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We study the relativistic quark-antiquark system embedded in a magnetic field (MF). The Hamiltonian
containing confinement, one gluon exchange, and spin-spin interaction is derived. We analytically follow
the evolution of the lowest meson states as a function of MF strength. Calculating the one gluon exchange
interaction energy (Vogg) and spin-spin contribution {agg) we have observed that these corrections remain
finite at large MF, preventing the vanishing of the total p meson mass at some B, as previously thought.
We display the p masses as functions of the MF in comparison with recent lattice data.
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L. INTRODUCTION

During the last years we have witnessed impressive
progress in the fundamental physics in the ultraintense
magnetic field (MF) reaching strength of up to eB ~
10" G ~ mZ [1]. Until recently, magnetars [2] were the
only physical objects, where this, or a somewhat weaker
MF could be realized. Now the MF of the above strength
and even stronger is within reach in peripheral heavy ion
collisions at RHIC and LHC [3]. High intensity lasers are
another prospective tool to achieve MF beyond the
Schwinger limit [4]. On the theoretical side, striking
progress has been achieved along several lines. It is beyond
our scope to discuss these works or even present a list of
corresponding references. We mention only two lines of
research which have a certain overlap with our work. The
first one [5,6] is the behavior of the hydrogen atom and
positronium in a very strong MF. The second one [7] is the
conjecture of the vacuum reconstruction due to vector
meson condensation in a large MF. The relation between
the above studies and our work will be clarified in what
follows. Our goal is to study from the first principles the
spectrum of a meson composed of quark-antiquark material
embedded in a MF. Use will be made of the Fock-Feynman-
Schwinger representation (see [8] for a review and refer-
ences) of the quark Green’s function with strong (QCD)
interaction and MF included. An alternative approach could
have been a Bethe-Salpeter type formalism. However, for
the confinement originating from the area law of the Wilson
loop, the use of the gluon propagator is inadequate.
Numerous attempts in this direction failed because of gauge
dependence and the vector character of the gluon propaga-
tor, while confinement is scalar and gauge invariant.
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Therefore, it is sensible to use the path integral technique
for QCD + QED Green'’s functions. This method, based on
the proper-time formalism, allows us to represent the
quark-antiquark Green’s function via the Hamiltonian
(see [9] for a new derivation), and was used in [10] to
construct explicit expressions for meson Hamiltonians
without a MF. In this way the spectra of light-light, light-
heavy, and heavy-heavy mesons were computed with good
accuracy, using the string tension o, strong coupling con-
stant ag, and quark current masses as an input [11,12].

In what follows we expand this technique to incorporate
the effects of MF on mesons. The latter contains (i) the
direct influence of MF on the quark and antiquark, and
(ii) the influence on gluonic fields, e.g., on the gluon
propagator via gg loops and on the gluon field correlators
determining the string tension o. Since the MF acts on
charged objects, its influence on the gluonic degrees of
freedom enters only via (N,)7%, k =1,2,...; however,
corrections of the second type can be important, as shown
in [13]. (iii) As was shown recently in the framework of our
method, the MF also changes quark condensate {Gg) and
quark decay constants f, etc., and in this way strongly
influences chiral dynamics [14].

The important step in our relativistic formalism is the
implementation of the pseudomomentum notion and
center-of-mass (c.m.) factorization in the MF, suggested
in the nonrelativistic case in [15] for neutral two particle
systems. Recently the c.m. factorization was proved for the
neutral three-body system in [16], the situation with
charged two-body system was clarified and an approxima-
tion scheme was suggested in [17].

The plan of the paper is the following. Section II contains
a brief pedagogical reminder of how the two-body problem
in MF is solved in quantum mechanics. The central point
here is the integral of motion (‘“pseudomomentum’”) which
allows the separation of the center of mass. Here we also
show how to diagonalize the spin-dependent interaction.
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In Sec. IIl we formulate the path integral for a quark-
antiquark system with QCD + QED interaction. Then
from the Green’s function the relativistic Hamiltonian
is obtained. Section IV is devoted to the treatment of
confining and color Coulomb terms. Here we also present
the derivation of the eigenvalue equations for the relativ-
istic Coulomb problem. In Sec. V we discuss the spectrum
of the system focusing on the regime of an ultrastrong
MF. Section VI contains the discussion of the results,
comparison with lattice calculations, drawing further per-
spectives, and intersections of our results with those of
other authors [5-7].

The present work develops the approach presented ear-
lier in [18]. As compared to [18], one will find in what
follows novel results, changing the physical picture out-
lined in [18]. The new point is that the mass of the quark-
antiquark system remains nonzero however strong the MF
is. This is similar to freezing by radiative corrections of the
hydrogen atom ground state in strong magnetic fields [5,6].
A few more remarks on the relation between the two papers
will be added in the final section below.

II. PSEUDOMOMENTUM AND WAVE FUNCTION
FACTORIZATION

The total momentum of N mutually interacting particles
with translation invariant interaction is a constant of mo-
tion and the center of mass motions can be separated in the
Schrodinger equation. It was shown [15] that a system
embedded in a constant MF also possesses a constant of
motion—pseudomomentum. As a result for the case of
zero total electric charge Q = 0 the c.m. motion can be
removed from the total Hamiltonian. The simplest example
is a two-particle system with equal masses m; = m, = m
and electric charges e; = —e, = ¢. We define

T +r,

2 )
Straightforward calculation in the London gauge
A =1(B Xr) yields

R

n=r Iy P=p, +p,. (1)

A 1 e 2 1 N 2
+ V(m). )

One can verify that the following pseudomomentum
operator F commutes with the Hamiltonian (2)

F=P+§(B><n). (3)

This immediately leads to the following factorization of
the wave function

VR ) = gln)exp{PR ~ 1S (B x R @)

For the oscillator-type potential V(n) the problem
reduces to a set of three oscillators, two of them are in a

PHYSICAL REVIEW D 87, 094029 (2013)

plane perpendicular to the magnetic field and their fre-
quencies are degenerate, while the third one is connected
solely with V(7).

Next, we briefly elucidate the spin interaction in the
presence of a MF. The corresponding part of the
Hamiltonian may be written as

[:]s = ahf(o'lﬂ'z) — uB(o| — 0y), 5

where e; = —e, = ¢ >0 and u > 0. Diagonalization of

H, yields the following four eigenvalues, e.g., for the uii
system, comprising both p and 7 levels.

B\2
Ey) = tahf(2 1+(;‘—hf) :1), (6)

where we assume that B is aligned along the positive z
axis and B = |B|. In a strong MF when uB > a,,; spin-

EY) = ayy,

spin interaction becomes unimportant and E(;Z‘ ~ *2uB.

For the lowest level Eff) this corresponds to a configuration

|+ —) when the spin of a negatively charged particle is
aligned antiparallel to B, and the spin of the positively
charged one is aligned parallel to B. This means that the
spin (and isospin) are no longer good quantum numbers
and eigenvalues (6) correspond to the mixture of spin 1 and
spin O states. As a result, the gg state will split into 4 states
(two of them coinciding as EY) = E{”). Until now we
treated a nonrelativistic system, to incorporate relativistic
effects we shall exploit the path integral form of relativistic
Green’s functions [8,9].

III. RELATIVISTIC ¢4 GREEN’S FUNCTION AND
EFFECTIVE HAMILTONIAN

The derivation of the relativistic Hamiltonian of the ¢g
system in a MF consist of several steps. The first one is the
4d relativistic path integral for the gg Green’s function.
The starting point is the Fock-Feynmann-Schwinger
(world-line) representation of the quark Green’s function
[8]. The role of the ““time’” parameter along the path zﬁi)(si)
of the ith quark is played by the Fock-Schwinger proper
time s;, i = 1, 2. Consider a quark with a charge e; in a
gluonic field A, and the electromagnetic vector potential

Aﬁf), corresponding to a constant magnetic field B. Then
the quark propagator in the Euclidean space-time is

Six,y) = (m; + 9§ — igh — ie, A5} = (m; + D).

(7
The path-integral representation for S; [8] is
Si(x,y) = (m; — D) j " ds(D*2) e Kol (x, )
0
= (m; = DV)Gi(x,y), @®)

where
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(1)
.—ms +4/ (d ) )

DD v) — T 0o [T a0
o (x,y) = PyPrexp|ig | A,dzy +ie; | Ap'dzy
y y

X exp ([OS’ dr;0,,(8F,, + e[BM,,)). (10)

Here, F,, and B,, are correspondingly gluon and MF
tensors, P, Pp are ordering operators, o, = % (YuY» —
Y,y #). Equations (7)—(10) hold for the quark, i = 1, while
for the antiquark one should reverse the signs of e; and g.

In explicit form one writes
|

Gy5,(x, y) =/ ds,f dsy(D*zV)(D*2?), e K17k t(TW,(A))4 exp(ze,/ A(e)dz(l)

+ el,/o dr(oB) — ezﬁ) d’rQ(O'B)),

where
T= I'y(my — DI)FZ(mZ - Dz), (13)

and I'y = y,, I'; = v, for vector currents, I'; =
pseudoscalar currents, while

vs for

2
W =exp( =5 [, (0dma QNF L (1)F 10 )

+ @({FFF))), (14)

where dm,, = ds,, + a’ﬂldrl - o-M,,drz, and ds,,, is an
area element of the minimal surface, which can be con-
structed using straight lines, connecting the points z(l)(t)
and z\ z 2(¢) on the paths of ¢; and g, at the same time [8,10].
Note, that operator 7 actually does not participate in the field
averaging procedure: as was shown in [19], the followmg
replacement is valid, m — D — m — ip, Py = *(d”)r—s
As a result of the first step the gg Green’s function is
represented as a 4d path integral (including Euclidean time
paths) and, in addition, also integrates over proper times s,
s,. In the second step one introduces monotonic Euclidean
time (1) =x4 +IT, where T = |x; — y4|, so that
z24(7) = tg(7) + Azy(7), where Az,(7) is fluctuation of
time trajectory around tz(7). This new variable tz is an
ordering parameter for trajectories z"(zz), 2@ (rz), and
proper times transform into physical parameters—virtual
g and g energies @; = ;- -, so that ds; = — 55 dw,.
Combining for simplicity all fields into one Wilson loop

W(A, A®), one can rewrite the Green’s function in new
variables as

T dwl de

3/2 3/2
87 w)? 0,

% e—Kl(wl)_KZ((‘)Z)<<TWF>>AZ4’ (15

Gyygr53) = (D321D3),
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ocH oE oB 0
TwFu=\og en) 7B o oB)
(1D

Next, we consider the g;g, system born at the point
x with the current jr (x) = g;(x)[';g,(x) and annihi-
lated at the point y with the current jr,(y). Here, x
and y denote the sets of initial and final coordinates of
quark and antiquark. Using the non-Abelian Stokes
theorem and cluster expansion for the gluon field
(see [11] for reviews) and leaving the MF term intact,

we can write
f A9
y

(12)

[

(see [9] for details of derivation). Here, K;(w)), Kz(a)z) are
obtained from K; in (9) by the same replacement - dz —

dz,
2w; Q>

Ki(w) + Ky (w,)

(e ey 7 e o)
2w, 2w, 2 \dtg
2
+ 22 (dz—())z]. (16)
The final step is the use of the Wilson loop dynamics to
express all dynamics in terms of instantaneous interaction.
Indeed, the quadratic field correlator in (14) is represented
through two scalar functions D(z) and D,(z) (see, e.g.,
[11,20] for details), the first of them is responsible for
confinement, while the second one gives one gluon ex-
change (OGE) potential. So, for the case of zero quark
orbital momenta with the minimal surface discussed
above, integrating over relative time » =tL — 7% in
D(v,z, — 1,), D|(v, 2, — ,), one obtains a simple instan-
taneous answer for spin-independent (SI) part of (W ,(A)),,

T
(W, (A)S = eXp(—[ th[ale) — 20
0

_ 4 ag 7

3 120 — z@]) a7

containing Vone(r) = or and Voge(r) = — 40‘5 . Here o is

the QCD string tension, o = 0.18 GeV2 in our
calculations.

First, we need to find the Hamiltonian H,, ;, of the system
at t£ =15 =1£. To this end we define the Euclidean

a2 dz)

ite 22 =24 % =247
Lagrangian quqz We write dr, w; ok = 202,

k =1, 2, 3. Then all terms in the exponents in (12), (14),
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and (17) can be represented as exp (— [ drL% - ) and thus
we arrive at the following representation:

ql‘?z(x y)
da)lda)2

877 / [ ( )3/2 (D3z(1)D3Z(2))Xy tr(e—sfjm T)

(18)

with the action

_[* Wi (i) . (e -() a)1+a)2
St = [ | S50 — iea?sl) + 2
1

m% m% O'IB 0'2B
+—+—+€1—+62—
2(1)1 20)2 2(1)1 2(1)2
4 ag
75
+ olz z?| 3 20— z(z)l]' (19)

Here, A(,f) is the kth component of the QED vector
potential. The next step is the transition to the
Minkowski metric. This is easy, since confinement is al-
ready expressed in terms of string tension. We have
exp (— [ LEdtg) — exp (i [ LMdty), tp — ity and

yo oLM
py = S0 = 0z + A,
2k (20)
(1) (i)
Hthz Z klpkl LM'

i

The explicit expression for the Hamiltonian without spin-
dependent terms is

(P — ¢;A(z"))? + m? + w? — ;0B

H . =
a1
= 20,
4 o,
M, - -___7s
+ oz z?| 30— 20 (21
The ¢qg Green’s function (15) takes the ‘heat—

kernel”” form when going back to Euclidean time with
Hamiltonian (21)

dw dw
Goain) =g [ o N A Rl el

(22)

The c.m. projection of the Green’s function yields

f Gy oyt V)P — y)

o dw dw
- [ < o Zso%,(oxtr(r»e oo,
l

(23)

where ¢,, and M,, are eigenfunctions and eigenvalues of the
Hamiltonian H, ; . Atlarge T the integral over w;, @, can
be taken by the stationary point method, and hence the
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effective energies w; are to be found from the minimum of
the total mass M,(w;, w,), as was suggested in [10]. To
introduce the minimization procedure and to check its
accuracy we shall begin by the calculation of the eigenval-
ues of one and two quarks in the MF, and the energy of the
ground state of a relativistic charge in the atom in the next
section, reproducing the known exact results.

We have the following equations defining w; from the
total mass M(w;)

aMn(wl’ w2)

I:Ilﬁ =Mn(w1, wz)lﬂ, Py
l

=0. (24)
For a single quark in MF the first of the above equations

gives

p:+mi+eBl2n+1) —eBo,

+—.
2w 2 (25)

M, (w) =

Then the minimization over w yields the correct answer
= (p? + m2 + |eBl(2n + 1) — eBo,)'/2. (26)

Now we turn to the case of ¢;g, system and introduce the
coordinates which are the generalization of (1):

M @
7 + wyz
iz T O n=1zD -0, 27

a)1+w2
d d
=i, =i 28
"R p Yom (28)

It is convenient to introduce the following two additional
parameters
O3 W~ w
o=—12 =172 (29)
(OF] + W) W + (00
Let us consider the case of the neutral meson, so that
e, = —e, = e. Then the total Hamiltonian may be written as

H,. =Hg+H, +W, (30)

9192

where

1 2
HB=—[ P+1T——B><<R+—n>]
2(()] w-H 2

1 @ 2
+ — P—m+- B X{R ——
2w, [wl T3 ( 71)]
! BXR+s=-BX ?
ﬁ(“ 2 VE ")
1 e 2
+——[P—-—=-BX . 31
o v oy (P38 7) Gb
Equation (31) is an obvious generalization of (2). The two
other terms in (31) read

m? + w? — ed|B

+ w} + eo,B
HU: +m2 (1)2 eq, ’ (32)

2(1)] 2(1)2
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W=Vconf+VOGE+AW=O-n

—EM—FAW, (33)
3 7

and AW contains self-energy and spin—spin contributions,
which come from the unaccounted spin-dependent terms
of (W,(A)). One can verify that the pseudomomentum
operator in (3), introduced in Sec. II, commutes with Hp
and hence we can again separate the c.m. motion according to
the ansatz (4):

HyW(R, ) = exp{iPR LD n)R}HB¢(n). (34)

Then the problem reduces to the eigenvalue problem for
¢(n) with the Hamiltonian H z having the following form:

H—1<—'a+ °B x )2
BT e\ oy t27 0T

1

———(P—eB X )% 35
2(w1+w2)( eB X'n) 35)
For P X B = 0 the system has a rotational symmetry and the
c.m. is freely moving along the z axis. Here we shall consider
a state with zero orbital momentum (L), = [ X %]Z =
0. As a result, Hy is replaced by a purely internal space
operator

Hy= - (— " B x )2) (36)
0725\ a2 4 )
To test our method we put W = 0 and arrive at the
equation

(Hy + he)p = M(@4, w5) . (37)
Consequent minimization of M(w;, ;) in @, w,, as

in (26), yields the expected answer for the two independent
quarks,

M= \/m% +eB(22n; + 1) — ec;B

+ \/m% + eB(2n, + 1) + e, B. (38)

We turn now to the particular case of a charged two-
body system in the MF e; = e, = e and also m; = m,,
when exact factorization of R and 7 can be done. In this
case, for w; = wy, = w and P X B = 0, the Hamiltonian
has the following form [9]:

PZ €2 2 2

T e
H,, =—+-—(BXR)?+—+_—(BXn)?
N2 4 40)( ) ® 16a)( ”
+2m2 +2w? — e(o; + 0,)B +a<772+ 7)
2w 2\y
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IV. TREATING CONFINEMENT AND GLUON
EXCHANGE TERMS. THE ABSENCE OF THE
MAGNETIC QCD COLLAPSE

From (33) and (36) it is clear that inclusion of Vs and
Voge in Hy + W leads to a differential equation in varia-
bles 1, , 1., which can be solved numerically. However, in
order to obtain a clear physical picture, we shall represent
Veonf in @ quadratic form. This will allow us to get an exact
analytic solution in terms of oscillator functions with
eigenvalue accuracy of the order of 5%. The OGE contri-
bution will be estimated as an average {(¢|Voggele), thus
yielding an upper limit for the total mass.

For Vs we choose the form

2
~ g(n
Vconf - vconf = E<7 + ‘Y) (40)

Here, 7 is a positive variational parameter; minimizing
V.ont With respect to 7y, one returns to V .. We shall
determine M(w;w,, y) corresponding to V.., and to de-

fine y an additional condition
a]‘4((‘)1’ Wy, 7)

2 =0 41)

Y=%0

will be added to (24). As a result, M (a)(lo), a)(zo), vo) will be
the final answer for the mass of the system, neglecting the
AW contribution. The difference of the exact numerical
solution from that obtained with the genuine potential V¢
does not exceed 5%. The solution of the equation
(Hy + Veont)® = M(w,, wy, ¥o)¢ for the ground state is

2 2

U F:

(-55-2) @
L 0

1
Y(n) = ————=exp
77'3/2r?L ro

where r; = \/%(1 + ;‘gg’z)’]/“, ro = (%)1/4. As we shall

see below, for the lowest mass eigenvalue with eB > o,

onehas ry =42 ry = 7% and the (g,g,) system acquires

the form of an elongated ellipsoid. A similar quasi-one-
dimensional picture was observed before for the hydrogen-
like atoms in strong MF [5,6]. In such geometrical
configuration Vgg manifests itself in a peculiar way, again
similar to what happens in hydrogen, or positronium atoms;
and, as was shown in [13], in QCD the outcome is also
similar to the case of QED, with the screening of the
diverging effects.

We turn now to the OGE term to treat it in our formal-
ism. As a starting point we present another check of our
approach; namely, we shall obtain the ground state energy
of two relativistic particles with opposite charges without
MF interacting via the Coulomb potential. The correspond-
ing Hamiltonian reads H = Hy + H, — % then H¢ =
M ¢, and for eB = 0 we have

@a’  mi+ ol m+ wl
M=-"2 4 + .
2 20)1 2602

(43)
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Minimizing in @, in the limit m, > m; (the hydrogen
atom), one obtains

M=mpq N1 —a®+ my,

which coincides with the known eigenvalue of the Dirac
equation.

In our (g;3,) case one can calculate the expectation
_ 4 o)
30y

(44)

value of Vogg = with the asymptotic freedom
and IR saturation behavior in p space (see [21] for a

derivation and a short review)

a’s(‘I) = 4—7:+sz
Bon (T2%)

2
AQCD

(45)

where By = LN, — n;, My is proportional to /o', M =
1 GeV [21]. With the wave function (42) the average value
of Vg takes the form

AMOGEEfVOGE(Q)¢ ((l) 2 )z

o [ aardge o —r) L)], (46)

where %(q) is the Fourier transform of squared wave
function 2(n) and I(a?) = [*! dxe~®*. Estimating the
integral in (46), for eB > o, i.e., for ry >> r| one obtains
for massless quarks

16\/_
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0.0 RELRAAAL IR BRI BB AL IR B BB LLLL B B ALY

05+ s\\ -
06} -
07} ;
0.8l vl v i el Tiomd e il i
10° 10" 10° 10° 10 10° 10° 10" 10° 10° 10"
leB|, GeV?
FIG. 1. One gluon exchange correction to the meson mass in

GeV as a function of the magnetic field with (solid line) (49) and
without (broken line) (46) account of the quark loops’ contributions.

With eB increasing the upper bound for the ¢4 mass is
boundlessly decreasing. The exact eigenvalue should lie
even lower.

This situation is similar to the hydrogen atom case,
where AMc,, diverges as —InZ2eB, and in this case
et e” loop contribution to the photon line stabilizes the
result (the screening effect, [6,7]). In our case the gg loop
contribution to the OGE term can by written in a similar
way, adding to the gluon loop also the lowest Landau level

AMoge ~ — O~ Jolnlh=. «@
oce = T3, g0 rﬁ_ V7inin @D of the ¢ in the MF [13],
|
~ 167704(0)
Voce(Q) = — S RO G o e Bl (48)
3[Q*(1 + 7 3 N:In B)+ L exp(2|e B|)T( )]
|
where T(z) = — In(TFet 5 + 1. Calculating now the av- m% + w% — ¢Bo,

\/z(z+1)

erage value of (48),
AMoge = (Voce) (49)

one obtains saturation of AMgg at large eB, as shown in
Fig. 1, eliminating in this way the possible ‘“color
Coulomb catastrophe™, discussed in the first version of
this paper [18].

V. MESON MASSES IN THE MAGNETIC FIELD

Our next task is to calculate analytically the mass
M, (w|, w,y, ) of a (gq;G,) meson. We have to solve the
equation

(HO + H(r + W)q,n(n) = Mn(a)l’ W), 7)\1’11(7’)’ (50)

where Hy, H,,, W are given in (32), (33), and (36), and the
total Hamiltonian for the charged meson is given in (39).

The resulting mass for neutral meson without spin-
dependent contribution from AW is

+ AMogg +

Mn(wl’ Wy, 7) = Snl,nz

2(1)1
+ m} + o3 + eBo,
26()2
eB(r eBo
= My(w), 03,7) = ———+——=, (51)
W)
where
1 4
€, n === 4|?B*> + —O-w(ZnJ_ +1)
L 2@ 0%
4od 1 yo
+ o —n, +=) | + =, 52
V> ("Z 2) 2 62

AMg is given by (48) and (49). So, for fixed n we have
four states for different quark spin orientations, |+ +),
|+ —), |— +), and |- —), where +/— are the up and
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down directions of individual quark spins, with corre-
sponding masses

_ 1 1
Mt =M, —eBl— ——), 53
" " ¢ (2(1)1 2(1)2) ( )
M“—M—l—B(l - 1) (54)
" " ¢ 2(()1 2(1)2 ’
M~ =M, — eB(L + L) (55)
" " 2(()1 2(1)2 ’
_ _ 1 1
M, * =M, + eB(— + —) (56)
26!)1 2(()2

The spin-dependent part AW contains self-energy Vgg
and spin-spin Vg contributions. As was shown in [22], the
mass correction, corresponding to Vg, is given by

30
1+ \/2 B+ m?
drw, ( ”7(/\ ¢ m,))
30 5
_ dro; (1 + 1]()\"263 + m2)>, 57)

where 7(f) =t [ 2K (tz)e *dz and A~ 1GeV~! is
vacuum correlation lengths.

Let us introduce now the spin-spin interaction. It has
nondiagonal structure

AMSE - —

_ 8may
S <9

5(3)(1')0'10'2 = dgs0107,, (58)
W)Wy

so we should diagonalize the Hamiltonian with respect to
spin variables. This results in new four states, two of them
are a mixture of |+ —) and | — +) states, corresponding to
7" and p° with zero spin projection s, = 0, the other two

states |+ +)and | — —) correspond to p° states with s, = 1

and s, = —1 (we consider the ground state n = 0). We

note that both Vgg and AMgg are to be considered as
© (0

corrections and contain w;”, w, , obtained from minimi-
zation of the remaining part of the meson mass. Note also,
that masses M~ and M, * are symmetric with respect to
w| < w, for equal quark masses, so in this case we have in
fact only two variables in the minimization procedure w
and y.

The masses of the first two states are

E = %(Mll + My) = J(M)z + 4aypay,

(59
where
My =My~ + AMgg — <a55>)|w§“)=w‘2°)=w; -
My = (My™ + AMgg — <ass>)|w<]u>:w(20):w:,
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ap =a; = <ass>|w(10>=wi,w(20)=w; and {agg) is the averag-

ing with the wave function (42) (see [22] for derivation).
The parameters w. and w+ are obtained by minimizing of
corresponding diagonal eigenvalues M§~ and M, *, the
parameter y, [see (35)] for the ground state is defined from
the condition

a1‘40((1)1’ w7, 7’)
dy

. 680,0

=0. (61)
Y=o Y

Y=%o0

It is easy to see, that at large eB masses E;, tend to
diagonal values

Ei(eB — ) — My, Ey(eB— o0) — M;;. (62)

The remaining two states have masses
E3 = MJ+ + AMSE + <ass>,
Ey =M, + AMgg + (ass),
taken in point (w(lo), w(zo), ¥°) in accordance with minimi-
zation conditions (24) and (61).

It should be noted that actually we have eight states
instead of four, since gg systems with different quark
charges behave differently in the MF, as we see from our
Hamiltonians. Isospin is not conserved now and each
neutral state splits into two states with different quark
content uii and dd.

Let us consider also the particular case of the charged
meson with Hamiltonian (39) in a state with s, =1
(I+ +)-state, corresponding to p*). The eigenvalue, corre-
sponding to this state is given by the following expression

B B\2 2
My(w,y) = 2N, + 1) + ‘/(e_) +2%n, + 1)
2w 2w Wy
20 I\ eB oy m’+ o’
T\ t+tz)-——+tF+—
wy 2 W 2 w

+ AMOGE + AMSE + <a55). (64)

(63)

Among the considered states, the mass of the charged
meson ground state (p* with s, = 1) and E,, correspond-
ing to 77, tend to finite value at large MFs due to cancel-
lation of linearly growing terms in &, ,_and in H,, while
other masses grow with eB. This is true, provided that the
spin-spin contribution {(agg) remains finite at large MF.
However, it contains the factor ¥%(0) ~ eB, which leads
to unbounded decrease of E,. As was shown in [22], this
situation is not physical, the total mass eigenvalues should
be positive, and the reason for this decrease is the unlawful
use of the perturbation theory for the potential ¢85 (r).
One should replace agg by a smeared out version, e.g.,

- 1 3
50(r) = 53 (r) = (—) e P A~ 1Gev-.
W

(65)
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FIG. 2. The masses of the systems in GeV as a functions of eB.
See the text for explanations.

Using the wave function (42), one obtains for {agg)

c
77'3/2‘[)3 + (A% + ri)

The smearing length A on the lattice corresponds to the
lattice unit a (A ~ a), in a physical situation the relativistic
smearing is connected with the gluelamp mass parameters
in D(z) and D,(z); see [20] for details.

In Fig. 2 we plot the masses of some selected systems as
a function of eB (e is the p* charge, not the charge of
individual quarks). Calculations were performed according
to (59), (63), and (64) and the minimization procedure. The
dashed curves correspond to the p° state with s, =0
(eigenvalue E,), the solid-symbol lines describe the p°
state with s, = 1, the lower solid curve refers to the state
of the charged meson p™ with s, = 1. The black triangles
are from lattice calculations [23]. One can see that the
masses of the first states are increasing, while the last
one tends to the finite limit in accordance with the dis-
cussion above (note that the results plotted in Fig. 2 were
obtained for massless quarks).

8may

9(1)1(02

(ass) =

(66)

VI. DISCUSSION AND CONCLUSIONS

In our treatment of the relativistic quark-aniquark sys-
tem embedded in a MF we relied on pseudomomentum
factorization of the wave function and the relativistic
Hamiltonian technique. The Hamiltonian for mesons in

PHYSICAL REVIEW D 87, 094029 (2013)

the MF, containing confinement, one gluon exchange, and
spin interaction was derived. Using a suitable approxima-
tion for the confining force we were able to calculate
analytically meson masses as functions of the MF. In this
paper, to simplify things, we started with p® meson states at
B = 0,taking y; inplace of I'; and I'; in (13). In this way we
essentially left aside the complicated problem of chiral
dynamics and the pseudo-Goldstone spectrum. In this
oversimplified picture the lowest neutral state with s, = 0
is amixture of the p® and 77°, as can be seen from its spin and
isospin structure. Indeed, the uiz or dd system under con-
sideration is a mixture of isospin / = 0 and / = 1 states,
and at large MF it has a spin structure |u 1, i |), which is a
mixture of § =0 and S = 1 states. We have calculated
the mass of the higher state of this mixture, which we
call p°(eB), while the lower state, associated with 7°(eB),
can be subject to chiral corrections. These states have
negative corrections from one-gluon exchange and
spin-spin interactions. As was shown, these corrections
(and the total mass) stay finite at large B, preventing the
so called “magnetic collapse in QCD”’, discussed earlier in
[18].

As shown in Fig. 2, our analytical results are in agree-
ment with lattice calculations [23], both for the p® and p*
states.

Here, we add a few more remarks concerning the rela-
tion between the present work and the preceding one [18].
The amendments include (a) screening of the color
Coulomb interaction, which leads to the nonvanishing p
meson mass at large eB, in contrast with the results and
Fig. 1 of [18], (b) separate treatment of the uii and dd
states, (c) inclusion of the p* state, (d) account of the MF
in self-energy, and (e) smearing of the singular é function
in spin-spin interaction. The main conclusion from (a) and
(e) stressed here which was absent in [18] is that ‘““fall to
the center”” in a MF does not occur. We believe this is a
general conclusion which holds true independently of the
technical approach to the problem.

Another system which can be treated using the same
technique is the neutral three-body system, like the neu-
tron. The results might be important for neutron star
physics.
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