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While the possible roles of gamma ray bursts’ (GRBs) progenitors as gravitational waves (GW) sources

have been extensively studied, little attention has been given to the GRB jet itself as a GW source. We

expect the acceleration of the jet to produce a Gravitational Wave Memory signal. While all relativistic jet

models display antibeaming of GW radiation away from the jet axis, thus radiating away from directions

of GRBs’ � radiation, this effect is not overwhelming. The decrease of the signal amplitude toward the

cone of �-ray detectability is weak, and for some models and parameters the GW signal reaches a

significant amplitude for much of the �-ray cone. Thus both signals may be jointly detected. We find

different waveforms and Fourier signatures for uniform jets and structured jet models—thus offering a

method of using GW signatures to probe the internal structure and acceleration of GRB jets. The GW

signal peaks just outside the jet (core) of a uniform (structured) jet. Within the jet (core) the GW signal

displays wiggles, due to a polarization effect; thus for a uniform jet, the peak amplitude accompanies a

smoother signal than the peak of a structured jet. For the most probable detection angle and for typical

GRB parameters, we expect frequencies & 600 Hz and amplitudes h� 10�25. Our estimates of the

expected signals suggest that the signals are not strong enough for a single cluster of DECIGO nor for

aLIGO’s sensitivities. However, sensitivities of �10�25=
ffiffiffiffiffiffi
Hz

p
in the DECIGO band should suffice to

detect typical long GRBs at 2 Gpc and short GRBs at 200 Mpc, implying a monthly event of a long GRB

and a detection of a short GRB every decade. In addition, we expect much more frequent detection of GW

from GRBs directed away from us, including orphan afterglows. The ultimate DECIGO sensitivy should

increase the range and enable detecting these signals in all models even to high cosmological z.
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I. INTRODUCTION

General Relativity predicts gravitational waves [1], and
evidence of their effect on astrophysical systems has estab-
lished their existence [2–4]. However, no direct observa-
tion of such waves has yet been achieved. The searches for
gravitational wave sources [5] can be simplified if one
knows in advance and with enough precision where and
when to look. When searching for a GW signal amidst
background noise, it is also helpful to know external pa-
rameters regarding the source that might help characterize
it and its waveform template. In addition, the ability to
study a single astrophysical event simultaneously both in
the electromagnetic (EM) spectrum and in its GW spec-
trum can provide much more information and insights than
the mere sum of the separate measurements. For these
reasons, it is interesting to look for Astrophysical objects
that emit both EM and GW radiation, and it is interesting to
explore whether and under what conditions they are jointly
detectable [6–17]. GRBs are the most natural candidates
observed to emit strong EM radiation and expected to emit
GW radiation as well [7]. In particular, short GRBs are
expected to be associated with merging binary neutron
stars, which are the classical candidates for detection by
advanced GW detectors [18–22].

Different proposed mechanisms concerning GRB’s
have been suggested and studied as possible sources for
Gravitational Waves. However, little attention has been
given to the relativistic jet itself as a source. Regardless
of the progenitor type, all GRB’s share an initial phase of
an accelerating relativistic jet. GRB’s involve explosions
which release about Ej � 1051 ergs of energy in accelerat-

ing jets (a forward jet and a backward jet), reaching ultra-
relativistic velocities with Lorentz factors � � 100, or
even up to 1000 [23]. The jets are strongly beamed into
narrow (double) cones, of angle �0 � 0:1. The duration of
the observed bursts ranges from less than 0.01 sec to more
than 100 sec, while their light curves show rapid variabil-
ity, at times on scales of about 0.1 sec. The ultrarelativistic
nonspherically-symmetrical acceleration of this energetic
jet is expected to produce Gravitational Radiation [24–33].
In this work, we focus on this GW signal, from a single
pulse of an accelerating jet, regardless of the progenitor.
We model the jet in 3 stages of increasing complexity: first,
as an instantaneous infinitely narrow jet pulse [the ‘‘point
particle approximation,’’ Sec. II] that enables us to esti-
mate the signal strength; second, as an instantaneous cone
with a finite width and mass distribution [aggregate mod-
els, Sec. III] for an understanding of the angular distribu-
tion; and finally as a cone of both finite width and finite
time [a prolonged acceleration model, Sec. IV] for an
estimation of the temporal structure (waveforms). We ana-
lyze the results of each model, determining the directions
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of radiation (and in particular the possibility of a
joint detection of GW and EM (�-ray)), and characteristic
signal amplitudes, energy output, and frequency behavior.
We build each model using results from the simpler ones.
In Sec. V we discuss the possibility of detection, and future
work.

Note on conventions: Adhering the General Relativists’
convention of ‘‘natural units,’’ we use (c ¼ G ¼ 1).
However, certain formulas for comparison with physical
results and scales employ the cgs system. The spacetime
metric signature is diagð� þþþÞ.

II. INSTANTACCELERATION OF
A POINT-PARTICLE

A. GW memory and the point particles approximation

While the progenitors emit quasiperiodical gravitational
waves (Coalescing of Compact Binaries, etc.), the accel-
eration of the jet itself is prompt and nonperiodic, and thus
we do not expect ‘‘waves’’. Rather, we expect the jet to
produce a gravitational wave memory (GWM; or Zero
Frequency Limit, ZFL [25–34]), defined as:

�hmemþ;� ¼ lim
t!þ1hþ;�ðtÞ � lim

t!�1hþ;�ðtÞ; (2.1)

where hþ and h� denote the plus and cross standard polar-
izations of the wave function [35].

Einstein’s equation reduces—in the regime of linear-
ized gravity and under the harmonic gauge condition
[36]—to a wave equation for the metric perturbation
(h�� ¼ g�� � ���), with the stress-energy tensor serving

as the source term:

hh�� ¼ �16�S�� ¼ �16�

�
T�� � 1

2
���T

�
�

�
: (2.2)

The solution of this equation is

h��ðx; tÞ ¼ 4
Z

d3x0 S��ðx0; t� jx� x0jÞ
jx� x0j : (2.3)

The simplest approximation of a stress-energy tensor for a
GWM calculation is obtained using the ‘‘collision approxi-
mation,’’ which models the process as an instantaneous
exchange of ingoing point-particles with outgoing point-
particles. The gravitational signal is derived from the in-

coming/outgoing momenta of the n particles (P�
n =P

0�
n )

giving the stress-energy tensor T��:

T��ðx; tÞ ¼ X
n

P�
n P�

n

En

�3ðx� vntÞ�ð�tÞ

þX
n

P
0�
n P0�

n

E0
n

�3ðx� v0ntÞ�ðþtÞ: (2.4)

Combining these two equations and integrating over
the �-functions gives the gravitational signal. Similar
‘‘collision approximation’’ methods have been used by
Weinberg [36], Piran [9] and others [26–29,37,38]. Smarr

[34] has shown that this form reproduces (using momen-
tum conservation) the gravitational wave signal form used
by Braginsky, Thorne and others for instantaneous colli-
sions [of N particles with rest-massesmA and velocities vA

at angles �A and distance r to the observer, and with the �
marking the memory effect as defined in Eq. (2.1)]:

�hTTjk ¼ XN
A¼1

4mA

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

A

q �
vj
Av

k
A

1� vA cos �A

�
TT
��������outgoing

incoming

¼ XN
A¼1

4�AmA

r

�
	j

A	
k
A

1� 	A cos �A

�
TT
��������outgoing

incoming
(2.5)

This is a purely quadrupole radiation pattern, analogously
to the Lienard-Wiechert potentials for electromagnetic
radiation [39].

B. The jet as a point-particle

The simplest approximation of the jet’s GW signal
would be to treat the entire jet as a single point-mass
undergoing an instantaneous linear acceleration from rest
to �, reaching the total jet energy Ej. This model is of

course over-simplified, as it neglects both the jet’s finite
width (the model assumes it to be infinitely concentrated
and narrow) and the finite duration of the acceleration
phase (which the model assumes to be instantaneous).
However, it provides an understanding of the relevant
characteristic signal and output energy scales (computed
from the accelerated jet energy Ej), as well as an approxi-

mate angular distribution.
The change induced in the metric between t ! �1 for

an observer at a distance r away is determined by the
angles between his line-of-sight and the various velocities,
the distance and the energy of the jet. As in [26,27] we set
N ¼ 2 for an initial ‘‘incoming particle’’ at rest (	i ¼ 0)
and a final ‘‘outgoing particle’’ of mass mf ¼ m ¼ Ej=�

with 	f ¼ 	ðsin � cos
; sin� sin
; cos�Þ, where 	 and

the angles are in the observer frame (the z axis points to the
observer). The contribution of a point-particle accelerating
instantaneously from 0 to 	 to the gravitational perturba-
tion h is

�hpp¼�hþþ i�h�¼2�m	2

r

sin2�

1�	cos�
e2i
: (2.6)

We note here that for relativistic velocities (	� 1)
the typical scale for the amplitude of the wave will be
determined by

htyp �
�
2�M

r

�
: (2.7)

We see that the angular distribution of radiation from an
instantaneously accelerating point source is set by two
competing effects. The transformation from the CMRF
to the observer frame Lorentz-contracts the radiation
forward, by a factor of ð1� 	 cos �Þ�1. This beaming
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(as it would affect isotropic emission) is shown in Fig. 1.
However, the multipole pattern of the radiation, expressed
as sin n� (for multipole order n), directs the radiation
away from the forward direction. For the GW quadrupole
radiation (hGW / sin 2�=ð1� 	 cos�Þ) the result is
‘‘antibeaming’’ away from the forward direction [Fig. 1],
i.e. an almost uniform distribution outside a forward beam

of width �� ffiffiffi
2

p
��1=2 (for which 1� 	 cos�� ��1) [24].

This implies detection of both EM and GW radiation
requires attributing a finite width to the jet.

1. The energy flux

The energy carried by the GW depends on the perturba-
tion amplitude as well as on the frequency. We have
calculated the GW memory (ZFL) effect of a GRB jet,
considering only initial (rest) and final (accelerated) parti-
cle momenta, or equivalently, assuming instantaneous
acceleration. Thus for energy calculations we attribute a
finite time scale for the acceleration �T in the source
frame. In the observer frame,

dEGW

d!0d�
¼ r2

16�2
ð�hÞ2; (2.8)

and by integrating over observed frequencies up to 2�
�T0ð�Þ ,

we find the radiated GW energy

dEGW

d�
¼ r2

8�

ð�hÞ2
�T0ð�Þ ; (2.9)

where the observed time scales are related both to the
acceleration time scales and to the observation angle by

�T0ð�Þ ¼ �Tð1� 	 cos�Þ; (2.10)

as pointed out by Segalis and Ori [25]. Thus the angular
dependence of the energy flux is (suppressing the prefactor
2�m	2

r and factors of G and c)

dEGW

d�
/ j�hppj2

�T0 / sin 4�

ð1� 	 cos �Þ3 : (2.11)

The additional (1� 	 cos�) term in the denominator
enhances the beaming of the energy flux in the forward

direction, and its peak is still outside a �� ffiffiffi
2

p
��1 forward

cone [Fig. 1].

2. Physical parameters

Assuming a physical time scale for the acceleration
process, �T � 30 m sec ,1 we expect a waveform display-
ing typical frequencies f� 30 Hz in angles away from
the axis of acceleration. As the angle is closer to the
acceleration axis, the typical frequencies are larger, in-
versely to the time contraction [Eq. (2.10)]. This places
these sources in the frequency band for detection with
the earth-based detectors (such as LIGO, Virgo and for
smaller frequencies—DECIGO and NGO). We consider
characteristic jets reaching total kinetic energy Ej �
1051 ergs and a final Lorenz factor �� 100. This sets the
normalization condition for the mass parameter from
[Eqs. (2.6) and (2.7)]. Integrating over all solid angles and
restoring the physical units and parameters [Eq. (2.7)], the
total output is

EGW ¼ G

c�T
M2

Z
d cos�

�hjetð�ÞÞ2
1� 	 cos �

: (2.12)

Using Oð1Þ estimates for �hjetð�vÞ outside the narrow for-
ward cone, and substituting the physical parameters (for r�
500 Mpc), we estimate the energy and signal amplitude as

EPP
GW � 1044 erg

�
M

1051 erg

�
2
�

�T

30 ms

��1
; (2.13)

hPPpeak � 10�25

�
M

1051 erg

��
r

500 Mpc

��1
: (2.14)

III. INSTANTANEOUS ACCELERATION
OFAN AGGREGATE SOURCE

A. Aggregate source models

We turn now to study a slightly more realistic model: an
aggregate model of an expanding shell [a sector of an
envelope, (Fig. 2)]. The ejected mass is now distributed
in a shell according to some angular distribution fð�Þ that
is axis-symmetrically around the jet’s central axis. The jet
axis is at an angle �v relative to the observer’s line-of-sight
(the observer is at a distance r away). We treat every mass-
element in the shell as an accelerated point-particle, and
find its contribution �hpp to the signal received at r. For
every �v we integrate the contributions �hpp over ð�;
Þ,
to find the total signal from the jet, hj:

FIG. 1 (color online). Antenna diagram showing relative
beamed directional intensity (energy) for isotropic (red, full
line) and quadrupole (blue, dashed) radiation from a point source
(infinitesimal width), for � ¼ 7, 	 ¼ 0:99. The quadrupole
radiation pattern is the expected for GW radiation from a point
source. The diagram also shows the relative directional signal
amplitude of the GW signal (blue, dash-dotted).

1We assume a stage of outward baryonic expansion from R�
107 cm to R� 109 cm, where for most of the expansion the
velocity v� c.
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�hjð�vÞ ¼
Z

fð�;
Þ�hppð�;
; �vÞ sin�d�d
; (3.1)

where f is normalized for conservation of total ejected
energy between the different models and parameters.
We consider two possible models for the mass distribution
in the jet (Both models are of course idealized approxima-
tions to the real, unknown angular distribution of a
GRB jet):

(a) A uniform jet:

fð�Þ ¼
(
1 � < �0;

0 � > �0:

(b) A structured jet (following [40]):

fð�Þ ¼
8><
>:
1 � < �core ¼ ��1;

ð��Þ�2 �core < �< �0;

0 �0 < �:

B. Results

We have numerically calculated the integral [Eq. (3.1)]
for both jet models with the same total jet kinetic energy of
Ej ¼ 1051 ergs. Figure 3 depicts a graphical comparison

between the angular distribution of the GW signal for
uniform and structured jets, for typical parameters
(� ¼ 100; �0 ¼ 0:01, 0.05, 0.1, 0.2). Figures 4(a) and 4(b)
depict together the energy and angular distributions for
uniform and structured jets of different �0 (respectively).
Note that the minimal opening angle considered 0.01 corre-
sponds to the narrowest possible jet, for which �0 ¼ ��1.

Combining our numerical results for �hjetð�vÞ with
all of the physical parameters (for r� 500 Mpc, using
[Eq. (2.7)]), we find the jet width’s effects on the emitted
signal [compare with (2.14)]. We find that for a uniform jet:

hUNIpeak�2�10�25

�
M

1051 erg

��
�0
0:01

��0:1
�

r

500Mpc

��1
; (3.2)

while for a structured jet:

hSTRUCpeak � 2� 10�25

�
M

1051 erg

��
�0
0:01

��0:04
�

r

500 Mpc

��1
:

(3.3)

For the common parameter of � ¼ 100, our models for a
uniform and a structured jet coincide for �0 ¼ �core ¼
��1 ¼ 0:01. However, the signal strength and energy de-
crease as �0 increases, with the uniform wave decreasing
faster. This result is also evident in [Figs. 3 and 4]. This
result is general: for any �0 > �core ¼ ��1, we expect the
wave pattern from a structured jet to be stronger than the
one from a uniform jet with the same parameters, and we
expect the GW from uniform jets to decrease faster with �0

FIG. 3 (color online). Antenna diagrams showing angular
distribution of the GW signal amplitude emitted from � ¼ 100
for uniform and structured jets of different jet opening angles
�0ð0:01; 0:05; 0:1; 0:2Þ. The axes mark relative directional ampli-
tude, the x-axis marks the jet axis and the y-axis is perpendicular
to it. The blue (full-line) curve describes the uniform jet, while
the red (dashed) describes the structured jet. Each pair is nor-
malized to the same total jet energy, demonstrating the relative
wave intensities and angular distributions. Both models coincide
for �0 ¼ 0:01; for larger �0, the structured jets are narrower and
their radiation is both stronger and it is beamed into a sharper
emission cone. The green (straight) line demarcates the opening
angle of the jet itself, approximating the region of detectability of
the �-ray signal from the GRB jet. Small angles are zoomed-in
(boxed), showing the regions of joint detectability.

FIG. 4 (color online). Antenna diagrams for the signal ampli-
tude of GW emitted from uniform (left) and structured (right)
jets of different opening angles �0. All are normalized to the
same total jet energy 1051 ergs. The axes mark relative direc-
tional amplitude, the x-axis marks the jet axis and the y-axis is
perpendicular to it. The radiation pattern becomes wider, weaker,
and more antibeamed as �0 increases. Both models coincide for
�0 ¼ 0:01.

FIG. 2 (color online). Our jet modeled as a sector of an
envelope of mass-energy, expanding.
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than the corresponding structured ones. This is due to the
higher spherical-symmetric character of the uniform jet:
for �0 > ��1, the structured jet is always more focused
than its uniform counterpart, and as �0 increases, it remains
more focused than the uniform.

We defer more thorough study of possible detection by
currently planned GW detectors (advanced LIGO, NGO,
DECIGO, etc.), but do note that these signal amplitudes are
weak (advanced LIGO [41] and probable modes of opera-
tion of DECIGO [42,43] offer strain sensitivities of
�10�24–10�23). Thus, the exact parameters of the jet, as
well as the jet’s internal structure model, might affect the
possibility of detection.

C. The angular distribution and possible joint detection

TheGWsignal from a single point-source is anti-beamed

away from the axis of acceleration (at angles �peak *

��1=2). The relation between the detection cone for the
GRB’s �-ray signal and the GW detection range for the
uniform and structured aggregate models is more compli-
cated (Figs. 3, 4(a), and 4(b)). For a very narrow uniform jet
(�0 & ��1), the angular spread is similar to that of a point

source, and �peak * ��1=2. The peak angle increases

(away from the jet axis) as �0 increases, and for wider
uniform jets we find approximately �UNIpeak / �0:460 . Thus for

all �0 the uniform jet GW signal peaks above both �peak *

��1=2 and ��1=2
0 . This is a consequence of antibeaming of

the GW radiation away from the source axis. As the �-rays
are only visible up to an observer angle of �0 þ ��1, which
is smaller than �peak, the peak of the GW radiation is

generally outside of the �-ray detection cone. The beaming
effect is more pronounced at higher values of �; but it is
qualitatively the same. Thus the GW peak cannot be
observed by an observer that detects the �-ray signal.

However, the fall-off of the GW signal towards the jet
axis (and the cone where its �-rays are visible) is slow, as
each of the point-particles’ quadrupole signal itself is broad.
Therefore if we are within the jet’s �-ray cone, we might
still see the corresponding GW signal at less-than-peak
amplitude. For a uniform jet detecting the peak �-ray signal
is possible anywhere within the �-ray cone (up to maximum
angle �0 þ ��1 from the axis). The range of possible joint
detectability, given as relative area (area of joint detectabil-
ity region/total area of �-ray cone) is shown in [Fig. 5]. The
situation is very different for structured jets. While we still
consider their �-ray signal to be as detectable anywhere up
to �0 þ ��1, the GW signal comes mostly from the ��1

core, thus its peak is closer to the jet axis (�STRUCpeak / �0:350 )

and the signal fall-off away from the peak is slower. While
in both models the radiation pattern becomes wider, weaker,
and more antibeamed as �0 increases, we find that this
change is less pronounced for structured jets [Fig. 4]. As
[Fig. 5] shows, this implies a higher possibility of detection
for structured jets, for the same parameter space.

Having examined ranges of � values (10. . .1000), �0
values (0.01. . .0.5), and relative threshold amplitudes
(10%, 30%, 50%) we find that even for uniform jets the
result is quite optimistic, allowing joint detection for much
of the �-ray cone area (approximately 80–90%, 50–80%,
20–50% corresponding to the 10%, 30%, 50% thresholds).
Naturally the lower the threshold, the greater is the proba-
bility for joint detection. But even for a high 50% threshold
(for which we lose only a factor of 2 in the detection rate)
we still expect a considerable joint detection probability.
We note also the dependence of the joint detection proba-
bility on � and on �0: for smaller relativistic � factors,
beaming/antibeaming effects are less pronounced, and the
possibility of a joint detection is larger. Regarding the open-
ing angle �0, we find the largest probabilities for a joint
detection for very small values of �0 (approaching point
sources; and also implying stronger GRBs). The probability

decreases as �0 increases, up to an angle���1=2, and then it
very slowly rises. For structured jets, the parameter range of
joint detection is even wider, allowing detection even of
signals at the 50% threshold at over 80% of the �-ray cone
for reasonable models (�0 * 0:1), and over a larger fraction
of the range for larger �0, as shown in Fig. 5.
For both models, the availability of an EM trigger

(�-ray) setting the time and position in the sky of the
source can significantly increase the sensitivity of the
GW detector as compared to a random search [7], thus
increasing the chances of a joint detection.

IV. A PROLONGED ACCELERATION MODEL

A. The model

So far we have considered jet models of different angu-
lar distributions, undergoing instantaneous acceleration
from rest (	 ¼ 0, � ¼ 1) to 	� c, �� 100 (following

FIG. 5 (color online). The region of a possible joint detection
of a GW signal with �-ray signal, relative to the total �-ray
detection cone. The left figure describes uniform jets, structured
jets are on the right. For each � value the graph shows the results
for 3 values of the threshold signal amplitude (rel. to the peak
amplitude): 50% (bottom, dotted), 30% (middle, dashed) and
10% (top, continuous). Different � are color-coded as red (� ¼
50), green (� ¼ 100), blue (� ¼ 500) and purple (� ¼ 1000). In
the uniform figure we see in every quartet � increases from top
down, while in the structured figure � increases in every quartet
from bottom up.
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[9,25,26,37,38]). We used the duration of the acceleration
�T just to estimate the typical frequencies. However, the
instantaneous model is of course nonphysical, and in order
to calculate waveforms, as well as the GW spectrum, we
must examine more specific models for the acceleration,
where multipoles higher than the quadrupole appear.

Our treatment of the GW radiation is analogous to the
treatment of EM radiation in terms of Lienard-Wiechert
potentials (as in [39]), where the radiation contribution of
an instantaneously accelerating point-particle source (with
all quantities evaluated at retarded time) is given by

e

c

1

R

n̂� ððn̂� v̂Þ � âÞ
ð1� v̂ � n̂Þ : (4.1)

In cases of linear acceleration such as ours, v̂� â ¼ 0, and
so n̂� ðn̂� âÞ produces a sin � term. Therefore for an
instantaneous acceleration we retain only dipole EM ra-
diation, and analogously only quadrupole GW radiation,
relative to the instantaneous position at retarded time.
When the acceleration is prolonged rather than instanta-
neous, the position of the radiation source changes during
the emission process. Therefore the radiation signal is a
superposition of lowest-multipole terms from different
times and sources—and thus includes higher multipoles.
It is these contributions that we do consider2 here. In
general, the calculation of the radiation generated by a
matter distribution �ðt0;x0Þ and seen by an observer at
ðt;xÞ involves an integral of the form

dhjet

dt
ðt;xÞ¼

Z
dt0

ZZZ
d3x0�ðt� t0 �jx�x0jÞ

��ðt0;x0Þ�hppðx;x0Þ; (4.2)

where �hpp is given by [Eq. (2.6)] for r ¼ x� x0, and the
delta function enables us to calculate using the retarded
time t0retðx;x0Þ ¼ t� jx� x0j:

dhjet

dt
ðt;xÞ ¼

ZZZ
d3x0�ðt0ret;x0Þ�hppðx;x0Þ: (4.3)

Inspired by the Fireball model [8,44], we expect the
jet to accelerate from �i ¼ 1 to �f � 100, approximately

linearly3:

� / rðtÞ � t: (4.4)

We use the total acceleration time Tf � 30 ms. For sim-

plicity we assume acceleration to be angularly uniform
over the jet (� < �0):

�¼1þa � t 0� t�Tf; a¼�f��i

Tf�Ti

��f

Tf

: (4.5)

At every instant t, we assume that all the ejected mass/
energy is at the same radius rðtÞ from the center of the
GRB, with the entire envelope-sector [Fig. 2]4 expanding
radially at the same (angularly uniform) instantaneous
velocity 	ðtÞ and Lorentz factor �ðtÞ. This model approx-
imates the Radiative Fireball model [44], where � / r� t.
This allows us to simplify [Eq. (4.2)] by requiring

�ðt0;x0Þ ¼ fð�0; 
0Þ�
�
r0 �

Z
dt0	ðt0Þ

�
; (4.6)

using the jet-model functions f as in [Eq. (3.1)]. Thus

dhjet

dt
ðt;xÞ ¼

ZZ
d cos�0d
0fð�0; 
0Þr2retð�0; 
0; �; tÞ

� �hppð�0; 
0; �Þ; (4.7)

where now the integration is performed over all the matter
elements responsible for the signal arriving at x at time t,
with rretð�0; 
0; �; tÞ describing the distance of each source
element from the origin.
Rather than calculating [Eq. (4.7)] by explicitly solving

[Eq. (4.6)] and substituting rretð�0; 
0; �; tÞ in the integral,
we have taken a different numerical route based on our
earlier calculations. We divide the source in space over an
angular grid (5000� 100) of point-sources, and followed
each such source as it accelerates (over 50000 time steps).
Each point-mass accelerates linearly, maintaining its an-
gular position ð�;
Þ, but at each time step its r, 	 and �
increase [�ðtÞ linearly by [Eq. (4.5)], 	ðtÞ matches �ðtÞ,
and rðtÞ as a time integral over 	ðtÞ]. For each such point-
mass at each time step, we model its acceleration as the
disappearance of an incoming slow particle, and the ap-
pearance of an outgoing faster one. We sum both signal
contributions using [Eq. (2.5)], the positive (outgoing)
contribution and the negative (incoming) one. We record
the net signal along with its time of arrival at the observer.
The final observed signal at time t is the sum of the
contributions arriving at that instant.
Since �h / � / t ([Eq. (2.6)] and [Eq. (4.5)]), each

consecutive contribution of the envelope to the signal
increases with time (until the jet reaches �). The GW

signal is ‘‘antibeamed,’’ outside an angle �� ��1=2 away
from the direction of acceleration, with � / t, the signal

emitted at t is antibeamed outside an angle �� t�1=2.

2Multipoles higher than the quadrupole can also appear if the
acceleration is nonlinear, i.e. if the direction of a is different than
the direction of v. Then the numerator acquires a new term�
n̂� ððv̂Þ � âÞ, which is different from the lowest multipole term.
Such terms are irrelevant for our jet models, where the particles
accelerate along straight lines. The method [Eq. (4.1)] is used to
calculate the EM Larmor formula [39], including only the in-
stantaneous dipole term, and the GW Quadrupole Formula [24].

3This is of course an approximation, and might break down in
a realistic model, for example when the jet is propagating within
a Collapsar or if the acceleration is magnetic rather than ther-
mally driven.

4or rather partial envelope, for a uniform jet. For a nonuniform
jet, such as the structured jet we examine, the mass density varies
over the angle from the jet axis, but the envelope-front still all
shares the same rðtÞ.
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In the forward directions, where �-ray radiation can be
detected, we find that the GW signal contribution is larger

at later times (when ��1=2 is small enough as not to
encompass the observer), while the signal contributions

emitted earlier (when the observer’s angle was & ��1=2)
is undetectable. An observer in the forward (�-ray) cone
would therefore miss the early signal, and only catch the
later parts. The reverse-jet also contributes to the late signal
[Fig. 7(c)], as a shallow increase arriving later (until
�2Tf). However this signal is much weaker than the

forward one [� 10�4 compared with the forward signal,
due to the beaming factor (1=ð1� 	 cos�Þ].

We expect to see the signal from the same Equal Arrival
Time Surfaces (EATS) studied for EM radiation [45–47].
These are characterized by two time-contraction effects:
radial time contraction (forward) and angular time con-
traction (sideways) [9]. The emitting jet travels at almost
the speed of light (in the observer’s frame), so in the
forward line of sight (FLOS) the jet and the signals it emits
almost catch up with the signals emitted earlier. Thus the
time delay between observing signals emerging at times t1,
t2 is contracted to

�t� 1

2�2
ðt2 � t1Þ: (4.8)

Similarly (as for �-ray waveforms [9]), the parts of the jet
expanding at an angle off the FLOS are more distant from
the observer relative to the parts of the jet along the FLOS.
This introduces a time-delay that depends on the angle of
the source (increasing away from the FLOS), and increases
linearly with t, as ct is approximately the instantaneous
radius of the envelope:

�t� ðt2 � t1Þð1� cos�Þ � �2

2
ðt2 � t1Þ (4.9)

in the arrival times between the signals from two
sources emitting the signal simultaneously, on and off the
FLOS. These two effects can be geometrically expressed
together as

�t� �2 þ ��2

2
ðt2 � t1Þ: (4.10)

However, unlike the case of EM radiation, contributions
to the GW signal from the FLOS or close to it are unde-

tectable due to ‘‘antibeaming’’. Thus � * ��1=2 for any
contribution detectable by the observer, and the contraction
factor is always Oð��1Þ rather than Oð��2Þ.

B. The waveform

We have run simulations of a uniform jet with a con-
stant, uniform linear acceleration, over a wide parameter
space of �, �0, �v. We have used different numbers of
integrations steps to confirm the numerical validity of the
results. The resulting waveforms demonstrate the expected
effects. Tf factors out linearly, and the waveform results

are identical (up to scaling) for bursts of different durations
which reach the same final �; prolonging or shortening the
acceleration is equivalent to stretching the waveforms in
time—or shifting them in Fourier space. We describe here
the results for a characteristic Tf ¼ 30 ms. Figures 6–8

show the waveform from different observation angles for a
uniform jet of parameters � ¼ 100, �0 ¼ 0:1.
Figure 6(a) depicts the double-feature of the aggregated

signal, from the forward and reverse jets. First, the con-
tracted forward jet’s signal [Fig. 9(c)] rises rapidly over a

FIG. 6 (color online). hðtÞ for different observation angles �v
(color-coded); � ¼ 100, �0 ¼ 0:1. Time is measured in dimen-
sionless units t=Tf, and h is scaled to h=ð2�Mr Þ, where 2�M

r �
10�25 (compare [Eqs. (2.6), (2.7), and (2.14)]. (a) The entire
waveform reaches plateau extending to 2Tf � 60 ms. (b)

A close-up of the high-rising signal from the forward jet, around
��1Tf. (c) The very early signal, visible sooner away from the

line of acceleration.

FIG. 7 (color online). _h as a function of time for different
observation angles �v; � ¼ 100, �0 ¼ 0:1. (a) The waveform on
a logarithmic time scale. The peaks are visible around 0:5��1Tf.

(b) A close-up of the early signal, which is visible sooner the
further off from the line of acceleration. (c) The late signal
(t > 1:8Tf) continues to rise very moderately, due to the back-

wards jet. The final drop in _h marks to the termination of the jet
expansion, at 2Tf.
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time scale trise � ��1Tf, matching our anticipation

([Eq. (4.10)] and on). This is most clearly visible for small

observation angles (�v & �0), where the jet width sets the

angular time scale; for larger angles, the peak and total

duration time scales are set by �v > �0 [Fig. 10]. It is

followed by the long (�2Tf � 60 ms) and weaker (by

�10�4) backward-jet-signal [Fig. 7(c)]. Figure 7(b) dem-

onstrates clearly the antibeaming effect and its dependance

on time [via �ðtÞ]. The onset of the signal for the different
observers is determined by the observation angle �v: The
most off-axis observers observe the signal first. As �
increases with t, relativistic beaming wins over, and ob-

servers closer to the forward axis detect the signal.
Figure 7(b) depicts the angular spreading of the forward

signal. We find that for our characteristic Tf ¼ 30 ms

burst, the strong signal from the forward jet lasts
for �0:2–0:3 ms. This angular spreading time scale
(�0:5ð�0Þ2Tf) is longer than the time scale of the forward

time-contraction (�0:5��2Tf), and thus it masks the lat-

ter, as explained following [Eq. (4.10)]. This result of GW
antibeaming should be contrasted with the beaming of
the EM signal, for which the forward signal is significant,

FIG. 8 (color online). GW signal from uniform jets of �0 ¼
0:1, � ¼ 100, for different observation angles �v, around 0.1.
(a) shows hðtÞ and (b) shows _hðtÞ. For �v < �0, shortly after the
signal buildup begins _h dips, reaching negative values. For
sufficiently low �v, h itself becomes negative (�0 ¼ 0:06, 0.05,
0.04, 0.03). Later, the signal rises again. For �v � �0 phase
variations cause wiggles to appear around the peak (seen for
�0 ¼ 0:08, 0.09, 0.1, 0.11).

FIG. 9 (color online). hðtÞ (a) and _h [(b) linear scale, (c) log scale] for different Lorentz � values (500, 400, 300, 200, 150, 100, 75, 50,
25) (�0 ¼ 0:1, �v ¼ 0:1). The signal is stronger, and peaks sooner, the higher the Lorentz factor. h is scaled to h=ð�Mr Þ, and _h to _h=ð�MrTf

Þ.
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and thus the radial time contraction sets the time
scale. Figure 9 makes more apparent (for the same uniform
jet opening angle and the same observer angle) the
�-dependence of the effects: a larger � produces a stronger
signal, which is also more strongly beamed for the forward
observer (and thus reaches him sooner), and is more time-
contracted.

A different acceleration mechanism—in particular, ac-
celeration driven by Poynting flux rather than a thermal
fireball—would change the relation between �, r and t, and
thus change the angular beaming and time contraction
characters of the signal. These should all produce different
waveforms, with implications on detectability. Thus from
the GW signal we can learn about the acceleration of the jet
and about their angular distribution. This could distinguish
between uniform, structured and shotgun [48] jets (all have
different angular distributions) and possibly (after further
study) between Poynting flux acceleration and thermal
fireball acceleration.

We notice an interesting feature of the waveforms ob-
served from �v < �0 (for example 0.05 in Fig. 7): shortly

after the signal _h begins to rise, it drops sharply, reaching
negative values, and only then it rises again. We observe
this feature in a range of waveforms for various values of
�v, �0 [Fig. 8]. It is produced by the region of the jet
surrounding the direction to the observer. In this region,
the angle 
 around the FLOS produces phase factors e2i


[Eq. (2.6)] which include negative contributions to _hþ.
Since this negative-dip arrives from directions close to
the FLOS, it precedes the main signal. For sufficiently
small observing angles, we find time periods where even
the total signal hþ becomes negative [Fig. 8]. A similar
effect of phase-variation from angles close to the FLOS
causes, for �v � �0, the appearance of wiggles around the
peak, as verified consistently for many waveforms and
numerical simulations [Fig. 8].
By Fourier-transforming the waveforms from uniform

jets [Fig. 11], we find that the most prominent feature is a
sinc function, which matches our expectation of transform-
ing a pulse in the time domain: the Fourier components are
approximately constant starting at very low frequencies
and then they drop to zero. The width of the sinc, which
we measure as the first zero of the function, corresponds
to the width of the pulse in the time domain, and we find
it at a frequency range f0 � 600 Hz (for Tf ¼ 30 ms,5 and

depending on the viewing angle, jet width and Lorentz
factor). For a uniform jet of �0 ¼ �v ¼ 0:1 we find
[Fig. 12]

f0 � 0:67

Tf

�0:73: (4.11)

We find that at larger viewing angles f0 is independent of �
and �0, while for lower values of �v it does not depend on
�v [Fig. 13]. For �v < �0, we see a second (higher) range

FIG. 11 (color online). Fourier analysis of the waveforms
produced by (a) uniform jets (� ¼ 100, �0 ¼ 0:1) viewed from
different angles �v and (b) uniform jets (�0 ¼ 0:1, viewed from
�v ¼ 0:2) for different � factors. Time is plotted in dimension-

less units t=Tf, and the Fourier spectrum is scaled to ~_h=ð2�MrTf
Þ.

All patterns match sinc functions.

FIG. 10 (color online). A comparison of time scales for dh
dt

from a uniform jet of �0 ¼ 0:1, � ¼ 100 as a function of the
observation angle �v. Shown are the times of the peak of dh

dt , as

well as the times when it reaches 1=2 of its peak value, both on
the rising and on the falling edge.

FIG. 12 (color online). F, the width (first zero) of the Fourier
transform of _h, as a function of �, for �v ¼ �0 ¼ 0:1.

5As mentioned, in our model Tf in fact factors out linearly, and
so all frequency results scale linearly with 1=Tf.
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of frequencies for which the spectrum is non-negligible,
matching the negative-dip in the waveforms for these
angles.

Figure 14(a) shows the waveforms for a structured
jet (� ¼ 100, �0 ¼ 0:2) from several observation angles,
displaying similar features to a narrow uniform jet. It’s
Fourier spectrum [Fig. 14(b)] matches a sinc-pulse,
regardless of the observation angle, indicating most of
the signal arises from the very narrow uniform core. We
also see that for �v � �core � ��1, the signal includes a
negative dip which follows the main signal rise, rather than
precede it as in the uniform signature.

V. CONCLUSIONS

We studied the gravitational waves radiated from the
accelerating GRB jets, examining both uniform jets and
structured jets. We found that the quadrupole nature of GW
causes antibeaming away from the jet’s axis, and thus the

radiation peaks approximately at an angle ��1=2 off-axis.
For a uniform jet, the signal is maximal just outside the jet;
for a structured jet, outside the core, but within the jet. For
�0 > ��1, the structured jet’s GW signal is always more
focused than its uniform counterpart, and as �0 increases, it
remains more focused than the uniform jet signal [Figs. 3
and 4]. As �-rays from the jet are emitted within the jet
width �0, the GW peak is generally not within the GRB
detectability cone; however the GW amplitude decreases
only slightly away from its peak, and so a considerably
high amplitude can be seen within the EM cone [Fig. 5].

The waveform and the spectrum of the GW signal
depend on the acceleration of the jet. We introduced an
acceleration model of uniform linear acceleration, that is
based on the Fireball model for thermal acceleration
[Eq. (4.4)]. It might be interesting to explore in the future
other acceleration mechanisms and in particular the accel-
eration of a Poynting flux dominated jet. As the relations
between �, r and t determine the beaming and time con-
tractions, the different GW signals could teach us about the
acceleration of the jet and could help distinguish between
Poynting flux acceleration and thermal fireball acceleration.
For a source at distance r, of total energy M and a bulk

Lorentz factor �, that accelerates over time Tf, the signal’s

amplitude scales linearly with �M
r , and the waveform

stretches over time linearly with Tf. The signal increases,

first sharply over a time scale trise � 0:5��1Tf. this is

followed by a long slow increase until �2Tf [Figs. 6–9].

The fast rise time represents a time contraction of ��1

stemming from the angular quadrupolar antibeaming of the
GW, which stands in contrast with the ��2 time contraction
factor of the EM radiation from the GRB. Another effect,
we found, is the appearance of wiggles in the signal,
preceding its peak [Figs. 8 and 9], at observation angles
within the jet cone, due to polarization. This implies that
for a uniform jet the signal is much clearer and monoto-
nous outside the jet’s cone than the signal of a structured
jet; however it also means that for any uniform jet detect-
able as a GRB (i.e., the observer is within the jet) we expect
to see such wiggles in the GW signal, and they are more
pronounced the closer the observe is to the jet axis. The
waveform of a structured jet displays a similar dip after
the signal’s peak. Thus the waveforms, and particularly the
wiggles, offer insight into the internal structure of the jet,
in particular to the angular structure and the acceleration.
We turn now to analyze the detectability and expected

detection event rate using the frequency bands and sensi-
tivities of the aLIGO and DECIGO detectors. Advanced
LIGO [41] is planned to detect strain sensitivities of

�10�24 � 10�23=
ffiffiffiffiffiffi
Hz

p
in the range 30–300 Hz, while

DECIGO [42,43] should reach the same sensitivity in the
0.1–10 Hz range. The characteristic frequencies of the GRB
jet’s GW’s scale with 1=Tf [Eq. (4.11)]. We have calculated

the Fourier signatures of different waveforms, and found
their main feature is a sinc function [Figs. 11–14]. For a
typical uniform jet of width �0 ¼ 0:1, � ¼ 100 and accel-
eration time Tf ¼ 30 ms viewed at �v ¼ 0:1, we find the

width of the sinc is f0 � 20 Hz�0:73 � 600 Hz. Following
Flanagan et al. [49–53], we have computed the signal-to-
noise ratio (SNR) for our waveforms using the expected
sensitivity curves of aLIGO (with two operation-mode
baselines: ZERO DET high P and ZERO DET low P
[41]) and DECIGO (with three baselines: the expected
single cluster sensitivity, the ultimate sensitivity from the
original DECIGO paper [54], and an intermediate fiducial

sensitivity 10�25=
ffiffiffiffiffiffi
Hz

p
in the DECIGO band [43]), using

FIG. 13 (color online). F, the width (first zero) of the Fourier
transform of _h as a function of �v, for (a) � ¼ 100 and different
jet widths; and (b) for different �’s with width �0 ¼ 0:001.

FIG. 14 (color online). (a) _h as a function of time for a
structured jet (� ¼ 100, �0 ¼ 0:2) at different observeration
angles �v. We see a peak pulse similar to a narrow uniform
jet, and at very low angles �v � �core � ��1 we find the pulse is
followed by a negative dip. (b) Fourier analysis of the same
waveforms produced by structured jets (� ¼ 100, �0 ¼ 0:2)
viewed from different angles. The patterns match sinc functions.
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� ¼
�
S

N

�
optimalfilter

¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ j~hðfÞj2
ShðfÞ df

s
: (5.1)

We used a typical parameter of total energyM ¼ 1051 erg,
and considered a fiducial source at r ¼ 500 Mpc, for com-
parison with the gravitational radiation estimates of [55].

The results are shown in Table I. Using DECIGO’s
ultimate sensitivity, we see that the SNRs are large enough
to allow detection to several orders of magnitude farther
than our fiducial distance, even to high cosmological z
(We note the SNR scales linearly with M and inversely
with r when z is small, and similar even for high z). With
our less optimisitic fiducial sensitivity, we find SNRs in the
range 5–100 depending on the jet structures (Table I). For a
canonical uniform jet of width 0.1, the SNR (20) allows
detection up to �4 time farther (2 Gpc). Using the local
GRB rate estimates of �1:3 Gpc�3 yr�1 for long GRB’s
[56], we expect a monthly joint detection rate. The rate of
short GRB’s is higher, �8 Gpc�3 yr�1 [57], but their typi-
cal energy is 10 times smaller, reducing their GW’s detec-
tion range by sim 10; taken together, we expect a detection
of GW from a short GRB about once a decade. We also

expect to see GW signals from jets without seeing the
corresponding GRB itself, due to their different beaming
properties: the GW’s amplitude is considerable outside a

���1=2 cone, �50 times wider than the �-ray angle.6 For
the signals coming from jets pointing towards us at angles

that are of order ��1=2 we expect significant orphan after-
glow [55] signals to accompany the GW signals.
A GRB jet’s GW is also expected to be preceded by GW

from its progenitor, and the coincidence of the two signals
(even on different frequency scales and using different
detectors) could improve the chances of finding them.
Using aLIGO or a single DECIGO cluster and our typical
parameters, the SNR can reach at most �1, which is
undetectable. A GW signal can be detected together with
a GRB if it is�10 times stronger/closer, thus�1000 times
less frequent (�10�3 yr�1). This rate is prohibitively low
even considering isotropic GW signals (whose GRB and/or
orphan afterglow counterparts are not visible).

TABLE I. SNR for GW from GRB (�M ¼ 1051 erg, at r ¼ 500 Mpc) relative to expected
noise in aLIGO and DECIGO. For Advanced LIGO we use the two baselines ZERO-DET-high-P
and ZERO-DET-low-P [41]. For DECIGO we use three baselines: the expected sensitivity for a
single cluster [43], a fiducial DECIGO-like detector of sensitivity �10�25=

ffiffiffiffiffiffi
Hz

p
at the DECIGO

band, and the ultimate DECIGO sensitivity [54].

Jet Advanced LIGO DECIGO

Model � �obs ZERO-DET high-P ZERO-DET low-P 1-cluster Fiducial Ultimate

STR 100 0.05 8E� 03 4E� 03 1E� 01 5Eþ 00 3Eþ 02
STR 100 0.1 3E� 02 2E� 02 4E� 01 2Eþ 01 1Eþ 03
STR 100 0.15 6E� 02 3E� 02 8E� 01 4Eþ 01 2Eþ 03
STR 100 0.2 9E� 02 5E� 02 1Eþ 00 6Eþ 01 3Eþ 03
STR 100 0.3 2E� 01 9E� 02 2Eþ 00 1Eþ 02 5Eþ 03
UNI 100 0.01 4E� 04 2E� 04 6E� 03 3E� 01 2Eþ 01
UNI 100 0.05 9E� 03 5E� 03 1E� 01 6Eþ 00 3Eþ 02
UNI 100 0.1 4E� 02 2E� 02 4E� 01 2Eþ 01 1Eþ 03
UNI 100 0.2 6E� 02 3E� 02 8E� 01 4Eþ 01 2Eþ 03
UNI 100 0.3 5E� 02 3E� 02 1Eþ 00 5Eþ 01 3Eþ 03
UNI 100 0.5 3E� 02 2E� 02 1Eþ 00 5Eþ 01 3Eþ 03
UNI 100 1 7E� 03 7E� 03 1Eþ 00 5Eþ 01 3Eþ 03
UNI 1000 0.05 1E� 02 6E� 03 1E� 01 7Eþ 00 4Eþ 02
UNI 1000 0.1 4E� 02 2E� 02 6E� 01 3Eþ 01 2Eþ 03
UNI 1000 0.2 7E� 02 4E� 02 1Eþ 00 5Eþ 01 3Eþ 03
UNI 500 0.05 1E� 02 6E� 03 1E� 01 7Eþ 00 4Eþ 02
UNI 500 0.1 4E� 02 2E� 02 1Eþ 00 7Eþ 01 4Eþ 03
UNI 500 0.2 7E� 02 4E� 02 1Eþ 00 5Eþ 01 3Eþ 03
UNI 300 0.05 1E� 02 6E� 03 1E� 01 7Eþ 00 4Eþ 02
UNI 300 0.1 4E� 02 2E� 02 6E� 01 3Eþ 01 2Eþ 03
UNI 300 0.2 6E� 02 4E� 02 1Eþ 00 5Eþ 01 3Eþ 03
UNI 50 0.05 8E� 03 5E� 03 1E� 01 6Eþ 00 3Eþ 02
UNI 50 0.1 3E� 02 2E� 02 4E� 01 2Eþ 01 1Eþ 03
UNI 50 0.2 5E� 02 3E� 02 8E� 01 4Eþ 01 2Eþ 03

6The ratio between a GW solid angle of almost 4� to the GRB
solid angle of �2��20, and assuming a narrow GRB opening
angle of �0 � 0:1–0:2 [56].
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Other astrophysical phenomena might produce similar
GW signals. In particular, Micro Quasars ejecting mass
and energy at relativistic velocities are less powerful
(�M� 1044 erg), but they are much closer to us
(r� 5 Kpc). Using [Eq. (2.7)], we estimate their peak
to be h� 10�27, two orders of magnitude less than the
typical GRB signals; we expect their typical frequencies
to be f & 35 Hz (for a similar Tf but much smaller

�� 2, compare [Eq. (4.11)], [Fig. 12]). Active galactic
nuclei can also display acceleration (magnetic) and emit

much more energy, over longer time scales and lower
frequencies. The same techniques, once adapted to con-
tinuous rather than impulsive sources, could be applied
to analyze the GW output of such sources.
All of the code used is available at [58].
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