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We derive asymptotic behaviors of the Nambu-Bethe-Salpeter (NBS) wave function at large space

separations for systems with more than two particles in quantum field theories. To deal with n particles in

the center-of-mass frame coherently, we introduce the Jacobi coordinates of n particles and then combine

their 3ðn� 1Þ coordinates into the one spherical coordinate in D ¼ 3ðn� 1Þ dimensions. We parametrize

the on-shell T matrix for n scalar particles at low energy using the unitarity constraint of the S matrix.

We then express asymptotic behaviors of the NBS wave function for n particles at low energy in terms of

parameters of the T matrix and show that the NBS wave function carries information of the T matrix such

as phase shifts and mixing angles of the n-particle system in its own asymptotic behavior, so that the NBS

wave function can be considered as the scattering wave of n particles in quantum mechanics. This

property is one of the essential ingredients of the HAL QCD scheme to define ‘‘potential’’ from the NBS

wave function in quantum field theories such as QCD. Our results, together with an extension to systems

with spin 1=2 particles, justify the HAL QCD’s definition of potentials for three or more nucleons

(or baryons) in terms of the NBS wave functions.
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I. INTRODUCTION

To understand hadronic interactions such as nuclear
forces from the fundamental theory, quantum chromody-
namics (QCD), nonperturbative methods such as the lattice
QCD combined with numerical simulations are required,
since the running coupling constant in QCD becomes large
at hadronic scale. Conventionally, the finite size method [1]
has been employed to extract the scattering phase shift in
lattice QCD, but the method is so far limited to two-particle
systems below the inelastic threshold, except for a few
extensions [2–5].

Recently an alternative method has been proposed and
employed to extract the potential between nucleons below
inelastic thresholds [6–8]. This method has been extended
in order to investigate more general hadronic interactions
such as baryon-baryon interactions [9–13] and meson-
baryon interactions [14–16]. See Refs. [17,18] for reviews
of recent activities.

In the method called the HAL QCD method, a potential
between hadrons is defined in quantum field theories such
as QCD, through an equal-time Nambu-Bethe-Salpeter
(NBS) wave function [19] in the center-of-mass system,
which is defined for two nucleons as

�WðxÞ ¼ h0jTfNðr; 0ÞNðrþ x; 0ÞgjNN;Wiin; (1)

where h0j ¼ outh0j ¼ inh0j is the QCD vacuum (bra-)state,

jNN;Wiin is a two-nucleon asymptotic in-state at the total

energy W ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

N

q
with the nucleon mass mN and a

relative momentum k, T represents the time-ordered prod-
uct, and NðxÞ with x ¼ ðx; tÞ is a nucleon operator. As the
distance between two nucleon operators x ¼ jxj becomes
large, the NBS wave function satisfies the free Schrödinger
equation,

ðEW �H0Þ�WðxÞ ’ 0; EW ¼ k2

2�
; H0 ¼�r2

2�
; (2)

where � ¼ mN=2 is the reduced mass. In addition, an
asymptotic behavior of the NBS wave function is described
in terms of the phase � determined by the unitarity of the S
matrix, S ¼ e2i� in QCD (or the corresponding quantum
field theory). This has been shown for the elastic ��
scattering [20,21], where the partial wave of the NBS
wave function for the orbital angular momentum L
becomes

�L
W ’ AL

sin ðkx� L�=2þ �LðWÞÞ
kx

; k ¼ jkj (3)

as x ! 1 at W � Wth ¼ 4m� (the lowest inelastic thresh-
old). The asymptotic behavior of the NBS wave function
for the elastic NN scattering has been derived in Ref. [22].
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The HAL QCD method has been applied also to inves-
tigate three nucleon forces (3NF) [23,24], even though
asymptotic behaviors of the NBS wave function for three
nucleons have not been derived yet. The 3NF is necessary
to explain experimental binding energies of light nuclei
[25,26] and high precision deuteron-proton elastic scatter-
ing data at intermediate energies [27]. It may also play an
important role for various phenomena in nuclear physics
and astrophysics [28–31].

The purpose of this paper is to derive asymptotic behav-
iors of the NBS wave functions for n particles with n � 3
at large distances where separations among n operators
become large. To avoid complications due to nonzero spins
of particles, we consider scalar fields in this paper. The
results of this paper, together with an extension to spin 1=2
particles, fills the logical gap in the derivation of 3NF by
the HAL QCD method [23,24].

In Sec. II, we explain our notations and definitions
such as the modified Jacobi coordinate, the Lippmann-
Schwinger equation, and the NBS wave function for n
scalar particles. In Sec. III, we parametrize the on-shell T
matrix for n particles by solving the unitarity constraint of
the S matrix. For the n-particle system, we introduce
spherical coordinates in D ¼ 3ðn� 1Þ dimensions, which
is equal to a number of degrees of freedom for n particles in
three dimensions in the center-of-mass frame, together
with the nonrelativistic approximation. In Sec. IV, using
results obtained in Sec. III, we derive asymptotic behaviors
of NBS wave functions for n particles, in terms of phase
shifts and mixing angles of the n-particle scattering.
Conclusions and discussions are given in Sec. V. Some
technical details are collected in three appendixes.

II. SOME DEFINITIONS AND NOTATIONS

In this paper, to avoid complications arising from nu-
cleon spins, we consider a system with n scalar particles
which have the same mass m in the center-of-mass frame,
whose coordinates and momenta are denoted by xi and pi

(i ¼ 1; 2; . . . ; n) with
P

n
i¼1 pi ¼ 0. We introduce modified

Jacobi coordinates and corresponding momenta as

rk ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k

kþ 1

s
� rJk; qk ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
kþ 1

k

s
� qJk; (4)

where the standard Jacobi coordinates and momenta are
given by

rJk ¼
1

k

Xk
i¼1

xi�xkþ1; qJk ¼
k

kþ1

�
1

k

Xk
i¼1

pi�pkþ1

�
; (5)

for k ¼ 1; 2; . . . ; n� 1. It is easy to see

Xn
i¼1

pi � xi ¼
Xn�1

i¼1

qi � ri; E ¼ 1

2m

Xn
i¼1

p2
i ¼

1

2m

Xn�1

i¼1

q2i :

(6)

An integration measure for modified Jacobi momenta is
given by

Yn
i¼1

d3pi�
ð3Þ
�Xn
i¼1

pi

�
¼ 1

n3=2

Yn�1

i¼1

d3qi: (7)

A. Lippmann-Schwinger equation

As mentioned in the Introduction, the asymptotic
behavior of the NBS wave function for a two-particle
system has already been derived in Refs. [8,20–22]. It is
not straightforward, however, to extend their derivations to
multiparticle systems. Instead, we utilize the Lippmann-
Schwinger equation [32],

j�iin ¼ j�i0 þ
Z

d�
j�i0T��

E� � E� þ i"
;

T�� ¼ 0h�jVj�iin;
(8)

which is found to be a powerful tool to study multiparticle
systems. For simplicity, we assume in this paper that no
bound state appears in two or more particle systems. An
extension of the present analysis to systems including
bound states, however, will be considered in the future
publications, since one of our ultimate goals in the HAL
QCD Collaboration is to investigate bound states using
potentials obtained in lattice QCD.
Here the asymptotic in-state j�iin satisfies

ðH0 þ VÞj�iin ¼ E�j�iin; (9)

whereas the noninteracting state j�i0 satisfies
H0j�i0 ¼ E�j�i0: (10)

The off-shell T-matrix element or the ‘‘potential’’ T�� ¼
0h�jVj�iin is related to the on-shell S-matrix element as

S�� � outh�j�iin � 0h�jSj�i0
¼ �ð�� �Þ � 2�i�ðE� � E�ÞT��: (11)

If we define S ¼ 1� iT, we obtain

0h�jTj�i0 ¼ 2��ðE� � E�ÞT��: (12)

B. NBS wave functions

An equal-time NBS wave function for n scalar particles
is defined by

�n
�ð½x�Þ ¼ inh0j’nð½x�; 0Þj�iin; (13)

where

’nð½x�; tÞ ¼ T

�Yn
i¼1

’iðxi; tÞ
�
; (14)

with the time-ordered product T, ½x� ¼ x1; x2; . . . ; xn, and i
represents a ‘‘flavor’’ of a scalar field. For simplicity, we
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regard all n scalar particles as different but have the same
mass m.

From the Lippmann-Schwinger Eq. (8), the vacuum
in-state is expressed as

j0iin ¼ j0i0 þ
Z

d�
j�i0T�0

E0 � E� þ i"
: (15)

As shown in Appendix A, at large distances we have

inh0j’nð½x�; 0Þj�i0 ’ 1

Z�
0h0j’nð½x�; 0Þj�i0; (16)

where Z� is the normalization factor whose deviation from
the unity comes from the off-shell T matrix T�0 in the

second term of Eq. (15). Using this and the Lippmann-
Schwinger Eq. (8), the NBS wave function can be
written as

�n
�ð½x�Þ ¼ 1

Z�
0h0j’nð½x�; 0Þj�i0

þ
Z

d�
1

Z�

0h0j’nð½x�; 0Þj�i0T��

E� � E� þ i"
: (17)

To evaluate the above expression explicitly, we quantize
all complex scalar fields in the Heisenberg representation
at t ¼ 0 as

’iðx; 0Þ ¼
Z d3kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2�Þ32Eki

q faiðkÞeik�x þ byi ðkÞe�ik�xg; (18)

j�i0 � j½k�ni0 ¼
Yn
i¼1

ayi ðkiÞj0i0; Eki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
i þm2

q
; (19)

where ½k�n ¼ k1; k2; . . . ;kn with
P

n
i¼1 ki ¼ 0, and the

time evolution is given by ’nð½x�;tÞ¼eiHt’nð½x�;0Þe�iHt.
Our state normalization is given by

0h�mj�ni0 ¼ �ð�m � �nÞ: (20)

Using the above for the n-particle system in the center-
of-mass frame, we have

0h0j’nð½x�; 0Þj½k�ni0 ¼
�

1ffiffiffiffiffiffiffiffiffiffiffiffið2�Þ3p �
n Yn
i¼1

1ffiffiffiffiffiffiffiffiffi
2Eki

p eiki�xi

¼
�

1ffiffiffiffiffiffiffiffiffiffiffiffið2�Þ3p �
n
�Yn
i¼1

1ffiffiffiffiffiffiffiffiffi
2Eki

p �

� exp

�
i
Xn�1

j¼1

qj � rj
�
; (21)

where rj and qj are modified Jacobi coordinates and

momenta, respectively.

III. UNITARITY OF THE S MATRIX AND
PARAMETRIZATION OF THE T MATRIX

The unitarity of the S matrix implies

Ty � T ¼ iTyT: (22)

Defining

0h½pA�njTj½pB�ni0 � �ðEA � EBÞ�ð3ÞðPA � PBÞ
� Tð½qA�n; ½qB�nÞ; (23)

where ½pX�n ¼ pX
1 ;p

X
2 ; . . . ;p

X
n , ½qX�n ¼ qX1 ; q

X
2 ; . . . ; q

X
n�1

with X ¼ A, B, and

EA � Xn
i¼1

EpA
i
; EB � Xn

i¼1

EpB
i
;

PA � Xn
i¼1

pA
i; PB � Xn

i¼1

pB
i:

(24)

Here we parametrize the T-matrix element in terms of
modified Jacobi momenta ½qA� and ½qB�, where T�� in

the Lippmann-Schwinger equation is expressed as

T�� ¼ 1

2�
�ð3ÞðPA � PBÞTð½qA�n; ½qB�nÞ: (25)

Using the above expression, the unitarity constraint to
the T matrix can be written as

Tyð½qA�n; ½qB�nÞ � Tð½qA�n; ½qB�nÞ

¼ i

n3=2

Z Yn�1

i¼1

d3qCi �ðEA � ECÞTyð½qA�n; ½qC�nÞ

� Tð½qC�n; ½qB�nÞ: (26)

Our task is to solve this constraint.

A. n¼ 2

Let us consider the simplest case, n ¼ 2. In this case, we
can parametrize the T matrix in terms of spherical
harmonic functions Ylm as

TðqA; qBÞ ¼ X
l;m

TlðqA; qBÞYlmð�qAÞYlmð�qBÞ; (27)

where qA;B ¼ jqA;Bj and �q is a solid angle of a vector q.

Using the orthogonal property of Ylm, the constraint
becomes

�Tlðq; qÞ � Tlðq; qÞ ¼ i

23=2

Z
ðqCÞ2dqC�ðE� ECÞ

� �Tlðq; qCÞTlðqC; qÞ; (28)

where q ¼ qA ¼ qB, E ¼ EA ¼ EB ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ q2=2

p
,

and EC ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ðqCÞ2=2p

. After the qC integral, the
constraint now becomes
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�Tlðq; qÞ � Tlðq; qÞ ¼ i
qE

2� 23=2
�Tlðq; qÞTlðq; qÞ; (29)

which can be solved as [33]

TlðqÞ � Tlðq; qÞ ¼ � 4� 23=2

qE
ei�lðEÞ sin�lðEÞ; (30)

where �lðqÞ is the phase shift for the partial wave with the

angular momentum l at the energy of E ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ q2=2

p
.

B. General n

In the case of general n, we introduce the nonrelativistic
approximation for the energy in the delta function as

EA � EC ’ ðpAÞ2 � ðpCÞ2
2m

¼ ðqAÞ2 � ðqCÞ2
2m

; (31)

where ðqA;CÞ2 ¼ P
n�1
i¼1 ðqA;Ci Þ2 for modified Jacobi

momenta ½qA;C�n. To perform the three-dimensional
momentum integral (n� 1) times, we consider a D ¼
3ðn� 1Þ-dimensional space. Denoting that s ¼ jsj is a
D-dimensional hyper-radius and �s are angular variables
for the vector s in D dimensions, the Laplacian operator is
decomposed as

r2 ¼ @2

@s2
þD� 1

s

@

@s
� L̂2

s2
; (32)

where L̂2 is angular momentum inD dimensions. A hyper-
spherical harmonic function [34], an extension of spherical
harmonic function in three dimensions to general D
dimensions satisfies

L̂2Y½L�ð�sÞ ¼ LðLþD� 2ÞY½L�ð�sÞ (33)

with a set of ‘‘quantum’’ numbers of ½L� ¼ L;M1;M2; . . . .
The hyperspherical harmonic function is orthogonal such
that

Z
d�sY½L�ð�sÞY½L0�ð�sÞ ¼ �½L�½L0�; (34)

and is complete asX
½L�

Y½L�ð�sÞY½L�ð�tÞ�ðs� tÞ ¼ sD�1�ðDÞðs� tÞ; (35)

so that an arbitrary function fðsÞ of s 2 RD can be
expanded as

fðsÞ ¼ X
½L�

f½L�ðsÞY½L�ð�sÞ: (36)

Using the hyperspherical function, we expand the T
matrix as

Tð½qA�n;½qB�nÞ�TðQA;QBÞ
¼ X

½L�;½K�
T½L�½K�ðQA;QBÞY½L�ð�QA

ÞY½K�ð�QB
Þ;

(37)

where QX ¼ ðqX1; q
X
2; . . . ; q

X
n�1Þ for X ¼ A, B is a

momentum vector in D ¼ 3ðn� 1Þ dimensions.1

With the nonrelativistic approximation and the orthogonal
property, the unitarity relation in Eq. (26) after�QC

integra-

tion leads to

Ty
½L�½K�ðQA;QAÞ�T½L�½K�ðQA;QAÞ

¼ i

n3=2

Z
QD�1dQ�ðEA�EÞ

�X
½N�

Ty
½L�½N�ðQA;QÞT½N�½K�ðQ;QAÞ

¼ i
mðQAÞD�2

n3=2

X
½N�

Ty
½L�½N�ðQA;QAÞT½N�½K�ðQA;QAÞ; (38)

whereQA ¼ QB is used. By diagonalizing T with a unitary
matrix U as

T½L�½K�ðQ;QÞ ¼ X
½N�

U½L�½N�ðQÞT½N�ðQÞUy
½N�½K�ðQÞ; (39)

the above constraint can be solved as

T½L�ðQÞ ¼ � 2n3=2

mQ3n�5
ei�½L�ðQÞ sin�½L�ðQÞ; (40)

where �½L�ðQÞ are real phases which depend on Q and [L]
in D ¼ 3ðn� 1Þ dimensions. This is a main result of this
section. Unfortunately, a relation of the phase shifts in the
hyperspherical coordinates with physical observables for n
particles in the standard Jacobi coordinates is not transpar-
ent. Therefore, it will be an important task in the future to
make the relation between them clear. Note also that the
result at n ¼ 3 is already given in Ref. [38].
At n ¼ 2, we have

T½L�ðQÞ ¼ � 2� 23=2

mQ
ei�½L�ðQÞ sin�½L�ðQÞ; (41)

which agrees with Eq. (30) under the nonrelativistic ap-
proximation that E ’ 2m, together with the replacement
that Q ! q and ½L� ! l and U ! 1.

1For n � 3, the T matrix can have singularities at particular
on-shell values of external momenta [35–37], which are ex-
pressed in terms of delta functions and principles values with
the i" prescription for propagators. Even for such cases, how-
ever, our expansion of the T matrix in Eq. (37) is still valid in a
sense of distributions, and these singularities originate from a
sum over infinite terms [38]. We would like to thank Prof. S. R.
Sharpe and Dr. M. T. Hansen for pointing out this problem and
relevant references.
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IV. ASYMPTOTIC BEHAVIORS OF NBS WAVE
FUNCTIONS FOR n PARTICLES

In this section, we derive asymptotic behaviors of
NBS wave functions for multiparticle systems using
expressions (17)

�n
�ð½x�Þ¼ 1

Z�
0h0j’nð½x�;0Þj�i0

þ
Z
d�

1

Z�

0h0j’nð½x�;0Þj�i0T��

E��E�þ i"
(42)

and (21)

0h0j’nð½x�; 0Þj½k�ni0 ¼
�

1ffiffiffiffiffiffiffiffiffiffiffiffið2�Þ3p �
n
�Yn
i¼1

1ffiffiffiffiffiffiffiffiffi
2Eki

p �

� exp

�
i
Xn�1

j¼1

qj � rj
�
: (43)

A. n¼ 2

As an exercise, let us first consider the n ¼ 2 case,

whose result is already known. Using r ¼ ðx 2� x1Þ=
ffiffiffi
2

p
,

p1 ¼ �p2 ¼ q=
ffiffiffi
2

p
, and Eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ q2=2

p
, the NBS

wave function at n ¼ 2 is given by

�2
qðrÞ ¼ 1

2EqZq

�
eiq�r

ð2�Þ3 þ
Z d3k

23=2ð2�Þ3
ZqEq

ZkEk

� eik�rTðk; qÞ
4�ðEq � Ek þ i"Þ

�
; (44)

where k is also the modified Jacobi momentum. Using
expansions that

eiq�r ¼ 4�
X
lm

iljlðqrÞYlmð�rÞYlmð�qÞ; (45)

�2
qðrÞ ¼

X
lm

il�2
l ðr; qÞYlmð�rÞYlmð�qÞ; (46)

where jlðxÞ is the spherical Bessel function of the first kind,
together with Eq. (27), and integrating over �k, we obtain

�2
l ðr; qÞ ¼

4�

ð2�Þ32EqZq

�
jlðqrÞ þ

Z 1

0

k2dk

2�23=2
ZqEq

ZkEk

� jlðkrÞTlðk; qÞ
2ðEq � Ek þ i"Þ

�
: (47)

Since Eq is below inelastic thresholds, we assume that

Tlðq; kÞ does not have any poles in the positive real axis.
In this case, the k integral can be performed for r � 1
as [8,21]Z 1

0
k2dk

jlðkrÞ
q2�k2þ i"

FlðkÞ ’��q

2
FlðqÞ½nlðqrÞþ ijlðqrÞ�;

(48)

where nlðxÞ is the spherical Bessel function of the second
kind. Here FlðkÞ does not have any poles in the positive
real axis and satisfies

R
k�lj0ðkrÞFlðkÞk2dk ’ 0 for large

r. In Eq. (47), the second property follows from
ðr2 þ q2Þ�2

qðrÞ ’ 0 for large r [8]. After the k integral

using this formula, the second term in Eq. (47) becomes

� ½nlðqrÞ þ ijlðqrÞ�
qEq

2� 23=2
Tlðq; qÞ

¼ ½nlðqrÞ þ ijlðqrÞ�ei�lðqÞ sin�lðqÞ; (49)

where the unitarity constraint (30) for Tlðq; qÞ is used to
obtain the last equality. We then have

�2
l ðr; qÞ ¼

4�

ð2�Þ32EqZq

ei�lðqÞ½jlðqrÞ cos�lðqÞ

þ nlðqrÞ sin�lðqÞ� (50)

’ 4�

ð2�Þ32EqZq

ei�lðqÞ

qr
sin ðqr� l�=2þ �lðqÞÞ

(51)

for r � 1, where asymptotic behaviors that jlðxÞ ’
sin ðx� l�=2Þ=x and nlðxÞ ’ cos ðx� l�=2Þ=x are em-
ployed. The phase of the S matrix �lðqÞ can be interpreted
as the scattering phase shift of the NBS wave function for
the n ¼ 2 case.

B. General n

The NBS wave function in the case of general n is
expressed as

�nðR;QAÞ ¼ CðQAÞ
�
eiQA�R þ n�3=2

2�

Z
dDQ

CðQÞ
CðQAÞ

� eiQ�R

EQA
� EQ þ i"

TðQ;QAÞ
�
; (52)

where R¼ðr1;r2;...;rn�1Þ and QðAÞ ¼ ðq1; q2; . . . ; qn�1ÞðAÞ
are modified Jacobi coordinates and momenta in
D ¼ 3ðn� 1Þ dimensions,

CðQAÞ ¼ 1

ZðQAÞ
Yn
j¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2�Þ32EpA

j

q ; (53)

with pðAÞ
j as the momentum of the jth particle. In the

nonrelativistic limit that

CðQAÞ ! CðQAÞ ¼
1þ c

Q2
A

m

ðð2�Þ32mÞn=2 ;
CðQÞ
CðQAÞ !

CðQÞ
CðQAÞ ;

ðEQA
� EQÞ ! Q2

A �Q2

2m
(54)

with some constant c, we obtain
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�nðR;QAÞ ¼ CðQAÞ
�
eiQA�R þ 2m

2�n3=2

Z
dDQ

CðQÞ
CðQAÞ

� eiQ�R

Q2
A �Q2 þ i"

TðQ;QAÞ
�
: (55)

In D dimensions, we have [34]

eiQ�R ¼ ðD� 2Þ!! 2�D=2

�ðD=2Þ
X
½L�

iLjDL ðQRÞY½L�ð�RÞY½L�ð�QÞ;

(56)

which is a generalization of theD ¼ 3 formula in Eq. (45),
where jDL is the hyperspherical Bessel function of the first
kind defined by

jDL ðxÞ ¼
�ðD�2

2 Þ2D�4
2

ðD� 4Þ!!xD�2
2

JLD
ðxÞ; (57)

with LD ¼ Lþ D�2
2 and the Bessel function of the first

kind, JLD
ðxÞ.

Using an expansion that

�nðR;QAÞ ¼
X

½L�;½K�
�n

½L�;½K�ðR;QAÞY½L�ð�RÞY½K�ð�QA
Þ;

(58)

together with Eqs. (37) and (56), and performing d�Q

integral, we obtain

�n
½L�;½K�ðR;QAÞ¼CðQAÞ i

Lð2�ÞD=2

ðQARÞD�2
2

�
JLD

ðQARÞ�LK

þ
Z
dQ

JLD
ðQRÞ

Q2
A�Q2þ i"

H½L�;½K�ðQ;QAÞ
�
;

(59)

where

H½L�;½K�ðQ;QAÞ¼ m

�n3=2
CðQÞ
CðQAÞQ

D=2QD=2�1
A T½L�;½K�ðQ;QAÞ:

(60)

We now perform the Q integral, assuming that
T½L�;½K�ðQ;QAÞ does not have any poles on the positive

real axis at QA below inelastic thresholds. We consider
the n ¼ 2k and n ¼ 2kþ 1 cases separately.

1. n¼ 2k case

In this case,

JLD
ðxÞ ¼ jLk

ðxÞ
ffiffiffiffi
2

�

s
x1=2; (61)

where Lk ¼ Lþ 3ðk� 1Þ and jLk
is the spherical Bessel

function of the first kind. Using Eq. (48), the second term in
Eq. (59) can be evaluated as [8,21]

Z
dQ

jLk
ðQRÞ

Q2
A �Q2 þ i"

ffiffiffiffi
2

�

s
ðQRÞ1=2H½L�;½K�ðQ;QAÞ

’ �½nLk
ðQARÞ þ ijLk

ðQARÞ� �

2QA

�
ffiffiffiffi
2

�

s
ðQARÞ1=2H½L�;½K�ðQA;QAÞ

¼ ½NLD
ðQARÞ þ iJLD

ðQARÞ�
�X

½N�
U½L�½N�ðQAÞei�½N�ðQAÞ sin�½N�ðQAÞUy

½N�½K�ðQAÞ

(62)

for R � 1, where the unitarity constraint to T in Eq. (40) is
used to obtain the last equation, and JLD

andNLD
are Bessel

functions of the first and second kinds, respectively.

2. n¼ 2k þ1 case

In this case, LD ¼ Lþ 3k� 1 is an integer, and for
large R, JLD

ðxÞ becomes

JLD
ðxÞ ’

ffiffiffiffiffiffiffi
2

�x

s
sin ðx��LÞ;

NLD
ðxÞ ’

ffiffiffiffiffiffiffi
2

�x

s
cos ðx� �LÞ;

�L ¼ 2LD � 1

4
�:

(63)

Using this asymptotic behavior, the Q integral in Eq. (59)
can be performed, and we obtain for R � 1

I �
Z

dQ
JLD

ðQRÞ
Q2

A �Q2 þ i"
H½L�;½K�ðQ;QAÞ

’ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

�QAR

s �
�eiðQAR��LÞ

2QA

H½L�;½K�ðQA;QAÞ

þOðRð3�DÞ=2Þ
�

(64)

’ ½NLD
ðQARÞþ iJLD

ðQARÞ�
�X

½N�
U½L�½N�ðQAÞei�½N�ðQAÞ sin�½N�ðQAÞUy

½N�½K�ðQAÞ;

(65)

where in the last equation, the Oð1=RÞ contribution is
neglected for large R, the unitarity condition for T in

Eq. (40) is used, and eiðQAR��DÞ is replaced by asymptotic
behaviors of Jn and Hn. The detailed calculation of the Q
integral is given in Appendix B.
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C. Asymptotic behavior

For both n ¼ 2k and n ¼ 2kþ 1, we finally obtain

�n
½L�;½K�ðR;QAÞ ’ CiL

ð2�ÞD=2

ðQARÞD�2
2

X
½N�

U½L�½N�ðQAÞei�½N�ðQAÞ

�Uy
½N�½K�ðQAÞ½JLD

ðQARÞ cos�½N�ðQAÞ
þ NLD

ðQARÞ sin�½N�ðQAÞ� (66)

’ CiL
ð2�ÞD=2

ðQARÞD�1
2

X
½N�

U½L�½N�ðQAÞei�½N�ðQAÞ

�Uy
½N�½K�ðQAÞ

ffiffiffiffi
2

�

s
sin ðQAR� �L

þ �½N�ðQAÞÞ (67)

for R � 1, which agrees with Eq. (51) at n ¼ 2. Equation
(67) is the main result of this paper, which shows that the
NBS wave function of n particles for large R can be
considered as the generalized scattering wave of n parti-
cles, whose generalized scattering phase shift �½N�ðQAÞ is
nothing but the phase of the Smatrix in QCD determined in
Eq. (40) by the unitarity.

V. CONCLUSION AND DISCUSSION

In this paper, we have investigated asymptotic behaviors
of NBS wave functions at large separations for n complex
scalar fields. We have first solved the unitarity constraint of
the S matrix for n � 3 using the D ¼ 3ðn� 1Þ coordinate
space and employing the hyperspherical harmonic function,
together with the nonrelativistic approximation for the
energy. The results are summarized in Eqs. (39) and (40).
We then have calculated asymptotic behaviors of NBS wave
functions at large separations for n � 3 using again the
hyperspherical harmonic function, which is found to be
quite useful for this purpose. We have finally obtained
Eq. (67), which is the main result in this paper. In
Appendix C, we generalize our results to the coupled chan-
nels, where the particle mixing occurs during the scattering.

Using results in this paper, we can generalize the HAL
QCD method to hadron interactions for n-particle systems
with n � 3. This gives a firm theoretical foundation to
extract interactions among many hadrons by the HAL
QCD method, in particular, the three nucleon forces
[23,24], together with an extension to systems with spin
1=2 particles, which is a straightforward but much more
complicated task in the future. Moreover, combining them
with the results in our previous paper [39], which shows
that nonlocal but energy-independent potentials can be
constructed from NBS wave functions above the inelastic
threshold, the HAL QCD method can be extended to
hadronic interactions above the inelastic threshold energy,
where particle productions such asNN ! NN� can occur.
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APPENDIX A: CONTRIBUTION FROM VACUUM

In this appendix, we derive Eq. (16). Assuming each
flavor is conserved, 0h�j which contributes in Eq. (16) is a

sum of the following form:

0hIkj ¼ 0h0j
Y
i2Ik

aiðkAi ÞbiðkBi Þ (A1)

with
P

i2Ik
ðkAi þ kBi Þ ¼ 0, where k � n and Ik ¼

fi1; i2; . . . ; ikg with 1 � i1 < i2 < � � �< ik � n. Note that
the operator aibi creates a particle-antiparticle pair with
flavor i. Using this notation, we have

inh0j’nð½x�;0Þj½k�ni0 ¼ 0h0j’nð½x�;0Þj½k�ni0
þXn

k¼1

X
Ik

Y
i2Ik

Z
d3kAi d

3kBi �
ð3Þ

�
�X
i2Ik

ðkAi þkBi Þ
� Ty

0Ik

E0�EIk þ i"

� 0hIkj’nð½x�;0Þj½k�ni0; (A2)

where E0 ¼ 0 for the vacuum.
Using

ð2�Þ3n=20hIkj’nð½x�; 0Þj½k�ni0
¼ Y

i2Ik

e�ik B
ixiffiffiffiffiffiffiffiffiffiffi

2EkBi

q �ð3Þðki � kAi Þ
Y
j2 �Ik

eikjxjffiffiffiffiffiffiffiffiffiffi
2Ekj

q ; (A3)

where �Ik [ Ik ¼ f1; 2; 3; . . . ; ng and �Ik \ Ik ¼ �, the sec-
ond term in Eq. (A2) becomes

Cn

Xn
k¼1

X
Ik

Y
i2Ik

Z d3kBiffiffiffiffiffiffiffiffiffiffi
2EkBi

q e�ikBi xi

� �ð3Þ
�X
i2Ik

ðki þ kBi Þ
�Y
j2 �Ik

eikjxjffiffiffiffiffiffiffiffiffiffi
2Ekj

q

� Ty
0;Ik

ð0; ½k; kB�Þ
E0 � E½k;kB�

; (A4)

where Cn ¼ ð2�Þ�3n
2 , E½k;kB� ¼

P
i2Ik

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2i þ m2

q
þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðkBi Þ2 þ m2
q

Þ, Ty
0;Ik

ð0; ½k; kB�Þ is the off-shell T matrix
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from the vacuum to 2k particles, and ½k; kB� ¼
fki1 ; kBi1 ; ki2 ; kBi2 ; . . . ; kik ; kBikg.

We first show that terms at k � 2 in Eq. (A4) do not
contribute at large distances. After the kBik integral, the factor

in the first exponential is written as�i
P

i2Ik�1
kBi ðxi�xikÞþ

i
P

i2Ik
kixik , where Ik�1 ¼ fi1; i2; . . . ; ik�1g. Since Ik�1 � �

for k � 2, we perform the kBi1 integral in Eq. (A4). Using the

same method which leads to Eq. (48) from Eq. (44) and
noticing the fact that there is no real pole for the kBi1 integral

in Eq. (A4), it is clear that the contribution is suppressed
exponentially in large jxi1 � xik j. This means that terms at

k ¼ 1 only contribute in Eq. (A4) and other terms at k � 2
are suppressed asymptotically at large distances.

The term at k ¼ 1 is easily evaluated as

Cn

Yn
j¼1

eikjxjffiffiffiffiffiffiffiffiffiffi
2Ekj

q Xn
i¼1

Ty
0;i�ið0; ki;�kiÞ
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2i þm2

q ; (A5)

where T0;i;�i is the off-shell T matrix from the vacuum to a

pair of particle-antiparticle with the flavor i.
We finally obtain

inh0j’nð½x�; 0Þj½k�ni0 ’ 1

Zð½k�nÞ 0h0j’
nð½x�; 0Þj½k�ni0 (A6)

with

1

Zð½k�nÞ ¼ 1þXn
i¼1

Ty
0;i�ið0; ki;�kiÞ
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2i þm2

q ; (A7)

which proves Eq. (16) with Z� ¼ Zð½k�nÞ.

APPENDIX B: Q INTEGRALS

In this appendix, we evaluate the Q integral in the
following form:

I ¼
Z 1

0
dQ

JLD
ðQRÞ

Q2
A �Q2 þ i"

H½L�;½K�ðQ;QAÞ (B1)

for large R, assuming that H½L�;½K�ðQ;QAÞ have no poles in

the real axis atQ � 0. Using the asymptotic form of JLD
ðxÞ

at large R given in Eq. (63), we write

I ’
ffiffiffiffiffiffiffi
2

�R

s
1

2i
ðIþ � I�Þ; R ! 1; (B2)

where

I	 ¼
Z 1

0

e	iðQR��LÞ

Q2
A �Q2 þ i"

fðQÞ;

fðQÞ �
ffiffiffiffi
1

Q

s
H½L�;½K�ðQ;QAÞ:

(B3)

We evaluate Iþ and I� separately. For Iþ, we consider
an integration in the complex Q plane on a closed path
C ¼ ½0;1� 
 C� 
 i½1; 0� in Fig. 1, which leads to

Iþ þ I1 þ I2 ¼
Z
C

eiðQR��LÞ

Q2
A �Q2 þ i"

fðQÞ

¼ � �i

QA

eiðQAR��LÞfðQAÞ þOðe�cRÞ; (B4)

where

I1 � lim
q!1

Z �=2

0
qei�id�

eiðQR��LÞ

Q2
A �Q2 þ i"

fðQÞjQ¼qei� ; (B5)

I2 �
Z i0

i1
dQ

eiðQR��LÞ

Q2
A �Q2 þ i"

fðQÞ

¼ �
Z 1

0
idq

e�qR�i�L

Q2
A þ q2 þ i"

fðiqÞ; (B6)

and the term Oðe�cRÞ with c > 0 represents the contribu-
tions from complex poles insideC. It is easy to show that I1
vanishes as

jI1j � lim
q!1

q

ðq2 �Q2
AÞ

max
0����=2

jfðqei�Þj|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�FðqÞ

Z �=2

0
d�e�qR sin �

� lim
q!1FðqÞ

Z �=2

0
d�e�2qR�=�

¼ lim
q!1FðqÞ

�

2qR
ð1� e�qRÞ ! 0; (B7)

where we assume that max 0����=2jfðqei�Þj does not grow
as fast as q2 in the large q2 limit. Similarly, we estimate

FIG. 1. Closed paths C and C0 in the complex Q plane.
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jI2j �
Z 1

0
dq

e�qR

Q2
A þ q2

jfðiqÞj

� 1

Q2
A

max
0<q

jfðiqÞj
Z 1

0
dqe�qR ¼ 1

Q2
A

max
0<q

jfðiqÞj 1
R

(B8)

for QA � 0, which vanishes as 1=R for large R as long as
max 0<qjfðiqÞj<1. If some poles happen to exist on the

positive imaginary axis, we can modify the path a little to
avoid poles, so that the above estimate still holds. We
indeed have a stronger bound of jI2j for all QA including
QA ¼ 0 as shown below at n � 3. (At n ¼ 2, we can
evaluate I by the different method.) Since we can write

fðQÞ ¼ QðD�1Þ=2gðQÞ with jgð0Þj<1 from Eqs. (60) and
(B3), we have

jI2j � max
0<q

jgðiqÞj
Z 1

0
dqqðD�5Þ=2e�qR

¼ max
0<q

jgðiqÞjRð3�DÞ=2 Z 1

0
dttðD�5Þ=2e�t; (B9)

which vanishes as Rð3�DÞ=2 for large R at n � 3 (D � 6), as
long as max 0<qjgðiqÞj<1. (Again we can modify the

path if poles exit on the positive imaginary axis.)
Altogether we obtain

Iþ ’ � �i

QA

eiðQAR��LÞfðQAÞ þOðRð3�DÞ=2Þ: (B10)

For I�, we take another closed path C0 ¼ ½0;1� 
 C0
� 


i½�1; 0� in Fig. 1. Since poles at Q ¼ 	ðQA þ i"Þ are not
contained in this closed path, we have

Iþ þ I01 þ I02 ¼
Z
C0

e�iðQR��LÞ

Q2
A �Q2 þ i"

fðQÞ ¼ Oðe�c0RÞ

(B11)

with c0 > 0, where

I01 � lim
q!1

Z ��=2

0
qei�id�

e�iðQR��LÞ

Q2
A �Q2 þ i"

fðQÞjQ¼qei� ;

(B12)

I02 �
Z �i0

�i1
dQ

e�iðQR��LÞ

Q2
A �Q2 þ i"

fðQÞ

¼
Z 1

0
idq

e�qRþi�L

Q2
A þ q2 þ i"

fð�iqÞ: (B13)

As in the case before, it is easy to show that

jI01j ¼ 0; jI02j ¼ OðRð3�DÞ=2Þ; (B14)

which leads to I� ¼ OðRð3�DÞ=2Þ.

Combining these, we finally obtain

I ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

�QAR

s �
�eiðQAR��LÞ

2QA

H½L�;½K�ðQA;QAÞ

þOðRð3�DÞ=2Þ
�
; (B15)

which proves Eq. (64).

APPENDIX C: COUPLED-CHANNEL CASES

In this appendix, we extend our investigation to the case
where l ! n scatterings with l � n can occur.

1. Unitarity constraint to the T matrix

The unitarity relation to the T matrix in Eq. (26) can be
generalized to

TyðQn;QlÞ � TðQn;QlÞ
¼ X

k

i

k3=2

Z
dQk�ðEQn

� EQk
ÞTyðQn;QkÞTðQk;QlÞ

(C1)

for general n and l, where the energy conservation that
EQn

¼ EQl
is always satisfied.

As in the case of the single channel, we expand T in
terms of the hyperspherical harmonic function as

TðQn;QlÞ ¼
X

½Nn�;½Ll�
T½Nn�;½Ll�ðQn;QlÞY½Nn�ð�Qn

ÞY½Ll�ð�Ql
Þ;

(C2)

where Q2
n �Q2

l ¼ 2m2ðl� nÞ in the nonrelativistic

approximation. Putting this into Eq. (C1), we have

Ty
½Nn�;½Ll�ðQn;QlÞ � T½Nn�;½Ll�ðQn;QlÞ

¼ X
k;½Kk�

i
mQDk�2

k

k3=2
Ty
½Nn�;½Kk�ðQn;QkÞT½Kk�;½Ll�ðQk;QlÞ;

(C3)

where Dk ¼ 3ðk� 1Þ and Q2
n �Q2

k ¼ 2m2ðk� nÞ.
Defining and diagonalizing T̂ as

T̂½Nn�;½Ll�ðQn;QlÞ�QDn=2�1
n

n3=4
T½Nn�;½Ll�ðQn;QlÞQ

Dl=2�1
l

l3=4

¼X
k;½Kk�

U½Nn�;½Kk�ðQkÞT̂½Kk�ðQkÞUy
½Kk�;½Ll�ðQkÞ;

(C4)

where Q2
n �Q2

k ¼ 2m2ðk� nÞ, Eq. (C3) leads to

T̂½Kk�ðQkÞ ¼ � 2

m
ei�½Kk�ðQkÞ sin�½Kk�ðQkÞ: (C5)

This gives us the final result,
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T½Nn�;½Ll�ðQn;QlÞ ¼ � 2n3=4l3=4

mQDn=2�1
n QDl=2�1

l

X
k;½Kk�

U½Nn�;½Kk�ðQkÞei�½Kk�ðQkÞ sin�½Kk�ðQkÞUy
½Kk�;½Ll�ðQkÞ; (C6)

which reproduces Eq. (40) for the single channel at n ¼ l ¼ k.

2. Asymptotic behavior of the NBS wave function

For the coupled channel, the NBS wave function corresponding to Eq. (55) in the nonrelativistic approximation becomes

�nlðR;QlÞ ¼ Cn

�
�nle

iQl�Rn þ 2m

2�n3=2

Z
dPn

eiPn�RnTðPn;QlÞ
Q2

l � P2
n þ 2m2ðl� nÞ þ i"

�
; (C7)

where Cn ¼ ðð2�Þ32mÞ�n=2. (We here omit irrelevant Q
2
n

m contributions.) Expanding the NBS wave function in terms of the
hyperspherical function as

�nlðRn;QlÞ ¼
X

½Nn�;½Ll�
�½Nn�;½Ll�ðRn;QlÞY½Nn�ð�Rn

ÞY½Ll�ð�Ql
Þ; (C8)

together with Eq. (56), we have

�½Nn�;½Ll�ðRn;QlÞ ¼ Cni
Nn

ð2�ÞDn=2

ðQnRnÞDn=2�1

�
J ~Nn

ðQnRnÞ�nl�½Nn�;½Ll� þ
Z

dPn

J ~Nn
ðPnRnÞ

Q2
l �P2

n þ 2m2ðl� nÞ þ i"
H½Nn�;½Ll�ðPn;QlÞ

�
;

(C9)

where ~Nn ¼ Nn þ ð3n� 5Þ=2 and

H½Nn�;½Ll�ðPn;QlÞ ¼ m

�n3=2
PDn=2
n QDn=2�1

n T½Nn�;½Ll�ðPn;QlÞ: (C10)

As before, after the Pn integral, the second term in Eq. (C9) for large Rn is given by

’ ½H ~Nn
ðQnRnÞ þ iJ ~Nn

ðQnRnÞ�
�
l

n

�
3=4 QDn=2�1

n

QDl=2�1
l

X
k;½Kk�

U½Nn�;½Kk�ðQkÞei�½Kk�ðQkÞ sin�½Kk�ðQkÞUy
½Kk�;½Ll�ðQkÞ; (C11)

where Q2
n ¼ Q2

l þ 2m2ðl� nÞ and Q2
k ¼ Q2

l þ 2m2ðl� kÞ. We finally obtain

�½Nn�;½Ll�ðRn;QlÞ ’ Cni
Nn

ð2�ÞDn=2

ðQnRnÞDn=2�1

�
l

n

�
3=4 QDn=2�1

n

QDl=2�1
l

X
k;½Kk�

U½Nn�;½Kk�ðQkÞei�½Kk�ðQkÞ

� ½J ~Nn
ðQnRnÞ cos�½Kk�ðQkÞ þH ~Nn

ðQnRnÞ sin�½Kk�ðQkÞ�Uy
½Kk�;½Ll�ðQkÞ

’ Cni
Nn

ð2�ÞDn=2

ðQnRnÞDn=2

�
l

n

�
3=4 QDn=2�1

n

QDl=2�1
l

X
k;½Kk�

U½Nn�;½Kk�ðQkÞei�½Kk�ðQkÞ

�
ffiffiffiffi
2

�

s
sin ðQnRn � �Nn

þ �½Kk�ðQkÞÞUy
½Kk�;½Ll�ðQkÞ; (C12)

where �Nn
¼ ð2 ~Nn � 1Þ�=4, which correctly reproduces Eq. (67) in the single-channel case at n ¼ l ¼ k.
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