þk ðn� kÞ!j!
ðj� kÞ!

@j�k

@�j�k
FImðn�kÞ

���������
¼ 0; 0� j� n;

(4.12)

where @
@� acts on a function f by

@f

@�
¼ 1

kr�kg df � N; (4.13)

and, more generally, for any j � 1,

@jf

@�j
¼

�
1

kr�kg Nd
�
j
f: (4.14)

A proof of this fact is given in Appendix B.

(t)

M

M

U

N
Σ

µ

µ
−

+

FIG. 1. The spacetime is divided into two regions, the internal
M� and external Mþ, where M� ¼ fx�: r <RðtÞg, and Mþ ¼
fx�: r >RðtÞg. The surface r ¼ RðtÞ is denoted by �.

2It must not be confused with the lapse function, as in the
present case it is set to 1, as one can see from Eq. (3.1).
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For n ¼ 3, the conditions in (4.12) are

FImð3Þj� ¼ 0;�
3
@FImð3Þ

@�
�FImð2Þ

����������
¼ 0;

�
3
@2FImð3Þ

@�2
� 2

@FImð2Þ

@�
þFImð1Þ

����������
¼ 0;

�
@3FImð3Þ

@�3
� @2FImð2Þ

@�2
þ @FImð1Þ

@�
�FImð0Þ

����������
¼ 0:

(4.15)

B. Distributional metric functions

The field equations (2.8)–(2.15) involve second-order
derivatives of the metric coefficients with respect to t and
sixth-order derivatives with respect to xi. Thus, one might
require that the metric coefficients be C1 with respect to t
and C5 with respect to xi, where Cn indicates that the first n
derivatives exist and are continuous across the hypersur-
face � ¼ 0. However, this assumption eliminates the im-
portant case of an infinitely thin shell of matter supported
on �. Therefore, we will instead make weaker assump-
tions, so that a thin shell located on the hypersurface � ¼
0 is in general allowed, and consider the case without a thin
shell only as a particular case of our general treatment to be
provided below. In fact, we shall impose the minimal
requirement that the corresponding problem be mathemati-
cally meaningful in terms of distribution theory. Then, in
review of Eqs. (3.4)–(3.12), we find that the cases � ¼ 1
and � � 1 have different dependencies on the derivatives
of �. In particular, the term �0�00 appears when � � 1.
Thus, in the following we consider the two cases
separately.

1. � ¼ 1

In this case, we assume that (a)� and � are C5 in each of
the regions Mþ andM� up to the boundary �; (b) � is C0

across�; (c) � isC0 with respect to t andC2 with respect to
r across �.

The above regularity assumptions ensure that the mathe-
matically ill-defined products �ð�Þ2 and �ð�ÞHð�Þ do not
appear in the field equations. Indeed, the terms in the field
equations (3.4)–(3.12) that could lead to products of this
type are

�02; _��0; _�2; �002; �00�000: (4.16)

Our assumptions imply that these terms may contain
Hð�Þ2 but not �ð�Þ2 or �ð�ÞHð�Þ.

In order to compute the derivatives of � and �, we note
that

� ¼ �D ¼ �þHð�Þ þ��½1�Hð�Þ�;
� ¼ �D ¼ �þHð�Þ þ ��½1�Hð�Þ�;

(4.17)

where the functions �þ and �þ are C5 on Mþ, while the
functions�� and �� areC5 onM�. Let V� denote an open

neighborhood of �. Let ~�þ and ~�þ denote C5-extensions
of �þ and �þ to Mþ [ V�. Let ~�� and ~�� denote
C5-extensions of �� and �� to M� [ V�. Then the
functions

�̂ � ~�þ � ~��; �̂ � ~�þ � ~��; (4.18)

are defined on V� and the following relations are valid on
� whenever �þ � � 5:

�̂ ¼ ½���; @�þ�

@t�@r�
�̂ ¼

�
@�þ�

@t�@r�
�

��
; (4.19)

�̂ ¼ ½���; @�þ�

@t�@r�
�̂ ¼

�
@�þ�

@t�@r�
�

��
: (4.20)

Since � is C0 across �, we find

�;t ¼ ð�;tÞD;
�;r ¼ ð�;rÞD;
�;tr ¼ ð�;trÞD þ �̂;t�ð�Þ;
�;rt ¼ ð�;rtÞD � _R�̂;r�ð�Þ;
�;rr ¼ ð�;rrÞD þ �̂;r�ð�Þ:
�;rrr ¼ ð�;rrrÞD þ 2�̂;rr�ð�Þ þ �̂;r�

0ð�Þ:

(4.21)

Since � is C0 across �, the derivatives of �þ and �� in
any direction tangential to�must coincide when evaluated
on �. In particular, since the vector U defined by

U� � ��
t þ _R��

r ; (4.22)

is tangential to � (i.e. U�N� ¼ 0), we obtain

U�½�;��� ¼ ½�;t�� þ _R½�;r�� ¼ 0;

that is,

�̂ ;t ¼ � _R�̂;r; (4.23)

after Eq. (4.19) is taken into account. Then, from Eq. (4.21)
one finds �;tr ¼ �rt, as it is expected.

Similarly, since � is C0 across �, we also have

0 ¼ U�½�;��� ¼ ½�;t�� þ _R½�;r��: (4.24)

But ½�;r�� ¼ 0, because � is assumed to be C2 with respect

to r. Thus ½�;t�� ¼ 0. Therefore, � is in fact C1 across �.
The same argument applied to �;t and �;r now implies that

� is in fact C2 across �. We find

�;t ¼ ð�;tÞD; �;r ¼ ð�;rÞD; �;rr ¼ ð�;rrÞD;
�ð3Þ ¼ ð�ð3ÞÞD; �ð4Þ ¼ ð�ð4ÞÞD þ �̂ð3Þ�ð�Þ;
�ð5Þ ¼ ð�ð5ÞÞD þ 2�̂ð4Þ�ð�Þ þ �̂ð3Þ�0ð�Þ; (4.25)

where �ðnÞ � @n�=@rn. We emphasize that the expressions
on the right-hand sides of (4.21) and (4.25) are independent
of the extensions used to define �̂ and �̂ in (4.18), because
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the values of �̂, �̂, and their partial derivatives of order � 5
are uniquely prescribed on � in view of (4.20).

We will find the junction conditions across � by sub-
stituting the expressions (4.21) and (4.25) for the deriva-
tives of � and � into the field equations (3.4)–(3.12).

Suppose that the energy density 	H ¼ �2Jt has the
form

	H ¼ ð	HÞD þ X1
n¼0

	ImðnÞ
H �ðnÞð�Þ; (4.26)

where it is understood that only finitely many of the

	ImðnÞ
H ’s are nonzero. Since, by (3.3),

LK ¼ ðLKÞD; LV ¼ ðLVÞD;
the Hamiltonian constraint (3.4) reads

Z
r<RðtÞ

ðL�
K þL�

V þ 4�G	�
HÞe�r2dr

þ
Z
r>RðtÞ

ðLþ
K þLþ

V þ 4�G	þ
HÞe�r2dr

þ 4�G
X1
n¼0

ð�1Þn @n

@rn

��������r¼RðtÞ
ð	ImðnÞ

H e�r2Þ ¼ 0: (4.27)

The left-hand sides of Eqs. (3.5)–(3.7) have
no supports on the hypersurface r ¼ RðtÞ. Thus, these
equations remain unchanged in the regions Mþ and M�,
while on the hypersurface � they yield

v ¼ vD; J’ ¼ ðJ’ÞD; JA ¼ ðJAÞD: (4.28)

In fact, in order to avoid that the ill-defined product
Hð�Þ�ð�Þ arises from the term JAA

0 in (3.12), we will
assume that JA is C0.

The gauge field A has dimension ½A� ¼ 4, so the action
cannot contain terms like An with n � 2; that is, it must be
linear in A. We therefore assume that A has the form

Aðt; rÞ ¼ AD þ X1
n¼0

AImðnÞ�ðnÞð�Þ:

It follows that

A;r ¼ ðA;rÞD þ ½Âþ AImð0Þ
;r ��ð�Þ

þ X1
n¼1

½AImðnÞ
;r þ AImðn�1Þ��ðnÞð�Þ;

A;rr ¼ ðA;rrÞD þ ½2Â;r þ AImð0Þ
;rr ��ð�Þ

þ ½Âþ 2AImð0Þ
;r þ AImð1Þ

;rr ��0ð�Þ

þ X1
n¼2

½AImðnÞ
;rr þ 2AImðn�1Þ

;r þ AImðn�2Þ��ðnÞð�Þ:

Thus,

FA
rr¼2

r

�
ðA;rÞDþ�;rA

Dþ½ÂþAImð0Þ
;r þ�;rA

Imð0Þ��ð�Þ

þX1
n¼1

½ðAImðnÞ
;r þAImðn�1ÞÞ�ðnÞð�Þþ�;rA

ImðnÞ�ðnÞð�Þ�
�
;

FA


¼ðFA



ÞDþ
X1
n¼0

FA;ImðnÞ


 �ðnÞð�Þ;

where

ðFA


ÞD ¼ e�2�½r2ðA;rrÞD��;rr

2ðA;rÞDþ rðA;rÞD
þ r�;rA

D�ð1� e2�ÞAD�;
FA;Imð0Þ


 ¼ e�2�½r2ð2Â;rþAImð0Þ

;rr Þ� r2�;rðÂþAImð0Þ
;r Þ

þ rðÂþAImð0Þ
;r Þþ r�;rA

Imð0Þ � ð1� e2�ÞAImð0Þ�;
FA;Imð1Þ


 ¼ e�2�½r2ðÂþ 2AImð0Þ

;r þAImð1Þ
;rr Þ

� r2�;rðAImð0Þ þAImð1Þ
;r Þþ rðAImð0Þ þAImð1Þ

;r Þ
þ r�;rA

Imð1Þ � ð1� e2�ÞAImð1Þ�;
FA;ImðnÞ


 ¼ e�2�½r2ðAImðn�2Þ þ 2AImðn�1Þ

;r þAImðnÞ
;rr Þ

� r2�;rðAImðn�1Þ þAImðnÞ
;r Þþ rðAImðn�1Þ þAImðnÞ

;r Þ
þ r�;rA

ImðnÞ � ð1� e2�ÞAImðnÞ�; n� 2:

From Eq. (A4) we find that the functions fFng6n¼1 contain
no delta functions whereas

ðF7Þrr ¼ ðF7ÞDrr � 16e�4�

r2
�̂ð3Þ�ð�Þ;

ðF8Þrr ¼ ðF8ÞDrr � 6e�4�

r2
�̂ð3Þ�ð�Þ;

ðF7Þ

 ¼ ðF7ÞD

 � 8re�6�½ð2�̂ð4Þ � 16�;r�̂
ð3ÞÞ�ð�Þ

þ �̂ð3Þ�0ð�Þ�;
ðF8Þ

 ¼ ðF8ÞD

 � 3re�6�½ð2�̂ð4Þ � 16�;r�̂

ð3ÞÞ�ð�Þ
þ �̂ð3Þ�0ð�Þ�:

Thus, (2.16) gives

Frr ¼ ðFrrÞD � ð16g7 þ 6g8Þ e
�4�

r2�4
�̂ð3Þ�ð�Þ;

F

 ¼ ðF

ÞD � ð8g7 þ 3g8Þ re
�6�

�4
½ð2�̂ð4Þ

� 16�;r�̂
ð3ÞÞ�ð�Þ þ �̂ð3Þ�0ð�Þ�:

Writing pr in the form

prðt; rÞ ¼ pD
r þ X1

n¼0

pImðnÞ
r �ðnÞð�Þ;

we find that Eq. (3.8) remains unchanged in the regionsMþ
and M�, while on the hypersurface � it yields
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X1
n¼0

�
e2�

r
½e�2�ð1� 2r�0Þ þ�gr

2 � 1�AImðnÞ

þ r½FImðnÞ
rr þ FA ImðnÞ

rr þ 8�Ge2�pImðnÞ
r �

�
�ðnÞð�Þ ¼ 0:

(4.29)

Using (4.12), Eq. (4.29) can be rewritten as a hierarchy of
scalar equations on �.

Similarly, Eq. (3.9) remains unchanged in the regions
Mþ and M�, while on the hypersurface � it yields

rð�̂;re
2� þ _R�̂;re

�þ�Þ�ð�Þ þ X1
n¼0

�
e2�

r
½e�2�ð1� 2r�0Þ

þ�gr
2 � 1�AImðnÞ þ e2�

r
½FImðnÞ



 þ FA ImðnÞ




þ 8�Gr2pImðnÞ

 �

�
�ðnÞð�Þ ¼ 0: (4.30)

Note that

	H;t ¼ ð	H;tÞD þ ½	Imð0Þ
H;t � _R	̂H��ð�Þ

þ X1
n¼1

ð	ImðnÞ
H;t � _R	Imðn�1Þ

H Þ�ðnÞð�Þ;

and, by (4.28),

v;t ¼ ðv;tÞD � _R v̂ �ð�Þ:
Thus, in view of (4.28), the energy conservation law (3.11)
takes the formZ

dre�r2fð	H;tÞD þ ½	Imð0Þ
H;t � _R	̂H��ð�Þ

þ X1
n¼1

ð	ImðnÞ
H;t � _R	Imðn�1Þ

H Þ�ðnÞð�Þ

þ
�
ð	HÞD þ X1

n¼0

	ImðnÞ
H �ðnÞð�Þ þ 4ðprÞD

þ 4
X1
n¼0

pImðnÞ
r �ðnÞð�Þ

�
�;t þ 4ððv;tÞD

� _R v̂ �ð�Þ � vD�;tÞ � 2ððJA;tÞD þ �;tðJAÞDÞ
�
¼ 0;

that is,�Z
r<RðtÞ

þ
Z
r>RðtÞ

�
e�r2ð	H;t þ �;tð	H þ 4prÞ

þ 4v;t � 4v�;t � 2ðJA;t þ �;tJAÞÞdr
þ ½e�r2ð	Imð0Þ

H;t � _R	̂H

þ �;tð	Imð0Þ
H þ 4pImð0Þ

r Þ � 4 _R v̂Þ�jr¼RðtÞ

þ X1
n¼1

ð�1Þn @n

@rn

��������r¼RðtÞ
½e�r2ð	ImðnÞ

H;t � _R	Imðn�1Þ
H

þ �;tð	ImðnÞ
H þ 4pImðnÞ

r ÞÞ� ¼ 0: (4.31)

The momentum conservation law (3.12) remains un-
changed inMþ andM� while on the hypersurface� it yields

� v̂�ð�Þþ p̂r�ð�Þþ X1
n¼0

½ðpImðnÞ
r Þ;r�ðnÞð�Þ

þpImðnÞ
r �ðnþ1Þð�Þ�þ 2

r

X1
n¼0

ðpImðnÞ
r �pImðnÞ


 Þ�ðnÞð�Þ

� 1

2
JA

�
ðÂþAImð0Þ

;r Þ�ð�Þ

þ X1
n¼1

ðAImðnÞ
;r þAImðn�1ÞÞ�ðnÞð�Þ

�
þ e��� _R v̂�ð�Þ ¼ 0;

(4.32)

where we have used that

p0
r ¼ p̂r�ð�Þ þ X1

n¼0

½ðpImðnÞ
r Þ;r�ðnÞð�Þ þ pImðnÞ

r �ðnþ1Þð�Þ�:

This completes the general description of the junction
conditions for the case � ¼ 1, which are summarized in
Table I.

2. � � 1

In this case, the nonlinear terms

�02; _��0; �0�00; _�2; �002; �00�000; (4.33)

appear in the field equations (3.4)–(3.12). Thus, to ensure
these field equations are well defined, we assume that (a)�
and � are C5 in each of the regions Mþ and M� up to the

TABLE I. A list of all field equations for � ¼ 1.

Variation with

respect to Name of equation General version

Spherically symmetric

version

Associated junction

condition

Lapse NðtÞ Hamiltonian constraint (2.8) (3.4) (4.27)

Shift Ni Momentum constraint (2.10) (3.5) (4.28)

’ ’-constraint (2.12) (3.6) (4.28)

Gauge field A A-constraint (2.13) (3.7) (4.28)

Metric gij Dynamical equations (2.15) (3.8) and (3.9) (4.29) and (4.30)

– Energy conservation law (2.18) (3.11) (4.31)

– Momentum conservation law (2.19) (3.12) (4.32)
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boundary �; (b) � is C0 with respect to t and C1 with
respect to r across �; (c) � is C0 with respect to t and C2

with respect to r across �.
The same argument as above shows that � is C2 and that

� is C1 across �. Equations (4.21) and (4.25) for the
derivatives of � and � are still valid, but since � now is
C1, we have �̂;t ¼ �̂;r ¼ 0. It follows that all the junction
conditions (4.27)–(4.32) remain unchanged, except that the
presence of the term�000 in (3.6) implies that the expression
for J’ now may include a delta function:

J’ ¼ ðJ’ÞD þ ð1� �Þ e
��3�

4�G
�̂;rr�ð�Þ: (4.34)

In what follows, we will consider some specific models
of gravitational collapse for which the spacetime inside the
collapsing sphere is described by the Friedman-Lemaitre-
Robertson-Walker (FLRW) universe.

V. GRAVITATIONAL COLLAPSE OF
HOMOGENEOUS AND ISOTROPIC

PERFECT FLUID

In this section, we consider the gravitational collapse
of a spherical cloud consisting of a homogeneous and
isotropic perfect fluid,3 described by the FLRW universe,

ds2 ¼ �d�t2 þ a2ð�tÞ
�

d�r2

1� k�r2
þ �r2d2�

�
;

where k ¼ 0,�1. Letting r ¼ að�tÞ�r, t ¼ �t, the correspond-
ing ADM variables take the form (3.1) with N� ¼ 1, and

��ðt; rÞ ¼ � 1

2
ln

�
1� k

r2

a2ðtÞ
�
;

��ðt; rÞ ¼ ln

� � _aðtÞrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ðtÞ � kr2

p �
;

(5.1)

where _a � 0 for a collapsing cloud. For a perfect fluid, we
assume that

p�

 ¼ p�

r ¼ p�ðtÞ; v ¼ 0: (5.2)

We anticipate that the junction condition for � requires k ¼
0. Then, we find that

��ðt; rÞ ¼ 0; ��ðt; rÞ ¼ ln ð�rHÞ; ðk ¼ 0Þ;
(5.3)

where H � _aðtÞ=aðtÞ, and that

L�
K ¼ 3ð1� 3�ÞH2; L�

V ¼ 2�;

L�
’ ¼ L�

� ¼ 0; L�
A ¼ 2�gA

�:
(5.4)

It is easy to verify that the momentum constraint (3.5)
is satisfied, whereas the equations (3.6) and (3.7) obtained

by variation with respect to ’ and A, respectively,
reduce to

3�gH þ 8�GJ�’ ¼ 0; 4�GJ�A þ�g ¼ 0: (5.5)

Since �� ¼ 0, we have F�
ij ¼ ��g�ij , and the first

dynamical equation (3.8) reduces to the condition

4

r
a2A�

;r þ 2a2�gA
� þ 2ð3�� 1Þa €aþ ð3�� 1Þ _a2

þ 2a2ð8�Gp� ��Þ ¼ 0:

If this condition is satisfied the second dynamical
equation (3.8) also holds provided that A�

;r � rA�
;rr ¼ 0.

On the other hand, the momentum conservation law
(3.12) reduces to J�A A�

;r ¼ 0. We conclude that the general

solution when k ¼ 0 is given by

J�’ ¼ � 3�gH

8�G
; J�A ¼ � �g

4�G
; (5.6)

with A� ¼ A�ðtÞ being given by

�gA
� þ ð3�� 1Þ

�
€a

a
þH2

2

�
�� ¼ �8�Gp�: (5.7)

In the rest of this section, we consider only the case where
�g ¼ 0. Then, Eq. (5.6) yields

J�A ¼ J�’ ¼ 0; (5.8)

for which Eq. (5.7) shows that now A�ðtÞ is an arbitrary
function of t, and aðtÞ is given by

ð3�� 1Þ
�
€a

a
þH2

2

�
�� ¼ �8�Gp�: (5.9)

It is interesting to note that, since the Hamiltonian
constraint is global, there is no analog of the Friedman
equation in the current situation. This is in contrast to the
case of HL cosmology [24], where a Friedman-like
equation still exists, because of the homogeneity and iso-
tropy of the whole universe.4 Although there is no analog
of the Birkhoff theorem in HL theory, so that the spacetime
outside the collapsing cloud can be either static or dynami-
cal, we assume in this paper that the exterior solution is a
static spherically symmetric vacuum spacetime. We also
assume that the value of �g is the same in the exterior and

interior regions, i.e.

�þ
g ¼ ��

g ¼ 0: (5.10)

It is convenient to consider the cases � ¼ 1 and � � 1
separately.

3Gravitational collapse of a homogeneous and isotropic dust
fluid filled in the whole spacetime was considered in [52], using
a method proposed in [53].

4Considering that homogeneity and isotropy are good approx-
imations for our observational universe, this global Hamiltonian
constraint allows dustlike fluid to exist; this was first realized in
[54] where it was considered as a candidate of dark matter.
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A. Gravitational collapse with � ¼ 1

We first consider the case of � ¼ 1. In this case, the
static spherically symmetric exterior vacuum solution has
the form [26]

�þ ¼ �þðrÞ

¼ 1

2
ln

�
2mþ

r
þ 1

3
�r2 � 2AþðrÞ þ 2

r

Z r

r0

Aþðr0Þdr0
�
;

�þ ¼ 0; (5.11)

for which we find that

Lþ
K ¼ 4

r
Aþ
;r � 2�; Lþ

V ¼ 2�;

Lþ
A ¼ 0; vþ ¼ JþA ¼ Jþ’ ¼ 	þ

H ¼ 0;
(5.12)

where mþ, r0 are constants and Aþ ¼ AþðrÞ is a function
of r only, yet to be determined.

As mentioned previously, the condition that � be con-
tinuous across � implies that k ¼ 0. We let the interior
solution be of the form (5.3), and assume that the thin shell
of matter separating the interior and exterior solutions is
such that

p ¼ p�
r ; v ¼ 0; J’ ¼ JImð0Þ

’ �ð�Þ;
p
 ¼ p�


 þ pImð0Þ

 �ð�Þ; 	H ¼ 	�

H þ 	Imð0Þ
H �ð�Þ;

A ¼ AD þ AImð0Þ�ð�Þ; JA ¼ 0; (5.13)

where 	þ
H ¼ J�’ ¼ pþ


 ¼ pþ
r ¼ 0.

Proposition V.1 For the spacetime defined by (5.3), (5.9),
and (5.11), the six junction conditions (4.27)–(4.32) reduce
to the following six conditions:

ð�6H2 þ 2�þ 4�G	�
HðtÞÞ

RðtÞ3
3

þ 4
Z 1

RðtÞ
Aþ
;r rdr

þ 4�G	Imð0Þ
H r2jr¼RðtÞ ¼ 0; (5.14)

JImð0Þ
’ ¼ 0; (5.15)

Aðt; rÞ is continuous across�; (5.16)

A�
;t ¼ R

�
�

2
�H2

�
ð _R�HRÞ � 8�GpImð0Þ


 HR; (5.17)

	Imð0Þ
H ðt;RðtÞÞ ¼ e�

R
t

0

2 _Rð�Þ
Rð�Þ d�

�
	Imð0Þ
H ð0;Rð0ÞÞ

þ
Z t

0
e
R

s

0

2 _Rð�Þ
Rð�Þ d�

�
1

4
HðsÞRðsÞ2	�

H;tðsÞ

� _RðsÞ	�
HðsÞ

�
ds

�
; (5.18)

rpþ 2pImð0Þ

 ¼ 0 on�: (5.19)

Moreover, the condition that � be continuous across �
implies that

A�
;t ¼ �� 3H2

2
R _R�HH;tR2: (5.20)

Proof. For the spacetime defined by (5.12) and (5.13),
condition (4.27) reduces to

ð�6HðtÞ2 þ 2�þ 4�G	�
HðtÞÞ

Z RðtÞ

0
r2drþ 4

Z 1

RðtÞ
Aþ
;r rdr

þ 4�G	Imð0Þ
H r2jr¼RðtÞ ¼ 0;

which yields (5.14). Moreover, condition (4.28) reduces
immediately to (5.15).
Conditions (4.29) and (4.30) reduce to

FA Imð0Þ
rr �ð�Þ þ FA Imð1Þ

rr �0ð�Þ ¼ 0; (5.21)

and

rð�̂;re
2�þ _R�̂;re

�Þ�ð�Þþ1

r
FA Imð0Þ


 �ð�Þþ1

r
FA Imð1Þ


 �0ð�Þ

þ1

r
FAImð2Þ


 �00ð�Þþ8�GrpImð0Þ


 �ð�Þ¼0; (5.22)

respectively, where we have used that

Frr ¼ ðFrrÞD; F

 ¼ ðF

ÞD: (5.23)

Now

FA
rr ¼ 2

r
fðA;rÞD þ ½Âþ AImð0Þ

;r ��ð�Þ þ AImð0Þ�0ð�Þg;
(5.24)

FA


 ¼ ðFA



ÞD þ X2
n¼0

FA;ImðnÞ


 �ðnÞð�Þ; (5.25)

where

ðFA


ÞD ¼ r2ðA;rrÞD þ rðA;rÞD;

FA;Imð0Þ


 ¼ r2ð2Â;r þ AImð0Þ

;rr Þ þ rðÂþ AImð0Þ
;r Þ;

FA;Imð1Þ


 ¼ r2ðÂþ 2AImð0Þ

;r Þ þ rAImð0Þ;

FA;Imð2Þ


 ¼ r2AImð0Þ:

Thus, Eq. (5.21) can be written as

½Âþ AImð0Þ
;r ��ð�Þ þ AImð0Þ�0ð�Þ ¼ 0: (5.26)

Thus, by (4.15), AImð0Þj� ¼ 0. Hence, AImð0Þ�ð�Þ ¼ 0
which gives

0 ¼ ðAImð0Þ�ð�ÞÞ;r ¼ AImð0Þ
;r �ð�Þ þ AImð0Þ�0ð�Þ:

Equation (5.26) then gives Âj� ¼ 0 so that in fact A is
continuous across �, which proves (5.16). Equation (5.22)
can now be written as
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½�̂;rðe2�þ _Re�Þþ2Â;rþ8�GpImð0Þ

 ��ð�Þþ Â�0ð�Þ¼ 0:

(5.27)

In view of (4.15) this yields

�̂;rðe2� þ _Re�Þ þ 2Â;r þ 8�GpImð0Þ

 ¼ @Â

@�
on�:

(5.28)

Now observe that if a function fðt; rÞ is C0 across �,
then

@f̂

@�
¼ @f̂

@r
on�: (5.29)

Indeed, the continuity of f implies that the derivative of f̂
in any direction tangential to � must vanish when eval-

uated on �; thus f̂;t þ _Rf̂;r ¼ 0 on �. A computation

using (4.2), (4.3), and (4.13) now gives (5.29).
On the other hand, since

�þ
;r ¼ 1

2
ð�r� 2Aþ

;r Þe�2�þ
; ��

;r ¼ 1

r
;

we find

�̂ ;r ¼ 1

2
ð�r� 2Aþ

;r Þe�2�þ � 1

r
: (5.30)

Inserting the equations (5.29) and (5.30) into (5.28), we
find

�
1

2
ð�r� 2Aþ

;r Þe�2� � 1

r

�
ðe2� þ _Re�Þ

þ Â;r þ 8�GpImð0Þ

 ¼ 0 on�:

Since Â;r ¼ Aþ
;r ¼ A�

;t
_R�1, simplification yields (5.17).

Condition (4.31) reduces to

Z RðtÞ

0
e�r2	�

H;tdrþ r2½	Imð0Þ
H;t � _R	̂H�jr¼RðtÞ

þ @

@r

��������r¼RðtÞ
½r2 _R	Imð0Þ

H � ¼ 0: (5.31)

That is,

� _aðtÞ	�
H;tðtÞ

aðtÞ
Z RðtÞ

0
r3drþRðtÞ2½	Imð0Þ

H;t ðt;RðtÞÞ

þ _RðtÞ	�
HðtÞ� þ 2RðtÞ _RðtÞ	Imð0Þ

H ðt;RðtÞÞ
þRðtÞ2 _RðtÞ	Imð0Þ

H;r ðt;RðtÞÞ ¼ 0: (5.32)

Consequently,

�HðtÞ	�
H;tðtÞRðtÞ2
4

þ d

dt
½	Imð0Þ

H ðt;RðtÞÞ�

þ 2
_RðtÞ
RðtÞ	

Imð0Þ
H ðt;RðtÞÞ þ _RðtÞ	�

HðtÞ ¼ 0: (5.33)

Solving this differential equation for 	Imð0Þ
H , we find (5.18).

Condition (4.32) reduces to�
pþ 2

r
pImð0Þ



�
�ð�Þ ¼ 0:

This yields (5.19).
Finally, the condition that � be continuous across � can

be written as

2mþ

RðtÞ þ
1

3
�RðtÞ2 � 2AþðRðtÞÞ

þ 2

RðtÞ
Z RðtÞ

r0

Aþðr0Þdr0 ¼ H2R2: (5.34)

Since A is continuous across �, we have AþðRðtÞÞ ¼
A�ðtÞ. Hence, multiplying (5.34) by R and then
differentiating with respect to t, we find

�R2 _R� 2A�
;t R ¼ 2HH;tR3 þ 3H2R2 _R:

Solving this equation for A�
;t , we find (5.20). h

The conditions (5.17) and (5.20) imply that�
�

2
�H2

�
ð _R�HRÞ � 8�GpImð0Þ


 H

¼ �� 3H2

2
_R�HH;tR;

i.e.

H _Rþ ð2H2 þ 2H;t ��ÞR� 16�GpImð0Þ

 ¼ 0:

Solving this equation forRðtÞ we find the following equa-
tion which expressesRðtÞ in terms ofHðtÞ and the pressure
pImð0Þ

 on the shell:

RðtÞ ¼ e�
R

t

0
IðsÞds

�
Rð0Þ

þ 16�G
Z t

0
e
R

s

0
Ið�Þd� p

Imð0Þ

 ðs;RðsÞÞ

HðsÞ ds

�
; (5.35)

where IðtÞ is defined by

I ¼ 2H þ 2H;t

H
� �

H
: (5.36)

B. Dust collapse with � ¼ 1

Suppose now that the perfect fluid in the interior region
consists of dust, i.e.

p�
r ¼ p�


 ¼ 0: (5.37)

Then, the condition (5.19) implies that
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pImð0Þ

 ¼ 0: (5.38)

Solving Eq. (5.9) for aðtÞ we find

aðtÞ ¼
8<
: a0cosh

2
3

	 ffiffiffiffiffi
3�

p
2 ðt� t0Þ



; � � 0;

a0ðt0 � tÞ2=3; � ¼ 0;
(5.39)

where a0 and t0 are constants. In the following, let us
consider the cases � � 0 and � ¼ 0, separately.

1. � > 0

In this case, substituting the expression for aðtÞ into
(5.36) we obtain

IðtÞ ¼
ffiffiffiffi
�

3

s
tanh

� ffiffiffiffiffiffiffi
3�

p
2

ðt0 � tÞ
�
;

and then (5.35) yields

RðtÞ ¼ R0cosh
2
3

� ffiffiffiffiffiffiffi
3�

p
2

ðt0 � tÞ
�
; (5.40)

where R0 is a constant. Condition (5.20) now implies that
A�
;t ¼ 0, i.e. A�ðtÞ ¼ A0 for some constant A0. Then, by

(5.16), AþðRðtÞÞ ¼ A0. That is, A
þðrÞ ¼ A0 for all r such

that r ¼ RðtÞ for some t. Hence, the form of (5.40)
implies that Aþ ¼ A0 for all ðt; rÞ in the exterior region.
This gives

Aðt; rÞ ¼ A0: (5.41)

Condition (5.14) now implies

	Imð0Þ
H ðt;RðtÞÞ

¼ � ð�6H2 þ 2�þ 4�G	�
HðtÞÞRðtÞ

12�G

¼ �R0

�þ �G½1þ cosh ð ffiffiffiffiffiffiffi
3�

p ðt0 � tÞÞ�	�
HðtÞ

6�Gcosh
4
3

	 ffiffiffiffiffi
3�

p
2 ðt0 � tÞ


 :

(5.42)

Substituting this into condition (5.18), or its equivalent
form (5.33), we infer that 	�

HðtÞ satisfies

�R0

12
cosh

1
3

� ffiffiffiffiffiffiffi
3�

p
2

ðt0 � tÞ
��
4cosh

1
3

� ffiffiffiffiffiffiffi
3�

p
2

ðt0 � tÞ
�

�R0

ffiffiffiffiffiffiffi
3�

p
sinh

� ffiffiffiffiffiffiffi
3�

p
2

ðt0 � tÞ
��
	�
H;tðtÞ ¼ 0;

i.e.

	�
HðtÞ ¼ 	ð0Þ

H ; (5.43)

where 	ð0Þ
H is a constant. All the conditions of Proposition

V.1 are now satisfied. It only remains to consider the
condition that � be continuous across �. This condition
reduces to

0 ¼ 2mþ

R
þ 1

3
�R2 � 2A0 þ 2

R
A0ðR� r0Þ �H2R2

¼ 6mþ � 6A0r0 þR3
0�

3R0cosh
2=3ð

ffiffiffiffiffi
3�

p
2 ðt0 � tÞÞ

:

That is, the parameter r0 is fixed by

r0 ¼ 6mþ þR3
0�

6A0

: (5.44)

This implies that

�þ ¼ 1

2
ln

�
�r2

3
��R3

0

3r

�
: (5.45)

Since all the field equations and junction conditions are
now satisfied we have proved the following result.
Proposition V.2 Hořava-Lifshitz gravity admits the

following explicit solution when � ¼ 1 and �> 0:

�þ ¼ 1

2
ln

�
�r2

3
�R3

0�

3r

�
; �� ¼ ln ð�HðtÞrÞ;

�¼ 0; HðtÞ ¼ �
ffiffiffiffi
�

3

s
tanh

� ffiffiffiffiffiffiffi
3�

p
2

ðt0 � tÞ
�
;

RðtÞ ¼R0cosh
2
3

� ffiffiffiffiffiffiffi
3�

p
2

ðt0 � tÞ
�
; pr ¼ p
 ¼ 0;

	�
HðtÞ ¼ 	ð0Þ

H ; Aðt; rÞ ¼ A0; 	Imð0Þ
H is given by ð5:42Þ

(5.46)

where t0, R0, A0, and 	ð0Þ
H are constants.

For t < t0 the dust cloud is contracting. As t % t0,
the radius of the dust sphere approaches its minimal

value of R ¼ R0 at t ¼ t0, and the function e�
þ

approaches zero:

FIG. 2. The evolution of the surface of the collapsing star for
� ¼ 1 and �> 0, given by Eq. (5.46). At the moment t ¼ t0,
the star collapses to its minimal radius Rðt0Þ ¼ R0, at which
the extrinsic curvature Kþ becomes unbounded, while the
four-dimensional Ricci scalar remains finite.
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lim
t%t0

RðtÞ ¼ R0; lim
t%t0

e�
þðtÞ ¼ 0;

as shown schematically in Fig. 2. After the star collapses
to this point, it is not clear how spacetime evolves,
because �þ becomes unbounded as one can see from
Eq. (5.46), for which the extrinsic scalar Kþ,

KþðrÞ ¼ e�
þðrÞ

�
�þ

;r ðrÞ þ 2

r

�
; (5.47)

also becomes unbounded, which indicates the existence
of a scalar singularity at this point [55]. However, such a
singularity is weak. In particular, the corresponding

four-dimensional Ricci scalar remains finite, ð4ÞR ¼ 4�.
Thus, it is not clear whether the spacetime across this
point is extendable or not.

In addition, Eq. (5.42) shows that 	Imð0Þ
H and 	�

H cannot
both be positive. To understand this, letting M ¼
��R3

0=6 we can write �þ in the form,

�þ ¼ 1

2
ln

�
2M

r
þ�r2

3

�
: (5.48)

However, this is nothing but the Schwarzschild–de Sitter
solution with mass M and a cosmological constant �,
where M is negative.

2. � < 0

In this case, substituting the expression for aðtÞ into
(5.36) we obtain

IðtÞ ¼
ffiffiffiffiffiffiffi
j�j
3

s
tan

� ffiffiffiffiffiffiffiffiffiffi
3j�jp
2

ðt� t0Þ
�
;

and then (5.35) yields

RðtÞ ¼ R0cos
2
3

� ffiffiffiffiffiffiffiffiffiffi
3j�jp
2

ðt� t0Þ
�
; (5.49)

where R0 is another constant. Condition (5.20) now im-
plies that A�

;t ¼ 0, i.e. A�ðtÞ ¼ A0 for some constant A0.

Then, by (5.16), AþðRðtÞÞ ¼ A0. That is, A
þðrÞ ¼ A0 for

all r such that r ¼ RðtÞ for some t. We will assume that
Aþ ¼ A0 for all ðt; rÞ in the exterior region, i.e. Aðt; rÞ ¼
A0. Condition (5.14) now implies

	Imð0Þ
H ðt;RðtÞÞ

¼ � ð�6H2 þ 2�þ 4�G	�
HðtÞÞRðtÞ

12�G

¼ R0

j�j � �G½1þ cos ð ffiffiffiffiffiffiffiffiffiffi
3j�jp ðt� t0ÞÞ�	�

HðtÞ
6�Gcos

4
3

	 ffiffiffiffiffiffiffi
3j�j

p
2 ðt� t0Þ


 :

(5.50)

Substituting this into condition (5.18), or its equivalent
form (5.33), we infer that 	�

HðtÞ satisfies

	�
HðtÞ ¼ 	ð0Þ

H ; (5.51)

where 	ð0Þ
H is a constant. All the conditions of

Proposition V.1 are now satisfied, while the condition
that � be continuous across � reduces to

0 ¼ 2mþ

R
þ 1

3
�R2 � 2A0 þ 2

R
A0ðR� r0Þ �H2R2

¼ 6mþ � 6A0r0 þR3
0�

3R0cos
2=3

	 ffiffiffiffiffiffiffi
3j�j

p
2 ðt� t0Þ


 :
Thus, the parameter r0 is fixed by

r0 ¼ 6mþ þR3
0�

6A0

: (5.52)

This implies that

�þ ¼ 1

2
ln

�
2M

r
� j�j

3
r2
�
; (5.53)

where M � j�jR3
0=6. Clearly, this corresponds to the

Sch–(anti–)de Sitter solution. For �þ to be real, we must
assume that r � R0. Similar to the last case, the extrin-
sic curvature Kþ at r ¼ R0 becomes unbounded, while

the four-dimensional Ricci scalar ð4ÞR remains constant.
Thus, in this case it is also not clear whether or not the
spacetime is extendable across r ¼ R0.
In any case, all the field equations and junction condi-

tions are now satisfied for r � R0, and we have proved the
following result.
Proposition V.3 Hořava-Lifshitz gravity admits the

following explicit solution when � ¼ 1 and �< 0:

�þ ¼ 1

2
ln

�j�j
3r

ðR3
0 � r3Þ

�
; �� ¼ ln ð�HðtÞrÞ;

�¼ 0; HðtÞ ¼ �
ffiffiffiffiffiffiffi
j�j
3

s
tan

� ffiffiffiffiffiffiffiffiffiffi
3j�jp
2

ðt� t0Þ
�
;

RðtÞ ¼R0cos
2
3

� ffiffiffiffiffiffiffiffiffiffi
3j�jp
2

ðt� t0Þ
�
; pr ¼ p
 ¼ 0;

	�
HðtÞ ¼ 	ð0Þ

H ; Aðt; rÞ ¼ A0; 	Imð0Þ
H is given by ð5:50Þ;

(5.54)

where t0, R0, A0, and 	ð0Þ
H are constants.

The evolution of the surface of the collapsing star is
illustrated in Fig. 3. The collapse starts at an initial time
ti � t0, and at time t ¼ ts, the star collapses to a central

singularity at which we have RðtsÞ ¼ 0, where ts � t0 þ
�=

ffiffiffiffiffiffiffiffiffiffi
3j�jp

. Equation (5.50) shows that now both 	Imð0Þ
H

and 	�
H can be positive, provided that j�j> 2�G	ð0Þ

H .

3. � ¼ 0

In this case, substituting the expression (5.39) for aðtÞ
into (5.36) we obtain

GREENWALD et al. PHYSICAL REVIEW D 88, 024044 (2013)

024044-14



IðtÞ ¼ 2

3ðt0 � tÞ ;

and then (5.35) yields

RðtÞ ¼ R0ðt0 � tÞ23; (5.55)

where R0 is a constant. Condition (5.20) now implies that
A�
;t ¼ 0, i.e. A�ðtÞ ¼ A0 for some constant A0. Then, by

(5.16), AþðRðtÞÞ ¼ A0. That is, A
þðrÞ ¼ A0 for all r such

that r ¼ RðtÞ for some t. Hence (5.55) implies that
Aþ ¼ A0 for all ðt; rÞ in the exterior region. Thus, in the
present case we also have Aðt; rÞ ¼ A0. Condition (5.14)
now implies

	Imð0Þ
H ðt;RðtÞÞ ¼ � ð�6H2 þ 4�G	�

HðtÞÞRðtÞ
12�G

¼ R0

2� 3G�ðt0 � tÞ2	�
HðtÞ

9G�ðt0 � tÞ4=3 :

Substituting this into condition (5.18), or its equivalent
form (5.33), we infer that

	�
HðtÞ ¼ 	ð0Þ

H ; (5.56)

where 	ð0Þ
H is a constant. All the conditions of Proposition

V.1 are now satisfied, and the condition that � be
continuous across � becomes

0 ¼ 2mþ

R
� 2A0 þ 2

R
A0ðR� r0Þ �H2R2

¼ 2
9mþ � 9A0r0 � 2R3

0

9RðtÞ :

Hence, the parameter r0 is fixed to

r0 ¼ 9mþ � 2R3
0

9A0

; (5.57)

which implies that

�þ ¼ 1

2
ln

�
rg
r

�
; �þ ¼ 0; Nþ ¼ 1; (5.58)

where rg � 4R3
0=9. This is nothing but the Schwarzschild

solution written in the Painlevé-Gullstrand coordinates
[44]. All the field equations and junction conditions are
satisfied, so we have proved the following result.
Proposition V.4 Hořava-Lifshitz gravity admits the

following explicit solution when � ¼ 1 and � ¼ 0:

�þ ¼ 1

2
ln

�
rg
r

�
; �� ¼ ln ð�HðtÞrÞ; � ¼ 0;

HðtÞ ¼ � 2

3ðt0 � tÞ ; RðtÞ ¼ R0ðt0 � tÞ23;

pr ¼ p
 ¼ 0; 	�
HðtÞ ¼ 	ð0Þ

H ; Aðt; rÞ ¼ A0;

	Imð0Þ
H ¼ R0

2� 3G�ðt0 � tÞ2	ð0Þ
H

9G�ðt0 � tÞ4=3 ; (5.59)

where t0, R0, A0, and 	ð0Þ
H are constants.

The evolution of the surface of the collapsing star is
shown in Fig. 4. The star begins to collapse at the moment
ti with a radius Ri½� RðtiÞ� until the moment t ¼ t0, at
which we have Rðt0Þ ¼ 0 and a central singularity is
formed. The spacetime outside of the star is given by
the Schwarzschild solution. Thus, as in GR, the
Schwarzschild spacetime can be formed by the collapse
of a homogenous and isotropic dust perfect fluid [1].

We note that 	Imð0Þ
H > 0 for

t0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

3G�	ð0Þ
H

s
< t < t0:

FIG. 3. The evolution of the surface of the collapsing star for
� ¼ 1 and �< 0, given by Eq. (5.54). The star starts to collapse
at a time t ¼ ti � t0. At the later time t ¼ ts, at which RðtsÞ ¼
0, the star collapses and a central singularity is formed.

FIG. 4. The evolution of the surface of the collapsing star for
� ¼ 1 and � ¼ 0, given by Eq. (5.59). At the moment t ¼ ti �
t0, the star starts to collapse until the moment t ¼ t0, at which we
have Rðt0Þ ¼ 0, whereby a central singularity is formed.
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C. Gravitational collapse with � � 1

We now consider the case of � � 1. For an exterior
static spherically symmetric vacuum spacetime with
� � 1 and �g ¼ 0, Eq. (3.7) implies that

�þ ¼ � 1

2
ln

�
1� 2B

r

�
; (5.60)

where B is a constant. On the other hand, for the interior
FLRW region, we have

�� ¼ � 1

2
ln

�
1� k

r2

a2ðtÞ
�
: (5.61)

Hence, the condition �þ
;t ¼ ��

;t on � implies that

0 ¼ kRðtÞ2. Consequently, in order for a solution with
RðtÞ � 0 to exist, we must have k ¼ 0. The conditions
that � and �;r be continuous across � then reduce to

2B=RðtÞ ¼ 0. Thus, in order for a nontrivial solution to
exist we must have k ¼ B ¼ 0. Thus, we have

�� ¼ �þ ¼ 0; �� ¼ ln ð�rHÞ: (5.62)

On the other hand, since � � 1, the momentum constraint
(3.5) yields

�þðrÞ ¼ ln

�
C1rþ C2

r2

�
; (5.63)

where C1 and C2 are constants. The field equations (3.6)–
(3.9) are then satisfied provided that

AþðrÞ ¼ Aþ
0 � 3C2

2

8r4
þ 3ð1� 3�ÞC2

1 þ 2�

8
r2; (5.64)

where Aþ
0 is a constant. It is interesting to note that this

class of solutions was first found in [29] in the IR limit.
However, since the restriction of the spacetime to the
leaves t ¼ constant is flat, we have Rij ¼ 0, and the

higher-order derivative terms of Rij vanish identically,

so they are also solutions of the full theory. Moreover,
since

�þ
;r ¼ C1r

3 � 2C2

C1r
4 þ C2r

; ��
;r ¼ 1

r
;

we find

�̂ ;r ¼ �3C2

C1r
4 þ C2r

: (5.65)

Thus, the requirement that � is C1 implies that C2 ¼ 0.
The continuity of � then requires that HðtÞ ¼ �C1 is a
constant and so

aðtÞ ¼ a0e
�C1t:

It follows that � is smooth across �. Note also that
the asymptotical-flatness condition requires C1 ¼ 0.
However, in the following we leave the possibility of
C1 � 0 open.

We find that

Lþ
K ¼ 3C2

1ð1� 3�Þ; Lþ
V ¼ 2�; Lþ

A ¼ 0;

vþ ¼ 0; JþA ¼ 0; Jþ’ ¼ 0; 	þ
H ¼ 0:

(5.66)

In order for the integral over the exterior region in the
Hamiltonian constraint (4.27) to converge, we also need to
assume that

3C2
1ð1� 3�Þ þ 2� ¼ 0: (5.67)

Thus, AþðrÞ ¼ Aþ
0 is a constant and Eq. (5.9) implies that

p�ðtÞ ¼ 0; that is, the perfect fluid in the interior region
consists of dust.
Similar to the case with � ¼ 1, the interior solution is

still of the form (5.8), i.e.

J�A ¼ J�’ ¼ 0; A� ¼ A�ðtÞ:
In view of (5.4), we have

L�
’ ¼ 0; L�

� ¼ 0; L�
K ¼ 3ð1� 3�ÞH2;

L�
V ¼ 2�; L�

A ¼ 0; v� ¼ 0:
(5.68)

We assume that the thin shell of matter separating the
interior and exterior solutions is such that

pr ¼ 0; v¼ 0; J’ ¼ JImð0Þ
’ �ð�Þ;

p
 ¼ pImð0Þ

 �ð�Þ; 	H ¼ 	�

H þ	Imð0Þ
H �ð�Þ;

A¼ AD þAImð0Þ�ð�Þ; JA ¼ 0; LA ¼L�
A ;

(5.69)

with 	�
H ¼ 	�

HðtÞ.
Proposition V.5 For the spacetime defined by

(5.62)–(5.69), the six junction conditions (4.27)–(4.32)
reduce to the following six conditions:

	�
HðtÞ

RðtÞ
3

þ 	Imð0Þ
H ðt;RðtÞÞ ¼ 0; (5.70)

JImð0Þ
’ ¼ 0; (5.71)

Aðt; rÞ ¼ A0 is a constant; (5.72)

pImð0Þ

 ¼ 0 on�; (5.73)

d

dt
½	Imð0Þ

H ðt;RðtÞÞ� þ 2
_RðtÞ
RðtÞ	

Imð0Þ
H ðt;RðtÞÞ þ _RðtÞ	�

HðtÞ

þ C1	
�
H;tðtÞRðtÞ2

4
¼ 0: (5.74)

Proof. For the spacetime defined by (5.62)–(5.69),
condition (4.27) reduces to
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ð3ð1� 3�ÞC2
1 þ 2�þ 4�G	�

HðtÞÞ
Z RðtÞ

0
r2dr

þ
Z 1

RðtÞ
ð3C2

1ð1� 3�Þ þ 2�Þr2dr

þ 4�G	Imð0Þ
H r2jr¼RðtÞ ¼ 0;

which, in view of (5.67), yields (5.70). Moreover,
Eq. (4.34) reduces to (5.71).

The functions F and FA are given by (5.23)–(5.25)
also for � � 1. Hence, condition (4.29) implies that A is
continuous across � just like in the case of � ¼ 1. Since
Aþ ¼ Aþ

0 is constant and A�ðtÞ is independent of r, this
gives (5.72). Condition (4.30) then reduces to

1

r
FA Imð0Þ


 �ð�Þ þ 1

r
FA Imð1Þ


 �0ð�Þ þ 1

r
FA Imð2Þ


 �00ð�Þ

þ 8�GrpImð0Þ

 �ð�Þ ¼ 0:

Since A is a constant, this yields (5.73).
Conditions (4.31) and (4.32) reduce to (5.74) and

(5.73). h
Conditions (5.70) and (5.74) imply that

_	�
HðtÞRðtÞ

�
C1

4
RðtÞ � 1

3

�
¼ 0:

Excluding the case of no collapse whereRðtÞ is a constant,
it follows that 	�

H must be a constant.
In summary, in the case � � 1 a static spherical space-

time can be produced by gravitational collapse of a homo-
geneous and isotropic dust fluid. However, the spacetime
outside of such a fluid is not asymptotically flat, as one can
see from Eqs. (5.62) and (5.63) with C2 ¼ 0.

VI. CONCLUSIONS

In this paper, we have studied gravitational collapse of
a spherical cloud of fluid with a finite radius in the
framework of the nonrelativistic general covariant theory
of the HL gravity with the projectability condition and
an arbitrary coupling constant �. Using distribution the-
ory, we have developed the general junction conditions
for such a collapsing spherical body, with the minimal
requirement that such junctions should be mathemati-
cally meaningful in the sense of generalized functions.
The general junction conditions have been summarized
in Table I.

As one of the simplest applications, we have studied a
collapsing star that is made of a homogeneous and
isotropic perfect fluid, while the external region is
described by a stationary spacetime. We have found
that the problem reduces to the matching of six inde-
pendent conditions that the Arnowitt-Deser-Misner var-
iables ðN;Ni; gijÞ and the gauge field A and Newtonian

prepotential ’ must satisfy.

For the case of a homogeneous and isotropic dust fluid
(a perfect fluid with vanishing pressure), we have found
explicitly the spacetime outside of the collapsing sphere.
In particular, in the case � ¼ 1, the external spacetimes
are described by the Sch–(anti–)de Sitter solutions, writ-
ten in the Painlevé-Gullstrand coordinates [44]. It is
remarkable that the collapse of a homogeneous and
isotropic dust to a Schwarzschild black hole, studied
by Oppenheimer and Snyder in general relativity more
than 80 years ago [3], is a particular case. However,
there are fundamental differences. First, in general rela-
tivity a thin shell does not necessarily appear on the
surface of the collapsing sphere [3], while in the current
case we have shown that such a thin shell must exist, as
one can see from Propositions V.2–V.4 given in Sec. V.
Second, in general relativity because of the local con-
servation of energy of the collapsing body, the energy
density of the dust fluid is inversely proportional to the
cube of the radius of the fluid, while in the current case
it remains a constant, as now the conservation law
becomes a global one [cf. Eq. (2.8)], and the energy of
the collapsing star is not necessarily conserved locally.
In the case � � 1, the spacetime outside of the homo-

geneous and isotropic dust fluid is described by
Eqs. (5.62) and (5.63) with C2 ¼ 0. It is clear that such
a spacetime is not asymptotically flat. Therefore, in this
case to obtain an asymptotically flat spacetime outside of
a collapsing dust fluid, it must not be homogeneous and/or
isotropic.
From the above simple examples, one can already see

the significant differences between the HL theory and
general relativity in the strong gravitational field regime.
Therefore, it is very interesting to study gravitational
collapse of more general fluids, such as perfect fluids
with different equations of state and anisotropic fluids
with or without heat flows. Particular attention should
be paid to the roles that the equations of state and heat
flows might play. It would be extremely interesting to
study the implications for black hole physics, or more
generally to (observational) astrophysics and cosmology
[1]. Since the general formulas have been already laid
down in this paper, we expect that such studies can be
carried out easily.
As emphasized previously, our treatments for the

junction conditions of a collapsing star presented in this
paper can be easily generalized to other models of the
Hořava-Lifshitz gravity, or more generally to any model
of high-order derivative gravity theories.
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APPENDIX A: FUNCTIONS ðFsÞij AND Fij
ð’;nÞ

The geometric 3-tensors Fij and Fij
ð’;nÞ defined in Eq. (2.16) are given by

ðF0Þij ¼ � 1

2
gij;

ðF1Þij ¼ � 1

2
gijRþ Rij;

ðF2Þij ¼ � 1

2
gijR

2 þ 2RRij � 2rðirjÞRþ 2gijr2R;

ðF3Þij ¼ � 1

2
gijRmnR

mn þ 2RikR
k
j � 2rkrðiRjÞk þr2Rij þ gijrmrnR

mn;

ðF4Þij ¼ � 1

2
gijR

3 þ 3R2Rij � 3rðirjÞR2 þ 3gijr2R2;

ðF5Þij ¼ � 1

2
gijRR

mnRmn þ RijR
mnRmn þ 2RRkiR

k
j �rðirjÞðRmnRmnÞ � 2rnrðiRRjÞn þ gijr2ðRmnRmnÞ þ r2ðRRijÞ

þ gijrmrnðRRmnÞ;
ðF6Þij ¼ � 1

2
gijR

m
n R

n
pR

p
m þ 3RmnRniRmj þ 3

2
r2ðRinR

n
j Þ þ

3

2
gijrkrlðRk

nR
lnÞ � 3rkrðiðRjÞnRnkÞ;

ðF7Þij ¼ 1

2
gijðrRÞ2 � ðriRÞðrjRÞ þ 2Rijr2R� 2rðirjÞr2Rþ 2gijr4R;

ðF8Þij ¼ � 1

2
gijðrpRmnÞðrpRmnÞ � r4Rij þ ðriRmnÞðrjR

mnÞ þ 2ðrpRinÞðrpRn
j Þ þ 2rnrðir2RjÞn þ 2rnðRn

mrðiRm
jÞÞ

� 2rnðRmðjriÞRmnÞ � 2rnðRmðirnRm
jÞÞ � gijrnrmr2Rmn; (A1)

Fij
ð’;2Þ ¼

1

2
’fð2K þr2’ÞRij � 2ð2Kj

k þrjrk’ÞRik � 2ð2Ki
k þrirk’ÞRjk � ð2�g � RÞð2Kij þrirj’Þg;

Fij
ð’;2Þ ¼

1

2
rk

�
’Gik

�
2Nj

N
þrj’

�
þ ’Gjk

�
2Ni

N
þri’

�
� ’Gij

�
2Nk

N
þrk’

��
;

Fij
ð’;3Þ ¼

1

2
f2rkrðifjÞk’ �r2fij’ � ðrkrlf

kl
’ Þgijg;

(A2)

where

fij’ ¼ ’

�
ð2Kij þrirj’Þ � 1

2
ð2K þr2’Þgij

�
: (A3)

The Fij for the spherical spacetime (3.1) are found to be

ðF0Þij ¼ � e2�

2
�r
i�

r
j �

r2

2
�ij;

ðF1Þij ¼ 1� e2�

r2
�r
i�

r
j � e�2�r�0�ij;

ðF2Þij ¼ � 2e�2�

r4
½6e2� þ e4� � 8r2�00 þ 12r2ð�0Þ2 � 7��r

i�
r
j þ

2e�4�

r2
½6e2� þ e4� þ 4�ð3Þr3 þ 24r3ð�0Þ3

� 2r�0ð�3e2� þ 14r2�00 þ 7Þ � 7��ij;

ðF3Þij ¼ � e�2�

r4
½4e2� þ e4� � 6r2�00 þ 9r2ð�0Þ2 � 5��r

i�
r
j þ

e�4�

r2
½4e2� þ e4� þ 3�ð3Þr3 þ 18r3ð�0Þ3

� r�0ð�4e2� þ 21r2�00 þ 10Þ � 5��ij;
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ðF4Þij ¼ � 4e�4�

r6
ðe2� þ 2r�0 � 1Þ½22e2� þ e4� � 24r2�00 þ 40r2ð�0Þ2 � 2ðe2� � 1Þr�0 � 23��r

i�
r
j

þ 4e�6�

r4
f240r4ð�0Þ4 þ 4ð18e2� � 17Þr3ð�0Þ3 � 12r2ð�0Þ2ð�11e2� þ 22r2�00 þ 15Þ

þ 3r�0½�6e2� þ 7e4� þ 8�ð3Þr3 � 28ðe2� � 1Þr2�00 � 1� þ 2½12r4ð�00Þ2 � 24ðe2� � 1Þr2�00

þ ðe2� � 1Þð22e2� þ e4� þ 6�ð3Þr3 � 23Þ�g�ij;

ðF5Þij ¼ � 2e�4�

r6
f60r3ð�0Þ3 þ ðe2� � 1Þð16e2� þ e4� � 14r2�00 � 17Þ þ ð21e2� � 17Þr2ð�0Þ2

� 4r�0ð�7e2� þ 9r2�00 þ 7Þg�r
i�

r
j þ

2e�6�

r4
f18r4ð�00Þ2 þ 180r4ð�0Þ4 þ ðe2� � 1Þð32e2� þ 2e4� þ 7�ð3Þr3 � 34Þ

þ 21ð2e2� � 1Þr3ð�0Þ3 � 28ðe2� � 1Þr2�00 � r2ð�0Þ2ð�77e2� þ 198r2�00 þ 101Þ þ r�0½3ð�8e2� þ 5e4�

þ 6�ð3Þr3 þ 3Þ � ð49e2� � 41Þr2�00�g�ij;

ðF6Þij ¼ e�4�

r6
f�50r3ð�0Þ3 � ðe2� � 1Þð13e2� þ e4� � 6r2�00 � 14Þ � 9e2�r2ð�0Þ2 þ 6r�0ð�2e2� þ 5r2�00 þ 2Þg�r

i�
r
j

þ e�6�

r4
f15r4ð�00Þ2 þ 150r4ð�0Þ4 þ ðe2� � 1Þð26e2� þ 2e4� þ 3�ð3Þr3 � 28Þ

þ ð18e2� þ 25Þr3ð�0Þ3 � 12ðe2� � 1Þr2�00 � 3r2ð�0Þ2ð�11e2� þ 55r2�00 þ 12Þ
þ 3r�0½�12e2� þ 4e4� þ 5�ð3Þr3 � ð7e2� � 1Þr2�00 þ 8�g�ij;

ðF7Þij ¼ 8e�4�

r6
f6e2� þ e4� � 2�ð4Þr4 þ 15r4ð�00Þ2 þ 40r4ð�0Þ4 þ 4r�0ð2e2� þ 5�ð3Þr3 � 6Þ

� 2r2ð�0Þ2ð�3e2� þ 41r2�00 þ 15Þ � 4ðe2� � 3Þr2�00 � 7g�r
i�

r
j

� 8e�6�

r4
f12e2� þ 2e4� þ �ð5Þr5 þ 120r5ð�0Þ5 þ 2e2��ð3Þr3 � 6�ð3Þr3

þ r�0½24e2� þ e4� � 16�ð4Þr4 þ 127r4ð�00Þ2 � 2ð7e2� � 33Þr2�00 � 57� � r2�00ð8e2� þ 25�ð3Þr3 � 24Þ
þ r2ð�0Þ2ð22e2� þ 101�ð3Þr3 � 102Þ � 2r3ð�0Þ3ð�6e2� þ 163r2�00 þ 45Þ � 14g�ij;

ðF8Þij ¼ e�4�

r6
f6ð2e2� þ e4� � �ð4Þr4 � 3Þ þ 45r4ð�00Þ2 þ 120r4ð�0Þ4 þ 10r3ð�0Þ3 � 8ðe2� � 4Þr2�00 � r2ð�0Þ2ð�12e2�

þ 246r2�00 þ 77Þ þ 2r�0ð8e2� þ 30�ð3Þr3 � 3r2�00 � 32Þg�r
i�

r
j þ

e�6�

r4
f�24e2� � 12e4� � 3�ð5Þr5

� 360r5ð�0Þ5 � 3r4ð�00Þ2 � 30r4ð�0Þ4 � 4e2��ð3Þr3 þ 16�ð3Þr3 þ r2�00ð16e2� þ 75�ð3Þr3 � 64Þ
þ 2r3ð�0Þ3ð�12e2� þ 489r2�00 þ 113Þ � r2ð�0Þ2ð44e2� þ 303�ð3Þr3 � 33r2�00 � 269Þ
� r�0½381r4ð�00Þ2 � 2ð14e2� � 85Þr2�00 þ 6ð8e2� þ e4� � 8�ð4Þr4 � 25Þ þ 3�ð3Þr3� þ 36g�ij: (A4)

where �0 ¼ @�=@r and �ij ¼ �

i �



j þ sin 2
��

i �
�
j .

APPENDIX B: PROOF OF (4.11) AND (4.12)

Let F be given by (4.8). We will show that the equation
F ¼ 0 is equivalent to the conditions (4.11) and (4.12).
It is clear that the equation F ¼ 0 is equivalent to (4.11)
together with the condition

Xn
k¼0

FImðkÞ�ðkÞð�Þ ¼ 0: (B1)

It remains to show that (B1) is equivalent to (4.12).

Suppose first that (B1) holds. Then, multiplying (B1)
by �n�j and using the recursion relation (4.6) repeatedly,
we find

G�ðjÞð�Þ ¼ 0; 0 � j � n; (B2)

where the function G is defined in a neighborhood of � by

GðxÞ ¼ Xn
k¼0

ð�1Þkk!FImðkÞðxÞ�n�kðxÞ: (B3)

Equation (B2) with j ¼ 0 implies that the restriction of G
to� vanishes, i.e.Gj� ¼ 0. Equation (B2) with j ¼ 1 then
gives
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0 ¼ G�0ð�Þ ¼ G

�
��0ð�Þ ¼ �G

�
�ð�Þ i:e:

G

�

���������
¼ 0:

In terms of local coordinates fujg such that u1 ¼ � while
the remaining coordinates fujgj�2 parametrize the level

surfaces of �, we have

0 ¼ G

�

���������
¼ @G

@�

���������¼0
:

Thus, G vanishes to the first order on �. Repeating the
above procedure n times, we infer that G vanishes to the
nth order on �:

G

�j

���������
¼ 0 i:e:

@jG

@�j

���������¼0
¼ 0; 0 � j � n: (B4)

The partial derivatives denoted in the local coordinates

(uj) by @j

@�j can be expressed invariantly as in (4.14).

Substituting the expression (B3) for G into (B4), we find

0 ¼ Xn
k¼0

ð�1Þkk!Xj
r¼0

j
r

� �
@j�rFImðkÞ

@�j�r

@r�n�k

@�r

���������¼0

¼ Xn
k¼n�j

ð�1Þkk!ðn� kÞ! j
n� k

� �
@j�ðn�kÞFImðkÞ

@�j�ðn�kÞ

���������¼0
;

0 � j � n:

Replacing k by n� k, we find (4.12).
Conversely, if (4.12) holds, then tracing the above steps

backwards, we infer that (B2), and hence also (B1), holds.
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