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We provide a compendium of results at the level of matrix elements for a systematic study of dark matter

scattering and annihilation. We identify interactions that yield spin-dependent and spin-independent

scattering and specify whether the interactions are velocity and/or momentum suppressed. We identify

the interactions that lead to s-wave or p-wave annihilation, and those that are chirality suppressed. We also

list the interaction structures that can interfere in scattering and annihilation processes. Using these results,

we point out situations in which deviations from the standard lore are obtained.

DOI: 10.1103/PhysRevD.88.014035 PACS numbers: 14.65.Jk, 13.85.Rm, 95.35.+d

I. INTRODUCTION

Recently, several experiments have reported signals that
may be interpreted as hints of dark matter interactions
[1–6]. However, since none of these signals have been
recognized as smoking guns for weakly interacting mas-
sive particles (WIMPs) of the minimal supersymmetric
standard model (MSSM), there has been renewed interest
in more general studies of dark matter models. One par-
ticular area of recent interest is in an effective operator
analysis [7–10], where the detailed microscopic physics
underlying interactions between the dark sector and stan-
dard model (SM) sector are abstracted away, leaving a
description in terms of effective 4-point contact interaction
operators.

Thus far, this type of analysis has been carried forward
in a somewhat piecemeal manner. For example, many
analyses assume that dark matter interactions involve a
single contact interaction operator, without accounting
for possible effects arising from interference between mul-
tiple operators. Only initial steps have been taken toward
complementary studies of effective operators using direct,
indirect and collider search strategies. Although it is well
recognized that the effective operator approximation
can break down if the mediating particles are not heavy
enough, there has been little study of the features of the
effective operator analysis which are robust.

Our goal is to provide tools needed for a systematic
matrix element study of dark matter interactions with the
standard model sector, and results relevant for direct,
indirect and collider searches. We address the following
questions:

(1) Which interaction structures yield spin-dependent
(SD) or spin-independent (SI) scattering? Are these
matrix elements unsuppressed, or suppressed by
factors of the relative velocity or momentum
transfer?

(2) Which interaction structures permit s-wave annihila-
tion or p-wave annihilation, and which are chirality
suppressed?

(3) Which interaction structures can interfere with each
other in a scattering process? Which can interfere
in an annihilation process?

(4) What unique signals arise from interaction structures
that are CP violating?

(5) How may we distinguish between spin-0, spin-1=2
(Majorana or Dirac) and spin-1 dark matter by
utilizing signals in direct, indirect and collider
searches?

Terms in the scattering matrix element can be suppressed
by factors proportional to the relative velocity, or to the ratio
of the momentum transfer to dark matter or nucleus mass.
For cold dark matter, these factors are all very small. It is
common to focus on scattering matrix elements with no
velocity or momentum suppressions, since these terms will
typically dominate the scattering cross section. However,
velocity- or momentum-suppressed terms can dominate if
the unsuppressed terms have very small coefficients. We
therefore provide a complete treatment of the velocity- and
momentum-suppressed terms as well.
The basic structure of a dark matter-SM interaction can

be written in terms of a dark matter bilinear �X, and a SM
bilinear �f:

O ¼ �X�fFðs; t; uÞ: (1)

F is a form factor which describes deviations from the
structure of a pure contact interaction (if the form of F is
determined for a scattering interaction, it is determined
for an annihilation process by crossing symmetry); for a
contact interaction, F ¼ constant. F depends on the details
of the particle physics model, including the mass of the
mediating particles, as well as nuclear form factors. On the
other hand, at lowest dimension, �X and �f are somewhat

more restricted and can be characterized by their Lorentz
structure. If the interaction structure mediates a process
such as t-channel scattering, then the Lorentz structure will
be determined by the spin and parity of the mediating
particle which is exchanged. But if the mediating particle
is exchanged in the u or s channel for a scattering process,
then the interaction structure will be more complicated,
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and can be determined through use of Fierz transformations.
Our focus will be on the features that can be determined
from knowledge of these bilinears. In the following, we
denote a quark field by q, a spin-0 dark matter field by �,
a spin-1=2 dark matter field by X, and a spin-1 dark matter
field by B�. A general fermion field (either dark matter or

standard model) will be represented by c .
For simplicity, we focus on interactions only between

dark matter and SM fermions, or with the Higgs. In Secs. II
and III, we describe our computation of the scattering
matrix elements and dark matter annihilation matrix
elements, respectively. In Sec. IV we compile our results.
In Sec. V, we conclude with a discussion of interesting
features and deviations from standard lore that arise from
the application of our analysis.

II. SCATTERING

The kinematics of a scattering process in the center of
mass frame are determined by the relative velocity v and
the momentum transfer ~q. In addition to these kinematic
variables, each bilinear can contain terms that are either
independent of spin, or depend on the spin matrix element.
If the spin matrix element is a vector, then it can be
projected on any of three orthogonal axes. It is useful to
define these three axes as q̂ ¼ ~q=j ~qj, v̂? ¼ ð ~v� ~v �
q̂Þ=j ~v� ~v � q̂j and �̂ ¼ q̂� v̂?. In other words, each
bilinear will be a sum of terms of the form

ð. . .Þh�outj�j�ini; (2)

where ð. . .Þ is a function of ~q and ~v, �in;out is the spin state

of the incoming and outgoing particle, respectively, and
� ¼ 1, Sq̂q̂, Sv̂? v̂?, S�̂�̂ (if dark matter is spin-1, then

there can also be spin matrix elements which transform as a
symmetric traceless tensor). Terms with � ¼ 1 are spin
independent, while the others are spin dependent.

The spin and kinematic dependence of these bilinears
can most easily be understood from their transformation
properties under rotation and parity. Each bilinear can
depend on only the incoming and outgoing momenta
(which are odd under parity) and the spin matrix element
(which is even under parity). A bilinear with a single
spatial index transforms as a vector under rotations, while
a bilinear with only timelike indices transforms as a scalar.
A bilinear must then consist of a sum of terms in which the
momenta and spin are contracted in such a way as to have
the correct rotation and parity transformation properties.

For each bilinear interaction structure, these matrix ele-
ments are computed in Appendix A, and listed for conve-
nience in Table X. Also computed there are squared matrix
elements, summed over all initial and final state spins. By
contracting a dark matter bilinear with a SM bilinear, one
gets a possible interaction structure. From Table X, one can
determine the full momentum and velocity dependence of
the spin-dependent and spin-independent matrix elements
for all such interaction structures.

Also from Table X, we see that there are only a few
Lorentz structures for the standard model coupling such
that the nucleon matrix element is momentum and velocity
independent. These are �qq (SI), �q�0q (SI), �q�i�5q (SD),
and �q�ijq (SD).

III. ANNIHILATION

For the annihilation process, we are guided by the C and
P quantum numbers of the initial and final state. We
assume that both the initial state and final state consist of
a particle and its antiparticle, which may be identical to the
particle. For a fermion/antifermion state, the transforma-
tions under charge conjugation and parity are given by

C: ð�1ÞLþS P: ð�1ÞLþ1; (3)

while for boson/antiboson initial states, the transforma-
tions are given by

C: ð�1ÞLþS P: ð�1ÞL: (4)

The only allowed s-wave states are L ¼ 0, S ¼ 0
(J ¼ 0); L ¼ 0, S ¼ 1 (J ¼ 1); and L ¼ 0, S ¼ 2
(J ¼ 2). Consequently, we are primarily interested in ini-
tial and final states with J ¼ 0, 1, 2. In Table I, we list theC
and P eigenvalues for a fermion/antifermion state (left)
or boson/antiboson state (right) in terms of the angular
momentum quantum numbers.
For any bosonic or fermionic bilinear, the transforma-

tion of the bilinear under rotations determines the total
angular momentum of the state that this bilinear either
creates or annihilates. This information, along with the C
and P quantum numbers of the bilinear, are thus sufficient
to determine (from Table I) the spin and orbital angular
momentum of the initial and final state. The S and L

TABLE I. The C and P transformation properties of a fermion/
antifermion (top) or boson/antiboson (bottom) state for given S,
L and J quantum numbers.

S L J C P

0 0 0 þ �
0 1 1 � þ
1 0 1 � �
1 1 0,1,2 þ þ
1 2 1,2,3 � �
1 3 2,3,4 þ þ
0 0 0 þ þ
0 1 1 � �
1 0 1 � þ
1 1 0,1,2 þ �
1 2 1,2,3 � þ
2 0 2 þ þ
2 1 1,2,3 � �
2 2 0,1,2,3,4 þ þ
2 3 1,2,3,4,5 � �
2 4 2,3,4,5,6 þ þ
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quantum numbers of the states created (annihilated) by
every lowest-dimension bilinear are listed in Table II.

We see that the only dark matter bilinears that can
couple to an s-wave initial state are { �X�5X, �X�iX,
�X�0�5X, �X�0iX, �y�, By

�B
�, {ðBy

i Bj � By
j BiÞ and

B�@�B
0. Note that the structures �c�0c , {Imð�y@0�Þ

and {ImðBy
�@0B�Þ cannot couple to any state and cannot

contribute to any nonzero annihilation matrix element.
The standard model fermion bilinear must be able to

produce a final state with the same J quantum number as
the initial state (though the C and P transformations need
not be the same, since a general interaction structure can
violate either symmetry). Thus, the spin and orbital angular
momentum of the final and initial state may be different.

Finally, we address the question of whether or not there
is a chirality suppression ð/ m2

f=m
2
XÞ of the annihilation

matrix element. This suppression arises if a SM mass
insertion is required to produce a final state with the
appropriate spin. An outgoing state of SM fermions �ff
can only be in a Sz ¼ 0 state if the fermion and antifermion
are from different Weyl spinors (fL and fR). They are in an
Sz ¼ �1 state if the fermion and antifermion are from the
same Weyl spinor. We take the z axis to lie along the
direction of motion of the outgoing fermion and antifer-
mion, so Lz ¼ 0, and Jz ¼ Sz. [Note that for particles
moving along the z axis it is clear that Lz ¼ 0, because
Ylmð� ¼ 0; �Þ � 0 only if m ¼ 0.]

In Table III, we list the possible fermion and antifermion
helicities for final states with fixed choices of S, L, J and
Jz. We assume that the fermion moves along the þz axis
and the antifermion along the �z axis, and that the initial
state is written in a basis with angular momentum projected
along the z axis. In our notation, �fL is a right-handed
antifermion, the CP conjugate of fL. For a SM bilinear
to produce one of the listed final states, it must be able to
produce a state with appropriate S, L and J quantum
numbers. The helicities of the produced fermion and
antifermion are then determined by the number of Dirac
matrices in the bilinear; a bilinear with an even number of
Dirac matrices will produce a fermion/antifermion pair
from the same Weyl spinor, while a bilinear with an odd
number of Dirac matrices will produce a pair from differ-
ent Weyl spinors. If a bilinear does not produce a fermion
and antifermion of the needed helicities, then there will be
a chirality flip arising from a mass insertion.
We can now bring together all of the pieces which

contribute to an understanding of the annihilation matrix
element. The procedure is as follows:
(i) For each interaction structure, we find the C and P

transformations and J quantum number of the dark
matter bilinear, and from this identify the initial state
that can couple to this bilinear; s-wave annihilation
is only permitted if this state has L ¼ 0.

(ii) We then determine if the standard model bilinear
can create a final state with the same J as the initial
state. If so, the matrix element for annihilation
from the initial state to the appropriate final state
is nonzero.

(iii) We then check if the matrix element has an addi-
tional mf=mX chirality suppression. For each Jz
projection of the final state, we find the helicities

TABLE II. The C, P and J quantum numbers of any state that
can be either created or annihilated by the bilinear. For each
possible state, the S and L quantum numbers are also given.

Bilinear C P J State

�c c þ þ 0 S ¼ 1, L ¼ 1

{ �c�5c þ � 0 S ¼ 0, L ¼ 0
�c�0c � þ 0 None
�c�ic � � 1 S ¼ 1, L ¼ 0, 2
�c�0�5c þ � 0 S ¼ 0, L ¼ 0
�c�i�5c þ þ 1 S ¼ 1, L ¼ 1
�c�0ic � � 1 S ¼ 1, L ¼ 0, 2
�c�ijc � þ 1 S ¼ 0, L ¼ 1

�y� þ þ 0 S ¼ 0, L ¼ 0

{Imð�y@0�Þ � þ 0 None

{Imð�y@i�Þ � � 1 S ¼ 0, L ¼ 1

By
�B

� þ þ 0 S ¼ 0, L ¼ 0; S ¼ 2, L ¼ 2

{ImðBy
�@0B�Þ � þ 0 None

{ImðBy
�@iB�Þ � � 1 S ¼ 0, L ¼ 1; S ¼ 2, L ¼ 1, 3

{ðBy
i Bj � By

j BiÞ � þ 1 S ¼ 1, L ¼ 0, 2

{ðBy
i B0 � By

0BiÞ � � 1 S ¼ 0, L ¼ 1; S ¼ 2, L ¼ 1, 3

	0ijkBi@jBk þ � 0 S ¼ 1, L ¼ 1

�	0ijkB0@jBk þ þ 1 S ¼ 2, L ¼ 2

B�@�B0 þ þ 0 S ¼ 0, L ¼ 0; S ¼ 2, L ¼ 2

B�@�Bi þ � 1 S ¼ 1, L ¼ 1

TABLE III. The possible fermion and antifermion helicities of
a fermion/antifermion state with given S, L, J and Jz quantum
numbers. It is assumed that the fermion is traveling on the
þz axis, and the antifermion is traveling on the �z axis. �fL;R
denotes the CP conjugate of fL;R (so, for example, �fL is a right-

handed antifermion).

S L J Jz ¼ Sz Fermion helicities

0 0 0 0 fL, �fR; fR, �fL
1 0 1 1 fR, �fR
1 0 1 0 fL, �fR; fR, �fL
1 0 1 �1 fL, �fL
0 1 1 0 fL, �fR; fR, �fL
1 1 0 0 fL, �fR; fR, �fL
1 1 1 1 fR, �fR
1 1 1 0 � � �
1 1 1 �1 fL, �fL
1 2 1 1 fR, �fR
1 2 1 0 fL, �fR; fR, �fL
1 2 1 �1 fL, �fL
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of the final state fermion and antifermion. If there is
no choice of Jz for which the SM bilinear can
produce fermions with the appropriate helicities,
then the annihilation cross section is suppressed
by m2

f=m
2
X.

In Appendix B, we list the matrix elements arising
from fermion/antifermion creation or annihilation, for all
choices of interaction structure. In the interest of general-
ity, the antifermion is not assumed to be the antiparticle of
the fermion, and the two particles are allowed to have
different masses. These matrix elements can thus be used
for the case of dark matter coannihilation, or if dark matter

annihilates through a flavor-violating process. The stan-
dard case can be obtained by setting the masses of the two
particles to be equal.

IV. RESULTS

We summarize our results in the following four tables. In
Table IV, we list the dependence of the spin-independent

and spin-dependent scattering matrix elements on ~S, ~q
and v?. For each structure, we indicate whether the
momentum or velocity dependence arises from the
dark matter or standard model bilinear. For interaction

TABLE IV. The kinematic suppression of the spin-independent and spin-dependent scattering cross sections for all possible
interaction structures. F1–F10 correspond to fermionic dark matter (with F5, F7, F9 and F10 absent for Majorana fermions),
S1–S4 correspond to real or complex scalar dark matter, V1–V10 to real or complex vector dark matter. Each suppression is labeled to
indicate if it arises from the SM or dark matter (DM) bilinear. If a cross section contains several terms with different kinematic
suppressions, each is listed on a separate line. We also list if s-wave annihilation is permitted and unsuppressed, if it is chirality
suppressed by a factor / m2

f=m
2
X, or if it is not permitted at all; although the interactions are expressed in terms of quark fields q, by a

slight abuse of notation we allow for annihilation to any pair of SM fermions �ff, each of mass mf.

Name Interaction structure �SI suppression �SD suppression s-wave?

F1 �XX �qq 1 q2v?2 (SM) No

F2 �X�5X �qq q2 (DM) q2v?2 (SM); q2 (DM) Yes

F3 �XX �q�5q 0 q2 (SM) No

F4 �X�5X �q�5q 0 q2 (SM); q2 (DM) Yes

F5 �X��X �q��q 1 q2v?2 (SM) Yes

(vanishes for Majorana X) q2 (SM); q2 or v?2 (DM)

F6 �X���5X �q��q v?2 (SM or DM) q2 (SM) No

F7 �X��X �q���
5q q2v?2 (SM); q2 (DM) v?2 (SM) Yes

(vanishes for Majorana X) v?2 or q2 (DM)

F8 �X���5X �q���
5q q2v?2 (SM) 1 / m2

f=m
2
X

F9 �X���X �q���q q2 (SM); q2 or v?2 (DM) 1 Yes

(vanishes for Majorana X) q2v?2 (SM)

F10 �X����5X �q���q q2 (SM) v?2 (SM) Yes

(vanishes for Majorana X) q2 or v?2 (DM)

S1 �y� �qq or �2 �qq 1 q2v?2 (SM) Yes

S2 �y� �q�5q or �2 �q�5q 0 q2 (SM) Yes

S3 �y@�� �q��q 1 q2v?2 (SM) No

q2 (SM); v?2 (DM)

S4 �y@�� �q���5q 0 v?2 (SM or DM) No

V1 By
�B

� �qq or B�B
� �qq 1 q2v?2 (SM) Yes

V2 By
�B

� �q�5q or B�B
� �q�5q 0 q2 (SM) Yes

V3 By
�@�B

� �q��q 1 q2v?2 (SM) No

q2 (SM); v?2 (DM)

V4 By
�@�B

� �q���5q 0 v?2 (SM or DM) No

V5 ðBy
�B� � By

�B�Þ �q���q q2v?2 (SM) 1 Yes

V6 ðBy
�B� � By

�B�Þ �q����5q q2 (SM) v?2 (SM) Yes

V7 By
�@�B� �q��q or B�@

�B� �q��q v?2 (SM); q2 (DM) q2 (SM); q2 (DM) No

V8 By
�@�B� �q���5q or B�@

�B� �q���5q q2v?2 (SM); q2 (DM) q2 (DM) / m2
f=m

2
X

V9 	��
�By
�@
B� �q��q or 	��
�B�@
B� �q��q v?2 (DM or SM) q2 (SM) No

V10 	��
�By
�@
B� �q���

5q or 	��
�B�@
B� �q���
5q q2v?2 (SM) 1 No
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structures that yield several matrix element terms with
different kinematic dependence, the kinematic dependence
of each term is listed on a separate line. We also list if
each interaction permits s-wave annihilation, and (if so)
whether or not s-wave annihilation is chirality suppressed.
Note that, using Lorentz gauge, one can rewrite B�@

�B�

as @�ðB�B�Þ ¼ @�½ð1=4Þg��B

B
 þ B�B�ðsymÞ�, where

‘‘(sym)’’ means symmetric and traceless in the�� indices.

A. Interference

Of course, it is certainly possible for dark matter to
couple to standard model matter through a sum of several
effective interaction structures. In that case, it is important
to understand if these operators can interfere. For the
annihilation process, interference can only occur between
structures that annihilate states of the same quantum num-
bers (S, L and J) and create states of the same quantum
numbers. Table V indicates the interaction structures that
can connect initial and final states for all possible combi-
nations of quantum numbers; interaction operators that
appear on the same line can interfere with one another in
annihilation processes. In particular, interference between

two interaction structures can only occur for s-wave
annihilation. It can be seen from Table II that if dark matter
is spin-0, then there are no interference terms.
We now consider interference between different inter-

action structures in scattering processes. As we have seen,
each of the SM or dark matter bilinears depends on a spin
matrix element which is either spin independent (1) or
depends on a spin projection (Sq̂, Sv̂? or S�̂, if the dark

matter spin matrix element is a vector). For the full inter-
action structure, there are sixteen possible choices of the
full spin matrix element. The four choices that are inde-
pendent of the quark spin (but may or may not depend on
the dark matter spin) yield spin-independent scattering,
while the remaining twelve choices yield spin-dependent
scattering. Two interaction structures can interfere in a
scattering process only if they have the same full spin
matrix element. Two operators that couple to different
spin projections will not interfere as the interference terms
vanish on summing over spins.
We denote the four choices of the spin-independent

matrix element by the numbers 1–4, and the twelve choices
of the spin-dependent matrix element by the letters A–L.
We list in Table VI, for each interaction structure for

TABLE V. The interaction structures that can annihilate an initial state with quantum numbers
Sinit, Linit and J and create a final state with quantum numbers Sfinal, Lfinal and J. If two
interaction structures are listed on the same line, then they can interfere in an annihilation
process.

J Sinit Linit Sfinal Lfinal Interaction structure

0 0 0 0 0 �X�5X �q�5q, �X�0�5X �q�0�5q

0 0 0 1 1 �X�5X �qq

0 1 1 0 0 �XX �q�5q

0 1 1 1 1 �XX �qq

1 0 1 0 1 �X�ijX �q�ijq

1 0 1 1 0 �X�ijX �q�ij�5q

1 1 0 0 1 �X�ij�5X �q�ijq

1 1 0 1 0 �X�iX �q�iq, �X�ij�5X �q�ij�5q

1 1 1 1 1 �X�i�5X �q�i�5q

1 1 0 1 1 �X�iX �q�i�5q

1 1 1 1 0 �X�i�5X �q�iq

0 0 0 0 0 By
�B

� �q�5q, B�@�B0 �q�
0�5q

0 0 0 1 1 By
�B

� �qq

0 1 1 0 0 	0ijkBi@jBk �q�
0�5q

1 0 1 0 1 {ðBy
i B0 � By

i B0Þ �q�0i�5q

1 0 1 1 0 {ðBy
i B0 � By

i B0Þ �q�0iq, {ImðBy
�@iB

�Þ �q�iq

1 0 1 1 1 {ImðBy
�@iB

�Þ �q�i�5q

1 1 0 0 1 {ðBy
i Bj � By

i BjÞ �q�ijq

1 1 0 1 0 {ðBy
i Bj � By

i BjÞ �q�ij�5q

1 1 1 1 0 B�@�Bi �q�
iq

1 1 1 1 1 B�@�Bi �q�
i�5q

1 2 2 1 0 	0ijkBj@0Bk �q�iq

1 2 2 1 1 	0ijkBj@0Bk �q�i�
5q
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spin-1=2 dark matter, the leading spin matrix elements.
If an interaction structure contains terms with multiple
spin matrix elements, then they are listed on separate lines.
Note, it is possible for two operators to each interfere with
a third, even if they cannot interfere with each other. In
Table VII we list the leading spin matrix elements if dark
matter is spin-0, and in Table VIII we list the spin matrix
elements for spin-1 dark matter. Note that, for spin-0 dark

matter, it is not necessary to list the dark matter spin matrix
element, which is always trivial. Thus, all interaction
structures can interfere for spin-independent scattering of
spin-0 dark matter. There is interference in the spin-
dependent scattering matrix element if two structures
couple to the same nucleon spin matrix element. For
spin-1 DM, the interaction structures V7 and V8 couple
to a dark matter spin matrix element that transforms as a
traceless symmetric tensor, denoted by �. We represent it
by its components in the orthogonal basis defined by q̂, v̂?
and �̂.
If two interaction structures can interfere, but their matrix

elements scale with different powers of q and v?, then the
interference terms will be small unless one of the structures
has a very small coefficient. But if two interfering interac-
tion structures are suppressed by the same number of powers
of q and v?, then the interference terms will be significant
as long as the coefficients are comparable. In Table IX, we
list each interaction structure according to the number of
powers of q or v? that appear in the SI (top) or SD (bottom)
matrix element. Interaction structures that appear within
parentheses can interfere.

TABLE VI. For each interaction structure, we indicate if the scattering matrix element is
independent of the dark matter or SM spin (1), or if it depends on the projection of the spin on
any of three orthogonal axes: the direction of momentum transfer (q̂), the direction of the
relative velocity transverse to the momentum transfer (v̂?), or the direction perpendicular to q̂
and v̂? (�̂ ¼ q̂� v̂?). If an interaction structure yields several terms with different spin
component dependence, they are listed on separate lines. The sixteen possible couplings to
dark matter and nucleon spin are divided into four classes (1–4) that are independent of the
nucleon spin, and twelve classes (A–L) that are nucleon spin dependent. For each structure, all
of its coupling classes are listed; if two interaction structures are listed in the same class, then
they can interfere.

Interaction structure SI (SX-dep.) SD (SX-dep.) SD (SSM-dep.) SI class SD class

F1 �XX �qq 1 1 S�̂ 1 C

F2 �X�5X �qq Sq̂ Sq̂ S�̂ 2 F

F3 �XX �q�5q � � � 1 Sq̂ � � � A

F4 �X�5X �q�5q � � � Sq̂ Sq̂ � � � D

F5 �X��X �q��q 1 1 S�̂ 1 C

(vanishes for Majorana X) Sv̂? Sv̂? H

S�̂ S�̂ L

F6 �X���5X �q��q Sv̂? S�̂ Sv̂? 3 K

Sv̂? S�̂ I

F7 �X��X �q���
5q Sv̂? 1 Sv̂? 3 B

(vanishes for Majorana X) Sv̂? S�̂ I

S�̂ Sv̂? K

F8 �X���5X �q���
5q S�̂ Sq̂ Sq̂ 4 D

Sv̂? Sv̂? H

S�̂ S�̂ L

F9 �X���X �q���q 1, S�̂ Sq̂ Sq̂ 1, 4 D

(vanishes for Majorana X) Sv̂? Sv̂? H

S�̂ S�̂ L

F10 �X����5X �q���q Sq̂ 1 Sq̂ 2 A

(vanishes for Majorana X) Sq̂ S�̂ F

S�̂ Sq̂ J

TABLE VII. Similar to Table VI, but for spin-0 dark matter.
Thus, there is no dependence on the dark matter spin. All of
these structures can interfere for spin-independent scattering.
For spin-dependent scattering, two interaction structures can
interfere if they couple to the same projection of the nucleon
spin.

Interaction structure SD (SSM-dep.)

S1 �y� �qq or �2 �qq S�̂
S2 �y� �q�5q or �2 �q�5q Sq̂
S3 �y@�� �q��q S�̂
S4 �y@�� �q���5q Sv̂?
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V. INTERESTING FEATURES AND DEVIATIONS
FROM THE STANDARD LORE

These results lead to some interesting observations,
including deviations from the standard lore which arise
from consideration of more general models than WIMPs of
a constrained version of the MSSM. We find:

(1) The standard lore is that neutralino annihilation to
the light Higgs (XX ! hh) is necessarily p-wave
suppressed [11]. In fact, we see from our analysis
that the annihilation of Majorana fermion dark mat-
ter to identical scalars is either p-wave suppressed
or suppressed by CP-violating phases [12]. Since
the final state consists of identical scalars with
S ¼ 0, symmetry of the wave function requires

that L must be even. If the initial state is S ¼ 0,
L ¼ 0, J ¼ 0, CP-odd, then the final state of
identical bosons must be S ¼ 0, L ¼ 0, J ¼ 0,
CP-even, and there must be CP violation in the
annihilation matrix element. The relevant interac-
tion structure is then �X�5Xhh. If the initial state is
S ¼ 1, L ¼ 1, CP-even, then the matrix element is
p-wave suppressed.
More generally, there are interesting interaction
structures which are CP violating and usually
ignored—so some ‘‘suppressed’’ annihilation chan-
nels can be open if new physics is CP violating.

(2) The lore is that, if dark matter is a Majorana
fermion, then s-wave annihilation to SM fermions
is chirality suppressed. In fact, we find that this is

TABLE VIII. Similar to Table VI, but for spin-1 dark matter. For structures V7 and V8, the dark matter spin bilinear is a traceless
symmetric tensor represented by � with components in the orthogonal basis defined by q̂, v̂? and �̂. Note that V7 and V8 cannot
interfere with any other structure.

Interaction structure SI (SX-dep.) SD (SX-dep.) SD (SSM-dep.) SI class SD class

V1 By
�B

� �qq or B�B
� �qq 1 1 S�̂ 1 C

V2 By
�B

� �q�5q or B�B
� �q�5q � � � 1 Sq̂ � � � A

V3 By
�@�B

� �q��q 1 1 S�̂ 1 C

V4 By
�@�B

� �q���5q � � � 1 Sv̂? 1 B

V5 ðBy
�B� � By

�B�Þ �q���q S�̂ Sq̂ Sq̂ 4 D

Sv̂? Sv̂? H

S�̂ S�̂ L

V6 ðBy
�B� � By

�B�Þ �q����5q Sq̂ Sq̂ S�̂ 2 F

S�̂ Sq̂ J

V7 By
�@�B� �q��q or B�@

�B� �q��q �q̂v̂? �q̂v̂? S�̂
�q̂ �̂ Sv̂?

V8 By
�@�B� �q���5q or B�@

�B� �q���5q Sq̂ �q̂ v̂ Sv̂ 2

�q̂ �̂ �q̂ q̂ Sq̂
�q̂ �̂ S�̂

V9 	��
�By
�@
B� �q��q or 	��
�B�@
B� �q��q Sv̂? Sv̂? S�̂ 3 I

S�̂ Sv̂? K

V10 	��
�By
�@
B� �q���

5q or 	��
�B�@
B� �q���
5q S�̂ Sq̂ Sq̂ 4 D

Sv̂? Sv̂? H

S�̂ S�̂ L

TABLE IX. The number of powers of q and v? that appear in the spin-independent and spin-
dependent scattering cross section for each interaction structure (if dark matter is spin-1=2).
Interaction structures that are listed together in parentheses can interfere and have the same
kinematic suppression.

Powers of q and v? Interaction structures

SI 0 ( �XX �qq, �X��X �q��q)
2 ( �X�5X �qq, �X����5X �q���q), �X���5X �q��q
4 ( �X���5X �q���

5q, �X���X �q���q)
6 �X��X �q���

5q
SD 0 ( �X���5X �q���

5q, �X���X �q���q)
2 ( �XX �q�5q, �X����5X �q���q), ( �X�

��5X �q��q, �X��X �q���
5q)

4 ( �XX �qq, �X��X �q��q), �X�5X �q�5q
6 �X�5X �qq
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only true if the term in the dark matter bilinear which
annihilates the s-wave initial state couples to the time
component of a pseudovector standard model bilin-
ear. For other interaction structures, there need not be
any chirality suppression. From the point of view of
the microscopic theory, these interaction structures
can arise from any new physics which interacts with
both Weyl spinors, including sfermion mixing, heavy
fermions, etc. Although sfermion-mixing contribu-
tions to the matrix element are often assumed to scale
as mf=mX, this is only true if one makes certain

assumptions (such as minimal flavor violation) about
the flavor structure of the theory.
As a concrete example, consider models of isospin-
violating dark matter [13,14] that have been enter-
tained in the context of recent signals of low-mass
dark matter [14]. The contribution to the spin-
independent matrix element from s- and u-channel
squark exchange can be sizable if left-handed and
right-handed squarks mix; squark mixing for first
generation squarks can therefore contribute to iso-
spin violation. A consequence of this squark mixing
is the presence of interaction structures other than
pseudovector exchange [15], that can contribute to
s-wave annihilation to fermions which is not
chirality suppressed.

(3) If the SM fermion bilinear is pseudoscalar ( �q�5q),
then the spin-independent scattering matrix element
vanishes, including velocity- or momentum-
suppressed terms [9]. This can be understood simply
from the Lorentz structure of the interaction; one
cannot construct a nucleon matrix element which is
invariant under rotations and odd under parity unless
it depends on the nucleon spin.
Interestingly, if the SM fermion bilinear is pseudo-
vector ( �q���5q) and the dark matter is spin-0,
then the spin-independent scattering matrix element
is zero. Again, this can be understood from
the Lorentz structure of the interaction. A spin-
independent fermion bilinear matrix element with
the rotation and parity transformation properties
needed for a pseudovector coupling must be a vector
proportional to ~v? � ~q. A nonvanishing scalar can
only be produced if this vector is contracted with a
dark matter spin polarization, which is not present
for spin-0 dark matter. In fact, if dark matter is spin-
1, then the V4 interaction structure will also have an
exactly vanishing SI-matrix element, because this
interaction structure does not depend on the dark
matter spin. Note that these interaction structures
involving �q���5q with an exactly vanishing
SI-matrix element are all CP violating.
An interesting corollary of this result is that, if it can
be shown that SM quarks couple to dark matter
through exchange of a pseudovector, and if a

spin-independent scattering cross section can be mea-
sured (even if velocity or momentum suppressed),
then dark matter cannot be spin-0. As dark matter
direct detection experiments increase in sensitivity,
this result may have useful applications.

(4) For spin-1=2 dark matter, only two sets of interac-
tion structures can interfere in an annihilation
process, and both sets annihilate an L ¼ 0 state.
Only one is relevant for Majorana fermion dark
matter. If interference occurs for p-wave annihila-
tion, then dark matter must be spin-1. Spin-0 dark
matter does not exhibit interference in annihilation
processes.

(5) For both SI and SD scattering processes, the inter-
action structures whose matrix elements have no
velocity or momentum suppression can interfere
with each other. But for interaction structures with
momentum or velocity-suppressed scattering matrix
elements, interference effects may be small. For
example, the structure �X���5X �q��q yields a

spin-independent scattering cross section which is
suppressed by v?2, but can only interfere with
interaction structures whose SI-matrix element is
suppressed by even more powers of q or v?.
For this interaction structure, interference effects
will be small unless it has a very small coefficient.

(6) Note that these results do not depend on whether or
not the dark matter-SM interaction is short ranged.
A noncontact interaction can induce additional form
factors in the scattering matrix element, but the
kinematic suppressions found here will always be
present. Similarly, although dark matter annihilation
can receive additional suppression if the interaction
is noncontact, the results regarding which interac-
tion structures yield s-wave or p-wave annihilation
are independent of whether or not the interaction is
short ranged.

(7) Most of these interaction structures are dimension 6.
In a collider production process (pp ! �XX), these
operators will receive an �ðE=mXÞ2 enhancement,
where E is the energy scale of the dark matter
production process. The dimension 5 interaction
structures are S1, S2, V1, V2, V5 and V6; these
dimension 5 structures will only receive an E=mX

enhancement. But if dark matter is a spin-1 particle,
then the matrix element can receive additional
E=mX enhancement from the longitudinal polariza-
tion tensor. In particular, all interaction structures
for spin-1 dark matter except V7 and V9 can couple
to an S ¼ 0 or S ¼ 2 state, which will yield terms
with an additional ðE=mXÞ2 enhancement with both
dark matter particles longitudinally polarized.
Since structures V7 and V9 couple to an S ¼ 1 state,
they will yield terms with an additional E=mX

enhancement. Scalar dark matter which interacts
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through interaction structures S1 and S2 will have
suppressed monojet/monophoton production rates at
the LHC [10]. These features can be used to distin-
guish between different interaction structures.

(8) One can potentially distinguish the dark matter-SM
interaction structure by combining information from
indirect, direct and collider search strategies. As an
example, we see that if dark matter is a Majorana
fermion, then the only interaction structure which
permits spin-independent scattering without veloc-
ity or momentum suppression is �XX �qq (F1). But if
dark matter is a Dirac fermion, then there is another
interaction structure which permits unsuppressed
SI scattering; �X��X �q��q (F5). It is difficult to

distinguish these possibilities with direct detection
experiments, but they can be distinguished by the
event rates at indirect detection experiments [10],
since the first operator permits only p-wave annihi-
lation (which is highly suppressed) while the second
operator allows annihilation from an s-wave state.
However, if dark matter is a real scalar, then the
operator �2 �qq (S1) also permits unsuppressed SI
scattering and s-wave annihilation. This structure
can be distinguished from the previous two by
monojet and monophoton searches at the LHC;
since this operator is dimension 5, it does not receive
as large an energy enhancement as the other opera-
tors [10]. But if dark matter is spin-1 or is a complex
spin-0 particle, then there are other interaction struc-
tures which can yield unsuppressed SI scattering
(S3, V1, V3). Interaction structures V1 and V3
will yield an LHC production rate with a large
enhancement due to the longitudinal polarization
tensors. This may permit them to be distinguished
from the other interaction structures (and may be
distinguished from each other because V1 allows
s-wave annihilation, while V3 does not). However,
it is difficult to distinguish structures F1 and S3
without a more detailed analysis. Unfortunately,
the spin-dependent scattering cross section is not
very useful in distinguishing these two possibilities,
since both interaction structures yield spin-dependent
cross sections suppressed by the factor q2v?2.

(9) If the mass of the mediating particle is small
compared to the dark matter mass or the collider
production energy scale, then the form factor F will
scale as E�2 for a production or annihilation pro-
cess. Then, the rate of dark matter annihilation or
production at colliders will be suppressed. On the
other hand, striking signals of the mediating particle
at a collider experiment may then be possible [16].
Combined studies of indirect detection and collider
production rates can thus provide independent
probes of the mass of the particles which mediate
the dark matter interaction.

(10) Many directional detection experiments are either
operating or under construction [17]. For such
experiments, the magnitude and direction of ~q
can be measured on an event by event basis. With
a sufficient number of events at such a detector, one
can potentially distinguish a dependence on q from
a dependence on v?. One interesting question has
been the possibility of dark matter astronomy: the
possibility of probing the dark matter velocity
distribution using the event rate of direct detection
experiments. A difficulty is that the event rate
really probes the integral of the velocity distribu-
tion. But since the v dependence of the spin-
dependent and spin-independent matrix elements
are generally different, measurements from direc-
tional detectors sensitive to SI and SD scattering
can potentially probe two independent moments of
the velocity distribution. This may permit a more
detailed study of the velocity distribution of dark
matter.

These are immediate and general results which arise
from a study of generic dark matter interaction structures
in the formalism which we have described here. An inter-
esting long-term program for future study is the use of this
formalism to determine the prospects for distinguishing the
nature of dark matter interactions from the many data sets
that are becoming available though direct, indirect and
collider experiments. If a clear indication of dark matter
interactions is discovered, the next step would be to utilize
this formalism to piece together the full dark matter-SM
interaction structure.
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APPENDIX A: SCATTERING MATRIX ELEMENTS

In Table X, we summarize the bilinear spin matrix
elements for an incoming dark matter particle of mass

mX with momentum ~k ¼ � ~v and an outgoing particle

with momentum ~k0 ¼ ~k� ~q, where � ¼ mXmA=ðmX þ
mAÞ is the reduced mass of the dark matter-nucleus system,
~v is the relative velocity of the dark matter and the target
nucleus, and the �’s are two-component spinors; v? is
defined below. If dark matter is spin-1, then 	� is its
polarization vector. The spinor bilinears of the standard
model are related to those for the dark matter bilinears by
~q ! � ~q, ~v ! � ~v, mX ! mf, � ! � . We have grouped

together terms that have the same Lorentz structure, but
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including the possibility of parity violation. The entries of
the table are derived below.

In the center of mass frame, the incoming and outgoing
four-momenta of the parton, p and p0, and the incoming
and outgoing four-momenta of the dark matter, k and k0, to
first order in the three-momenta, are

p ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
f þ ~p2

q
;� ~p

�
� ðmf;� ~pÞ;

p0 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
f þ ð ~q� ~pÞ2

q
; ~q� ~p

�
� ðmf; ~q� ~pÞ;

k ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
X þ ~p2

q
; ~p

�
� ðmX; ~pÞ;

k0 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
X þ ð ~p2 � ~qÞ2

q
; ~p� ~q

�
� ðmX; ~p� ~qÞ:

(A1)

It is useful to define v? via

2 ~k� ~q ¼ �ð2 ~pþ ~qÞ ¼ 2�v? � 2�
ð ~q� ~vÞ � ~q

j ~qj2 : (A2)

We compute spinor bilinear matrix elements of the form

�X�X; (A3)

where � is a Dirac structure. Where helpful, we also
compute the square of the matrix element, summed over
initial and final spins.

We write our spinors as

uðpÞ ¼
0
B@ p � �þmfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðp0 þmfÞ
q �

p � ��þmfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðp0 þmfÞ

q �

1
CA

T

;

uðkÞ ¼
0
B@ k � �þmXffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðk0 þmXÞ
p �

k � ��þmXffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk0 þmXÞ

p �

1
CA

T

:

(A4)

1. Scalar

For a scalar Lorentz structure (� ¼ 1), the matrix
element is invariant under rotations and even under parity.
It can therefore only contain terms that are either constant,

or proportional to ~p0 � ~p or ~p0 � ~p � ~S.
We get

Ms ¼ �uðp0ÞuðpÞ
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp00 þmÞðp0 þmÞp

� � 0y½m2 þ p0 � p� {	ijkp0ipj�k

þmðp00 þ p0Þ�� � 2mð� 0y�Þ
� {

m
	ijkp0ipjð� 0yŜk�Þ: (A5)

The dominant term is spin independent, and the spin-
dependent term is suppressed.

TABLE X. For each bilinear for spin-0 (�), spin-1=2 (c ) and spin-1 (B�) particles, we list the
spin-independent and spin-dependent scattering matrix element at leading order. In the last row,
‘‘(sym)’’ means symmetric and traceless in the ij indices. The spinor bilinears of the standard
model can be obtained by the substitutions, qi ! �qi, v?i ! �v?i, mX ! mf, � ! � .

Bilinear Spin independent Spin dependent

�c c 2mXð�0y�Þ { �
mX

	ijkqiv?jð�0yŜk�Þ
�c�5c 0 �2qið�0yŜi�Þ
�y� 1 0

By
�B

� 	0y � 	 0
�c�0c 2mXð�0y�Þ �{ �

mX
	ijkqiv?jð�0yŜk�Þ

�c�0�5c 0 �4�v?ið�0yŜi�Þ
�Imð�y@0�Þ 2mX 0

�ImðBy
�@0B�Þ 2mX	

0y � 	 0

	0ijkBi@jBk 0 �2{�	ijkv?
i 	j	

0
k

�c�ic 2�v?ið�0y�Þ 2{	ijkqjð�0yŜk�Þ
�c�i�5c �{ �

2mX
	ijkv?jqkð�0y�Þ �4mXð�0yŜi�Þ

�Imð�y@i�Þ 2�v?i 0

�ImðBy
�@iB�Þ 2�v?i	0y � 	 0

	0ijkBj@0Bk 0 2{mX	
ijk	j	

0
k

�c�0ic qið�0y�Þ 4{�	ijkv?j ð�0yŜk�Þ
�c�ijc � �

2mX
ðqiv?j � qjv?iÞð�0y�Þ �4{mX	

ijkð�0yŜk�Þ
{ðByiBj � ByjBiÞ 0 {ð	0yi	j � 	0yj	iÞ
BiBjðsymÞ 0 	0i	jðsymÞ
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Then, the standard model matrix element is

MsðSMÞ � 2mfð� 0y�Þ � {

mf

	ijkqipjð� 0yŜk�Þ

� 2mfð� 0y�Þ þ {
�

mf

	ijkqiv?jð� 0yŜk�Þ; (A6)

and the dark matter matrix element is

MsðXÞ � 2mXð�0y�Þ þ {

mX

	ijkqikjð�0yŜk�Þ

� 2mXð�0y�Þ þ {
�

mX

	ijkqiv?jð�0yŜk�Þ: (A7)

If dark matter is spin-0 and the bilinear has a scalar
Lorentz structure (�y�), then the matrix element is

Mspin�0
sðXÞ ¼ 1: (A8)

Similarly, if dark matter is a real or complex spin-1 and the
bilinear has a scalar Lorentz structure (By

�B
�), then the

matrix element is

Mspin�1
sðXÞ ¼ 	0y � 	; (A9)

where 	 and 	0 are polarization vectors.

2. Pseudoscalar

For a bilinear with pseudoscalar Lorentz structure, the
matrix element is invariant under rotations, but odd under

parity. It must then be proportional to either ~p � ~S or ~p0 � S.
The matrix element is given by

Mps ¼ �uðp0Þ�5uðpÞ
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp00 þmÞðp0 þmÞp � 0y½ðp0 þmÞð ~p0 � ~�Þ

� ðp00 þmÞð ~p � ~�Þ�� � ð ~p0 � ~pÞ � � 0y ~��

� 2ðp0 � pÞið� 0yŜi�Þ; (A10)

which gives

MpsðSMÞ ¼ �uðp0Þ�5uðpÞ � 2qið� 0yŜi�Þ;
MpsðXÞ ¼ �uðk0Þ�5uðkÞ � �2qið�0yŜi�Þ:

(A11)

This structure is spin dependent and velocity dependent;
interestingly, there is no spin-independent term at all.

3. Vector

For a bilinear with vector Lorentz structure, the timelike
component is invariant under rotations and parity. So it

can either be a constant, or be proportional to ~p0 � ~p� ~S.
The spacelike components must rotate as a vector, but be
odd under parity. They may then contain terms that are

proportional to either ~p0, ~p, ~p0 � ~S or ~p� ~S.

We get

M0
v ¼ �uðp0Þ�0uðpÞ
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp00 þmÞðp0 þmÞp � 0y½ðp00 þmÞðp0 þmÞ

þ ~p0 � ~pþ {	ijkp0ipj�k��
� 2mð� 0y�Þ þ {

m
	ijkp0ipjð� 0yŜk�Þ; (A12)

Mi
v ¼ �uðp0Þ�iuðpÞ
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp00þmÞðp0þmÞp � 0y½ðmþp0Þp0iþðmþp0

0Þpi

þ {ðmþp00Þ	ijkpj�k� {ðmþp0Þ	ijkp0j�k��
�ðp0 þpÞið� 0y�Þþ2{	ijkðp�p0Þjð� 0yŜk�Þ: (A13)

The leading term of this matrix element is spin independent,
but there are also momentum-suppressed spin-dependent
terms.
We thus find, for the SM matrix elements,

M0
vðSMÞ � 2mfð� 0y�Þ þ {

mf

	ijkqipjð� 0yŜk�Þ

� 2mfð� 0y�Þ � {
�

mf

	ijkqiv?jð� 0yŜk�Þ;

Mi
vðSMÞ � ð2pþ qÞið� 0y�Þ � 2{	ijkqjð� 0yŜk�Þ

� �2�v?ið� 0y�Þ � 2{	ijkqjð� 0yŜk�Þ; (A14)

and for the dark matter matrix elements,

M0
vðXÞ � 2mXð�0y�Þ � {

mX

	ijkqikjð�0yŜk�Þ

� 2mXð�0y�Þ � {
�

mX

	ijkqiv?jð�0yŜk�Þ;

Mi
vðXÞ � ð2k� qÞið�0y�Þ þ 2{	ijkqjð�0yŜk�Þ

� 2�v?ið�0y�Þ þ 2{	ijkqjð�0yŜk�Þ: (A15)

The squared matrix elements can be written as the
tensors,

T00
v ¼ 2mð2mþ ERÞ

X
spins

�y� ¼ 8m2 þ 2 ~q2;

T0i
v ¼ �m

X
spins

�y½ð���i � ����iÞp0
���

¼ �2mqk
X
spins

�y�k�i� ¼ �2mqi
X
spins

�y� ¼ �4mqi;

Tij
v ¼ m

X
spins

�y½ð�i���j þ �i ����jÞp0
� � 2m�i�j��

¼ 2m
X
spins

�y½�i�jðmþ ERÞ �m�i�j�� ¼ 2q2ij:

(A16)
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So T00
v � 8m2, with all other components momentum

suppressed.
If dark matter is a spin-0 particle and the bilinear has a

vector Lorentz structure (� Imð�y@��Þ), then

Mðspin�0Þ�
v ¼ ðpþ p0Þ�: (A17)

Similarly, if dark matter is a complex spin-1 particle
and the bilinear has a vector Lorentz structure

(� ImðBy
�@�B�Þ), then

Mðspin�1Þ�
v ¼ ðpþ p0Þ�	0y � 	: (A18)

Thus,

Mðspin�0Þ0
vðXÞ � 2mX;

Mðspin�0Þi
vðXÞ � 2�v?i;

Mðspin�1Þ0
vðXÞ � 2mX	

0y � 	;
Mðspin�1Þi

vðXÞ � 2�v?i	0y � 	:

(A19)

4. Pseudovector

For a bilinear with a pseudovector Lorentz structure, the
time component is rotation invariant and odd under parity.
It must therefore be a sum of terms that are proportional to

either ~p � ~S or ~p0 � ~S. The spacelike components must
rotate like a vector, but be even under parity. They must

then be a sum of terms proportional to either ~S or ~p0 � ~p.
We find

M0
pv ¼ �uðp0Þ�0�5uðpÞ

¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp00 þmÞðp0 þmÞp � 0y½ðp00 þmÞð ~p � ~�Þ

þ ðp0 þmÞð ~p0 � ~�Þ��
��2ðp0 þ pÞið� 0yŜi�Þ; (A20)

Mi
pv ¼ �uðp0Þ�i�5uðpÞ

¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp00 þmÞðp0 þmÞp
� � 0y½ðp0 � pþmðp0 þ p00Þ þm2Þ�i

þ pip0j�j þ p0ipj�j þ {	ijkpjp0k��
��4mð� 0yŜi�Þ þ {

2m
	ijkpjp0kð� 0y�Þ: (A21)

Thus, the leading term of the pseudovector structure is
spin dependent. Interestingly, while the timelike compo-
nent has no spin-independent contribution, the spacelike
components have suppressed spin-independent terms.

Then, the SM matrix elements are

M0
pvðSMÞ � �2ð2pþ qÞið� 0yŜi�Þ�4�v?ið� 0yŜi�Þ;

Mi
pvðSMÞ � �4mfð� 0yŜi�Þ þ {

2mX

	ijkpjqkð� 0y�Þ

� �4mfð� 0yŜi�Þ � {
�

2mX

	ijkv?jqkð� 0y�Þ;
(A22)

and the dark matter matrix elements are

M0
pvðXÞ��2ð2k�qÞið�0yŜi�Þ

��4�v?ið�0yŜi�Þ;
Mi

pvðXÞ��4mXð�0yŜi�Þ� {

2mX

	ijkkjq0kð�0y�Þ

��4mXð�0yŜi�Þ� {
�

2mX

	ijkv?jq0kð�0y�Þ:

(A23)

We can write the squared matrix elements as tensors:

T00
pv¼m

X
spins

�y½ð��þ ���Þp0
��2m��¼2mER

X
spins

�y�¼2 ~q2;

T0i
pv¼�m

X
spins

�y½ð���i� ����iÞp0
���

¼�2mqk
X
spins

�y�k�i�¼�2mqi
X
spins

�y�¼�4mqi;

Tij
pv¼m

X
spins

�y½ð�i���jþ�i ����jÞp0
�þ2m�i�j��

¼2m
X
spins

�y½�i�jðmþERÞþm�i�j��

¼ð4m2þq2Þij
X
spins

�y�¼16

3
JðJþ1Þ

�
m2þq2

4

�
gij:

(A24)

Thus, Tij
pv ¼ 16

3 JðJ þ 1Þm2gij is the dominant component,

with all the others momentum suppressed.
If dark matter is spin-1, then there is one other possible

structure, 	��
�B�@
B�, which gives

Mspin�1
pv ¼ {	��
�ðpþ p0Þ
	�	0�; (A25)

so that

Mðspin�1Þ0
pvðXÞ � �2{�	ijkv?

i 	j	
0
k;

Mðspin�1Þi
pvðXÞ � 2{mX	

ijk	j	
0
k:

(A26)

5. Tensor

Under parity, �c���c transforms with the sign ð�1Þ� �
ð�1Þ�, where ð�1Þ� � 1 for � ¼ 0 and ð�1Þ� � �1 for
� ¼ 1, 2, 3. The structure �c�0ic thus rotates as a vector,
but is odd under parity. It must therefore be a sum of
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terms proportional to ~p0, ~p, ~p0 � ~S or ~p� ~S. Similarly, the
structure �c�ijc should transform under rotations
as a tensor, and be invariant under parity. So it should
contain terms which are proportional to p0ipj or SiSj.
We find

M0i
t ¼ �uðp0Þ�0�iuðpÞ
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp00þmÞðp0þmÞp
�� 0y½�ðp0þmÞðp0i� {	ijkp0j�kÞ
þðp00þmÞðpiþ {	ijkpj�kÞ��

��ðp0�pÞið� 0y�Þþ2{	ijkðp0þpÞjð� 0yŜk�Þ;
(A27)

Mij
t ¼ �uðp0Þ�i�juðpÞ

¼ � {	ijkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp00 þmÞðp0 þmÞp
� � 0y½½ðp00 þmÞðp0 þmÞ � ~p0 � ~p��k

� pkp0l�l þ {	kmlp0lpm þ p0kpm�m��
��4{m	ijkð� 0yŜk�Þ þ 1

2m
ðp0ipj � p0jpiÞð� 0y�Þ:

(A28)

This structure is spin dependent, and also has a
momentum-suppressed spin-independent term.

For the SM matrix elements, we get

M0i
tðSMÞ¼�qið� 0y�Þþ2{	ijkð2pþqÞjð� 0yŜk�Þ

¼�qið� 0y�Þ�4{�	ijkv?jð� 0yŜk�Þ;
Mij

tðSMÞ¼�4{mf	
ijkð� 0yŜk�Þþ 1

2mf

ðqipj�qjpiÞð� 0y�Þ

¼�4{mf	
ijkð� 0yŜk�Þ� �

2mf

ðqiv?j�qjv?iÞð� 0y�Þ;

(A29)

and for the dark matter matrix elements, we get

M0i
tðXÞ ¼qið�0y�Þþ2{	ijkð2k�qÞjð�0yŜk�Þ

¼qið�0y�Þþ4{�	ijkv?jð�0yŜk�Þ;
Mij

tðXÞ ¼�4{mX	
ijkð�0yŜk�Þ� 1

2mX

ðqikj�qjkiÞð�0y�Þ

¼�4{mX	
ijkð�0yŜk�Þ� �

2mX

ðqiv?j�qjv?iÞð�0y�Þ

¼�4{mX	
ijkð�0yŜk�Þ: (A30)

The squared matrix elements are

T
��
�
t ¼ X

spins

�uðpÞ���ð�6pþmÞ�
�uðpÞ

¼ m
X
spins

�uðpÞ���ð1þ �0Þ�
�uðpÞ;

T
��kl
t ¼ m

X
spins

�uðpÞ����klð1þ �0ÞuðpÞ;

Tijkl
t ¼ 16JðJ þ 1Þ

3
m2ðgikgjl � gilgjkÞ;

(A31)

with all other components vanishing.
If dark matter is a complex spin-1 particle with tensor

Lorentz structure ({ðBy
�B� � By

�B�Þ) then the matrix

element is

Mðcpx spin�1Þ��
tðXÞ ¼ {ð	0��	� � 	0��	�Þ: (A32)

For a real spin-1 particle with tensor Lorentz structure
[B�B�ðsymÞ, where ‘‘(sym)’’ means symmetric and trace-
less in the �� indices], the matrix element is

Mðreal spin�1Þ��
tðXÞ ¼ 	0�	�ðsymÞ: (A33)

APPENDIX B: ANNIHILATION
MATRIX ELEMENTS

We begin by listing the (exact) spinor bilinears for a dark
matter creation or annihilation process. For the sake of
generality, we allow the particles to have different masses.
In terms of two-component spinors �i, the Dirac spinors
may be written as

TABLE XI. The annihilation matrix elements for spin-0 and
spin-1 dark matter bilinears.

Bilinear Annihilation matrix element

�y� 1

{Imð�y@0�Þ 0

{Imð�y@i�Þ �{ki

B�B
� 	1 � 	2

{ImðBy
�@0B�Þ 0

{ImðBy
�@iB�Þ �{ki	y1 � 	2

{ðBy
i Bj � By

j BiÞ {ð	y1i	2j � 	y2i	1jÞ
{ðBiyB0 � B0yBiÞ {ð	iy1 	02 � 	iy2 	01Þ
	0ijkBi@jBk {	ijkk

ið	j2	k1 � 	k2	
j
1Þ

	0ijkBj@0Bk 0

�	0ijkB
0@jBk {	ijkk

jð	02	k1 � 	k2	
0
1Þ

B�@�B0 �2{E	01	
0
2 � {kið	i2	01 � 	02	

i
1Þ

B�@�B
i �{Eð	02	i1 þ 	01	

i
2Þ � {kjð	j2	i1 � 	j1	

i
2Þ
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uðk1Þ ¼
0
B@ k1 � �þm1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðk01 þm1Þ
q �1

k1 � ��þm1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk01 þm1Þ

q �1

1
CA

T

;

vðk2Þ ¼
0
B@ k2 � �þm2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðk02 þm2Þ
q �2 � k2 � ��þm2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðk02 þm2Þ
q �2

1
CA

T

;

(B1)

where the particles have four-momenta,

k�1 ¼ ðE1; ~k1Þ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
1 þ ~k2

q
; ~k

�

k�2 ¼ ðE2; ~k2Þ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
2 þ ~k2

q
;� ~k

�
:

(B2)

The bilinears for an outgoing fermion/antifermion pair are then

�uðk1Þvðk2Þ ¼
2
4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E1 þm1

E2 þm2

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þm2

E1 þm1

s 3
5 ~k � ð�y

1 ~��2Þ;

�uðk1Þ�5vðk2Þ ¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE1 þm1ÞðE2 þm2Þ
p ½ðE1 þm1ÞðE2 þm2Þ þ ~k2�ð�y

1�2Þ;

�uðk1Þ�0�5vðk2Þ ¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE1 þm1ÞðE2 þm2Þ
p ½ðE1 þm1ÞðE2 þm2Þ � ~k2�ð�y

1�2Þ;

�uðk1Þ�i�5vðk2Þ ¼ {	ijkkj

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 þm2

E1 þm1

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1 þm1

E2 þm2

s 1
Að�y

1�
k�2Þ þ ki

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E1 þm1

E2 þm2

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þm2

E1 þm1

s 1
Að�y

1�2Þ;

�uðk1Þ�0vðk2Þ ¼ E1 þm1 � E2 �m2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE1 þm1ÞðE2 þm2Þ
p kið�y

1�
i�2Þ;

�uðk1Þ�ivðk2Þ ¼ � ðE1 þm1ÞðE2 þm2Þ þ ~k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE1 þm1ÞðE2 þm2Þ
p ð�y

1�
i�2Þ þ 2kikjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE1 þm1ÞðE2 þm2Þ

p ð�y
1�

j�2Þ;

�uðk1Þ�0ivðk2Þ ¼ �{
ðE1 þm1ÞðE2 þm2Þ � ~k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE1 þm1ÞðE2 þm2Þ
p ð�y

1�
i�2Þ � 2{

kikjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE1 þm1ÞðE2 þm2Þ
p ð�y

1�
j�2Þ;

�uðk1Þ�0i�5vðk2Þ ¼ {ki

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 þm2

E1 þm1

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1 þm1

E2 þm2

s 1
Að�y

1�2Þ þ 	ijkkj

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 þm2

E1 þm1

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1 þm1

E2 þm2

s 1
Að�y

1�
k�2Þ:

(B3)

The bilinears of the initial state fermion/antifermion pair
can be obtained by conjugating the above expressions.

In Table XI we provide the annihilation matrix elements
for various dark matter bilinears in the case of spin-0 and
spin-1 dark matter. For spin-1 dark matter, the two particles
have polarization vectors 	1 and 	2.

One can verify that the structure ð	01	k2 � 	k1	
0
2Þ is only

nonzero for an initial state with total spin and z-axis spin

projection jS; Szi given by j2; 1i, j2; 0i, j2;�1i and j0; 0i.
Similarly, the structure ð	j1	k2 � 	k1	

j
2Þ is only nonzero for

initial spin states j1; 1i, j1; 0i and j1;�1i, and the structure
ð	i1	02 þ 	01	

i
2Þ is only nonzero for initial spin states j1; 1i

and j1;�1i. The structure 	1 � 	2 is only nonzero for initial
spin states j0; 0i and j2; 0i. Finally, 	01	02 is only nonzero for
initial spin states j0; 0i and j2; 0i.
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