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We present a quantization condition for the spectrum of a system composed of three identical bosons in

a finite volume with periodic boundary conditions. This condition gives a relation between the finite

volume spectrum and infinite volume scattering amplitudes. The quantization condition presented is an

integral equation that in general must be solved numerically. However, for systems with an attractive two-

body force that supports a two-body bound state, a diboson, and for energies below the diboson breakup,

the quantization condition reduces to the well-known Lüscher formula with exponential corrections in

volume that scale with the diboson binding momentum. To accurately determine infinite volume phase

shifts, it is necessary to extrapolate the phase shifts obtained from the Lüscher formula for the boson-

diboson system to the infinite volume limit. For energies above the breakup threshold, or for systems with

no two-body bound state (with only scattering states and resonances) the Lüscher formula gets power-law

volume corrections and consequently fails to describe the three-particle system. These corrections are

nonperturbatively included in the quantization condition presented.
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I. INTRODUCTION

Quantum chromodynamics (QCD) as the underlying
theory of strong interactions is responsible for a wide
range of phenomena in nuclear and particle physics.
Nonperturbative numerical evaluations of the QCD path
integral through lattice QCD (LQCD) have started to bridge
the gap between nuclear physics and the underlying theory
of QCD.With ever-increasing computational resources and
ever-decreasing uncertainties in LQCD calculations of
various quantities, it is reasonable to expect few-body
nuclear reaction cross sections to be reliably evaluated in
upcoming years. This program will allow for the determi-
nation of nuclear few-body forces in a model-independent
fashion which will consequently lead to a reduction of
the systematic uncertainties of many-body calculations.
Reaching that point, however, requires developing the
formalism to relate the physical observables of interest to
the LQCD correlation functions that are evaluated in a finite
Euclidean spacetime.

For two-body systems below inelastic thresholds, the
energy spectrum in a finite cubic volume with periodic
boundary conditions fully determines the infinite volume
scattering phase shifts, up to exponential corrections in the
volume. These corrections are negligible provided that
interactions are fully localized inside the volume. This
idea, which is due to Lüscher [1,2], has been extensively
implemented in obtaining scattering parameters and bind-
ing energies of meson-meson, meson-baryon and baryon-
baryon systems (see Refs. [3–11] for some recent works in
this direction). This approach has also motivated studies of
several hadronic resonances via LQCD as reviewed in

Ref. [12]; in particular the two-body coupled-channel
generalization of the Lüscher formalism [13–17] allows
one to access physics beyond inelastic thresholds where
new two-particle channels open up. Going beyond two
particles in this finite volume (FV) formalism, however,
has been a major obstacle in the field. Recently several
efforts have been initiated to address this problem via
different approaches [18–25]; aiming to make a connection
between the elements of the S-matrix and the spectrum of
the three-particle system in a finite volume. These bench-
mark theoretical calculations give one confidence that the
infinite volume elements of the S-matrix can in fact be
determined from the discretized spectrum in the finite
volume even above the inelastic threshold, and has moti-
vated us to further explore this connection using a non-
relativistic field theoretical approach.
In this article, we derive the quantization condition

(QC) for the spectrum of a system composed of three
identical bosons in a finite volume with periodic boundary
conditions. The quantization condition gives a relation
between the FV spectrum and infinite volume scattering
amplitudes, Eqs. (19) and (20). This quantization condi-
tion in general must be solved numerically, since the
relation between the FV energy eigenvalues and three-
particle scattering amplitudes is not algebraic. We pay
close attention to systems with an attractive two-body
force that allows for a two-body bound state, a diboson,
and energies below the diboson breakup. For these theo-
ries in this energy regime, the quantization condition
reduces to the well-known Lüscher formula with expo-
nential corrections in volume with a length scale that is
dictated by the inverse diboson binding momentum. In
other words, the boson-diboson scattering phase shifts can
be obtained from the three-particle spectrum using the
following relation:
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q�0 cot�Bd ¼ 4�cP00ðq�0Þ þ �
e��dL

L
; (1)

where q�0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
3 ðmE� þ �q�20 Þ

q
is the relative momentum in

the center of mass (CM) frame of the boson-diboson
system with �q�0 being the relative momentum of the two

bosons in the diboson in the CM frame of the diboson, m
is the mass of the three identical particles, E� is the CM
energy, �d is the binding momentum of the diboson in the
infinite volume limit, �Bd is the scattering phase shift of
the boson-diboson system, L is the spatial extent of the
cubic volume, and � is an unknown coefficient that must
be fitted when extrapolating results to the infinite volume.
Given that the diboson is bound, �q�20 < 0 and �q�20 ! ��2

d

as the volume goes to infinity. cPlm is a kinematic function

that is given by

cPlmðxÞ ¼
�
1

L3

X
k

� P
Z d3k

ð2�Þ3
�
k�l

ffiffiffiffiffiffiffi
4�

p
Ylmðk̂�Þ

k�2 � x
; (2)

where P denotes the principal value of the integral, and
for nonrelativistic particles k� ¼ k� �P. P is the total
momentum of the boson-diboson system, and � ¼ m1

m1þm2

[23]; so for a diboson that is twice as massive as the
boson � ¼ 1

3 . In addition to exponential corrections that

are governed by the size of the bound-state wave function,
there are other exponential volume corrections to the
above Lüscher relation that are arising from the off-shell
states of the 2þ 1 system. These corrections however
are subleading compared to the exponential corrections
denoted in Eq. (1), and will be discussed in Sec. III in
more detail.

In order to reliably use such an analytical formula, one
must necessarily be in the regime where �dL is at least 4 so
that the infinite volume phase shifts of the bound-state
particle scattering can be obtained with a few percent
uncertainty. This is an important distinction compared to
the two-body problem where the dominant finite volume
corrections to the Lüscher formula scale like �e�m�L

where m� denotes the mass of the pion (these corrections
have been previously calculated for �� [26] and NN [27]
systems). So although volumes of the order of 6 fm or
greater would reliably recover, for example, �� scattering
phase shifts at the physical pion mass, in order to accu-
rately recover phase shifts for deuteron-neutron scattering
one would naively need L * 17 fm.1 Presumably upon
quantifying the coefficients of these exponentials, linear
combinations of these exponential corrections can be
formed for different boost momenta of the three-particle
system so that to cancel out the leading exponential

corrections to the above quantization condition, and there-
fore reduce the size of the volumes needed for a reliable
determination of the phase shifts to L * 12 fm.2 Note that
the next to leading order (NLO) corrections due to the size

of the bound-state scale as e�
ffiffi
2

p
�dL=L. The quantization

condition shown in Sec. II demonstrates that for energies
above the diboson breakup Eq. (1) gets power-law correc-
tions associated with new possible states that can go on
shell and the quantization condition must be solved
numerically.
Studying few-body systems in a finite volume is not only

pertinent for the determination of nuclear reaction cross
sections, but will also have an impact on our understanding
of excited states and resonances of QCD. This has recently
motivated the author of Ref. [25] to explore the three-body
problem in a finite volume. The formalism developed in
this article, however, clearly illustrates that the quantiza-
tion condition for energy eigenvalues of the three-particle
system in a finite volume in the isobar approximation
[30–33] that is derived in Ref. [25], fails to describe the
physics of the three-particle processes these authors have
been interested in, for several reasons that are summarized
in Sec. III A. Basically although the quantization condition
of Ref. [25] takes a simple algebraic form, there are power-
law corrections in volume for resonant two-body sub-
systems (which has been the motivation of Ref. [25] for
studying the three-body systems) that invalidates the use
of their result. These corrections arise from the fact that
the two-particle subsystem is not compact but rather an
extended object that, regardless of its resonant nature, can
sample the boundaries of the volume. These power-law
corrections are nonperturbatively included in the quantiza-
tion condition presented, Eq. (20). The quantization con-
ditions of Ref. [25] also do not incorporate the possibility
of new on-shell three-particle channels that should turn the
quantization conditions to a coupled-channels form.
In addition, we comment on another source of system-

atic uncertainty in previous finite volume three-body
calculations [18–21] that has not been fully addressed.
This systematic uncertainty is due to the reduced symmetry
of the calculations in a finite cubic volume with periodic
boundary conditions. In an S-wave 2þ 1 scattering where
the two-body subsystem is also in the S-wave, the nearest
partial-wave mixing, which is familiar from the Lüscher
formalism, occurs with the D-wave two-particle state for
the identical particles [34]. This is due to the fact that in the
CM frame of the three-particle system, the two-particle
subsystem is necessarily boosted. As a result, the spheri-
cally symmetric S-wave dimer field which has been proven
to be well suited for studying the three-particle system
in the infinite volume [35–37], does not incorporate this

1Just as Lüscher’s original two-body scalar result [1,2] can be
reliably implemented for studying two-nucleon systems at suffi-
ciently low energies [28,29], Eq. (1) is expected to hold for near
threshold three-nucleon processes. This speculation however
remains to be confirmed.

2For a discussion of the improvement of the volume depen-
dence of deuteron binding energy in LQCD calculations see
Ref. [29].
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additional feature of two-particle wave function in a finite
cubic volume. In other words, the D-wave partial wave
mixing has been unaccounted for in previous numerical
calculations by Kreuzer et al. [18–21], which is the leading
systematic error of their results.

The rest of this article is organized as follows. In Sec. II,
after introducing the dimer formalism, we review the
connection between the finite volume spectrum of the
boosted system and the two-body scattering phase shifts.
The advantages as well as limitations of the dimer formal-
ism for this particular calculation are discussed. By means
of the dimer formalism, the energy spectrum of three
identical bosons with two-body and three-body inter-
actions in the finite volume is determined from the poles
of the finite volume three-body correlation function. The
features of this quantization condition for the energy
eigenvalues of the system are discussed. In particular, it
is demonstrated that this condition gives an integral equa-
tion that relates the spectrum and the elements of the
S-matrix. In Sec. III, the Lüscher formula for the elastic
scattering of a bound state and a particle is deduced from
the energy quantization condition. The systematic correc-
tions due to the size of the composite object as well as
those due to the presence of off-shell states are identified.
We devote Sec. III A to comparing the result of Ref. [25] to
the result presented in this article, and will comment on its
validity in studying three-body systems in the isobar
model. We conclude in Sec. IV, and briefly discuss the
strategies that a practitioner needs to follow in order to
obtain the scattering quantities of the three-particle system
from a LQCD calculation of the spectrum.

II. THREE PARTICLES IN A FINITE VOLUME:
QUANTIZATION CONDITION

In studying a three-body problem, it is customary to
divide the system of three particles to a system of two
particles interacting in a given partial-wave Jd, and a third
particle, called the spectator, which interacts with the two-
body system with angular momentum JBd. In particular,
the diagrammatic representation of few-body scattering
amplitudes is greatly simplified when using an auxiliary
S-wave dimer field [38,39] which nonperturbatively sums
all 2 ! 2 diagrams. Figure 1 schematically shows how
3 ! 3 scattering amplitudes are constructed from dimer-
boson scattering amplitudes.

Consider three bosons with mass m and total energy and
momentum ðE;PÞ in the lab frame. The total CM energy of

the three-particle system, E� is then given by E�¼E�P2

6m.

Also the relative momentum of the spectator boson and the
dimer in the CM frame of three particles, q�, is related to
the momentum of the spectator boson in the lab frame, q by
q� ¼ q� P

3 . The total CM energy of boson-dimer system

can be written as E� ¼ �q�2=mþ 3q�2=4m, where �q� is the
relative momentum of the two bosons inside the dimer.
One can write the full dimer propagator in the infinite

volume by summing up all the 2 ! 2 interactions as
depicted in Fig. 2(a). By requiring the infinite volume
two-body scattering amplitude to be recovered from the
full dimer propagator, one obtains

iD1ðE2; q
�Þ ¼ �imr=2

�q� cot�d � i �q� þ i�
; (3)

where E2 ¼ E� � q�2=2m is the total energy of the dimer.
�d denotes the S-wave scattering phase shift of the two-
boson system, and r is its effective range. Similarly, one
can work out the finite volume case, Fig. 2(b), where due to
the periodic boundary condition, the lab frame momenta
are discretized, q ¼ 2�

L n where n is a vector with integer

components, and the loop integrations are replaced by the

corresponding sums,
R d3q

ð2�Þ3 ! 1
L3

P
q. Then it is straightfor-

ward to show that the full finite volume dimer propagator
can be written as

iDVðE2; q
�Þ ¼ �imr=2

�q� cot�d � 4�cq
�

00ð �q�2 þ i�Þ þ i�
; (4)

where the kinematic function cq
�

lm is defined in Eq. (2).3 For

the case of a dimer composed of identical bosons, one

therefore has k� ¼ k� q�
2 .

The spectrum in a finite volume can be obtained from the
poles of the two-particle propagator or equivalently from
the poles of the finite volume dimer, Eq. (2),

FIG. 1. Three-particle scattering amplitudes can be reduced to
dimer-boson scattering amplitudes where the external dimer legs
are coupled to two-boson states.

FIG. 2. Diagrammatic equation satisfied by the full dimer
propagator in (a) infinite volume and (b) finite volume. The
grey (black) band represents the full infinite (finite) volume
propagator while the double lines represent the bare propagator.

3It is important to point out that Refs. [18–21] used a propa-
gator that corresponds to a dimer at rest. In future investigation
of FV dependence of the Efimov bound states and the triton this
needs to be corrected.
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�q�� cot�d ¼ 4�cq
�

00ð �q�2� Þ; (5)

where �q� is the �th solution to the quantization condition
for a boosted two particle system [34,40]. As will be dis-
cussed in great details, these poles play an important role in
the three-body sector and will be referred to as Lüscher
poles. Note that this result is equivalent to the nonrelativ-
istic limit of the result obtained in Refs. [34,40,41] for the
boosted systems of particles with identical masses, and for
that of systems with unequal masses [29,42,43].

The simplification due to the use of the dimer field
comes at the cost of truncating the precision of the effective
range expansion of the two-body sector at NLO. This,
however, can be shown to be systematically improved by
including higher order terms in the effective range expan-
sion in constructing such a dimer field. The other system-
atic error associated with introducing such an auxiliary
field in the finite volume arises from the fact that the
spectrum that is obtained by looking at the poles of the
dimer propagator corresponds to two bosons in an S-wave,
and does not incorporate the partial-wave mixing. This
partial-wave mixing is expected since the eigenstates of
Hamiltonian in a finite cubic volume do not respect the full
symmetries of the rotational group, and are instead identi-
fied by the irreducible representations (irreps) of the cubic
(octahedral) group. The irreps of the cubic group are in
general reducible under the irreps of the full rotation group.
So, for example, the ground state of two bosons in a finite
cubic volume is an eigenstate of the A1 irreducible repre-
sentation of the cubic group, which in the CM reference
frame has overlap with not only J ¼ 0 but also J ¼
4; 6; 8; . . . [1,2]. For two identical particles moving with a
nonzero total momentum, the symmetry is further reduced
and the ground state has overlap with J ¼ 0; 2; 4; 6; 8; . . .
[34,40,41]. Although, this mixing between higher partial
waves is explicitly manifested in the pole structure of the
two-particle propagator [1,2,34,40,41], it is not present in
the dimer formalism. Nevertheless, this technique has
proven to be advantageous for studying three-nucleon
systems and Efimov bound states [44,45] in both infinite
and finite volumes [18–21,36,37,46–51], and as a first step

toward solving the three-body problem in the finite vol-
ume, it is reasonable to start with this dimer field. One
needs however to keep in mind the systematics of the
calculation as presented.
In order to determine the energy eigenvalues of the

three-particle system in a finite volume, one can solve for
the poles of the three-particle correlation function as
depicted in Fig. 3(a). Algebraically,

CV
3 ðE;PÞ ¼

1

L3

X
q1

A3ðq1ÞiDV

�
E� q21

2m
; jP� q1j

�

�
�
1þ X1

n0¼2

Yn0
n¼2

�
1

L3

X
qn

iK3ðqn�1;qn;P; EÞ

� iDV

�
E� q2n

2m
; jP� qnj

���
A0
3ðqn0 Þ; (6)

where A0
3 (A3) is the overlap the annihilation (creation)

dimer-boson interpolating operator, �3 (�y
3 ), has with

the initial (final) state with total energy E and total
momentum P. Note that we have suppressed the total
energy and momentum dependence of the overlap factors
in our notation. The interactions between three bosons are
incorporated in an effective three-body Bethe-Salpeter
kernel, K3, Fig. 3(b),

iK3ðp;k;P; EÞ � �ig3 � ig22

E� p2

2m � k2

2m � ðP�p�kÞ2
2m þ i�

;

(7)

where the incoming (outgoing) boson has momentum
p (k) and the incoming (outgoing) dimer has momentum
P� p (P� k), and ðE;PÞ denote the total energy and
momentum of the three-particle system as before. The first
term in the kernel, Eq. (7), is the three-body contact
interaction, while the second term describes the interaction
of three particles via exchange of an intermediate particle
through two-body contact interactions.
The finite volume contribution to the first term in the

expansion of the three-body correlation function, Eq. (6),
can be evaluated easily using the Poisson resummation

FIG. 3. (a) Diagrammatic expansion of the three-body correlation function CV
3 in the finite volume.K3 denotes the three-body Bethe-

Salpeter kernel and A3 (A
0
3) is the overlap the creation (annihilation) dimer-boson interpolating operator has with the initial (final) state

with total energy E and total momentum P. (b) The effective three-body Bether-Salpeter kernel, K3, is composed of a three-body
contact interaction as well as two-body contact interactions via the exchange of a single boson.
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formula and the kinematic relations between the CM and
lab frame momenta as presented earlier,

�
1

L3

X
q1

�
Z d3q1

ð2�Þ3
�
A3ðq1ÞiDV

�
E� q21

2m
; jP� q1j

�
A0
3ðq1Þ

¼ XNE�

�

A3ðq��Þi� ~GV
� ðq��ÞA0

3ðq��Þ: (8)

While A3 and A0
3 in the left-hand side of Eq. (8) are

functions of the relative coordinate q1, they are represented
as vectors in the space of the boson-dimer angular momen-
tum, JBd, in the right-hand side, and are evaluated at the
poles of the dimer propagator, q��, and the sum runs over

these poles. � ~GV
� is a matrix in the same angular momen-

tum basis whose elements are defined by

ð� ~GV
� Þl1m1;l2m2

� RV
�

m
ð�GV

� Þl1m1;l2m2
; (9)

with

ð�GV
� Þl1m1;l2m2

¼ i
mq��
3�

�
�l1;l2�m1;m2

þ i
X
lm

ffiffiffiffiffiffiffi
4�

p
q�lþ1
�

cPlmðq��Þ

�
Z

d�Y�
l1;m1

Y�
l;mYl2;m2

�
: (10)

The kinematic function cPlm is defined in Eq. (2) with

� ¼ 1
3 , since the dimer is twice as massive as the boson.

The on-shell CM momentum of the boson-dimer system,
q��, is defined by the �th pole of the FV dimer propagator,
�q�2� ¼ mE� � 3

4 q
�2
� , and RV

� is its residue at the �th pole.

Explicitly,

lim
�q�2! �q�2�

iDV

�
E� q2

2m
;jP�qj

�

� iRV
�

�q�2� �q�2� þ i�
¼�4

3

iRV
�

q�2�q�2� � i�
; (11)

where

RV
� ¼ �mr

2

�
@

@ �q�2
ð �q� cot�d � 4�cjP�qj

00 ð �q�2ÞÞj �q�2¼ �q�2�

��1
:

(12)

Note that the poles of the FV dimer propagator correspond
to the energy eigenvalues of the boosted two-particle
system in the finite volume, Eq. (5), i.e., the Lüscher poles.
Equation (8) reflects the fact that, unlike the two-body

case, a single on-shell condition does not simultaneously
fix the relative momenta of the boson-dimer pair as well as
that of the bosons inside the dimer. What is important to
observe here is that for a given CM energy E�, there is only
a finite number of ‘‘channels’’ NE� that can go on shell,
each being identified by a particular configuration of the
boson-dimer relative momentum and the relative momen-
tum of the two bosons (of the dimer),

f �q��; q��g ¼
8<
:
0
@ �q�0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

3
ðmE� � �q�20 Þ

s 1
A;

0
@ �q�1;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

3
ðmE� � �q�21 Þ

s 1
A; . . . ;

0
@ �q�NE�

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

3
ðmE� � �q�2NE�

Þ
s 1

A
9=
;: (13)

These channels contribute to the quantization condition

since �q�2� =m < E�. This observation makes the analogy

to the ‘‘coupled-channel’’ systems self-evident. For

CM energies that are below the dimer energy, E� <
�q�2� =m, the energy is not sufficient to allow the three-

particle system to go on shell. Subsequently, these

states can be neglected as they give rise to exponen-

tial corrections in volume rather than power law.

Furthermore, similar to the two-body case, the on-shell

condition does not fix the directional degrees of freedom

of the relative momentum of the 2þ 1 system, and

therefore it is convenient to upgrade all finite volume

quantities into infinite-dimensional matrices in angular

momentum.

The calculation of the second term in the expansion of

the correlation function, Eq. (6), is more involved as it

comes with one insertion of the three-body kernel, Fig. 4,

and due to the one boson exchange contribution couples

the momenta running into the loops,

CV
3;1ðEÞ ¼

1

L6

X
q1;q2

A3ðq1ÞiDV

�
E� q21

2m
; jP� q1j

�

�
2
4�ig3 � ig22

E� q2
1

2m � q2
2

2m � ðP�q1�q2Þ2
2m þ i�

3
5

� iDV

�
E� q22

2m
; jP� q2j

�
A0
3ðq2Þ: (14)

Although at the first glance, there appears to be poles

arising from the exchange boson propagator, one can verify

that the poles of the three-body kernel are exactly canceled

by the zeros of the full finite volume dimer propagator.4 As

a result, the only power-law volume dependence of such

diagrams arise from the poles of the dimer propagator only.

Given this observation, it is straightforward to show that

4This important observation was first pointed out to us by
Michael Döring and Akaki Rusetsky for the relativistic three-
particle systems [52].
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CV
3;1ðEÞ ¼

Z d3q1

ð2�Þ3
d3q2

ð2�Þ3 A3ðq1ÞiDV

�
E� q21

2m
; jP� q1j

�
iK3ðq1;q2;P; EÞiDV

�
E� q22

2m
; jP� q2j

�
A0
3ðq2Þ

� 2
Z d3q1

ð2�Þ3 A3ðq1ÞiDV

�
E� q21

2m
; jP� q1j

�XNE�

�

½K3ðq1; q
�
�;E

�Þ� ~GV
� ðq��ÞA0

3ðq��Þ�

� XNE�

�;�0
½A3ðq��0 Þ� ~GV

�0 ðq��0 ÞiK3ðq��0 ; q��;E�Þ� ~GV
� ðq��ÞA0

3ðq��Þ�; (15)

where a summation over angular momentum is understood
for the terms inside the brackets. The summation over the
two-body Lüscher poles is left explicit. The result of
Eq. (15), along with the fact that the dimer propagator
can be decomposed in a series over its poles,

iDVðmE� 3q2=4; qÞ ¼ XNE�

�

iRV
�

�q�2 � �q�2� þ i�
; (16)

suggests that the dimer propagator can be upgraded unto a
diagonal matrix in the space of NE� available FV states
which is a useful representation when performing the sum
over all diagrams contributing to the correlation function.
Each element of this matrix is then effectively a single
particle propagator with the corresponding FV pole and
residue that contain finite volume dependence of the
propagators,

½iDVðmE� 3q2=4; qÞ���0 ¼ iRV
�

�q�2 � �q�2� þ i�
���0 : (17)

Given the simplifying feature of the FV loop sums as is
evident from Eq. (15), and the representation of the FV

dimer a matrix over available channels, Eq. (17), it is
straightforward to sum over the infinite number of terms
appearing in the boson-dimer correlation function, Eq. (6).
Denoting the boson-FV dimer propagator as G1

V , one can
show that Eq. (6) is equal to

CV
3 ðE;PÞ � C1

3;VðE;PÞ
¼ iA3

�
ð1� ~G1

V
~M1

V Þ� ~GV 1

1þ ~M1
V �

~GV

� ð1� ~M1
V
~G1
V Þ
�
A0
3; (18)

where C1
3;VðE;PÞ�iA3

~G1
V ð1� ~M1

V
~G1
V ÞA0

3.
~M1

V is defined

as the sum over all infinite volume diagrams containing
a boson and a finite volume dimer, Fig. 5(c), and can
be interpreted as the nonrenormalized infinite volume
scattering amplitude between a boson and a FV dimer.5

That is to say, while the relative momentum between the

dimer and boson is continuous in ~M1
V , the relative

momentum of the two bosons inside the dimer remains
discretized,

~M1
V ðp;k;P; EÞ ¼ K3ðp;k;P; EÞ �

Z d3q

ð2�Þ3 K3ðp;q;P; EÞDV

�
E� q2

2m
; jP� qj

�
~M1

V ðq;k;P; EÞ

¼ ~M1
1ðp;k;P; EÞ �

Z d3q

ð2�Þ3
~M1

1p;q;P; EÞ�DV

�
E� q2

2m
; jP� qj

�
~M1

V ðq;k;P; EÞ; (19)

where �DV ¼ DV �D1 and ~M1
1 is the nonrenormalized infinite volume scattering amplitude, Fig. 5(a). For compari-

son, the full FV scattering amplitude of the dimer-boson system is also depicted in Fig. 5(b), where all relative momenta
between the three-particles are necessarily discretized.6 Note that the boson-dimer propagator and ~M1

V are evaluated on
shell where the scattering energies of each boson-dimer channel is given by q�2� =m.

FIG. 4. The NLO contribution to the three-body correlation function with one insertion of the three-body kernel.

5The difference between renormalized and nonrenormalized scattering amplitudes will be explained shortly.
6One should however note that due to the absence of asymptotic states in a finite volume, the interpretation of this quantity as the

scattering amplitude is ambiguous, and it is only introduced as a useful mathematical quantity in analogy with the infinite volume
scattering amplitude.
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The poles of the FV correlation function, Eq. (18),
determine the spectrum,

Det ð1þ ~M1
V �

~GVÞ � det oc½det pwð1þ ~M1
V �

~GVÞ� ¼ 0;

(20)

where the determinant det oc is over the NE� open channels
and the determinant det pw is over the boson-dimer relative

angular momentum. In practice it is necessary to perform a
truncation over the partial waves and choose a maximal
angular momentum. This quantization condition however
incorporates the partial-wave mixing due to the reduced
symmetry of the boson-dimer wave function in the finite
cubic volume as will be discussed in more detail in the next
section.

The reason that the scattering amplitude quantities in-
troduced above are not renormalized is that unlike single
particle operators in a nonrelativistic field theory, the dimer
field corresponds to an interpolating operator that has
overlap with two-particle states, and as a result must be
renormalized [47,53]. The renormalization factor in the
finite volume can be obtained from the residue of the FV
dimer propagator,

ðZV
� Þ�1 ¼ i

@

@E�
1

iDVðE� q2

2m ; jP� qjÞ

��������E�¼ �q�2�
m þ3q�2�

4m

¼ m

RV
�

:

(21)

Upon renormalizing the dimer field, therefore, one arrives
at the normalized scattering amplitudes in the finite vol-

ume, e.g., ðM1
V Þ��0 ¼ ðZV

� Þ1=2ð ~M1
V Þ��0 ðZV

�0 Þ1=2.
The quantization condition, Eq. (20), resembles that of

the two-body coupled-channel systems as presented in
Refs. [16,17]. As discussed earlier this illustrates that a
single on-shell condition does not fix the magnitude of both

relative momenta and there is a freedom in scattering in
any of finite number of available channels. The other
characteristic of Eq. (20) is that it does not still provide
an algebraic relation between the infinite volume scattering
amplitude and the energy eigenvalues of the boson-diboson

system, simply because ~M1
V still has possibly large vol-

ume corrections arising from the FV dimer propagator,
Eq. (19). Despite all these complexities, this quantization
condition not only gives a better insight into the three-body
problem in a finite volume, it automatically reduces to the
Lüscher quantization condition for the bound-state-particle
scattering below the bound-state breakup, up to exponen-
tial corrections that are due to the size of the bound-state
wave function. This will be discussed in the next section in
more detail.

III. BOSON-DIBOSON SCATTERING BELOW
THE BREAKUP THRESHOLD

The formalism developed in the previous section does
not assume any specific form for the interactions in the
three-body system. Therefore the result presented is
universal regardless of the nature of the interactions or
whether the theory contains any number of two-body or
three-body bound states. In this section, though, we con-
sider a theory with an attractive two-body force which
allows a two-body bound state, a diboson. We will show
how Eq. (20) reduces to the well-known two-body result
below the diboson breakup.
For such energies there is only one state that can go on

shell and introduce power-law volume corrections, the
boson-diboson state. By restricting to lmax ¼ 0, the low-
energy parametrization of the scattering amplitude
becomes that of a two-particle system in an S-wave with
masses m1 ¼ m2

2 ¼ m,

MBd ¼ 3�

m

1

q�0 cot�Bd � iq�0
; (22)

where q�20 =m � 4
3 ðE� � �q�20 =mÞ is the boson-diboson

scattering energy in the CM frame, �q�20 =m is the boosted

diboson FV binding energy, and �Bd denotes the boson-
diboson scattering phase shift. However, this is the

nonrenormalized quantity ~M1
V that appears in the QC,

Eq. (20), and not the physical scattering amplitude. Here
we argue that by introducing a systematic error of the order
of e��dL=L to the final result, Eq. (1), the scattering phase
shifts can be derived from the QC, Eq. (20) after replacing

� ~GV ~M1
V with �GVM11 � �GVMBd. �d denotes the

infinite volume binding momentum of the diboson which
satisfies

ð �q� cot�d � i �q�Þj �q�¼i�d
¼ 0: (23)

The first step to prove this claim is to note that the
bound-state pole of the FV dimer propagator is exponen-
tially close to the bound-state pole of the infinite volume

FIG. 5. (a) Diagrammatic representation of the inhomogenous
integral equation satisfied by the three-body scattering amplitude
in the infinite volume. (b) The corresponding sum equation
satisfied by the FV scattering amplitude. (c) The diagrammatic
representation of the integral equation satisfied by ~M1

V , Eq. (19).
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dimer, �q�0 ¼ i�d þOðe��dL=LÞ, which is evident from

Eq. (5) after analytically continuing the momentum ~q�0 to

the imaginary axis. These exponential corrections have
been previously calculated for two-body bound states in
the CM frame [1,2,28,54] as well as moving frames

[23,29]. Now in evaluating ~M1
V , one needs to perform a

series of coupled integrals as is given in the first line of
Eq. (19). For negatives energies, the only singularity of the
integrands in the range of integration occurs when the
diboson pole of the FV dimer propagators is reached.
The contribution to the integrals due to this singularity is
proportional to the residue of the FV dimer at that pole.
Since the residue of the infinite volume dimer propagator at
the diboson pole,

R1
d ¼ �mr

2

�
@

@ �q�2
ð �q� cot�d � i �q�Þj �q�2¼��2

d

��1
; (24)

is exponentially close to its FV counterpart, Eq. (24),7

RV
d ¼ R1

d ½1þOðe��dLÞ�; (25)

one can replace DV with D1 up to the exponential cor-
rections that scale by the size of the bound-state wave
function. Consequently, from Eq. (19) one observes that
~M1

1 is equal to ~M1
V up to exponentially small corrections.

Note that ~M1
V and ~M1

1 are renormalized differently,
however, the finite volume dimer field renormalization
factor ZV , Eq. (21) is exponentially close to the renormal-
ization factor of the infinite volume diboson field Z1
around the bound-state pole, which is defined as

ðZ1
d Þ�1¼ i

@

@E�
1

iD1ðE� q2

2m;jP�qjÞ

��������E�¼��2
d
mþ3q�2

d
4m

¼ m

R1
d

:

(26)

Therefore one can approximate � ~GV ~M1
V ¼ �GVM1

V in
Eq. (20), with �GVM11 for elastic processes that occur in
this energy regime up to these exponential corrections as
stated.

Keeping in mind these exponential corrections, one can
now apply the expression for the scattering amplitude
in Eq. (22), to Eq. (20). Using Eqs. (9) and (10), one can
recover the two-particle quantization condition for
two-particle systems up to the exponential corrections
explained above as shown in Eq. (1) and reiterated here
for clarity

q�0 cot�Bd ¼ 4�cP00ðq�0Þ þ �
e��dL

L
: (27)

This result confirms the postulation and numerical verifi-
cation made by Bour et al. [24] that upon subtracting off
the FV binding energy of the bound state from the total
energy of the three-particle system, the scattering energy
eigenvalues of the bound-state-particle system can be reli-
ably related to the scattering phase shift of the system
through the use of the Lüscher formula for two-body
systems after extrapolating to the infinite volume limit.
This offers the practitioner a reliable method to extract
the infinite volume phase shift of elastic bound-state-
particle scattering by fitting to an exponential form.
This result also illustrates that in order to obtain the

boson-diboson scattering phase shift, not only one needs
to determine the boosted three-particle energy spectrum,
but also needs to obtain the scattering parameters of the
boosted two-particle system first. It is also evident that if
the interactions support a boson-diboson bound state, a
triboson, after analytically continuing the momentum in
Eq. (1) to the imaginary plane, q�0 ¼ i�Bd, the binding

energy of the three-particle system, B3 ¼ 3�2
Bd

4m , can be

obtained easily via Eq. (1), as is well known for bound
states appearing in the two-body sector [1,2,28].
Alternatively, one can also solve for the triboson poles of
the FV scattering amplitude from the FV counterpart of the
Skorniakov and Ter-Martirosian equation, Fig. 5(b), as is
pursued in Refs. [18–21].
The boson-diboson QC, Eq. (1), is a low-energy

approximation of Eq. (20), which at NLO has two sources
of exponential corrections. First, the QC receive correc-
tions associated with the finite volume binding momentum

of the diboson which scale like Oðe�
ffiffi
2

p
�dL=LÞ at next to

leading order. It also acquires exponential corrections
associated with the truncation of off-shell states appearing
in the decomposition of the dimer propagator, Eq. (16), as
mentioned before. More explicitly, the next excited state of
the boson-diboson system corresponds to a CM scattering
energy of q�21 =m � 4

3 ðE� � �q�21 =mÞ, where �q�1 is the

boosted momentum for an unbound two-boson system.
For E� < �q�21 =m, the three-boson scattering energy,
q�21 =m, is negative which leads to exponential corrections

of Oðe�q�
1
L=LÞ to the single-channel QC, Eq. (1), which

however are subleading compared to Oðe�q�
0
L=LÞ �

Oðe��dL=LÞ corrections. For sufficiently high energies,
these exponential corrections become power law in the
volume, and one necessarily has to study a coupled-
channel system made up of a boson-diboson state and a
three-boson state. For energies just above the diboson
breakup Eq. (20) can be written as

ð1þ ~M1
V;Bd�Bd�

~GV
BdÞð1þ ~M1

V;BBB�BBB�
~GV
BBBÞ

¼ j ~M1
V;Bd�BBBj2� ~GV

Bd�
~GV
BBB; (28)

7There is another correction to the residue function at the
diboson pole that occurs at Oðe��dL=�dLÞ. Since for �dL > 1
the diboson does not fit in the volume, and the finite volume
formalism is no longer valid, one must make sure to use
sufficiently large volumes for shallow bound states so that
�dL � 1. It then follows that these corrections are subleading
compared to the Oðe��dLÞ corrections in Eq. (25) and could be
ignored.

RAÚL A. BRICEÑO AND ZOHREH DAVOUDI PHYSICAL REVIEW D 87, 094507 (2013)

094507-8



where � ~GV
Bd and � ~GV

BBB are respectively the boson-

diboson and three boson propagators, ~M1
V;���0 denotes

the elements of ~M1
V for the �th (�0th) initial (final) state.

For such energies, the approximations made before are no
longer valid and determination of infinite volume scatter-
ing cross sections from the finite volume spectrum requires

numerically solving an integral equation for ~M1
V , Eq. (19).

Lastly we comment on the systematic uncertainties as-
sociated with the dimer formalism and partial-wave mix-
ing. Assume, for example, that both the dimer and the
boson-dimer wave functions are projected onto the Aþ

1

irreducible representation of the cubic group and that the
three particles are degenerate. Then in the boson-dimer CM
frame, the system has an overlap with ðJd; JBdÞ ¼ ð0; 0Þ as
well as ðJd; JBdÞ ¼ fð2; 0Þ; ð4; 0Þ; ð0; 4Þ; ð2; 4Þ; ð2; 6Þ; . . .g
angular momentum states, with the leading contamination
arising from theD-wave dimer. As discussed in Sec. II, this
is due to the fact that the dimer in this 2þ 1 body setup is
boosted and its symmetry group in its CM frame is reduced
compared to the original cubic group [34]. If one then
proceeds to consider a reference frame where the dimer-
boson system has nonzero momentum, then the ground
state will have overlap with ðJd; JBdÞ ¼ ð0; 0Þ as well
as ðJd; JBdÞ ¼ fð0; 1Þ; ð2; 0Þ; ð2; 1Þ; ð0; 2Þ; ð2; 2Þ; . . .g angular
momentum states. This is because the dimer-boson is
effectively a two-particle system where one of the particles
is twice as massive as the other, and therefore S- and
P-wave mixing is unavoidable [42]. As a result one needs
to simultaneously determine S- and P-wave scattering
parameters. Note that although the dimer field used in
this paper is an S-wave field which does not lead to
inclusion of higher partial waves in the two-body QC, the
boson-diboson scattering QC, Eq. (1) fully incorporates the
partial-wave mixing in the space of the boson-diboson
angular momentum states.

A. On the quantization conditions derived
in Ref. [25] using the isobar approximation

Developing a finite volume multiparticle formalism not
only is crucial in studying nuclear reactions from LQCD,
but also is a necessary step towards reliable LQCD studies
of higher excited states as well as hadronic resonances.
With this latter goal in mind, the author of Ref. [25] has
attempted recently to present such a FV formalism for
three-body hadronic processes that have a dominant two-
particle resonant channel. Such a study is motivated since,
as an example, the decay of J=c to three pions has been
shown to be well approximated by decaying to a pion as
well as the 	 resonance where the 	 can subsequently
decay into two pions [55]. Modeling a process that involves
a three-particle final state via such a quasi-two-particle
intermediate state is called the isobar approximation
[30–33], and has been used by the author of Ref. [25] to
study the spectrum of the three-particle system in the finite
volume. Here we argue that the result presented by these

authors fails to describe the three-particle processes that
can be studied via the isobar model in the infinite volume,
and by comparing their quantization condition with that
presented in this paper, confirm the validity of their result
in one particular case that is different from processes which
the isobar model concerns.
Before discussing the result of Ref. [25], it is necessary

to briefly review some important features of a resonance
that makes it challenging to be extracted via a LQCD
calculation. As is well known, a resonance is not an iso-
lated eigenstate of the Hamiltonian but rather a resonance
in multiparticle scattering channels that have the same
quantum numbers as the resonance state. In the limiting
case where the resonance has an infinitely narrow width,
one however recovers an isolated state of the theory. The
key is that the resonance itself should not be confused with
a composite object, e.g., the 	meson cannot be interpreted
as a two-pion state; as soon as the dynamical coupling of 	
to the two-pion state is turned off, it no longer can decay to
two pions. That is a key difference between a resonance
that dominates the two-particle scattering amplitude, and a
two-particle bound state. As a result, the extraction of two-
body bound states follows directly from the identification
of the negative interaction energy levels of the two-particle
spectrum, and its binding momentum in the finite volume is
directly related to the scattering phase shift via the standard
two-body Lüscher formula. To extract a resonance state
from a LQCD calculation, however, requires mapping out
the scattering phase shifts of the corresponding two-
particle scattering channel as a function of energy using
the Lüscher formalism (for a recent implementation of this
technique see Ref. [56]). In addition, since most reso-
nances lie above the inelastic threshold, their extractions
require studying a coupled-channel multiparticle scattering
system.
With this difference in mind, let us discuss the result

derived in Ref. [25] for three-particle systems in a finite
volume within the isobar approximation. Based on a
Hamiltonian formalism approach, the author of Ref. [25]
presented two sets of Lüscher formulas that are derived
from a relativistic Lippmann-Schwinger equation. One of
these formulas describes the scattering of the two particles
that compose the isobar in terms of the invariant mass of
the isobar in the 2þ 1 system. This equation corresponds
to Eq. (5) of this article where the scattering phase shift
of the two-particle subsystem is related to the relative
momentum of the particles in this subsystem. The other
equation however, is effectively another two-particle
Lüscher formula describing the scattering of an isobar off
the spectator particle. This relation offers an algebraic
relation between the phase shift of the particle-isobar
scattering system in terms of the relative momentum of
the isobar and particle in the finite volume. Note that the
relative momentum of the isobar and particle is correlated
with the solutions to the Lüscher equation for the isobar
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system at any given total energy which is a direct conse-
quence of three-particle kinematics.

There are two features of these quantization conditions
that make them unrealistic solutions to the three-body
problem within the model considered. First of all, as is
discussed in detail through this article, for any given CM
energy of the three-particle system, there are more than
one configuration of momenta in the finite volume, see
Eq. (13), that can go on shell, and the corresponding
channels need to be included in the quantization condition
simultaneously. Although the author of Ref. [25] points out
that there are multiple combinations of relative momenta
for each given energy that could satisfy their quantization
conditions, their results fail to incorporate this coupled-
channel feature of the problem. As a direct consequence,
not only systematic errors due to nearby off-shell states of
the 2þ 1 system cannot be addressed by their derivation,
but most importantly their quantization conditions fail to
describe the true behavior of the system as soon as an extra
on-shell state is available at a given energy. It is important
to reiterate that these ‘‘states’’ are nothing more than the
kinematically allowed configurations of the three-particle
system.

The other misleading feature of these quantization con-
ditions is that although the formalism is presented in the
framework of the isobar model, no connection to the
resonant nature of the two-particle subsystem has been
made. Most importantly, the isobar, although introduced
as a sharp resonance, has been treated as a composite
system of two-particles. This composite system then has
been studied via a two-body Lüscher formula in a finite
volume similar to two-body bound states. The question that
arises is that if the resonance is being treated as an isolated
particle that scatters off another particle in this setup,
which is a reasonable assumption in the limit of infinitesi-
mal width, how could its energy spectrum be related to the
scattering parameters of the two-body subsystem? On the
other hand, as soon as a dynamical coupling to the two-
particle state is turned on (which is the case for systems
with three-body final states), the resonance is no longer an
isolated state of the Hamiltonian and its energy is not given
by the standard Lüscher formula, in contrary to the two-
body bound and scattering states. One needs to take into
account this distinction for one primary reason. A reso-
nance state can get large volume corrections in a finite
volume, and as a result, the correspondence between the
isobar-particle spectrum in the finite volume and the
isobar-particle scattering amplitude through a simple
Lüscher formula is ambiguous. This is analogous to our
discussion of the 2þ 1 systems above the breakup where
the FV two-particle state receives large power-law volume
corrections and the boson-FV dimer scattering amplitude
can no longer be approximated by the three-particle infinite
volume scattering amplitude. That being said, our formal-
ism demonstrates how one can recover the infinite volume

scattering amplitude from the spectrum, but by no means
should one expect an algebraic Lüscher quantization con-
dition for such a quasi-(2þ 1) system.
There is however one limiting case where the result of

Ref. [25] is valid. As was discussed in Sec. III, the scat-
tering phase shifts of boson-diboson scattering can be
extracted from an algebraic Lüscher quantization condi-
tion, up to exponential corrections with the leading piece
scale by e��dL=L, Eq. (1). This is a valid description of the
process since in the energy regime where the two-body
bound state cannot break up, there is only one on-shell
momentum configuration that could lead to power-law
corrections in volume. The quantization conditions pre-
sented in Ref. [25] are therefore valid for theories that
allow a deeply two-body bound state, in order for the
exponential corrections to be negligible, and in an energy
regime where the bound state cannot disintegrate into its
constituent particles. Then effectively one has an elastic
scattering between two particles that can be studied via a
single-channel Lüscher quantization condition, where the
energy of one of the particles (the bound state) is deter-
mined from another Lüscher formula. It is only for these
particular conditions that the equations given in Ref. [25]
are valid. So in conclusion, although the quantization con-
ditions of Ref. [25] could be applicable to deeply bound-
state particle scattering below the breakup threshold, it
cannot make a valid connection between the scattering
parameters of an isobar model in infinite volume and the
energy eigenvalues of three particles in a finite volume.

IV. SUMMARYAND CONCLUSION

Determining nuclear reaction cross sections directly
from the underlying theory of QCD will impact our under-
standing of a wide range of phenomena. Currently LQCD
is the only reliable way to carry out such an ambitious
program provided that the formalism that connects the
physical scattering amplitudes to the lattice multinucleon
correlation functions is put in place. With this in mind, we
have determined a model-independent representation of
the quantization condition for energy eigenvalues of three
identical bosons in a finite volumewith the periodic bound-
ary conditions. Using a nonrelativistic EFT, the FV three-
particle spectrum has been shown to be related to the
infinite volume S-matrix elements. For arbitrary energies,
this correspondence requires solving an integral equation.
With nuclear systems in mind, close attention is paid to
scalar theories that support a two-body bound state. It is
shown that for energies below the diboson breakup, the
quantization condition reduces to the well-known Lüscher
result for two particles with unequal masses, with expo-
nential corrections dictated by the size of the diboson,
Eq. (1). Although physically intuitive, this is a nontrivial
observation that will require the lattice practitioner to
extrapolate the phase shifts obtained from the Lüscher
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formula for the particle bound-state elastic scattering to the
infinite volume.

In deriving the quantization condition for the three-
boson system, an auxiliary dimer field can be used for
convenience. This dimer field has the same quantum num-
bers as of the two-boson system in an S-wave, and enables
one to study the three-body system as an effective 2þ 1
system. This simplification comes at the cost of neglecting
the partial-wave mixing associated with a cubic finite
volume with the periodic boundary conditions. By evalu-
ating poles of the full three-boson correlation function in
the finite volume, the quantization condition for the three-
particle system with nonzero total momentum is derived.
The poles are given by a determinant condition, Eq. (20),
where the determinant is taken over dimer-boson relative
angular momentum states as well as NE� available boson-
dimer eigenstates for each CM energy, E�. As is shown, the
corresponding quantization condition has strong parallels
with two-body coupled-channel systems [16,17]. However
one has to be careful that this is not the physical scattering
amplitude that directly shows up in the QC, but rather the
scattering amplitude of a boson-FV dimer system. These
two quantities are related to each other through an integral
equation, Eq. (19). This manifestly shows that the deter-
mination of the scattering quantities of the three-particle
system from the energy eigenvalues does not simply follow
from two coupled Lüscher formulas for the two-particle
subsystem, as well as the 2þ 1 scattering system, as
suggested in Ref. [25]. It has been demonstrated that as
the energy of the system increases, more three-particle
states can go on shell, and as a result large FV correction
due to the size of the two-particle subsystem cannot be
neglected. This feature is clearly embedded in the QC
presented, Eqs. (19) and (20).

Furthermore, as is explained in detail, the exponential
volume corrections from the off-shell excited states of the
dimer are accounted for in the full quantization condition.
For sufficiently high energies, these exponential correc-
tions become power law in volume and can no longer be
neglected. Then one would have to consider a coupled-
channel system where the number of channels are deter-
mined by the total CM energy of the three-particle system,
as shown in Eq. (28) for energies just above the diboson
breakup. The formalism presented considers three-particle

with nonzero total momentum which eventually allows for
more independent measurements at a given energy. This
however leads to a practical complexity as the symmetry of
the system is reduced, and the ground state of the system is
expected to mix with the P-wave scattering state
[23,29,42]. The quantization condition derived predicts
this mixing between S and P partial waves, and indicates
that the truncation of the determinant condition at S-wave
could, in practice, introduce large systematics to the
calculation.
With these observations at hand, we argue that future

LQCD studies of nuclear reactions and resonances involv-
ing three-particle states will require the following steps.
First, one needs to reliably determine scattering phase
shifts for the two-particle sector from which one can obtain
the boosted Lüscher poles as a function of the boost
momenta and energy. From there, one would proceed to
obtained the three-particle spectrum. This requires high
statistics to obtain multiple states with clean signals.
Also in order to disentangle the coupled-channel nature
of the three particle system, these calculations need to be
performed with different boosts and in different volumes.
In addition, one has to simultaneously determine energy
eigenvalues of three-particle states in different irreps of the
cubic group to correctly deal with the partial wave mixing
which is more severe than the two-particle sector. All of
this information should be simultaneously fitted to numeri-
cally solve the quantization condition presented. This
would lead to an accurate determination of the three-
body Bethe-Salpeter kernel, which encodes all of the infi-
nite volume physics up to the four-particle inelastic
threshold.
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