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We present conservative 3þ 1 general relativistic variable Eddington tensor radiation transport

equations, including greater elaboration of the momentum space divergence (that is, the energy derivative

term) than in previous work. These equations are intended for use in simulations involving numerical

relativity, particularly in the absence of spherical symmetry. The independent variables are the lab frame

coordinate basis spacetime position coordinates and the particle energy measured in the comoving frame.

With an eye towards astrophysical applications—such as core-collapse supernovae and compact object

mergers—in which the fluid includes nuclei and/or nuclear matter at finite temperature, and in which the

transported particles are neutrinos, we pay special attention to the consistency of four-momentum and

lepton number exchange between neutrinos and the fluid, showing the term-by-term cancellations that

must occur for this consistency to be achieved.
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I. INTRODUCTION

Neutrino transport is a necessary ingredient of
core-collapse supernova simulations [1–7]. Determining
the fate of the stellar material—for instance, does an
explosion happen, and if so, how?—requires calculation
of the four-momentum and lepton number exchange be-
tween the fluid (which includes nuclei and/or nuclear matter
at finite temperature) and the neutrinos that stream from and
through it. For the purpose of studying the explosion
mechanism, we take the traditional approach and consider
only massless neutrinos described by classical distribution
functions (phase space densities) fðt;x;pÞ [8].

The solution for the neutrino distributions fðt;x;pÞ in
their full dimensionality—1D timeþ 3D position spaceþ
3Dmomentum space—is beyond current computational
capabilities. Thus various approximations have been em-
ployed, in particular various permutations of reduction in
dimensionality, and in many cases exclusion of effects that
alter neutrino energies (energy-changing scattering inter-
actions, and Doppler and gravitational shifts; on the im-
portance of these, see for instance Refs. [19,20]). We leave
detailed discussions of these developments—especially in
spherical and axial symmetry—to the above-cited reviews
and overviews [1–7], noting also an additional recent re-
port of explosions in axisymmetry across a range of pro-
genitor masses with self-consistent neutrino transport [21].

For present purposes, we note that the focus of the field
is turning towards simulations that are 3D in position
space, and that in this context treatments of neutrino trans-
port remain in early stages. The simplest treatments—
which are not neutrino transport per se—are ‘‘light bulb’’
approaches with externally imposed, parametrized neu-
trino heating and cooling functions (e.g., Refs. [22–24]).
When it comes to more self-consistent neutrino transport,

most approaches to date with 3D position space are
‘‘grey’’ (neutrino energy dependence integrated out), and/
or ‘‘ray-by-ray’’ (solution along independent radial rays,
neglecting lateral transport except perhaps in optically
thick regions), and/or involve solution of only the lowest
angular moments (see also the next paragraph). One
approach going a step beyond light bulb schemes involves
cooling by neutrino ‘‘leakage,’’ plus grey heating based on
optical depths computed in a ray-by-ray fashion [25].
Computing grey solutions for the zeroth moment are,
e.g., Ref. [26] (ray-by-ray and with a prescribed inner
boundary luminosity at finite radius), and Ref. [27]
(in connection with smoothed-particle hydrodynamics).
Grey solutions for both the zeroth and first moments
are obtained in Ref. [28], in which the source terms
describing neutrino-matter interactions—which normally
induce significant computational costs due to the need for
implicit solution—are simplified with a leakage-type
approach. Energy-dependent ray-by-ray simulations solv-
ing self-consistently for the zeroth moment in 3D have
been reported as under way [29]. The only energy-
dependent transport results in 3D position space completed
to date are ray-by-ray: one with the ‘‘isotropic diffusion
source approximation’’, in which the neutrinos are sepa-
rated into diffusive and free-streaming components, with a
prescription for exchange between them [30]; and another
solving self-consistently for the zeroth and first moments
[31]. First tests of a full 3Dþ 3D Boltzmann solver have
been reported [4,32], but it will be some time before fully
detailed and well-resolved simulations with such solvers
are computationally tractable. Other approaches that tradi-
tionally have not been used in core-collapse supernova
studies, but that are being considered for future simulations
with 3D position space, include a Monte Carlo scheme [33]
and a spherical harmonics expansion [34].
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Given the current state of the field vis-à-vis 3D position
space simulations, it seems likely that a viable choice for
many practitioners will be an approach in which solutions
to only angular moments of fðt;x;pÞ are sought, with
some form of closure serving to truncate the scheme at
low order (see, e.g., Ref. [35]). Common examples include
flux-limited diffusion [36,39,41], truncated at the zeroth
moment J ðt;x; �Þ, with prescriptions for the first and sec-
ond moments H {̂ðt;x; �Þ and K{̂ |̂ðt;x; �Þ; and a variable
Eddington tensor approach [28,42–47], truncated at the first
moment H {̂ðt;x; �Þ, with prescriptions for the second and

third momentsK{̂ |̂ðt;x; �Þ andL{̂ |̂ k̂ðt;x; �Þ (see Sec. II C).
Relative to full Boltzmann simulations for fðt;x;pÞ,

the reduction in momentum space dimensionality afforded
by moments approaches yields important savings in the
memory needed to run simulations, and the impact on the
number of floating point operations (flops) required is
even greater. Memory needs grow quadratically (or even
linearly, in a matrix-free approach) with the number Np ¼
N�N�N#N’ of neutrino momentum space cells arising

fromN� neutrino species,N� energy bins, andN#N’ angle

bins. In contrast, the flop count—which is dominated by
the inversion of dense blocks representing momentum
space couplings—grows as a higher power, something
like N2–3

p ([48]; see also Refs. [4,49]). Therefore moment

approaches can be expected to require a number of flops
that are smaller by a factor of order ðN#N’Þ2–3 � 1.

Notably for the focus of this paper, conservative 3þ 1
general relativistic variable Eddington tensor radiation
moment equations are presented by Shibata et al. [45].
Their variables are functions of lab frame coordinate basis
spacetime position coordinates x�—that is, the spacetime
coordinates that appear in the 3þ 1 metric—but the
momentum space dependence is on the neutrino energy �
measured in the comoving frame. The long-recognized
freedom to choose different coordinate systems for space-
time and momentum space (e.g., Refs. [50–56]) allows
particle/fluid interactions to be evaluated in the comoving
frame in the context of Eulerian grid-based approaches to
multidimensional spatial dependence.

One difference between our presentation from that of
Shibata et al. [45] is our starting point. We begin from
conservative reformulations [57] of the general relativistic
Boltzmann equation [50,54,55,58,59] rather than the
moments formalism of Thorne [60]. (The conservative
reformulations of the general relativistic Boltzmann equa-
tion in Ref. [57], and a special relativistic specialization
[61], were inspired by previous conservative formulations
in spherical symmetry, e.g., [37,55,62]. While we hope to
solve the conservative multidimensional general relativis-
tic Boltzmann equation in future core-collapse supernova
simulations, its significance to the present work is the
straightforward path it provides for the derivation of
more computationally feasible moments equations.) By
angular integration of the four-momentum conservative

reformulation of the Boltzmann equation, we obtain in
Sec. II a general relativistic variable Eddington tensor
formalism in which the relationship between the lab frame
(denoted by unadorned indices) and the comoving frame
(denoted by hatted indices) is expressed in terms of
coordinate transformations L�

�̂ and comoving frame

connection coefficients ��̂
�̂ �̂.

In specializing to the 3þ 1 formulation of general
relativity in Sec. III, we extend the treatment of Shibata
et al. [45] with a full elaboration of the momentum
space divergence (i.e., the energy derivative term, in this
angle-integrated moments case). Important aspects of our
approach include (a) consistent use of what we call
‘‘Eulerian decompositions’’ and ‘‘Eulerian projections,’’
which are natural to the 3þ 1 approach; and relatedly,
(b) a shift from conceptualizing the relationship between
the lab and comoving frames from coordinate transforma-
tions L�

�̂ to the (covariant) relative three-velocity v�

connecting the four-velocities n� and u� of Eulerian and
Lagrangian observers. Our approach in Sec. III is more
geometric than that in Sec. II (in conception if not nota-
tion); indeed it allows us to obtain explicit results while
almost completely avoiding encounters with connection
coefficients.
We also add to the treatment by Shibata et al. [45] by

showing, in both Secs. II and III, how the four-momentum
exchange with the fluid expressed by a conservative
variable Eddington tensor formalism is consistent with a
conservative treatment of lepton number exchange. A
conservative treatment of four-momentum exchange with
the fluid, properly discretized for consistency with conser-
vative number exchange, is expected to facilitate simulta-
neous energy and lepton conservation in numerical
simulations—an important check on the physical reliabil-
ity of simulation outcomes [38]. In this respect, there may
be room for improvement over cases in which this consis-
tency has not been considered (e.g., Refs. [28,46]), or in
which consistency between conservative number exchange
and nonconservative four-momentum exchange has been
addressed (e.g., Ref. [43]). The nature of the consistency of
our conservative four-momentum transport equations
(modulo gravitational sources) with a conservative number
transport equation is made particularly explicit in Sec. III,
in which we elucidate the term-by-term cancellations that
must occur for this consistency to be achieved. In Sec. IV
we discuss the moment equations, bringing together the
pieces worked out in Sec. III and presenting overview
tables of the many variables appearing in the formalism.

II. GENERAL RELATIVATISTIC VARIABLE
EDDINGTON TENSOR FORMALISM

After exhibiting the Boltzmann equation and its
conservative reformulations in terms of number and four-
momentum exchange with the fluid, we obtain from the
latter a variable Eddington tensor formalism in which the
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relationship between the lab frame (denoted by unadorned
indices) and the comoving frame (denoted by hatted
indices) is expressed in terms of coordinate transforma-
tions L�

�̂ and comoving frame connection coefficients

��̂
�̂ �̂, and show how it relates to the angle-integrated

number-conservative reformulation.

A. The Boltzmann equation

Classical neutrino distribution functions fðt;x;pÞ are
governed by the Boltzmann equation [50,54,55,58,59]. In
its geometric form, it states that the change in f along a
phase space trajectory with affine parameter � is equal to
the phase space density C½f� of pointlike collisions that
add or remove particles from the trajectory:

df

d�
¼ C½f�: (1)

The phase space measure is defined in such a way that f
and C½f� are both invariant scalars. For practical compu-
tations it is necessary to introduce phase space coordinates:
spacetime coordinates x�, and momentum space coordi-
nates pi (the timelike momentum component p0 is fixed in
terms of the spacelike components pi by the mass shell
constraint). In terms of these coordinates, Eq. (1) becomes

dx�

d�

@f

@x�
þ dpi

d�

@f

@pi ¼ C½f�: (2)

The geodesic equations describing the trajectory are

dx�

d�
¼ p�; (3)

dp�

d�
¼ ���

��p�p�; (4)

so that Eq. (2) becomes

p� @f

@x�
� �i

��p
�p� @f

@pi ¼ C½f�; (5)

now an integro-partial differential equation (the integrals
appearing on the right-hand side).

There is freedom in choosing the spacetime and
momentum space coordinates. Taking the unadorned
indices to denote what we shall call a lab frame coordinate
basis (also called a ‘‘natural’’ or ‘‘holonomic’’ basis), the
connection coefficients ��

�� are given in terms of the space-
time metric g�� as

�
�
�� ¼ 1

2
g��

�
@g��
@x�

þ @g��
@x�

� @g��
@x�

�
: (6)

However, it is most convenient to express the particle
interactions entering C½f� in terms of momentum compo-
nents p{̂ reckoned with respect to an orthonormal reference
frame comoving with the fluid (a ‘‘comoving frame’’. We
define a composite transformation

L�
�̂ ¼ e� ���

��
�̂ (7)

consisting of a Lorentz boost � ��
�̂ from an orthonormal

comoving frame (denoted by indices with a hat) to an
orthonormal lab frame (denoted by indices with a bar),
followed by a transformation to the lab frame coordinate
basis with a local tetrad e� ��. This tetrad is independent of

the fluid velocity; it locally transforms the metric into the
Lorentz form ð� �� ��Þ ¼ diag½�1; 1; 1; 1�:

e� ��e
�
��g�� ¼ � �� ��: (8)

Of course, the boost� ��
�̂ preserves the Lorentz metric; this

implies that the composite transformation L�
�̂ is itself also

a tetrad. The inverse of Eq. (7) is

L�̂
� ¼ ��̂

��e
��
�; (9)

expressed in terms of the inverse tetrad e ��
� and inverse

boost ��̂
��. In terms of lab frame coordinate basis

spacetime components and comoving frame momentum
components, the Boltzmann equation reads

L�
�̂p

�̂ @f

@x�
� �{̂

�̂ �̂p
�̂p�̂ @f

@p{̂
¼ C½f�; (10)

where the connection coefficients in the comoving
frame are

��̂
�̂ �̂ ¼ L�̂

�L
�
�̂L

�
�̂�

�
�� þ L�̂

�L
�
�̂

@L�
�̂

@x�
: (11)

Finally, assuming particles of zero mass, it is convenient to
express the comoving frame null momentum components
in terms of energy, polar angle, and azimuthal angle, that
is, in terms of momentum space spherical polar coordinates
(denoted by indices with a tilde) ðp~{Þ ¼ ð�; #; ’ÞT :

ðp�̂Þ ¼ �ð1; ‘1̂; ‘2̂; ‘3̂ÞT
¼ �ð1; cos#; sin# cos’; sin# sin’ÞT; (12)

which also defines the unit normal three-vector ‘{̂

tangent to the comoving-frame three-momentum p{̂. In
terms of these momentum space coordinates the
Boltzmann equation now reads

L�
�̂p

�̂ @f

@x�
� �{̂

�̂ �̂p
�̂p�̂ @p~|

@p{̂

@f

@p~| ¼ C½f�; (13)

where

@p~|

@p{̂
¼1

�

�cos# �sin# cos’ �sin# sin’

�sin# cos# cos’ cos# sin’

0 �sin’=sin# cos’=sin#

0
BB@

1
CCA (14)

is the Jacobian relating momentum space spherical and
Cartesian coordinates.
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B. Conservative reformulations
of the Boltzmann equation

Conservative reformulations of the Boltzmann equation
are available [57] that render plain its connection to num-
ber and four-momentum conservation (or balance, given
the presence of source terms), and therefore may be helpful
in attempts to maintain fidelity to global conservation laws
in numerical simulations.

The number-conservative reformulation of Eq. (13) is

SN þMN ¼ C½f�; (15)

with spacetime divergence SN and momentum space
divergence MN given by

SN ¼ 1ffiffiffiffiffiffiffi�gp @

@x�
ð ffiffiffiffiffiffiffi�gp

L�
�̂p

�̂fÞ; (16)

MN ¼ 1

� sin#

@

@p~|

�
�� sin#�{̂

�̂ �̂

@p~|

@p{̂
p�̂p�̂f

�
: (17)

When Eq. (15) is integrated over the invariant momentum
space volume element (e.g., Ref. [50])

dP ¼ ffiffiffiffiffiffiffi�gp
"ijk

d1p
id2p

jd3p
k

ð�p0Þ (18)

¼ � sin#d�d#d’; (19)

the momentum space divergence term manifestly
disappears, leaving the number balance equation

1ffiffiffiffiffiffiffi�gp @

@x�
ð ffiffiffiffiffiffiffi�gp

N�Þ ¼
Z

C½f� dP

ð2�Þ3 ; (20)

where

N� ¼
Z

p�f
dP

ð2�Þ3 (21)

is the number flux vector (e.g., Ref. [50]), expressed here
in terms of the lab frame coordinate basis (note p� ¼
L�

�̂p
�̂). We use units in which ℏ ¼ c ¼ 1; relative to

works in which instead h ¼ c ¼ 1, this leads to the factors
of ð2�Þ3 in the preceding two equations.

Similarly, the four-momentum-conservative reformula-
tion of Eq. (13) is

ðSTÞ� þ ðMTÞ� ¼ L�
�̂p

�̂C½f�; (22)

with spacetime divergence ST and momentum space diver-
gence MT given by

ðSTÞ� ¼ 1ffiffiffiffiffiffiffi�gp @

@x�
ð ffiffiffiffiffiffiffi�gp

L�
�̂L

�
�̂p

�̂p�̂fÞ

þ ��
��L�

�̂L
�
�̂p

�̂p�̂f; (23)

ðMTÞ� ¼ 1

� sin#

@

@p~|

�
�� sin#�{̂

�̂ �̂

@p~|

@p{̂
L�

�̂p
�̂p�̂p�̂f

�
:

(24)

When integrated over dP, Eq. (22) yields the four-
momentum balance equation

1ffiffiffiffiffiffiffi�gp @

@x�
ð ffiffiffiffiffiffiffi�gp

T��Þ þ �
�
��T�� ¼

Z
p�C½f� dP

ð2�Þ3 ;

(25)

where

T�� ¼
Z

p�p�f
dP

ð2�Þ3 (26)

is the stress-energy tensor (e.g., Ref. [50]), expressed here
in terms of the lab frame coordinate basis.

C. Variable Eddington tensor formalism

Solving for f in its full dimensionality being computa-
tionally overwhelming, the dimensionality of the problem
can be reduced by considering only its lowest angular
moments. A truncation of the hierarchy of moments must
be performed by means of closure relations (see, e.g.,
Ref. [35]).
Just as it is most convenient to describe neutrino

interactions with the fluid in terms of momentum compo-
nents reckoned in the comoving frame, so also it seems
sensible to define angular moments and prescribe closure
relations in the comoving frame. We define the lowest
angular moments of fðx�; �;�Þ as follows:

J ðx�; �Þ ¼ �
Z

fðx�; �;�Þd�; (27)

H {̂ðx�; �Þ ¼ �
Z

‘{̂fðx�; �;�Þd�; (28)

K{̂ |̂ðx�; �Þ ¼ �
Z

‘{̂‘|̂fðx�; �;�Þd�; (29)

L{̂ |̂ k̂ðx�; �Þ ¼ �
Z

‘{̂‘|̂‘k̂fðx�; �;�Þd�; (30)

where ‘{̂ is the unit three-vector tangent to the three-
momentum in the comoving frame, defined in connection
with Eq. (12). The integration over d� ¼ sin#d#d’ is
performed over the unit sphere. Note that the energy
dependence is retained; these monochromatic moments
are functions of lab frame coordinate basis spacetime
position components x� and the comoving frame energy
�. (This is the first instance of a convention we employ, of
denoting monochromatic or energy-dependent quantities
with script symbols.) The flux-limited diffusion approxi-
mation entails truncation of the hierarchy at the zeroth
moment J , with prescriptions for the first and second
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moments H {̂ and K{̂ |̂ in terms of J . In the variable
Eddington tensor approach the hierarchy is truncated at
H {̂, with the next higher moments rewritten as

K{̂ |̂ ¼ k{̂ |̂J ; (31)

L{̂ |̂ k̂ ¼ l{̂ |̂ k̂J ; (32)

that is,

k{̂ |̂ ¼
R
‘{̂‘|̂fd�R
fd�

; (33)

l{̂ |̂ k̂ ¼
R
‘{̂‘|̂‘k̂fd�R

fd�
: (34)

A number of different approaches to computing the

Eddington tensors k{̂ |̂ and l{̂ |̂ k̂ might be taken; several are
reviewed inRef. [35]. Specific analytic choices used in some
recent calculations are spelled out in Refs. [28,44–46].
An alternative method in, e.g., Refs. [42,43] involves
Eddington factors numerically extracted from the solution
of a simplified Boltzmann equation. Full elaboration of
closure schemes is beyond the scope of this paper, but we
further discuss in Sec. III C the general forms the Eddington
tensors must take.

We choose the variable Eddington tensor approach, and
note that we require four equations for the four unknowns
J ,H {̂ (in addition to whatever scheme is used to compute
the Eddington tensors). Inspection of Eqs. (22)–(26) indi-
cates that the four-momentum conservative formulation of
the Boltzmann equation may serve as a suitable basis for
the four equations we require. They are suggestive of
conservative evolution of zeroth and first moments in the
lab frame coordinate basis, which may prove helpful in
maintaining numerical four-momentum conservation; yet
the arguments of the spacetime and momentum space
divergences can nevertheless be expressed in terms of the
comoving-frame moments J , H {̂ we must take as our
primitive unknowns.

We prepare to implement this strategy with some addi-
tional definitions. We define a monochromatic stress
energy, whose components are functions of lab frame
coordinate basis spacetime position components x� and
the comoving frame energy �:

T �̂ �̂ðx�; �Þ ¼ 1

�

Z
p�̂p�̂fðx�; �;�Þd�: (35)

Its components are related to the comoving frame moments
by

T 0̂ 0̂ T 0̂ |̂

T {̂ 0̂ T {̂ |̂

 !
¼ J H |̂

H {̂ K{̂ |̂

 !
¼ J H |̂

H {̂ k{̂ |̂J

 !
: (36)

Similarly we define

U�̂ �̂ �̂ðx�; �Þ ¼ 1

�

Z
p�̂p�̂p�̂fðx�; �;�Þd�; (37)

whose components are given by

U 0̂ �̂ �̂ ¼U�̂ 0̂ �̂ ¼U�̂ �̂ 0̂ ¼ �T �̂ �̂; (38)

U{̂ |̂ k̂ ¼ �L{̂ |̂ k̂ ¼ �l{̂ |̂ k̂J : (39)

The bottom line is that all the components of both T �̂ �̂

and U�̂ �̂ �̂ are just our primitive unknowns J and H {̂,

modulo factors (taken to be known) of �, k{̂ |̂, and l{̂ |̂ k̂.
We obtain our equations for J and H {̂ by integrating

Eq. (22) over d� and dividing by �:

ðSTÞ� þ ðMTÞ� ¼ L�
�̂

Z p�̂

�
C½f�d�; (40)

where the angle-integrated spacetime divergence ðSTÞ�
and momentum space divergence ðMTÞ� [now denoted in
a sans-serif font to distinguish them from the unintegrated
ðSTÞ� and ðMTÞ�] are given by

ðSTÞ� ¼ 1ffiffiffiffiffiffiffi�gp @

@x�
ð ffiffiffiffiffiffiffi�gp

L�
�̂L

�
�̂T

�̂ �̂Þ

þ ��
��L�

�̂L
�
�̂T

�̂ �̂; (41)

ðMTÞ�¼ 1

�2
@

@�

�
��L�

�̂

Z
�{̂
�̂�̂

@p
~1

@p{̂
p�̂p�̂p�̂fd�

�
: (42)

To further simplify ðMTÞ�, note that
@p

~1

@p{̂
¼ p{̂

�
(43)

by virtue of Eq. (12) and the first row of Eq. (14); and
that [57]

�{̂
�̂ �̂p{̂p

�̂p�̂ ¼ ��0̂
�̂ �̂p

�̂p�̂: (44)

This equation, which follows from 0 ¼ dðp�̂p�̂Þ=d� ¼
2p�̂dp

�̂=d� and Eq. (4), is important because it makes

only the third (rather than fourth) moment appear. With
these relations we obtain

ðMTÞ� ¼ 1

�2
@

@�
ð��2L�

�̂�
0̂
�̂ �̂U

�̂ �̂ �̂Þ (45)

for the angle-integrated momentum space divergence.
Equations (40), (41), and (45) are the relations we seek.

They provide four equations (� ¼ 0, 1, 2, 3) for our four
primitive unknowns J and H {̂, the comoving frame an-
gular moments; this is because the components of T �̂ �̂

andU�̂ �̂ �̂ are in fact J andH {̂, modulo factors (taken to
be known) of the comoving energy � and Eddington ten-

sors k{̂ |̂ and l{̂ |̂ k̂ [see Eqs. (36), (38), and (39)]. Moreover,
Eqs. (40), (41), and (45) are conservative in (that is, ex-
pressed in terms of divergences with respect to) our chosen
phase space coordinates—the lab frame coordinate basis
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spacetime position coordinates x� and the comoving frame
neutrino energy �.

D. Four-momentum and lepton number exchange

The right-hand side of Eq. (40) is intimately related to
source terms for the fluid energy and momentum equa-
tions. From the right-hand side of Eq. (40), the monochro-
matic four-momentum source q�a for neutrino species a is

q�a ¼ L�
�̂

Z p�̂

�
Ca½f�d�: (46)

Integrating �2=ð2�Þ3 times Eqs. (40), (41), and (45) over
neutrino energy � for a particular neutrino species a, we
have

r�T
��
a ¼

Z
q�a

�2d�

ð2�Þ3 � Q�
a; (47)

wherer� denotes the covariant derivative. The divergence

of the total stress energy—which includes the fluid and all
species of neutrinos—must vanish:

r�

�
T��
fluid þ

X
a

T��
a

�
¼ 0: (48)

By virtue of Eq. (47) we have

r�T
��
fluid ¼ �

X
a

Q�
a; (49)

which expresses the four-momentum exchange between
the fluid and the neutrinos.

To address the exchange of electron lepton number we
must consider the number-conservative neutrino equation.
We begin by defining a monochromatic number flux

N �̂ðx�; �Þ ¼ 1

�

Z
p�̂fðx�; �;�Þd�: (50)

Inspection of Eqs. (12), (35), and (36) shows that it is
related to the monochromatic stress energy and comoving
moments by

ðN �̂Þ ¼ 1

�
ðT 0̂ �̂Þ ¼ 1

�
ðT �̂ 0̂Þ ¼ 1

�
ðJ ;H {̂ÞT: (51)

Following steps similar to those used to obtain Eqs. (40),
(41), and (45), we integrate the number conservative
Eq. (15) over d� and divide by � to obtain

SN þMN ¼ 1

�

Z
C½f�d�; (52)

where the spacetime divergence SN and momentum space
divergence MN are given by

SN ¼ 1ffiffiffiffiffiffiffi�gp @

@x�
ð ffiffiffiffiffiffiffi�gp

L�
�̂N

�̂Þ; (53)

MN ¼ 1

�2
@

@�
ð��2�0̂

�̂ �̂T
�̂ �̂Þ: (54)

We define a monochromatic lepton number source ra for
neutrino species a from the right-hand side of Eq. (52):

ra ¼ 1

�

Z
Ca½f�d�: (55)

Integrating �2=ð2�Þ3 times Eqs. (52)–(54) over neutrino
energy � for neutrino species a, we have

r�N
�
a ¼

Z
ra

�2d�

ð2�Þ3 � Ra: (56)

The divergence of the total electron lepton number
vanishes:

r�ðN�
e þ N�

�e
� N�

��e
Þ ¼ 0; (57)

where N
�
e is the net electron number flux vector of the

fluid. By virtue of Eq. (56) we have

r�N
�
e ¼ �R�e

þ R ��e
; (58)

which expresses electron lepton number exchange between
the fluid and the neutrinos.
Moreover, the lepton number source on the right-hand

side of Eq. (58) is intimately related to the four-momentum
sources. Comparing Eqs. (55) and (46), we see that

ra ¼ 1

�
L0̂

�q
�
a (59)

(note that L0̂
�L

�
�̂ ¼ 	0̂

�̂).

The numerical consistency of a scheme in which the
lepton number exchange is expressed in terms of the four-
momentum exchange via Eq. (59)—which consistency
presumably has consequences for simultaneous conserva-
tion of four-momentum and lepton number [38]—depends
on the discretizations chosen for Eqs. (40), (41), and (45).
(This is true regardless of whether the fluid/neutrino
couplings are handled in an operator split fashion, e.g.,
Refs. [40,42,43]; or simultaneously with the solution of
the transport equations in a single implicit solve, e.g.,
Refs. [29,38].) To see this, note that the relation employed
in Eq. (59) between the right-hand sides of the number and
four-momentum equations should apply to the left-hand
sides as well. In particular, the identity

SN þMN ¼ 1

�
L0̂

�½ðSTÞ� þ ðMTÞ�� (60)

should hold for the discretized equations. Examining the
first term on the right-hand side, we find using Eqs. (41)
and (51) that

1

�
L0̂

�ðSTÞ�

¼ SN þ 1

�

�
L0̂

�L
�
�̂L

�
�̂�

�
�� � L�

�̂L
�
�̂

@L0̂
�

@x�

�
T �̂ �̂:

(61)

For the second term on the right-hand side of Eq. (60), we
find using Eqs. (45) and (38) that
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1

�
L0̂

�ðMTÞ� ¼ MN � 1

�
�0̂
�̂ �̂T

�̂ �̂: (62)

Thus we see that in the sum of the above two equations, the
‘‘extra’’ terms on the right do indeed cancel by virtue of

Eq. (11). [Note that L�
�̂@�L

0̂
� ¼ �L0̂

�@�L
�
�̂, thanks to

0 ¼ @�ð	0̂
�̂Þ ¼ @�ðL0̂

�L
�
�̂Þ.] Ideally, the analytic steps

confirming Eq. (60) can be followed in the discrete limit
in order to find a discretization of Eqs. (40), (41), and (45)
that is consistent with respect to both four-momentum and
lepton number exchange.

III. SPECIALIZATION TO THE 3þ 1 METRIC

After briefly reviewing the 3þ 1 formulation of general
relativity, we show how thinking in terms of three vectors—
the four velocity nu of Eulerian observers, the four-velocity
u� of Lagrangian observers, and the (covariant) relative
three-velocity v� that connects them—facilitates a full
elaboration of the 3þ 1 variable Eddington tensor moment
equations, including the detailed relationship between
these and the number exchange equation.

A. Description and evolution of the geometry

Numerical relativity often is built upon the 3þ 1
formulation of general relativity. In this approach one
considers a foliation of spacetime into spacelike slices,
i.e., three-dimensional hypersurfaces �t labeled by coor-
dinate time t (¼x0 in our lab frame coordinate basis). The
summary below serves to establish notation and spells out
only the results we need here. Pedagogical introductions
include Refs. [63–65].

Generic metric components in the 3þ 1 formulation are
found from consideration of a ‘‘thin sandwich’’ of space-
time bounded by two spacelike slices �t and �tþdt. In
particular, we consider the spacetime interval ds between
two points: x� in �t, and x� þ dx� in �tþdt. With proper
time interval d
 orthogonal to �t, and proper length inter-
val d‘ tangent to �t, ds is given by a Lorentzian version of
the Pythagorean theorem (note the signature �þþþ ):

ds2 ¼ �d
2 þ d‘2: (63)

Denote the orthogonal proper time at x� between �t

and �tþdt,
d
 ¼ �dt; (64)

and call � the lapse function. In considering the proper
length d‘ between x� in �t and the orthogonal projection
of x� þ dx� in �tþdt onto �t, we note that the curves
xi ¼ constant traced out by the spatial coordinates need
not be orthogonal to �t. That is, the spatial coordinates
may be moving as seen by an observer at rest in �t, such
that they shift by a coordinate distance �idt between �t

and �tþdt. Allowing for such a shift vector �i (which is
tangent to �t), and letting 
ij denote the three-metric

within �t, we have

d‘2 ¼ 
ijðdxi þ �idtÞðdxj þ �jdtÞ: (65)

Comparing Eqs. (63)–(65) with the line element
ds2 ¼ g��dx

�dx�, we read off the metric components

ðg��Þ ¼
��2 þ �k�

k �j

�i 
ij

 !
: (66)

The inverse metric is

ðg��Þ ¼ �1=�2 �j=�
2

�i=�
2 
ij � �i�j=�2

 !
: (67)

The three-metric 
ij and its inverse 

ij lower and raise the

indices of three-vectors within (tangent to) the spacelike
slice, as in �i ¼ 
ij�

j and �i ¼ 
ij�j. Finally,ffiffiffiffiffiffiffi�gp ¼ �
ffiffiffiffi


p

(68)

expresses the determinant g of the four-metric in terms
of the lapse function and the determinant 
 of the three-
metric.
Solution of the Einstein equations for the metric

components—nonlinear partial differential equations, sec-
ond order in space and time—constitutes knowledge of
spacetime. In the 3þ 1 approach, solution of the Einstein
equations is transformed into a Cauchy problem: specify
initial data (satisfying certain constraints from the Einstein
equations) on an initial spacelike slice; and with coordinate
freedom fixed and spatial boundary conditions specified,
evolve the geometry of the spacelike slices forward in time.
Of the ten degrees of freedom associated with the metric
components (the number of independent elements in a
4� 4 symmetric matrix), four correspond to the freedom
in general relativity to choose any spacetime coordinates
whatsoever, leaving six physical degrees of freedom to be
determined. The standard way to think about the coordinate
freedom in the 3þ 1 approach is to regard the lapse func-
tion � and shift vector �i as freely specifiable functions
in time and space, associated respectively with the choice of
time coordinate (i.e., the foliation or spacetime slicing) and
the choice of spatial coordinates (in particular the motion of
these coordinates as seen by an observer at rest in a slice). In
order to facilitate a practical solution by forward evolution
in time, the second-order-in-time system is transformed to
double the number of equations, first order in time, for
double the number of dynamical variables. In particular,
the above phrase ‘‘evolve the geometry of the spacelike
slices forward in time’’ corresponds to evolution of
(a) the six independent components of the three-metric

ij governing the geometry within a slice, and (b) the six

independent components of the extrinsic curvature Kij

(another symmetric tensor tangent to the spacelike slice)
that describes the warp of the spacelike slices as embedded
in spacetime. Here we do not show these evolution equa-
tions; in what follows, we simply regard 
ij and Kij as

given, for instance as having been obtained by numerical
solution (often of even further transformed systems, as for
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instance in Baumgarte-Shapiro-Shibata-Nakamura and
related approaches); see, e.g., Refs. [65–67].

B. Four-velocity of Eulerian observers
and the spacetime divergence

In dealing with various forms of stress energy and the
equations that govern them in the 3þ 1 context, two help-
ful tensors are the unit normal n� and the orthogonal
projector 
��. The unit normal n� to a spacelike slice at

a given point can be regarded as the four-velocity of a
Eulerian observer, i.e., one at rest in the lab frame. In the
lab frame coordinate basis its components are

ðn�Þ ¼ ð1=�;��i=�ÞT; (69)

ðn�Þ ¼ ð��; 0; 0; 0Þ: (70)

Note that indeed n�n
� ¼ g��n

�n� ¼ �1 as expected of a
unit vector. The orthogonal projector is


�� ¼ g�� þ n�n�: (71)

From Eqs. (66) and (70) it follows that the spatial part of

�� equals the three-metric 
ij, motivating use of the same

base symbol. While contraction of an arbitrary vector with
n� yields the portion orthogonal to a spacelike slice,
contraction with 
�� ¼ g�� þ n�n� yields the portion

tangent to the spacelike slice. Indeed a trivial calculation
confirms that 
��n

� ¼ 0.

The unit normal and orthogonal projector can be used to
decompose a stress-energy tensor T��. The ‘‘Eulerian
projections’’

E ¼ n�n�T
��; (72)

F� ¼ �n�
�
�T

��; (73)

S�� ¼ 
�
�


�
�T

�� (74)

are respectively the energy density, momentum density
(or energy flux), and stress measured by a Eulerian
observer. The momentum density and stress are spacelike,
i.e., tangent to the spacelike slice:

n�F
� ¼ 0; (75)

n�S
�� ¼ n�S

�� ¼ 0: (76)

In terms of Eqs. (72)–(74), a stress-energy tensor can be
decomposed as

T�� ¼ En�n� þ F�n� þ F�n� þ S��: (77)

We call this the ‘‘Eulerian decomposition’’ of T��.
Emphasizing the spacelike character of F� and S��

[see Eqs. (75) and (76)], it can be reexpressed

T�� ¼ En�n� þ Fi
�
in

� þ Fi
�
in

� þ Sij
�
i


�
j (78)

in the lab frame coordinate basis.

Turning from a generic stress-energy tensor to the
neutrino radiation in particular, we similarly define the
Eulerian projections and Eulerian decomposition of
the monochromatic neutrino stress energy:

T �� ¼ L�
�̂L

�
�̂T

�̂ �̂; (79)

whose comoving frame components T �̂ �̂ were given in
Eqs. (35) and (36). The coordinate transformation L�

�̂

from the orthonormal comoving frame to the lab frame
coordinate basis was discussed in Sec. II A. The Eulerian
projections

E ¼ n�n�T ��; (80)

F � ¼ �n�
�
�T ��; (81)

S�� ¼ 
�
�


�
�T �� (82)

are respectively the monochromatic neutrino energy
density, momentum density, and stress as measured by a
Eulerian observer. The momentum density and stress are
spacelike,

n�F� ¼ 0; (83)

n�S�� ¼ n�S�� ¼ 0; (84)

and

T �� ¼ En�n� þF �n� þF �n� þ S�� (85)

is the Eulerian decomposition of the monochromatic stress
energy.
The results in Appendix A for the four components of

the spacetime divergence r�T
�� of a stress-energy tensor

can be adapted immediately to the spacetime divergence
ðSTÞ� of the monochromatic particle stress energy in
Eq. (41). In particular we make the formal replacements

T�� ! T ��; (86)

E! E; (87)

F� ! F �; (88)

S�� ! S��: (89)

From Eq. (A14), the projection of the spacetime diver-
gence orthogonal to the spacelike slice—which contributes
to the neutrino energy equation—is

�n�ðSTÞ� ¼ 1

�
ffiffiffiffi


p

�
@ðDT;nÞ

@t
þ @ðFT;nÞi

@xi
�GT;n

�
; (90)

where

DT;n ¼ ffiffiffiffi


p

E; (91)

ðFT;nÞi ¼ ffiffiffiffi


p ð�F i � �iEÞ; (92)
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GT;n ¼ �� ffiffiffiffi


p �

F i

�

@�

@xi
� SijKij

�
(93)

are respectively the ‘‘conserved’’ energy density, energy
flux, and gravitational power associated with the neutrinos.
From Eq. (A31), the projection of the spacetime diver-
gence orthogonal to the spacelike slice—which contributes
to the neutrino momentum equation—is


j�ðSTÞ� ¼ 1

�
ffiffiffiffi


p

�
@ðDT;
Þj

@t
þ @ðFT;
Þij

@xi
� ðGT;
Þj

�
;

(94)

where

ðDT;
Þj ¼ ffiffiffiffi


p

F j; (95)

ðFT;
Þij ¼
ffiffiffiffi


p ð�Si

j � �iF jÞ; (96)

ðGT;
Þj ¼ �� ffiffiffiffi


p �

E
�

@�

@xj
�F i

�

@�i

@xj
� Sik

2

@
ik

@xj

�
(97)

are respectively the ‘‘conserved’’ momentum density,
momentum flux, and gravitational force associated with
the neutrinos. Note that Eðx�; �Þ, F �ðx�; �Þ, and
S��ðx�; �Þ are functions of the lab frame spacetime coor-
dinates x� and the neutrino energy � reckoned in a comov-
ing frame. Their relations to the primitive variables
J ðx�; �Þ and H {̂ðx�; �Þ follow from Eqs. (80)–(82), (79),
(7), and (36); but see also the following two subsections
and Appendix B. The projections of the spacetime diver-
gence presented here are in accord with the corresponding
terms in Eqs. (3.37) and (3.38) of Shibata et al. [45].

C. Four-velocity of Lagrangian observers and
the momentum space divergence

Before turning to the momentum space divergence, it
will be helpful to begin rewriting in covariant form some of
the expressions we have given involving comoving frame
components, by writing them in terms of the four-velocity
u� of Lagrangian observers (i.e., those at rest with respect
to the fluid). In an orthonormal comoving frame we have

ðu�̂Þ ¼ ð1; 0; 0; 0ÞT; (98)

ðu�̂Þ ¼ ð�1; 0; 0; 0Þ: (99)

Thus for example

� ¼ �u0̂p0̂ ¼ �u�̂p�̂ ¼ �u�p� (100)

is the neutrino energy measured by a Lagrangian observer,
expressed in terms of lab frame coordinate basis compo-
nents u� ¼ u�̂L

�̂
� and p� ¼ L�

�̂p
�̂ (the coordinate

transformation L�
�̂ from the orthonormal comoving frame

to the lab frame coordinate basis, and its inverse L�̂
�, were

discussed in Sec. II A).

Turning to the comoving frame angular moments J ,
H {̂, and K{̂ |̂ defined in Eqs. (27)–(30), we can define
covariant versions by extending ‘{̂ to a unit four-vector ‘�

satisfying ‘�‘
� ¼ 1. This vector is spacelike in the

comoving frame, with comoving frame components

ð‘�̂Þ ¼ ð0; ‘1̂; ‘2̂; ‘3̂ÞT , and is thus orthogonal to u�, i.e.,

u�‘
� ¼ 0 (101)

in any basis. Thus, �‘� is a covariant representation of the
three-momentum measured by a Lagrangian observer.
Covariant representations of the comoving frame angular
moments are

J ¼ �
Z

fd�; (102)

H � ¼ �
Z

‘�fd�; (103)

K�� ¼ �
Z

‘�‘�fd�; (104)

L��� ¼ �
Z

‘�‘�‘�fd�; (105)

where the integration is still performed with respect to the
comoving frame solid angle.
While in Eqs. (31)–(34) we nominally defined closure of

the system in terms of the comoving frame components

K{̂ |̂ andL{̂ |̂ k̂ of the second and third angular moments, in
practice we may be able to obtain the lab frame coordinate
basis components K�� and L��� without ever explicitly
transforming any of the moments to and/or from the co-
moving frame using the transformations L�̂

� and L�
�̂

discussed in Sec. II A. (Applying the closures without
any reference to comoving frame components is desirable
because it would be a hassle to have to work explicitly with
the transformations L�̂

� and L�
�̂. These will be quite

complicated in the general multidimensional case, because
neither the metric g��, nor therefore the tetrad e� ��, nor

either the boost � ��
�̂, will be diagonal. Moreover, it would

be necessary to apply the tetrad to the coordinate basis
velocity variables obtained with the hydrodynamics solver
in order to get the velocity parameters appearing in the
boost. Working only with lab frame coordinate basis com-
ponents of the comoving frame angular moments avoids
these complications.) Following Ref. [68], we note that if
K�� is regarded as a function of the zeroth and first
moments J andH �, the most general symmetric expres-
sion that (a) is spacelike relative to u�, and (b) satisfies the
trace condition K�

� ¼ J [obvious from Eqs. (102) and

(104)], is of the form
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K�� ¼ 1

3
J h�� þ aðJ ;H Þ

�
H �H � � 1

3
H 2h��

�
;

(106)

where H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H �H �

q
, and

h�� ¼ g�� þ u�u� (107)

is the orthogonal projector relative to u�. We extend this
thinking to the third moment, finding the unique expression

L���¼1

5
ðH �h��þH �h��þH �h��Þ

þbðJ ;H Þ
�
H �H �H �

�1

5
H 2ðH �h��þH �h��þH �h��Þ

�
(108)

satisfying the trace conditions [obvious from Eqs. (103)
and (105)]

L�
�
�¼H �; L��

�¼H �; L��
�¼H �: (109)

The point is that when K�� and L��� are obtained only
from knowledge of J and H �, in principle the only
freedom in the closures are the scalar functions aðJ ;H Þ
and bðJ ;H Þ, in which the magnitude H ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H �H �

q
can be evaluated in terms of lab frame coordinate basis
components.

Consider next the monochromatic stress energy T ��.
As can be confirmed in the comoving frame, the neutrino
momentum p� can be covariantly decomposed as

p� ¼ �ðu� þ ‘�Þ; (110)

i.e., into portions tangent and orthogonal to the Lagrangian
observer four-velocity u�. Using this in the monochro-
matic stress energy

T �� ¼ 1

�

Z
p�p�fd� (111)

[see Eqs. (35) and (79)], one can see that the ‘‘Lagrangian
projections’’

J ¼ u�u�T ��; (112)

H � ¼ �u�h��T ��; (113)

K�� ¼ h��h
�
�T ��; (114)

do in fact yield Eqs. (102)–(104). [Recall that h��, given

by Eq. (107), is the orthogonal projector relative to u�.]
Thus the moments J , H �, and K�� are respectively the
monochromatic neutrino energy density, momentum den-
sity, and stress measured by a Lagrangian observer. Note
that H � and K�� are spacelike in the comoving frame:

u�H � ¼ 0; (115)

u�K�� ¼ u�K�� ¼ 0: (116)

Therefore T �� can be written as the ‘‘Lagrangian
decomposition’’

T �� ¼ Ju�u� þH �u� þH �u� þK��; (117)

which provides an alternative to the Eulerian decomposi-
tion of Eq. (85) in terms of the energy density, momentum
density, and stress measured by a Eulerian observer.
Equations (85) and (117) can be used to write the

monochromatic energy density, momentum density, and
stress measured by a Eulerian observer (E, F �, and S��)
in terms of their counterparts measured by a Lagrangian
observer (J , H �, and K��), and vice versa. In one
direction, use Eqs. (80)–(82) and substitute Eq. (117)
on the right-hand side. In the other direction, use
Eqs. (112)–(114) and substitute Eq. (85) on the right-
hand side. We will say more about this in the next
subsection and in Appendix B.
Next we turn to the third momentum moment U���,

given by

U��� ¼ 1

�

Z
p�p�p�fd� (118)

[see Eq. (37)]. Note that

�u�U��� ¼ �u�U��� ¼ �u�U��� ¼ �T �� (119)

is a covariant version of Eq. (38). Using Eq. (110) in
Eq. (118) and comparing with Eqs. (102)–(105), we find

�J ¼ �u�u�u�U���; (120)

�H � ¼ u�u�h
�
�U���; (121)

�K�� ¼ �u�h��h
�
�U���; (122)

�L��� ¼ h��h
�
�h

�
�U

��� (123)

for the Lagrangian projections of U���. The associated
Lagrangian decomposition is

U���¼�ðJ u�u�u�þH �u�u�þH �u�u�þH �u�u�

þK��u�þK��u�þK��u�þL���Þ: (124)

Equations (119) and (124) are special to contraction and
decomposition respectively with respect to the Lagrangian
observer four-velocity u�. That is, the identity (up to a
factor �) of the Lagrangian projections J , H �, and K��

of T �� with the Lagrangian projections of U��� (except
of course for the irreducibleL���) holds due to our choice
to measure energies and define angular moments in the
comoving frame. We can define (and in fact will use) the
Eulerian projections of U���,
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Z ¼ �n�n�n�U���; (125)

Y� ¼ n�n�

�
�U���; (126)

X�� ¼ �n�
�
�


�
�U���; (127)

W ��� ¼ 
�
�


�
�


�
�U

���; (128)

and construct the associated Eulerian decomposition of
U���:

U���¼Zn�n�n�þY�n�n�þY�n�n�þY�n�n�

þX��n�þX��n�þX��n�þW ���: (129)

The relationships between the Eulerian projections Z, Y�,
X��, and W ��� of U��� and the Eulerian projections E,
F �, and S�� of T �� are not as simple as the relation-
ships between the coefficients of Eqs. (117) and (124).
Nevertheless, useful relationships between the Eulerian
projections of U��� and T �� do exist and will be pre-
sented in the next subsection.

In a different vein, another comoving frame expression
that can be written in covariant form thanks to Eq. (99) is

�0̂
�̂ �̂ ¼ ��0̂

�̂ �̂u0̂ ¼ ���̂
�̂ �̂u�̂ ¼ r�̂u�̂ � @�̂u�̂ ¼ r�̂u�̂;

(130)

a covariant expression for the connection coefficients
appearing in Eq. (45).

Having obtained these expressions rewritten covariantly
in terms of the Lagrangian observer four-velocity u�, we
are ready to consider the momentum space divergence.
Using Eq. (130), the angle-integrated momentum space
divergence of Eq. (45) can be written

ðMTÞ� ¼ 1

�2
@

@�
ð��2L�

�̂U
�̂ �̂ �̂r�̂u�̂Þ; (131)

or, taking advantage of the covariant nature of this
expression,

ðMTÞ� ¼ 1

�2
@

@�
ð��2U���r�u�Þ; (132)

where U��� is given by Eqs. (124) or (129). Projecting
orthogonal and tangent to the spacelike slice, we have

�n�ðMTÞ� ¼ 1

�2
@

@�
ð�2n�U���r�u�Þ; (133)


j�ðMTÞ� ¼ 1

�2
@

@�
ð��2
j�U���r�u�Þ: (134)

Up to multiplicative factors of � in defining the moments,
the projections of the momentum space divergence
(i.e., energy derivative) presented here are in accord with
the corresponding terms in Eqs. (3.37) and (3.38) of
Shibata et al. [45].

D. Three-velocity of Lagrangian observers and the
relation between the lab and comoving frames

In Sec. II we obtained expressions in terms of lab frame
coordinate basis spacetime position components x� and
comoving frame orthonormal basis momentum compo-
nents p{̂ through application of coordinate transformations
L�

�̂, but in the context of the 3þ 1 formulation there is a

more fruitful way of expressing the relationship between
the lab and comoving frames. In particular, the Lagrangian
observer four-velocity u� (i.e., the four-velocity of the
fluid) can be ‘‘Eulerian decomposed’’ into parts orthogonal
and tangent to the spacelike slice, that is to say, parts
tangent and orthogonal to the Eulerian observer four-
velocity n�:

u� ¼ �ðn� þ v�Þ: (135)

The orthogonality requirement on v�,

n�v
� ¼ 0; (136)

implies [see Eq. (70)] that v� is spacelike and has
components

ðv�Þ ¼ ð0; viÞT (137)

in the lab frame coordinate basis. The interpretation of v�

as the three-velocity of a Lagrangian observer as measured
by a Eulerian observer is confirmed by squaring Eq. (135)
to find the expected Lorentz factor

� ¼ ð1� v�v�Þ�1=2 ¼ ð1� viviÞ�1=2 (138)

for a boost between frames with relative three-velocity v�.
(Recall that u�u

� ¼ n�n
� ¼ �1. The scalar Lorentz

factor � lacks indices and will not be confused with the
Lorentz boost � ��

�̂.)

In the previous subsection we mentioned finding the
monochromatic energy density, momentum density, and
stress measured by a Eulerian observer (E, F �, and S��)
in terms of their counterparts measured by a Lagrangian
observer (J , H �, and K��), and vice versa. In substitut-
ing the Lagrangian decomposition of Eq. (117) in
Eqs. (80)–(82), the factors of n� and 
�

� can be expressed

in terms of u� and v� via Eq. (135). Using also Eqs. (115)

and (116), this provides an alternate route to the relations
obtained more tediously from the transformation T �� ¼
L�

�̂L
�
�̂T

�̂ �̂ and Eq. (36). The explicit results are analo-

gous to those obtained [52] via Lorentz transformations in
special relativity. They are not particularly illuminating,
but for completeness we exhibit them in Appendix B. The
inverse relations for the Lagrangian projections in terms of
the Eulerian projections—obtained by substituting Eq. (85)
in Eqs. (112)–(114)—are even less illuminating, and we do
not even bother to display them in an appendix. Relations
between E, F �, S�� and J , H �, K�� will of course be
needed in numerical work, but it may be best to perform
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the contractions in Eqs. (80)–(82) or (112)–(114) numeri-
cally rather than code tedious analytic expressions.

We also use Eqs. (135) and (136) in fulfilling our
promise, made in the previous subsection, to relate the
Eulerian projections of U��� in Eq. (129) to those of
T �� in Eq. (85). These relations are obtained by plugging
Eq. (129) into Eq. (119) and comparing the results with
Eq. (85) for the coefficients of outer products of two, one,
and zero copies of n�. The results are

�ðZ� v�Y�Þ ¼ �E; (139)

�ðY� � v�X��Þ ¼ �F �; (140)

�ðX�� � v�W ���Þ ¼ �S��: (141)

These can be ‘‘unraveled’’ in reverse order to give

�X�� ¼ �S�� þ�v�W ���; (142)

�Y� ¼ �F � þ v�ð�S�� þ�v�W ���Þ; (143)

�Z ¼ �E þ v�½�F � þ v�ð�S�� þ�v�W ���Þ�: (144)

We discussed finding the Eulerian projections E, F �,
and S�� in terms of the Lagrangian J , H �, and K��

(i.e., the comoving frame angular moments) in the previous
paragraph; see also Appendix B. There remains the third
moment W ���, which can be found in terms of J , H �,
K��, and L��� through Eq. (128), using the Lagrangian
decomposition of Eq. (124) on the right-hand side.
Similarly, Eqs. (125)–(127) can be used in lieu of
Eqs. (142)–(144) to directly obtain Z, Y�, and X�� in
terms of J , H �, K��, and L��� as well. Again we
reserve explicit expressions for Appendix B; and again
we also emphasize that it may be best to numerically
perform the contractions in Eqs. (125)–(128)—or, in the
inverse case, Eq. (123)—rather than code tedious analytic
expressions.

These Eulerian projections come into play in making the
momentum space divergence more explicit, for we use
the Eulerian decomposition of U��� given by Eq. (129)
and the Eulerian decomposition of u� given by Eq. (135)
in expanding the expression U���r�u� appearing in

Eqs. (133) and (134). At first glance the use of these
Eulerian decompositions may seem to complicate things.
With our choice to measure neutrino momentum compo-
nents and define angular moments in the comoving frame,
the Lagrangian decomposition of U��� in Eq. (124) is
simpler in the sense described in Sec. III C, and indeed u�
is the four-velocity of Lagrangian observers; so why not
stay with these Lagrangian expressions? The problem is
that we cannot stay in ‘‘Lagrangian world’’—in the
comoving frame—altogether, much as we might like
to, because the covariant derivative r�u� is with respect

to the lab frame coordinate basis. We have swept the

connection coefficients in Eq. (45) temporarily under
the rug via Eq. (130), but lab frame coordinate basis
connection coefficients still lurk in the covariant derivative
r�u�.

Given the unavoidable necessity of facing the relation
between the lab and comoving frames in one way or
another, there are significant advantages to consistent
use of Eulerian decompositions, in which the relation
between frames is focused more in the three-velocity v�

of a Lagrangian observer as measured by a Eulerian
observer, than in the coordinate transformations L�

�̂

of Eq. (7).
If we stay with Eq. (45), we face the unpleasant prospect

of evaluating Eq. (11) for the transformed connection
coefficients. Even rewritten as Eq. (132), we face lab frame
coordinate basis connection coefficients when using the
Lagrangian decomposition of U��� and leaving the
Lagrangian observer four-velocity u� as is. But as deriva-
tions in Appendices A and C show, the fact that Eulerian
decompositions are most natural in the 3þ 1 approach
allows us to almost completely avoid explicit encounters
with connection coefficients.
Moreover, consistent use of the Eulerian perspective—

both in projecting out the portions of the phase space
divergence orthogonal and tangent to the spacelike slice,
and in Eulerian decompositions of U��� and u�—also
turns out to preclude any appearance of time derivatives
of metric functions, even in intermediate steps. Time
derivatives of the lapse function � and shift vector �i

would be particularly inconvenient in numerical work, as
these do not normally have evolution equations associated
with them. (Unfortunately, we shall see that time deriva-
tives of the Lorentz factor � and three-velocity vi remain;
these are something of a nuisance, but at least in principle
they could be written in terms of spatial derivatives via
hydrodynamics evolution equations.)
Finally, the Eulerian decomposition of U��� is more

readily tied to the Eulerian decomposition of T ��, i.e., to
the energy density E, momentum density F �, and stress
S�� measured by a Eulerian observer. This is advantageous
in relating four-momentum conservation to lepton number
conservation, for cancellations must occur between the
spacetime and momentum space divergences, and it is E,
F �, and S�� that appear in the spacetime divergence in
Eqs. (90) and (94).
Details of the calculation of U���r�u�, using the

Eulerian decompositions of U��� and r�u�, are given

in Appendix C. Using those results for the projection
orthogonal to the spacelike slice, we have

�n�ðMTÞ� ¼ 1

�
ffiffiffiffi


p 1

�2
@

@�
½�2ðRT;n þOT;nÞ�; (145)

where
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RT;n ¼ �
ffiffiffiffi


p

�

�ðZvi �YiÞ
�

@�

@xi
�Ykv

i

�

@�k

@xi

� �kivm

2

@
ki

@xm
þ �kiKki

�
; (146)

OT;n ¼ �
ffiffiffiffi


p �

Zn�
@�

@x�
þ Yi @�

@xi
� Ykn

� @ð�vkÞ
@x�

� �k

@ð�vkÞ
@xi

�
; (147)

arise from changes in the neutrino energy as measured in
the comoving frame due to gravitational redshift ðRT;nÞ and
the acceleration of the observer riding along with the fluid
ðOT;nÞ. Similarly,


j�ðMTÞ� ¼ 1

�
ffiffiffiffi


p 1

�2
@

@�
f�2½ðRT;
Þj þ ðOT;
Þj�g; (148)

with

ðRT;
Þj ¼ �
ffiffiffiffi


p

�

�ðYjv
i �Xj

iÞ
�

@�

@xi
�Xjkv

i

�

@�k

@xi

�W j
kivm

2

@
ki

@xm
þW j

kiKki

�
; (149)

ðOT;
Þj ¼ �
ffiffiffiffi


p �

Yjn
� @�

@x�
þXj

i @�

@xi

�Xjkn
� @ð�vkÞ

@x�
�W jk

i @ð�vkÞ
@xi

�
(150)

for the projection of the momentum space divergence tan-
gent to the spacelike slice. That the structures of RT;n and

OT;n parallel those of ðRT;
Þj and ðOT;
Þj is simply a reflec-

tion of the parallel structure of Eqs. (C3) and (C4). As given
here they are expressed in terms of the Eulerian projections
Z, Y�, X��, and W��� of U��� [see Eq. (129)]. In
numerical work these could be further expressed in terms
of the Eulerian projections of T �� [see Eq. (85)], i.e., the
energy density E, momentum density F �, and stress S��

measured by a Eulerian observer, via Eqs. (142)–(144). They
could also be expressed directly in terms of the Lagrangian
projections, as shown in Appendix B.

E. Four-momentum and lepton number exchange

The relationship of lepton number and energy exchange
at a high level is readily seen. Revisiting Sec. II D in terms
of covariant expressions involving the Lagrangian observer
four-velocity u� (see Sec. III C), it is easy to see that
Eq. (51) becomes

N � ¼ � 1

�
u�T ��; (151)

that Eq. (54) becomes

MN ¼ 1

�2
@

@�
ð��2T ��r�u�Þ; (152)

and that Eq. (60) becomes

SN þMN ¼ � 1

�
u�½ðSTÞ� þ ðMTÞ��: (153)

The first term on the right-hand side is

� 1

�
u�ðSTÞ� ¼ � 1

�
u�r�T �� (154)

¼ r�

�
� 1

�
u�T ��

�
þT ��

�
r�u� (155)

¼ SþT ��

�
r�u�; (156)

thanks to Eq. (151). The second term on the right-hand side
of Eq. (153) is

� 1

�
u�ðMTÞ� ¼ � 1

�
u�

�
1

�2
@

@�
ð��2U���r�u�Þ

�
(157)

¼ 1

�2
@

@�
ð��2T ��r�u�Þ

� �T ��r�u�
@

@�

�
� 1

�

�
(158)

¼ MN �T ��

�
r�u�; (159)

by virtue of Eqs. (119) and (152). The sum of Eqs. (156)
and (159) gives Eq. (153) as required.
This consistency between lepton number and energy

exchange applies not only at this high level, but also to
the detailed form of the moment equations as we have most
expressly written them, which has implications for their
discretization. In terms of the decomposition of u� in
Eq. (135), we have

SN þMN ¼ ��

�
ðn� þ v�Þ½ðSTÞ� þ ðMTÞ�� (160)

for Eq. (153). This is, naturally, closely related to our
projections of the spacetime and momentum space diver-
gences orthogonal and tangent to the spacelike slice.
We consider first the spacetime divergence on the right-

hand side of Eq. (160). Using Eqs. (90)–(92) and (69), we
have

��

�
n�ðSTÞ� ¼

�
@

@t

�
�ðDT;nÞ

�

�
þ @

@xi

�
�ðFT;nÞi

�

�

� 1

�
½�ðGT;nÞ þ ET;n�

�
1

�
ffiffiffiffi


p ; (161)

where
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E T;n ¼ �
ffiffiffiffi


p �

En�
@�

@x�
þ �i @�

@xi

�
(162)

are the ‘‘extra’’ terms that arise from pulling the factor �
inside the time and space derivatives. Thus, the discretized
form of ET;n will be dictated by the discretization chosen

for the first two terms of Eq. (90). Similarly, using
Eqs. (94)–(96) and (69), we have

��vj

�

j�ðSTÞ�

¼
�
@

@t

�
�vjðDT;
Þj

�

�
þ @

@xi

��vjðFT;
Þij
�

�

� 1

�
½�vjðGT;
Þj þ ET;
�

��
� 1

�
ffiffiffiffi


p

�
; (163)

where

ET;
 ¼ �
ffiffiffiffi


p �

F jn
� @ð�vjÞ

@x�
þ Si

j

@ð�vjÞ
@xi

�
(164)

are the ‘‘extra’’ terms that arise from pulling the factor�vj

inside the time and space derivatives. Thus, the discretized
form of ET;
 will be dictated by the discretization chosen

for the first two terms of Eq. (94). Adding Eqs. (161) and
(163) gives

��

�
ðn� þ vj
j�ÞðSTÞ�

¼ SN �
�
�

�
½ðGT;nÞ � vjðGT;
Þj�

þ 1

�
ðET;n � ET;
Þ

�
1

�
ffiffiffiffi


p (165)

for the contribution of the spacetime divergence to the
right-hand side of Eq. (160).

Turning to the momentum space divergence, from
Eqs. (145) and (148) we have

��

�
ðn� þ vj
j�ÞðMTÞ�

¼ MN � 1

�2
@

@�

�
1

�

��
��2½ðRT;nÞ � vjðRT;
Þj�

þ��2½ðOT;nÞ � vjðOT;
Þj�
�

1

�
ffiffiffiffi


p (166)

for the contribution of the momentum space divergence to
the right-hand side of Eq. (160). Note that the long term
following MN results from pulling 1=� through the energy
derivative; therefore its discretized form is dictated by the
discretization chosen for Eqs. (145) and (148).

The sum of Eqs. (165) and (166) equals Eq. (160), as
required, because (a) the gravitational redshift terms from
the momentum space divergence cancel the gravitational
force and power terms from the spacetime divergence, and
(b) the observer corrections from the momentum space

divergence cancel the ‘‘extra’’ terms from pulling � and
vk through the time and space derivatives. That is, (a)

0¼�

�
½ðGT;nÞ�vjðGT;
Þj���

�2
½ðRT;nÞ�vjðRT;nÞj�; (167)

and (b)

0 ¼ 1

�
ðET;n � ET;nÞ � �

�2
½ðOT;nÞ � vjðOT;
Þj�: (168)

These cancellations emerge in a surprisingly tractable way:
the gravitational redshift and observer correction terms
from the normal and tangent projections of the momentum
space divergence combine in just the right way to make use
of Eqs. (139)–(141), which relate the Eulerian projections
Z, Y�, X��, and W��� of U��� [see Eq. (129)] to the
Eulerian projections of T �� [see Eq. (85)], i.e., the energy
density E, momentum density F �, and stress S�� mea-
sured by a Eulerian observer. In particular, combining
Eqs. (146) and (149) using Eqs. (139) and (141) yields

ðRT;nÞ � vjðRT;
Þj ¼ ��
ffiffiffiffi


p �ðEvi �F iÞ

�

@�

@xi
�F kv

i

�

� @�k

@xi
� Skivm

2

@
ki

@xm
þ SkiKki

�
:

(169)

Plugging this and Eqs. (93) and (97) into Eq. (167), the
term-by-term cancellations are apparent. Similarly, com-
bining Eqs. (147) and (150) using Eqs. (139)–(141) yields

ðOT;nÞ � vjðOT;
Þj ¼ �

�
�

ffiffiffiffi


p �

En�
@�

@x�
þF i @�

@xi

�F kn
� @ð�vkÞ

@x�
� Si

k

@ð�vkÞ
@xi

�
:

(170)

Plugging this and Eqs. (162) and (164) into Eq. (168), once
again the term-by-term cancellations are apparent.
This analytic demonstration of the consistency of our

conservative four-momentum moment equations with a
conservative number moment equation ideally should be
repeated in the discretized case in order to discover dis-
cretizations that are faithful to this consistency. We do not
present a full discretization of the moment equations in this
paper, but make some additional comments in Appendix D.

IV. CONCLUSION

We now assemble the expressions obtained in Secs. III B,
III C, and IIID into conservative 3þ 1 general relativistic
variable Eddington tensor radiation transport equations.
These four equations are conservation laws for the energy
and momentum carried by the neutrino radiation:
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@ðDT;nÞ
@t

þ @ðFT;nÞi
@xi

þ 1

�2
@

@�
½�2ðRT;n þOT;nÞ�

¼ GT;n þ CT;n; (171)

@ðDT;
Þj
@t

þ @ðFT;
Þij
@xi

þ 1

�2
@

@�
f�2½ðRT;
Þj þ ðOT;
Þj�g

¼ ðGT;
Þj þ ðCT;
Þj: (172)

Tables I, II, III, IV, and V present overviews of the many
variables that have been assembled into the major entities
appearing in these equations. The global ‘‘lab frame’’
spacetime coordinates t and xi are those associated with
the 3þ 1 formulation of general relativity, in which the
line element and metric components g�� are given by

Eqs. (63)–(65). Equations (171) and (172), expressing
energy and momentum conservation respectively, come
from the projections of the phase space divergence of the
monochromatic neutrino stress energy orthogonal and
tangent to the spacelike slice. The projection orthogonal
to the spacelike slice is via contraction with n�, the unit
normal to the spacelike slice, which is also the four-velocity

of Eulerian observers [see Eqs. (69) and (70)]. The projec-
tion tangent to the spacelike slice is via contraction with the
orthogonal projector 
�� ¼ g�� þ n�n�. The momentum

space coordinate in these angle-integrated moment equa-
tions is the energy � ¼ �u�p� measured by a Lagrangian

observer, whose four-velocity u� is that of the fluid. These
coordinate choices allow particle/fluid interactions to be
evaluated in the comoving frame in the context of
Eulerian grid-based approaches to multidimensional spatial
dependence.
A rough analogy with conservative formulations of hy-

drodynamics is evident. The ‘‘conserved’’ monochromatic
energy and momentum densities DT;n and ðDT;
Þj are given
by Eqs. (91) and (95). The energy and momentum fluxes
ðFT;nÞi and ðFT;
Þij are given by Eqs. (92) and (96). These

are expressed in terms of the ‘‘Eulerian projections’’
[see Eq. (85)] of the monochromatic neutrino stress energy
T ��—the second momentum angular moment of the
distribution function f [see Eq. (111)]. These Eulerian
projections are the monochromatic energy density E, the
momentum density F �, and the stress S�� measured by a
Eulerian observer (i.e., in the lab frame). These may be

TABLE I. Some spacetime and fluid variables.

x� Spacetime position Sec. III A

L�
�̂ Transformation between comoving and lab frames Sec. II A; Eq. (7)

� Lapse function Eq. (66)

�i Shift vector Eq. (66)


ij Three-metric Eq. (66)

Kij Extrinsic curvature Sec. III A; Eq. (A1)

n� Unit normal to spacelike slice; four-velocity of Eulerian observers Eq. (69)

u� Fluid four-velocity; four-velocity of Lagrangian observers Eq. (98)

v� Three-velocity of Lagrangian observers Eq. (135)

� Lorentz factor of Lagrangian observers Eq. (138)


�� Projector orthogonal to n� Eq. (71)

h�� Projector orthogonal to u� Eq. (107)

TABLE II. Particle momentum, and particle distribution and its monochromatic (energy-dependent) moments. The angular moments
are taken with respect to the three-momentum direction unit vector ‘� reckoned by Lagrangian (comoving) observers. The momentum
moments are taken with respect to the particle four-momentum p�. All moments are functions of the particle energy � measured by a
Lagrangian observer.

p� Particle four-momentum Sec. II

� Particle energy measured by Lagrangian observers Eq. (12); Eq. (100)

� Particle momentum direction measured by Lagrangian observers Sec. II

‘� Three-momentum direction unit vector measured by Lagrangian observers Eq. (12); Eq. (110)

fðx�; �;�Þ Particle distribution function Sec. II

J ðx�; �Þ Zeroth angular moment Eq. (27); Eq. (102)

H �ðx�; �Þ First angular moment Eq. (28); Eq. (103)

K��ðx�; �Þ Second angular moment Eq. (29); Eq. (104); Eq. (106)

L���ðx�; �Þ Third angular moment Eq. (30); Eq. (105); Eq. (108)

�N �ðx�; �Þ First momentum moment; comoving energy times number flux Eq. (50); Eq. (151)

T ��ðx�; �Þ Second momentum moment; stress-energy tensor Eq. (35); Eq. (111)

U���ðx�; �Þ Third momentum moment Eq. (37); Eq. (118)
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expressed (see Appendix B) in terms of the ‘‘Lagrangian
projections’’ of T �� [see Eq. (117)], which are the energy
density J , the momentum density H �, and the stress
K�� measured by a Lagrangian observer (i.e., in the
comoving frame). (Once again, we emphasize that the
energy dependence of not only the Lagrangian projections,
but also the Eulerian projections, is on the energy � mea-
sured by a Lagrangian observer in the comoving frame.)
The closure relations—that is, the Eddington tensors—are

defined in terms of these Lagrangian projections. Roughly
speaking, the Eulerian and Lagrangian projections
are respectively like the ‘‘conserved’’ and ‘‘primitive’’
variables in hydrodynamics, while the Eddington tensor
closure relation between Lagrangian projections is analo-
gous to the equation of state relating primitive (comoving
frame) hydrodynamics variables. Rather than code tedious
analytic expressions like those in Appendix B, it may be
best to obtain the Eulerian projections in terms of the

TABLE IV. Lagrangian and Eulerian decompositions and projections of the third monochromatic (energy-dependent) momentum
moment U���. Both the Lagrangian and Eulerian projections are functions of the particle energy � measured by a Lagrangian
observer. Note that the Lagrangian projections are the angular moments (see Table II), and also (except for the third) are the same as
the projections of T ��, up to a factor of � (see Table III), thanks to Eq. (119).

U���ðx�; �Þ Lagrangian decomposition Eq. (124)

�J ðx�; �Þ Zeroth projection measured by Lagrangian observers Eq. (120)

�H �ðx�; �Þ First projection measured by Lagrangian observers Eq. (121)

�K��ðx�; �Þ Second projection measured by Lagrangian observers Eq. (122)

�L���ðx�; �Þ Third projection measured by Lagrangian observers Eq. (123)

U���ðx�; �Þ Eulerian decomposition Eq. (129)

Zðx�; �Þ Zeroth projection measured by Eulerian observers Eq. (125)

Y�ðx�; �Þ First projection measured by Eulerian observers Eq. (126)

X��ðx�; �Þ Second projection measured by Eulerian observers Eq. (127)

W ���ðx�; �Þ Third projection measured by Eulerian observers Eq. (128)

TABLE III. Lagrangian and Eulerian decompositions and projections of the second mono-
chromatic (energy-dependent) momentum moment T �� (stress energy). Both the Lagrangian
and Eulerian projections are functions of the particle energy � measured by a Lagrangian
observer. Note that the Lagrangian projections are the angular moments (see Table II), as the
latter are defined with respect to the comoving frame.

T ��ðx�; �Þ Lagrangian decomposition Eq. (117)

J ðx�; �Þ Energy density measured by Lagrangian observers Eq. (112)

H �ðx�; �Þ Energy flux measured by Lagrangian observers Eq. (113)

K��ðx�; �Þ Stress measured by Lagrangian observers Eq. (114)

T ��ðx�; �Þ Eulerian decomposition Eq. (85)

Eðx�; �Þ Energy density measured by Eulerian observers Eq. (80)

F �ðx�; �Þ Energy flux measured by Eulerian observers Eq. (81)

S��ðx�; �Þ Stress measured by Eulerian observers Eq. (82)

TABLE V. Major entities appearing in Eqs. (171) and (172), the energy-dependent conserva-
tive 3þ 1 general relativistic variable Eddington tensor radiation moments equations.

DT;n Conserved energy density Eq. (91)

ðDT;
Þj Conserved momentum density Eq. (95)

ðFT;nÞi Flux of conserved energy Eq. (92)

ðFT;
Þij Flux of conserved momentum Eq. (96)

RT;n Gravitational shifts, energy equation Eq. (146)

ðRT;
Þj Gravitational shifts, momentum equation Eq. (149)

OT;n Observer corrections, energy equation Eq. (147)

ðOT;
Þj Observer corrections, momentum equation Eq. (150)

GT;n Gravitational energy source Eq. (93)

ðGT;
Þj Gravitational momentum source Eq. (97)

CT;n Collision energy source Eq. (173)

ðCT;
Þj Collision momentum source Eq. (174)
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Lagrangian projections by numerically performing the
contractions in Eqs. (80)–(82), using Eq. (117) on the
right-hand side; and in Eqs. (125)–(128), using Eq. (124)
on the right-hand side. Similarly, the Lagrangian projec-
tions can be obtained numerically in terms of the Eulerian
projections using the contractions in Eqs. (112)–(114) and
(123), using Eqs. (85) and (129) on the right-hand sides.

As with self-gravitating hydrodynamics, the presence of
gravitational source terms makes Eqs. (171) and (172)
more properly ‘‘balance equations’’ rather than strict
conservation laws. The terms GT;n and ðGT;
Þj, given by

Eqs. (93) and (97), represent the energy and momentum
exchange between the neutrinos and the gravitational
field as embodied in the spacetime geometry. (If spherical
or cylindrical spatial coordinates were used, these source
terms also would include the fictitious forces associated
with these. For the purpose of discretizing the spatial flux,
it would be desirable in this case to factor out the portion
of the spatial metric determinant arising from these
coordinate choices, such that it would appear (a) in the
denominator outside the spatial derivative, and (b) in the
numerator inside the derivative, separate from the flux.)

As monochromatic (i.e., energy-dependent) radiation
transport equations, Eqs. (171) and (172) contain terms
beyond those present in self-gravitating hydrodynamics.
First, the source terms

CT;n ¼ �� ffiffiffiffi


p

n�q
�; (173)

ðCT;
Þj ¼ �
ffiffiffiffi


p


j�q
� (174)

represent the energy and momentum exchange with the
fluid, with the relationship of the source q� to the collision
integral given in Eq. (46). Second, the energy divergences
on the left-hand sides of Eqs. (171) and (172) arise from
changes in the neutrino energy as measured in the comov-
ing frame due to gravitational redshift—RT;n and ðRT;
Þj,
see Eqs. (146) and (149)—and the acceleration of the
observer riding along with the fluid, OT;n and ðOT;
Þj;
see Eqs. (147) and (150). These are given in terms of the
Eulerian projections [see Eq. (129)] of the monochromatic
third momentum angular moment U��� [see Eq. (118)].
The Eulerian projections of U��� can be expressed in
terms of the Eulerian projections of T �� (Sec. III D), or
more directly in terms of the Lagrangian projections
(Appendix B). Finally, we note that the energy divergence
is conservative with respect to integration over the differ-
ential energy volume �2d�.

While the conservative variable Eddington tensor
moment equations express four-momentum exchange be-
tween the neutrinos and the fluid, we also have examined in
detail the relationship of these to the conservative number
exchange equation (see Secs. II D and III E). This can be
done in a tractable way on a term-by-term basis thanks to
our greater elaboration of the momentum space divergence
than in previous work. Important conceptual features of

our approach include (a) consistent use of what we call
‘‘Eulerian decompositions’’ and ‘‘Eulerian projections,’’
which are natural to the 3þ 1 formulation; and relatedly,
(b) a shift from conceptualizing the relationship between
the lab and comoving frames from coordinate transforma-
tions L�

�̂ to the (covariant) relative three-velocity v�

connecting the four-velocities n� and u� of Eulerian and
Lagrangian observers. Our approach is geometric, in con-
ception if not notation, to an extent that allows us to obtain
explicit results while almost completely avoiding encoun-
ters with connection coefficients. This understanding of
the relationship between conservative four-momentum
exchange and conservative number exchange can guide
the determination of discretizations of the variable
Eddington tensor moment equations that facilitate simul-
taneous energy and lepton number conservation in numeri-
cal simulations, yielding greater confidence in simulation
outcomes. We make a few comments on discretization of
the moment equations in Appendix D, and look forward to
implementation in simulations, perhaps initially in limits
that only partially include relativistic effects [47].
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APPENDIX A: SPACETIME DIVERGENCE

In this Appendix we compute the spacetime divergence
of a stress-energy tensor with the 3þ 1 metric. The
Eulerian decomposition of a stress-energy tensor is given
by Eq. (77) or (78). In particular, we derive contributions to
‘‘conservative’’ evolution equations for the energy density
E and momentum density Fi measured by a Eulerian
observer (whose four-velocity is the unit normal nu to a
spacelike slice).
Some relations involving derivatives of the unit normal

n� and the orthogonal projector 
�� will prove useful. The

gradient of the unit normal is related to the extrinsic
curvature and lapse function by [65]

r�n� ¼ �K�� �
n�
�

@�

@x�
: (A1)

Because n�r�n� ¼ r�ðn�n�Þ=2 ¼ 0; and because K�� is

tangent to the spacelike slice, i.e., spacelike in the
lab frame coordinate basis (n�K�� ¼ n�K�� ¼ 0), the

nonvanishing projections of this equation are

n�r�n� ¼ 1

�

@�

@x�
; (A2)


�
i


�
jr�n� ¼ �Kij (A3)

in the lab frame coordinate basis. Equation (A2) relates the
four-acceleration of a Eulerian observer to the gradient of
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the lapse function. Equation (A3) relates the spatial part of
the gradient of the unit normal to the extrinsic curvature,
expressing the fact that the direction of the normal varies
with the warp of the slice as embedded in spacetime.
Another relation valid in the lab frame coordinate
basis for vectors z� tangent to the spacelike slice
(z0 ¼ 0) is

z�
@n�

@x�
¼ � zi

�

@�i

@x�
ðz� spacelikeÞ: (A4)

This follows from writing

z�
@n�

@x�
¼ z0

@n0

@x�
þ zi

@ni

@x�
(A5)

¼ g0iz
i @n

0

@x�
þ zi

@ni

@x�
(A6)

and using g0i ¼ �i and Eq. (69). Finally, and more straight-
forwardly, the gradient of the orthogonal projector is

r�
�� ¼ n�r�n� þ n�r�n�; (A7)

thanks to the vanishing covariant derivative of the four-
metric g��.

The projection of the spacetime divergence of a stress-
energy tensor orthogonal to the spacelike slice contributes
to an energy equation. Contracting the divergence with n�
and taking it inside the derivative, we have

�n�r�T
�� ¼ �r�ðn�T��Þ þ T��r�n�: (A8)

The first term on the right-hand side is

�r�ðn�T��Þ ¼ r�ðEn� þ Fi
�
iÞ (A9)

¼ 1ffiffiffiffiffiffiffi�gp @

@x�
½ ffiffiffiffiffiffiffi�gp ðEn� þ Fi
�

iÞ�

(A10)

¼ 1

�
ffiffiffiffi


p @

@t
ð ffiffiffiffi



p

EÞ

þ 1

�
ffiffiffiffi


p @

@xi
½ ffiffiffiffi



p ð�Fi � �iEÞ�; (A11)

where we have used Eqs. (68), (69), and (78). In substitut-
ing Eq. (78) into the second term on the right-hand side of
Eq. (A8), the first two terms vanish:

ðEn� þ Fi
�
iÞn�r�n� ¼ 0; (A12)

because n�r�n� ¼ r�ðn�n�Þ=2 ¼ 0. The remaining

terms give

T��r�n� ¼ Fi

�

@�

@xi
� SijKij; (A13)

thanks to Eqs. (A2) and (A3). Putting Eqs. (A11) and (A13)
together,

�n�r�T
�� ¼ 1

�
ffiffiffiffi


p @

@t
ð ffiffiffiffi



p

EÞ

þ 1

�
ffiffiffiffi


p @

@xi
½ ffiffiffiffi



p ð�Fi � �iEÞ�

þ Fi

�

@�

@xi
� SijKij (A14)

is the portion of the spacetime divergence orthogonal to the
spacelike slice.
The projection of the spacetime divergence tangent to

the spacelike slice, which contributes to a momentum
equation, is a bit more involved. Contracting with the
orthogonal projector and taking it inside the derivative,


j�r�T
�� ¼ r�ð
j�T

��Þ � T��r�
j�: (A15)

The first term on the right-hand side is

r�ð
j�T
��Þ ¼ 1ffiffiffiffiffiffiffi�gp @

@x�
ð ffiffiffiffiffiffiffi�gp


j�T
��Þ � ��

j�
��T
��:

(A16)

The first term on the right-hand side is

1ffiffiffiffiffiffiffi�gp @

@x�
ð ffiffiffiffiffiffiffi�gp


j�T
��Þ

¼ 1ffiffiffiffiffiffiffi�gp @

@x�
½ ffiffiffiffiffiffiffi�gp ðFjn

� þ Sij

�
iÞ� (A17)

¼ 1

�
ffiffiffiffi


p @

@t
ð ffiffiffiffi



p

FjÞ

þ 1

�
ffiffiffiffi


p @

@xi
½ ffiffiffiffi



p ð�Sij � �iFjÞ�: (A18)

The second term on the right-hand side of Eq. (A16) is

� �
�
j�
��T

�� ¼ ���
j�ðF�n

� þ S��Þ: (A19)

The first term on the right-hand side is

���
j�F�n

� ¼ F�ð@jn� �rjn
�Þ (A20)

¼ �Fi

�

@�i

@xj
þ FiKji; (A21)

where the first and second terms follow from Eqs. (A4) and
(A3), respectively. The second term on the right-hand side
of Eq. (A19) is

���
j�S

�
� ¼ ���

jig�kS
ik (A22)

¼ �Sik

2

�
@
ki

@xj
þ @
jk

@xi
� @
ji

@xk

�
: (A23)

The last two terms in parentheses are antisymmetric
in i, k and vanish upon contraction with the symmetric
Sik, leaving
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� ��
j�S

�
� ¼ � Sik

2

@
ik

@xj
: (A24)

With Eqs. (A21), (A24), and (A19) becomes

���
j�
��T

�� ¼ �Fi

�

@�i

@xj
þ FiKji � Sik

2

@
ik

@xj
: (A25)

This, together with Eq. (A18), yields

r�ð
j�T
��Þ

¼ 1

�
ffiffiffiffi


p @

@t
ð ffiffiffiffi



p

FjÞ þ 1

�
ffiffiffiffi


p @

@xi
½ ffiffiffiffi



p ð�Sij � �iFjÞ�

� Fi

�

@�i

@xj
þ FiKji � Sik

2

@
ik

@xj
(A26)

for Eq. (A16), the first term of Eq. (A15). The second term
of Eq. (A15) is less complicated. Using Eq. (A7),

�T��r�
j� ¼ �T��ðn�r�nj þ njr�n�Þ (A27)

¼ �T��n�r�nj; (A28)

in which the second term has vanished due to Eq. (70). This
can be rewritten

�T��r�
j� ¼ ðEn� þ Fi
�
iÞr�nj (A29)

¼ E

�

@�

@xj
� FiKij; (A30)

where we successively have used Eqs. (78), (A2), and (A3).
Adding Eqs. (A26) and (A30) and allowing for the
symmetry of Kij, we have


j�r�T
��¼ 1

�
ffiffiffiffi


p @

@t
ð ffiffiffiffi



p

FjÞþ 1

�
ffiffiffiffi


p @

@xi
½ ffiffiffiffi



p ð�Sij��iFjÞ�

þE

�

@�

@xj
�Fi

�

@�i

@xj
�Sik

2

@
ik

@xj
(A31)

for the projection of the spacetime divergence tangent to
the spacelike slice.

APPENDIX B: EULERIAN AND
LAGRANGIAN PROJECTIONS

In this Appendix we express the Eulerian projections E,
F �, and S�� ofT �� [see Eqs. (111) and (85)], andZ,Y�,
X��, and W ��� of U��� [see Eqs. (118) and (129)],
in terms the angular moments J , H �, K��, and L���

[see Eqs. (102)–(105)], which are also the Lagrangian
projections of T �� and—up to a factor �—of U���

[see Eqs. (117) and (124)]. Because the Lagrangian pro-
jections are spacelike in the comoving frame, we eliminate
u� in favor of v� and (in free indices) n�. In the case of the
neutrino energy density, flux, and stress, we also show how

the relations are consistent with published results in special
relativity obtained with Lorentz transformations [52],
rather than with projections as done here.
We use four basic types of contractions, which follow

from Eq. (135):

n�u
� ¼ ��; (B1)

n�Z
� ¼ �v�Z

� ðu�Z� ¼ 0Þ; (B2)


��u
� ¼ �v�; (B3)


��Z
� ¼ ðg�� � n�v�ÞZ� ðu�Z� ¼ 0Þ; (B4)

where Z� is a stand-in for any spacelike index relative to
the Lagrangian observer four-velocity u� (i.e., u�Z

� ¼ 0).

The Eulerian projections of T �� are

E ¼ n�n�T ��; (B5)

F � ¼ �
��n�T ��; (B6)

S�� ¼ 
��
��T ��: (B7)

Using Eqs. (117) and (B1)–(B4) on the right-hand sides,
we find

E ¼ �2J þ 2�v�H � þ v�v�K��; (B8)

F � ¼ �2v�J þ�ðg�� � n�v�ÞH �

þ�v�v�H � þ ðg�� � n�v�Þv�K��; (B9)

S�� ¼ �2v�v�J þ�ðg�� � n�v�Þv�H �

þ�ðg�� � n�v�Þv�H �

þ ðg�� � n�v�Þðg�� � n�v�ÞK��: (B10)

The Eulerian projections of U��� are

Z ¼ �n�n�n�U���; (B11)

Y� ¼ 
��n�n�U���; (B12)

X�� ¼ �
��
��n�U���; (B13)

W ��� ¼ 
��
��
��U���: (B14)

Using Eqs. (124) and (B1)–(B4) on the right-hand sides,
we find

Z ¼ �ð�3J þ 3�2v�H � þ 3�v�v�K��

þ v�v�v�L���Þ; (B15)
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Y� ¼ �½�3v�J þ�2ðg�� � n�v�ÞH � þ 2�2v�v�H � þ 2�ðg�� � n�v�Þv�K��

þ�v�v�v�K�� þ ðg�� � n�v�Þv�v�L����; (B16)

X�� ¼ �½�3v�v�J þ�2ðg�� � n�v�Þv�H � þ�2ðg�� � n�v�Þv�H � þ�2v�v�v�H �

þ�ðg�� � n�v�Þðg�� � n�v�ÞK�� þ�ðg�� � n�v�Þv�K��

þ�ðg�� � n�v�Þv�K�� þ ðg�� � n�v�Þðg�� � n�v�Þv�L����; (B17)

W ��� ¼ �½�3v�v�v�J þ�2ðg�� � n�v�Þv�v�H � þ�2ðg�� � n�v�Þv�v�H �

þ�2ðg�� � n�v�Þv�v�H � þ�ðg�� � n�v�Þðg�� � n�v�Þv�K��

þ�ðg�� � n�v�Þðg�� � n�v�Þv�K�� þ�ðg�� � n�v�Þðg�� � n�v�Þv�K��

þ ðg�� � n�v�Þðg�� � n�v�Þðg�� � n�v�ÞL����: (B18)

We now prepare to compare the (raised index) spatial
components of Eqs. (B8)–(B10) with the special relativis-
tic results in Eqs. (182)–(184) of Ref. [52]. In flat space-
time the unit normal of Eq. (69) becomes

ðn�Þ ¼ ð1; 0; 0; 0ÞT: (B19)

The tetrad e� �� is a Kronecker delta in flat spacetime
Cartesian coordinates, so that the composite transforma-
tion L�

�̂ of Eq. (7) becomes

L�
�̂ ¼ 	�

���
��
�̂: (B20)

An explicit expression for the Lorentz boost between the
orthonormal lab frame and the comoving frame is

�
�0
0̂

�
�0
{̂

��{
0̂

��{
{̂

 !
¼ � �V{̂

�V �{ 	�{
{̂ þ ð��1ÞV2 V �{V{̂

 !
; (B21)

where

V2 ¼ V
�1V1̂ þ V

�2V2̂ þ V
�3V3̂: (B22)

It can be shown that

� ¼ ð1� V2Þ�1=2 ¼ ð1� v�v�Þ�1=2 ¼ ð1� viviÞ�1=2
(B23)

is equal to the Lorentz boost we have been using. The
quantities

V
�1 ¼ V1̂; V

�2 ¼ V2̂; V
�3 ¼ V3̂ (B24)

are not to be regarded as components of a four-vector, but
simply as the three-velocity parameters appearing in the
Lorentz boost, expressed in a manner consistent with our
index conventions. In flat spacetime the spatial compo-
nents of the (covariant) three-velocity four-vector v� are
related to these boost velocity parameters by

vi ¼ 	i
�{V

�{; (B25)

a perhaps expected result that follows from Eqs. (135),
(B19)–(B21), and (98). However, we caution that the

perhaps less-expected result for the lowered-index comov-
ing frame spatial components of v� is

v{̂ ¼ �V{̂: (B26)

Below we use this to evaluate contractions of the form

v�Z
� ¼ v{̂Z

{̂ (B27)

¼ �V{̂Z
{̂ ðu�Z� ¼ 0Þ; (B28)

i.e., contraction with an index that is spacelike relative to
the Lagrangian observer four-velocity u�.
We are now ready to compare the (raised index)

spatial components of Eqs. (B8)–(B10) with the special
relativistic results in Eqs. (182)–(184) of Ref. [52], using
Eqs. (B19)–(B21) and (B28). Equation (B8) can be ex-
pressed as

E ¼ �2J þ 2�v{̂H {̂ þ v{̂v|̂K{̂ |̂; (B29)

or

E ¼ �2J þ 2�2V{̂H {̂ þ�2V{̂V|̂K{̂ |̂; (B30)

which agrees with Eq. (182) of Ref. [52]. The spatial
components of Eq. (B9) are

F i ¼ �2viJ þ�Li
{̂H

{̂ þ�viv{̂H {̂ þ Li
{̂v|̂K{̂ |̂;

(B31)

or

F i ¼ 	i
�{

�
�2V �{J þ�

�
	�{

{̂ þ
ð�� 1Þ

V2
V �{V{̂

�
H {̂

þ�2V �{V{̂H {̂ þ�

�
	�{

{̂ þ
ð�� 1Þ

V2
V �{V{̂

�
V|̂K{̂ |̂

�
;

(B32)

which agrees with Eq. (183) of Ref. [52]. The spatial
components of Eq. (B9) are
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Sij¼�2vivjJ þ�Li
{̂v

jH {̂þ�Lj
|̂v

iH |̂þLi
{̂L

j
|̂K

{̂ |̂;

(B33)

or

Sij¼	i
�{	

j
�|

�
�2V �{V �|J þ�ð	�{

{̂V
�|H {̂þ	�|

|̂V
�{H |̂Þ

þ2�

�ð��1Þ
V2

V �{V{̂

�
V �|H {̂þ

�
	�{

{̂þ
ð��1Þ
V2

V �{V{̂

�

�
�
	�|

|̂þ
ð��1Þ
V2

V �|V|̂

�
K{̂ |̂

�
; (B34)

which agrees with Eq. (184) of Ref. [52].

APPENDIX C: MOMENTUM SPACE DIVERGENCE

In this Appendix we compute, with the 3þ 1 metric,
expressions entering the momentum space divergence term
of the phase space divergence of a monochromatic stress-
energy tensor. In particular, we derive contributions to
‘‘conservative’’ evolution equations for the monochro-
matic energy density E and momentum density F i mea-
sured by a Eulerian observer (whose four-velocity is the
unit normal n� to a spacelike slice).

We project the momentum space divergence into por-
tions orthogonal and tangent to the spacelike slice, and find
it helpful to also use Eulerian decompositions of the ten-
sors that appear. Our starting points are Eqs. (133) and
(134) for the portions of the momentum space divergence
orthogonal and tangent to the spacelike slice:

�n�ðMTÞ� ¼ 1

�2
@

@�
ð�2n�U���r�u�Þ; (C1)


j�ðMTÞ� ¼ 1

�2
@

@�
ð��2
j�U���r�u�Þ: (C2)

The Eulerian decomposition of U��� is given by
Eq. (129). The projections orthogonal and tangent to the
spacelike slice, which appear in the above two equations,
are

�n�U��� ¼ Zn�n� þY�n� þY�n� þX��; (C3)


j�U���¼Yjn
�n�þXj

�n�þXj
�n�þW j

��: (C4)

We also use Eq. (135),

u� ¼ �ðn� þ v�Þ; (C5)

i.e., the Eulerian decomposition of u�, in expressingr�u�.

There are four types of contractions appearing when
either Eq. (C3) or (C4) is contracted with r�u�; we con-

sider them in turn, beginning with

n�n�r�u�

¼ n�n�½ðn� þ v�Þ@��þ�r�n� þ�r�v��: (C6)

The first term gives

n�n�ðn� þ v�Þ@�� ¼ �n�@�� (C7)

because of the orthogonality relation n�v� ¼ 0. The

second term vanishes because n�n� ¼ �1 ¼ constant

implies

0 ¼ r�ðn�n�Þ ¼ 2n�r�n�: (C8)

In the third term we use

n�r�v� ¼ �v�r�n�; (C9)

which follows from 0 ¼ r�ðn�v�Þ. The third term

becomes

n�n�ð�r�v�Þ ¼ ��vi

�

@�

@xi
; (C10)

where we have used Eq. (A2). All together,

n�n�r�u� ¼ ��vi

�

@�

@xi
� n�

@�

@x�
(C11)

for this type of contraction.
Consider next a contraction of the form

A�n�r�u� ¼ A�n�½n�@��þ�r�n� þr�ð�v�Þ�;
(C12)

where A� is spacelike (i.e., n�A
� ¼ 0, such that A0 ¼ 0 in

the coordinate basis), and we break up the right-hand side
differently than in the previous paragraph. The first term
vanishes because A� is spacelike. The second term gives

A�n�ð�r�n�Þ ¼ �Ai

�

@�

@xi
(C13)

thanks again to Eq. (A2). In the third term it will turn out
best to raise the index on v� before turning the gradient
back, in a sense, on n�:

A�n�½r�ð�v�Þ� ¼ A�n
�½r�ð�v�Þ� (C14)

¼ A�n
�½@�ð�v�Þ þ ��

���v�� (C15)

¼ Akn
�@�ð�vkÞ þ�A�v

mð��
�mn

�Þ
(C16)

¼Akn
�@�ð�vkÞþ�A�v

mðrmn
��@mn

�Þ
(C17)

¼ Akn
�@�ð�vkÞ ��AkvmKmk

þ�Ak�
�1vm@m�

k; (C18)

where we have used Eqs. (A3) and (A4) in the last step. All
together,
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A�n�r�u� ¼ �Ai

�

@�

@xi
þ�Akv

i

�

@�k

@xi

��AkviKik þ Akn
� @ð�vkÞ

@x�
(C19)

for this type of contraction.
For the next contraction we return to the first split we

used on the right-hand side:

A�n�r�u� ¼ ½ðn� þ v�Þ@��þ�r�n� þ�r�v��;
(C20)

where again A� is spacelike. The first term gives simply

A�n�½ðn� þ v�Þ@��� ¼ �Ai @�

@xi
: (C21)

From Eq. (C8), the second term vanishes. In the third term
we use Eqs. (C9) and (A3), whence

A�n�ð�r�v�Þ ¼ ��A�v�r�n� (C22)

¼ �AivkKki: (C23)

Altogether, we have

A�n�r�u� ¼ �AivkKki � Ai @�

@xi
(C24)

for this type of contraction.
For the final contraction, one with a spacelike tensor

B��, we return to the alternative

B��r�u� ¼ B��½n�@��þ�r�n� þr�ð�v�Þ� (C25)

on the right-hand side. The first term vanishes because B��

is spacelike. The second term immediately yields, via
Eq. (A3),

B��ð�r�n�Þ ¼ �Bkirink ¼ ��BkiKki: (C26)

In the third term it once again will turn out best to raise the
index on v�. We find

B��½r�ð�v�Þ� ¼ B�
�r�ð�v�Þ (C27)

¼ B�
�½@�ð�v�Þ þ ��

��ð�v�Þ� (C28)

¼ Bk
i@ið�vkÞ þ�Bkivmgk��

�
mi (C29)

¼ Bk
i@ið�vkÞ

þ�Bkivm

2
ð@i
km þ @m
ki � @k
miÞ

(C30)

¼ Bk
i@ið�vkÞ þ�Bkivm

2
@m
ki; (C31)

where in the last step, the first and third terms—antisymmetric
in i and k—vanish upon contraction with the symmetric Bki.
Altogether, we have

B��r�u�¼�Bkivm

2

@
ki

@xm
��BkiKkiþBk

i@ð�vkÞ
@xi

(C32)

for this type of contraction.
In summary, Eqs. (C11), (C19), (C24), and (C32) exhibit

the four types of contractions appearing when either
Eq. (C3) or (C4) is contracted with r�u�.

APPENDIX D: TOWARDS DISCRETIZATION

Elaboration of a full discretization of the conservative
four-momentum moment Eqs. (171) and (172) is beyond
the scope of this paper, but we here comment briefly on
the possibility of discretizations that are faithful to the
analytic connection with the conservative number equation
outlined in Sec. III E. Such consistent differencing has
been addressed in some detail in spherical symmetry by
Liebendörfer et al. [38]; see also Mezzacappa et al. [69].
We expect the consistency demonstrated by Liebendörfer
et al. [38] to be possible also for our equations beyond
spherical symmetry.
A key analytic step in Sec. III E is the use of the product

rule for derivatives to pull factors inside the spacetime and
momentum space divergences, leaving ‘‘‘extra’’ terms
whose cancellation is required; see Eqs. (161), (163), and
(166). This operation—referred to as ‘‘integration by
parts’’ by Liebendörfer et al. [38]—is also central to the
cancellations discussed in Secs. 3.1 and 3.3 of that work.
An example of a finite difference version of the product
rule in the single spatial variable in spherical symmetry is
shown in the unnumbered equation following Eq. (58) of
Liebendörfer et al. [38]. The structure of that representa-
tion of the product rule is not directly applicable to our
multidimensional case, because they use the cell face value
of the variable they ‘‘pull through’’ the derivative, and in
multiple spatial dimensions there are a corresponding
number of different cell face values.
However, we here demonstrate a finite difference

representation of the product rule that works with a
multidimensional spatial divergence. In particular, we
give a representation of

g
@Fi

@xi
¼ @ðgFiÞ

@xi
� Fi @g

@xi
(D1)

for arbitrary g and Fi. Begin for example with a finite-
volume-inspired discretization�

g
@Fi

@xi

�
$
¼ g$

V

X
q

½ðAqF
qÞq! � ðAqF

qÞ q� (D2)

of the left-hand side. Different from Liebendörfer et al.
[38], we use the cell center value of the function ðg$Þ that
initially is outside the divergence; thus it stands on an equal
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footing with respect to all dimensions. The summation
convention on repeated indices i on the left-hand side has
given way to an explicit sum over dimensions q on the
right-hand side. Cell-centered values are denoted by a
double-headed arrow subscript ð$Þ. The single-headed
arrow subscripts ðq!Þ and ð qÞ denote values on outer
and inner cell faces in dimension q, respectively. The cell
volume and face areas are V and Aq. We split each of the

two terms in Eq. (D2) in half, add and subtract terms
involving center values of g from the next ð$ qþÞ and
previous ð�q$Þ cells in direction q, and rearrange to find�

g
@Fi

@xi

�
$
¼
�
@ðgFiÞ
@xi

�
$
�
�
Fi @g

@xi

�
$
: (D3)

Here�
@ðgFiÞ
@xi

�
$
¼ 1

V

X
q

½ðAqgF
qÞq! � ðAqgF

qÞ q�; (D4)

in which we are representing the values of g on the cell
faces as

gq! ¼
g$ þ g$qþ

2
; (D5)

g q ¼
g�q$ þ g$

2
: (D6)

As for the second term in Eq. (D3), it can be regarded as the
average of values on opposing cell faces:�
Fi @g

@xi

�
$
¼ 1

2

X
q

��
Fq @g

@xq

�
q!
þ
�
Fq @g

@xq

�
 q

�
; (D7)

where

�
Fq @g

@xq

�
q!
¼ ðAqF

qÞq!
V

ðg$qþ � g$Þ; (D8)

�
Fq @g

@xq

�
 q
¼ ðAqF

qÞ q

V
ðg$ � g�q$Þ: (D9)

Equations (D7)–(D9) are not the most obvious discretiza-
tion of ðFi@g=@xiÞ$ one would think to write down, but
inspection shows that it is not unreasonable. This is the sort
of thing we have in mind when we say, following Eq. (162)
for example, that ‘‘the discretized form of ET;n will be

dictated by the discretization chosen for the first two terms
of Eq. (90).’’ The discretized forms of the derivatives in
ET;n and ET;
 derived from the above sort of procedure can

then be used to represent the spatial derivatives that appear
in the momentum space divergence, i.e., in ðOT;nÞ and
ðOT;
Þj, so that the cancellations in Eq. (168) can be

effected even at modest resolution.
With this key step in the connection between discretized

four-momentum and number conservation generalized to
the multidimensional case, we do not see any showstop-
ping impediment to carrying a discretization to completion
along the lines of Liebendörfer et al. [38]. We have not
specified representations of the face values ðFqÞq! and

ðFqÞ q in Eq. (D2), so these can be discretized according

the considerations given in Liebendörfer et al. [38] and
references therein, with the results being carried forward
into Eqs. (D8) and (D9). We do not foresee any over-
constraints, or other serious issues beyond those faced
and addressed by Liebendörfer et al. [38]; but of course
this remains to be seen with a complete implementation
and numerical testing.
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and A. Tornambè (Astronomical Society of the Pacific,
San Francisco, 2012), pp. 81–90.

[50] R.W. Lindquist, Ann. Phys. (N.Y.) 37, 487 (1966).
[51] D. Mihalas, Astrophys. J. 237, 574 (1980).
[52] A. Munier and R. Weaver, Comput. Phys. Rep. 3, 127

(1986).
[53] A. Munier and R. Weaver, Comput. Phys. Rep. 3, 165

(1986).
[54] H. Riffert, Astrophys. J. 310, 729 (1986).
[55] A. Mezzacappa and R.A. Matzner, Astrophys. J. 343, 853

(1989).
[56] P. J. Schinder, Phys. Rev. D 38, 1673 (1988).
[57] C. Y. Cardall and A. Mezzacappa, Phys. Rev. D 68,

023006 (2003).
[58] J. Ehlers, in Proceedings of the International School of

Physics ‘‘Enrico Fermi’’ Course XLVII: General Relativity
and Cosmology, edited by R.K. Sachs (Academic Press,
New York, 1971), pp. 1–70.

[59] W. Israel, in General Relativity: Papers in Honour of J. L.
Synge, edited by L. O’Raifeartaigh (Clarendon, Oxford,
1972), pp. 201–241.

[60] K. S. Thorne, Mon. Not. R. Astron. Soc. 194, 439
(1981).

[61] C. Y. Cardall, E. J. Lentz, and A. Mezzacappa, Phys. Rev.
D 72, 043007 (2005).

[62] M. Liebendörfer, A. Mezzacappa, and F.-K. Thielemann,
Phys. Rev. D 63, 104003 (2001).

[63] C.W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(W.H. Freeman and Co., San Francisco, 1973).

[64] J.W. York, Jr., in Gravitational Radiation, edited by
N. Deruelle and T. Piran (North-Holland, Amsterdam,
1983), pp. 175–201.

[65] E. Gourgoulhon, arXiv:gr-qc/0703035.
[66] M. Alcubierre, Introduction to 3þ 1 Numerical Relativity

(Oxford University Press, Oxford, 2008).

CARDALL, ENDEVE, AND MEZZACAPPA PHYSICAL REVIEW D 87, 103004 (2013)

103004-24

http://dx.doi.org/10.1088/0004-637X/738/2/165
http://dx.doi.org/10.1103/PhysRevD.85.065008
http://dx.doi.org/10.1103/PhysRevD.85.065008
http://dx.doi.org/10.1103/PhysRevLett.108.061101
http://dx.doi.org/10.1103/PhysRevD.85.113002
http://dx.doi.org/10.1103/PhysRevD.85.113007
http://dx.doi.org/10.1111/j.1365-2966.2012.21443.x
http://dx.doi.org/10.1111/j.1365-2966.2012.21443.x
http://dx.doi.org/10.1088/0004-637X/747/1/73
http://dx.doi.org/10.1088/0004-637X/747/1/73
http://dx.doi.org/10.1088/0004-637X/760/1/94
http://dx.doi.org/10.1088/2041-8205/767/1/L6
http://dx.doi.org/10.1088/2041-8205/767/1/L6
http://dx.doi.org/10.1088/0004-637X/700/1/232
http://dx.doi.org/10.1088/0004-637X/755/2/138
http://dx.doi.org/10.1088/0004-637X/765/2/110
http://dx.doi.org/10.1088/0004-637X/768/2/115
http://dx.doi.org/10.1051/0004-6361/201220636
http://dx.doi.org/10.1051/0004-6361/201220636
http://dx.doi.org/10.1086/501493
http://dx.doi.org/10.1086/501493
http://dx.doi.org/10.1088/0004-637X/755/1/11
http://dx.doi.org/10.1088/0004-637X/755/1/11
http://dx.doi.org/10.1088/1742-6596/180/1/012018
http://dx.doi.org/10.1088/0004-637X/749/2/98
http://dx.doi.org/10.1088/0004-637X/749/2/98
http://arXiv.org/abs/1303.6269
http://dx.doi.org/10.1088/0067-0049/199/1/17
http://dx.doi.org/10.1088/0067-0049/199/1/17
http://dx.doi.org/10.1088/0004-637X/755/2/111
http://dx.doi.org/10.1088/0004-637X/755/2/111
http://dx.doi.org/10.1016/j.jcp.2013.01.048
http://dx.doi.org/10.1086/380191
http://dx.doi.org/10.1086/509773
http://dx.doi.org/10.1088/0067-0049/181/1/1
http://dx.doi.org/10.1088/0067-0049/181/1/1
http://dx.doi.org/10.1051/0004-6361:20021398
http://dx.doi.org/10.1051/0004-6361:20021398
http://dx.doi.org/10.1088/0067-0049/189/1/104
http://dx.doi.org/10.1088/0067-0049/189/1/104
http://arXiv.org/abs/1101.1198
http://dx.doi.org/10.1143/PTP.125.1255
http://dx.doi.org/10.1143/PTP.125.1255
http://dx.doi.org/10.1088/0004-637X/762/2/126
http://arXiv.org/abs/1212.4064
http://dx.doi.org/10.1016/0003-4916(66)90207-7
http://dx.doi.org/10.1086/157902
http://dx.doi.org/10.1016/0167-7977(86)90007-9
http://dx.doi.org/10.1016/0167-7977(86)90007-9
http://dx.doi.org/10.1016/0167-7977(86)90008-0
http://dx.doi.org/10.1016/0167-7977(86)90008-0
http://dx.doi.org/10.1086/164726
http://dx.doi.org/10.1086/167756
http://dx.doi.org/10.1086/167756
http://dx.doi.org/10.1103/PhysRevD.38.1673
http://dx.doi.org/10.1103/PhysRevD.68.023006
http://dx.doi.org/10.1103/PhysRevD.68.023006
http://dx.doi.org/10.1103/PhysRevD.72.043007
http://dx.doi.org/10.1103/PhysRevD.72.043007
http://dx.doi.org/10.1103/PhysRevD.63.104003
http://arXiv.org/abs/gr-qc/0703035


[67] T.W. Baumgarte and S. L. Shapiro, Numerical Relativity:
Solving Einstein’s Equations on the Computer (Cambridge
University Press, Cambridge, England, 2010).

[68] A.M. Anile, S. Pennisi, and M. Sammartino, Ann. Inst.
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