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Conversion of the cosmic microwave background (CMB) photons into gravitational waves at the post

recombination epoch is considered. We calculate the probability of transformation of the CMB photons

into gravitons in the presence of a large scale magnetic field. Based on the present day limits on the

strength of the large scale magnetic field, we show that the probability of the produced gravitons as a result

of photon to graviton conversion is reasonable and such a mechanism would produce an isotropic

background of gravitational waves in the same frequency range of the CMB photons. The mechanism

proposed would be another good opportunity to study the high frequency part of the spectrum of

gravitational waves.
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I. INTRODUCTION

One of the most important predictions of the standard
cosmology is without any doubt the cosmic microwave
background (CMB) radiation which gives us important
information about the state of the Universe at the time of
the last scattering. The CMB has a perfect blackbody
spectrum and presents very small temperature anisotropy
of the order of �T=T � 10�5. The temperature anisotropy
can be divided into two groups: primary anisotropy, due to
effects which occur at the last scattering surface and be-
fore; and secondary anisotropy, due to effects such as
interactions of the background radiation with hot gas or
gravitational potentials, which occur between the last scat-
tering surface and the observer.

In connection with the secondary anisotropy, in this
work we study the interaction of the CMB photons with
large scale magnetic field at the post recombination epoch.
The study of this kind of interaction is twofold; first the
interaction of the CMB with the large scale magnetic field
can in principle produce gravitons through the mechanism
of photon to graviton conversion in the magnetic field [1]
and, second, the produced gravitons might in principle
cause small temperature anisotropy.

The inverse process, namely, the mechanism of graviton
to photon conversion in a magnetic field, was first consid-
ered in [2]. Conversion of high energy gravitons into
photons at the post recombination epoch was considered
in [3,4] where a substantial background of x-ray photons
might be created at the post recombination epoch. The
origin of such high energy gravitons has been studied in
[5] and is thought to be emitted by a population of primor-
dial black holes through the mechanism of Hawking
evaporation.

Conversion of the CMB photons into gravitons at the
post recombination epoch was first studied in [6] in the
wave function approximation and in [7] at a classical level.
In [6,7] it was argued that for the present day values of the
magnetic field such a mechanism would produce the ob-
servable CMB anisotropy. Later in [8] the plasma effects
were included in the oscillation probability and it was
shown that the photon to graviton oscillation probability
is negligible in order to produce the CMB temperature
anisotropy.
In this work we go beyond the wave function approxi-

mation and consider coherence breaking of the photon
to graviton oscillation in plasma. The frequency range of
the formed gravitons is the same as the frequency range of
the CMB photons and makes it hard to detect by the next
generation of gravitational wave (GW) detectors.
However, we use such an opportunity and put it into a
detection prospective for the future high frequency GW
detectors.

II. PHOTON-GRAVITON MIXING

In the limit where the photon wavelength �p is smaller

than the coherence length of the magnetic field �B,
�p � �B, the equations of motion of the photon-graviton

system are very well described by the WKB approxi-
mation and therefore are reduced to the following matrix
equation [3,9]:�
ð!þ i@xÞIþ !ðn� 1Þ� BT=mPl

BT=mPl 0

� ��
A�ðxÞ
h�ðxÞ

� �
¼ 0;

(1)

where I is the unit matrix, x is the direction of the graviton/
photon propagation, n is the total refraction index of the
medium, ! is the graviton energy, BT is the strength of
the transverse external magnetic field Be and h�, A� are,*ejlli@fe.infn.it
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respectively, the graviton and photon polarization states
with � being the polarization index (helicity) of the gravi-
ton and the photon states. In the case of photons � ¼ þ
indicates a polarization state perpendicular to the external
magnetic field and � ¼ � indicates a state with polariza-
tion parallel to the external field.

The refraction index of the photons is given by the sum
of three terms,

n ¼ npl þ nQED þ nCM; (2)

where npl is the index of refraction due to a plasma

medium; nQED is the index of refraction due to vacuum

polarization; and nCM is the index of refraction due to the
Cotton-Mouton effect. The refraction index due to plasma
effects is given by npl¼�!2

pl=2!
2 with!2

pl¼4��ne=me,

where ne, here, is the plasma density andme is the electron
mass. The Cotton-Mouton effect gives rise of two different
indices of refraction for each photon polarization state
where nþCM � n�CM ¼ C�pB

2
e with C being the Cotton-

Mouton constant. In this work we neglect the contribution
of Cotton-Mouton effect to the refraction index due to
difficulties in determining the Cotton-Mouton constant C
at the post recombination epoch. The index of refraction
due to vacuum polarization in the case of ! � ð2me=3Þ�
ðBc=BÞ reads [10]

n�;þ ¼ 1þ �

4�

�
BT

Bc

�
2
��

14

45

�
�
;

�
8

45

�
þ

�
; (3)

where BT ¼ Be sin� with � being the angle between Be

and x; and Bc ¼ m2
e=e ¼ 4:41� 1013 G.

Since photons do oscillate and scatter during their
propagation in the medium, in this work we work in the
density matrix formalism. The density operator satisfies
the Liouville-von Neumann equation,

d�̂

dt
¼ �i½Ĥ; �̂�; (4)

where Ĥ ¼ M̂� i�̂ is the total Hamiltonian of the system

which is in general not Hermitian. The operators M̂ and �̂
take into account, respectively, refractive and damping
processes of the system with the medium. Their matrix
representations are given, respectively,

M� ¼ m� mg�

mg� 0

" #
; � ¼ �� 0

0 0

� �
; (5)

where M� ¼ h��jM̂j��i, � ¼ h��j�̂j��i with �T
� ¼

½A�; h�� and T means the transpose of a given matrix.
The matrix elements of M� are, respectively, m� ¼
!ðn� 1Þ� and mg� ¼ BT=mPl. In the matrix � the term

�� indicates the interaction rate of photons with the me-

dium. We also have neglected the interaction rate of grav-
itons since they weakly interact with the matter, �g ¼ 0.

III. CMB PHOTON MIXING AT THE POST
RECOMBINATION EPOCH

Interactions of photons with medium are in general ex-
pressed through the collision integral in order to include
the matrix structure of the process. However, for an order
of magnitude estimate, the equations of motions for the
density operator Eq. (4) can be written in a linearized form
as follows:

d�̂

dx
¼ �i½M̂; �̂� � f�̂; ð�̂� �̂eqÞg; (6)

where the time derivative d=dt of the density operator has
been replaced with the spatial derivative d=dx and �̂eq is

the equilibrium density operator of the medium.
In order to take into account the Universe expansion, we

write the spatial derivative of the density operator as
@x ¼ Ha@a, where H ¼ _a=a is the Hubble parameter
and a is the cosmological scale factor. Correspondingly
the evolution of the density matrix elements is determined
by the equations:

�0
�� ¼ �2mg�I� ��ð��� � �eqÞ

Ha
; (7)

�0
gg ¼

2mg�I

Ha
; (8)

R0 ¼ mI � ��R=2

Ha
; (9)

I0 ¼ �mR� ��I=2�mg�ð�gg � ���Þ
Ha

; (10)

where we split the off-diagonal terms of the density matrix
as ��

g� ¼ �g� ¼ Rþ iI with R and I being the real part

and the imaginary part, respectively. The terms m� and
mg� which enter matrix M� can be written as functions of

the scale factor as follows (in units of cm�1):

m�gðaÞ ¼ 8� 10�26

�
Bi

1 G

��
ai
a

�
2
; (11)

m�ðaÞ ¼ 8:75� 10�34

�
Bi

1 G

�
2
�

fi
GHz

��
ai
a

�
5

� 1:7� 10�8XeðaÞ
�
GHz

fi

��
ai
a

�
2
; (12)

whereBi is the value of the magnetic field at recombination
time ti, ai is the scale factor at recombination time, fi ¼
!i=2� is the initial photon frequency at recombination,
and XeðaÞ is the ionization function of free electrons at the
post recombination epoch. On deriving Eq. (12) we have
expressed the free electron density as ne ¼ XenB, where
nB is the total baryon number density. The baryon number
density can be written as a function of temperature T as
nB ¼ nBðt0ÞðT=T0Þ3, where T0 ¼ 2:275 K is the present
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day temperature of the CMB photons and the total baryon
number density at present is nBðt0Þ ’ 2:47� 10�7 cm�3

[11]. The ionization fraction is not easy to calculate ana-
lytically and often numerical calculations are used for its
determination. The evolution of Xe is determined by the
following differential equation [12]:

dXe

da
¼ ��nB

Ha

�
1þ �

�2s þ 8H�=�3
�nBð1� XeÞ

��1

�
�
SX2

e þ Xe � 1

S

�
; (13)

where �2s ¼ 8:22458 s�1 is the two-photon decay rate of
2s hydrogen state, �� ¼ 1215:682� 10�8 cm is the wave-
length of the Lyman � photons, �ðaÞ is the case B recom-
bination coefficient, and SðaÞ is the coefficient in the Saha
equation, Xð1þ SXÞ ¼ 1. Coefficient � depends on the
scale factor as [13]

�ðaÞ ¼ 1:038� 10�12a0:6166

1þ 0:352a�0:53
cm3s�1; (14)

while SðaÞ is equal to
SðaÞ ¼ 6:221� 10�19e53:158aa�3=2: (15)

Coefficient �, which is also function of the scale factor,
can be expressed through � as follows:

�ðaÞ ¼ 3:9� 1020a�3=2e�13:289a� cm�3: (16)

With these parameters Eq. (13) is solved numerically and
the solution determines the number density of free elec-
trons at the post recombination epoch.

IV. GRAVITON PRODUCTION AT THE
POST RECOMBINATION EPOCH:

NONRESONANT CASE

In the previous section we derived the equations of
motions for the elements of the density matrix and in this
section we solve them in the case of conversion of the
CMB photons into gravitons at the post recombination
epoch. To this end, we need to know the strength of the
magnetic field at the recombination time, Bi; the interac-
tion rate of the photons with medium ��; the ionization

function of the plasma as a function of the scale factor
XeðaÞ; and the value of the product Ha.

After recombination, CMB photons weakly interact with
matter because the Universe expansion rate H became
larger than the interaction rate of the photons H > ��.

However, photons still scattered on matter mainly with
the free electrons due to Thomson scattering. The interac-
tion rate in this case is �� ¼ ne�T , where ne is the free

electron number density and �T ¼ 6:65� 10�25 cm2 is
the Thomson cross section. In terms of the scale factor
the photon interaction rate is given by (in units of cm�1)

��ðaÞ ¼ 2:12� 10�22XeðaÞ
�
ai
a

�
3
; (17)

where we used nBðtiÞ ¼ nBðt0Þð1þ ziÞ3 ’ 320 cm�3 with
1þ zi ¼ 1090.
The value of the magnetic field used in this work is based

on upper limits on the angular fluctuations and Faraday
rotation of the CMB. Indeed, the presence of large scale
magnetic fields can induce CMB anisotropies and mea-
surements of the CMB angular fluctuations [14] constraint
the value of the present day magnetic field to be Bðt0Þ &
3� 10�9 G on scales �B � 1 Mpc. On the other hand,
measurement of the Faraday rotation of the CMB polar-
ization [15] limits the present day value of the magnetic
field to be Bðt0Þ & 6� 10�8–2� 10�6 G on scales �B �
0:1–103 Mpc. At the time of recombination the value of the
magnetic field is obtained by simply redshifting the present
day value of Bðt0Þ, where Bi ¼ Bðt0Þð1þ ziÞ2.
At the post recombination epoch the Universe was

dominated by the nonrelativistic matter and at the late
epoch by the vacuum energy. Therefore the value of the
product Ha is given by (in what follows we choose the
normalization ai ¼ 1)

Ha ¼ HðtiÞ½�M=aþ��a
2�1=2; (18)

where �M ’ 0:3 is the density parameter of matter;
H�1ðtiÞ ¼ 6:7� 1023 cm is the Hubble distance at
recombination; and �� is the density parameter of the
vacuum energy.
The maximum probability of graviton production occurs

when the oscillation between the photon-graviton system is
in resonance. The resonance occurs whenever the function
m�ðaÞ ¼ 0 which implies

!resðaÞ ¼ 2:9X1=2
e ðaÞ

�
1 G

Bi

�
a3=2 MeV: (19)

As we can see from Eq. (19), !resðaÞ depends essentially
on the value of the magnetic field at recombination Bi and
on the ionization fraction XeðaÞ. After recombination the
ionization function rapidly decreases reaching a constant
value of the order 10�4 and after becomes of the order of
unity at the reionization epoch. Since CMB photons are
observed at present in the frequency range 0.5–600 GHz,
we can easily conclude that for the present day bounds on
Bi, CMB photons never cross the resonance energy,
Eq. (19), during their evolution until the present day.
Hence, the CMB photons never make resonant oscillations
into gravitons.
The system of Eqs. (7)–(10) is not easy to solve even

numerically because of the fast oscillations of the real and
imaginary parts I, R which makes the solutions unstable.
However, they can be still solved numerically if one makes
some physically reasonable assumptions. Here we work in
the steady state approximation, namely, we assume that
I0 ¼ R0 ¼ 0 and seek solutions for the real part R and the
imaginary part I in terms of ��� and �gg. The steady state
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approximation is valid as far as the oscillation length of the
photon-graviton system losc / 1=m� is smaller than the
Hubble distance, losc � H�1; see [16] for the case of
neutrino oscillations in the cosmological plasma. This
condition is very well satisfied at the post recombination,
see [3], for the numerical values. In this case the system of
Eqs. (9) and (10) becomes

R ¼ m�mg�

m2
� þ ð��=2Þ2

ð��� � �ggÞ; (20)

I ¼ ð��=2Þmg�

m2
� þ ð��=2Þ2

ð��� � �ggÞ: (21)

In the nonresonant case (m� � 0), the plasma effects
dominates over the QED effects and in the energy range of
the CMB photons the condition m2

� � �2
�=4 is very well

satisfied. In this case Eqs. (20) and (21) become

R ¼ mg�

m�

ð��� � �ggÞ; (22)

I ¼ ð��=2Þmg�

m2
�

ð��� � �ggÞ: (23)

We can clearly see from Eq. (23) that the imaginary part is
proportional to the interaction rate of the photons as one
would have expected from simple arguments. Inserting
Eqs. (22) and (23) into Eqs. (7) and (8), we get the follow-
ing closed system of equations (here we take �eq ¼ 0):

�0
�� ¼ � ��

Ha

�
m2

g�

m2
�

ð��� � �ggÞ þ ���

�
; (24)

�0
gg ¼

��

Ha

�
m2

g�

m2
�

ð��� � �ggÞ
�
: (25)

We solve Eqs. (24) and (25) numerically and assume the
background of CMB photons to be unpolarized at recom-
bination, and therefore we impose the initial conditions
���ðaiÞ ¼ 2� 1=2, �ggðaiÞ ¼ 0 and IðaiÞ ¼ RðaiÞ ¼ 0 on

the solutions of Eqs. (24) and (25). The factor 2 in ���

takes into account the two polarization states of the elec-
tromagnetic waves (photons).

In Fig. 1 the graviton production probability, �gg, as a

function of the present day graviton frequency f is shown
for various values of the magnetic field at the post recom-
bination epoch. As we can see, the probability increases
with frequency depending on the value of the magnetic
field at recombination, Bi. In our calculations we took into
account the fact that the ionization function reached the
value of unity at the beginning of the reionization epoch
XeðaionÞ � 1 [17], where aion ’ 136. In Fig. 2 �gg as a

function of the scale factor a for f ¼ 600 GHz is shown.
The production probability rapidly increases for a & 52
due to a decrease of the density of free electrons and at the
onset of the reionization epoch, a > 52, it reaches an

asymptotically constant value of �gg �Oð10�18Þ for

Bi � 2 G and �gg �Oð10�20Þ for Bi � 0:1 G.

It is interesting at this point to calculate the spectrum of
the GWs as a result of the transformation of the CMB
photons into gravitons. The energy density of the CMB
photons (��) in thermal equilibrium at the temperature T0

in the frequency range f and fþ df is given by the Planck
distribution law,

d��ðfÞ ¼ 16�2f3

e2�f=T0 � 1
df: (26)

The density parameter of CMB photons is ��ðfÞ ¼
ð1=�cÞd��=d log f and the associated density parameter

in GWs is given by

0 100 200 300 400 500 600
10 30

10 28

10 26

10 24

10 22

10 20

10 18

FIG. 1 (color online). Log plot of the graviton production
probability �gg as a function of the photon/graviton frequency

in GHz. In blue (thick) �gg is shown for the initial value of the

magnetic field at recombination Bi ¼ 2:37 G; in red (dashed)
�gg is shown for Bi ¼ 0:12 G; and in green (dot dashed) �gg is

shown for Bi ¼ 3� 10�3 G.

0 200 400 600 800 1000

10 26

10 24

10 22

10 20

10 18

FIG. 2 (color online). Log plot of the graviton production
probability �gg as a function of the scale factor a for the present

day graviton frequency f ¼ 600 GHz. In blue (thick) �gg is

shown for the initial value of the magnetic field at recombination
Bi ¼ 2:37 G; and in red (dashed) for the value of the magnetic
field Bi ¼ 0:12 G
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�gwðfÞ ¼ ��ðfÞ�ggðfÞ ¼ 1

�c

16�2f4

e2�f=T0 � 1
�ggðfÞ; (27)

where �c ¼ 10:75h20 keV=cm3 ¼ 4:42� 1050h20 Hz4 is

the critical energy density.
In Fig. 3 the density parameters of the CMB [Fig. 3(a)]

and the density parameter of the produced gravitons
[Fig. 3(b)] for Bi ¼ 2:37 G are, respectively, shown. In
Fig. 4 the density parameter in GWs, h20�gw, is shown in

the case of the value of the magnetic field at recombination
Bi ¼ 0:12 G [Fig. 4(a)] and Bi ¼ 3 mG [Fig. 4(b)]. Apart
from the fact that the graviton density parameter is several
orders of magnitude smaller than the density parameter
of the CMB photons, we can clearly observe from Figs. 3
and 4 some differences. First, the graviton spectrum
presents a shifted peak frequency with respect to the

CMB (fpeak� ’ 220 GHz) in the high frequency regime

with fpeakg ’ 350 GHz and, second, the blackbody spec-
trum is not completely preserved.

V. DISCUSSION AND CONCLUSIONS

In this work we have discussed the conversion of the
CMB photons into gravitons at the post recombination

epoch. We calculated the oscillation probability in the
density matrix formalism where interaction of the CMB
photons with the medium have been taken into account.
The conversion probability depends on three main parame-
ters such as the photon frequency f, the electronic density
of the post recombination plasma ne, and the value of
the magnetic field at the post recombination epoch B.
The graviton production probability �gg is independent

on the photon polarization states, þ, �, thus the produced
GWs background results unpolarized as the CMB and
therefore it does not become polarized as a result of the
photon to graviton conversion.
In order to produce the observed CMB temperature

anisotropy, �T=T � 10�5, the photon production probabil-
ity �gg must be of the same order �T=T � �gg. However,

as we can see from Figs. 1 and 2, �gg is smaller than

the observed temperature anisotropy by at least 13 orders
of magnitude, considering the most favorable case
with Bi � 2 G. This lead us to conclude that the
mechanism of the conversion of the CMB photons into
gravitons produces a completely negligible temperature
anisotropy.
Despite this fact, the discussed mechanism is potentially

interesting from the point of view of GW production and

T 2.725 K

CMB

0 100 200 300 400 500 600
0

5. 10 6

0.00001

0.000015

(a)
0 100 200 300 400 500 600

0

1. 10 24

2. 10 24

3. 10 24

4. 10 24

5. 10 24

(b)

FIG. 3 (color online). Plot of the density parameter of CMB photons and the density parameter of the produced gravitons as a
function of frequency f in GHz. In (a) the density parameter of CMB for a pure blackbody radiation with temperature T� ¼ 2:725 K is

shown. In (b) the density parameter of formed gravitons h20�gw for the value of magnetic field at recombination Bi ¼ 2:37 G is shown.

0 100 200 300 400 500 600
0

2. 10 27

4. 10 27

6. 10 27

8. 10 27

1. 10 26

1.2 10 26

(a)
0 100 200 300 400 500 600

0

2. 10 30

4. 10 30

6. 10 30

8. 10 30

(b)

FIG. 4 (color online). Plot of the graviton density parameter h20�gw as a function of frequency f in GHz. In (a) the plot for the initial
value of the magnetic field at recombination Bi ¼ 0:12 G is shown and in (b) for Bi ¼ 3 mG is shown.
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their detection. As we have seen, the produced gravitons
have the same frequency range as the CMB photons, so this
mechanism produces an isotropic background of high
frequency of GWs. In Figs. 3 and 4 the density parameter
in GWs, h20�gw, is shown in the frequency range of f�
0:5–600 GHz. Its value is in the range of h20�gw �
10�29–10�25 depending on the initial value of Bi. The
spectrum of the produced gravitons is a blackbody like
with the peak frequency shifted in the part of the high
frequency range by a factor�1:4 with respect to the CMB
peak frequency. The difference of the graviton spectrum
from the blackbody is due to the fact that the graviton
production probability depends on the frequency because
of the plasma effects.

The existence of such high frequency background pro-
vides another good opportunity to investigate the high

frequency range of GWs by the next generation of the
high frequency GW detectors. However, since the pre-
dicted density parameter in GWs is small and is concen-
trated in the high frequency part of the spectrum, the
detection of such GWs background would be very chal-
lenging. Together with the stochastic background of GWs
produced during the preheating epoch, see [18] for recent
calculations, the proposed mechanism falls in the fre-
quency gap between the high frequency part of inflationary
models [19] and the high frequency of GWs emitted by
primordial black holes [5].
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