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Among the class of models with small mixing angles between sterile and active neutrinos, we place

constraints on the effective muon-to-sterile neutrino magnetic and electric dipole transition moments from

the combined MiniBooNE results for the sterile neutrino mass range of 10 MeV<ms < 500 MeV. Our

results are valid for models with CP-violating interactions and for Dirac and Majorana sterile neutrinos. In

addition, we show that such dipole electromagnetic interactions cannot be the main source of the

anomalous events in the MiniBooNE experiment because they fail to reproduce the anomalous event

distribution as a function of polar angle. However, good agreement with the anomalous event distribution

in reconstructed energy can be achieved for some values of magnetic and electric moments.
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I. INTRODUCTION

In recent decades, significant progress has been made
in experimental studies of neutrinos. Because of the
incompleteness of the Standard Model of particle
physics (particularly in this field) many questions about
neutrino properties have arisen. The Mini-Booster
Neutrino Experiment (MiniBooNE) has observed a
so-called ‘‘anomaly’’: a statistically significant excess of
detected events at low energies in comparison with theo-
retical predictions [1–3]. Many efforts have already been
made and several hypotheses have been put forward to
explain this phenomenon (see the list in, e.g., Ref. [3]).

One of the hypotheses consists of introducing a sterile
neutrino with mass in the range 40–600 MeV that is
unstable with respect to radiative decay. There are two
realizations of this idea in the literature. First, sterile
neutrinos could be produced by flavor mixing with active
(muon) neutrinos [4,5] by scattering from nuclei due to
neutral-current weak interactions (�� ! �s). This process

is followed by subsequent radiative decay due to a tran-
sition moment (�s ! ��). This idea has already been
tested experimentally with negative results [6]. Thus,
only the mass region from 400 to 600 MeV [7] remains
allowable, and this hypothesis waits for special analyses of
data from c- and b-factories [8]. As for the second expla-
nation, it was argued [9] that the dipole transition moment
may be responsible for both the production and decay of
a sterile neutrino. In this case, it would be a dipole tran-
sition moment between sterile and muon neutrinos that
would do the main job. Both of these suggested explan-
ations have renewed interest in dipole transition moments
of hypothetical heavy sterile neutrinos.

In this paper, we extract new and improve old [10] limits
on the values of sterile-to-muon neutrino transition dipole

moments under conditions in which we neglect flavor
mixing between sterile and active neutrinos. To this end,
we analyze the results of the MiniBooNE detector [11],
which measures charged-current-like and neutral-current-
like events from neutrino and antineutrino fluxes. These
fluxes are mainly composed of muon neutrinos and anti-
neutrinos with energies in the range 200 MeV<E� <
3 GeV. The detector cannot distinguish photon events
from electron/positron events [1], so neutrino transition
dipole moments can be probed because transition moments
lead to photoproduction in the detector.
The paper is organized as follows. Section II describes

the basics of neutrino transition dipole moments and
introduces useful parametrizations of them; then, we
calculate a cross section of active-to-sterile (anti)neu-
trino conversion on an atom and sterile (anti)neutrino
radiative decay rates. Section III contains a probability
function of sterile neutrino decay inside the MiniBooNE
detector and the distributions of the expected photons in
energy and polar angle. In particular, we show here that
neutrinos produced on nuclei and atomic electrons via
the exchange of massless particles (photons) are mostly
forward directed, as are the photons from their decay.
These results fail to reproduce the observed excess as
a function of polar angle [1,2]. Section IV describes the
methods we exploit to put constraints on dipole transition
moments, summarizes our results, and describes exten-
sions of the model that may (possibly) be relevant for
MiniBooNE.

II. MODEL DESCRIPTION

Here, we describe a model using Dirac sterile neutrinos.
The case of Majorana neutrinos requires minor modifica-
tions, which are listed at the end of this section.
The most general Lorenz-invariant electromagnetic

dipole interaction between neutrinos and an electro-
magnetic field is*radionov@ms2.inr.ac.ru
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Lint ¼ 1

2

XN�

i;j¼1
i�j

��jð�ij þ �5dijÞ���F ���i þ H:c:; (1)

where �i are neutrino fields in the mass basis, N� is
the number of neutrinos, �tr

ij � �ijðdtrij � dijÞ with i � j

are magnetic (electric) transition dipole moments
between massive neutrinos i and j, �ii (dii) are diagonal
magnetic (electric) dipole moments, F �� ¼ @�A� �
@�A� is an electromagnetic field-strength tensor, and
��� ¼ i

2 ð���� � ����Þ where �� are the Dirac matri-

ces. We investigate a model with N� ¼ 4, so we assume
the existence of one additional sterile neutrino1 with
mass ms.

For our study, it is convenient to work with gauge
(flavor) states in the active neutrino sector. A sterile
neutrino �s is a massive fermion that is neutral with respect
to the Standard Model gauge group. We are interested in a
situation where flavor mixing between sterile and active
neutrinos is negligible so that the sterile neutrino in the
flavor basis �s and the heaviest neutrino in the mass basis
�4 are almost the same: �4 ’ �s. We denote the mass of a
sterile neutrino by ms.

Interaction (1) would induce two processes: an active-
sterile neutrino conversion on atomic electrons and nuclei
and sterile neutrino decay back to an active neutrino plus a
photon (see Fig. 1).

The transition dipole moments entering Eq. (1) are
related to dipole moments in the flavor basis through the
following relations:

��� ¼ X4
i;j¼1

�ijU
�
�iU�j; d�� ¼ X4

i;j¼1

dijU
�
�iU�j; (2)

where U�i is a generalization of the Pontecorvo–Maki–
Nakagawa–Sakata matrix,

��ðxÞ ¼
X
i

U�i�iðxÞ: (3)

It is also convenient to define these quantities in another
basis,

��j ¼
X4
i¼1

�ijU
�
�i; d�j ¼

X4
i¼1

dijU
�
�i: (4)

In this paper, we are mostly interested in the following
term:

L0
int ¼

1

2
��4ð�tr

�4 þ �5d
tr
�4Þ���F ���� þ H:c: (5)

The analysis described below allows us to place constraints
on the quantity

	tr
�4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�tr

�4j2 þ jdtr�4j2
q

: (6)

Generally, electric and magnetic moments are complex
quantities that have different phases. We parametrize
them in the form

�tr
�4 � 	tr

�4 cos ð�tr
�4Þ exp ði
tr

�4Þ and

dtr�4 � 	tr
�4 sin ð�tr

�4Þ exp ði�tr
�4Þ;

(7)

where �tr
�4, 
tr

�4, and �tr
�4 are real-valued parameters.

Analogous notations are adopted for transition moments
in the mass basis,

�tr
4i � 	tr

4i cos ð�tr
4iÞ exp ði
tr

4iÞ and

dtr4i � 	tr
4i sin ð�tr

4iÞ exp ði�tr
4iÞ;

(8)

where �tr
4i, 


tr
4i and �tr

4i are real-valued parameters.
In the MiniBooNE detector, the conversion of muon

(anti)neutrinos to sterile (anti)neutrinos would happen
mostly on carbon atoms bound up in oil. In the quasielastic
approximation, the conversion cross section contains a
form factor that depends on a single parameter t ¼ �q2

(where q is a four-momentum transfer carried by the
photon), as given in Ref. [12]. The form factor [12] was
used in previous studies of sterile neutrino magnetic tran-
sition moments [9,10]. (In Ref. [9], a different nuclear part
of the form factor was adopted for large t > 10�3 GeV2;
however, the main contribution comes from atomic and
coherent nuclear processes where t is smaller, so the dif-
ference is insignificant.) In the case of a light nucleus
(carbon, with an atomic number and atomic mass of
Z ¼ 6 and A ¼ 12, respectively), an analytical expression
for the form factor is [12]

FIG. 1 (color online). Schematic illustration of the conversion
and decay of �4 in the MiniBooNE detector.

1We extend the analysis to the case of N� > 4 in Sec. IV.
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G2ðtÞ ¼
8<
:

Z2a4t2

ð1þa2tÞ2 þ Za04t2
ð1þa02tÞ2 ; t < t0 ðatomic part of the form factorÞ;

Z2

ð1þ t
dÞ2 ; t > t0 ðnuclear part of the form factorÞ; (9)

where a ¼ 184:15� ð2:718Þ�1=2Z�1=3=me, a0 ¼ 1194�
ð2:718Þ�1=2Z�2=3=me, and d ¼ 0:164� A�2=3 GeV2

[12]; t0 ¼ 7:39�m2
e [10] (me is electron mass).

For the differential cross sections of muon neutrino
conversion into sterile neutrinos of positive d�þ;� and

negative d��;� chirality, we obtain

d���ðE;�;
Þ
d cos�d


¼ �ð	tr
�4Þ2

4
ð1� sin ð2�tr

�4Þcos ð
tr
�4 ��tr

�4ÞÞ

�G2ðtÞ
t2

vE4ð1�vÞ3ð1� cos�Þ; (10)

where 	tr
�4, �

tr
�4, 


tr
�4, and �tr

�4 are defined in Eqs. (6)

and (7), E is the incident muon neutrino energy,

v ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 �m2

s

p
=E, and � is the angle between the

muon neutrino three-momentum and the sterile neutrino
three-momentum in the laboratory frame. Equation (10)
generalizes Eq. (4) of Ref. [10] to the case of models
where electric and magnetic transition moments are
presented.

For muon antineutrinos, the conversion cross section is

d� ���ðE;�;
Þ
dcos�d


¼�ð	tr
�4Þ2

4
ð1þsinð2�tr

�4Þcosð
tr
�4��tr

�4ÞÞ

�G2ðtÞ
t2

vE4ð1�vÞ3ð1�cos�Þ: (11)

We see that neutrino and antineutrino cross sections
complement each other in the sense that at least one of
them is nonzero for any choice of phases �tr

�4, 

tr
�4, and

�tr
�4 if 	tr

�4 is nonzero. Combined with the analogous

property of the sterile neutrino decay rate [see Eqs. (12)
and (13)], it would follow that we can limit the value
of 	tr

�4. We note in passing that in Eqs. (10) and (11)

we assume that quasielastic processes dominate and the
energy of the heavy neutrino is equal to the incident muon
neutrino energy.

Let us proceed with a description of heavy sterile (anti)
neutrino radiative decay. The (anti)neutrino decays into
some other (anti)neutrino of significantly smaller2 mass
(mj � ms) and a photon. The formulas for the differential

decay rates of sterile (anti)neutrinos of a given chirality
(�) are

d���
d
�d cos��

¼ 1

322
m3

s

X3
i¼1

ð	tr
4iÞ2ð1� sin ð2�tr

4iÞ

� cos ð
tr
4i � �tr

4iÞ cos ð��ÞÞ; (12)

d����
d
�d cos��

¼ 1

322
m3

s

X3
i¼1

ð	tr
4iÞ2ð1� sin ð2�tr

4iÞ

� cos ð
tr
4i � �tr

4iÞ cos ð��ÞÞ; (13)

where �� and
� are polar and azimuthal angles of the out-

going photon’s three-momentum in the sterile neutrino rest
frame measured from the three-momentum of the heavy
neutrino in the laboratory frame. As we see, generally there
is an anisotropy in the polar angle in Eqs. (12) and (13).
The full width is (see, e.g., Ref. [13])

� ¼ ��� ¼ ���� ¼ 1

8
m3

s

X3
i¼1

ð	tr
4iÞ2: (14)

The difference between Majorana and Dirac neutrinos
slightly modifies the formulas, and to get constraints for
the Majorana case one should substitute 	�4 with 2	�4

and 	4i with 2	4i everywhere. In this paper, we present
constraints for Dirac neutrinos. In the case of Majorana
neutrinos, one should divide the obtained constraints on
	�4 for the Dirac case by a factor of two.

III. THEORETICAL PREDICTIONS

In this section, we derive approximate analytical formu-
las for the number of photon events associated with sterile
neutrinos that should be observed in the MiniBooNE
detector. The MiniBooNE experiment has two operating
modes: mode 2 fneutrino; antineutrinog. In the neutrino
mode, there is a dominant flux of muon neutrinos and a
subdominant flux of muon antineutrinos; in the antineu-
trino mode, there is a dominant flux of muon antineutrinos
and a subdominant flux of muon neutrinos [14]. (Electron
neutrinos do not play a role in our analysis, and they are
neglected in what follows.) It should be emphasized that
these two fluxes would be independent sources of photons.
We use the following notations for angle coordinates:

ð�;
Þ are for converted heavy neutrinos in the laboratory
frame, ð��;
�Þ are for photons in the heavy neutrino rest

frame, and ð�det ; 
det Þ are for photons in the laboratory
frame.
The bins to measure distributions of reconstructed

quasielastic energy events [evaluated by observed energy
and polar angle, see Eq. (3) of Ref. [15]] are [1–3]

2It is important that final (anti)neutrinos have significantly
smaller mass in comparison with ms; otherwise, the spectra get
shifted towards smaller energies and all further calculations have
to be modified, as in Sec. IV.
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bin ¼ ½EQE
min ; E

QE
max 	

2 f½0:2 GeV; 0:3 GeV	; ½0:3 GeV; 0:375 GeV	; etc:g:
(15)

The observed energy bins are [2,3]

bin ¼ ½Emin ; Emax 	
2 f½0:1 GeV; 0:2 GeV	; ½0:2 GeV; 0:3 GeV	; etc:g:

(16)

The polar angle bins are [1,2]

bin ¼ ½cos �min ; cos �max 	
2 f½�1:0;�0:8	; ½�0:8;�0:6	; etc:g: (17)

In each bin, we compare the number of events expected
due to dipole interactions with the number of anomalous
events (the excess is defined as the difference between
numbers of events observed and events predicted by the
Standard Model with three active massive neutrinos). For
the energy range of detected photons under investigation,
the predictions depend monotonically on the energy of
detected photons. The differences between the observed
and reconstructed quasielastic energies of the photons are
negative and negligible for photons at small polar angles
�det in comparison with the detector resolution and bin
sizes. Therefore, it is reasonable to neglect the difference
between observed and reconstructed energies because
almost all predicted events have very small polar angles
�det (see Fig. 3).

The efficiency of the MiniBooNE detector ��ðEÞ at

registering photons is determined as a piecewise function
of observed energy [3]. For the energy distributions, we set
the efficiency inside each bin as corresponding to a con-
stant. For the polar angle distribution, we set the efficiency
to its minimal value �� ¼ 7:3% to simplify the calculations

when we work on constraints (this gives conservative con-
straints for photon energies below E� < 1:5 GeV). These

measures are justified by a very moderate dependence of
the results (i.e., the limits on 	tr

�4) on the variation in

efficiency.
To be observed, sterile neutrinos must decay inside a

sphere of radius R ¼ 5:0 m. The MiniBooNE detector is
located far away from the beam target, so heavy (anti)
neutrino fluxes are approximately homogeneous over the
volume of the spherical detector. For sterile neutrinos of
energy E, we define the average probability of a decay
inside the inner sphere. Because heavy neutrinos could be
produced anywhere inside the inner sphere, this probability
is evaluated by averaging the probability for a heavy
neutrino to decay inside the total volume,

PðxÞ ¼ 1

4=3R3

Z R

0
2rdr

Z 2
ffiffiffiffiffiffiffiffiffiffi
R2�r2

p

0

�
1� exp

��xz

R

��
dz;

(18)

where a dimensionless parameter x is defined as the
product of the inverse decay length and the radius of the
inner sphere as

x ¼ m3
s	

2

8

msffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 �m2

s

p R: (19)

The integral in Eq. (18) is equal to

PðxÞ ¼ 1� 3ð2x2 � 1þ ð2xþ 1Þe�2xÞ
8x3

: (20)

Below, we obtain theoretical predictions for the distri-
butions of observed energy and polar angle, and we discuss
the approximations we used in calculating the constraints.
From Eqs. (20), (10), (12), (11), and (13), we give

an analytical estimate for the number of events in both
operating modes of the MiniBooNE experiment. We
introduce two functions: the first corresponds to the
isotropic part of the differential decay rates (12) and (13)
(the ��-independent terms),

Amode;particle
½Emin ;Emax 	 ¼ ð	tr

�4Þ2
�

4
N mode

p:o:t: NC��
Z

dEd cos�E3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 �m2

s

q
�particle
mode ðEÞG

2ðtÞ
t2

PðxÞ � ðð1þ vÞ3ð1� cos�Þ
þ ð1� vÞ3ð1þ cos �ÞÞðcos �cutðEmax Þ � cos �cutðEmin ÞÞ; (21)

while the second corresponds to the anisotropic part of the differential decay rates (12) and (13) (the ��-dependent terms),

Bmode;particle
½Emin ;Emax 	 ¼ ð	tr

�4Þ2
�

8
N mode

p:o:t: NC��
Z

dEd cos �E3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 �m2

s

q
�particle
mode ðEÞG

2ðtÞ
t2

PðxÞ � ðð1þ vÞ3ð1� cos �Þ
� ð1� vÞ3ð1þ cos�ÞÞðcos 2�cutðEmax Þ � cos 2�cutðEmin ÞÞ; (22)

where �ðantiÞneutrino
mode ðEÞ is a muon (anti)neutrino energy spectrum in a given operating mode [14], ��¼

��ð0:5ðEminþEmaxÞÞ is the detection efficiency, N mode
p:o:t: is the number of protons on target, NC¼ð5:0=6:1Þ3�3:5�1031

is the number of carbon atoms inside the inner sphere, and the function cos �cutðEÞ is defined as
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cos�cutðEÞ ¼

8>>>>>><
>>>>>>:

�1 at E< ms

2

ffiffiffiffiffiffiffi
1�v
1þv

q
;

1
v

�
2E
ms

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p
� 1

�
at ms

2

ffiffiffiffiffiffiffi
1�v
1þv

q
� E � ms

2

ffiffiffiffiffiffiffi
1þv
1�v

q
;

1 at E> ms

2

ffiffiffiffiffiffiffi
1þv
1�v

q
:

(23)

In a given bin, the predicted number of events is defined as:

N mode
½Emin ;Emax 	 ¼ ð1� sin ð2��ÞÞ

�
Amode;neutrino

½Emin ;Emax 	 � sin ð2�4ÞBmode;neutrino
½Emin ;Emax 	

�

þ ð1þ sin ð2��ÞÞ
�
Amode;antineutrino

½Emin ;Emax 	 þ sin ð2�4ÞBmode;antineutrino
½Emin ;Emax 	

�
; (24)

where we have introduced the variables

sin ð2��Þ � sin ð2�tr
�4Þ cos ð
tr

�4 � �tr
�4Þ and

sin ð2�4Þ �
X3
i¼1

ð	tr
4iÞ2
	2

sin ð2�4iÞ cos ð
tr
4i � �tr

4iÞ:
(25)

Note that if cos�cutðEmin Þ< cos�cutðEmax Þ then�����Bmode;particle
½Emin ;Emax 	

�����<Amode;particle
½Emin ;Emax 	 ; (26)

and, consequently, the predicted number of events [see
Eq. (24)] would be nonzero for all values of parameters
�� and �4.

It is important that the theoretically predicted number of
events (24) depends monotonically on the parameters 	tr

�4

and 	tr
i4. Provided the approximate relation

X3
i¼1

ð	tr
4iÞ2 
 ð	tr

�4Þ2; (27)

which is valid up to the neglected flavor mixing between
active and sterile neutrinos, we place constraints from
above on the possible values of 	tr

�4. Indeed, if we sub-

stitute everywhere the combination
P3

i¼1ð	tr
4iÞ2 by ð	tr

�4Þ2,
it would only suppress the predicted number of events (24).

Otherwise, if inequality (27) is invalid and, hence, flavor
mixing between sterile and active neutrinos is significant,
the constraints will depend not only on the mass of the
sterile neutrino but on its lifetime as well.
In Fig. 2, we compare the predicted number of events

N mode
½Emin ;Emax 	 at parameter values ms ¼ 50 MeV, 	tr

�4 ¼
9:9� 10�9�B, � ¼ 1=� ¼ 1:5� 10�8 s, sin ð2�4Þ ¼ 0,
and sin ð2��Þ ¼ 0 to the observed energy distributions of

excess events obtained in both operating modes.
Next, we investigate the event distribution as a function

of polar angle. We introduce the polar angle �det and the
azimuthal angle 
det between the muon neutrino beam
axis and the detected photon’s three-momentum. This defi-
nition is related to the previously introduced polar angle ��
for a given polar angle �,

cos�� ¼ cos �det cos �þ sin �det sin � cos
det � v

1� vðcos�det cos�þ sin �det sin� cos
det Þ :
(28)

To define the predicted number of events, we need to cast
Eqs. (12) and (13) in terms of new angles ð�det ; 
det Þ. The
integration measure is transformed as

FIG. 2 (color online). Energy distributions of excess events obtained in neutrino (left) and antineutrino (right) operating modes with
error bars [3] and the corresponding predicted spectra of photons N mode

½Emin ;Emax 	 from sterile neutrino decays for the parameter values

ms ¼ 50 MeV, 	tr
�4 ¼ 9:9� 10�9�B, � ¼ 1=� ¼ 1:5� 10�8 s, sin ð2�4Þ ¼ 0, and sin ð2��Þ ¼ 0.
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dcos��d
�¼ ð1�v2Þdcos�detd
det

ð1�vðcos�det cos�þsin�det sin�cos
detÞÞ2
: (29)

Using Eqs. (28) and (29), we transform the decay rates (12) and (13) into new variables �det and 
det . Analogously to the
previous case, we introduce two functions:

Umode;particle
½cos �min ;cos�max 	 ¼ ð	tr

�4Þ2
�

8
N mode

p:o:t: NC

Z ð1� v2ÞdEd cos�d cos �detd
det

ð1� vðcos �det cos �þ sin �det sin � cos
det ÞÞ2

� E3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 �m2

s

q
���

particle
mode ðEÞG

2ðtÞ
t2

ðð1þ vÞ3ð1� cos �Þ þ ð1� vÞ3ð1þ cos �ÞÞPðxÞ

��

0
@1þ vðcos �det cos �þ sin �det sin � cos
det Þ � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p
Emin

ms

1
A; (30)

Vmode;particle
½cos�min ;cos�max 	 ¼ ð	tr

�4Þ2
�

8
N mode

p:o:t: NC

Z ð1� v2ÞdEd cos �d cos�detd
det

ð1� vðcos�det cos�þ sin �det sin� cos
det ÞÞ3

� ðcos �det cos �þ sin �det sin � cos
det � vÞE3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 �m2

s

q
���

particle
mode ðEÞG

2ðtÞ
t2

� ðð1þ vÞ3ð1� cos�Þ � ð1� vÞ3ð1þ cos�ÞÞPðxÞ

��

0
@1þ vðcos�det cos �þ sin �det sin � cos
det Þ � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p
Emin

ms

1
A; (31)

where we integrate over 
 from 0 to 2 and over cos �det from cos �max to cos �min , and � is the step function, which
selects events with observed photon energies E� > Emin ¼ 0:2 GeV. Then, the theoretical prediction for the number of
events vs cos �det with observed photon energies E� > Emin is

N mode
½cos�min ;cos �max 	 ¼ ð1� sin ð2��ÞÞ

�
Umode;particle

½cos �min ;cos�max 	 � sin ð2�4ÞVmode;particle
½cos �min ;cos�max 	

�

þ ð1þ sin ð2��ÞÞ
�
Umode;particle

½cos �min ;cos �max 	 þ sin ð2�4ÞVmode;particle
½cos �min ;cos �max 	

�
: (32)

Figure 3 demonstrates that almost all photons would be
produced in the forward direction. To properly constrain
	�4 for polar angle distributions, one needs to know the

uncertainties for the excess events. However, we did not find
these estimates in the literature and thus do not use the polar
angle distribution to place limits on 	�4. We note in passing

that the excess distribution of cos�det remains intact with a
decrease in sterile neutrino lifetime (e.g., if other decay
modes are introduced). Indeed, a decreased lifetime would
simply add more energetic photons and increase the peak in
the forward direction because Eq. (20) suppresses high-
energy particles more strongly than low-energy particles
and has a limit equal to one for large arguments.

IV. ANALYSIS METHODS AND RESULTS

By fitting the theoretically predicted numbers of events
(32) to the excess distributions, we see that the anomalies

FIG. 3 (color online). Theoretically predicted events as a func-
tion of cos�det in the neutrino operating mode for the parameters
ms ¼ 50 MeV, 	tr

�4 ¼ 1� 10�9�B, � ¼ 1=� ¼ 1:5� 10�6 s,

sin ð2��Þ ¼ 0, and sin ð2�4Þ ¼ 0 (solid line) and the observed

excess (the dashed line) [3].
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[1–3] cannot be entirely explained only by the effective
electromagnetic dipole interaction (5). For this reason, we
adopted the following methods: (i) work on constraints and
not on the expected values of parameters, which will
explain the anomalies and (ii) analyze each bin and each
mode independently.

We calculated the numbers of events as functions of 	tr
�4,

sin��, and sin�4 for all bins and modes using Eq. (24).

After these calculations, we investigated the predicted
numbers of events as functions of sin��, sin�4, and ms

using the known uncertainties of the experimental results
for each bin and mode. In each bin, we constrained
	tr
�4ðsin��; sin�4; msÞ at the 95% C.L. Finally, we con-

strained 	tr
�4 for a given ms by the minimum value over

all bins and modes and the maximum value over the

continuous variables sin�� and sin�4 of the constraints

on 	tr
�4ðsin��; sin�4; msÞ.

The upper limit on	tr
�4 at the 95%C.L. is shown in the left

panel of Fig. 4, and we present constraints on the sterile

neutrino mean life time in the right panel of Fig. 4, which

are derived from the upper limit on 	tr
�4 [provided Eq. (27)].

We see that data from the MiniBooNE detector allows us to

improve constraints [10] for the mass rangems < 350 MeV.
Now let us discuss a modification of the previous

analysis to models with more sterile neutrinos

(N� 
 5). In particular, �s may decay into � and new

sterile neutrino(s) �s;j (j 
 5) if it is kinematically

allowed, i.e., ms > ms;j. Equations (12) and (13) take

different forms,

d���
d
�dcos��

¼ 1

322
m3

s

X3
i¼1

ð	tr
4iÞ2ð1� sin ð2�tr

4iÞcos ð
tr
4i��tr

4s;jÞcosð��ÞÞþ
1

322
m3

s

XN�

j¼5

�ðms�ms;jÞ
�
1�m2

s;j

m2
s

�
3ð	tr

4s;jÞ2

�ð1� sinð2�tr
4s;jÞcosð
tr

4s;j��tr
4s;jÞcosð��ÞÞ; (33)

d����
d
�dcos��

¼ 1

322
m3

s

X3
i¼1

ð	tr
4iÞ2ð1� sin ð2�tr

4iÞcos ð
tr
4i��tr

4s;jÞcosð��ÞÞþ
1

322
m3

s

XN�

j¼5

�ðms�ms;jÞ
�
1�m2

s;j

m2
s

�
3ð	tr

4s;jÞ2

�ð1� sinð2�tr
4s;jÞcosð
tr

4s;j��tr
4s;jÞcosð��ÞÞ: (34)

The energy of the outgoing photon as a function of E and
cos � is determined through

E� ¼ ms

2

�
1�m2

s;j

m2
s

�
1þ v cos �ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p : (35)

Consequently, we have to introduce modifications of
the cutoff function �cut [see Eq. (23)], which now depends
on ms;j,

cos�s;jcutðEÞ ¼ cos �cut

0
@ E

ð1� m2
s;j

m2
s
Þ

1
A: (36)

We are now ready to discuss the second scenario
mentioned in the Introduction [9], which suggested an
explanation for the MiniBooNE anomaly. Initially, the sce-
nario allowed flavor mixing between sterile and muon
neutrinos, but such mixing was found to be inconsistent
with kaon decays [6]. Then, the authors of Ref. [9] intro-
duced two sterile Majorana neutrinos with ms ¼ 50 MeV

FIG. 4 (color online). In the left plot, the shaded area in ðms; 	
tr
�4Þ is excluded at the 95% C.L. from our analysis. The region above the

dashed linewas excludedbyRef. [10]. In the right plot,wepresent constraintson the sterile neutrino lifetimeobtained fromconstraints on	tr
�4.
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and 5 MeV<ms;5 < 10 MeV and two transition mag-

netic dipole moments �tr
�4 ¼ 2:4� 10�9�B and �tr

45 ¼
2:4� 10�8�B; the latter moment saturates the heavy sterile
neutrino decay rate via �s ! �s;j�. Equation (35) implies

that the massless approximation is reasonable for such a
hierarchy of ms and ms;5. To test the case with two sterile

neutrinos, we fix the proposed relation between magnetic
moments as �tr

�4 ¼ 0:1��tr
45. Using Eq. (24), we place

the constraint �tr
45 < 2:1� 10�8�B (95% C.L.) for

Majorana neutrinos, which is marginally consistent with
the given value of �tr

45. However, such a model is evidently

disfavored because the additional source of photons would
give a peak in the forward direction. Extensions of the
obtained constraints to models with several neutrinos are
straightforward. A more careful analysis is required to test
models with almost degenerate (in mass) sterile neutrinos.
In particular, in the model with two degenerate neutrinos
m4 � ms;5 for ð	tr

45Þ2ð1�m2
s;5=m

2
sÞ3 � ð	tr

�4Þ2 most pho-

tons from the decay �4 ! �s;5� could have energies com-

parable or below the lower energy cutoff at 200 MeV. In
such a specific case, a sterile neutrino could avoid our
constraints for 	tr

45 and 	tr
�4. However, such a situation is

excluded as an explanation of the excess because experi-
mental data shows a smooth angular dependence [3].

V. CONCLUSION

Combined analyses from different focusing regimes
of the MiniBooNE detector have allowed us to investi-
gate models with heavy sterile neutrinos. In particular,
we renewed and generalized the constraints on electro-
magnetic transition dipole moments. The main results are
presented in Fig. 4. The obtained analytical formulas
are rather general and are applicable to other neutrino
experiments.
We have shown that sterile neutrinos of mass 10 MeV<

ms < 500 MeV that have transition dipole moments and
do not significantly mix with active neutrinos with masses
in the region 10 MeV<ms < 500 MeV cannot explain
anomalies if one regards the MiniBooNE polar angle
distribution of the anomalous events.
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