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Mixed neutron-star-plus-wormhole systems: Linear stability analysis
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We consider configurations consisting of a neutron star with a wormhole at the core. The wormhole is
held open by a ghost scalar field with a quartic coupling. The neutron matter is described by a perfect fluid
with a polytropic equation of state. We obtain static regular solutions for these systems. A stability
analysis, however, shows that they are unstable with respect to linear perturbations.
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L. INTRODUCTION

The geometrical model of electric charge suggested by
Wheeler in the middle of the 1950s, describes a tunnel
connecting two space-time regions that is filled by an
electric field [1]. This idea has stimulated many studies
of solutions with a nontrivial space-time topology—
wormholes. One of the most significant contributions in
this area is the model of a traversable Lorentzian worm-
hole, suggested by Morris and Thorne [2]. The traversabil-
ity assumes that matter and radiation can travel freely
through the wormhole. The key condition for the existence
of such a type of wormhole is the necessity to violate the
weak/null energy conditions. In Einstein gravity this
means, that the matter creating the wormhole must possess
very exotic properties.

Thus the question arises whether such exotic forms of
matter can exist in the Universe. A strong argument in
favor of such a possibility is the observed accelerated
expansion of the present Universe. The cause of this
acceleration is attributed to a repulsive component of the
Universe, the so-called dark energy. Its amount is about
70% of the total energy density of the Universe. With its
large negative pressure, dark energy causes the Universe to
expand increasingly fast, according to a power law or
exponentially. Moreover, astronomical observations (see,
e.g., Refs. [3,4] and more recent estimates [5]) indicate the
possibility, that an even more exotic form of energy exists
in the Universe, called phantom dark energy. The presence
of such an energy assumes the violation of the weak/null
energy conditions and results in even faster acceleration.

If dark energy, in one form or another, does indeed exist
in the Universe, this would give the basis for concluding
that localized compact objects consisting of dark energy
might also exist. Such objects could be so-called dark
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energy stars [6—15]—objects consisting of dark energy
and possessing a trivial topology. On the other hand, if
phantom dark energy is present in the Universe then it is
possible to imagine a situation where topologically non-
trivial configurations—wormholes—can exist [16-22].
The possibility is not excluded that the sizes of such
configurations could be quite large and comparable to
those of various astrophysical objects—such as ordinary
stars or neutron stars [23].

One type of matter providing violation of the weak/null
energy conditions is the so-called ghost or phantom scalar
field. Although such fields generally suffer from quantum
instabilities (their energy density is unbounded from
below) [24], they have found quite a wide application in
modeling the early and the present accelerated Universe
[25]. With the opposite sign in front of its kinetic energy
term, such a field allows for solutions with nontrivial topol-
ogy, including traversable wormholes. The properties of
such solutions as, for instance, their regularity and stability
then depend on the particular field employed. Perhaps the
simplest possibility to obtain wormhole-like solutions is to
consider massless scalar fields [26,27]. However, as recently
shown, such wormhole configurations are unstable with
respect to linear [28,29] and nonlinear perturbations [30].

When stepping beyond the bounds of Einstein gravity
and considering the issue of the stability of wormhole
solutions within the general framework of scalar-tensor
theories with massless nonminimally coupled scalar fields
it is seen that such solutions are also unstable under linear
perturbations [31-34].

In order to obtain stable solutions, the study of configura-
tions supported by a ghost scalar field with a self-interaction
potential might seem promising. For wormholes such poten-
tials were considered in Refs. [35,36]. In particular, here a
ghost scalar field with a quartic coupling was employed, and
it was concluded that regular, stable solutions with topologi-
cally nontrivial (wormhole-like) geometry exist. A similar
conclusion was reached in Ref. [37] for wormholes with a
sine-Gordon ghost scalar field.
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Here our objective is the study of configurations with
nontrivial topology consisting both of ordinary and exotic
matter. We have considered such mixed gravitating sys-
tems before in Refs. [38,39], where we suggested the
possible existence of configurations consisting of a travers-
able wormhole (supported by a massless ghost scalar field)
filled by a perfect polytropic fluid. We have shown that
static, regular solutions can indeed be constructed, which
describe such mixed star-plus-wormhole systems. These
possess new physical properties which distinguish them
from ordinary stars.

In Ref. [38] we made some preliminary estimates con-
cerning the stability of such mixed configurations with
respect to linear perturbations. However, our analysis was
incomplete since it was performed only in the external
region of the star. On the other hand, bearing in mind that
a wormhole supported by a massless scalar field without
ordinary matter is unstable [28,29], we may naively expect
that adding ordinary matter to such a configuration will not
lead to the stabilization of the system. One reason could be
that the main contribution to the energy density near the
throat is coming from the scalar field, as our studies of
mixed configurations performed in Refs. [38,39] indicated.

As mentioned above, in Refs. [28,29] the question of the
stability of wormhole-like solutions with a massless ghost
scalar field was clarified. In particular, it was shown
that when allowing for perturbations of the throat radius
the solutions are unstable with respect to spherically sym-
metric perturbations. Recent investigations in Ref. [40]
showed that wormhole-like solutions remain unstable for
special choices of the scalar field potential.

Bearing all this in mind, in the present paper we rean-
alyze the stability of wormhole solutions for a ghost scalar
field with a quartic coupling, first addressed in Ref. [36].
Unlike those pioneering calculations, we now allow for
perturbations of the throat radius. Subsequently, we per-
form such a linear stability analysis for the mixed configu-
rations, consisting of a wormhole and both ordinary matter
and a ghost scalar field with a quartic coupling.

The paper is organized as follows. In Sec. II A the
general set of equations is derived for configurations con-
sisting of a neutron star with a wormhole at the core, where
the neutron matter is modeled by a perfect fluid with
a polytropic equation of state. In Sec. II B, we present
numerically obtained static solutions for such topologi-
cally nontrivial configurations supported by a ghost scalar
field with a quartic coupling. In Sec. 111, a linear stability
analysis is performed for these solutions. Finally, in
Sec. IV our results are summarized.

II. STATIC CONFIGURATIONS

A. General equations

We consider a model of a gravitating ghost scalar field in
the presence of a perfect fluid. The Lagrangian for this
system is chosen as
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L= —167TGR—§8M¢8”¢—V(¢)+L,”. (1)
Here ¢ is the ghost scalar field with the potential V(¢p),
and L, is the Lagrangian of the perfect isotropic fluid
(where isotropic means that the radial and the tangential
pressure of the fluid agree), which has the form L,, = p
[41,42]. Using this Lagrangian, the corresponding energy-
momentum tensor can be presented as

Tf = (e + pJuu* — 8fp — d;00"¢
1
- 5?[—5%406% - V(sv)], @

where & and p are the energy density and the pressure of
the fluid, and u' is the four-velocity. The metric can be
taken in the general form

ds? = e”(dx®)? — erdr? — erd()?, 3)

where v, A, and u are functions of the radial coordinate r
and the time coordinate x° = ct, and dQ? is the metric on
the unit two-sphere.

In considering equilibrium wormhole-like configura-
tions, it is convenient to use the polar Gaussian coordinates

ds? = e”(dx®)? — dr* — erd()?, 4)

where now v and u are functions of r only. Introducing the
new function R defined by e# = R?, the (), (}), and (3)
components of the Einstein equations with metric (4) take
the form
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where the prime denotes differentiation with respect to r.
The equation for the scalar field ¢ resulting from the
Lagrangian (1) is
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Using the metric (4), this equation gives

1 R’ dv
"+l +2—)¢'=——. 9
2 (2 v R)so do )
Not all of the Einstein field equations are independent
because of the conservation of energy and momentum,
T{fk = 0. Taking the i = 1 component of this equation

gives

art 1 R’ 1
i St -1+ ZEI:TII @3 Tg)] —o.
(10)
Taking into account the expressions
1
TB=Ti=-p—5¢" +V(e)
and also Eq. (9), we obtain from Eq. (10)
dp 1 dv
L =——(e+p—. 11
i e+ (11)

To model the matter filling the wormhole, it is necessary
to choose an appropriate equation of state. In doing so, we
proceed from the assumption that our configuration is
essentially a relativistic object, where the wormhole is
filled with relativistic matter having a pressure comparable
with its energy density. For this kind of matter we choose
neutron matter. In much of the literature neutron matter is
described by more or less conventional equations of state,
reflecting general properties of neutron matter at high
densities and pressures. Various forms of such equations
of state can be found, for instance, in Refs. [43-46].

Since in the present paper we consider only general
properties of mixed neutron-star-plus-wormhole systems,
we restrict ourselves to a simplified variant of the equation
of state, where a more or less realistic neutron matter
equation of state is approximated in the form of a poly-
tropic equation of state. Namely, we employ the following
parametric relation between the pressure and the energy
density of the fluid:

ny \v
p= kczngfh)mb< b ) ,

= 2
£ = npmyc” + )
ny

-1’
where n, is the baryon number density, n(bCh) is some
characteristic value of n;, m; is the baryon mass, and k
and vy are parameters whose values depend on the proper-
ties of the neutron matter.

It is convenient to rewrite the above equation of state
(EOS) in the form

p=Kp,"'", &= p,>+np, (12)
with the constant K = kcz(n,(;h)mb)l_ﬁ the polytropic
index n =1/(y — 1), and p, = n,m, denotes the rest-

mass density of the neutron fluid.
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Setting m, = 1.66 X 1072* g and n\™ = 0.1 fm 3, we
consider below configurations with k = 0.1 and y =2
[47], corresponding to a gas of baryons interacting via a
vector-meson field, as described by Zel’dovich [48,49] (see
also Ref. [50] where relativistic configurations with such
an equation of state were considered). In Ref. [39] we have
already considered a similar mixed system consisting of a
massless ghost scalar field and a neutron fluid with an EOS
in the form of Eq. (12). Here we extend those results to the
case where the scalar field potential is present.

Introducing the new variable 6 [49],

Py = Ppcb", (13)
where p,,. is the density of the neutron fluid at the worm-
hole throat (or, in other words, at the core of the configu-
ration), we may rewrite the pressure and the energy density,
Eq. (12), in the form

p=Kp,. "0, e=(p,.?+nKp,."0)0".  (14)
Making use of this expression, we obtain for the internal

region with 6 # 0 from Eq. (11)

20(n + 1)% =—[1+on+ 1)0]%’ (15)

where o = Kpi{"’/c2 = p./(ppc?) is a constant, related
to the pressure p, of the fluid at the wormhole throat. This
equation may be integrated to give in the internal region
with 6 # 0 the metric function e” in terms of 6,

o = euf.[M]{ (16)

1+on+1)0
and e"« is the value of e¢” at the throat where # = 1. The
integration constant v, is fixed by requiring that the space-
time is asymptotically flat, i.e., e¥ = 1 at infinity.

Thus we have three unknown functions—R, €, and
¢—rfor which there are four equations, (5)—(7) and (9)
(only three of which are independent), and also the relation
(16). For the numerical calculations it is convenient to
rewrite these equations in terms of dimensionless varia-
bles. Since in Sec. II B we will consider a particular case,
where the scalar field ¢ is equal to zero at the wormhole
throat, but its derivative is nonzero, we can introduce
dimensionless variables as follows. The potential can be
expanded in the neighborhood of the throat as

L
o=@t 5 %3
where ¢, is the derivative at the throat, the square of which
corresponds to the ““kinetic”” energy of scalar field. Then, it
is convenient to use new dimensionless variables expressed
in units of ¢?. Namely, introducing
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§=2) 2 zzr ¢(§) = 2 QD(}’),
, ¢ (17)
where L = Ci,
87mG o,

with L having dimensions of length, one can rewrite
Egs. (5)—(7) and (9) in the form
E// E/ 2 1 1 N
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where V = V/¢? is the dimensionless potential of the
field, and B = (p,.c?)/¢? is the dimensionless ratio of
the fluid energy density to that of the scalar field at the
throat.

Thus, the static configurations under consideration
are described by any three equations from the system
(18)—(21) together with Eq. (15) or Eq. (16). Note, that in
the case of B = 0 we are dealing with a system consisting
of a pure scalar field configuration with no ordinary matter.

B. Quartic potential

In this section we discuss the numerical solutions of the
set of equations (15) and (18)—(21). We seek regular solu-
tions of these equations describing configurations with a
finite mass. In the case of a massless scalar field, it was
shown in Refs. [38,39] that static solutions for mixed
systems consisting of a scalar field and a polytropic fluid
can indeed be obtained.

In the present paper we consider the case where the
potential has the well-known form of the ¢* theory. It
was shown in Refs. [35,36] that a ghost field with such a
potential admits regular topologically nontrivial solutions.
Our aim here is to study the influence which the presence
of a polytropic fluid has on such solutions.

For our purpose, we choose the potential term in the
form [35,36]

1 /m,\2
V=—_ ¢) 1 — 2022,
2( 7 (1= f2¢7)
where m, and f are constants. Using the dimensionless

variables (17), one can rewrite this potential as follows:

V=—-V(0)(1 - A, (22)
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where A2 = f2¢*/(87G) is a dimensionless constant, and
V(0) = (m,/f)*/(2¢?) is the value of the potential at the
local minimum, where ¢,,;, = 0. Maxima of this potential
are located at the points ¢,,,, = =1/A. Asymptotically,
as & — oo, a regular solution must approach one of these
maxima. Note here that, in contrast to the case of usual
(nonghost) scalar fields, the existence of regular solutions
is only possible, when the sign of the potential is reversed
with respect to the usual case. This is the reason that
we choose a potential of the form (22), that is unbounded
from below.

Equations (18)—(21) are to be solved for given o, n, and
B, subject to the boundary conditions at the core of the
configuration ¢ = 0,

00 =1 20 =3, 20)=0,
v(0)=v,  #0)=0  ¢'(0)=1

The quantity 3. is the eigenparameter of the system. It is
determined from the condition of obtaining asymptotically
vacuum solutions, where ¢ — *=1/A. In turn, the value of
the parameter B may be obtained by expressing ¢ in terms
of L from Eq. (17), and this gives B = 87Gp,.(L/c)>.
Thus, the value of B is determined by the core density of
the fluid and the choice of the characteristic size L of the
configuration under consideration. The case B — 0 corre-
sponds to the exclusion of the fluid from the system,
leaving only wormbholes supported by a scalar field [35,36].

Let us emphasize again that, for a given value of A, and
thus a given theory, there is only a single value of the
wormhole size 2. for which a regular solution exists
[with the potential (22)] [35,36]. This situation differs
from other variants of bosonic configurations considered
in the literature. For example, in the case of systems with
self-interacting complex scalar fields considered in
Refs. [51,52], the mass of the configurations, for a fixed
coupling constant, is a function of the central value of the
scalar field, and correspondingly of its central energy
density. In this case one can obtain the dependence of the
mass on the central density which, as in the case of
configurations consisting only of ordinary (for instance,
neutron) matter, may be employed in considering the
stability of the configurations within the energy approach.
However, for the wormholes of Refs. [35,36] such an
analysis cannot be performed.

For the mixed configurations considered in this paper,
where—besides the ghost scalar field with a ¢* potential
also ordinary matter is present, the total mass of the con-
figurations depends on the amount of fluid in the system,
and correspondingly on the fluid core density. Then the
possibility of considering the stability of the configurations
within the energy approach appears again possible and will
be discussed below.

Substituting the potential (22) into Egs. (15) and (18)—(21)
and using the boundary conditions (23), we seek a numer-
ical solution of this set of equations. In doing so, the

(23)
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configurations under consideration can be subdivided into
two regions: (i) the internal one, where both the scalar field
and the fluid are present; (ii) the external one, where only the
scalar field is present. Correspondingly, the solutions in the
external region are obtained by using Egs. (18)—(21), in
which 6 is set to zero. The internal solutions must be matched
with the external ones at the boundary of the fluid, £ = &,
by equating the corresponding values of the functions ¢, 2.,
v and their derivatives. The boundary of the fluid &, is
defined by p(¢,) = 0. Knowledge of the asymptotic solu-
tions in turn allows one to determine the value of the inte-
gration constant v, at the throat, proceeding from the
requirement of asymptotic flatness of the external solutions.
Let us now address the total mass of the configurations.
For the spherically symmetric metric (4), the mass m(r)
inside the radius r can be defined as follows:
_c 4m 0 p2
m(r) ZGRC + 2 [R TyR°dR, (24)
where R, is the radius of the wormhole throat defined by
R, = min{R(r)}. Without loss of generality, we can take

TABLE 1.

Characteristics of a set of configurations for EOS (12). The radius of the throat Ry, the proper radius of the fluid R

PHYSICAL REVIEW D 87, 104036 (2013)

this throat to occur at » = 0. Note, that for the total mass
the upper limit of the integral is infinity, since formally the
energy density of the scalar field becomes equal to zero
only asymptotically, as R — o0. In practice, however, the
scalar field decays exponentially fast. Consequently, for
the values of the parameters employed all mass is concen-
trated within a size of order L. Note also, that in evaluating
the above integral it is necessary to perform the calcula-
tions separately in the internal and external regions.

In the dimensionless variables (17), the expression (24)
takes the form

m(§) = 2‘/87@%{2 +f§[3(1+0n0)0”

dz
2+V ] 2 } 25
387V [z T a ©5)
where the coefficient in front of the curly brackets has the
dimension of mass.

Using the data from Table I, the numerical results are
illustrated in Figs. 1 and 2. In performing the calculations,

prop> and

the gravitational radius r, (last column) are given in kilometers. The total mass M, the mass at the throat My,, the mass of the fluid My,
and the external part of the mass of the scalar field M, are given in solar mass units.

Pbes gcm73 Rth’ km Rprops km B M/Mo Mlh/MO Mﬂ/MO Msfext/MO Tgs km
Without a wormhole
1.0 X 1013 35.3940 0.2777 0.2777 0.8192
3.0 X 1013 34,7518 0.7573 0.7573 2.2338
5.0 x 1013 34.1519 1.1532 1.1532 3.4014
7.0 X 1013 33.5906 1.4818 1.4818 4.3708
1.0 X 1014 32.8113 1.8760 1.8760 5.5335
2.0 X 104 30.6535 2.6482 2.6482 7.8112
3.0 X 1014 28.9877 2.9832 2.9832 8.7993
4.0 X 104 27.6575 3.1213 3.1213 9.2068
6.0 X 1014 25.6722 3.1564 3.1564 9.3101
8.0 X 10" 24.2625 3.0779 3.0779 9.0787
1.0 X 10" 23.2159 29715 29715 8.7647
1.5 X 1013 21.5291 2.7156 2.7156 8.0099
2.0 X 1013 20.5768 2.5160 2.5160 74212
3.0 X 10" 19.7367 . 2.2541 2.2541 6.6487
A=1,L=10km
1.0 X 1013 2.0075 0.3165 0.0002 0.3823 0.6806 0.0000 —0.2520 1.1277
5.0 X 1013 2.0078 0.7822 0.0009 0.3827 0.6807 0.0002 —0.1186 1.1288
1.0 X 10" 2.0084 1.2784 0.0019 0.3837 0.6809 0.0008 —0.0366 1.1318
3.0 X 104 2.0134 5.5204 0.0056 0.4078 0.6826 0.0231 —0.0000 1.2029
4.0 x 10 2.0172 13.1029 0.0075 0.5194 0.6839 0.1335 —0.0000 1.5321
5.0 x 104 2.0219 21.8576 0.0093 0.9602 0.6855 0.5731 —0.0000 2.8322
6.0 X 10" 2.0276 24.5778 0.0112 1.4644 0.6874 1.0760 —0.0000 4.3195
7.0 X 10™4 2.0343 25.0595 0.0130 1.8199 0.6897 1.4300 —0.0000 5.3679
1.0 X 1015 2.0603 24.0895 0.0186 2.2767 0.6985 1.8818 —0.0000 6.7153
1.5 X 10" 2.1272 22.0069 0.0279 2.3277 0.7212 1.9217 —0.0000 6.8658
2.0 X 10" 22318 20.2965 0.0373 2.1844 0.7566 1.7645 —0.0000 6.4432
3.0 X 10" 2.6474 16.4199 0.0559 1.8366 0.8976 1.3854 —0.0000 54172
3.5 X 1013 3.0947 13.4552 0.0652 1.7418 1.0492 1.2971 —0.0000 5.1377
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we start from an initial configuration without ordinary
matter (a pure wormhole). Then, by gradually adding
neutron matter to this system (as expressed in the growth
of p,. or, equivalently, of B) we can monitor the behavior
of the masses and sizes of the configurations. The depen-
dence of the total mass (in solar mass units) on the core
density of the fluid p,. (in grams per cubic centimeter)
is shown in Fig. 1. As the core density decreases, i.e.,
as B— 0, the total mass of the configurations tends
to the mass of a pure wormhole without any fluid,
My = 0.38M,.

On the other hand, with increasing p,,.., the total mass M
of the configurations rises monotonically to a maximum
and then decreases again. This is typical for this type of
configuration. In Tooper’s paper [50], for instance, ordi-
nary neutron stars were investigated in detail for various
values of the polytropic index n. In particular, it was shown
that the first peak in the mass corresponds to the point
dividing stable and unstable neutron-star configurations.
This first mass peak is reached at a critical value of the core
density, p'.

However, looking at Fig. 2, where the mass-radius rela-
tion for the configurations is presented, one can see that as
the core density of the fluid increases, first a simultaneous
growth of the size and the mass of the configurations
takes place, which is typical for unstable compact astro-
physical systems. In the interval 7X10"%gem 3=
Ppe=14X10"gcm 3 the mass then continues to increase
while the radius of the configurations decreases. Such a
behavior is typical for stable compact astrophysical sys-
tems. Finally, for p,. = 14 X 10" gcm™3 the mass and
the radius decrease simultaneously, as is characteristic for
unstable configurations.

25 . ——

g
=3

Total mass M/M
&

]015
Core density of the fluid p, , g em”

FIG. 1. Total mass of the configurations (in solar mass units),
M /Mg, versus the core density p,, (in units of gcm™3) for EOS
(12) with k = 0.1 and y = 2 (n = 1). The characteristic size L is
taken as 10 km. The value of A is taken as 1. Stable configu-
rations should reside to the left of the first mass peak, if they
would exist.
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25+

Radius of the fluid R, km
oy S
T T

1 " 1 " 1 " 1 "
0.5 1.0 1.5 2.0 2.5
Total mass M/M,,

FIG. 2. The mass-radius relation. The points are labeled with
the appropriate values of the core density p,. (in units of
10'* gem™3). The tentative stability region is situated approxi-
mately in the range 7 X 10'* < p,. < 14 X 10" gecm ™.

Thus, the presence of the wormhole has a remarkable
effect on the configurations for small central densities,
since for ordinary neutron stars (without a wormhole) the
mass increases as the radius decreases in this low-density
range. Consequently, ordinary neutron stars (without a
wormbhole) are stable in this range, and remain stable all
the way to the maximum of the mass. Only beyond the
associated critical value pﬁff would a star become unstable
(see, e.g., Ref. [50]). The naive analogy with ordinary
compact stars would then suggest, that for star-plus-
wormhole systems instability occurs not only for
DPpe > pﬁfg), but also for small values of the core density
Ppe- Clearly, at this point a reliable stability analysis is
called for.

III. LINEAR STABILITY ANALYSIS

The simplest configurations with a nontrivial wormhole-
like topology are obtained by using a massless scalar field
[26,27]. While the first stability studies (see, e.g., Ref. [18])
did not find unstable modes, recent work showed that these
configurations are linearly [28,29] and nonlinearly [30,53]
unstable. The reason for this discrepancy is related to the
fact that unlike in Ref. [18], in Refs. [28-30] the perturba-
tions are not required to vanish at the throat. In this case the
resulting Schrodinger-like equation used in the stability
analysis contains singularities in the corresponding effec-
tive potential that does not allow one to perform a complete
perturbation analysis over all space-time. One way of
solving this problem, used in Refs. [28-30], consists of
regularizing the effective potential and solving the regu-
larized Schrodinger-like equation.

In this section we perform a linear stability analysis of
the above static solutions with the quartic potential (22).
Also in this case it was shown, that the solutions are stable
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against a special type of linear perturbation, where oscil-
lations of the throat radius are excluded [36]. Here we
reanalyze the stability of these solutions, by allowing for
perturbations that are not required to vanish at the throat.

Subsequently, we consider the stability of star-plus-
wormhole systems, where besides the ghost scalar field
also a polytropic fluid is present. Our investigation is
facilitated by the fact, that both background solutions and
perturbations decay exponentially fast, when a ¢* poten-
tial considered [36].

A. General equations

‘We now consider spherically symmetric perturbations of
the above equilibrium configurations. In obtaining the set
of equations for the perturbations, we will neglect all
quantities which are of second and higher order.

For the energy-momentum tensor of the fluid we need
the components of the four-velocity in the metric (3) [54],

u() = e_Vo/z’ Uy = 6”"/2,
ul = e—Vo/Zv’ U = _e/\o—Vo/zv’
with the three-velocity
dr
V= < 1.
dx

The index O on the metric functions indicates the static,
zeroth-order solutions of the Einstein equations. The com-
ponents of the energy-momentum tensor (2) then take the
form

1

T8=8——€_

> e o + V(p), (26)

1
v.,2 _
L)

1 L
Ti=-ptge’@?+oee? +V(p), (2D

o¢,
(28)

= (e + plugu' — dppd'¢ = (g9 + po)v + ¢4

1 1
T§=T33=—p+—e’”<'p2—§ Ao + V(p). (29)

2
In the above equations, the prime and dot denote differen-
tiation with respect to r and x°, respectively.
Now we consider perturbations of the static solutions.
Let us denote by y any one of the functions v, A, u, €, p, or
¢@. Then we assume that y is of the form

y=yoty, (30)

where the index O again refers to the static, zeroth-order
solutions, and the index p indicates the perturbation.

Substituting these expressions into the (§), (}), and (3)
components of the FEinstein equations, written in the
metric (3),
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3 1
Goz_eﬂ\< ny = 7 _ _ /)\')
0 I 4M 2,U«
eV (2 + 2 h) + e #

_ 877G

T 10, 31)

1
G% = _ZE_A(IJJZ +2u'v')

PR DR D W
fpmsppt gt ) te

877G
= LT%, (32)

1
G%=ZefA()\/M/_2M//_,u/2_ V/,LL/+)\lV/—2I/”— V/Z)
1 , . .
+Ze*V()l,a+,a?—ij,a+2,a—)u>+2)«+/\2)

8 G
A

72, (33)

we find to linear order in y,
- " 3 1,1 1 ISV 1,0
€ Mp T+ 5 Hokp 5(:“0’\17 + Aphep)

3 1 _
- Ap(ué’ +IRG 5#6/\6)] +te o,
877G _ 1
=—— [ep —e Awg(qo; - 5@6)\,,) + v,,], (34)

c

LIRS I Ay, 1o l n 10

¢ of (v, + uh)pg + vouh, — A, 5 Ko + wovy
— eiVOI:L + 87M0Mp

887G 1
_[ py+e Ao%(gp 5906,\[,) + vp], (35)

//+ //+ ! +l _IA/ 1 lA/
A A T R T T
—Ap[ﬂg+Vg+§(%2+pgwg)vg)]—e*wmpwp)

167G

1
== (ppme el eh3ebd, ) +V, ) GO)

where V,, = [9,V]y¢,. Next, from the (1-0) component of
the Einstein equations,

Go=5e "2 = Au' + alpw' — V)] = = To,

we have to linear order
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1 _ . . .
se M2y = Appy + fp(ug = vp)]
87G
= 7[(80 + po)v + e Mo, 0l (37

Now we introduce a ‘“‘Lagrangian displacement” { with
respect to x° [54],

Then Eq. (37) can be integrated to give

2 1
A, =pu +—{,u/ — =,V
P LS (e B Tl 0

387G
I Meo + pold + e Mpheyl) 39

In turn, the i = 1 component of the law of conservation of
energy and momentum, 7%, = 0, gives

aT? T} 1. \ N 0
w+W+E(V+A+2M)T1 +§(T1_TO)V/
1
" ,u[r; — @3 T;)] —o, (39)
Substituting here the components (26)—(29), we find to

linear order

86pp+6Vp

— M7 [(gg+ po)v+e Mgy, ] - "

_ 1
+e ol ol = ahe)(eh by

1 1
+ ot b5ttt oo || =560+ pvg

1 T 1
_5(80 + PO)V;; te AO[E‘P(I)ZV; + 9"6(%) _5906)‘17)”6]

1
+e_)‘°qo6|:go6,u;,+2,u6<go;—§go6)lp)i|=0. (40)

The perturbed scalar field equation is found from
Eq. (8), and is given to linear order by

e 1
e~ eho ", + E(Vf) — Ay + 2um) @),

1
+ E(v;, - AQ, + 2,u;,)g06

d*v av
= —e)‘o{gop[—z] + A,,I:—] } (41)
Ao lp=¢, dele=¢,

Thus, we have a set of five general linear equations—
(34), (35), (38), (40), and (41)—for the perturbations 6,

vy, /\,,, Kps and ®p-

B. Quartic potential

Now we employ the set of equations obtained in the
previous subsection to study the stability of the static
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solutions considered in Sec. I B. In this case the potential
V is given by Eq. (22), and the equation of state of the fluid
is defined by Eq. (14). From these expressions one finds
that the perturbed components of the pressure p, and the
energy density g, are

=K+ p' g
pp ( )phc 0 p (42)

— 2 1 n
&, = NPpcC 0—0+0'(n+1) 050 .
In turn, the static components are

Po=Kpy O3t o= ppec(1+onbp)0y.  (43)

To proceed with the stability analysis we now assume
that the harmonic perturbations have the following time
dependence:

y,(x0, &) = 3,(&)e’, (44)

where the functions y,(£) depend only on the spatial
coordinate ¢£. For convenience, we hereafter drop the bar.

Let us now consider the gauge freedom of the problem.
First, we have the freedom of choosing the radial coordi-
nate 7. Here our choice has been to set A; = 0. Second, we
can make a gauge choice for the metric perturbations v,
Ay, M. In particular, we may impose a relation among
the metric perturbations. We are guided by the perturbed
scalar field equation (41), which contains the term
(v), — A, + 2u),) ;. This equation is considerably simpli-
fied by the gauge choice

v, = A, +2u,=0=v,=2, = 2u,

In the following we reformulate the general set of
equations (34), (35), (38), (40), and (41) with this choice
of gauge, which allows us to eliminate the perturbation v,
from the set of equations. Employing again the dimension-
less variables (17), Eq. (41) yields

3+ 2 + 0,
= —4A2V(O)[(1 — 3A2¢2) ¢, + (1 — A2P3) oA, ],
(45)

where we have introduced a new dimensionless frequency
& = wlL, and subsequently again dropped the bar for nota-
tional simplicity.

The Egs. (34) and (36) give, respectively,

1 3 _
wy + 5#6(3#‘;} —A,) — (,u,(’)’ + Z,u{)z)/\p +ePou,
1 1
_ _{nB[_HO + o(n + 1)]080], - d)’o(cﬁ; — 5(!)6/\,,)

LAV~ A2bods, | (46)
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1
Ny = wly 55Ny = 3h) [M" . (MIZ + 2+ MOVO)] T+ wleo(, + 1)

_ —2[—Bo'(n +1)016, — ¢o<¢p

while Eq. (40) leads to

w?e " {BOI[1 + o(n + 1)0ol¢y + ¢} ,} — Bo(n + 1)—

d¢

A, ) +AATO)(1 — A2 g)¢0¢p], @7)

4 (gno )+d§ . <¢;, —%d)g,\p)

1 1 n 1
N ¢6[¢g ~ S (GgA, + ¢6A;>] = 2300[00 o+ 1)2]9,,yg — SBO1+ ol + 1O, — 20)
1 1
S OB = 20) + ol = 3 A, ) + i S + 2008~ 3 ¢4, )] = 0 @)
|
where that p, [cf. Eq. (42)] meets the condition p, =0 at
AV the boundary {see, e.g., Eq. (60) in Ref. [54]}.
Tp =4A2VO)(1 =3A%p) ), + (1 — A2 pd) )] (i) Asymptotically, as ¢ — *oo, the perturbations A,

Note, that we can eliminate ¢ in Eq. (48) by replacing the
curly brackets by the corresponding expression from the
constraint equation,
2up, + (= V) = oA,
= 2{BOg[1 + o(n + )61y + ¢y, =0, (49)
which results from Eq. (38). Here s = /L is the dimen-

sionless Lagrangian displacement. The second constraint
equation follows from Eq. (35) and reads

1
(X, = )+ vty = M5 8 + i)
+2(w?e 0 + e M),
1
= —2[—Ba(n 16, + ¢>6<¢>; - 5%)\,,)
+ 4NV(0)(1 — A2¢g)¢0¢p]. (50)

Thus, for the four functions ¢ o A ps Mps 0 ps WE have the
set of four equations (45)—(48), to investigate the stability
of the configurations. For this set of equations, we choose
the following boundary conditions at & = 0:

/\p(O) = /\FO 1“]7(0) = Mpos 011(0) = 0[10
$,(0) =0 #,00) = ¢, (5D

where A pr Mps 7] , are even functions, while ¢ » is an odd
function. The value of ¢, is obtained from Eq. (50),

1
(‘“ e 22)“P0
Thus the system contains three parameters: A, &0,
and 6. Their values are chosen such that the following

conditions are satisfied. (i) At the boundary of the fluid,
& = &, the value of 6, should remain finite to ensure

1
¢[71 = Ba'(n + 1)01)0 +§)l

M p» ¢, should tend to zero. In this connection it is useful
to determine the asymptotic behavior of the solutions. This
can be given in analytic form.

(A): Static solutions:

do— 1/A = Crexp| —8A7VI0)¢ | /&
1 -G/

(B): Perturbations:

¢p - C3 exXp (_ v _Bzé‘:)/é‘:»
mp = Cyexp(—V—w?§);
A, = —CiN—w?Eexp (—V—w?é).

Here % = w?> — 8A%V(0), and the C; are integration
constants. Hence, to obtain decaying solutions for the
perturbation ¢, of the scalar field, B2 should be negative.
Taking into account that in our case V(0) is always posi-
tive, this means that the condition w? < 8 A2V(0) should be
satisfied.

Let us now move to the results of the numerical calcu-
lations. The set of equations (45)—(48) together with the
boundary conditions (51) defines an eigenvalue problem
for w?. The question of stability is thus reduced to a study
of the possible values of w?. If any of the values of w? are
found to be negative, then the perturbations will grow and
the configurations in question will be unstable against
radial oscillations.

The results of the calculation of the eigenvalue w3 are
shown in Figs. 3 and 4. Figure 3 shows the dependence of
a)(z) on the dimensionless throat radius 2., of the wormhole
solutions without ordinary matter (i.e., with parameter
B = 0). This case corresponds to the problem considered
in Ref. [36]. We thus find, that the eigenvalue w(z) is
negative for any size of the throat. All these wormhole

20 - g!
e — 1 —2C,/¢
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FIG. 3. The case without the fluid: The lowest eigenvalue w(z)
is shown as a function of the throat radius X,. As X, grows,
w? — —0.
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FIG. 4. The case with the fluid: The lowest eigenvalue wé is
shown as a function of the core density p;,. (for L = 10 km
and A = 1). When p,, = B = 0 (i.e., without the fluid) w3 =
—0.11610638.

solutions are thus linearly unstable. This result is in con-
trast to the restricted previous analysis, which did not allow
for perturbations of the throat radius.

Figure 4 shows our results for the case when the system
contains the fluid, i.e., for the star-plus-wormbhole systems.
Here the eigenvalue @} is shown as a function of the core
density of the fluid p,.. As the background solutions we
employ the static solutions obtained in Sec. II B. The initial
value u,(0) in Eq. (51) is chosen to be w o = 1, and the
values A,y and 6,, are chosen in such a way that the
solutions exhibit the asymptotic behavior shown in (B). It
is seen from Fig. 4 that the square of the eigenfrequency
remains always negative, independent of p,.. Thus, un-
fortunately, the star-plus-wormhole systems obtained with

PHYSICAL REVIEW D 87, 104036 (2013)

the ghost scalar field with a quartic potential are always
unstable against linear perturbations.

IV. CONCLUSION

Here we continued our study of star-plus-wormhole
systems, begun in Refs. [38,39]. The star-plus-wormhole
systems considered there were supported by a massless
scalar field. In the present paper we considered the case
when the nontrivial topology is provided by a scalar field
with a quartic potential. This choice of potential was based
on the hope that it would allow for stable solutions.

Choosing a neutron fluid with a polytropic equation
of state (12), that is filling the wormhole, we showed
that regular solutions for such mixed systems exist.
The resulting neutron stars have a finite size, as in the
case of the mixed configurations with a massless scalar
field [38,39].

For our convenience in performing the stability analysis
of such star-plus-wormhole systems, we chose the values
of the parameters in such a way that the main mass of the
configurations (more than 99%) is concentrated within the
radius corresponding to the edge of the fluid. In this case
we showed the following.

(1) There exist regular static solutions found numeri-
cally by solving the coupled Einstein-matter equa-
tions subject to a set of appropriate boundary
conditions.

(2) Analyzing the dependence of the total mass on the
core density of the fluid (see Fig. 1) and the mass-
radius relation (see Fig. 2), we found a range of core
densities where stable configurations seemed to be
possible.

(3) The linear stability analysis performed in Sec. III B,
however, indicated that the square of the lowest
eigenfrequency of the perturbations is always
negative.

This means that all star-plus-wormhole systems considered
here are unstable against linear perturbations. Moreover,
the wormholes themselves (i.e., the solutions without ordi-
nary matter) are unstable as well. We conclude, that the
star-plus-wormhole systems inherit their instability from
the wormholes.

In order to find stable star-plus-wormhole systems one
should thus start from stable wormholes. A possibility here
would be to go beyond Einstein gravity and include higher-
curvature corrections [55,56]. Such solutions would not
need any exotic matter for their existence.

In the static solutions considered here the ghost scalar
field tends asymptotically in each of the universes to a
different vacuum value, given by the two degenerate min-
ima of the potential. The scalar field has therefore the
shape of a kink [57], when considered as a function of
the radial coordinate. A similar behavior is found in the
case of the star-plus-wormhole configurations considered
in Refs. [38,39], where asymptotically the massless ghost

104036-10



MIXED NEUTRON-STAR-PLUS-WORMHOLE SYSTEMS: ...

scalar field assumes values that are equal in magnitude but
have opposite signs.

Another interesting possibility consists in considering
wormbhole solutions, which are supported by two interact-
ing ghost scalar fields. An example of such solutions
was given in Ref. [58]. Here the scalar fields assume the
same value asymptotically in both universes. In our future
work, we plan to perform a stability analysis of those
solutions.

PHYSICAL REVIEW D 87, 104036 (2013)

ACKNOWLEDGMENTS

We gratefully acknowledge support by the Volkswagen
Foundation and by the German Research Foundation
within the framework of the DFG Research Training
Group 1620 Models of gravity. This work is supported by
the Grant No. 514 in fundamental research in natural
sciences by the Ministry of Education and Science of
Kazakhstan.

[1] J. A. Wheeler, Phys. Rev. 97, 511 (1955).

[2] M.S. Morris and K.S. Thorne, Am. J. Phys. 56, 395
(1988); M.S. Morris, K.S. Thorne, and U. Yurtsever,
Phys. Rev. Lett. 61, 1446 (1988).

[3] J.L. Tonry et al. (Supernova Search Team Collaboration),
Astrophys. J. 594, 1 (2003).

[4] U. Alam, V. Sahni, T.D. Saini, and A.A. Starobinsky,
Mon. Not. R. Astron. Soc. 354, 275 (2004).

[5] M. Sullivan et al., Astrophys. J. 737, 102 (2011).

[6] P.O. Mazur and E. Mottola, arXiv:gr-qc/0405111.

[7] I. Dymnikova and E. Galaktionov, Classical Quantum
Gravity 22, 2331 (2005).

[8] F.S.N. Lobo, Classical Quantum Gravity 23,
(2006).

[9] A. DeBenedictis, D. Horvat, S. Ilijic, S. Kloster, and
K.S. Viswanathan, Classical Quantum Gravity 23, 2303
(2000).

1525

[10] A. DeBenedictis, R. Garattini, and F.S.N. Lobo, Phys.
Rev. D 78, 104003 (2008).

[11] V. Gorini, U. Moschella, A. Y. Kamenshchik, V. Pasquier,
and A. A. Starobinsky, Phys. Rev. D 78, 064064 (2008).

[12] V. Dzhunushaliev, V. Folomeev, R. Myrzakulov, and D.
Singleton, J. High Energy Phys. 07 (2008) 094.

[13] V. Gorini, A.Y. Kamenshchik, U. Moschella, O.F
Piattella, and A.A. Starobinsky, Phys. Rev. D 80,
104038 (2009).

[14] V. Dzhunushaliev, V. Folomeev, and D. Singleton, Phys.
Rev. D 84, 084025 (2011).

[15] V. Folomeev and D. Singleton, Phys. Rev. D 85, 064045
(2012).

[16] P.K.F. Kuhfittig, Adv. Stud. Theor. Phys. 5, 365 (2011).

[17] L.X. Li, J. Geom. Phys. 40, 154 (2001).

[18] C. Armendariz-Picon, Phys. Rev. D 65, 104010 (2002).

[19] S.V. Sushkov and S.W. Kim, Classical Quantum Gravity
19, 4909 (2002).

[20] J.P.S. Lemos, E.S.N. Lobo, and S. Q. de Oliveira, Phys.
Rev. D 68, 064004 (2003).

[21] E.S.N. Lobo, Phys. Rev. D 71, 084011 (2005).

[22] S.V. Sushkov, Phys. Rev. D 71, 043520 (2005).

[23] N.S. Kardasheyv, I. D. Novikov, and A. A. Shatskiy, Int. J.
Mod. Phys. D 16, 909 (2007).

[24] S.M. Carroll, M. Hoffman, and M. Trodden, Phys. Rev. D
68, 023509 (2003).

[25] E.J. Copeland, M. Sami, and S. Tsujikawa, Int. J. Mod.

Phys. D 15, 1753 (2006).

[26]
(27]
(28]

K. A. Bronnikov, Acta Phys. Pol. B 4, 251 (1973).

H. G. Ellis, J. Math. Phys. (N.Y.) 14, 104 (1973).

J. A. Gonzalez, F.S. Guzman, and O. Sarbach, Classical
Quantum Gravity 26, 015010 (2009).

K. A. Bronnikov, J. C. Fabris, and A. Zhidenko, Eur. Phys.
J.C 171, 1791 (2011).

J.A. Gonzalez, F.S. Guzman, and O. Sarbach, Classical
Quantum Gravity 26, 015011 (2009).

K. A. Bronnikov and S. Grinyok, Gravitation Cosmol. 7,
297 (2001).

K. A. Bronnikov and S. V. Grinyok, Gravitation Cosmol.
10, 237 (2004).

K. A. Bronnikov and S. Grinyok, arXiv:gr-qc/0205131.
K. A. Bronnikov and S. V. Grinyok, Gravitation Cosmol.
11, 75 (2005).

T. Kodama, Phys. Rev. D 18, 3529 (1978).

T. Kodama, L.C.S. de Oliveira, and F.C. Santos, Phys.
Rev. D 19, 3576 (1979).

V. Dzhunushaliev, V. Folomeev, D. Singleton, and R.
Myrzakulov, Phys. Rev. D 82, 045032 (2010).

V. Dzhunushaliev, V. Folomeev, B. Kleihaus, and J. Kunz,
J. Cosmol. Astropart. Phys. 04 (2011) 031.

V. Dzhunushaliev, V. Folomeev, B. Kleihaus, and J. Kunz,
Phys. Rev. D 85, 124028 (2012).

K. A. Bronnikov, R. A. Konoplya, and A. Zhidenko, Phys.
Rev. D 86, 024028 (2012).

K. P. Stanukovich, Sov. Phys. Dokl. 9, 63 (1964).

K. P. Stanukovich, Unsteady Flows of Continuous Medium
(Nauka, Moscow, 1971).

J.R. Oppenheimer and G. M. Volkoff, Phys. Rev. 55, 374
(1939).

A.G.W. Cameron, Astrophys. J. 130, 884 (1959).

J. Diaz-Alonso and J. M. Ibafiez-Cabanell, Astrophys. J.
291, 308 (1985).

P. Haensel and A.Y. Potekhin, Astron. Astrophys. 428,
191 (2004).

M. Salgado, S. Bonazzola, E. Gourgoulhon, and P.
Haensel, Astron. Astrophys. 291, 155 (1994).

Ya.B. Zel’dovich, J. Exp. Theor. Phys. 41, 1609 (1961);
Sov. Phys. JETP 14, 1143 (1962).

Ya.B. Zel’dovich and I. D. Novikov, Stars and Relativity
(Dover, New York, 1996).

R. Tooper, Astrophys. J. 142, 1541 (1965).

M. Colpi, S.L. Shapiro, and I. Wasserman, Phys. Rev.
Lett. 57, 2485 (1986).

[29]
(30]
(31]
(32]

(33]
[34]

(35]
[36]

(37]
(38]
[39]
[40]

[41]
[42]

[43]

[44]
[45]

[46]
[47]
(48]
[49]

[50]
[51]

104036-11


http://dx.doi.org/10.1103/PhysRev.97.511
http://dx.doi.org/10.1119/1.15620
http://dx.doi.org/10.1119/1.15620
http://dx.doi.org/10.1103/PhysRevLett.61.1446
http://dx.doi.org/10.1086/376865
http://dx.doi.org/10.1111/j.1365-2966.2004.08189.x
http://dx.doi.org/10.1088/0004-637X/737/2/102
http://arXiv.org/abs/gr-qc/0405111
http://dx.doi.org/10.1088/0264-9381/22/12/003
http://dx.doi.org/10.1088/0264-9381/22/12/003
http://dx.doi.org/10.1088/0264-9381/23/5/006
http://dx.doi.org/10.1088/0264-9381/23/5/006
http://dx.doi.org/10.1088/0264-9381/23/7/007
http://dx.doi.org/10.1088/0264-9381/23/7/007
http://dx.doi.org/10.1103/PhysRevD.78.104003
http://dx.doi.org/10.1103/PhysRevD.78.104003
http://dx.doi.org/10.1103/PhysRevD.78.064064
http://dx.doi.org/10.1088/1126-6708/2008/07/094
http://dx.doi.org/10.1103/PhysRevD.80.104038
http://dx.doi.org/10.1103/PhysRevD.80.104038
http://dx.doi.org/10.1103/PhysRevD.84.084025
http://dx.doi.org/10.1103/PhysRevD.84.084025
http://dx.doi.org/10.1103/PhysRevD.85.064045
http://dx.doi.org/10.1103/PhysRevD.85.064045
http://dx.doi.org/10.1016/S0393-0440(01)00028-6
http://dx.doi.org/10.1103/PhysRevD.65.104010
http://dx.doi.org/10.1088/0264-9381/19/19/309
http://dx.doi.org/10.1088/0264-9381/19/19/309
http://dx.doi.org/10.1103/PhysRevD.68.064004
http://dx.doi.org/10.1103/PhysRevD.68.064004
http://dx.doi.org/10.1103/PhysRevD.71.084011
http://dx.doi.org/10.1103/PhysRevD.71.043520
http://dx.doi.org/10.1142/S0218271807010481
http://dx.doi.org/10.1142/S0218271807010481
http://dx.doi.org/10.1103/PhysRevD.68.023509
http://dx.doi.org/10.1103/PhysRevD.68.023509
http://dx.doi.org/10.1142/S021827180600942X
http://dx.doi.org/10.1142/S021827180600942X
http://dx.doi.org/10.1063/1.1666161
http://dx.doi.org/10.1088/0264-9381/26/1/015010
http://dx.doi.org/10.1088/0264-9381/26/1/015010
http://dx.doi.org/10.1140/epjc/s10052-011-1791-2
http://dx.doi.org/10.1140/epjc/s10052-011-1791-2
http://dx.doi.org/10.1088/0264-9381/26/1/015011
http://dx.doi.org/10.1088/0264-9381/26/1/015011
http://arXiv.org/abs/gr-qc/0205131
http://dx.doi.org/10.1103/PhysRevD.18.3529
http://dx.doi.org/10.1103/PhysRevD.19.3576
http://dx.doi.org/10.1103/PhysRevD.19.3576
http://dx.doi.org/10.1103/PhysRevD.82.045032
http://dx.doi.org/10.1088/1475-7516/2011/04/031
http://dx.doi.org/10.1103/PhysRevD.85.124028
http://dx.doi.org/10.1103/PhysRevD.86.024028
http://dx.doi.org/10.1103/PhysRevD.86.024028
http://dx.doi.org/10.1103/PhysRev.55.374
http://dx.doi.org/10.1103/PhysRev.55.374
http://dx.doi.org/10.1086/146780
http://dx.doi.org/10.1086/163070
http://dx.doi.org/10.1086/163070
http://dx.doi.org/10.1051/0004-6361:20041722
http://dx.doi.org/10.1051/0004-6361:20041722
http://dx.doi.org/10.1086/148435
http://dx.doi.org/10.1103/PhysRevLett.57.2485
http://dx.doi.org/10.1103/PhysRevLett.57.2485

DZHUNUSHALIEYV et al.

[52] M. Gleiser, Phys. Rev. D 38, 2376 (1988); 39, 1257(E)
(1989).

[53] H.-a. Shinkai and S. A. Hayward, Phys. Rev. D 66, 044005
(2002).

[54] S. Chandrasekhar, Astrophys. J. 140, 417 (1964).

[55] P. Kanti, B. Kleihaus, and J. Kunz, Phys. Rev. Lett. 107,
271101 (2011).

PHYSICAL REVIEW D 87, 104036 (2013)

[56] P. Kanti, B. Kleihaus, and J. Kunz, Phys. Rev. D 85,
044007 (2012).

[57] R. Rajaraman, An Introduction to Solitons and Instantons
in Quantum Field Theory (North-Holland Publishing
Company, Amsterdam, New York, Oxford, 1982).

[58] V. Dzhunushaliev and V. Folomeeyv, Int. J. Mod. Phys. D
17, 2125 (2008).

104036-12


http://dx.doi.org/10.1103/PhysRevD.38.2376
http://dx.doi.org/10.1103/PhysRevD.39.1257
http://dx.doi.org/10.1103/PhysRevD.39.1257
http://dx.doi.org/10.1103/PhysRevD.66.044005
http://dx.doi.org/10.1103/PhysRevD.66.044005
http://dx.doi.org/10.1086/147938
http://dx.doi.org/10.1103/PhysRevLett.107.271101
http://dx.doi.org/10.1103/PhysRevLett.107.271101
http://dx.doi.org/10.1103/PhysRevD.85.044007
http://dx.doi.org/10.1103/PhysRevD.85.044007
http://dx.doi.org/10.1142/S0218271808013753
http://dx.doi.org/10.1142/S0218271808013753

