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Based on the Hamiltonian formalism approach, a generalized Lüscher’s formula for two-particle

scattering in both the elastic and coupled-channel cases in moving frames is derived from a relativistic

Lippmann-Schwinger equation. Some strategies for extracting scattering amplitudes for a coupled-

channel system from the discrete finite-volume spectrum are discussed and illustrated with a toy model

of two-channel resonant scattering. This formalism will, in the near future, be used to extract information

about hadron scattering from lattice quantum chromodynamics computations.
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I. INTRODUCTION

Hadron spectroscopy in lattice quantum chromodynam-
ics (QCD) is entering a new era, in particular, recent
developments in the application of variational methods
[1–3] to large bases of hadron interpolating fields have
made the extraction of the excited spectrum of hadronic
states a realistic possibility (see e.g. [4–6]). Since excited
hadrons appear as resonances in the continuous distribu-
tion of multihadron scattering states, to study hadron spec-
troscopy one requires evaluation of scattering amplitudes,
but because lattice QCD is formulated in Euclidean space,
we do not have direct access to these [7]. Fortunately, in a
finite volume, interactions between particles as they evolve
from the in to the out states lead to discrete changes in a
free particle’s energy that can be related to the scattering
amplitude [8].

Various extensions to the framework derived by Lüscher
in [8] have been proposed which allow for evaluation
outside the center-of-mass frame [9–13], and to include
the coupled-channel effects that can appear above the
inelastic threshold [14–18]. The original approach and
its extensions to describe the moving center-of-mass
frame have been quite successfully used by the lattice
community to extract elastic hadron-hadron scattering
phase shifts [6,19–25].

In this work, we discuss a generalization of Lüscher’s
method for relativistic scattering in terms of a Hamiltonian
where the specific interactions considered are based on a
relativistic particle exchange model. We apply the tech-
nique to a two-channel system and a generalized Lüscher’s
equation for scattering in a moving frame is derived based
on the relativistic Lippmann-Schwinger equation. The
coupled-channel system has been considered previously
[14,15,17,18], and our result agrees with these works. A
novelty of the present work is to discuss practical strategies

for extraction of scattering amplitude parameters from
lattice simulations of a coupled-channel system. These
strategies are demonstrated using an explicit toy model
of resonant two-channel scattering.
The paper is organized as follows. A discussion of

elastic scattering in a finite volume is given in Sec. II,
with extension to the coupled-channel system in Sec. III.
Strategies for extracting scattering amplitudes from mea-
sured discrete finite-volume spectra are presented in
Sec. IV. The summary and outlook are given in Sec. V.

II. FINITE-VOLUME ELASTIC SCATTERING IN A
HAMILTONIAN FRAMEWORK

In this section we present relativistic two-particle scat-
tering on a torus using the Hamiltonian formalism devel-
oped in [26,27]. In particular we consider a complex scalar
field � describing a charged boson �� of mass m, and its
interactions with a neutral boson �, which acts as a force
carrier and is described by a real scalar field, �. We first
derive the Lüscher formula describing the finite-volume
spectrum of the asymptotic two-particle, �þ�� state,

det
h
�JM;J0M0 cot�JðkÞ �MðQÞ

JM;J0M0 ðkÞ
i
¼ 0;

where the volume and scattering-frame dependent matrix

elementMðQÞ
JM;J0M0 is defined in Eqs. (B1) and (B3), and the

center-of-mass frame scattering momentum k is related to

the energy by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s=4�m2

p
. The model corresponds to a

Lagrangian density,

L ¼ @��
�@���m2���þ 1

2@��@��� 1
2�

2�2

� g����; (1)

from which the Hamiltonian can be derived following the
canonical procedure of instant-time quantization (see
Appendix A) [28]. Taking matrix elements of the
Hamiltonian in an infinite basis of Fock states spanned
by any number of � and � bosons one can obtain a*pguo@jlab.org
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Schrödinger equation Ĥj�i ¼ Ej�i for the eigenstates of
the theory. Assuming � � m, in describing low-energy
�-boson scattering we can truncate the Fock space to
include up to one � boson in the intermediate state, which
reduces the Schrödinger equation to

H22 H23

H32 H33

" # j�þ��i
j�þ���i

" #
¼ E

j�þ��i
j�þ���i

" #
: (2)

The three-particle sector can be formally eliminated, re-
sulting in an effective two-body equation,

ðE�H22Þj�þ��i ¼ H23

1

E�H33

H32j�þ��i: (3)

A. Two-particle scattering in an infinite volume

Before considering two-particle states on a torus, we
will first review the scattering problem in infinite volume,
with further details given in Appendix A. After eliminating
the three-particle states j�þ���i from the coupled system
[cf. Eq. (2)] we are left with an equation for the center-
of-mass frame momentum-space wave function, ’JMðqÞ,
which is a product of a radial wave function depending
on the magnitude of the relative 3-momentum, q ¼ jqj,
and the spherical harmonic of definite angular momen-
tum, ðJ;MÞ,

’JMðqÞ ¼ 1ffiffiffi
s

p � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þm2

p Z d3k

ð2�Þ3Vðq;kÞ’JMðkÞ: (4)

Here, E ¼ ffiffiffi
s

p
is the energy of the two-particle system in

the center-of-mass frame. The nonlocal potential Vðq;kÞ
induced by � exchange is given explicitly in Eq. (A1).
Expressing this equation in coordinate space via a
Fourier transform gives

c JMðrÞ ¼
Z

d3r0G0ðr� r0;
ffiffiffi
s

p Þ
Z

d3z ~Vðr0;�zÞc JMðzÞ;
(5)

where the free Green’s function is given by

G0ðr� r0;
ffiffiffi
s

p Þ ¼
Z d3q

ð2�Þ3
eiq�ðr�r0Þffiffiffi

s
p � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p : (6)

The wave function satisfies a relativistic Schrödinger
equation,� ffiffiffi

s
p � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r2 þm2

p �
c JMðrÞ ¼

Z
d3z ~Vðr;�zÞc JMðzÞ:

(7)

While Eq. (5) was derived in the context of a particular
model, our subsequent derivation only requires the general
form of the relativistic Lippmann-Schwinger equation.
The asymptotic component of the two-body wave func-
tion relevant to scattering is given by the large distance

behavior of the Green’s function. Evaluating the integral in
Eq. (6) (cf. Appendix A), we find

G0ðr;
ffiffiffi
s

p ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
Þ

¼ �
ffiffiffi
s

p
2

eikr

4�r
� 1

r

Z 1

m

�d�

ð2�Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 �m2

q e��r

k2 þ �2
; (8)

with the first term on the right-hand side dominating as
r ! 1. For a potential ~V which falls at large separations,
the solution to Eq. (7) outside the range of the interaction is
given by

c JMðrÞ !
ffiffiffi
s

p
2m

iJYJMðr̂Þ½4�jJðkrÞ þ ikfJðkÞhþJ ðkrÞ�; (9)

where fJðkÞ is the partial wave scattering amplitude,

fJðkÞ ¼ �m

iJ

Z
d3r0d3zjJðkr0ÞY�

JMðr̂0Þ ~Vðr0;�zÞc JMðzÞ;
(10)

which up to the inelastic threshold can be parametrized in
terms of a single real momentum-dependent parameter, the
scattering phase shift, �JðkÞ, as

fJðkÞ ¼ 4�

k
ei�J sin�J:

B. Two-particle scattering on a torus

Now we consider the theory in a cubic box of volume
V ¼ L3, with periodic boundary conditions. In Eq. (5) we
split the integral over r0 into a sum of integrals over a set of
boxes labeled by the integers n representing the location of
one of its corners,

c ðLÞ
JMðrÞ ¼

X
n2Z3

Z
L3
d3r0G0ðr� r0 � nL;

ffiffiffi
s

p Þ

�
Z

d3z0 ~Vðr0 þ nL;�z0 � nLÞc ðLÞ
JMðz0 þ nLÞ:

(11)

In general we can make the wave functions periodic up
to a phase,

c ðLÞ
JMðzþ nLÞ ¼ eiQ�nLc ðLÞ

JMðzÞ;

where the Bloch wave vector Q is related to the total
momentum of the two-particle system [9] by P ¼ 2�Q.

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sþ P2

p
=

ffiffiffi
s

p
is the Lorentz contraction factor

that reduces the effective size of the box in the direction
parallel to P. Using the periodicity of the potential,
~Vðr0 þ nL;�z0 � nLÞ ¼ ~Vðr0;�z0Þ, and the boundary
condition on the wave function, we have
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c ðL;QÞ
JM ðrÞ ¼

Z
L3
d3r0GQðr� r0;

ffiffiffi
s

p Þ

�
Z

d3z ~Vðr0;�zÞc ðL;QÞ
JM ðzÞ;

which is analogous to the infinite-volume equation, but
with the Green’s function given by

GQðr� r0;
ffiffiffi
s

p Þ ¼ X
n2Z3

G0ðr� r0 � nL;
ffiffiffi
s

p ÞeiQ�nL:

Using the Poisson summation formula,
ð2�Þ�3

P
n2Z3eiQ�nL ¼ L�3

P
n2Z3�ðQþ 2�

L nÞ, we obtain

GQðr� r0;
ffiffiffi
s

p Þ ¼ 1

L3

X
q2PQ

eiq�ðr�r0Þffiffiffi
s

p � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
!

ffiffiffi
s

p
2

1

L3

X
q2PQ

eiq�ðr�r0Þ

k2 � q2
;

where PQ ¼ fq 2 R3jq ¼ 2�
L nþQ; for n 2 Z3g, and

where we have retained only the leading term in the limit
L � jr� r0j � m�1. Finally, expanding Eq. (11) for
r � r0 and using the definition of the scattering amplitude,
Eq. (10), we can express the wave function as

c ðL;QÞ
JM ðrÞ !

ffiffiffi
s

p
2m

ð�kÞiJfJðkÞ
X
J0M0

YJ0M0 ðr̂Þ

� ½�JM;J0M0nJ0 ðkrÞ �MðQÞ
JM;J0M0 ðkÞjJ0 ðkrÞ�:

(12)

The residual sum over all angular momenta reflects the
broken rotational invariance induced by the finite cubic
volume, with the volume-dependent matrix elements
M given in Appendix B. In the infinite-volume case, the
most general solution of the relativistic Schrödinger
equation, Eq. (7), outside the range of the potential
is

P
JMcJMc JMðrÞ for c JMðrÞ given by Eq. (9).

Correspondingly in finite volume, the most general solu-

tion is given by
P

JMcJMc ðL;QÞ
JM ðrÞ for c ðL;QÞ

JM ðrÞ given by
Eq. (12). Matching the two wave functions at a fixed r,
larger than the range of the interaction, we obtainX

JM

cJMYJMðr̂ÞiJ½4�jJðkrÞ þ ikfJðkrÞhþJ ðkrÞ�

¼ � X
JM;J0M0

cJMi
JkfJðkÞYJ0M0 ðr̂Þ

� ½�JM;J0M0nJ0 ðkrÞ �MðQÞ
JM;J0M0 ðkÞjJ0 ðkrÞ�;

which has a nontrivial, cJM � 0, solution provided

det ½�JM;J0M0 cot�JðkÞ �MðQÞ
JM;J0M0 ðkÞ� ¼ 0: (13)

This condition expresses the relationship between the
asymptotic behavior of the two-particle wave function on

a torus expressed through the matrix elements MðQÞ
JM;J0M0 ,

and the effect of the interaction on the wave function
determined by the phase shifts, �J. In practice for a given
set of elastic phase shifts, �JðkÞ, it determines a discrete
spectrum of states in a finite volume.
The analysis presented here can be generalized to an

arbitrarily shaped box. In general the three edges of the box
are spanned by three arbitrary vectors L1;2;3. The volume

of the cube L3 is replaced by ðL1 �L2Þ �L3 and the vector
nL by

P
i¼1;2;3niLi, ni 2 Z. Finally the momentum q ¼

2�n=L;n 2 Z3 is replaced by generalized momentum
2�

P
i¼1;2;3niðLj �LkÞ=jðL1 �L2Þ �L3j, ni 2 Z, where

the indices ði; j; kÞ follow the cyclic permutation. Such a
generalization has to be considered when using the moving
center-of-mass frame since the symmetric shape of a cubic
box in the rest frame is deformed due to Lorentz contrac-
tion [9]. In this case if P ¼ 2�d=L, d 2 Z3 is the center-
of-mass momentum, the volume of the box becomes �L3,
and the vectors nL and 2�n=L are replaced by �nL and
2���1n=L, respectively (using the notation defined in
[9]). With these substitutions and the relation P ¼ 2�Q,

our definition of the matrix elements MðQÞ
JM;J0M0 becomes

identical to the matrix elements Md
lm;l0m0 in Eq. (89) of [9].

Typically, as discussed in [8], for the low-energy region
that we are interested in, higher partial waves become
progressively smaller and can be ignored so that the partial
wave basis can be truncated at a certain maximal angular
momentum Jmax . For a finite volume with cubic bounda-
ries, the continuous rotation symmetry is reduced to the
little group of allowed cubic rotations that leave the center-
of-mass momentum invariant—the matrices in Eq. (13)
become block diagonal if subduced according to the irre-
ducible representations of these little groups. Details of
subduction in general moving frames can be found in [29].

III. COUPLED-CHANNEL SCATTERING
IN FINITE VOLUME

We extend the model of the previous section to include
additional two-particle asymptotic states by adding another
species of charged bosons, ��, which also couple to the
force carrier � into the Lagrangian. We can obtain coupled
equations for the two-particle states, j�þ��i and j�þ��i,
by eliminating states featuring three or more particles and
obtain a two-channel Schrödinger equation,

j�þ��i ¼ 1

E�Hð0Þ
�

½V��j�þ��iþV��j�þ��i�;

j�þ��i ¼ 1

E�Hð0Þ
�

½V��j�þ��iþV��j�þ��i�;
(14)

where Hð0Þ
� , Hð0Þ

� are the one-particle operators and V��,

V��, V��, V�� are effective interactions (two-body opera-

tors) generated by the reduction to the two-particle sub-
space. From Eq. (14), for the channel wave functions,

c 	¼�;�
JM ðrÞ � hrj	; JMi, we obtain
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c 	
JMðrÞ ¼

Z
d3r0G	

0 ðr� r0;
ffiffiffi
s

p Þ

�X



Z
d3z ~V	
ðr0;�zÞc 


JMðzÞ:

The coupled-channel scattering amplitudes can be
defined by

f	
J ðsÞ
¼�m	

iJ

Z
d3r0d3zjJðk	r0ÞY�

JMðr̂0Þ ~V	
ðr0;�zÞc 

JMðzÞ;

(15)

where k	 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s=4�m2

	

p
is the magnitude of the relative

momentum in the center-of-mass frame of the two particles
in channel 	. By analogy to the single-channel case, the
asymptotic wave function in channel 	 is given by

c 	
JMðrÞ !

ffiffiffi
s

p
2m	

YJMðr̂ÞiJ

�
�
4�jJðk	rÞ þ ik	h

þ
J ðk	rÞ

X



f	
J ðsÞ
�
: (16)

Extending the one-channel analysis of the asymptotic
states in finite volume to the two-channel system, one
obtains

c 	ðL;QÞ
JM ðrÞ !

ffiffiffi
s

p
2m	

ð�k	ÞiJ
X
J0M0

YJ0M0 ðr̂Þ
�X




f	
J ðsÞ
�

�½�JM;J0M0nJ0 ðk	rÞ�MðQÞ
JM;J0M0 ðk	ÞjJ0 ðk	rÞ�:

(17)

Matching the wave functions in finite volume, Eq. (17), to
the wave functions in infinite volume, Eq. (16), we get a
determinant condition

det

�
�JM;J0M0�	;


4�

k	

1

f		J

þ ½i�JM;J0M0 �MðQÞ
JM;J0M0 ðk	Þ� f

	

J

f		J

�
¼ 0: (18)

The derivation logically extends to any number of scatter-
ing channels. Expressing the scattering amplitudes using

t-matrix elements, tðJÞ	
ðsÞ �
ffiffi
s

p
8�f

	

J ðsÞ, and introducing the

phase space for channel 	 by �	ðsÞ ¼ 2k	ffiffi
s

p , we can write the

condition as

0 ¼ det ½�JM;J0M0�	;


þ i�	ðsÞtðJÞ	
ðsÞð�JM;J0M0 þ iMðQÞ
JM;J0M0 ðk	ÞÞ�; (19)

or, alternatively in a form which expresses the effect of
unitarity more directly as

0 ¼ det ½�JM;J0M0 ð½tðJÞðsÞ��1
	
 þ i�	ðsÞ�	;
Þ

� �	;
�	ðsÞMðQÞ
JM;J0M0 ðk	Þ�: (20)

The multichannel unitarity condition can be expressed

as Im½tðJÞðsÞ��1
	
 ¼ ��	
�	ðsÞ�ðs� sð	Þthr Þ, and thus, since

�	ðsÞ becomes pure imaginary below threshold, the first
term in Eq. (20) is always real.
The form presented in Eq. (19) can be shown to be

equivalent to that presented in [17,18]. Their expressions

include an additional phase of iJ�J0 in front of M, but the
effect of this phase is always canceled in the determinant.
Reflecting the remaining symmetry of a cube in flight,

there is in fact one determinant condition for each irreduc-
ible representation (irrep) of the symmetry group. As pre-
sented in [6,29], these conditions can be obtained by
subduction, the result being conditions

0 ¼ det ½�JJ0�nn0 ð½tðJÞðsÞ��1
	
 þ i�	ðsÞ�	;
Þ

� �	;
�	ðsÞMðQ;�Þ
Jn;J0n0 ðk	Þ�; (21)

where the �-irrep subduced MðQ;�Þ
Jn;J0n0 ðk	Þ is as defined in

Eq. (28) of [6]. The angular-momentum space is defined by
the various embeddings, n, of spin J into the irrep�. If the
subduction conventions in [6] are followed, for unitary t
matrices, the conditions are purely real at all real energies.
The two-channel scattering matrix f	
 can be conven-

tionally parametrized in terms of two scattering phase
shifts, �	

J ðsÞ (	 ¼ �;�), and an inelasticity �JðsÞ repre-
senting the fraction of flux exchanged between the two
channels,

f		J ðsÞ ¼ 4�

k	
� �Je

2i�	
J � 1

2i
;

f	
J ðsÞ ¼ 4�ffiffiffiffiffiffiffiffiffiffiffi
k	k


p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

J

q
eið�	

Jþ�

J Þ

2
;

(22)

so that the determinant condition can be written

det

�JM;J0M0 cot��
J �MðQÞ

JM;J0M0 ðk�Þ
ffiffiffiffi
k�
k�

q
½i�JM;J0M0 �MðQÞ

JM;J0M0 ðk�Þ�
ffiffiffiffiffiffiffiffiffi
1��2

J

p
e
i��

J

2�J sin�
�
Jffiffiffiffi

k�
k�

q
½i�JM;J0M0 �MðQÞ

JM;J0M0 ðk�Þ�
ffiffiffiffiffiffiffiffiffi
1��2

J

p
e
i�

�
J

2�J sin�
�
J

�JM;J0M0 cot��
J �MðQÞ

JM;J0M0 ðk�Þ

26664
37775 ¼ 0; (23)

where �	
J ðsÞ � �	

J ðsÞ � i
2 log�JðsÞ. One can show that this result is equivalent to Eq. (4.14) in [14].
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The determinant conditions presented above for coupled-
channels scattering provide only one equation, at each
finite-volume energy, for many unknowns. At low energies
we may be justified in only considering the effect of the
lowest contributing partial wave, but even then there are
multiple unknowns. For example in the case of two-channel
scattering in Swavewe require three parameters to describe
the t matrix at each energy which might be the two phase

shifts and inelasticity, ��
0 , �

�
0 , �0. Hence additional con-

straints need to be imposed to obtain a unique solution. As
an example, in [15] a unitarized chiral perturbation theory
was used to constrain amplitude parameters at low energies.
In the next section we explore some strategies for extraction
of the scattering amplitude fromfinite-volume spectra in the
context of an analytical parametrization of the amplitude.

It is worth noting here that in a finite volume, kinemati-
cally closed channels can play a role in determining the
spectrum. Examining Eq. (19), we see that the behavior of

MðQÞ
JM;J0M0 ðkÞ, analytically continued below threshold (to

imaginary k) must be considered. These matrix elements
decay rapidly below threshold, such that the effect of a
kinematically closed channel on the finite-volume spec-
trum is only felt in a limited energy region below the
kinematic threshold. For example if k ¼ i�,

MðQÞ
00;00ði�Þ ¼ i� i

�

X
n2Z3
n�0

e��j�nLj

j�nLj eiQ��nL;

so that far below threshold, or in very large volume,
M ! i, and thus in Eq. (19), the effect of this channel is
removed. However this closed channel will have an effect
in a region just below the threshold, for �� & L�1. Hence
we are required in practice to analytically continue scat-
tering amplitudes below thresholds in order to determine
the finite-volume spectrum. An example of this is pre-
sented in [30] for the case of S-wave ��; KN scattering.

IV. A TOY MODEL OF RESONANT
COUPLED-CHANNEL SCATTERING

IN FINITE VOLUME

In order to explore possible strategies for extracting
coupled-channel scattering amplitudes from the discrete
finite-volume spectra emerging from lattice QCD compu-
tations, we consider a simple model of two-channel
S-wave scattering. The model is based on resonance-
dominated scattering and satisfies multichannel unitarity
and the analytical properties required of partial wave am-
plitudes. With an explicit model for scattering amplitudes
we can solve Eq. (19) to obtain finite-volume spectra of
states as a function of the volume (V ¼ L3) and total
momentum of the center-of-mass P ¼ 2�d=L, d 2 Z3

(P ¼ 2�Q). We then use this spectrum as pseudodata
representing a hypothetical lattice QCD simulation and
attempt to reproduce the input model.

A. Analytic model of two-channel scattering

We consider a model in which a single S-wave reso-
nance coupled to both scattering channels interferes with a
nonresonant background. The two-channel scattering am-
plitude is parametrized in terms of a K matrix,

K	
ðsÞ ¼
g	g


M2 � s
þ �ð0Þ

	
 þ �ð1Þ
	
sþ � � � ; (24)

which is related to the t matrix by

½t�1ðsÞ�	
 ¼ ½K�1ðsÞ�	
 þ �	
I	ðsÞ;
and to the scattering amplitude defined in Eq. (15) by

t	
J ðsÞ ¼ ffiffiffi
s

p
f	
J ðsÞ=8� with (	 ¼ �, �). Here I	ðsÞ is

the Chew-Mandelstam form [31],

I	ðsÞ ¼ I	ð0Þ � s

�

Z 1

4m2
	

ds0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

	

s0

s
1

ðs0 � sÞs0 ;

whose imaginary part above threshold, i.e. for s > 4m2
	, is

the negative of the phase space, Im½I	ðsÞ� ¼ ��	ðsÞ. This
form ensures the unitarity of the amplitude and provides a
smooth transition across the kinematic threshold. We have
opted to subtract the integral once, and it is convenient to
choose I	ð0Þ such that ReI	ðM2Þ ¼ 0 so that we have an
amplitude which for real s near M2 is close to the Breit-
Wigner form with massM. The t matrix thus constructed is
an analytical function in the complex s plane with the dis-
continuity across the right-hand cut determined by unitarity.
With the following choice of parameters,

m�¼0:2GeV; m�¼0:4GeV; M¼1:1GeV;

g�¼0:35GeV; g�¼0:2GeV; �ðnÞ
��¼�ðnÞ

��¼0;

�ð0Þ
��¼0:7; �ð1Þ

��¼0:7GeV�2; �ðn>1Þ
�� ¼0;

we obtain the phase shifts and inelasticity shown in Fig. 1.
The parameters have been chosen in such a way that
there is a narrow resonance near

ffiffiffi
s

p ¼ 1:1 GeV. It is
usual to analyze scattering in terms of the most relevant
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FIG. 1 (color online). Phase shifts and inelasticity for the
model defined in the text.
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singularities of the t matrix on the nearby unphysical
sheets. Poles on unphysical sheets are often identified
with hadron resonances. In this case the four sheets
(sheet I is the physical sheet) can be defined by

½t�1
sheetðsÞ�	
 ¼

8>>>>>>>>>>><>>>>>>>>>>>:

½t�1
I ðsÞ�	
 sheet I

½t�1
I ðsÞ�	
þ 2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

�

s

r
�	� sheet II

½t�1
I ðsÞ�	
þ 2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

	

s

q
�	
 sheet III

½t�1
I ðsÞ�	
þ 2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

�

s

q
�	� sheet IV

:

The model amplitude has a single pole on the lower half-
plane1 of each of sheets II and III, with the t matrix in the
neighborhood of the pole at s0 behaving like

½tsheetðs ! s0Þ�	
 ! c	c

s0 � s

;

with ffiffiffiffiffi
s0

p ¼ ð1:1067� i
20:0961Þ GeV;

c� ¼ ð0:3585 GeVÞe�i0:0023�;

c� ¼ ð0:1367 GeVÞe�i0:237�

on sheet II andffiffiffiffiffi
s0

p ¼ ð1:1088� i
20:1195Þ GeV;

c� ¼ ð0:3573 GeVÞeþi0:0026�;

c� ¼ ð0:1391 GeVÞeþi0:297�

on sheet III. Our aim is to use the finite-volume spectrum
determined on a set of volumes and total momenta, P, to
reproduce the pole positions of this scattering amplitude.

B. Finite-volume spectrum

The finite-volume spectrum corresponding to the model
defined in the previous section can be obtained by

solving Eq. (23) [or equivalently Eq. (19)], where for
E ¼ ffiffiffi

s
p

< 2m� we require the analytic continuation of
t-matrix elements featuring channel �. Assuming that
partial waves higher than S wave are negligible reduces
Eq. (23) for E> 2m� to

0 ¼ �ð��ðEÞ; ��ðEÞ; �ðEÞ;L;d;EÞ
¼ �½M� �M�� sin ð�� � ��Þ

þ ½M� þM�� sin ð�� þ ��Þ
� �½1þM�M�� cos ð�� � ��Þ
� ½1�M�M�� cos ð�� þ ��Þ; (25)

where M� � MðQÞ
J¼0M¼0;J0¼0M0¼0

ðk�Þ with a similar ex-

pression forM�.Q is a function of d, L, E as discussed in
Sec. II B. In Fig. 2 we show the finite-volume spectrum2

obtained by solving the determinant condition as a
function of the volume in a region L ¼ 16–24 GeV�1 (or
L ¼ 3:2–4:7 fm).

C. ‘‘Pointwise’’ estimation of scattering from
finite-volume spectrum

In the region below 2m� the�� scattering is elastic and
it is tempting to use Eq. (13), completely ignoring the
existence of the kinematically closed �� channel. Doing
so leads to the points shown in pink in Fig. 3 which success-
fully reproduce the input model except in a region just
below the threshold. As previously discussed, in a finite
volume the effect of a closed channel can be felt within a
limited energy region immediately below the threshold.
With this in mind, we must be careful not to use the simple
elastic relation, Eq. (13), close to a threshold.
One approach to determining the phase shifts and in-

elasticities at discrete values of energy above 2m� is to
locate multiple energy levels (in different volumes and/or
different d) that appear at approximately the same energy.
As an example consider the three levels labeled A in Fig. 2
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FIG. 2 (color online). Finite-volume spectra for the K-matrix model described in Sec. IVA. Black dots indicate the spectrum

obtained by solving Eq. (19). Red and blue curves represent the energy of a noninteracting pair of mesons (	 ¼ �, �) ½ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

	 þ k2
1

q
þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
	 þ k2

2

q
Þ2 � P2�1=2, k1 þ k2 ¼ P, and k ¼ 2�

L n, n 2 Z3. The points labeled by letters are used as described in the text.

1And a conjugate pole on the upper half-plane. 2This would be the spectrum in irrep A1 [6].
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which all lie within 3 MeV of
ffiffiffiffiffi
sA

p ¼ 830 MeV. For the
three levels we can build three independent copies of
Eq. (23) which each feature approximately the same values
of ��ðsAÞ, ��ðsAÞ, �ðsAÞ, which can be determined by
solving the set of simultaneous equations. Since the ener-
gies are not exactly degenerate, there need not be an exact
solution to the equations and hence we seek to find the
solution which minimizesX

EðL;dÞ
j�ð��; ��; �;L;d;EÞj2;

with � defined in Eq. (25) and where the sum is over the
three energy levels. For the levels A, the obtained solution,
as shown in Fig. 3, is within 3% of the exact value of
��ðsAÞ, ��ðsAÞ,�ðsAÞ. We emphasize that this procedure is
not guaranteed to successfully reproduce the true scattering
amplitudes—the M matrices can in some circumstances
vary rather rapidly over a narrow energy region.

Within the energy region considered, E ¼ 0:8–1:2 GeV,
considering only threevolumes,L ¼ 16, 20,24 GeV�1, and
three sets of center-of-mass momentum, d ¼ ð000Þ, (100),
(110), we can isolate a number of such sets. These sets of
three near-degenerate energy levels are labeledA–J in Fig. 2.
In Fig. 3 the labels are shown on the plot of �� with the
corresponding solutions for �� and�marked by solid dots.

With these points alone, in Fig. 3 we see strong hints of a
signal for resonant behavior in the �� phase shift. While

obviously reasonably successful, this approach does not
make optimal use of the finite-volume spectral informa-
tion, by failing to use any energy level which does not have
two near-degenerate partners. To use somewhat more of
the discrete levels we might consider building a system of
two instances of Eq. (23) with one parameter from the set
��, ��, � estimated using interpolation between already
determined values. For example consider the two levels
near 1.009 GeV labeled e in Fig. 2. Linear interpolation
between the energies of the C and D points in Fig. 3 gives
��ð1:009 GeVÞ ¼ 30:7	. Using this value and minimizing
with respect to ��,� at the energy corresponding to point e
we obtain �� ¼ 50:6	, � ¼ 0:903. A spline interpolation
using all the points A–J yields ��ð1:009 GeVÞ ¼ 29:6	
which results in �� ¼ 48:1	, � ¼ 0:934 at the point e. In
Fig. 3 we show the results for sets of two degenerate levels
labeled a–h from Fig. 2. In each case the range shown
indicates limiting values obtained using two methods of
interpolation. Even though in some cases there is a con-
siderable sensitivity to the interpolation method, overall
the points are in reasonable agreement with the model
input (solid light-colored curves).

D. Parametrized estimation of scattering
from finite-volume spectrum

The previously discussed ‘‘pointwise’’ strategy, while
having the advantage of being largely model independent,
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FIG. 3 (color online). ‘‘Pointwise’’ determination of the phase shifts and inelasticity. �� points below the opening of the ��
threshold (in pink) are determined by solving the elastic relation, Eq. (13), ignoring the effect of the closed channel. The badly
discrepant points just below the threshold are all within a momentum scale of 1=L of the threshold where the finite-volume effect of the
closed channel should not be neglected. Energies A–J are determined from constrained three-level analysis and energies a–h by
interpolation in �� from two-level analysis. The light-colored curves show the exact input model.
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is reliant upon there being multiple energy levels which,
through accident or design, are close to degenerate. Since it
would be unusual to engineer lattice volumes purely for
this purpose, and unusual in contemporary calculations to
have such a high density of determined energy levels, it is
appropriate to consider alternative methods of analysis.
One such approach that makes full use of all determined
levels, and which may require far fewer levels to be deter-
mined, involves parametrizing the scattering amplitude
and performing a minimization to get the best description
of the determined finite-volume spectrum by varying
the parameters. In the current toy model, even limited
‘‘pointwise’’ analysis would suggest that the phase �� is
rapidly rising and would indicate that a resonance could be
present. In practical calculations (e.g. [4,32]), the presence
of a sharp meson resonance can also be indicated by large
overlap onto fermion bilinear operators. By including a
pole (as well as polynomial behavior) in a K-matrix
parametrization we are likely to get rapid convergence
to a solution with a pole in the t matrix corresponding to
the resonance.

We will take this opportunity to make the toy model a
slightly more realistic simulation of an actual lattice QCD
calculation by introducing statistical uncertainty on the
energy level values. In recent work [6,22,32], the Hadron
Spectrum Collaboration has obtained statistical errors on
excited levels as small as 0.3% and we will assume that this
remains practical. For each energy level below 1.2 GeVon
a single volume L ¼ 16 GeV�1 
 3:2 fm with d ¼ ð000Þ,
(100), (110), we randomly generate an ensemble by draw-
ing from a distribution whose mean is the exact value given
in Fig. 2 and whose variance is chosen such that the
ensemble has variance on the mean of 0.3% of the mean
value. The resulting spectrum is shown in Fig. 4.

Parametrizing according to a form like that given in
Eq. (24), we can minimize a function,

2ðfaigÞ ¼
X

EnðL;dÞ

½EnðL;dÞ � Edet
n ðL;d; faigÞ�2

�ðEnðL;dÞÞ2
;

[where Edet are the solutions of Eq. (19)], by varying the

parameters of the K-matrix parametrization, faig ¼
fM;g�; g�; �

ðnÞ . . .g. In practical lattice QCD calculations,

the 2 can be trivially redefined to deal with correlated data
by replacing the inverse diagonal variance (1=�2) by the
inverse of the data covariance matrix.

In Fig. 5 we show the parametrized phase shifts and
inelasticity obtained using five model parametrizations:

(i) A: ‘‘exact model,’’ which uses a first order polyno-
mial in s to describe the nonpole contribution to the

K matrix with �ð0;1Þ
�� ¼ �ð0;1Þ

�� � 0 (five parameters),

(ii) B: ‘‘relaxed model,’’ with a first order polynomial in

all channels i.e. all �ð0;1Þ free (nine parameters),
(iii) C: ‘‘tight model,’’ with zeroth order of polynomials

in all channels i.e. �ð1Þ ¼ 0 (six parameters),

(iv) D: ‘‘loose model,’’ with second order of

polynomials in all channels i.e. �ð0;1;2Þ free (12
parameters),

(v) E: ‘‘two pole model,’’ with no polynomials, but with
a second K-matrix pole with independent variable
couplings (six parameters).

As onewould expect, within statistical uncertainty, parame-
trization A reproduces the input model. Parametrization B,
which is more flexible, also reproduces the input quite well
over the energy region where data are given, albeit with a
larger statistical uncertainty, but begins to show signs of
deviation from the original K matrix in the energy range
outside of the fit region. Parametrization C does not have
sufficient flexibility to describe the complete energy
dependence—while it does correctly reproduce the reso-
nance shape in �� and the presence of a dip in �, the
precise energy dependence of � is not correct and it fails to
describe �� at high energies, away from the energy region
where the pole dominates. Parametrization D introduces
too much parameter-space freedom for the limited set of
data points available. As such we see rapid energy varia-
tion that is not really required and a large degree of
statistical uncertainty. Parametrization E shows that a pre-
cise knowledge of the form of the ‘‘background’’ is not
required to reproduce the energy dependence in a limited
region—a second K-matrix pole (at higher energy) is able
to mock up the polynomial behavior away from the reso-
nance pole quite well.
All the above parametrizations include at least one pole

in the K matrix—a feature that is not strictly necessary to
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FIG. 4 (color online). L ¼ 16 GeV�1. Orange rectangles:
finite-volume spectra with 0.3% noise. Black lines: exact
finite-volume spectrum given in Fig. 2. Also shown the position
of the thresholds and the K-matrix pole mass.
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generate a pole in the t matrix. In principle, polynomial
behavior inK can give rise to poles in t. In the current case,
probably due to the fact that the resonance is rather narrow,
fits to the finite-volume spectrum that included only a
polynomial in K and no poles did not give rise to descrip-
tions with reasonable 2. Going to a higher order polyno-
mial introduces too much parameter-space freedom and fits
typically fail to converge. The rapid rise in ��ðsÞ suggested
by even limited ‘‘pointwise’’ analysis of the spectrum, and
the low 2’s associated with the fits A–E, suggest that a
parametrization that generates a pole in tðsÞ close to the real
axis is required to describe the finite-volume spectrum.

Our principal interest lies in identifying resonances as
poles in the complex-s plane—analytically continuing the
fitted model amplitudes we find that all five have single
poles on sheets II and III whose locations are in a rather
good agreement with the input pole position (see Fig. 5).
The residues at the pole agree similarly. The statistical
precision of the pole position determination typically de-
creases as we introduce more parameters into the model.
The pleasing observation here is that in order to determine
the position of a sharp resonance we do not need to have
precise knowledge of the form of the energy dependence of
the ‘‘background.’’

In summary, the ‘‘pointwise’’ strategy may provide a
less model-dependent approach for extracting phase shifts
and inelasticities, however, this method is limited by the
number of points for which accidental degeneracies ap-
pear. Parametrizing the scattering amplitude allows us to

make use of all measured energy levels, however we need
to find suitable parametrizations. One strategy is to explore
the ‘‘pointwise’’ approach to find a crude guide to the
energy dependence and then build parametrizations which
are able to reproduce the obtained form. The parametriza-
tions, which should respect certain constraints applicable
to scattering amplitudes, can be made progressively more
sophisticated in an effort to reduce the overall 2—in this
sense the approach is not dissimilar to what is done with
real experimental data.

V. SUMMARY

Using the Hamlitonian formalism applied to a model of
interacting relativistic fields, we derived a generalized
Lüscher’s formula [8,9,14,15] for two-particle scattering,
in both the single- and coupled-channel systems, in moving
frames.
Our results were consistent with the ones obtained pre-

viously in [8,9,14,15]. In the coupled-channel case we
were challenged by the fact that, even for dominance of a
single partial wave, the system was underconstrained for
determination of multiple-channel phase shifts and inelas-
ticities from a single determined finite-volume energy
level. Using a toy model of two-channel S-wave scattering
we demonstrated that it is possible to determine this infor-
mation if multiple energy levels are determined.
Two possible strategies for extracting information

from discrete spectra of a coupled-channel system were
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FIG. 5 (color online). Best-fit phase shifts and inelasticity for the parametrizations A–E as described in the text. Solid curves with
error bands show the minimized solutions with the dashed curves showing the exact input. Black dots under the energy scale show the
positions of the discrete energy levels used in the minimization. Bottom-right panel shows the determined position of a t-matrix pole
on the unphysical sheets II (red) and III (blue) for the five parametrizations along with the exact input positions (black dots).

COUPLED-CHANNEL SCATTERING ON A TORUS PHYSICAL REVIEW D 88, 014501 (2013)

014501-9



discussed, one approach utilized the near degeneracy of
energy levels in different volumes and total momenta of
system, and another fits the discrete spectra by parametriz-
ing the scattering amplitudes with certain numbers of
parameters. These strategies may be useful for the analysis
of future lattice QCD data. In particular, the coupled-
channel analysis has to be considered for the strongly
coupled systems, for instance, ��, K �K, and �� system
in S wave.
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APPENDIX A: RELATIVISTIC
LIPPMANN-SCHWINGER EQUATION
FROM HAMILTONIAN FORMALISM

Following the method presented in [26,27], we treat the
relativistic dynamics of particle scattering in the
Hamiltonian formalism approach. We start from the cova-
riant Lagrangian in Eq. (1) and choose to quantize the field
operators in the instant form [28]; the construction of
generators of the Poincaré group can be done in a standard
way in quantum field theory. In principle, one needs to

solve eigenstate equations Ĥj�i ¼ Ej�i on an instant
quantization plane, where j�i denotes the Poincaré cova-
riant state vector spanning the complete Fock space. We

truncate the Fock space up to three-body states, assuming
that this is sufficient to describe low-energy physics. Thus,
the eigenstate equations reduce to a matrix equation given
in Eq. (2). Eliminating the three-body sector, we end up
with the relativistic Schrödinger-like equation for a two-
body system given in Eq. (3). For simplicity, we have
assumed that the two charged scalars scattering have equal
mass, however, the conclusion of this work can be gener-
alized to the nonequal masses case as well (cf. [33,34]).
We choose the center-of-mass frame of the many-body

system to construct multiple-particle states jJMi having
total spin J and spin projection M. The two-particle state
j�þ��i in the center-of-mass frame is given by

j�þ��; JMi ¼ 2
ffiffiffi
s

p Z d3p1

ð2�Þ32Ep1

d3p2

ð2�Þ32Ep2

�3ðp1 þ p2Þ

� ð2�Þ3’ð2Þ
JMðp1;p2Þayp1

byp2
j0i;

where pi is the momentum of the ith particle and
ffiffiffi
s

p
is the

invariant mass of the two-particle system. ’ð2Þ
JMðp1;p2Þ is

the wave function of the two-particle system describing the
momentum distribution of the two particles.
Similarly, the three-particle state j�þ���i is given by

j�þ���; JMi ¼ 2
ffiffiffi
s

p Z d3p1

ð2�Þ32Ep1

d3p2

ð2�Þ32Ep2

d3p3

ð2�Þ32Ep3

� ð2�Þ3�3ðp1 þ p2 þ p3Þ
� ’ð3Þ

JMðp1;p2;p3Þayp1
byp2

dyp3
j0i;

where ’ð3Þ
JMðp1;p2;p3Þ is the wave function of the three-

particle system. The wave functions are normalized so that
the normalization of states is hJMjJMi ¼ 2

ffiffiffi
s

p ð2�Þ3�3ð0Þ.
It is straightforward to evaluate the matrix elements of

the eigenstate equations Eq. (2) and to get coupled equa-
tions for the wave functions

’ð2Þ
JMðqÞ ¼

gffiffiffi
s

p � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p Z d3k0

ð2�Þ32
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02 þ�2

q
264 ’ð3Þ

JMðqþ 1
2k

0;k0Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðqþ k0Þ2 þm2
p þ ’ð3Þ

JMðq� 1
2k

0;k0Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðq� k0Þ2 þm2
p

375;

’ð3Þ
JMðq;kÞ ¼ g

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð12k�qÞ2þm2

p ’ð2Þ
JMðq� 1

2kÞ þ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð12kþqÞ2þm2

p ’ð2Þ
JMðqþ 1

2kÞffiffiffi
s

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð12kþ qÞ2 þm2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð12k� qÞ2 þm2

q
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ�2
p ;

where we have used a shorthand notation for wave functions ’ð2Þ
JMðqÞ and ’ð3Þ

JMðq;kÞ, with arguments of relative momenta
defined by q ¼ 1

2 ðp1 � p2Þ, k ¼ �p3. Eliminating the three-body wave function, we get a relativistic equation for the
two-particle state j�þ��i with an effective nonlocal potential generated from the neutral scalar exchange between two
charged scalars

’ð2Þ
JMðqÞ ¼

1ffiffiffi
s

p � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p Z d3k

ð2�Þ3 Vðq;kÞ’
ð2Þ
JMðkÞ;

with
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Vðq;kÞ ¼ g2

4

1

1� �ðqÞ
1

ðk2 þm2Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðk� qÞ2 þ�2

p 1ffiffiffi
s

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2 þm2
p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðk� qÞ2 þ�2

p ; (A1)

where the self-energy contribution is

�ðqÞ ¼ 1ffiffiffi
s

p � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p g2

4

Z d3k0

ð2�Þ3
1ffiffiffi

s
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02 þm2

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2 þm2
p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðk0 � qÞ2 þ�2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k02 þm2
p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðk0 � qÞ2 þ�2

p :

In coordinate space, the wave equation becomes

c JMðrÞ ¼
Z

d3r0G0ðr� r0;
ffiffiffi
s

p Þ
Z

d3z ~Vðr0;�zÞc JMðzÞ;

where c JMðrÞ and ~Vðr0;�zÞ are the Fourier transforms of
the momentum-space two-particle wave function and ef-
fective potential, respectively. The free Green’s function is
given in Eq. (8). Performing the angular integral, the free
Green’s function reads

G0ðr;
ffiffiffi
s

p Þ ¼ 1

2ir

Z 1

�1
qdq

ð2�Þ2
eiqr � e�iqrffiffiffi
s

p � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p ; (A2)

which has the following singularities in the complex q
plane: two poles on the real axis, q ¼ �k, and two branch
cuts on the imaginary axis�½im; i1�, see Fig. 6.We choose
the contour C1 þ C2 to include the pole at q ¼ k and circle
around the cut ½im; i1� on the upper half-plane for first term
with factor eikr and choose the contour C1 þ C3 to include
the pole atq ¼ �k and circle around the cut ½�im;�i1� on
the lower half-plane for the second termwith factor e�ikr, as
shown in Fig. 6. The contour integral leads to

G0ðr;
ffiffiffi
s

p Þ ¼�
ffiffiffi
s

p
2

eikr

4�r
� 1

r

Z 1

m

�d�

ð2�Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 �m2

q e��r

k2 þ�2
;

where k ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� 4m2

p
is themomentumof either particle in

the rest frame of the two-particle system. The first term on

the right-hand side comes from the poles at q ¼ �k and
is proportional to the usual nonrelativistic Green’s
function which oscillates over the path of propagation.
The second term comes from the contribution of the dis-
continuity crossing the branch cuts at �½im; i1�—it
decays exponentially over the propagation. Expandingffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 �m2

p ¼ �ð1�Oðm2

�2ÞÞ, at large separations, the free

Green’s function may be approximated by

G0ðr;
ffiffiffi
s

p Þ � �
ffiffiffi
s

p
2

1

4�r

�
eikr þ 2

�

e�mr

r
ffiffiffi
s

p
�
; (A3)

and therefore the exponential decaying term can be dropped
in the limit r � m�1.

APPENDIX B: EXPANSION OF GREEN’S
FUNCTION AND REGULARIZATION OF

EXPANSION COEFFICIENTS

We start from the expansion of the Green’s function

1

L3

X
q2PQ

eiq�r

k2 � q2
¼ k

4�
n0ðkrÞ �

X
jmj

gðQÞ
jmj

ðkÞjjðkrÞYjmj
ðr̂Þ;

where the summation of q runs over PQ ¼ fq 2 R3jq ¼
2�
L nþQ; for n 2 Z3g. The expansion coefficients are

given by [8]

gðQÞ
jmj

ðkÞ ¼ 4�

L3

X
q2PQ

ij
qj

kj

Y�
jmj

ðq̂Þ
q2 � k2

� �j0�mj0ffiffiffiffiffiffiffi
4�

p 1

r

��������r!0
: (B1)

Note that the definition of njðxÞ in this work differs from

the definition in [8] by an overall negative sign.
Using the identities

jjðkjr� r0jÞYjmj
ð dr� r0Þ

¼r0<r ffiffiffiffiffiffiffi
4�

p X
lml
l0m

l0

il�l0�jjlðkrÞjl0 ðkr0ÞYlml
ðr̂ÞY�

l0ml0
ðr̂0Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2jþ1Þð2l0þ1Þ

2lþ1

q
hjmj; l

0ml0 jlmlihj0; l00jl0i;

and
FIG. 6 (color online). Integration contours and singularities of
the free Green’s function in Eq. (A2) on the complex q plane.
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k

4�
n0ðkjr� r0jÞ ¼r0<r

k
X
lml

nlðkrÞjlðkr0ÞYlml
ðr̂ÞY�

lml
ðr̂0Þ;

we also have

1

L3

X
q2PQ

eiq�ðr�r0Þ

k2 � q2
¼r0<rX

lml
l0m

l0

½�l0m0
l0 ;lml

nlðkrÞ �MðQÞ
l0m0

l0 ;lml
ðkÞjlðkrÞ�; kjl0 ðkr0ÞYlml

ðr̂ÞY�
l0ml0

ðr̂0Þ; (B2)

with

MðQÞ
l0m0

l0 ;lml
ðkÞ ¼ X

jmj

il�l0�j

ffiffiffiffiffiffiffi
4�

p
k

gðQÞ
jmj

ðkÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2jþ1Þð2l0þ1Þ

2lþ1

q
hjmj; l

0ml0 jlmlihj0; l00jl0i: (B3)

If Q is identified with 1
2�P for two-equal-mass-particle scattering, the generalization to two-unequal-mass-particle

scattering leads to 1
2�Pð1þ

m2
1
�m2

2

E2 Þ [33,34], these expressions are the same as those presented in [9], and the regularization

procedure outlined therein can be followed. Once the Lorentz contraction is considered (substitution of box volume L3 and

momentum 2�
L n, n 2 Z3 by �L3 and 2�

L ��1n respectively), the function gðQÞ
jmj

ðkÞ is related to the zeta function defined in

Eq. (93) of [9] by

gðQÞ
jmj

ðkÞ ¼ 1

�

1

�L

ij

ðkL2�Þj
Zd�
jmj

�
1;
kL

2�

�
: (B4)
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