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Structure of the gravitational action and its relation with horizon thermodynamics

and emergent gravity paradigm
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If gravity is an emergent phenomenon, as suggested by several recent results, then the structure of the
action principle for gravity should encode this fact. With this motivation we study several features of the
Einstein-Hilbert action and establish direct connections with horizon thermodynamics. We begin by
introducing the concept of holographically conjugate variables in terms of which the surface term in the
action has a specific relationship with the bulk term. In addition to g,, and its conjugate momentum
J—&eM cab this procedure allows us to (re)discover and motivate strongly the use of f* = \/—_ggab and
its conjugate momentum N¢,. The gravitational action can then be interpreted as a momentum-space
action for these variables. We also show that many expressions in classical gravity simplify considerably
in this approach. For example, the field equations can be written in the form 9.f* = 9F{ o/ ING,,
a.Ng, = —a.’]—[g/af"b (analogous to Hamilton’s equations) for a suitable Hamiltonian .’}’-[g, if we use
these variables. More importantly, the variation of the surface term, evaluated on any null surface which
acts a local Rindler horizon can be given a direct thermodynamic interpretation. The term involving the
variation of the dynamical variable leads to 76S while the term involving the variation of the conjugate
momentum leads to SO67. We have found this correspondence only for the choice of variables
(8abr /—8M) or (f**, N¢,). We use this result to provide a direct thermodynamical interpretation of
the boundary condition in the action principle, when it is formulated in a spacetime region bounded by the
null surfaces. We analyze these features from several different perspectives and provide a detailed

description, which offers insights about the nature of classical gravity and emergent paradigm.
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L. INTRODUCTION

The curious connection between gravity and thermo-
dynamics first came to light with the work of Bekenstein
[1-3], which ascribed to a black hole an entropy propor-
tional to the surface area of its horizon. Soon, it was
discovered that black hole horizons possess temperature
as well [4,5]. In the four decades since then, the intriguing
connection between gravity and thermodynamics has been
steadily becoming stronger (see e.g., [6,7]).

One paradigm which has emerged from this connection
considers the dynamics of gravity as not of fundamental
nature, but emergent from the dynamics of a more funda-
mental theory, just as the thermodynamics of a material
system emerges out of the basic dynamics of its molecules.
(For a recent review, see [8,9]; for other work similar
in spirit, see e.g., [10-14]). This paradigm has obtained
support from the following results:

(a) Gravitational field equations in a wide class of
theories—more general than Einstein gravity—
lend themselves to a thermodynamical inter-
pretation [15-17];

(b) Gravitational equations of motion can be obtained
from thermodynamical extremum principles [18,19];
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(c) It has been possible to obtain the density of micro-
scopic degrees of freedom through equipartition
arguments [20,21];

(d) The action functional for gravitation in a class
of theories has a thermodynamic interpretation
[15,22-24];

(e) Einstein’s equations reduce to Navier-Stokes
equations of fluid dynamics in any spacetime
when projected on a null surface [25,26]. This
generalizes previous results for black hole
spacetime [27-29].

(f) The euclidean path integral of the gravitational
action interpreted as a partition function has
provided expressions for free energy, energy and
entropy [30] in the Lanczos-Lovelock models gen-
eralizing previously known results [15,31].

These results show that gravity could indeed be an
emergent phenomenon, similar to elasticity or fluid
mechanics.

Conventionally, however, one treats gravity like any
other field and its dynamics is obtained from a standard
action principle. The fact that the theory obtained by such a
variational principle possesses an emergent description
strongly suggests that the action functional itself must
encode this information. The main purpose of this paper
is to explore several aspects of gravitational action princi-
ple from the emergent gravity perspective and unravel
these features to the extent possible.
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In fact, it is well known that general relativity has some
peculiarities which introduces special difficulties (not
encountered in other field theories, e.g. non-Abelian gauge
theories) when we try to derive the Einstein equations from
an action principle (see e.g., Chap. 6 of [32]). There does
exist a scalar action, the Einstein-Hilbert action, which,
when added to the matter action, can be varied with respect
to the metric to obtain the Einstein equations. Based on the
usual theoretical prejudice [33], the equations of motion
which are second order in derivatives of the coordinates,
are obtained from an action which is quadratic in the first
derivatives of the dynamical variables. The generally
covariant Lagrangian for gravity, however, is forced to be
at least second order in derivatives of the metric since any
scalar made of the metric and its first derivatives will
vanish in the local inertial frame and, by virtue of being
a scalar, is zero in any other frame. The usual choice, R, has
a special structure (viz. linearity in second derivatives)
which allows us to obtain the equations of motion which
are only second order in the derivatives of the metric, if
(and only if) we fix metric and its derivatives on the
boundary. This is possible because we can separate out
the the second derivatives in the Lagrangian into a total
derivative which becomes a surface term in the action. Its
variation does not contribute to the equations of motion if
we set the variations of the metric and its derivatives to be
zero on the boundary.

The main conceptual difficulty with this program—
which makes gravitational action different from those
in other field theories—is that we need to fix both the
dynamical variable and its derivative at the boundary to
obtain the equations of motion. There are some issues with
this procedure. Suppose that the spacetime region we are
considering is the region between two spacelike surfaces.
Assume that all quantities go to zero at spatial infinities. If
we now fix the metric and its derivative on the earlier time
slice, the Einstein equations would give us the correspond-
ing values on the latter time slice. Thus, we do not really
have the freedom to fix arbitrary values for the metric and
its derivatives on the boundaries. Also, setting our eyes on
a quantum theory, we would not want to fix both the
dynamical variable and its derivative at the same spacelike
hypersurface. Another option would be to add a term to the
action, the variation of which will cancel the terms with
variation of the first derivative. A well-known example is
the Gibbons-Hawking-York counterterm [31,34] though it
is not unique [35]. But this entire approach appears a little
contrived and the resulting action, for the Gibbons-
Hawking-York case, although generally covariant becomes
foliation dependent.

There is, however, another aspect to this issue. If we use
gap as the dynamical variables (with an associated canoni-
cal momenta), then it turns out that the surface variation
involves only the variation of the canonical momenta. This
is a nontrivial result and arises only because the surface and
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bulk terms of the Hilbert Lagrangian are connected in a
peculiar manner [22]. This, in turn, implies that one can
treat the Hilbert action as a momentum-space action and
the equations of motion can be obtained by fixing the
canonical momenta at the boundary. Thus, gravity may
be better dealt with in the space of the canonical momenta
corresponding to the metric rather than in the space of the
metric. Further, we will demonstrate that this program will
work with the components of g,;, as variables, but will fail
with g% as variables. Although g is a failure, we shall
find that the components of the corresponding tensor
density, /% = ./=gg?, would also serve our purpose.
The variables f** = /~gg® have been used in classi-
cal literature [36-39] but somehow does not seem to have
attracted sufficient attention in recent years. One of the
purposes of this paper is to advertise nice features of these
variables and some pedagogical results. After a slight
digression on how various expressions simplify on being
expressed in terms of £ and the corresponding canonical
momenta, we look more closely at the result that an
integral of the surface term in Einstein-Hilbert action
over a horizon gives the entropy [15,22-24,40,41] of the
horizon. The results have been obtained for static metrics
in which the action will be proportional to the range of time
integration 7 due to the static nature of the metric. The
integrals of the surface Lagrangian over the horizon will
give 7TS, where 7 is the range of the time integration, 7 is
the temperature and S is the entropy. Usually we work in
Euclidean sector where the natural choice for 7 is the
inverse temperature B, giving 77§ = S. Alternatively,
one can define the surface Hamiltonian [9,40,41] by
Hyy = —(0Ag,/d7) = TS and concentrate on just the
integration over the coordinates transverse to the horizon.
A variation of this integral would provide us with 76S +
So6T. We will show that the variation of the surface term in
the Einstein-Hilbert action for static metrics allows us
to identify the 76S term as arising from the variation
of the dynamical variable g,, or f* and the SST term
arises from the variation of the corresponding canonical
momenta in both cases. (In contrast, such a nice separation
does not work if, e.g., we use g¢” as dynamical variables).
This result extends to a very general class of null sur-
faces, which act as horizons for local Rindler observers
and suggests a simple thermodynamical interpretation of
the variational principle. In any region bounded by null
surfaces, one can introduce local Rindler observers who
perceive patches of the null surfaces as horizons and
attribute temperatures to them. Using this, we can refor-
mulate the boundary condition for the gravitational action
principle as equivalent to keeping the temperature constant
on these null surfaces. We believe this offers some insight
into the thermodynamic interpretation of action principle.
The outline of the paper is as follows. In Sec. II, we
review some well-known results on the structure of the
Einstein-Hilbert action to set the stage. In Sec. III, we show

124011-2



STRUCTURE OF THE GRAVITATIONAL ACTION AND ITS ...

why the variables g, and f = /=gg are preferable
over g* in choosing the dynamical variables for
formulating an action principle for general relativity.
Section IV provides some useful relations between known
expressions in relativity and our canonical variables. In
particular, the field equations can be written in the form
d.fv =0aH,/oNS,, 8.NS = —aH ,/af® (analogous
to Hamilton’s equations) for a suitable Hamiltonian JH gr1f
we use these variables. Section V discusses the variation of
the surface term in the action and explores its relation with
the canonical variables. Finally, we present our conclu-
sions in Sec. VI. The conventions used in this paper are as
follows. We use the metric signature (—, +, +, ..., +).
The fundamental constants G, # and ¢ have been set to
unity. The Latin indices run over all spacetime indices
while Greek indices will be used for purely spatial indices.
The tensor density corresponding to a tensor will be
denoted by the corresponding letter in calligraphic font.
For example, the Lagrangian density will be denoted

by L = /—¢gL.

II. PRELIMINARIES: THE STRUCTURE OF
THE EINSTEIN-HILBERT ACTION

In this section, we shall rapidly review some ideas and
relations known in the literature, in order to set the stage.
As we said, there is an inherent difficulty in trying to build
an action principle for general relativity from which the
gravitational equations of motion can be derived, which
sets it apart from all other theories. The dynamical equa-
tions of motion are not expected to contain derivatives of
the variable of order greater than 2. This normally requires
the action to contain not more than the first derivatives
of the dynamical variables. But in general relativity, we
would like the Lagrangian to be a scalar and any such
scalar built out of the first derivatives will be zero in the
local inertial frame, and by virtue of being a scalar will be
zero in any other frame. The traditional way of dealing
with this situation is to construct an action consisting of the
metric and its first and second derivatives and then arrange
matters such that the equations of motion are only second
order in the derivatives of the metric. In fact, this demand
alone is enough to uniquely identify the action in D = 4
dimensions. This action is the Einstein-Hilbert action,
given by

167TAEH = [yd4x£EH = fvd“x,/—gR, (1)

with Lgg = R in our notation. It is useful to define a
quantity Q,”¢¢ and write the Lagrangian density in an
equivalent form as

Lpy = =80, R,

X @)
0,7 =5 (858" — 54g™).
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The advantage of this form is that it is readily generalized
to gravitational theories in more than 4 dimensions where
our conditions allow other terms in the action in addition to
the Einstein-Hilbert term (see e.g., Chap. 15 in [32], [42]).
It is a well-known result that Ly can be decomposed into
a bulk term, which is quadratic in the derivatives of the
metric, and a surface term which contains all the second
derivatives (see [36,37]). The variation of the bulk term
alone can furnish the equations of motion (as explicitly
shown in e.g., Chap. 6 of [32]) while the surface term,
when integrated over a horizon, is related to the entropy of
the horizon. The decomposition into bulk and surface
terms is given by

Lpy = -Equad + Lo (3)

where we have defined the bulk Lagrangian density and the
surface Lagrangian density respectively as

Lynaa = 2780, T4 T s
-Esur = 280[’\/ _gQadeFZdl

We will also require the expression for the bulk Lagrangian
in terms of the derivatives of the metric. This is given by

“4)

1 .
Lquad = ZMabajkaagbcaigjky (5)

where we have defined a 6-indexed tensorial object
Mabeiik | given by

Mabcijk — gaigbcgjk _ %(gaigbjgck + gaigcjgbk)

+ %(gakgbjgci + gajgbkgci)

1 - . .
+ E(gakgCngt + gajgckgbt)
1 - . .
— 5(gakgbcgl] + ga,)gbcglk
+ gibgjkgac + gicgjkgab). (6)

This has the following symmetry properties. It is symmet-
ric in b, ¢ and j, k and also under exchange of the index
triplets (abc) and (i jk). Equation (5) allows us to obtain the
canonical momenta corresponding to £quad as

\/—_gMabC _ a'\/_quuad _ l
a(aagbc) 2

Note that M“b¢ is not a tensor. Nevertheless, we can define
a rule for raising and lowering of indices as in the case of
tensors and lower the last two indices to define

oL

ade — __ quad 8
3(0,8") ®

MRy g (T)

MZC = gbdgceM

Thus, ./—gM3, is the negative of the canonical momentum
corespondent to g’¢. The negative sign in the last term
arises because 9,8 = —g"?g9,84..
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As we have stated already, the equations of motion can
be derived from the bulk term alone. Once the equations
of motion are obtained, we can find solutions to them,
including black hole solutions, say, without ever bringing
into discussion the surface term. If we now evaluate the
surface term of the action, on the horizon, it will reproduce
the entropy of the horizon in the Euclidean sector.
(In general it gives 7T S where 7 is the range of integration;
we get S when 7 = S, the inverse temperature.) The fact
that the surface term, which is not supposed to know any-
thing about the equations of motion, gives the entropy
when integrated over a horizon demands an explanation.
We stress that, this result—in fact—is a direct hint that
gravitational action principle contains information about
horizon thermodynamics.

The algebraic answer to this question lies in realizing
that the bulk term L,,q and the surface term Ly, are not
independent, but related to each other by the relation

Lo =~ 0(gu a‘ifi‘;z))] ©)

Since it relates a quantity on the surface with a quantity in
the bulk, this relation has been termed ‘‘holography” in the
past [22-24]. It is the same —d(pq) structure of the surface
term that allows us to derive the equations of motion by
fixing the canonical momentum at the boundary rather than
the metric [23]. We shall discuss this issue in the next
section.

Using the canonical momenta M“’¢ as defined in Eq. (7),
we can rewrite Eq. (9) as

Loy = —[0.(/=88sM“")] = 0.(/=gV°), (10)

where we have defined a one-indexed nontensorial object
V¢ given by

Ve

_gachab — gikl"lgk _ ngF;?m — 2Qabcdrzd

. 1
= 209085 = =~ (") (1)

Using the V¢ thus defined, we can write down the following
expression for the canonical momentum M@¢:

1 1
_nggabFfie _ _gbcva.

1
Mabc — gbdgcel"ze _ _ghdgacl"ze _ 5 5
(12)

2

Having thus set up the initial framework, we shall now
turn to the discussion of how certain ‘“‘holographically
conjugate” variables (HCVs) are more suited for the
variation of the gravitational action.
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III. HOLOGRAPHICALLY CONJUGATE
VARIABLES

A. Variation of the action and the holographically
conjugate variables

Let us now consider the variation of the Einstein-Hilbert
action. The variation of the Lagrangian in Eq. (3) is
(see Chap. 6 in [32]) given by

8 Lgy = 0({Lguaa} + {Lsur))
= {/=8Guw8g"" — 9. [V=8M,68" 1}
— 8{0.(V=8g"" M)}
= /=8Guw68"" — 20 [/=gM;, 58]
— . [g"8(=gM;,)] (13)

where M, is as defined in Eq. (8). Note that the surface
variation has two parts, one part arising out of the variation
of the metric while the other part contains the variation of
J—8&M;,, which is the negative of the canonical momen-
tum corresponding to g*’. Hence, in order to obtain the
equations of motion we have to fix both g® and its corre-
sponding canonical momentum at the boundaries. But as
we have argued in the Introduction, there are some funda-
mental difficulties with this program.

On the other hand, if we write the variation in terms
of g.», then a crucial sign flip leads to the cancellation of
two terms (which added together in the previous case) and
we find

8(V=8R) = —=8G" g, — 3 [gud(J=gM™M)]. (14)

Thus we only need to fix the canonical momenta ,/—gM cik_
corresponding to g;;, at the boundary to obtain the equa-
tions of motion. So, some of the concerns raised in the
Introduction about the variational principle in general
relativity can be addressed by treating the action principle
as a momentum-space action and using the covariant
components of the metric, g,, as dynamical variables.
[The addition of the term — d(pg) has a direct interpretation
in quantum theory [22]. Usually, the propagator G(g,, ;)
for the dynamical variable g can be obtained from a path
integral using the action built from a quadratic Lagrangian
L,(g, 9q). The propagator G(p,, p;) in momentum repre-
sentation can be similarly obtained from a path integral
using the action built from L, (g, 9g) — d(pg).]

Since we know that M/ is made of the metric and its
first derivatives, it is natural to ask how the surface varia-
tion term in Eq. (14) looks like in terms of variations of the
metric and the affine connection, in the spirit of Palatini.
(We shall discuss the Palatini variational principle in
Sec. IV D.) The required expression is

_ac[gika(\/__gMCik)] = _ac[zﬁgka(Qingk)]
= —d.[/~gg"8N;,] (15)
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where Q% = 1(858¢ — 6485) is obtained by lowering an
index in Q%¢? as defined in Eq. (2). We have introduced

here a new object,

1
Np. = —T%. + E(Fcbldag +T4,8%) = 0T, + 04Ty,
(16)

which is made purely from the affine connection and does
not involve the metric. The reason for introducing this
object is not just aesthetics as will be clear later, in
Sec. III C, along with the reason for the demand for sym-
metrization in the lower indices.

Let us compare Eq. (15) with Egs. (14) and (13). We
obtained some level of simplification in going from
Eq. (13) to Eq. (14). But ,/=gM““* in spite of its simple
interpretation as the canonical momentum, is a compli-
cated object in terms of the metric and its derivatives
[Eq. (7)] or in terms of the metric and the affine connection
[Eq. (12)]. Hence, it is a pleasant surprise to find that the
surface variation turns out to be a pure variation of the
affine connection. As a consequence, we can let the metric
be arbitrary at the boundary and fix just the connection at
the boundary to obtain the equations of motion. If we
consider the metric and the affine connection as two
different fields a la Palatini, then this is a perfectly accept-
able situation, although a little peculiar since we need to
fix only one field out of the two that we are considering.
The reason for this can be traced to the fact that the
Einstein-Hilbert Lagrangian can be expressed in terms of
the metric, the affine connection and the derivatives of the
affine connection without involving the derivatives of
the metric.

If one wants to think of the variation in terms of the
metric and its derivatives instead, defining the affine con-
nection a priori in terms of the metric and its derivatives,
as we want to do, then it is more difficult to justify setting
the surface variation to zero at the boundary. As regards
the possibility of imposed boundary conditions being in-
compatible with the equations of motion, note that the
momenta have the same number of components as the
derivatives of the metric and hence we should be able to
leave the metric components as arbitrary and achieve the
momenta constraints just by manipulating the derivatives.
Thus, that issue seems to have been addressed, at least at
first sight. The second issue, related to the uncertainty
principle, is not applicable here as we have to fix just the
momenta among the canonically conjugate variables.

Thus, we can make a case for the use of g,, as the
dynamical variables as opposed to g?’. We shall call the
pair (g, /—gM*) as HCVs in the spirit of the —d(pq)
structure of the surface term in terms of these variables.
In the next section, we will see that the same conclusion
can be arrived in an simpler manner using some scaling
arguments. In the subsection after that, these arguments
will lead us to another pair of holographically conjugate
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variables with a symmetric, contravariant, two-indexed
object taking the place of g,,.

B. Holographically conjugate variables
through scaling arguments

In this section, we shall show that the results of the
previous section can also be obtained using simple scaling
arguments. There is an alternate method of arriving at
Eq. (9) using scaling arguments (see Project 6.3 in [32]).
We shall describe this method below since it elucidates the
role played by the use of g, as the dynamical variable
rather than g¢°.

Consider a Lagrangian L(gy4, 9;q4), where g4 is some
dynamical variable and A denotes a collection of indices,
such that the Lagrangian is a homogeneous function of
degree w in g4 and degree A in 9;q4. The Euler-Lagrange
function (see Sec. IV C) obtained from L for the variable

qa is
oL oL
proiho o[ L]
9qa 3(9:q4)
Forming the contraction g4F4 and using Euler’s theorem
for homogeneous functions, one can easily show that

7)

aL
FA = (A + )L — ai[ 7] (18)
qda M qa a(alqA)
If we take L to be \/=gLgaq and g, to be g,,, we
would have u=—1 and A= +2. Also, FA=

—\/—_g(R“h _ %g“bR) — —\/—_gG“b and qAFA — \/—_gR.
Hence, Eq. (17) becomes

9/~ 8Lquad
\/_gR = \/_quuad - ac(gabiqua

19
a(écgah) ) ( )

= \/_quuad - ac(gab\/ _gMcab)'

On the other hand, for the case of g”b as the variable,
we have u = =3, A = +2, FA = /~gG and g,F* =

—./—gR. Thus, we obtain
d./—gL
VTR = L + 3.5 L)
3(0.8")
= \/_quuad + ac[gab(_\/_gMZb)]’

with a crucial sign difference in the second term.

In both cases, the second derivatives are confined to the
surface term. Hence, if the dynamical variables and their
derivatives are fixed on the boundary of the volume under
consideration, the equations of motion can be obtained by
varying Lg,,q alone and will be of second order in the
derivatives of the metric. As has been explained in the
Introduction, we cannot fix both the dynamical variable
and its corresponding momentum at the boundaries. Now,
the surface term that arises from the variation of L4
alone will be of the form d(pdq) and can be eliminated by

(20)

21
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fixing the dynamical variable g at the boundary. But L,q
has the disadvantage that it is not a tensor density and, in
fact, vanishes in a local inertial frame. A —d(pg) term
added to this Lagrangian density, as in the case of g = g,
in Eq. (19), will make it into a tensor density and also
modify the surface term in the variation to the form
—d(gdp), allowing us to fix just the canonical momenta
at the boundary and obtain the equations of motion (see
Sec. II in [23] for a detailed discussion). The explicit
variation of Eq. (20) is

6(\/__gR) = _\/__gGabagah - ac[gika(\/__gMCik)]y
(22)

showing that we only need to fix ,/=gM ¢k at the bounda-
ries to obtain the equations of motion. This is equivalent to
fixing the variation of the connection at the boundaries, as
can be seen from Eq. (15). This insight suggests that
Hilbert action is better considered as describing a theory
in the space of the canonical momenta corresponding
{0 gap-

On the other hand, Eq. (21) tells us that the surface term
occurs with the wrong sign when the variable g’ is used.
The explicit variation in this case leads to

8(J=8R) = y=8Guy08" — 0 [g*8(y=gM})]
- 20.[/=gM;, 55" (23)

The surface term now has the variations of both the dy-
namical variables and the momenta. Generally, textbooks
choose g as the dynamical variable because some extra
care has to be taken to derive the equations of motion if g,
is taken as the variable (see Exercise 6.9 in [32]). But then
one would either have to ignore the variation in the surface
term or cancel it with a counterterm like the Gibbons-
Hawking-York counterterm [31,34], but neither option is
as simple and neat as using g, as the variable and fixing
the canonical momenta at the boundaries.

In the next section, we present another object which,
along with its canonical momentum, forms a pair of HCVs
(holographically conjugate variables) and can be used in
place of g, for a variational approach to general relativity.

C. An alternate pair of holographically
conjugate variables

A natural question that arises is whether g, is unique in
providing us with a neat and clean variational principle for
general relativity. In Appendix A, we have used scaling
arguments to investigate if there are other variables which
may be used in place of g,;, in the variational approach to
general relativity. Although g% cannot be considered as a
good variable for this purpose, we have found an object
with two contravariant indices which appears suitable.
This object is the tensor density ./~gg“’, denoted in
this paper by f%® for typographical convenience. The
variable £ scales linearly with g, i.e. g,, — ag,, leads
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to f% — afe . It is precisely this linear scaling that makes
f a suitable substitute for g,,, as demonstrated in
Appendix A. We shall use the symbol f,, for the corre-
sponding covariant tensor density, \/=—gg,;. Note that f,,
is not the inverse of f%*. See Appendix B for some useful
properties and relations pertaining to f* and its variation.

As proved in Appendix A, writing the Einstein-Hilbert
action in terms of the new variable f%’ reproduces the
structure of Eq. (19). We obtain

) (2
\/_gR_\/_quuad acl:fh a(ac.f”b) ]

=/ _quuad - ac[fabNZb]’ (24)

where we have defined the object Ny, to be the canonical
momentum corresponding to f** for L quaa bY

¢ — a(\/__quuad)
A TEN @

The explicit expression for N, has already been written
down in (16). The reason for the demand of symmetriza-
tion in Eq. (16) is evident now. Note that it is a simpler
object than M and is constructed from the affine con-
nection alone.

Next, let us look at the expressions for variation of the
Einstein-Hilbert action in terms of f¢* and N&,. As we
have argued in Sec. I1I B, the —d(gp) structure in Eq. (24)
gives rise to a —J(g 8 p) surface term, along with the bulk
term which provides the equations of motion as usual.
Using Egs. (14), (15), and (B6), we can write down the
variation as

5(\/ _gR) = Rabafah + fabSRab
— Ryy0f% — o [F*oNS]  (26)

In addition to their utility in simplifying the variation of
the action, there are two main advantages to the HCVs
(holographically conjugate variable pairs) (g, ./—8M cab)
and (f9b, N¢,). The first one is that many known expres-
sions and formulas simplify considerably when written in
terms of these variables and make our theoretical life
easier. The pair of variables (f*°, N¢,) gives a particularly
stellar performance in this regard and will be our variables
of choice for most of the work in this paper. More impor-
tantly, the variations of these variables on a horizon will be
shown to have a direct thermodynamical interpretation.
In the next section, we shall demonstrate the first point
by writing down several well-known expressions and
formulas in terms of the HCVss (holographically conjugate
variables pairs).

Historically, it was indeed noted in the early days of
general relativity that £** is a good variable to use and was
even given preference over g,, at times [36,37]. The
variables £, N¢, were later used, albeit the nonsymme-
trized version of N¢,, by Einstein in his work with
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Kauffman attempting to go beyond general relativity
[39,43]. A recent paper that uses these variables but does
not make the identification of N{, as the canonical
momentum corresponding to £ is [44]. The paper [45]
contains the analogues of some of the expressions in terms
of these variables given in the next section, but the calcu-
lations have been done as perturbations on a flat metric. We
believe the holographic relation between the bulk and the
surface terms of the action gives a simple and elegant
motivation for using the variables (f*°, N¢, ).

IV. GRAVITY IN TERMS OF f“® AND N,

In this section, we shall show that many objects of
common use have simpler expressions in terms of f®
and N¢, than in the conventional description. First, note
that Eq. (B4) allows us to write

9 fab — \/_Baba
BIJZ = 5(551521 + 5252") - (l/z)glmgab,

(27)

and since B¢? is independent of the derivatives of g, we
can write

3(0.f*")
— s = 80~ 8Bj,
9(9,8"™) :

Using this relation and Eqgs. (8) and (25), we get the
relation

(28)

J=8M, = —\/=gBUiN;,,
which enables us to relate the canonical momenta corre-
sponding to g,, and ¢ by

Mcah —

(29)

—Bab Nede, (30)

This can be easily inverted using Eq. (B3) to give

Ncab — _BZIéMCde — _(Mcab + %gabvc). (31)
Looking at Eq. (12), we can see that N}, is related to the
Christoffel symbols by the simple expression (16). Thus,
we can infer that although N} is not a tensor, 6N, is a
tensor because 6I'), is a tensor. Equation (31) can be
readily converted to an expression in terms of the first
derivatives of the metric using Eq. (7). This expression is

1 .
Ncab — _ EBZSMCdujkaigjk- (32)
We can also write N, in terms of 9. £ using the inverse
of (27) to obtain
Ngy = 2\/——[8”3111”;
To replace the first derivatives in the theory with canonical
momenta, we need to invert Eq. (16). This is easily done by
assuming the following ansatz for the Christoffel symbols:

ac(aaghv + SZgas)]aif”- (33)
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e, = aNS, + b(N%,85 + Ni,85), (34)

and substituting back in Eq. (16) to solve for @ and b. We
obtain
1

Ty = ~Nop +3(NGg85 + Npg82). - (35)
Now we can substitute for N¢, in terms of M¢,. (We shall
not display this equation explicitly as it does not appear
to simplify further.) We can use the relation d.g,, =
[, pc +{a < b} and obtain the derivatives of the metric
to be

(N4, 85 + Ngdaﬁ)]} + {a < b},

W[ =

acgab = {_gael:NZc -
(36)

and, further
1
d.f% = I:f“d(NZC - géfole)] +[a—b] @7

We shall now make use of these expressions to express
the Lagrangian, curvature tensor etc. in terms of the HCVs
(holographically conjugate variables).

A. Riemann tensor, Ricci tensor and Ricci scalar

We next give the formulas for the Riemann tensor, the
Ricci tensor and the Ricci scalar in terms of Nj, for ready
reference:

1
Ri = | ~(350. + Ny(Ng, — 58:7)

1

5 5gNgeN§f] —[c+~d] (38)
, vd L e
Ry, = —|0.N;, + N_ Nj. — ngwad , 39
R= _gabacNZb - Lquad» (40)
1
VTER = =[N, = SN f, 1)
— 1 c ab ab pjc

=SNG = 0(FONG,) “2)

1
- E[f‘”’aCNZb + 9. (f*"N,)] (43)

Here, Eq. (42) is the usual decomposition of ,/=gR into a
bulk term and a surface term as given in Eq. (3) while
Eq. (43) is an alternate decomposition in which the bulk
term contains second derivatives of the metric.
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B. The Lagrangian
We can substitute for I's in the bulk term in Eq. (4) in
terms of N¢,s from Eq. (35) and obtain the bulk part of the
Lagrangian to be

' 1.
Lquad = gbdNidjN{b(ll:b‘fg{( - 58{62]

1
- gbd<Tr[NbNd] -3 Tr[Nb]Tr[Nd]), (44)

where we have taken N¢, to be the cbth element of a matrix
N,, and Tr[N,] is the trace of this matrix. This also allows
us to write

1
Lo = 5 Nepdof ™, (45)
with striking simplicity. Note that this exhibits a “pg/2”
structure, which is a consequence of the fact that the
Lagrangian is quadratic in g. We can also write L4 in
terms of M, as

2 . 1 )
Lquad = gbdMélelgc - _glrM{'(ngllk - _gbkM;n'Mgk

3 3

+ 1 ier xyMk
6 8dak8 ir Xy

2
= gder[MbMd] + § Tr[Mk]Vk
1 1
38 AT M, T [M,] + G 8pd vbvd, (46)

which, in comparison to Eq. (44), appears to be quite
complicated. But, from Egs. (5) and (7), the pg/2 structure
arises with the variables (g, /—gM“*) also, as given
below:

\J _g ca
‘Equad = TM bacgab- (47)

The formulas for Ly, have already been given in Egs. (10)
and (24). We have

£sur = ac(\/__gvc) = _ac[gab(\/__ngb)]
= —a.[f*N¢,)] (43)

In fact, the above relations hold even without the
derivatives,

J7BVE = —gup(y/TEMP) = — [N, (49)
This equation will be of use in the study of horizon

thermodynamics.

C. Euler derivative and the equations of motion

The Euler derivative of any function K[ ¢, 9,¢, ...] with
respect to the variable ¢ is defined as

PHYSICAL REVIEW D 87, 124011 (2013)

OK($.9:9,...]1_9K[$,0,4....] [aK[¢,6,¢,...]]

6¢ Ly L a0.9)

aK[¢,a,-¢,...]:|__”
(9,0, )

The function thus obtained is also called the Euler-
Lagrange function resulting from K for the variable ¢.
We will use the notation E[K, ¢ ] for this object. We have
already made use of the Euler-Lagrange functions in

Sec. III B.
The most general variation of K can be written as

+ aua,,l: (50)

oK
0K = % + surface variations. 51

Thus, when the surface terms can be consistently put to
zero, the equations of motion are obtained by equating the
Euler derivative to zero (which is the origin of the nomen-
clature). We shall now list the Euler-Lagrange functions
obtained from L4 for the dynamical variables under our
consideration, namely g?®, g,, and f¢*. The functions are,
respectively,

E[-Equady gah] =W —8Gu, (52)
E[-Equad’ gab] = T _gGab (53)

and
E[ﬁquad’ fab] = Rab' (54)

The equations of motion in the absence of matter can be
obtained by equating these functions to zero. In the pres-
ence of matter, the matter Lagrangian has to be added to
Lquad and the FEuler-Lagrange function of the total
Lagrangian has to be obtained. We then get the equivalent
expressions:

Gab = 87TTab; Gab = 87TTab;
(55)
R,, = 87T<Tab - g;” T).

From Eq. (39), we can write down the equations of
motion as

1
0:Ngy =~ NN +3N6e Ny = 87T(Ta,, - %T), (56)
a first order differential equation in N, with a matter
source term. In the local inertial frame, the equation
becomes

9.N¢, = —87T<Tab - "Z“b T), (57)
which gives a conservation law for the canonical momenta
N¢, valid in a spacetime volume small enough to respect
our local inertial frame. The corresponding equations of
motion in terms of M°?? look even nicer in the local inertial
frame. They are G = 9 .M = 87T i.e.
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9. Me = 87Tab. (58)

Note that in the local inertial frame /=g is unity and hence
M = [=gM°® plays the role of canonical momentum
corresponding to the metric. Thus, if we take a region
small enough for a local inertial frame to be enforced,
the surface integral of the canonical momenta correspond-
ing to the metric components gives the components of the
matter energy-momentum tensor contained in that volume.
Such a balance between gravitational variables and
matter variables will again arise when we study horizon
thermodynamics.

D. Palatini variational principle and
Hamilton’s equations for gravity

In classical mechanics, the variation of the action is
carried out regarding the dynamical variable ¢ and its first
time derivative, ¢ as the independent variables, for the class
of actions which do not depend on the higher time deriva-
tives of g. The momentum p is then defined as the partial
derivative of the Lagrangian with respect to ¢. There is an
alternate way of carrying out the variation considering g
and p as independent variables, with the Lagrangian
being defined as L = pg — H(q, p), where H(g, p) is the
Hamiltonian of the system [46,47]. In this case, after fixing
the variations of ¢ at the boundary, the variation with
respect to p gives the equation ¢ = dH/dp, while the
variation with respect to g gives p = —dH/dq, which are
the well-known Hamilton’s equations. This variational
principle is referred to as modified Hamilton’s principle.

Analogously there are two well-known variational prin-
ciples in general relativity: one in which the components of
the affine connection are considered as given in terms of
the derivatives of the metric and the variation of the
Einstein-Hilbert action is carried out in terms of the varia-
tion of the metric and its first and second derivatives; and
one in which the metric and the affine connection are
considered as independent and varied separately. The sec-
ond method is called the Palatini variational principle [48].
But, as we have been arguing the case for the use of the
HCVs (holographically conjugate variables), we shall now
outline a version of the Palatini variational principle in
terms of the variables (£, N¢,). As these form a (g, p)
pair, this would be a direct analogue of our classical
mechanics exposition of the alternate variational principle.
This aspect is in contrast with the usual approach in which
the metric and connection are treated as independent var-
iables, because the connection I'} . is not the canonically
conjugate variable to the metric g,,..

Using Eq. (39), the Einstein-Hilbert Lagrangian can be
expressed as

J7ER = [ Ry

1

PHYSICAL REVIEW D 87, 124011 (2013)

We will now vary this Lagrangian considering f“* and N "
as independent variables. Note that R, is a function only
of N/, and is independent of f“°, which should not be
surprising as we know R, to be a function only of the
affine connection. The variation of the action (59) with
respect to N', is given by

5(J=ER s = [ 5R (60)

2
= [ e = 2pent, + % g, o Jon,

— 9.(fSN<,). (61)

Once we fix N} at the boundary, we obtain the correspond-
ing equations of motion by equating the symmetrized
coefficient of 6N, to zero. These equations are

1 1
acfab = fadN?d + fbngd - gfumNng? - gfmegmBg'
(62)

Note that (62) is identical with Eq. (37). Thus, the action
principle dictates the connection between N¢, and
(fb, 9,.£"). In order to connect this up with the standard
result Vg% = 0 obtained from Palatini variational prin-
ciple in its conventional form, we need to keep in mind
that the covariant derivative is, as of now, defined as usual
in terms of the affine connection but the affine connection
is not related to the metric or its derivatives. Substituting
f* = /~gg" in Eq. (62) and contracting both sides with
Sap» We can obtain the relation N¢, = (3/4)g"d.g.
which gives us:

3 .
J—gN¢, = Eacﬂ/— ; de, J—glY,=0./~g (63)

We shall now use this result to evaluate ./—gV,.g%.
Expanding ./—gV, g%, we find

\/__gvcgab = acfab - gabac\/__g + fmhrgm + fmal“?m'
(64)

Next, using the identity d../—g = (2/3),/—gN¢, from
Eq. (63) and expressing the connections in terms of N,
variables by Eq. (16), we obtain

1
J=8V.g® = a.f* — fuNb, — fPINe, + gfamNiﬁf

+ %fb’"Nidﬁz, (65)
which vanishes due to Eq. (62). Hence, the equation
of motion [Eq. (62)] is precisely the metricity condition
obtained by the variation of the connection in conventional
Palatini formalism.

We shall now provide an alternate perspective on these
results which would prove quite fruitful. Note that Eq. (62)
can be written as
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d
- (/—gR +f"b60N2b). (66)
ab

9 ab — __
of N

We have obtained here an analogue of the Hamilton’s
equation ¢ = dH/dp. The analogy can be made more
precise as follows. Let us define

1
H, = fab(N; JNi — 5NgCN;fd). (67)

Then, with the notional correspondence f — g and
N¢, — p, we can establish

J=8R— —qop — H,={poqg— H } — a(qp)

= £quad + -£sur' (68)
Comparing Eq. (67) with Eq. (44), we see that
1
g-[g = £quad - Epaq (69)

Thus, the quadratic Lagrangian density that is used to
derive the equations of motion can be also be interpreted
as a Hamiltonian density. The equation [Eq. (66)] can then
be rewritten in the desired form as

aH,
aNG,

def = (70)

Proceeding by analogy, our next stop would be the other
Hamilton’s equation of motion, p = —dH/dq. Consider
the variation of the action [Eq. (59)] with respect to the ¢
variable b, given by

8(VTER)lyi, = Rupdf. (71)

The equation of motion obtained on extremizing the action
with respect to variations in £’ is R,, = 0 which is the
same as

: L. :
—N¢,N¢ .+ gNaCNZd = 9.N¢,. (72)
Referring back to Eq. (67), we see that this equation can be
expressed as

oH

— 8
aCNZh - af‘lb s

(73)
giving the second of the Hamilton’s equations. But unlike
the case in classical mechanics where the momentum
would be conserved in the absence of external forces, we
see that N, is capable of driving its own change, due to the
nonlinear nature of gravity.

The next natural step is to consider the inclusion of the
matter Lagrangian density £, = ,/=gL,,. This can be
accomplished by defining a total Hamiltonian as

Huy=H,— L, (74)

If the first term JH ¢» Which is equal to L,,4, be considered
as a kinetic term, then it is natural to think of £, as a
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potential term as far as gravity is concerned. We shall make
here the assumption that the L, under consideration
depends only on f% and not on N¢,. In such a case,
Eq. (62) retains its form. Thus, if we choose to express
everything in terms of the metric and its derivative, our
assumption is tantamount to the assumption that £ does
not depend on the derivatives of the metric. (This is similar
to the case in classical mechanics when we consider
velocity-independent potentials.)

If we now we take the usual definition of the matter
energy-momentum tensor as

2 a(\/_ng)
T,, = — , 75

we can obtain the following equality:

0Ly, 1 1 B I
EZ) Tap =518 | = =5 BapTin = =5 Tap

(76)

where BZZ was defined in Appendix B. We have defined a
new object T, here, which bears to T, the same relation
as G, bears to R .

Equation (73) is now modified to read

. 0H, oa(6mL,)
aCNab - afah afab
1 _
= —N¢,N¢ + gz\f,gL.Ngfd — 87Ty (T7)

Thus, the presence of matter introduces an extra source
term in the equations governing the evolution of N,.
Using Eq. (39), it is easy to verify that Eq. (77) is equiva-
lent to the usual FEinstein’s equation of motion, R,, =
87TG(Tab - (I/Z)Tgab)

Finally, note that the variation of the total Lagrangian,
gravitational plus matter, on varying f* and N¢, is
given by

8(/—gR + 167 L,,)
1
= [acfab — f“Nb, + 5famNglmalg](SNgb

1 _
- [(aCN;b + N¢,N¢. — gN;;szgd) + SwTab]Sf”b

— 3.(fPSN¢,). (78)

The surface variation given in the second line of the above
equation contains only variations of N¢, and not of f,
which happened essentially because the Lagrangian with
which we started with does not have derivatives of f.
Thus, we need to fix only the “momenta” N¢, at the
boundary to obtain the equations of motion.
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E. Noether current

So far, we have introduced two sets of naturally con-
jugate variables and expressed some relevant quantities in
general relativity in terms of them. The usual Einstein’s
equations have also been derived from the variation of
these variables. In this subsection, we shall relate the
Noether current—which arises from the diffeomorphism
invariance of the action—with the variations of Nj, and
. For a general covariant Lagrangian L(g,, R,pcq), the
Noether current, corresponding to the diffeomorphism
x4 — x* + £, can be shown to be related to the Lie
derivative of I'j . with a particular contraction of the indices
with the quantity P*°? = 9L/dR ,.4. Since N¢_ is a linear
combination of the connections, we can easily convert this
relation into the required relation.

To do this, we first recall the general form of the Noether
current for a Lagrangian L(g,;, R pcq), corresponding to
the diffeomorphism x¢ — x* + £4. It is given by (see, e.g.,
Project 8.1 of [32])

JO=2E4E" + L&Y + 5,07, (79)
where &gv“ is such that V,(6,v?) is the surface term
in the variation of the Lagrangian under the diffeomor-
phism and Ef = 0 is the equation of motion. For the
Lanczos-Lovelock models of gravity, for example,
E¢ = PRy, — 184 and 8,v/ = 2P"IIN 5,8, (see
Sec. 15.4 in [32]), where P> = (JL/dR ,.q) as already
mentioned. The tensor P**“? has the algebraic properties
of the curvature tensor and, additionally, it is assumed
to be divergence-free in Lanczos-Lovelock models:
V , P®<d = (. Hence, for Lanczos-Lovelock models, the
relation between the surface contribution of the variation of
action and the Noether current is

Sevt = J* — 2R4EP, (80)

where R¢ = P%iR,,,.. We now switch to the language of
Lie derivatives. For an indexed object A, while §:A =
A'(x) — A(x) is the functional change in A at the same
value of the spacetime coordinates under an infinitesimal
coordinate transformation from x’ to x’ + &, the Lie
derivative of A is defined as ¥;A = A(x) — A’(x), thus
giving &; = —8,. Now, we can use ¥ g, = V,& +
Vif d to find

Qé:v" = —2P“bdivbvd§i - 4P“ibdvbvd§i

= 2PN,V g + 2R EM, (81)

where, in the last step, we have used P%??V, V& =
—(1/2)peibdR .. &™. Therefore, the Noether current turns
out to be

JO=2RIEN + 5,00 = 2REED — Qv

= 2P“bdivbvd§i. (82)
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We will now reexpress this in terms of the variation of
the connection. We know that, although I'} . is not a tensor,

its Lie derivative is a tensor:
ESFZC =V, V.é*+ R, LEM (83)

Contracting the above expression with PP, we find

2Pib"aﬁgl“zc = Ji — 2RI &m. (84)
Therefore, from Eqgs. (80) and (84),
5§vi = 2Pibca8§FZC. (85)

It turns out that, in general relativity, we can easily
write this expression in terms of N{.. To do this, note
that in the case of general relativity, L = R and P<® =
1(gicg® — glaghc) = Qibea. Now, since N{, is related to
I's. by Eq. (16), it is easy to show that
2P L, T8 = gVNi,. (86)

So, the surface term in the variation of the Lagrangian
density ./—gR can be expressed in different ways as
[compare with Eq. (15)]

JEVi(8gv') = 2/=gV (P L, T,)
= /—gvl‘(ngng)icy),

while the sought-after expression for the Noether current in
terms of the variation of Nj . is given by

87)

Ji=2Ri M+ gOLNL, (88)

F. Canonical energy-momentum pseudotensor

From the bulk part of the Lagrangian, one can define
the canonical energy-momentum pseudotensor (up to
overall factors, also known as the Einstein pseudotensor
[36,37,49,50]) as

o= a(\/_quuad) 9

k a(ag b) k8ab — Biv_quuad (89)
d(/=8Lquaa) .
~ 6, fa‘gl;ad 0f" = BN fLqua  O0)
. 1 .
= Ni,0,f* — 552(1\’2;,30][“1’), 91)

which, when taken together with the matter energy-
momentum tensor, satisfies the conservation law (see
Appendix C for a proof):

a;(t; — 16 /=gTi) = 0.
Finally, we mention that the “trace” of the pseudotensor
can be related to the Hamiltonian JH ¢» defined by Eq. (67).
From Eq. (91), after contracting with 8%, we find 7 =
—N¢,0,.f which is —2Lg,4 [see Eq. (45)]. Therefore,
using Eq. (69),

92)
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fh=—-2H,. (93)
This concludes our discussion of standard features of
general theory of relativity in terms of the canonically
conjugate variables (f?, N¢,). We shall now discuss the
connection between the HCVs (holographically conjugate

variables) and the thermodynamics of horizons.

V. THERMODYNAMICS WITH
THE HOLOGRAPHICALLY
CONJUGATE VARIABLES

In this section, we shall show that the variations p&¢ and
q6p obtained from our sets of HCVs (holographically
conjugate variables) have direct thermodynamical inter-
pretations when integrated over horizons. We shall first
prove the results in a general static spacetime. Then, we
shall specialize to the spherically symmetric case and
examine Schwarzchild and Reissner-Nordstrom horizons
in order to obtain a physical feel of our results. Finally, we
shall show how our results generalize to integrals over any
null surface which acts as a local Rindler horizon.

A. Preliminaries

We shall first set up a couple of relations involving the
two canonical momenta before we proceed to the thermo-
dynamic relations. From Egs. (22), (26), and (B6), we
see that

d[gud(J=gM™M)] = o .[/=gg" 6Ny ) (94)
Since V¢ = —g,,(/—gM?) = — f9®N¢, we also have
8gi(/—8M ™) = & N¢,. 95)

The variations 8(,/~gM") and g"*g" 8N, are not equal
but become equal on contraction with g.,. To characterize
the difference, we define a tensorial quantity

Habcd = gacgbd — (1/4)gabgcd’ (96)

which has the property that He<g,, = H%<lg = 0.
This quantity is also a projector since we have
HbHedel = Habel In fact, any indexed quantity Q%
can be written as

Qab... — gabgchcd... + H?L?ch...’ (97)

S -

where dots indicate indices which are not displayed. A
contraction with g,;, will pick up a contribution from the

first term and a contraction with H% will catch the second
term. Using H*”“¢, we can write

8(/—gM™) — [g"* g~ 6N§, ]

= 2(H* 8¢ — H*R §7)8T%,, (98)
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which makes it clear that 6(,/=gM“") and g"*g*’ SN§, are
not equal but become equal on contraction with g,,.

Having set up these relations which would allow us to
easily hop between the two pairs of HCVs (holographically
conjugate variables) that we have, we shall now study the
variations of the surface term of the Einstein-Hilbert action
on a horizon in terms of our variables.

B. Surface term and its variation

In this section, we shall calculate the variation of the
surface term for an infinitesimal change of the metric. It is
a well-known result that the surface term integrated over a
horizon in a static metric will give the entropy of the
horizon [15,22-24,40,41]. More specifically, it will give
TS, where 7 is the range of time integration, T is the
Hawking temperature of the horizon and S is the
Bekenstein-Hawking entropy of the horizon. Euclidean
time arguments are used to replace 7 by S, the inverse of
the horizon temperature, to obtain just S. We shall not use
this approach. Instead, we shall get rid of the pesky factor
of 7 hanging around by defining the surface Hamiltonian
for a static metric [9,40,41] by

Hsur = _(aAsur/aT) =TS. (99)

Then, we need to do our integrations only over the coor-
dinates transverse to the horizon. If we then consider a
variation of Hg,, it can be split into two terms: one corre-
sponding to the variation of the metric variable—like pdgq;
while the other one is like ¢6 p, coming from the variation
of the momentum variable N¢, or .,/~—gM*>. We first give
the general expressions for these terms in terms of metric
coefficients and the perturbation #,,. Next, we shall ex-
plicitly calculate them on the horizon for a general static
spacetime. Interestingly, the first term will lead to 768
while the other will give SOT. Finally, we will generalize
this result to an arbitrary null surface.

As already described in Sec. II, the surface term in
the Einstein-Hilbert Lagrangian is given by Ly, =
d.(,/=gV°), where V¢ is defined in Eq. (11). In order to
look at the variations of H,, we need to compute
8(,/=gV®). From Eq. (49), we can split the variation of
the surface term into two components as

8(JTEVE) = —N<,8f% — SN¢, f (100)
= T/ _gMcuthab - 3('\/_gMcab)gab'
(101)

In fact, from Eqgs. (94) and (95), we know that N/, & fb =
JgM8g,, and SNI,f* = 5(/~gM")g,,. We
shall work with the variables f*” and N¢, for the moment.
In terms of these variables, it is clear that the first term in
the above set of equations corresponds to variations of the
metric while the second term corresponds to variations of

124011-12



STRUCTURE OF THE GRAVITATIONAL ACTION AND ITS ...

the connection. The variation of the surface Hamiltonian
Hg, in Eq. (99) can then be split into two terms as

1 1
Hsur = E deXJ_NZbeab + ET /dlefabBNZb,
(102)

where the integration is over the variables transverse to the
horizon and the index n refers to the direction normal to the
horizon (see Sec. VB 1 for an explicit example).

To facilitate the calculation, we shall write down
expressions, up to linear order, for small changes in the
metric. Suppose the change in the metric is of the form
ab — &ap + hup With hyy, treated as a first order perturba-
tion. (To be more precise, we should work with €h,;,, and
retain terms linear in € and finally set € = 1. We shall not
bother to do this.) Under this change, the terms in Eq. (100)
are evaluated up to linear order in A, as

N4 Sf = J=gN¢ ( hgit — h/k) (103)

and

SN[ :f]k[ —8"ahy + Egababhjk +hd g

1 1
- Eh‘”’@bgjk] S L Dy — 138
(104)

where h = g%h,,,. In the following, we shall evaluate the
above terms on the horizon for a general static spacetime.

1. A general static spacetime

For any static spacetime with a horizon, we can choose
an arbitrary 2-surface and write the line element in the
form [51]:

ds?> = —N*df* + dn* + o pdy*dy®, (105)

where the coordinate n corresponds to the spatial direction
normal to the specified 2-surface and o4 is the transverse
metric on the 2-surface. We shall assume that there exists a
Killing horizon determined by the timelike Killing vector
& = 0, with the location of the horizon given by the
condition N> — 0. We will choose the coordinates such
that n = 0 on the horizon. Then, near the horizon, N and
o 4p have the expansion [51],

N = kn + O(n?); (106)

715 = [0V ap + 5[020)un + O,

Here, k is the surface gravity of the horizon. To evaluate
Egs. (103) and (104) on the horizon, we shall first calculate
them on the n = constant surface and then take the limit
n — 0. The nonzero components of &, are h,, = —2NJSN;
hyg = 00, and the relevant nonzero components
of Nj are
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_9,N 1

N} = —No,N; NI, N ABy o ap:
1 (107)
Nip = zanO-AB
Using all these in Egs. (103) and (104) we find
) N
NS fi = Joa*B8a,450,N —E\/EO'ACO'BD5O'CD3,10'AB
N
+E\/EO'A360'ABO'CD8,,0'CD
+Joo*89,0,56N:; (108)
and
JIRENY, = 2/09,(8N) + N\Joo*Bd, (87 4p)
N
_E\/;(TACO'BDS(TCD(?”UAB. (109)

Note that the variations that we have considered here are
such that the structure of the metric in Eq. (105) is pre-
served. We now take the horizon limit and specialize to
variations which stay on the horizon, i.e., we take the limits
N — 0, i.e. the horizon limit n — 0, and 6 N — 0. [See the
paragraph after Eq. (112) for a discussion of the nature of
the variations considered.] Using the near-horizon expan-
sion of N from Egs. (106), (108), and (109) become

N?k5fjk|11 = 2k8(J/o); fijN;HH = 2/ 8k
(110)

Integrating over the transverse variables and introducing
the appropriate numerical factor, we find that the two
terms in the variation of the surface Hamiltonian Hy,,
[see Eq. (102)] are given by

1 A
— | d*x,N". 6 “b——8( ) 76 111
167Tf TLNapd I =520 5 (1

1 AL\s( X
L 42 abgN? = <_>6<—> = SoT. 112
167 f xJ_f ab 4 2T ( )

In obtaining these results, we have appealed to the zeroth
law of black hole thermodynamics [52,53] [See also
Eq. (61) in [51]] and taken x and &« to be independent
of the transverse variables.

Let us now examine the nature of the variations we have
used to obtain our results. As we have already mentioned,
the variations are such that they preserve the nature of the
metric in Eq. (105). So the variations cannot give rise to
components of the metric that are zero in Eq. (105).
Further, the variations that we are considering are
differences between quantities evaluated on horizons,
which means that we demand 8(N?) = 0 or equivalently
6N = 0. The final horizon need not be at the same location
as the initial horizon, as will be the case in the physical
example we shall consider in the next Sec. VB 2.
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Before proceeding further, we address, as an aside, the
following question: We saw in Eq. (112) that there is a
clear correspondence between the variations pdq and gd p
on the one hand and 78S and S6T on the other hand. How
special are the variables (g, /—gM*“*) and (f*, N,
with respect to this result? At first sight, it might seem that
the separation of the 8(7'S) term into 78S and SS8T terms
just corresponds to the separation of the terms with the
variation of the metric and the terms with the variation of
its first derivatives. We have explicitly verified that this is
not the case by considering the splitting

5(\/_‘/0) — _5(\/_gach

— M, — fUOMS,  (113)

which did not provide us with the 76S + SOT splitting.
The next natural question would be whether the
{T 58S, S8T} structure corresponds to the {p&q, ¢ép}
structure since (g5, /—gM*’) and (f9, /=gN¢,) are
canonically conjugate variables. To answer this ques-
tion we looked at another canonically conjugate pair

—J—8M¢,) [see Eq. (8)]. The corresponding
Varlatlon

B(,/T8V) = —dlg™ =EM,)
=~ VRN 08— g O(TEM,)

also failed to give us the {T'8S, SST} splitting, proving that
it is not a purely a result of the {pdg, g8 p} structure. Thus,
ga» and f° and the corresponding canonical momenta are
indeed special for our purpose. Although we have not yet
discovered a completely satisfactory reason as to why this
must be so, we do have some indication that it must be
related to the scaling arguments detailed in Appendix A.
We hope to return to this issue in a future work.

We can rewrite Eq. (111) in the form of the thermody-
namic identity 7dS = dE + dW. In order to obtain this
identity, we shall borrow some of the results derived in
[16]. To begin with, we need to find the variation of /o. If
A is the affine parameter corresponding to the tangent
vectors of the outgoing null geodesics, then near the hori-
zon we find that

(114)

A=Ay + %mﬂ + O(n?), (115)

where A = Ay is the location of the horizon. Expressing
Eq. (106) in terms of the affine parameter, we obtain

N = V2i(A = A2 + O((A — Ay)¥/™;
oap = log(y, Ap)ag + k [o(n, Ap)lap(A — Ap)
+ O((A — Ap)*?). (116)

Let us assume that the transverse metric is independent
of whatever parameters are present in the metric. (An
example is the Schwarzchild metric where the transverse
metric is independent of the mass.) Then, the variation of
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Jo would be purely due to a shift in the location of the
horizon and can be written as

\/ d
oo =8y Jo =T 5N == «/‘aAB “AB SA
=—\/0'0'25A,
2K

where in the last step Eq. (116) has been used and o, =
04B[ 0, ],45. Therefore, we have
N3 fF = Joo,8A.

Near the horizon, the nn and ¢ components of the Einstein
equations can be written as [16,51]

(117)
(118)

%(02 — Ry) = 8x T, = 8nT}, (119)
where R); denotes the Ricci scalar on the two-dimensional
surfaces of constant n and ¢. Substituting this in Eq. (118),

we have

N3 fHly = Jo(16mT: + RSA. (120)

Here, * can stand for either n or ¢ because, in our case,
T" = T!. Integrating over the transverse variables and
using Eq. (111), we obtain

)5A

jdleNn 5fab = [dle\/_<T*
= T$§S. (121)

The first term in the above equation can be interpreted
either as an [ PdV term or an [(—p)dV term, where P is
the transverse pressure and p is the energy density at the
horizon, whereas the last term can be interpreted as the
variation in energy associated with the horizon 8E (for
details, see [16]):

8E = fd2

Then, we arrive at either of the following two equations:

” oA, (122)

SE = T&S + f pdV; (123)

OE=T0oS — [PdV. (124)
Thus, we see that the variations of the surface term on a
horizon in a general static spacetime can be given a ther-
modynamical interpretation.

We shall now specialize to a spherically symmetric
metric in order to gain some more physical insight into
our results.

2. An application: Spherically symmetric metric

In this subsection, we shall specialize the results of the
last section for a spherically symmetric metric of the form
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2

dr
f(rA)

s2 = —f(r, \)dt* + + r2d6? + r’sin20d p>.

(125)

Here, A is a parameter in the system, like the mass M for a
Schwarzchild metric. We shall assume that there exists a
horizon at r = r;, such that f(r,) = 0. In order to use the
results in the last section, we need to write this metric in the
form of Eq. (105). Define a parameter n such that dn> =
dr’/f(r) and n = 0 at the horizon. Near the horizon, we
can expand f(r) as f(r) = 2k(r — r;,), where k is the
surface gravity associated with the horizon at r,. Taking
square root and integrating from » = r;, to r = r, we obtain
n = 2/k(r — r,)"/2. Comparing with Eq. (115), we see
that r plays the role of the affine parameter here. Having
obtained this expression, if we now make the identification
N? = f(r) and note that o,z is the metric on the surface of
the sphere with radius r; we have made all the connections
necessary to carry over the results in the previous section.
But rather than referring back to the results in the last
section, we shall rederive these results (in a slightly differ-
ent manner) since many of the integrals in the last section
can be explicitly evaluated in the current case. Also, it
will be a good consistency check on our results from the
last section.

For the spherically symmetric metric, the radial compo-
nent of the surface term in the Einstein-Hilbert action Agy
[see Egs. (1), (3), and (10)], i.e. ,/=gV’"/167 integrated
over # and ¢ at the 2-surface at r = ry, gives us —T'S.

—[ dH[ d¢ =gV = —TS (126)

167

From Eq. (99), we can see that this is the negative of the
surface Hamiltonian of the horizon.

We shall now look at the variation of the surface
Hamiltonian, splitting the variation into a gdp part and a
poq part as in Eq. (102). Our aim is to give a physical
example for the results we obtained in V B 1. We shall start
by considering the variation as being due to the variation
of the parameter A due to which the horizon will undergo
a shift in position. The condition that the variation is
between horizons then means that the variations 6A and
&y, are connected by the relation f(r,, A)= f(r), + Ory, A+
61)=0, which implies

ﬂ(S/\ = —f'5rh,

= (127)

a condition that we shall use to simplify our expressions.
The pdg term in this case is given by

—/ d@[ d$NT, 51,

o7 _Thy 5(477'rh)
Do, (277)( . ) 755,

(128)
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where we have used the relations that Hawking tem-
perature T = «/27 = f'/47 and Bekenstein-Hawking
entropy S = A /4. As can be expected from Egs. (126),
(100), and (128), we can obtain the gd p part as

1 T 21 b
— [ Tas | " agrersn,l,-,
167 Jo 0 !

(o )G

Equation (128) can be rewritten making use of the Einstein
equations to provide a clearer physical picture. The
Einstein equations for the spherically symmetric metric
are given by

= S6T.

Iy

(129)

T f—1
G! =Gl = % — 8T = 8aT;  (130)
2 /_l’_ 1!
Gy =G% = 2T g —sar. (131
2r

Substituting in Eq. (128) from Eq. (130), we obtain

— f do / d$NT, 51,

167
5rh or T'n 2 =17
- + Ti(47ridry,) = > + T} (477}, 01)) 8S.

(132)

The factor 4772 87y, is just dV, the change in volume when
the horizon shifts outward by an amount r,. Let us
assume that the region outside the horizon contains a
perfect fluid at rest. The energy-momentum tensor will
be given by

Tab = (P + P)uaub + Pgab’ (133)

and we have Tg = —pand T’ = P. Then, if 6r;,/2 (which
is 6M in Schwarzchild case) is interpreted as the change in
energy OF, Eq. (132) can be written either as

SE =T8S + pdV (134)

or

OE =T56S — PoV. (135)

Among these two interpretations, Eq. (135) is in the famil-
iar form of the first law of thermodynamics but Eq. (134)
may be physically more intuitive as it makes clear that
there are two contributions to the change in the energy: one
contribution from the change in the area of the horizon
(TS term) and another from the energy density of the
matter engulfed by the horizon when the horizon expands
outward (pdV term).

To understand this interpretation clearly, let us consider
the special case of the Reissner-Nordstrom metric. We can
rewrite Eq. (132) for this case by substituting for ér, in
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terms of 6M and 6Q using r, =r. =M = m
We obtain
U " a0 [T agnr, 5
o ["ae [T agn;, 00,
QoQ
M0

where the left-hand side has already been identified with
T5S. Further, with §E = 8r;,/2, we can obtain

= 0M — (136)

2
SE - T55 = 2 (4mrsr,). (137)
8mry
The energy-momentum tensor for an electromagnetic
field, which is acting as the source, is given by the
expression [54]

1 1
T, = —(FM,F,,” — = 8urFpoF? ) (138)

47 4
For the electromagnetic field of a Reissner-Nordstrom
metric, there is only one independent nonzero component
of the field strength tensor, F,, = —Q/r?. Evaluating the
T) component at the horizon, we see that Eq. (137) can be
rewritten as

SE — T8S = —T\(4mr,>ory), (139)
which leads to 6E — T6S = pdV. Thus, we reproduce
Eq. (134). Of course, we could also write this relation in
the form of Eq. (135). But the current version seems easier
to relate to as the right-hand side in Eq. (137) represents the
contribution from the electromagnetic energy density that
the horizon engulfs as it expands outward.

3. Generalization to an arbitrary null surface

In the context of emergent gravity paradigm, one exten-
sively uses the concept of a local Rindler frame and local
Rindler horizon [17]. A local Rindler horizon is essentially
a patch of the null surface in the locally inertial frame.
Every local Rindler observer would attribute a temperature
and an entropy to the local Rindler horizon. Hence it is
natural to extend the above analysis for the metric near an
arbitrary null surface. We shall now discuss this formalism.

The metric in the neighbourhood of a null surface is
given by

ds®> = —2radu® + 2drdu — 2rB,dx*du + p,pdx*dx®,
(140)

where r = 0 corresponds to the null surface. (A detailed
construction is presented in [55,56].) As usual, we will
first calculate all the quantities on an r-constant surface
and then take the » = 0O limit. The starting point is to find
the normal to an r-constant surface, which is given by
n, = NV,r with N = 2ar + r282)"2. The nonvanishing

PHYSICAL REVIEW D 87, 124011 (2013)

component of n, is n, = N. The surface term on the
r = constant surface is given by

1
Ay = — f dBxJhn, V", (141)
167
where V" = —(1/g)d,(gg"”). For the given metric, it turns
out that
JE
h=-"—;
Vi N
1
Vr = = i+ o {uCra + P} + y(urBh)
M
(142)
Therefore,
1
Vhn, Vi = ——a,u — JuQa + 2rd,a + 2rp*
N
2ra + r?3?
+2r7B49,8%) — ——="— 0,1
A N
A
-
— JHra B — ﬂﬂAM- (143)

JE

Since, the integration variables in Eq. (141) are u and the
transverse coordinates x4, it is convenient to take the r = 0
limit at this stage. This reduces the above equation to the
following form:

1
Vhn, Vi = ——a,u — 2 /ma. (144)
N
Assuming the Taylor series expansion:
JE =AY uOCA) + rf(u, x*) + O, (145)

we have 9,/ = rd, f(u, x*) + O(r*), and hence near the

null surface we can write
JE = .

Therefore Eq. (144) reduces to Jhn, Vi = =2 uOa.
Finally, substituting this in Eq. (141), we find

1
—— g, =20, = 0; 146
JE Jr (146)

1
Agr = — — j dud®*x"\ ua. (147)
8
We next expand « in a Taylor series as
a(r, u, x*) = ag(x?) + rg(u, x4) + - - -. (143)

Using this in Eq. (147) and then performing the integration
from u = 0 to u we find

@Ay

Asur = u, (149)

8
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where we defined an average surface gravity @ as
fd2xA ,U«(O)ao(xA)

5[0 = AL . (150)

Thus the surface term, calculated on the null surface can be interpreted as Ay, = —uTS, where T = a,/27
and S = A, /4.

Next we will calculate the terms in Eq. (104), which arise due to the metric variation, on the null surface. We only need
to compute f*” 8N}, since the the other term can be identified using Eq. (149). Expanding f/*8N7, under the metric (140)

we obtain
FIRENT =2f 9 SNG, + f7r NI, + 2 ASNT, + fABSNT,,
1. . 1. ~ 1 1
= 2\/225[_5(%“ +§BAar:8A +ZIu’AC6u/‘LAC] +/u2ra+ ”Z,BZ)S[EMACGNU«AC]

1. 1. 1 1 1 _
+ 2r,8A\/l_’~5|:_§3r,3A +§:8Car:uAC +—,U«BD<9A,U«BD:| + \/EMABS[EGMMAB + 5('82 — @), pap — DABB:I,

4
(151)
where
roo— T ll'*a_ll'*u T FA — 1 = 1_A ) 1 AC .
Nur - Ly +5 au ~ 5( uu ~ Lour + Au) - _Eara +EB arﬂA +ZM auMAC’
1
N;r = Fgr = Fﬁr = E/U“ACarIU“AC;
roo— r 1 [/ — 1 u r B — 1 ) 1 RC 1 BD .
Ny, =-T,+ EFQA = E(FMA -, + FAB) = _zar:BA + 518 d,ac + ZM dAMBD;
1 1, - _ 1 _ _
Nip=-1)p= Eau/LAB + 5(132 —@)d, pap — E(DABB + DgBa), (152)
[
with & = —2ra and B, = —r[3, being substituted in the =~ Now since Ay, = uTS, the other term in the variation

expressions. [To calculate the components of Nj. we have  will be

used Eq. (16) and the expressions for the connections

evaluated in [56].] Near the null surface (r = 0= 6r = L fdstr_ Sfik = uT$s. (156)
0), the above result reduces to 167 it

N 1.1 e Thus, we have generalized our thermodynamic interpreta-
VA 5N,r~k =2/umd [ 3 J,a + 2 M~ au/U“ACiI tion to the case of the variation of the surface term in the
| Einstein-Hilbert action evaluated over an arbitrary null

+ERO| 5 0uman | (153)  surface.

C. Connection with the ADM formalism

In this section, we shall make some comments relating
our formalism with the standard Arnowitt-Deser-Misner
o) ,U«(O) Say. Therefore, the analogue of Eq. (112) in this (ADM) formalism .[57]. We expect to ﬁqd some parallels
between the two, since the ADM formalism also uses the
language of canonical variables. The major difference, of

1 3 ks 1 5 ) course, is t.hat we have not assumeq a particular foliation'of
Tom fd xf 5Njk 8 [d xyuday, (154) the spacetime. In the ADM formalism, we assume a folia-
tion of the spacetime with a family of nonintersecting

Finally, use of Egs. (145) and (148) lead to vanishing of last

two terms near r = 0 and thus we find ff"ﬁNj’-kI,:O =

case would be

which can be represented as spacelike hypersurfaces. The dynamics is then generally
considered in the volume bounded by two such spacelike

1 [ Bxfiks N’, = uSaT. (155) surfaces and two timelike hypersurfaces, with one of the

167 / timelike hypersurfaces assumed to be at spatial infinity.
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In the following treatment, we shall borrow the required
expressions from Chap. 12 of [32].

The dynamical variables in the ADM formalism are
the components of 1,5 = g,p, the induced metric on the
spacelike surfaces of the foliation. The definition of the
term ‘“‘canonical momenta” in the ADM context is differ-
ent from the definition that we have adopted for our formal-
ism in that the canonical momenta in ADM formalism
refers to the the derivatives of the Lagrangian with respect
to the time derivatives of the metric components and hence
correspond to ,/~gM®" in our formalism. The ADM
Lagrangian, Lapy, leads to nonzero canonical momenta
conjugate to h,g while the momenta corresponding to the
other metric components vanish. (This does not happen for
Lgyaq and one can find that M*® and M are in general
nonzero.) The canonical momentum corresponding to /1,
is given by

P
af — (/= I aB _ af
p o) (vV/=2LapMm) Vh(K KheB).
(157)

Here, K“P represents the contravariant components of the
extrinsic curvature K,,, = —h%V n,. The extrinsic curva-
ture for this particular foliation is given by

K™ = —Nh"p"*T0, = Nhem " NO, . (158)

Note that all the indices in the above expression can take
only spatial values since h°" = 0. Taking the trace, we
obtain

2\/EK — —\/—_gVO _ 2\/—_gnmnnM0m",

which is the expression relating the Gibbons-Hawking-
York counterterm [31,34] with the surface term of the
Einstein-Hilbert action (see e.g. Exe. 6.3 of [32]). We
next write the expression for p*#, given by

alB SyB _ SypB
PP = 27800 Ty = ~2J78Q0) Ny

where 2004 = h*h® — h*"h, in analogy with Eq. (2).

Having thus made the necessary connections between
the variables, we can look at the variations of the action
in the two formalisms. In fact, the variation obtained in
Sec. 12.4.3 of [32] [see Eq. (12.111)] is similar in structure
to the integrated version of Eq. (22) with a ¢dp surface

term. This variation is given by
[v 8(J=gR) = fy d*x\/=8Gp 68"

+ d’xeh,, 6 p®,
j;\/ abOp

(159)

(160)

(161)

where € is —1 on spacelike parts of the boundary 9 V and
+1 on the timelike parts. Here, %, is the induced metric on
the surface of integration and p?® = —/h(K* — Kh),
where K, is the extrinsic curvature corresponding to that
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surface. Equation (157) is a special case in which the
surfaces are constant time slices. In obtaining this expres-
sion from the variation of the action, a surface term has
been thrown away assuming that the surface of integration
is compact. Comparing with the integrated version of
Eq. (22), we obtain

—/ d*xg i, 8(/—gMc*) =/ d’xeh,, 8 p.
v v
(162)

Here, 71, is the unnormalized normal to the integration
surface. For example, if we were integrating over the upper
time slice of the boundary of a usual ADM integration
volume, an x° = constant surface, we would have n, =
— 89, where the minus sign ensures that 71, is in the
direction of increasing time. The normalized normal in
this case would be given by n, = —N8&% On the other
hand, if our integration volume was inside an r = constant
surface, we would have 71, = 6 and the normalized nor-
mal would be given by n. = (1/g'7)8%. Thus, we have
obtained the correspondence for the ¢ p variation term.

For connecting up with the pdgq variation term, consider
the following relation:

[v 5(J=gR) = fv B2 /"5G oy Og™
+ 6(/6Vd3x2\/zKe>

— | &Bxeptsn,, 163
/:ﬂ/ D b (163)

If the second term was the variation of our usual surface
term in the Einstein-Hilbert action, we could have com-
pared the last term directly with the integral of NJ f term or
Mdg term. But we have here the Gibbons-Hawking-York
counterterm instead of the surface term in Hilbert action.
To obtain the desired relation, we first write down the
structure of the usual variation of the Einstein-Hilbert
action. This is given by

[ 5(y=8gR) = [ d*x\/=8Gy 88"
v v
+ 5([ d3xen,~\/ZVi)
E%
— j BxnVhMPSg,,.  (164)
vV
Comparing Eq. (164) with Eq. (163), we obtain
- d*xep®Sh,, = —f BxnNhMiab g,
,[aV P b vV Bab

+ B[LVd%E\/Z(niV" - 2K)].
(165)

We can now use the following result (see Exe. 6.3 in [32]):
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Vén, — 2K = 2h“b6bna —n"h"0,8 = —N"H"0,8m
(166)
where we have used the result d,n, = —(e/2)n,n;n;.d,8"

and h*’n, = 0 (see Sec. 12.4.3 in [32]). If the metric has no
off-diagonal components with respect to the coordinate
which labels the surfaces of foliation, the right-hand side
of Eq. (166) vanishes on the foliation surfaces. In such a
case, if we assume that the boundaries of our integration
volume other than the foliation surfaces do not contribute,
(i.e. in ADM formalism, for example, assuming the inte-
gration region is between two time slices and a timelike
surface at spatial infinity where all fields go to zero), we
can write Eq. (165) as

f dBxep®Sh,, = f BxnhMisg,,.  (167)
avV avV

This is the desired connection between the p ¢ variations;
but unlike Eq. (162), this relation is valid only when the
coordinates are chosen such that 2K = n,;V‘, which can be
achieved by demanding a metric block diagonal with
respect to the foliation coordinate. (If we take t =
constant surfaces for our foliation, for example, then the
shift function should vanish.) Further, only the foliation
surfaces should contribute to the surface integral. Hence, to
summarize, we have a relation between the “gdp” varia-
tions in ADM formalism and our formalism, Eq. (162):

—f d3xgikﬁ66(1/—gM"ik)=j‘ d’xeh,, S p,
v v
(168)

and, in coordinates in which the metric is block diagonal
with respect to the foliation coordinate and nonzero con-
tributions to the surface term come only from the foliation
surfaces, we also have the corresponding relation between
p&gq variations, Eq. (167):

f BaxnNhMiab sg,, = f Bxep®Sh,,.  (169)
oV %

D. Action principle as a thermodynamical
extremum principle

In the previous analysis, we have shown that Lg,,q can
be interpreted as a Hamiltonian (Sec. IV D)—more pre-
cisely a Hamiltonian density—and the surface integral
arising from L, leads to —7'S on a horizon (Sec. VB).
This interpretation leads to the interpretation of the
Einstein-Hilbert action as a free energy, Agg = 7F =
7(E — TS), where 7 is the range of time integration in
any static geometry, which has been explicitly demon-
strated for static metrics in Einstein gravity [24] and also
for Lanczos-Lovelock models [30]. We shall now use this
interpretation to formulate the principle of extremization
of gravitational action as a thermodynamic extremum
principle.
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The variation of the action is given by integrating
Eq. (26) over a spacetime volume. This variation is
given by

167m8Agy = fy d*x8(/—gR)

= | d*xR,, 81" — f BxJhn;g* SN,
fv v0f )V 8O
(170)

where we have rewritten the volume integral of the total
divergence as a surface integral.

Now consider the variation of the action on-shell. For
pure gravity (R,;, = 0), the above variation reduces to

1 o
SApy = — —— Bxhn; g’k SN

1 )
= dPxfI*6NX,
[aV / J

- 171
167 71

on the X = constant surface. Here X = n for a static space-
time while X = r for null metric. From Sec. V B, we know
that the right-hand side, when evaluated on a horizon, can
be interpreted as a — 7567 term. Therefore, using Agy =
7(E — TS) as has been argued, we find that the Eq. (171)
can be written as a thermodynamic identity:

8(E—TS)= —S88T;, 1ie, SE=T4S. (172)

Next we shall consider the inclusion of the matter action
A,,. The usual matter Lagrangians are independent of the
derivatives of the metric and hence the variation with
respect to the metric will not involve any surface terms.
The variation of the matter Lagrangian on varying the
metric is then written in the form

1
8A,, = 3 jV d*x/—gT*8g,,

1 _
= — E '[]/ d4x\/—_gTab6f‘”’.

Here, Ty, = Top — (gup/2)T! and T,, is the energy-
momentum tensor corresponding to the matter field under
consideration. Then, from Egs. (170) and (173), we can
impose the on-shell condition R,, = 87GT,;, and obtain

(173)

S[Apy + Al = — fvd3xfjk8Nﬁ. (174)
a

If the matter is perfect fluid, then the matter action, with the

on-shell condition, can be expressed as

A, = f JTRdP,

where P is the pressure of the fluid [58—60]. For the case of
a static spacetime with P independent of f¢’, the time
integration can be performed to give a factor 7 and
the variation of the matter action will reduce to 7PSV,
where V stands for the three-dimensional volume of a

(175)
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time-constant slice. Hence, the left-hand side of
Eq. (174) can be given a thermodynamic interpretation as
78(E — TS) + 7P8V. Thus, Eq. (172), in a static space-
time with the inclusion of matter fields in the form
of a perfect fluid with P = constant, becomes J6E =
T6S — PoV, which is the thermodynamic identity on the
horizon obtained earlier. We thus see that the variation of
the Einstein-Hilbert action allows for a straightforward
thermodynamic interpretation.

There is, however, a nicer way of interpreting the gravi-
tational action principle in thermodynamic language, along
the following lines. We first note that, if—instead of
demanding 8[Agy + A,,] = 0—we demand the condition
in Eq. (174) we will get the field equations. In such a
formulation, we can use any spacetime region V and its
boundary 9 V. Consider now a spacetime region bounded
by null surfaces. Then the surface term on the right-hand
side of Eq. (174) can be interpreted as giving S6T based on
our earlier result in Eq. (155). Hence, the condition that the
surface term vanishes is equivalent to the condition that the
variations keep the temperature of the null surfaces, as
perceived by the local Rindler observers, constant during
the variation. This gives a very direct thermodynamic
interpretation of the gravitational action principle provided
we formulate it in a region bounded by null surfaces. We
hope to explore this in detail in a future publication.

VI. CONCLUSIONS

The variational principle in general relativity is some-
what peculiar. The key reason is the presence of second
derivatives of the metric in the Einstein-Hilbert action,
which causes the surface term in the variation to contain
variations of the metric and its derivative. Thus, in order to
get the Einstein’s equation by the usual variational method,
we have to fix the metric as well as its normal derivative.
The main problems with fixing both the metric and the
normal derivatives are (a) The values at which we fix the
metric and its derivative at the boundaries might not turn
out to be compatible with the equations of motion derived.
(b) If we extend our theory to the quantum domain, we
should refrain from fixing both the metric and its normal
derivative on a spacelike hypersurface to avoid conflict
with the uncertainty principle. One common method for
dealing with this issue is to throw the second derivatives
into a surface term and then work with the remaining
(coordinate dependent) quadratic Lagrangian Lg,,q [see
Eq. (3)], in which case one will have to fix just the variation
of the metric on the surface. The other common procedure
is to use a counterterm to cancel the variation of the surface
term [31]. All these procedures, one must admit, appear
rather contrived.

In this paper, we discuss an alternate prescription. We
may be in better shape conceptually by interpreting the
generally covariant Lagrangian (viz. the Einstein-Hilbert
Lagrangian) as a momentum-space Lagrangian and fixing
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the canonical momenta on the boundary. We can do this in
terms of the metric g,;, and its canonical momenta with
respect to the quadratic Lagrangian, ,/=gM, defined in
Eq. (7). This suggests that general relativity is better rep-
resented as a theory in the space of the canonical momenta
M¢®_ The immediate direction suggested by this realiza-
tion is to apply the technique of momentum-space path
integrals to general relativity, a direction which we intend
to explore in the future.

In the process, we discovered the surprising fact that this
approach works only with g,, but not with g% and its
corresponding canonical momenta. In the case of g%, the
surface variation is found to contain the variation of g% as
well as its canonical momenta. We show how this is related
to the —d(pgq) structure of the surface term in the case of
the variable g,;, and proceed to show how this structure can
be obtained by simple scaling arguments applicable for
homogeneous functions. These arguments also allow us to
discover another variable f** =  /~gg?, with N¢, repre-
senting the corresponding canonical momenta. The use of

¢, makes it easy to see that we are actually fixing the
variation of the connection on the boundary, a fact which
needs nontrivial calculation to discover when working with
ga» and M€ Further, as already noted in the literature
before (see [36-38,44]), many formulas simplify if we
work with f9® and N¢,.

The most surprising result of our investigation was the
connection between these holographically conjugate vari-
ables (HCVs) and thermodynamic quantities pertaining to
the null surfaces which act as local Rindler horizons. The
surface term in the Einstein-Hilbert action, when inte-
grated over a horizon, gives us the Bekenstein-Hawking
entropy of the horizon when the range of time integration is
fixed by periodicity in Euclidean sector. Without using the
Euclidean time integration, and in fact removing the time
integration altogether, the integral of the surface term over
the space variables on the horizon gives us [9,40,41] the
heat content Hy,, = T'S. In a variation of this integral, it
was seen that the term 7'8S is the term with the variation of
gap (or £2°) and the term with S8T is the term with the
variation of the corresponding canonical momentum. This
result holds (a) near a horizon in an arbitrary (i.e., not
necessarily spherically symmetric) static spacetime and
(b) near any null surface which acts as a local Rindler
horizon.

We believe that this is a very strong result. We know that
the variations of 7 and S are related to the variations of the
surface gravity « and the area of the horizon respectively.
Since « is related to the derivative of the gy, component of
the metric along the direction normal to the horizon, it is
clear that the variation of the temperature cannot be given
by the term with the variation of g, or f¢” and must be
contained in the term with the variation of the canonical
momenta. But it is not clear why this canonical momenta
term does not contribute to the variation of the entropy.
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To drive this point home, we carried out variations with
certain other sets of variables [see Egs. (113) and (114) and
the accompanying discussion] and observed that we do not
obtain this separation between the entropy and the tem-
perature. Although we do not yet have a clear line of
reasoning to offer as to why this must be so, we think
that the explanation might be related to the scaling prop-
erties that were used to arrive at the variable f°*. Further,
we were able to obtain this result without using the
Euclidean time method. This seems to suggest that the
method of reducing the integral of surface term on a
horizon to entropy using Euclidean time arguments might
not be necessary.

There are many directions to proceed forward from the
work in this paper. It is not clear to us why the special
variables that we discovered through scaling turn out to be
the ones that are related to thermodynamic variables.
This connection should be further explored. As already
mentioned, another direction of work would be to try to
develop a momentum-space path integral approach to
general relativity. Extension of our results to the case of
stationary, or more ambitiously, time-dependent metrics
and Lanczos-Lovelock models is another obvious line of
attack. The simplicity of the scaling argument that led us to
discover the special nature of the variables g, and f¢°, the
naturalness of our prescription for the variational approach
to general relativity compared to prescriptions existing in
the literature as well as the intriguing connection with
thermodynamic variables on a horizon which is highly
unlikely to be accidental, suggests that these directions of
research would prove to be quite fruitful if pursued.
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APPENDIX A: FINDING HOLOGRAPHICALLY
CONJUGATE VARIABLES THROUGH
SCALING ARGUMENTS

In this section, we shall try to find alternatives to g, for
which a relation of the form in Eq. (19) holds. More
explicitly, for Eq. (18) (which we reproduce below),

GaF* = (A + w)L — a,-[ (A1)

JL ]

q V2NN J
4 9(9,q4)

we should have g, F4 = ,/—gR and A + u = 1. We shall
restrict ourselves to variables that can be obtained by the
so-called point transformations [47] i.e. transformations
where the new variables depend on the old variables, but
not on their derivatives i.e.
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o _
a(acgab)

Further, we shall assume that the transformation has
no explicit dependence on spacetime coordinates i.e.
h(g.p, x;) = h(g,,). Here we have not specified the index
structure of the variable /£, but it has to be a two-indexed
symmetric object in order to hold the degrees of freedom
initially present in the metric. First, let us look at the left-
hand side of Eq. (A1). For a point transformation from the
variable ¢ to the variable s, we have the result that

d(aL)_aL_[d<aL)_aL]aqi

Generalizing to our case, we have

a( JL )_aL:[a<aL )_%] ah
¢ a(acgab) agab ¢ a(ach) oh agab.
(A4)

We shall now assume that % is a homogeneous function of
the components of g, i.e. if g,, — agg,, then h — a*h
for some constant k. If we now contract both sides of
Eq. (A4) with g,;, and use Euler’s theorem for homoge-

neous functions, we obtain
oL oL oL oL
d, - =khlol———)——|
g“”[ ‘(a(acgaw) agab] [ ‘(a(ach)) ah]
(AS5)

In terms of the notation in Eq. (A1), we can state this result
as follows. If we transform from a set of variables g,
to another set f4, such that the f, do not dependent on
the derivatives of ¢, and are homogeneous of degree k in
g4, then

h = h(gu x;); 0. (A2)

(A3)

qaFy — kfaFf, (A6)
where we have used the subscript in the Euler-Lagrange
function to denote the variable that has been used.

Next we shall look at the right-hand side of Eq. (Al).
Under a point transformations, it is easy to see that the
value of A, the degree of derivatives of the variables,
remains a constant. A fallacious argument for finding the
change in u is the following. f, being homogeneous in g,
of degree k and L being homogeneous in g, of degree u,
a change g4, — ag, would correspond to a change f4, —
a’f, and a change L — a*L. Therefore, under a change
fa— af,, we should have g, — a'/*q, and L — a*/*L
and we can conclude that the degree of L in the variable f4
is u/k. But as is clear from Sec. III B, this argument fails
for the transformation g,, — g*°. To find out the error in
the above argument and to derive the correct result,
consider a general term in the Lagrangian of the form
(g4)*(9,95)*. The notation (g4)* here corresponds to a
term of the form {(¢,gp...) — uterms} and (9,;g5)* cor-
responds to a term of the form {(9;440,¢5 ...) — Aterms}.
In terms of the new variables f, this term becomes
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993 A
@ @ign? = (@D (3 asc)
afc
where we have made use of the fact that g, does not
depend on the derivatives of fz. Now, this assumption
also tells us that (dgp/df¢) is a function of f, alone and
not its derivatives. Thus, the factor containing derivatives
of f4 is (3fc)" confirming that the degree in derivatives
does not change under the transformation. The factor
that depends only on the variables f, and not on its
derivatives is

(A7)

(cm[fd)ﬂ(aﬂ)A. (A8)

afc

We have considered f, to be a homogeneous function of
qp, and gp only, of degree k. Since we are conserving the
degrees of freedom, we should be able to invert these
functions and express g in terms of f, as homogeneous
functions of degree 1/k in f,4. Then, (dgg)/(df¢) will be a
homogeneous function of f, of degree (1/k) — 1. Hence,
the above function will be a homogeneous function of f,
alone, and of degree (1/k)u + [(1/k) — 1]A.

It is straightforward to generalize our results for
(ga)*(9gp)* to L and conclude that, under a transforma-
tion from variables g, to variables fz homogeneous of
degree k in g, and independent of the derivatives of g4, we
shall have

1
/.L—>ﬁ+(f—1)/\;

A— A
k k

A9
i.e.,)\+/,L—>H—M. (A
k

Thus, from Egs. (A1), (A6), and (A9), the form of Eq. (19)
is conserved only if we transform to a variable which is
homogeneous of degree k =1 in g,,. This obviously
breaks down for g*?, which has k = —1. The determinant
of g,,, g, does not have the required number of degrees of
freedom and has k =4 in four dimensions and is also
unsuitable. But the variable

fab — \/__g gab
has the required number of degrees of freedom and has

k = 1, thus providing a useful alternative contravariant in
its two indices, to g ;-

APPENDIX B: USEFUL PROPERTIES AND
RELATIONS PERTAINING TO f¢*

In this Appendix, we shall list out some useful properties
and relations pertaining to f*> = /~=gg®. Its determinant
is given by

f=det(f) = det(g,) = g

Hence, all the ,/— g factors that hang around in expressions
can be replaced by /—f. In order to use the well-known
formulas used in variation of the gravitational action while

(B1)
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working with %, we need to relate the variation of g% to
the variation of f¢%. This relation is given by

_ 5flm _ flmfah _ Bérz(sfab
V=F 2= VAT
where B =(1/2)(8.,67 + 8L 6m)—(1/2)g"™ g .= 6&52”)—
(1/2)g"™ g ;- We shall take B to be B'™ , so that By, =

81a8mp — (1/2)81m8ap- B satisfies the relation

og™ (B2)

Bimpah = 6565;';). (B3)
This relation is valid even if we remove the explicit sym-
metrization in both B and the right-hand side of this
relation. Using this relation, we can easily invert
Eq. (B2) and obtain (see Chap. 6 in [32])

Sf'm = J=gBlnb5g?. (B4)
Hence, we have, for any two-indexed object X,
X 581’” = LI:X b lg bglmxl ]5fab
[~g 2
_ 1 [X — ! X](Sf“b (BS)
\/_—g ab 2 gab .
Therefore,
A/ _gGabagab = abafab- (B6)

The Euler-Lagrange function (see IV C) F,;, for the vari-
able £ is

a(\/__quuad) -9 -I:a(\/__quuad)

Fan == b 3(9.f)

] =R, (B

This expression can be arrived at either by explicit com-
putation or by staring at Eq. (26).

APPENDIX C: PROOF OF THE CONSERVATION
EQUATION 9, (¢ — 16a/=gT%) = 0

Consider the object 9;7i. We have, using the definition in
Eq. (90),

i a(\/_gL uad) a i
ity = ai[iq IS = 8 _quuad]

3(9;:f*")
_ a(\/:?L uad) a _ a(\/_:gL uad)
= S |-
_ a(\/:?l’quad) a
T
=15, a(\/__quuad) _a(\/__quuad) 9 fab
L a6 afr |

= —Rup0f.

akfab

(CDH
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It is clear from the above equation that, in the absence of matter, the object #;, will be conserved once we impose the
equations of motion.
To generalize to the case with matter present, start from the Bianchi identity ./=gV,;G, = 0. Then, we have

J=EViR; = (J=2/2)V,R, implying

20,(J=8R:Y) = =88 ViRup + V=R 0184p = [P 01 R up- (C2)

Hence, we have

, ' Y
ity = —Rapdif" = =0 (J=8R) + [ Ry = — 0, (=gR) + 20,(=8R}) = 23i|:\/__g<R;c - ij>]

= 20;(y/=gG}) = 1670,(\/=¢gT}), (C3)
where we have used the Einstein equations Gi = 87T} in the last step. Thus, we obtain the general conservation equation
9,(t;, — 16m/=gT}) = 0. (C4)
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