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In this paper we perform a comprehensive study of the four B ! K�ð0Þ decays in the perturbative QCD
(pQCD) factorization approach. We calculate the CP-averaged branching ratios and CP-violating

asymmetries of B ! K�ð0Þ decays in the ordinary �-�0, the �-�0-G, and the �-�0-G-�c mixing schemes.

Besides the full leading order (LO) contributions, all currently known next-to-leading-order (NLO)

contributions to B ! K�ð0Þ decays in the pQCD approach are taken into account. From our calculations

and phenomenological analysis, we find the following. (a) The NLO contributions in general can provide

significant enhancements to the LO pQCD predictions for the decay rates of the two B ! K�0 decays,
around 70%–89% in magnitude, but result in relatively small changes to BrðB ! K�Þ. (b) Although the

NLO pQCD predictions in all three considered mixing schemes agree well with the data within one

standard deviation, those pQCD predictions in the �-�0-G mixing scheme provide the best interpretation

for the measured pattern of BrðB ! K�ð0ÞÞ: BrðB0 ! K0�Þ � 1:13� 10�6, BrðB0 ! K0�0Þ � 66:5�
10�6, BrðB� ! K��Þ � 2:36� 10�6, and BrðB� ! K��0Þ � 67:3� 10�6, which agree perfectly with

the measured values. (c) The NLO pQCD predictions for the CP-violating asymmetries for the four

considered decays are also in good agreement with the data. (d) The newly known NLO contribution to the

relevant form factors MFF can produce about a 20% enhancement to the branching ratios BrðB ! K�0Þ,
which plays an important role in closing the gap between the pQCD predictions and the relevant data.

(e) The general expectations about the relative strength of the LO and NLO contributions from different

sources are examined and confirmed by explicit numerical calculations.
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I. INTRODUCTION

Since the first observation of unexpectedly large
branching ratios for B ! K�0 decays reported by CLEO

in 1997 [1], the four B ! K�ð0Þ decays have been a ‘‘hot’’
topic for a long time. Although many physicists have
made great efforts to explain the pattern of very large
branching ratios BrðB ! K�0Þ and very small branching
ratios BrðB ! K�Þ [2–9], it is still difficult to understand
such a pattern in the framework of the standard
model.

On the experimental side, the branching ratios of the

four B ! K�ð0Þ decays have been measured with high
precision [10,11],

BrðB0 ! K0�Þ ¼ ð1:23þ0:27
�0:24Þ � 10�6;

BrðB0 ! K0�0Þ ¼ ð66:1� 3:1Þ � 10�6;

BrðB� ! K��Þ ¼ ð2:36þ0:22
�0:21Þ � 10�6;

BrðB� ! K��0Þ ¼ ð71:1� 2:6Þ � 10�6:

(1)

For the relevant CP-violating asymmetries, the currently
known experimental measurements are [10,11]

Adir
CPðB0 ! K0�0Þ ¼ ð1� 9Þ%;

Amix
CP ðB0 ! K0�0Þ ¼ ð64� 11Þ%;

Adir
CPðB� ! K��Þ ¼ ð�37� 8Þ%;

Adir
CPðB� ! K��0Þ ¼ ð1:3þ1:6

�1:7Þ%:

(2)

On the theory side, these decays were calculated recently
in Ref. [12] by employing the perturbative QCD (pQCD)
factorization approach [9] and using the ordinary
Feldmann-Kroll-Stech (FKS) �-�0 mixing scheme [13],
with the inclusion of the partial next-to-leading-oder
(NLO) contributions, i.e., the QCD vertex corrections, the
quark-loops, and the chromomagnetic penguins O8g. In

Ref. [12] the authors found that the NLO contributions
can provide a 70% enhancement to the leading-order
(LO) pQCD predictions forBrðB ! K�0Þ, but also produce
a 30% reduction to the LO pQCD predictions for BrðB !
K�Þ [12]; numerically, BrðB0 ! K0�Þ � 2:1� 10�6,
BrðB0 ! K0�0Þ � 50:3� 10�6, BrðBþ ! Kþ�Þ � 3:2�
10�6, and BrðB� ! K��0Þ � 51:0� 10�6. Although the
differences between the pQCD predictions and the data
were effectively decreased by the inclusion of the partial
NLO contributions, the central values of the pQCD predic-
tions for BrðB ! K�0Þ are still lower than the data by about
30%. As for the CP-violating asymmetries, the pQCD
predictions in Ref. [12] already agree well with the data.*xiaozhenjun@njnu.edu.cn
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Very recently, three new advances in the studies of the
two-body charmless hadronic B ! M2M3 decays (hereMi

stands for the light mesons, such as �, K, �ð0Þ, etc.) in the
pQCD factorization approach have been made.

(i) In Ref. [14], Li et al. calculated the NLO contribu-
tions to the form factors of B ! � transitions in the
pQCD approach and found that the NLO part can
provide a roughly 20% enhancement to the LO one.
The enhanced form factors may then lead to a larger
branching ratio for B ! K�0 decays. The still miss-
ing NLO parts in the pQCD approach are the Oð�2

sÞ
contributions from nonfactorizable spectator dia-
grams and the annihilation diagrams, which are
most likely small according to general arguments.

(ii) In Ref. [15], the authors studied and provided a
successful pQCD interpretation for the Belle

measurements of Bd=Bs ! J=��ð0Þ, i.e., Rexp
q ¼

BrðBq ! J=��0Þ=BrðBq ! J=��Þ< 1 with q ¼
ðd; sÞ, by using the �-�0-G mixing formalism [16],
where G represents the pseudoscalar glueball. This
result encourages us to check the possible effects of

the pseudoscalar G on B ! K�ð0Þ decays, although
such contributions may be small as generally
expected [17].

(iii) In Ref. [18], the authors studied the �-�0-G-�c

mixing scheme, obtained constraints on the mixing

angle �Q (�Q � 11�) between G and �c by fitting

to the observed �c decay widths and other relevant

data, and found that the �c mixing can enhance the

pQCD predictions for BrðB ! K�0Þ by 18%, but

that is does not alter those for BrðB ! K�Þ.
In Ref. [18], the authors superposed the contribu-

tions from B ! K�c due to the �c mixing onto the

partial NLO pQCD predictions as given in Ref. [12]

directly. They did not consider the effects of the

newly known NLO contributions to the correspond-

ing form factors FB!K
0 ð0Þ and FB!�ð0Þ

0 ð0Þ.
Motivated by the above new advances [14,15,18], we

think that it is time for us to make a comprehensive study of

the four B ! K�ð0Þ decays in the pQCD factorization
approach. We will focus on the following points.

(i) Besides those NLO contributions already considered
in Ref. [12], we here will firstly extend the calcula-
tion of the NLO part of the form factors for the B !
� transition [14] to the cases for the similar B ! K
and B ! ð�q; �sÞ transitions, and then take these

newly known form factors at the NLO level into
the calculations for the branching ratios and

CP-violating asymmetries of B ! K�ð0Þ decays to
check its effects on the corresponding pQCD
predictions.

(ii) Besides the ordinary Feldmann-Kroll-Stech �-�0
mixing scheme [13], we will also calculate these
four decays in the �-�0-G [16] mixing scheme and

the �-�0-G-�c mixing scheme [18], respectively.
We want to check the effects of the possible
‘‘pseudoscalar glueball’’ and �c component of the

�ð0Þ meson on the pQCD predictions.
(iii) We will numerically calculate the individual

decay amplitudes Maþb [the emission diagrams,
Figs. 1(a) and 1(b)],Mcþd [the spectator diagrams,
Figs. 1(c) and 1(d)] and Manni [the annihilation
diagrams, Figs. 1(e)–1(h)], and compare the rela-
tive strength of the contributions from different sets
of the Feynman diagrams at the leading order, or
from the different sources at the next-to-leading
order, such as MVC [i.e., NLO vertex corrections,
Figs. 3(a)–3(d)], Mql [i.e., NLO quark-loops,

Figs. 3(e) and 3(f)], and Mmp [i.e., NLO chro-

momagnetic penguins, Figs. 3(g) and 3(h)].
We try to find the source of the dominant contribu-
tion in order to estimate the possible strength of
the two missing NLO contributions in the pQCD
approach.

The paper is organized as follows. In Sec. II, we give a
brief discussion of the pQCD factorization approach and
the three different kinds of mixing schemes: �-�0, �-�0-G,
and �-�0-G-�c. In Sec. III, we make the analytic calcu-
lations of the relevant Feynman diagrams and present the
various decay amplitudes for the studied decay modes in
leading order. In Sec. IV, all currently known NLO con-
tributions in the pQCD approach are investigated. In
Sec. V, we show the numerical results for the pQCD
predictions for the branching ratios and CP-violating
asymmetries of the considered decay modes, and calculate
and compare the relative strength of the LO and NLO
contributions from different sets of the Feynman diagrams
or from different sources. The summary and some discus-
sions are included in the final section.

II. THEORETICAL FRAMEWORK

As is well known, the pQCD factorization approach has
been widely used in studies for the two-body charmless
hadronic B=Bs=Bc ! M2M3 decays (here Mi stands for
the light pseudoscalar meson P, the vector meson V, the
scalar meson S, etc.) [5,8,9,12,14,19–25]. Some pQCD

FIG. 1 (color online). Feynman diagrams that may contribute
to the B ! K�ð0Þ decays in the pQCD approach at leading order.
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predictions—for example, the largeCP-violating asymme-
tries Adir

CPðB0 ! �þ��Þ � ð30� 10Þ% in Ref. [6] and

the large branching ratio BrðBs ! �þ��Þ � 5� 10�6 in
Refs. [20,26]—have been confirmed by experiments [25].

We here focus on the study of the four B ! K�ð0Þ decays.
For more details of the formalism of the pQCD factoriza-
tion approach itself, one can see, for example,
Refs. [9,12,21,27].

A. Outline of B ! K�ð0Þ decays in the pQCD approach

In the B rest frame, we assume that the light final-state
meson M2 and M3 is moving along the direction of n ¼
ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ, respectively. We use xi to
denote the momentum fraction of the antiquark in each
meson and ki? the corresponding transverse momentum.
Using the light-cone coordinates the B-meson momentum
PB and the two final-state mesons’ momenta P2 and P3

(for M2 and M3, respectively) can be written as

PB ¼ MBffiffiffi
2

p ð1; 1; 0TÞ; P2 ¼ MBffiffiffi
2

p ð1� r23; r
2
2; 0TÞ;

P3 ¼ MBffiffiffi
2

p ðr23; 1� r22; 0TÞ;
(3)

where ri ¼ mi=MB withmi being the mass of mesonMi. If
we choose

k1 ¼ mBffiffiffi
2

p ðx1; 0;k1TÞ; k2 ¼ mBffiffiffi
2

p ðx2ð1� r23Þ; x2r22;k2TÞ;

k3 ¼ mBffiffiffi
2

p ðx3r23; x3ð1� r22Þ;k3TÞ: (4)

The integration over the small components k�1 , k
�
2 , and k

þ
3

will lead conceptually to the decay amplitudes,

AðB ! M2M3Þ
�
Z

dx1dx2dx3b1db1b2db2b3db3 � Tr½CðtÞ�Bðx1; b1Þ
��M2

ðx2; b2Þ�M3
ðx3; b3ÞHðxi; bi; tÞStðxiÞe�SðtÞ�;

(5)

where bi is the conjugate space coordinate of kiT . In the
above equation, CðtÞ is the Wilson coefficient evaluated at
scale t, which includes the large logarithms ( lnmW=t)
coming from QCD radiative corrections to four-quark
operators. The functions �Bðx1; b1Þ, �M2

ðx2; b2Þ, and

�M3
ðx3; b3Þ are the wave functions of the initial B meson

and the final-state mesons M2 and M3, respectively. These
wave functions describe the hadronization of the quark and
antiquark in the meson B and M2;3. The ‘‘hard kernel’’

Hðk1; k2; k3; tÞ describes the four-quark operator and the
spectator quark connected by a hard gluon whose q2 is in

the order of ��MB, and includes the Oð
ffiffiffiffiffiffiffiffiffiffiffi
��MB

q
Þ hard

dynamics.

The jet function StðxiÞ in Eq. (5)—as given explicitly in
Eq. (B7) of Appendix B—is one of the two kinds of
Sudakov form factors relevant for the B decays considered,
which come from the threshold resummation over the
large double logarithms (ln 2xi) in the end-point region.
This jet function StðxiÞ vanishes as xi ! 0, 1, and smears
the end-point singularities on xi for meson distribution
amplitudes.
Similarly, the inclusion of kT regulates the end-point

singularities. The large double logarithms �sln
2kT should

also be organized to all orders, leading to a kT resummation
[28]. The resultant Sudakov form factors SBðtÞ, S2ðtÞ, and
S3ðtÞ for the B meson and two final-state mesons M2;3—

whose explicit expressions can be found in Eq. (B9) of
Appendix B—keep the magnitude of k2T at roughly

Oð ��mBÞ by suppressing the region with k2T �Oð ��2Þ.
The exponential function e�SðtÞ in Eq. (5)—where sðtÞ ¼
SBðtÞ þ S2ðtÞ þ S3ðtÞ or SðtÞ ¼ SBðtÞ þ SiðtÞ with i ¼ 2 or
3 as shown in Eq. (B8) of Appendix B—is also called the
Sudakov form factor, which effectively suppresses the soft
dynamics at the end-point region [9]. Of course, more
studies are required to check the actual suppression effect
on possible nonperturbative contributions due to the intro-
duction of the Sudakov form factors. Some theoretical
errors may also be produced due to the uncertainties of

StðxiÞ and e�SðtÞ.
For the studied B ! K�ð0Þ decays, the corresponding

weak effective Hamiltonian can be written as [29]

H eff ¼ GFffiffiffi
2

p
�
VubV

	
uq½C1ð�ÞOu

1ð�Þ þ C2ð�ÞOu
2ð�Þ�

� VtbV
	
tq

�X10
i¼3

Cið�ÞOið�Þ
��

þ H:c:; (6)

where q ¼ d, s, GF ¼ 1:16639� 10�5 GeV�2 is the
Fermi constant. The Oi (i ¼ 1; . . . ; 10) are the local four-
quark operators,

Ou
1 ¼ ð �u�b�ÞV�Að �q�u�ÞV�A;

Ou
2 ¼ ð �u�b�ÞV�Að �q�u�ÞV�A;

(7)

O3 ¼ ð �q�b�ÞV�A

X
q0
ð �q0�q0�ÞV�A;

O4 ¼ ð �q�b�ÞV�A

X
q0
ð �q0�q0�ÞV�A;

O5 ¼ ð �q�b�ÞV�A

X
q0
ð �q0�q0�ÞVþA;

O6 ¼ ð �q�b�ÞV�A

X
q0
ð �q0�q0�ÞVþA;

(8)
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O7 ¼ 3

2
ð �q�b�ÞV�A

X
q0
eq0 ð �q0�q0�ÞVþA;

O8 ¼ 3

2
ð �q�b�ÞV�A

X
q0
eq0 ð �q0�q0�ÞVþA;

O9 ¼ 3

2
ð �q�b�ÞV�A

X
q0
eq0 ð �q0�q0�ÞV�A;

O10 ¼ 3

2
ð �q�b�ÞV�A

X
q0
eq0 ð �q0�q0�ÞV�A;

(9)

where � and � are the color indices and q0 are the
active quarks at the scale mb, i.e., q0 ¼ ðu; d; s; c; bÞ.
The left-handed current is defined as ð �q�q�ÞV�A ¼
�q���ð1� �5Þq� and the right-handed current as

ð �q�q�ÞVþA ¼ �q���ð1þ �5Þq�.
In this paper, we will calculate B ! K�ð0Þ decays in the

pQCD approach with the inclusion of all known NLO
contributions and focus on the effects of the newly known
NLO contributions to the form factors FB!K

0 ð0Þ and

FB!�ð0Þ
0 ð0Þ [14].

B. Different mixing schemes

Both� and�0 mesons—according to currently available
studies [13,16,18,30]—may contain a small gluonic com-
ponent (an �c or even a �0 component) through mixing.

In order to check the mixing-scheme dependence of the
pQCD predictions for the physical observables of the

considered decays we will calculate the B ! K�ð0Þ decays
in the following three typical mixing schemes (MS):

(i) MS-1: The FKS scheme [13] of �-�0 mixing in

the quark-flavor basis1: �q ¼ ðu �uþ d �dÞ= ffiffiffi
2

p
and

�s ¼ s�s.
(ii) MS-2: The �-�0-G mixing scheme as defined in

Ref. [16].
(iii) MS-3: The�-�0-G-�c mixing scheme as defined in

Ref. [18].

Firstly, in the FKS �-�0 mixing scheme in the quark-
flavor basis, the physical � and �0 can be written as

�

�0

 !
¼ Uð�Þ �q

�s

 !
¼ cos� � sin�

sin� cos�

 !
�q

�s

 !
; (10)

where � is the mixing angle. The relation between the
decay constants ðfq�; fs�; fq�0 ; fs�0 Þ and ðfq; fsÞ can be found

in Refs. [12,13]. The chiral enhancements mq
0 and m

s
0 have

been defined in Ref. [21] by assuming the exact isospin
symmetry mq ¼ mu ¼ md. The three input parameters fq,

fs, and � in the FKS mixing scheme have been extracted
from the data of the relevant exclusive processes [13],

fq ¼ ð1:07� 0:02Þf�; fs ¼ ð1:34� 0:06Þf�;
� ¼ 39:3� � 1:0�:

(11)

With f� ¼ 0:13 GeV, the chiral enhancements mq
0 and m

s
0

consequently take the values ofmq
0 ¼ 1:07 GeV andms

0 ¼
1:92 GeV [21].
In Ref. [16], the authors extended the conventional FKS

mixing scheme to include the possible pseudoscalar
glueball G, i.e., a small gluonic component in both �
and �0 mesons [30]. In their �-�0-G mixing scheme,
the physical states ð�;�0; GÞ are related to ð�8; �1; gÞ
and ð�q; �s; gÞ through the rotation Uð�;�GÞ ¼
U3ð	ÞU1ð�GÞU3ð	iÞ [16],

j�i
j�0i
jGi

0
BB@

1
CCA ¼ U3ð	ÞU1ð�GÞ

j�8i
j�1i
jgi

0
BB@

1
CCA

¼ U3ð	ÞU1ð�GÞU3ð	iÞ
j�qi
j�si
jgi

0
BB@

1
CCA; (12)

with the rotation matrices [16]

U3ð	Þ ¼
cos 	 � sin 	 0

sin 	 cos	 0

0 0 1

0
BB@

1
CCA; U1ð�GÞ ¼

1 0 0

0 cos�G sin�G

0 � sin�G cos�G

0
BB@

1
CCA;

Uð�;�GÞ ¼
cos�þ sin 	 sin	i�G � sin�þ sin 	 cos 	i�G � sin	 sin�G

sin�� cos	 sin	i�G cos�� cos	 cos	i�G cos 	 sin�G

� sin 	i sin�G � cos 	i sin�G cos�G

0
BB@

1
CCA;

(13)

where 	i ¼ 54:7� is the ideal mixing angle with cos	i ¼
1=

ffiffiffi
3

p
and sin 	i ¼

ffiffiffiffiffiffiffiffi
2=3

p
, the angle � ¼ 	þ 	i and

the abbreviation �G ¼ 1� cos�G. One can see that the

matrix Uð�;�GÞ will approach the FKS mixing matrix

[13] in the limit �G ! 0, which means that the angle � in

Eq. (13) plays the same role as the mixing angle in the FKS

mixing scheme [16].

The chiral masses mq
0 and ms

0 in the �-�0-G mixing

scheme can be written as [16]

1In the octet-singlet basis, one assumes �1 ¼ ð �uuþ �ddþ
�ssÞ= ffiffiffi

3
p

and �8 ¼ ð �uuþ �dd� 2�ssÞ= ffiffiffi
6

p
.
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mq
0 ¼

m2
qq

2mq

¼ 1

2mq

�
U11 �

ffiffiffi
2

p
fs

fq
U12

�
; (14)

ms
0 ¼

m2
ss

2ms

¼ 1

2ms

�
U22 �

fqffiffiffi
2

p
fs

U21

�
; (15)

with the rotation matrix elements Uij having the form [16]

U11¼ðcos�þ sin	sin	i�GÞ2m2
�

þðsin�� cos	sin	i�GÞ2m2
�0 þ ðsin	i sin�GÞ2m2

G;

U12¼U21

¼ðcos�þ sin	sin	i�GÞ
� ð�sin�þ sin	cos	i�GÞm2

�

þðsin�� cos	sin	i�GÞ
� ðcos��cos	cos	i�GÞm2

�0

þ sin	i sin�G �cos	i sin�Gm
2
G;

U22¼ð�sin�þ sin	cos	i�GÞ2m2
�

þðcos��cos	cos	i�GÞ2m2
�0

þ ðcos	i sin�GÞ2m2
G: (16)

The decay constants associated with the physical ð�;�0; GÞ
states are related to those associated with ð�q; �s; gÞ states
via the same mixing matrix [16]

fq� fs�

fq
�0 fs

�0

fqG fsG

0
BB@

1
CCA ¼ Uð�;�GÞ

fq fsq

fqs fs

fqg fsg

0
BB@

1
CCA: (17)

The mixing angle �G describes the mixing between the
flavor singlet �1 and unmixed glueball g and can vary in a

range depending on the parametrization of the mixing
matrix, experimental inputs, and the fitting procedure.
Since current data and known theoretical estimations [17]

suggest a rather small gluonic component in �ð0Þ, the angle
�G should be small as well. Following Ref. [16], we also
take �G ¼ 12�.
For the mass of the pseudoscalar glueball, the

theoretical prediction for mG depends on the choice of
input parameters, such as ðm�;m�0 ; fs; fq; etcÞ. The theo-

retical estimations in Refs. [16,18] prefer a value of mG �
1:3–1:5 GeV. If we take fq ¼ f� and fs ¼ 1:3f� in the

numerical estimations, we find that mG ¼ 1:376 GeV
(see Table I of Ref. [18]) from the approximate correlation
relation between mG and the other input parameters,
as given in Eq. (35) of Ref. [18]. For other input parameters
we also follow the choice of Refs. [16,18], and finally
we take

fq ¼ f�; fs ¼ 1:3f�; � ¼ 43:7�

�G ¼ 12�; mG ¼ 1:376 GeV
(18)

in the numerical calculations when the �-�0-G scheme is
adopted.
In the third �-�0-G-�c mixing scheme [18], finally, the

flavor states are transformed into the physical states
through the mixing matrix Uð	;�G;�QÞ,

j�i
j�0i
jGi
j�ci

0
BBBBB@

1
CCCCCA ¼ Uð	;�G;�QÞ

j�qi
j�si
jgi
j�Qi

0
BBBBB@

1
CCCCCA; (19)

with the 4� 4 mixing matrix [18]

Uð	;�G;�QÞ ¼

c	c	i � s	c�Gs	i �c	s	i � s	c�Gc	i �s	s�Gc�Q �s	s�Gs�Q

s	c	i þ c	c�Gs	i �s	s	i þ c	c�Gc	i c	s�Gc�Q c	s�Gs�Q

�s�Gs	i �s�Gc	i c�Gc�Q c�Gs�Q

0 0 �s�Q c�Q

0
BBBBB@

1
CCCCCA; (20)

where 	i ¼ 54:7� is the ideal mixing angle, 	 ¼ �� 	i
(here � is the previous mixing angle in the FKS mixing

scheme), and c	 (s	) is the abbreviation for cos	 ( sin 	)
and similarly for others. With the definition of� ¼ 	þ 	i,
the rotation matrix Uð	;�G;�QÞ in Eq. (20) approaches

the mixing matrix Uð�;�GÞ in Eq. (13) in the �Q ! 0
limit, or the FKS mixing matrix Uð�Þ [13] in the limits of

�Q ! 0 and �G ! 0.
The decay constants associated with the�,�0,G, and�c

physical states are related to those associated with the �q,

�s, g, �Q states through the mixing matrix Uð	;�G;�QÞ,

fq� fs� fc�

fq
�0 fs

�0 fc�0

fqG fsG fcG

fq�c
fs�c

fc�c

0
BBBBBB@

1
CCCCCCA ¼ Uð	;�G;�QÞ

fq fsq fcq

fqs fs fcs

fqg fsg fcg

fqc fsc fc

0
BBBBB@

1
CCCCCA:

(21)

Furthermore, we find that the chiral masses mq
0 and ms

0

in this mixing scheme are identical to those given in
Eqs. (14) and (15). In the �-�0-G-�c mixing scheme, we
also take �Q ¼ 11� as per Ref. [18], while we choose
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the other input parameters to be the same as those given
in Eq. (18), i.e.,

fq ¼ f�; fs ¼ 1:3f�; 	 ¼ �11�;

�G ¼ 12�; �Q ¼ 11�; mG ¼ 1:376 GeV:
(22)

C. Wave functions

The B meson is treated as a very good heavy-light
system. Its wave function can be written as

�B ¼ iffiffiffiffiffiffiffiffiffi
2Nc

p ð6PB þmBÞ�5�Bðk1Þ: (23)

Here we have adopted the B-meson distribution amplitude
�Bðx; bÞ, widely used in the studies of B-meson hadronic
decays based on the pQCD factorization approach since
2001 [4–6,9,31,32],

�Bðx;bÞ ¼NBx
2ð1� xÞ2 exp

�
�M2

Bx
2

2!2
b

� 1

2
ð!bbÞ2

�
; (24)

where the b dependence was included through the
second term in the exponential function, the shape
parameter !b ¼ 0:40� 0:04 has been fixed [9] from
the fit to the B ! � form factors derived from lattice
QCD [33] and from the light-cone sum rule [34], and
finally the normalization factor NB depends on the values
of !b and fB and defined through the normalization
relation

Z 1

0
dx�Bðx; b ¼ 0Þ ¼ fB

2
ffiffiffi
6

p : (25)

The wave functions of the final-state mesons M ¼
ðK;�q; �sÞ are defined as

�Mi
ðPi; xiÞ 
 iffiffiffiffiffiffiffiffiffi

2NC

p �5½6Pi�
A
Mi
ðxiÞ þm0i�

P
Mi
ðxiÞ

þm0ið6n 6v� 1Þ�T
Mi
ðxiÞ�; (26)

where m0i is the corresponding meson chiral mass, and Pi

and xi are the momentum and the momentum fraction of
Mi, respectively. The explicit expressions of the distribu-

tion amplitudes�A;P;T
Mi

ðxiÞ forM ¼ ðK;�q; �sÞ are given in
Appendix A.

In the third�-�0-G-�c mixing scheme, the�c part of the

�ð0Þ meson will contribute to the B ! K�ð0Þ decays through
the decay chain B ! K�c ! K�ð0Þ. The wave function of
the �c can be written as [35]

��c
ðP2; x2Þ 
 iffiffiffiffiffiffiffiffiffi

2NC

p �5½6P2�
�
�c
ðx2Þ þm�c

�s
�c
ðx2Þ�: (27)

The distribution amplitudes ��;s
�c

are of the form [35]

��
�c
ðxÞ ¼ 9:58

f�c

2
ffiffiffiffiffiffiffiffiffi
2Nc

p xð1� xÞ
�

xð1� xÞ
1� 2:8xð1� xÞ

�
0:7
;

�s
�c
ðxÞ ¼ 1:97

f�c

2
ffiffiffiffiffiffiffiffiffi
2Nc

p
�

xð1� xÞ
1� 2:8xð1� xÞ

�
0:7
: (28)

III. B ! K�ð0Þ AND B ! K�c DECAYS
AT LEADING ORDER

In this section we will present the total decay amplitudes

for B ! K�ð0Þ and B ! K�c decays in the pQCD
approach at leading order.

A. B ! K�ð0Þ decays at leading order

The B ! K�ð0Þ decays have been studied by using
the ordinary �-�0 mixing scheme and by employing the
pQCD factorization approach at the LO and partial NLO
level in Ref. [12]. We recalculated and confirmed the
relevant analytical formulas as given in Ref. [12]. For the
sake of the reader, we here present directly the decay
amplitudes obtained by evaluating the Feynman diagrams,
Figs. 1(a)–1(h).
For the factorizable emission diagrams, Figs. 1(a) and 1(b),

the decay amplitudes for the cases of a B ! K transition
are of the form

FV�A
eK ¼ �FVþA

eK

¼ �8�CFM
4
B

Z 1

0
dx1dx3

Z 1

0
b1db1b3db3�Bðx1; b1Þ

� f½ð1þ x3Þ�A
Kðx3Þ þ r3ð1� 2x3Þð�P

Kðx3Þ
þ�T

Kðx3ÞÞ�EeðtaÞheðx1; x3; b1; b3Þ
þ 2r3�

P
Kðx3ÞEeðt0aÞheðx3; x1; b3; b1Þg; (29)

FSP
eK¼�16�r2CFM

4
B

Z 1

0
dx1dx3

Z 1

0
b1db1b3db3�Bðx1;b1Þ

�f½�A
Kðx3Þþr3ð2þx3Þ�P

Kðx3Þ�r3x3�
T
Kðx3Þ�

�EeðtaÞheðx1;x3;b1;b3Þþ2r3�
P
Kðx3ÞEeðt0aÞ

�heðx3;x1;b3;b1Þg; (30)

where CF ¼ 4=3, r2 ¼ r� ¼ mq;s
0 =MB, and r3 ¼ rK ¼

mK
0 =MB. The hard functions, EeðtÞ and he, and the hard

scales t are given in Appendix B.
The contributions from the nonfactorizable emission

diagrams, Figs. 1(c) and 1(d), are

FAN et al. PHYSICAL REVIEW D 87, 094003 (2013)

094003-6



MV�A
eK ¼�32�CFM

4
Bffiffiffi

6
p

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1;b1Þ�A

�ðx2Þf½ð1�x2Þ�A
Kðx3Þ� r3x3ð�P

Kðx3Þ��T
Kðx3ÞÞ�

�E0
eðtbÞhnðx1; �x2;x3;b1;b2Þþ½�ðx2þx3Þ�A

Kðx3Þþ r3x3ð�P
Kðx3Þþ�T

Kðx3ÞÞ�E0
eðt0bÞhnðx1;x2;x3;b1;b2Þg; (31)

MVþA
eK ¼ �32�CFM

4
Br2ffiffiffi

6
p

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1; b1Þf½ð1� x2Þ�A

Kðx3Þð�P
�ðx2Þ þ�T

�ðx2ÞÞ þ r3x3ð�P
�ðx2Þ

��T
�ðx2ÞÞð�P

Kðx3Þ þ�T
Kðx3ÞÞ þ ð1� x2Þr3ð�P

2 ðx2Þ þ�T
2 ðx2ÞÞð�P

3 ðx3Þ ��T
3 ðx3ÞÞ�E0

eðtbÞhnðx1; �x2; x3; b1; b2Þ
� ½x2�A

Kðx3Þð�P
�ðx2Þ ��T

�ðx2ÞÞ þ r3x2ð�P
�ðx2Þ ��T

�ðx2ÞÞð�P
Kðx3Þ ��T

Kðx3ÞÞ þ r3x3ð�P
�ðx2Þ þ�T

�ðx2ÞÞð�P
Kðx3Þ

þ�T
Kðx3ÞÞ� � E0

eðt0bÞhnðx1; x2; x3; b1; b2Þg; (32)

MSP
eK ¼ � 32�CFM

4
Bffiffiffi

6
p

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1; b1Þ�A

�ðx2Þf½ðx2 � x3 � 1Þ�A
Kðx3Þ þ r3x3ð�P

Kðx3Þ þ�T
Kðx3ÞÞ�

� E0
eðtbÞhnðx1; �x2; x3; b1; b2Þ þ ½x2�A

Kðx3Þ þ r3x3ð�T
Kðx3Þ ��P

Kðx3ÞÞ�E0
eðt0bÞhnðx1; x2; x3; b1; b2Þg; (33)

where �xi ¼ 1� xi, while �� denotes ��q
or ��s

.
For the factorizable annihilation diagrams, Figs. 1(e) and 1(f), the decay amplitudes are of the form

FV�A
aK ¼ FVþA

aK

¼ �8�CFM
4
B

Z 1

0
dx2dx3

Z 1

0
b2db2b3db3 � f½ðx3 � 1Þ�A

�ðx2Þ�A
Kðx3Þ � 4r2r3�

P
�ðx2Þ�P

Kðx3Þ
þ 2r2r3x3�

P
�ðx2Þð�P

Kðx3Þ ��T
Kðx3ÞÞ�EaðtcÞhaðx2; �x3; b2; b3Þ þ ½x2�A

�ðx2Þ�A
Kðx3Þ þ 2r2r3ð�P

�ðx2Þ
��T

�ðx2ÞÞ�P
Kðx3Þ þ 2r2r3x2ð�P

�ðx2Þ þ�T
�ðx2ÞÞ�P

Kðx3Þ�Eaðt0cÞhað �x3; x2; b3; b2Þg; (34)

FSP
aK ¼ �16�CFM

4
B

Z 1

0
dx2dx3

Z 1

0
b2db2b3db3f½2r2�P

�ðx2Þ�A
Kðx3Þ þ ð1� x3Þr3�A

�ðx2Þð�P
Kðx3Þ þ�T

Kðx3ÞÞ�
� EaðtcÞhaðx2; �x3; b2; b3Þ þ ½2r3�A

�ðx2Þ�P
Kðx3Þ þ r2x2ð�P

�ðx2Þ ��T
�ðx2ÞÞ�A

Kðx3Þ�Eaðt0cÞhað �x3; x2; b3; b2Þg: (35)

The contributions from the nonfactorizable annihilation diagrams, Figs. 1(g) and 1(h), are

MV�A
aK ¼ � 32�CFM

4
Bffiffiffi

6
p

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bs

ðx1; b1Þf½�x2�
A
�ðx2Þ�A

Kðx3Þ � 4r2r3�
P
�ðx2Þ�P

Kðx3Þ

þ r2r3ð1� x2Þð�P
�ðx2Þ þ�T

�ðx2ÞÞð�P
Kðx3Þ ��T

Kðx3ÞÞ þ r2r3x3ð�P
�ðx2Þ ��T

�ðx2ÞÞð�P
Kðx3Þ þ�T

Kðx3ÞÞ�
� E0

aðtdÞhnaðx1; x2; x3; b1; b2Þ þ ½ �x3�A
�ðx2Þ�A

Kðx3Þ þ �x3r2r3ð�P
�ðx2Þ þ�T

�ðx2ÞÞð�P
Kðx3Þ ��T

Kðx3ÞÞ
þ x2r2r3ð�P

�ðx2Þ ��T
�ðx2ÞÞð�P

Kðx3Þ þ�T
Kðx3ÞÞ�E0

aðt0dÞh0naðx1; x2; x3; b1; b2Þg; (36)

MVþA
aK ¼ � 32�CFM

4
Bffiffiffi

6
p

Z 1

0
dx1dx2dx3

Z 1
b1db1b2db2�Bðx1; b1Þf½r2ð2� x2Þð�P

�ðx2Þ þ�T
�ðx2ÞÞ�A

Kðx3Þ

� r3ð1þ x3Þ�A
�ðx2Þð�P

Kðx3Þ ��T
Kðx3ÞÞ�E0

aðtdÞhnaðx1; x2; x3; b1; b2Þ þ ½r2x2ð�P
�ðx2Þ þ�T

�ðx2ÞÞ�A
Kðx3Þ

� r3 �x3�
A
�ðx2Þð�P

Kðx3Þ ��T
Kðx3ÞÞ�E0

aðt0dÞh0naðx1; x2; x3; b1; b2Þg; (37)

MSP
aK ¼ � 32�CFM

4
Bffiffiffi

6
p

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1; b1Þf½ðx3 � 1Þ�A

�ðx2Þ�A
Kðx3Þ � 4r2r3�

P
�ðx2Þ�P

Kðx3Þ

þ r2r3x3ð�P
�ðx2Þ þ�T

�ðx2ÞÞð�P
Kðx3Þ ��T

Kðx3ÞÞ þ r2r3ð1� x2Þð�P
�ðx2Þ ��T

�ðx2ÞÞð�P
Kðx3Þ þ�T

Kðx3ÞÞ�
� E0

aðtdÞhnaðx1; x2; x3; b1; b2Þ þ ½x2�A
�ðx2Þ�A

Kðx3Þ þ x2r2r3ð�P
�ðx2Þ þ�T

�ðx2ÞÞð�P
Kðx3Þ ��T

Kðx3ÞÞ
þ r2r3ð1� x3Þð�P

�ðx2Þ ��T
�ðx2ÞÞð�P

Kðx3Þ þ�T
Kðx3ÞÞ�E0

aðt0dÞh0naðx1; x2; x3; b1; b2Þg: (38)
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The evolution functions EiðtÞ and hard functions hi
appearing in Eqs. (29)–(38) are given explicitly in
Appendix B.

If we exchange the position of K and �ð0Þ in Fig. 1, we
will find the corresponding decay amplitudes for the case

of B ! �ð0Þ transitions. Since the K and �ð0Þ are all
pseudoscalar mesons and have similar wave functions,
the decay amplitudes for new diagrams—say FV�A

e� ,

FVþA
e� , FSP

e� , MV�A
e� , MVþA

e� , MSP
e� , FV�A

a� , FVþA
a� , FSP

a�,

MV�A
a� , MVþA

a� , and MSP
a�—can be obtained from

those as given in Eqs. (29)–(38) by the following
replacements:

�A
K $ �A

�ð0Þ ; �P
K $ �P

�ð0Þ ;

�T
K $ �T

�ð0Þ ; r� $ rK:
(39)

B. B ! K�c at leading order

For B ! K�c decays at leading order in the pQCD
approach, the Feynman diagrams which may contribute
are shown in Fig. 2. The B ! K�c decays have been
studied in Ref. [23] in the pQCD approach at the full
leading order and with the inclusion of the partial NLO
vertex corrections. We recalculated theses decays and con-
firmed the results of Ref. [23]. The relevant decay ampli-
tudes are the following:

F�cK ¼ �8�CFM
4
B

Z 1

0
dx1dx3

Z 1

0
b1db1b3db3�Bðx1; b1Þf½½ð1� r2�c

Þð1þ x3Þ � x3r
2
�c
��A

Kðx3Þ
þ r3ð1� 2x3Þ½�P

Kðx3Þ þ�T
Kðx3Þ� þ r3r

2
�c
½ð1þ 2x3Þ�P

Kðx3Þ � ð1� 2x3Þ�T
Kðx3Þ��EeðteÞh0eðx1; x3; b1; b3Þ

þ 2r3ð1� r2�c
Þ�P

Kðx3ÞEeðt0eÞh0eðx3; x1; b3; b1Þg; (40)

M�cK ¼ 32ffiffiffi
6

p �CFM
4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1; b1Þ��

�c
ðx2Þ½x3ð1� 2r2�c

Þ�A
Kðx3Þ � 2x3r3ð1� r2�c

Þ�T
Kðx3Þ�

� E0
eðt0fÞh0nðx1; x2; x3; b1; b2Þ; (41)

where r3 ¼ mK
0 =mB, r�c

¼ m�c
=mB, and rc ¼ mc=mB. �

�
�c

is the leading twist-2 part of the distribution amplitude
for the pseudoscalar meson �c. The evolution function Eð0ÞðtÞ, hard function hi, and the scale te, t

0
e are given in

Appendix B.
In the leading-order pQCD approach, the total decay amplitude for the B ! �cK decay can then be written as

MðB ! �cKÞ ¼ GFffiffiffi
2

p F�cKf�c
½V	

cbVcsa2 � V	
tbVtsða3 � a5 � a7 þ a9Þ�

þGFffiffiffi
2

p M�cK½V	
cbVcsC2 � V	

tbVtsðC4 þ C6 þ C8 þ C10Þ�; (42)

where ai is the combination of the Wilson coefficients Ci,

a1;2 ¼ C2;1 þ C1;2

3
; ai ¼ Ci þ Ciþ1

3
; for i ¼ 3; 5; 7; 9; ai ¼ Ci þ Ci�1

3
; for i ¼ 4; 6; 8; 10: (43)

C. Total decays amplitudes of B ! K�ð0Þ decays
For B0 ! K0� and Bþ ! Kþ� decays, by combining the contributions from all possible Feynman diagrams (Figs. 1

and 2), one finds the general expressions for the total decay amplitudes (here the Wilson coefficients and Cabibbo-
Kobayashi-Maskawa (CKM) factors are all included),

FIG. 2 (color online). Feynman diagrams that may contribute
to the B ! K�c decays in the pQCD approach at leading order.
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MðK0�Þ¼GFffiffiffi
2

p
�

u½a2fq�FV�A

eK þC2M
V�A;q
eK F1ð�Þ��
t

�
2a3�2a5�1

2
a7þ1

2
a9

�
fq�FV�A

eK

�
t

��
a3þa4�a5þ1

2
a7�1

2
a9�1

2
a10

�
fs�F

V�A
eK þ

�
a6�1

2
a8

�
½fs�FSP

eKþfBF
SP
aKF2ð�ÞþfBF

SP
a�F1ð�Þ

þfKF
SP
e�F1ð�Þ�þ

�
C3þC4�1

2
C9�1

2
C10

�
MV�A;s

eK F2ð�Þþ
�
2C4þ1

2
C10

�
MV�A;q

eK F1ð�Þ

þ
�
C5�1

2
C7

�
MVþA;s

eK F2ð�Þþ
�
2C6þ1

2
C8

�
MSP;q

eK F1ð�Þþ
�
C6�1

2
C8

�
MSP;s

eK F2ð�Þ

þ
�
a4�1

2
a10

�
½fBFV�A

aK F2ð�ÞþfKF
V�A
e� F1ð�ÞþfBF

V�A
a� F1ð�Þ�þ

�
C3�1

2
C9

�
½MV�A

aK F2ð�ÞþMV�A
e� F1ð�Þ

þMV�A
a� F1ð�Þ�þ

�
C5�1

2
C7

�
½MVþA

aK F2ð�ÞþMVþA
e� F1ð�ÞþMVþA

a� F1ð�Þ�
��

þMðB!�cKÞ	Fcð	;�G;�QÞ;
(44)

MðKþ�Þ ¼ GFffiffiffi
2

p
�

u½a2fq�FV�A

eK þ C2M
V�A;q
eK F1ð�Þ þ a1fB½FV�A

aK F2ð�Þ þ FV�A
a� F1ð�Þ� þ a1fKF

V�A
e� F1ð�Þ

þ C1½MV�A
aK F2ð�Þ þMV�A

e� F1ð�Þ þMV�A
a� F1ð�Þ�� � 
t

��
2a3 � 2a5 � 1

2
a7 þ 1

2
a9

�
fq�FV�A

eK

þ
�
a3 þ a4 � a5 þ 1

2
a7 � 1

2
a9 � 1

2
a10

�
fs�F

V�A
eK þ

�
a6 � 1

2
a8

�
fs�F

SP
eK

þ
�
C3 þ C4 � 1

2
C9 � 1

2
C10

�
MV�A;s

eK F2ð�Þ þ
�
2C4 þ 1

2
C10

�
MV�A;q

eK F1ð�Þ þ
�
C5 � 1

2
C7

�
MVþA;s

eK F2ð�Þ

þ
�
2C6 þ 1

2
C8

�
MSP;q

eK F1ð�Þ þ
�
C6 � 1

2
C8

�
MSP;s

eK F2ð�Þ þ ða4 þ a10Þ½fBFV�A
aK F2ð�Þ þ fKF

V�A
e� F1ð�Þ

þ fBF
V�A
a� F1ð�Þ� þ ða6 þ a8Þ½fBFSP

aKF2ð�Þ þ fKF
SP
e�F1ð�Þ þ fBF

SP
a�F1ð�Þ� þ ðC3 þ C9Þ½MV�A

aK F2ð�Þ
þMV�A

e� F1ð�Þ þMV�A
a� F1ð�Þ� þ ðC5 þ C7Þ½MVþA

aK F2ð�Þ þMVþA
e� F1ð�Þ þMVþA

a� F1ð�Þ�
��

þMðB ! �cKÞ 	 Fcð	;�G;�QÞ; (45)

where 
u ¼ V	
ubVus, 
t ¼ V	

tbVts, and the Wilson coeffi-
cients ai are the same as those defined in Eq. (43). The
expressions for the mixing parameters Fð0Þ

i ð�Þ depend on
the choice of the different mixing schemes:

(i) In MS-1, i.e., the FKS �-�0 mixing scheme, the mix-
ing parameters F1;2ð�Þ and F0

1;2ð�Þ are of the formffiffiffi
2

p
F1ð�Þ ¼ F0

2ð�Þ ¼ cos ð�Þ;
F2ð�Þ ¼ � ffiffiffi

2
p

F0
1ð�Þ ¼ � sin ð�Þ: (46)

(ii) In MS-2, i.e., the �-�0-G mixing scheme, F1;2ð�Þ
and F0

1;2ð�Þ are of the form
F1ð�Þ ¼ 1ffiffiffi

2
p ðcos�þ sin 	 sin 	i�GÞ;

F2ð�Þ ¼ � sin�þ sin	 cos 	i�G;

F0
1ð�Þ ¼ 1ffiffiffi

2
p ðsin�� cos 	 sin 	i�GÞ;

F0
2ð�Þ ¼ cos�� cos 	 cos 	i�G:

(47)

(iii) In MS-3, i.e., the third �-�0-G-�c mixing scheme,
F1;2ð�Þ andF0

1;2ð�Þ are the same as those defined in

Eq. (47). For this case, the �c also contribute
through mixing, and the relevant mixing parame-
ters are

Fcð	;�G;�QÞ ¼ � sin 	 sin�G sin�Q;

F0
cð	;�G;�QÞ ¼ cos	 sin�G sin�Q:

(48)

Finally, the total decay amplitudes for B0 ! K0�0 and
Bþ ! Kþ�0 in the pQCD approach at leading order can be
obtained easily from Eqs. (44) and (45) by the following
replacements:

fq� ! fq
�0 ; fs� ! fs

�0 ; F1ð�Þ ! F0
1ð�Þ;

F2ð�Þ ! F0
2ð�Þ; Fcð�Þ ! F0

cð�Þ: (49)

IV. NLO CONTRIBUTIONS IN THE
PQCD APPROACH

In this section we will present the total decay amplitudes

for B ! K�ð0Þ decays in the pQCD approach with the
inclusion of all currently known NLO contributions.
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A. General analysis of the NLO contributions
in the pQCD approach

As is well known, the power-counting rule in the pQCD
factorization approach [21] is rather different from that in
the QCD factorization [7,36,37]. When compared with the
previous LO calculations in pQCD [9], the full pQCD
predictions should include the following NLO contributions:

(1) We should use the Wilson coefficients CiðmWÞ at the
NLO level in the naive dimensional regularization
scheme [29], the NLO renormalization group evolu-
tion matrixUðt; m; �Þ as defined in Ref. [29], and the
strong-coupling constant �sðtÞ at the two-loop level.

(2) Besides the LO hard kernel Hð0Þð�sÞ, all the

Feynman diagrams that contribute to Hð1Þð�2
sÞ in

the pQCD approach should be considered. The typi-

cal Feynman diagrams that contribute to Hð1Þð�2
sÞ at

the NLO level in the pQCD approach are shown in
Figs. 3–5, and can be classified into six types.
(i) The vertex correction: the NLO contributions

from the Feynman diagrams as shown in
Figs. 3(a)–3(d), which were evaluated ten years
ago [21,36,37].

(ii) The quark loops: the NLO contributions from
the quark loops as shown in Figs. 3(e) and 3(f);
the relevant analytical formulas can be found in
Ref. [21].

(iii) The magnetic penguins: the NLO contributions
from the operator O8g, as shown in Figs. 3(g)

and 3(h). These Feynman diagrams were eval-
uated several years ago [38].

(iv) The NLO form factors (FF): i.e., the NLO
contributions to the B ! P transition form
factors FB!P

0 ð0Þ with P ¼ ðK;�qÞ in this

paper. The typical relevant Feynman diagrams
are shown in Fig. 4, and were calculated very
recently in Ref. [14].

(v) The NLO contributions from the spectator dia-
grams as shown in Figs. 5(a)–5(d), which are
obtained by adding a new gluon line between
any two quark lines in Figs. 1(c) and 1(d), or by
replacing the one-gluon lines with a three-
gluon vertex in Figs. 1(c) and 1(d). Such con-
tributions are still unknown.

(vi) The NLO contributions from the annihilation
diagrams, as shown by Figs. 5(e)–5(h), which
are obtained by adding a new gluon line be-
tween any two quark lines in Figs. 1(e)–1(h).
Such contributions are also unknown.

The NLO contributions from the Feynman diagrams in
Fig. 3—the vertex corrections, the quarkloops, and chro-
momagnetic penguins—were evaluated several years ago
[21,36,38] and taken into account in our previous studies

for the B ! K�ð0Þ decay in Ref. [12].
The Feynman diagrams shown in Fig. 4 can provide the

NLO contributions to the B ! P transition form factors and
have been calculated very recently in Ref. [14]. The authors
of Ref. [14] calculated the NLO corrections to the B ! �
transition form factors in the leading twist in the kT factori-
zation theorem, and they found that the NLO part can provide
a 20–30% enhancement to the LO results for the correspond-

ing form factors. Since �, K, and �ð0Þ are all pseudoscalar
mesons and have similar wave functions, it is straightforward
to extend the calculations in Ref. [14] to the cases for the

B ! K, �ð0Þ transition form factors. In this paper, we will
consider the effects of the NLO part of the form factors.
According to general expectations, the enhanced form factors

may lead to a larger branching ratio for B ! K�ð0Þ decays.
The still-missing NLO parts in the pQCD approach are

the Oð�2
sÞ contributions from nonfactorizable spectator

diagrams and annihilation diagrams, as illustrated by
Figs. 5(a)–5(h). The analytical calculations for these
Feynman diagrams are still absent at present. But it is
generally believed that the NLO contributions from these
Feynman diagrams should be small.

FIG. 5 (color online). The typical Feynman diagrams that may
provide NLO contributions to B ! K�ð0Þ decays in the pQCD
approach. (a)–(d) are the spectator diagrams and (e)–(h) are the
annihilation diagrams.

FIG. 3 (color online). The typical Feynman diagrams that
provide NLO contributions to B ! K�ð0Þ decays in the pQCD
approach. (a)–(d) are the vertex corrections, (e)–(f) are the
quark-loops, and (g)–(h) are the chromomagnetic penguins O8g.

FIG. 4 (color online). The typical Feynman diagrams that may
provide NLO contributions to B ! P form factors.

FAN et al. PHYSICAL REVIEW D 87, 094003 (2013)

094003-10



(i) The contributions from the nonfactorizable spectator
diagrams in Figs. 1(c) and 1(d) at leading order are
strongly suppressed by the isospin symmetry and
color suppression with respect to the factorizable
emission diagrams, Figs. 1(a) and 1(b). The NLO
contributions from Figs. 5(a)–5(d) are higher-order
effects on small LO quantities, and therefore should
be much smaller than the LO ones.

(ii) The annihilation spectator diagrams at leading order,
i.e., Figs. 1(e)–1(h) are power suppressed and gen-
erally much smaller with respect to the contributions
from the emission diagrams [Figs. 1(a) and 1(b)].
The contributions from Figs. 5(a)–5(d) are also the
higher-order corrections to the small quantities and
therefore should be much smaller than its LO parts.

In the next section, we will explicitly evaluate the nu-
merical values of the individual decay amplitudes corre-
sponding to different Feynman diagrams, and will compare
the size of every part of the total decay amplitude for the
considered decays. We will try to make a simple and clear
comparison between the contributions from different
sets of Feynman diagrams or from the different sources
numerically.

B. The NLO contributions to B ! K�ð0Þ decays

In Ref. [12], by using the ordinary FKS �-�ð0Þ mixing
scheme, we calculated the branching ratios and

CP-violating asymmetries of the four B ! K�ð0Þ decays
at leading order and partial next-to-leading order, i.e., the
NLO contributions from the Feynman diagrams in Fig. 3

were taken into account in Ref. [12]. Fordetails about the
calculations of these NLO contributions and the expres-
sions of their relevant functions, we refer the reader to
Ref. [12]. For the sake of the reader, we here give a brief
summary of these ‘‘old’’ NLO parts.
(a) Vertex corrections: The vertex corrections to the

factorizable emission diagrams, as illustrated by
Figs. 2(a)–2(d), were calculated years ago in the
QCD factorization approach [7,36,37]. The differ-
ence between the cases that do or do not consider the
parton transverse momentum kT are very small and
can be neglected [21]. The NLO vertex corrections
will be included by adding a vertex function ViðMÞ
to the corresponding Wilson coefficients aið�Þ
[36,37],

a1;2ð�Þ ! a1;2ð�Þ þ �sð�Þ
4�

CF

C1;2ð�Þ
3

V1;2ðMÞ;

aið�Þ ! aið�Þ þ �sð�Þ
4�

CF

Ciþ1ð�Þ
3

ViðMÞ;
for i ¼ 3; 5; 7; 9;

aið�Þ ! aið�Þ þ �sð�Þ
4�

CF

Ci�1ð�Þ
3

ViðMÞ;
for i ¼ 4; 6; 8; 10; (50)

whereM is the meson emitted from the weak vertex.
When M is a pseudoscalar meson, the vertex func-
tions ViðMÞ can be written as [21,37]

ViðMÞ ¼

8>>><
>>>:
12 ln mb

� � 18þ 2
ffiffi
6

p
fM

R
1
0 dx�

A
MðxÞgðxÞ; for i ¼ 1� 4; 9; 10;

�12 ln mb

� þ 6� 2
ffiffi
6

p
fM

R
1
0 dx�

A
MðxÞgð1� xÞ; for i ¼ 5; 7;

�6þ 2
ffiffi
6

p
fM

R
1
0 dx�

P
MðxÞhðxÞ; for i ¼ 6; 8;

(51)

where fM is the decay constant of the meson M, and
the hard-scattering functions gðxÞ and hðxÞ can be
found in Ref. [12].

(b) Quark loops: The contribution from the so-called
‘‘quark loops’’ is a kind of penguin correction with
the insertion of the four-quark operators, as illus-
trated by Figs. 3(e) and 3(f). We here include the
quark-loop amplitudes from the operators O1;2 and

O3–6 only. The quark loops from O7–10 will be
neglected due to their smallness.
For the �b ! �s transition, the contributions from the
various quark loops are given by

HðqlÞ
eff ¼ � X

q¼u;c;t

X
q0

GFffiffiffi
2

p V	
qbVqs

�sð�Þ
2�

Cqð�; l2Þ

� ð �b��ð1� �5ÞTasÞð �q0��Taq0Þ; (52)

where l2 is the invariant mass of the gluon, which
attaches the quark loops in Figs. 3(e) and 3(f).
The functions Cqð�; l2Þ can be found in Ref. [12].
The ‘‘quark-loop’’ contribution to the considered

B ! K�ð0Þ decays can be written as [12]

M
ðqlÞ
K� ¼hK�jH ql

effjBi

¼GFffiffiffi
2

p X
q¼u;c;t

V	
qbVqs½MðqÞ

K�s
F2ð�ÞþMðqÞ

�qK
F1ð�Þ�;

(53)

M
ðqlÞ
K�0 ¼hK�0jH ðqlÞ

eff jBi

¼GFffiffiffi
2

p X
q¼u;c;t

V	
qbVqs½MðqÞ

K�s
F0
2ð�ÞþMðqÞ

�qK
F0
1ð�Þ�;

(54)
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where Fð0Þ
1;2ð�Þ are the mixing parameters (which have been defined in previous sections), while the decay

amplitudes MðqÞ
K�s

and MðqÞ
�qK

are of the form [12]

MðqÞ
K�s

¼ 8ffiffiffi
6

p C2
Fm

4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b3db3�Bðx1; b1Þ � f½ð1þ x3Þ�A

Kðx3Þ�A
�s
ðx2Þ þ rKð1� 2x3Þð�P

Kðx3Þ

þ�T
Kðx3ÞÞ�A

�s
ðx2Þ þ 2r�s

�A
Kðx3Þ�P

�s
ðx2Þ þ 2rKr�s

ðð2þ x3Þ�P
Kðx3Þ � x3�

T
Kðx3ÞÞ�P

�s
ðx2Þ�

� EðqÞðtq; l2Þheðx1; x3; b1; b3Þ þ ½2rK�P
Kðx3Þ�A

�s
ðx2Þ þ 4rKr�s

�P
Kðx3Þ�P

�s
ðx2Þ� � EðqÞðt0q; l02Þheðx3; x1; b3; b1Þg

(55)
for the B ! K transition and

MðqÞ
�qK

¼ 8ffiffiffi
6

p C2
Fm

4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b3db3�Bðx1; b1Þ � f½ð1þ x3Þ�A

�q
ðx3Þ�A

Kðx2Þ þ r�ð1� 2x3Þð�P
�q
ðx3Þ

þ�T
�q
ðx3ÞÞ�A

Kðx2Þ þ 2rK�
A
�q
ðx3Þ�P

Kðx2Þ þ 2r�rKðð2þ x3Þ�P
�q
ðx3Þ � x3�

T
�q
ðx3ÞÞ�P

Kðx2Þ�
�EðqÞðtq; l2Þheðx1; x3; b1; b3Þ þ ½2r��P

�q
ðx3Þ�A

Kðx2Þ þ 4r�rK�
P
�q
ðx3Þ�P

Kðx2Þ� �EðqÞðt0q; l02Þheðx3; x1; b3; b1Þg
(56)

for the B ! � transition. Here, r� ¼ mq
0=mB and r�s

¼ ms
0=mB. The expressions for the evolution functions

EðqÞðtq; l2Þ and EðqÞðt0q; l02Þ, as well as the hard functions heðx1; x3; b1; b3Þ and heðx3; x1; b3; b1Þ, can be found in

Ref. [12].
(c) Chromomagnetic penguins (MP): This is another kind of penguin correction but with the insertion of the O8g. The

corresponding effective weak Hamiltonian for the �b ! �sg transition is of the form [21]

Hcmp
eff ¼ �GFffiffiffi

2
p gs

8�2
mbV

	
tbVtsC

eff
8g

�bi�
��ð1� �5ÞTa

ijG
a
��sj; (57)

where the effective Wilson coefficient Ceff
8g ¼ C8g þ C5 [21]. The total chromomagnetic penguin contribution to the

considered B ! K�ð0Þ decays can be written as

M
ðcmpÞ
K� ¼ hK�jH cmp

eff jBi ¼ �GFffiffiffi
2

p 
t½MðgÞ
K�s

F2ð�Þ þMðgÞ
�qK

F1ð�Þ�; (58)

MðcmpÞ
K�0 ¼ hK�0jH cmp

eff jBi ¼ �GFffiffiffi
2

p 
t½MðgÞ
K�s

F0
2ð�Þ þMðgÞ

�qK
F0
1ð�Þ�; (59)

where the mixing parameters Fð0Þ
1;2ð�Þ have been defined in Sec. II. The decay amplitudesMðgÞ

K�s
andMðgÞ

�qK
are obtained by

evaluating the Feynman diagrams in Figs. 3(g) and 3(h) [12],

MðgÞ
K�s

¼� 8ffiffiffi
6

p C2
Fm

6
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2b3db3�Bðx1;b1Þ � ff2ð�1þ x3Þ�A

�s
ðx2Þ�A

Kðx3Þ

þ r�s
x2ð1þ x3Þ½�3�P

�s
ðx2Þþ�T

�s
ðx2Þ��A

Kðx3Þþ rK½ð�3þ 2x3þ x23Þ�P
Kðx3Þþ ð�1þ 2x3� x23Þ�T

Kðx3Þ��A
�s
ðx2Þ

þ 3r�s
rK½ð�1� x2þ x3þ 2x2x3Þ�P

Kðx3Þþ ð1� x2� x3þ 2x2x3Þ�T
Kðx3Þ��P

�s
ðx2Þ

þ r�s
rK½ð�1þ x2þ x3� 2x2x3Þ�P

Kðx3Þþ ð1þ x2� x3� 2x2x3Þ�T
Kðx3Þ��T

�s
ðx2Þg �EgðtqÞhgðA;B;C;b1;b3;b2; x3Þ

� ½4rK�A
�s
ðx2Þ�P

Kðx3Þþ 2r�s
rKx2�

P
Kðx3Þð3�P

�s
ðx2Þ��T

�s
ðx2ÞÞ� �Egðt0qÞhgðA0;B0;C0;b3;b1;b2; x1Þg; (60)

MðgÞ
K�q

¼� 8ffiffiffi
6

p C2
Fm

6
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2b3db3�Bðx1;b1Þ � ff2ð�1þ x3Þ�A

Kðx2Þ�A
�q
ðx3Þ

þ rKx2ð1þ x3Þ½�3�P
Kðx2Þþ�T

Kðx2Þ��A
�q
ðx3Þþ r�½ð�3þ 2x3þ x23Þ�P

�q
ðx3Þþ ð�1þ 2x3� x23Þ�T

�q
ðx3Þ��A

Kðx2Þ
þ 3r�rK½ð�1� x2þ x3þ 2x2x3Þ�P

�q
ðx3Þþ ð1� x2� x3þ 2x2x3Þ�T

�q
ðx3Þ��P

Kðx2Þ
þ r�rK½ð�1þ x2þ x3� 2x2x3Þ�P

�q
ðx3Þþ ð1þ x2� x3� 2x2x3Þ�T

�q
ðx3Þ��T

Kðx2Þg �EgðtqÞhgðA;B;C;b1;b3;b2; x3Þ
� ½4r��A

Kðx2Þ�P
�q
ðx3Þþ 2r�rKx2�

P
�q
ðx3Þð3�P

Kðx2Þ��T
Kðx2ÞÞ� �Egðt0qÞhgðA0;B0;C0;b3;b1;b2; x1Þg; (61)
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where r� ¼ mq
0=mB, r�s

¼ ms
0=mB, and rK ¼ mK

0 =mB. The explicit expressions of the evolution functions Eg and the hard
functions hg in Eqs. (60) and (61) can be easily found in Ref. [12].

C. The form factors at NLO level

As mentioned in the Introduction, Li et al. derived the kT-dependent NLO hard kernel Hð1Þ for the B ! � transition
form factor [14]. We here extend their results for the B ! � form factors to the ones for B ! K and B ! ð�q; �sÞ
transitions, under the assumption of SU(3) flavor symmetry. As given in Eq. (56) of Ref. [14], the NLO hard kernelHð1Þ can
be written as

Hð1Þ ¼ Fðx1; x3;�;�f;�; 
1ÞHð0Þ

¼ �sð�fÞCF

4�

�
21

4
ln
�2

m2
B

�
�
ln
m2

B


21
þ 13

2

�
ln
�2

f

m2
B

þ 7

16
ln 2ðx1x3Þ þ 1

8
ln 2x1 þ 1

4
ln x1 ln x3

þ
�
2 ln

m2
B


21
þ 7

8
ln�� 1

4

�
ln x1 þ

�
7

8
ln�� 3

2

�
ln x3 þ

�
15

4
� 7

16
ln�

�
ln�� 1

2
ln
m2

B


21

�
3 ln

m2
B


21
þ 2

�

þ 101

48
�2 þ 219

16

�
Hð0Þ; (62)

where the scale 
1 ¼ 25mB and � ¼ 1� ðp1 � p3Þ2=m2
B

is the energy fraction carried by the meson that picks up the
spectator quark. For B ! K�q, K�s decays, the large
recoil region corresponds to the energy fraction ��
Oð1Þ. For B ! K�c, �ðKÞ � ð1� r2�c

Þ. �f is the factori-
zation scale, which is set to be the hard scales

ta ¼ max ð ffiffiffiffiffiffiffiffi
x3�

p
mB; 1=b1; 1=b3Þ or

tb ¼ max ð ffiffiffiffiffiffiffiffi
x1�

p
mB; 1=b1; 1=b3Þ;

(63)

corresponding to the largest energy scales in Figs. 1(a) and
1(b), respectively. The renormalization scale � is defined
as [14]

�¼ tsð�fÞ ¼
�
Exp

�
c1þ

�
ln
m2

B


21
þ 5

4

�
ln
�2

f

m2
B

�
xc21 x

c3
3

�
2=21

�f ;

(64)

with the coefficients

c1 ¼ �
�
15

4
� 7

16
ln�

�
ln�þ 1

2
ln
m2

B


21

�
3 ln

m2
B


21
þ 2

�

� 101

48
�2 � 219

16
;

c2 ¼ �
�
2 ln

m2
B


21
þ 7

8
ln�� 1

4

�
; c3 ¼ � 7

8
ln�þ 3

2
:

At the NLO level, the hard kernel functionH can then be
written as

H ¼ Hð0Þð�sÞ þHð1Þð�2
sÞ

¼ ½1þ Fðx1; x3; �;�f; �; 
1Þ�Hð0Þð�sÞ: (65)

D. NLO contributions to B ! K�c decays

For B ! �cK decays, the NLO contributions include
two parts: (a) the NLO vertex corrections to these decays,
which have been taken into account in Ref. [23], and
(b) the NLO contributions to the B ! K transition form
factors, which is the newly known NLO part.
Since the emitted meson is �c ¼ c �c, the soft and col-

linear infrared divergences of the four-vertex correction
diagrams will cancel each other. So these vertex correc-
tions can be calculated without considering the transverse-
momentum effects of the quark at the end-point region, the
same way as in the collinear factorization theorem.
The NLO vertex corrections can be included through the

redefinition of the Wilson coefficients,

a2 ! a2 þ �s

4�
CF

C2

3

�
�18þ 12 ln

mb

�
þ fI

�
;

ai ! ai þ �s

4�
CF

Ciþ1

3

�
�18þ 12 ln

mb

�
þ fI

�
;

for i ¼ 3; 9;

aj ! aj � �s

4�
CF

Cjþ1ð�Þ
3

�
�6þ 12 ln

mb

�
þ fI

�
;

for j ¼ 5; 7; (66)

where the function fI is of the form

fI¼2
ffiffiffiffiffiffiffiffiffi
2Nc

p
f�c

Z 1

0
dx��

�c
ðxÞ
�
3ð1�2xÞ
1�x

lnxþ3ðlnð1�zÞ�i�Þ

þ2zð1�xÞ
1�zx

�
; (67)

where z ¼ m2
�c
=m2

B.
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The NLO contributions to the B ! K transition form
factors can be included for the B ! K�c decay in the same

way as for B ! K�ð0Þ decays.

V. NUMERICAL RESULTS AND DISCUSSIONS

A. Input parameters

We use the following input parameters [10,11] in the
numerical calculations (all masses and decay constants are
in units of GeV):

fB ¼ 0:21; fK ¼ 0:16; f�c
¼ 0:4874;

m� ¼ 0:5475; m�0 ¼ 0:9578; mK0 ¼ 0:498;

mKþ ¼ 0:494; m0K ¼ 1:7; MB ¼ 5:28;

mb ¼ 4:8; mc ¼ 1:5; m�c
¼ 2:98;

MW ¼ 80:41; �B0 ¼ 1:53 ps; �Bþ ¼ 1:638 ps:

(68)

For the CKM quark-mixing matrix, we adopt the
Wolfenstein parametrization as given in Ref. [10,11],

Vud ¼ 0:9748; Vus ¼ 
 ¼ 0:2246;

jVubj ¼ 3:61� 10�3; Vcd ¼ �0:225;

Vcs ¼ 0:9748; Vcb ¼ 0:04197;

jVtdj ¼ 8:8� 10�3; Vts ¼ �0:042;

Vtb � 1:0; (69)

with the CKM parameters 
 ¼ 0:2246� 0:0011, A ¼
0:832� 0:017, �� ¼ 0:130� 0:018, and �� ¼ 0:350�
0:013.

B. Form factors at the LO and NLO levels

We first calculate and present the pQCD predictions for

the form factors at zero momentum transfer for B ! K�ð0Þ
decays at the LO and NLO levels, respectively. In the
calculation, we consider three different mixing schemes.

In this paper the form factors FB!�
0 ð0Þ and FB!�0

0 ð0Þ are
defined as

FB!�
0 ð0Þ ¼ cos�F

B!�q

0 ð0ÞI;
FB!�0
0 ð0Þ ¼ sin ð�ÞFB!�q

0 ð0ÞI
(70)

in the ordinary FKS �-�0 mixing scheme, and

F
B!�
0 ð0Þ ¼ ½cos�þ sin 	 sin	ið1� cos�GÞ�FB!�q

0 ð0ÞII;
F
B!�0
0 ð0Þ ¼ ½sin�� cos 	 sin	ið1� cos�GÞ�FB!�q

0 ð0ÞII
(71)

in the MS-2 and MS-3 mixing schemes. One should note

that the form factor F
B!�q

0 ð0ÞI is different from F
B!�q

0 ð0ÞII
since some relevant parameters in the distribution

amplitudes, such as ��q
¼ 2mq=mqq, are different in dif-

ferent mixing schemes. The pQCD predictions for the
numerical values of the form factors for three different
mixing schemes are all listed in Table I, and they are
obtained by using the central values of all input parame-
ters. For the relevant mixing angles, we take � ¼ 39:3� in
the MS-1 mixing scheme, while we take 	i ¼ 54:7�, 	 ¼
�11�, � ¼ 	þ 	i ¼ 43:7�, and �G ¼ 12� in both the
MS-2 and MS-3 mixing schemes. The error comes from
the uncertainty of !b ¼ 0:40� 0:04 GeV.
From the numerical values of the form factors in Table I,

we can see that (a) the form factors are the same for the
�-�0-Gmixing scheme and the �-�0-G-�c mixing scheme
since the �c component in the �-�0-G-�c mixing scheme

does not affect the evaluation of the form factors F
B!�ð0Þ
0 ð0Þ

and FB!K
0 ð0Þ, and (b) the NLO contributions also provide

�20% enhancements to the corresponding form factors.

C. BrðB ! K�ð0ÞÞ in the �-�0 mixing scheme

In the B rest frame, the branching ratio of a general
B ! M2M3 decay can be written as

BrðB ! M2M3Þ ¼ �B
1

16�mB

�jMðB ! M2M3Þj2; (72)

where �B is the lifetime of the B meson and � � 1 is the
phase space factor, which is equal to unity when the masses
of the final-state light mesons are neglected.
Using the input parameters and the wave functions as

given in previous sections, it is straightforward to calculate

the CP-averaged branching ratios for the four B ! K�ð0Þ
decays considered in different mixing schemes. For the
case of the ordinary �-�0 mixing scheme, the pQCD
predictions are listed in Table II, where the label
‘‘NLO-1’’ refers to the pQCD predictions with the inclu-
sion of the same set of NLO contributions as in Ref. [12].
The label ‘‘NLO’’ in Table II means that all currently
known NLO contributions are included, especially the
NLO part of the form factor obtained by evaluating the
Feynman diagrams as shown in Fig. 4 [14]. For compari-
son, we also list the corresponding experimental measure-
ments [10] and the theoretical predictions in the pQCD
approach [12] and in the QCD factorization (QCDF) ap-
proach [37].
Of course, the NLO pQCD predictions for the

CP-averaged branching ratios still have large theoretical

TABLE I. The LO and NLO pQCD predictions for the form
factors of the B ! K�ð0Þ decays for three different mixing
schemes.

Form factors MS LO NLO

F
B!�q

0 ð0Þ 1 0.20 0:26� 0:04
2, 3 0.28 0:33� 0:06

FB!K
0 ð0Þ all 0.37 0:43þ0:07

�0:05
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uncertainties. If we take into account the effects of the
uncertainties of the main input parameters, we find that

BrðB0 !K0�Þ
¼ ½2:62þ1:22�0:78ð!bÞþ2:49

�1:04ðmsÞþ0:52
�0:48ðfBÞþ1:37

�1:04ða�2 Þ��10�6;

BrðB0 !K0�0Þ
¼ ½57:2þ16:1

�11:2ð!bÞþ12:6
�7:00ðmsÞþ11:4�10:4ðfBÞþ3:49

�2:42ða�2 Þ��10�6;

BrðBþ !Kþ�Þ
¼ ½3:97þ1:67

�1:13ð!bÞþ2:97
�1:30ðmsÞþ0:79

�0:72ðfBÞþ1:57
�1:20ða�2 Þ��10�6;

BrðBþ !Kþ�0Þ
¼ ½58:7þ16:2

�11:2ð!bÞþ13:0
�7:20ðmsÞþ11:7

�10:6ðfBÞþ3:17
�2:18ða�2 Þ��10�6;

(73)

where the major errors are induced by the uncertainties of
!b ¼ 0:4� 0:04 GeV, ms ¼ 0:13� 0:03 GeV, fB ¼
0:21� 0:02 GeV, and the Gegenbauer moment a�2 ¼
0:44� 0:22 (here a�2 denotes a

�q

2 or a�s

2 ), respectively.

The total theoretical errors in the NLO pQCD predictions
as shown in the fourth column of Table II are obtained by
adding the four individual theoretical errors in quadrature.
From the numerical results as given in Eq. (73) and Table II
we make the following points.

(i) By comparing the predictions as listed in the
‘‘NLO-1’’ column and the ‘‘NLO’’ column, one
can see that the inclusion of the NLO contributions
in the form factors can provide about an 18% en-
hancement to BrðB ! K�0Þ The gap between the
pQCD predictions and the measured values therefore
becomes effectively narrow, but there is still a small
difference between the central values of the pQCD
predictions and the data.

(ii) For B ! K� decays, however, the pQCD predic-
tions for their branching ratios remain basically
unchanged after the inclusion of the NLO part of
the form factors. Although the NLO pQCD predic-
tions for BrðB ! K�Þ are consistent with the data
within one standard deviation, the central values of
the NLO pQCD predictions are still larger than the
measured values by almost a factor of 2.

(iii) The pQCD predictions as given in the NLO-1
column agree well with those presented in

Ref. [12] (i.e., the results as listed in the
‘‘pQCD’’ column of Table II), and the small differ-
ences are induced by the variations of some input
parameters, such as the CKM matrix elements.

(iv) Although the NLO pQCD predictions for
BrðB ! K�Þ and BrðB ! K�0Þ are consistent
with the data within one standard deviation, here
we cannot provide a good interpretation for the

observed pattern of BrðB ! k�ð0ÞÞ in the FKS
�-�0 mixing scheme.

D. BrðB ! K�ð0ÞÞ in the �-�0-G mixing scheme

In the �-�0-G mixing scheme, by using the input pa-
rameters and the wave functions as given in previous
sections and fixing the mixing parameters 	 ¼ �11�,� ¼
43:7�, and �G ¼ 12�, we find the LO and NLO pQCD
predictions for the CP-averaged branching ratios as listed
in Table III. As a comparison, we also show the measured
values and the QCDF predictions as given in Ref. [37] in
the last two columns of the Table III.
The NLO pQCD predictions with the inclusion of the

major theoretical errors are the following:

BrðB0 ! K0�Þ
¼ ½1:13þ0:50

�0:32ð!bÞþ1:60
�0:67ðmsÞþ0:23

�0:20ðfBÞþ0:99
�0:69ða�2 Þ� � 10�6;

BrðB0 ! K0�0Þ
¼ ½66:5þ19:6

�13:6ð!bÞþ9:9
�6:4ðmsÞþ13:3

�12:1ðfBÞþ3:0
�2:1ða�2 Þ� � 10�6;

BrðBþ ! Kþ�Þ
¼ ½2:36þ0:97

�0:61ð!bÞþ2:05
�0:94ðmsÞþ0:47

�0:43ðfBÞþ1:25
�0:90ða�2 Þ� � 10�6;

BrðBþ ! Kþ�0Þ
¼ ½67:3þ19:6

�13:5ð!bÞþ10:2
�6:4 ðmsÞþ13:4

�12:2ðfBÞþ2:7
�1:8ða�2 Þ� � 10�6:

(74)

Analogous to the case of MS-1, the major theoretical errors
in the MS-2 mixing scheme are still induced by the un-
certainties of the input parameters: !b ¼ 0:4� 0:04 GeV,
ms ¼ 0:11� 0:02 GeV, fB ¼ 0:21� 0:02 GeV, and
Gegenbauer moment a

�
2 ¼ 0:44� 0:22. The total theoreti-

cal errors of the NLO pQCD predictions in the fourth
column of Table III are obtained by adding the four

TABLE II. The pQCD predictions for the branching ratios (in units of 10�6) in the ordinary
�-�0 mixing scheme with � ¼ 39:3�. The label ‘‘NLO’’ means that all currently known NLO
contributions are included.

Channel LO NLO-1 NLO Data [10] pQCD [12] QCDF [37]

B0 ! K0� 2.12 2.76 2:62þ3:6
�1:7

1:23þ0:27
�0:24 2:1þ2:6

�1:5 1:1þ2:4
�1:5

B0 ! K0�0 27.9 48.3 57:2þ23:7
�17:0

66:1� 3:1 50:3þ16:8
�10:6 46:5þ41:9

�22:0

Bþ ! Kþ� 3.83 3.78 4:0þ3:8
�2:2

2:4þ0:22
�0:21 3:2þ3:2

�1:8 1:9þ3:0
�1:9

Bþ ! Kþ�0 30.3 49.8 58:7þ24:0
�17:2

71:1� 2:6 51:0þ18:0
�10:9 49:1þ45:2

�23:6
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individual theoretical errors in quadrature. One can make
the following points from the numerical results in Eq. (74)
and Table III.

(i) In the �-�0-G mixing scheme, the glueball part
plays an important role in improving the agreement
between the pQCD predictions and the data. Even
at the leading order, the pQCD predictions for
BrðB ! K�0Þ [BrðB ! K�Þ] become larger
(smaller) than those in the case of MS-1. The corre-
sponding changes are what we need to interpret the
data.

(ii) For the B0 ! K0�0 (Bþ ! Kþ�0) decay, the NLO
contribution provides a 89% (73%) enhancement to
its branching ratio with respect to the LO prediction.
The NLO part of the form factors provide a 23%
enhancement to the corresponding branching ratios.
The NLO pQCD predictions for both BrðB0 !
K0�0Þ and BrðBþ ! Kþ�0Þ are now in full agree-
ment with the data.

(iii) For both B0 ! K0� and Bþ ! Kþ� decays, the
NLO enhancements are small in size, and the
agreement between the pQCD predictions and
the data also improved effectively due to the in-
clusion of all of the known NLO contributions.

(iv) For all four B ! K�ð0Þ decays considered, the dif-
ferences between the numerical values as listed in
the NLO-1 column and the NLO column in
Table III show the effects of the inclusion of the
NLO part of the form factors. It is easy to see that
the NLO pQCD predictions for the branching ratios
are in perfect agreement with the measured values
due to the contribution from the glueball compo-
nent in the �-�0-G mixing scheme and the inclu-
sion of the NLO contributions.

E. BrðB ! K�ð0ÞÞ in the ‘‘�-�0-G-�c’’ mixing scheme

In the ‘‘�-�0-G-�c’’ mixing scheme, by using the input
parameters and the wave functions as given in previous
sections and fixing the mixing parameters 	 ¼ �11�,� ¼
43:7�,�G ¼ 12�, and�Q ¼ 11�, we find the LO and NLO

pQCD predictions for the CP-averaged branching ratios,
which are listed in Table IV.

In the ‘‘�-�0-G-�c’’ mixing scheme, the contributions

from the decay chain B ! K�c ! K�ð0Þ are included. The

NLO pQCD predictions for the CP-averaged branching
ratios with the major theoretical errors are of the form

BrðB0 ! K0�Þ
¼ ½0:82þ0:29

�0:18ð!bÞþ1:47
�0:57ðmsÞþ0:17

�0:14ðfBÞþ0:92
�0:55ða�2 Þ� � 10�6;

BrðB0 ! K0�0Þ
¼ ½64:8þ21:2�14:7ð!bÞþ10:3

�6:5 ðmsÞþ12:9
�11:8ðfBÞ� � 10�6;

BrðBþ ! Kþ�Þ
¼ ½2:19þ0:75

�0:54ð!bÞþ2:06
�0:95ðmsÞþ0:44

�0:40ðfBÞþ1:19
�0:86ða�2 Þ� � 10�6;

BrðBþ ! Kþ�0Þ
¼ ½65:2þ21:2�14:7ð!bÞþ10:6

�6:8 ðmsÞþ13:0
�11:8ðfBÞ� � 10�6: (75)

Analogous to the cases of the �-�0 and �-�0-G mixing
schemes, the major errors here are also induced by the
uncertainties of!b,ms, fB, and the Gegenbauer coefficient
a�2 . For B ! K�0 decays, however, the error induced by

the uncertainty of a
�
2 ¼ 0:44� 0:22 is very small and has

been neglected. The total theoretical errors of the NLO
pQCD predictions in the fourth column of Table IV are
obtained by adding the individual theoretical errors in
quadrature.
From Table IV, one can see that the NLO pQCD pre-

dictions forBrðB ! K�0Þ also agreewell with the data. For
B ! K� decays, the central values of the NLO pQCD
predictions for BrðB ! K�Þ are a little smaller than the
measured values, but they are still consistent with the
data within one standard deviation. Since the values of
the relevant mixing parameters FCð	;�G;�QÞ and

F0
Cð	;�G;�QÞ as defined in Eq. (49) are all very small,

FCð	;�G;�QÞ ¼ 0:0076; F0
Cð	;�G;�QÞ ¼ 0:039

(76)

for ð	;�G;�QÞ ¼ ð�11�; 12�; 11�Þ, the �c contributions

to the B ! K�ð0Þ decays are indeed very small.

F. CP-violating asymmetries

Now we turn to the evaluations of the CP-violating

asymmetries of B ! K�ð0Þ decays in the pQCD approach.

For Bþ ! Kþ�ð0Þ decays, the direct CP-violating asym-
metries ACP can be defined as

TABLE III. The same as in Table I but for the case of the
�-�0-G mixing scheme with the mixing parameters � ¼ 43:7�,
	 ¼ �11�, 	i ¼ 54:7�, and �G ¼ 12�.

Channel LO NLO-1 NLO Data [10] QCDF [37]

B0 ! K0� 0.90 1.15 1:13þ2:0
�1:0

1:23þ0:27
�0:24 1:1þ2:4

�1:5

B0 ! K0�0 35.2 57.4 66:5þ25:9
�15:4

66:1� 3:1 46:5þ41:9
�22:0

Bþ ! Kþ� 1.98 2.10 2:36þ2:6
�1:5

2:36þ0:22
�0:21 1:9þ3:0

�1:9

Bþ ! Kþ�0 38.9 58.3 67:3þ26:0
�19:4

71:1� 2:6 49:1þ45:2
�23:6

TABLE IV. The same as in Table I but for the case of the
‘‘�-�0-G-�c’’ mixing scheme. The label NLO means that all
known NLO contributions are included.

Channel LO NLO-1 NLO Data [10] QCDF [37]

B0 ! K0� 0.67 0.87 0:82þ1:8
�0:8

1:23þ0:27
�0:24 1:1þ2:4

�1:5

B0 ! K0�0 43.5 55.6 64:8þ26:8
�20:4

66:1� 3:1 46:5þ41:9
�22:0

Bþ ! Kþ� 1.50 2.00 2:19þ2:5
�1:4

2:36þ0:22
�0:21 1:9þ3:0

�1:9

Bþ ! Kþ�0 51.7 56.2 65:2þ27:0
�20:0

71:1� 2:6 49:1þ45:2
�23:6
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A dir
CP ¼ �ð �B0 ! �fÞ � �ðB0 ! fÞ

�ð �B0 ! �fÞ þ �ðB0 ! fÞ ¼
j �M �fj2 � jMfj2
j �M �fj2 þ jMfj2

;

(77)

Using the input parameters and the wave functions as
given in previous sections, it is easy to calculate the direct
CP-violating asymmetries for the considered decays,
which are listed in Table V. The major theoretical errors
given in Table V are induced by the uncertainties of the
input parameters!b,ms, and a

�
2 . As a comparison, we also

list currently available data [10] and the corresponding
QCDF predictions [37]. The label ‘‘NLO’’ means that all
known NLO contributions are taken into account. For
B� ! K�� decays, there is a large direct CP asymmetry
(Adir

CP) due to the destructive interference between the

penguin amplitude and the tree amplitude.
From the pQCD predictions and the relevant data listed

in Table V, one can see the following.
(i) For B� ! K�� decays, the LO pQCD predictions

for Adir
CP in all three mixing schemes have a sign

opposite that of the measured values. The inclusion
of the NLO contributions changes the sign of the
pQCD prediction for Adir

CP, and the NLO pQCD

predictions for Adir
CPðB� ! K��Þ in the cases of

MS-1 and MS-2 become consistent with the data
within one standard deviation. In the ‘‘�-�0-G’’
mixing scheme, for example, the NLO pQCD pre-
dictions are of the form

Adir
CPðB� ! K��Þ ¼ ð�22:9þ15:2

�19:1Þ � 10�2;

Amix
CP ðB� ! K��0Þ ¼ ð�5:5þ1:9

�1:8Þ � 10�2;
(78)

where the individual errors shown in Table V are
added in quadrature.

(ii) In the case of MS-3, however, the pQCD prediction
for Adir

CPðB� ! K��Þ changes its sign after the

inclusion of the NLO contributions. The NLO
pQCD prediction is of the form

Adir
CPðB� ! K��0Þ ¼ ð�2:8þ10:7

�9:7 Þ � 10�2; (79)

which is still much smaller in magnitude than the
measured value. There is a clear difference between

the pQCD prediction and the data for Adir
CPðB� !

K��0Þ in the ‘‘�-�0-G-�c’’ mixing scheme.
(iii) For B� ! K��0 decays, the measured value of

Adir
CPðK��0Þ ¼ 1:3þ1:6

�1:7 � 10�2 is consistent with

zero. The NLO pQCD predictions in the three
different mixing schemes agree well with the data
within one standard deviation, while the consis-
tency between the pQCD predictions and the data
are effectively improved by the inclusion of the
NLO contributions.

As for the CP-violating asymmetries for the neutral

decays B0 ! K0�ð0Þ, the effects of B0 � �B0 mixing should

be considered. The CP-violating asymmetry of B0ð �B0Þ !
K0�ð0Þ decays are time dependent and can be defined as

ACP 
 � �B0
d
!fð�tÞ � �B0

d
!fð�tÞ

� �B0
d
!fð�tÞ þ �B0

d
!fð�tÞ

¼ Cf cos ð�m�tÞ þ Sf sin ð�m�tÞ; (80)

where �m is the mass difference between the two B0
d mass

eigenstates, and �t ¼ tCP � ttag is the time difference

between the tagged B0 ( �B0) and the accompanying �B0

(B0) with opposite b flavor decaying to the final CP
eigenstate fCP at the time tCP. The direct and mixing-
induced CP-violating asymmetries Cf (or Af as used by

the Belle Collaboration) and Sf can be written as

Adir
CP ¼ Cf 
 j
j2 � 1

1þ j
j2 ; Amix
CP ¼ Sf 
 2 Imð
Þ

1þ j
j2 ;
(81)

with the CP-violating parameter 
,


 

�
q

p

�
d
� hfjHeff j �B0i
hfjHeff jB0i : (82)

By integrating the time variable t, one finds the total CP

asymmetries for B0 ! K0�ð0Þ decays,

Atot
CP ¼ 1

1þ x2
Adir
CP þ x

1þ x2
Amix
CP ; (83)

where x ¼ �m=� ¼ 0:774 [11].
In Table VI, we show the LO and NLO pQCD predic-

tions for the direct, the mixing-induced, and the total CP

TABLE V. The LO and NLO pQCD predictions for the direct CP asymmetries Adir
CPðB� !

K��Þ and Adir
CPðB� ! K��0Þ in the three different mixing schemes (in units of 10�2).

Mode MS LO NLO Data [10] QCDF [37]

1 10.0 �25:2þ2:7�1:8ð!bÞþ10:9
�12:3ðmsÞþ8:0

�12:2ða�2 Þ
Adir

CPðK��Þ 2 31.1 �22:9þ7:6
�5:2ð!bÞþ11:6

�16:7ðmsÞþ6:3
�7:6ða�2 Þ �37� 8 �18:9þ29:0

�30:0

3 42.4 �2:8þ8:5
�8:5ð!bÞþ1:9

�3:3ðmsÞþ8:4
�3:3ða�2 Þ

1 �10:4 �4:4þ0:7
�0:6ð!bÞþ1:1�0:8ðmsÞþ1:5

�1:3ða�2 Þ
Adir

CPðK��0Þ 2 �12:2 �5:5þ0:8
�0:8ð!bÞþ0:9

�0:7ðmsÞþ1:5
�1:5ða�2 Þ 1:3þ1:6

�1:7 �9:0þ10:6
�16:2

3 �9:0 �2:3þ1:1
�1:1ð!bÞþ0:4

�0:4ðmsÞþ1:4
�1:6ða�2 Þ
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asymmetries for B0 ! K0
S�

ð0Þ decays in the three different

mixing schemes. Analogous to the NLO pQCD predictions
for the branching ratios, the label ‘‘NLO’’ here means that
the inclusion of all currently known NLO contributions are
taken into account.

From the pQCD predictions and currently available
experimental measurements for the CP-violating

asymmetries of B0 ! K0
S�

ð0Þ decays, one can see the

following.
(i) Unlike the cases for the branching ratios, the pQCD

predictions for the CP-violating asymmetries of the

neutral B0 ! K0
S�

ð0Þ decays are not sensitive to both

the NLO contributions and the choice of the mixing
schemes.

(ii) The NLO pQCD predictions for Adir
CPðB0 ! K0

S�
0Þ

and Amix
CP ðB0 ! K0

S�
0Þ have small theoretical

errord and agree very well with the measured
values,

Adir
CPðB0 ! K0

S�
0Þ ¼ ð3:3� 0:3ðtheoryÞÞ � 10�2;

Amix
CP ðB0 ! K0

S�
0Þ ¼ ð70:3� 0:5ðtheoryÞÞ � 10�2;

(84)

while the measured values are ð1� 9Þ% and
ð64� 11Þ%, respectively.

(iii) The pQCD predictions of Adir
CPðB0 ! K0

S�Þ �
�16% andAmix

CP ðB0 ! K0
S�Þ � 67%will be tested

by the LHCb and the forthcoming Super-B
experiments.

G. Relative strength of the contributions
from different sources

In the pQCD approach at leading order, we usually have
the following general expectations.
(a) The factorizable emission diagrams [Figs. 1(a) and 1(b)]

provide the dominant contribution to the considered

B ! K�ð0Þ decays.
(b) The nonfactorizable spectator diagrams [Figs. 1(c)

and 1(d)] are strongly suppressed by both the isospin
cancelation and the color suppression and therefore
play a minor role.

(c) The annihilation diagrams [Figs. 1(e)–1(h)] are gen-

erally power suppressed in magnitude, but may pro-

vide a large strong phase to produce large

CP-violating asymmetries for some decay modes.

In the pQCD approach at next-to-leading order, as

discussed in previous sections, we have made two

assumptions.
(a) The currently known NLO contributions to

Hð1Þð�2
sÞ—such as those coming from the Feynman

diagrams shown in Figs. 3 and 4—are the dominant

part of the full NLO contribution.
(b) The still missing parts of the NLO contributions

from the spectator and annihilation diagrams shown
in Fig. 5 are small in size and can be safely
neglected.

Of course, these two assumptions should be examined
properly before the analytic calculations for the missing
parts are performed. For this purpose, we take the four

TABLE VI. The pQCD predictions for the direct, mixing-induced, and total CP asymmetries
(in units of 10�2) for B0 ! K0�ð0Þ decays in three different mixing schemes, and the world
averages as given by HFAG [10].

Mode MS LO NLO Data

1 �4:6 �11:1þ0:7
�0:7ð!bÞþ2:9

�2:0ðmsÞþ2:6
�3:3ða�2 Þ � � �

Adir
CPðB0 ! K0

S�Þ 2 �6:6 �16:0þ0:9
�0:8ð!bÞþ5:8

�7:8ðmsÞþ5:3
�11:9ða�2 Þ � � �

3 �7:8 �19:4þ0:8
�0:0ð!bÞþ8:1

�16:2ðmsÞþ7:4
�16:7ða�2 Þ � � �

1 69.3 66:3þ0:5
�0:3ð!bÞþ2:4�3:3ðmsÞþ2:2�3:9ða�2 Þ � � �

Amix
CP ðB0 ! K0

S�Þ 2 69.9 66:7þ1:5
�1:5ð!bÞþ2:6

�6:5ðmsÞþ2:2
�5:2ða�2 Þ � � �

3 70.3 69:5þ2:1�2:0ð!bÞþ0:8
�2:8ðmsÞþ2:6

�0:5ða�2 Þ � � �
1 30.6 25:2þ0:3

�0:2ð!bÞþ3:0
�2:9ðmsÞþ2:7�4:0ða�2 Þ � � �

Atot
CPðB0 ! K0

S�Þ 2 29.7 22:3þ0:2
�0:0ð!bÞþ4:8

�8:1ðmsÞþ4:4�9:9ða�2 Þ � � �
3 29.2 21:6þ1:5

�1:0ð!bÞþ5:5
�11:5ðmsÞþ4:9

�9:2ða�2 Þ � � �
1 1.1 3:4þ0:2

�0:2ð!bÞþ0:1
�0:2ðmsÞþ0:1

�0:1ða�2 Þ � � �
Adir

CPðB0 ! K0
S�

0Þ 2 1.0 3:3þ0:1
�0:2ð!bÞþ0:1

�0:1ðmsÞþ0:1
�0:1ða�2 Þ 1� 9

3 0.9 3:5þ0:1
�0:1ð!bÞþ0:1

�0:2ðmsÞþ0:2
�0:2ða�2 Þ � � �

1 70.7 69:8þ0:1
�0:1ð!bÞþ0:2

�0:1ðmsÞþ0:2
�0:2ða�2 Þ � � �

Amix
CP ðB0 ! K0

S�
0Þ 2 70.8 70:0þ0:1

�0:1ð!bÞþ0:1
�0:1ðmsÞþ0:1

�0:1ða�2 Þ 64� 11

3 70.8 70:5þ0:1
�0:1ð!bÞþ0:1

�0:0ðmsÞþ0:1
�0:1ða�2 Þ � � �

1 34.9 35:9þ0:2
�0:2ð!bÞþ0:0

�0:0ðmsÞþ0:0
�0:0ða�2 Þ � � �

Atot
CPðB0 ! K0

S�
0Þ 2 34.9 36:0þ0:1

�0:2ð!bÞþ0:0
�0:0ðmsÞþ0:0

�0:0ða�2 Þ � � �
3 34.8 36:3þ0:1

�0:1ð!bÞþ0:1
�0:1ðmsÞþ0:1

�0:1ða�2 Þ � � �
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B ! K�ð0Þ decays as an example, and try to check the
relative strength of the LO or currently known NLO con-
tributions coming from different sources.

If the LO contributions [ / Oð�sÞ] from the nonfactor-
izable spectator diagrams [Figs. 1(c) and 1(d)] and the
annihilation diagrams [Figs. 1(e)–1(h)] are already much
smaller in size when compared with those from the factor-
izable emission diagrams [Figs. 1(a) and 1(b)], it is
reasonable for us to assume that the still missing
next-to-leading order Oð�2

sÞ corrections coming from
Figs. 5(a)–5(h) should be smaller than their counterparts
at leading order, and therefore much smaller than those
dominant LO contributions; they can therefore can be
neglected safely.

In order to check whether these general expectations or
assumptions are correct, we here firstly decompose the LO
decay amplitudeMLO into different parts according to the
corresponding Feynman diagrams, and then make numeri-
cal evaluations for each part and compare their magnitudes
directly. We try to make a simple and clear numerical
comparison between the contributions from different
sources.

For the Bþ ! Kþ� decay in the �-�0 mixing scheme,
for example, the decay amplitudeMðBþ ! Kþ�Þ at lead-
ing order as given in Eq. (45) 2 can be rewritten as a sum of
three parts,

MLOðBþ ! Kþ�Þ ¼ MaþbðKþ�Þ þMcþdðKþ�Þ
þManniðKþ�Þ; (85)

where the decay amplitudeMaþb is obtained by evaluating
the dominant emission diagrams Figs. 1(a) and 1(b),Mcþd

refers to the LO contribution from the spectator diagrams,
Figs. 1(c) and 1(d), andManni denotes the LO contribution
from the annihilation diagrams, Figs. 1(e)–1(h).

By using the central values of the input parameters and
the relevant wave functions, we make the numerical cal-
culations step by step and then find the numerical results
(in units of 10�4),

MLOðBþ ! Kþ�Þ ¼ �1:76� i0:37|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Maþb

þ 0:065� i0:14|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
Mcþd

þ 0:03þ i0:57|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
Manni

¼ �1:67þ i0:062: (86)

It is easy to see the following.
(a) Maþb ¼ ð�1:76� i0:37Þ � 10�4 is indeed large

and dominant.
(b) Maþb ¼ ð�1:76� i0:37Þ � 10�4 is indeed large

and dominant.

(c) Mcþd ¼ ð0:065� i0:14Þ � 10�4; its real and
imaginary parts are all much smaller than the corre-
sponding parts of both Maþb and Manni.

(d) Manni ¼ ð0:03þ i0:57Þ � 10�4; its real part is
close to zero, but its imaginary part is large and
interferes destructively with Maþb.

Since the branching ratio of the considered decays are
proportional to the square of the decays amplitude jMj2,
as shown by Eq. (72), we can define the relative strength of
the individual contribution from different sources as the
ratio RLO and then compare the numerical results directly,

RLOðKþ�Þ ¼ jMaþbj2:jMcþdj2:jMannij2:jMLOj2
¼ 3:23:0:02:0:33:2:79: (87)

One can see directly from the above numbers that the
contribution from Mcþd is less than 1% and can be safely
neglected, while the contribution from Manni is also small
in magnitude—around 10% of the dominant contribution
from the emission diagram [Figs. 1(a) and 1(b)]. This
hierarchy of the contributions from different sources agrees
very well with the general expectations, as stated in the
beginning of this subsection.
Using the same methods, we make similar decomposi-

tions and numerical calculations for the remaining three

decay modes, B0 ! K0�ð0Þ and Bþ ! Kþ�0, and find the
numerical values of the decay amplitudes and the relative
strength. We make the calculations in both the �-�0 and
�-�0-Gmixing schemes and show all the numerical results
in Table VII. For the case of each mixing scheme we use
the same input parameters as those used in the calculation
for the branching ratios in Secs. VC and VD, respectively.
From the numerical results shown in Table VII, we find

the following points.
(i) For all four of the considered decays, the factorizable

emission diagrams in Figs. 1(a) and 1(b) provide the
dominant contribution to the branching ratios. In
both the MS-1 and MS-2 mixing schemes, we have

jMcþdj2
jMaþbj2 < 0:01;

jMannij2
jMaþbj2 < 0:5 (88)

for the two B ! K� decays, and

jMcþdj2
jMaþbj2 < 0:03;

jMannij2
jMaþbj2 < 0:7 (89)

for the two B ! K�0 decays.
(ii) For all four of the considered decays, one can see

from Eqs. (88) and (89) that the contribution from
the spectator diagrams [Figs. 1(c) and 1(d)] is very
small in size,

jMcþdj2
jMLOj2 < 0:03; (90)

and therefore can be neglected safely, which is
consistent with the general expectation. Since the

2In the �-�0 and �-�0-G mixing schemes, the last term,
MðB ! �cKÞ � Fcð	;�G;�QÞ, in Eq. (45) is absent.
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LO part Mcþd is already negligibly small, it is
reasonable for us to neglect the corresponding
higher-order NLO contribution Mcþd

NLO from the

corresponding spectator diagrams [Figs. 5(a)–5(d)].
(iii) For all four of the considered decays, the real parts

of Manni are very small, but their imaginary parts
are relatively large. This leads to a large strong
phase, which is consistent with the general
expectation.

(iv) For the two B ! K�0 decays, the large imaginary
parts of Manni can also provide an effective en-
hancement to their branching ratios. From this point
we understand that although the factorizable emis-
sion diagrams [Figs. 1(a) and 1(b)] provide the
dominant contribution to the considered decays,
the LO contribution from the annihilation diagrams
also provide an essential contribution. Therefore,
the NLO contribution Manni

NLO from the correspond-

ing annihilation diagrams shown in Figs. 5(e)–5(h)
may be comparable with other NLO parts, and thus
the analytical calculations for these diagrams
should be done as soon as possible.

Now we study the relative strength for all known NLO
contributions from different sources and collect all numeri-
cal results in Tables VIII and IX.

In Table VIII we list the numerical values for individual
decay amplitudes. The decay amplitude MNLOWC is

obtained by evaluating Figs. 1(a)–1(h) using the NLO
Wilson coefficients Cið�Þ, the NLO renormalization group
evolution matrix Uðt; m; �Þ, and �sð�Þ at the two-loop
level. The label MVC denotes the changes of MNLOWC

when only the NLO vertex corrections are also included.
The label Mql (Mmp) shows the changes of MNLOWC

when only the NLO contributions from the quark loops
(chromomagnetic penguin) are included. The label MFF

shows the variation ofMNLOWC when only the B ! K and

B ! �ð0Þ transition form factors at the NLO level are taken
into account.
The labels ‘‘MVCþqlþmp’’ and ‘‘MNLO’’ in Table VIII

and ‘‘MNLO1’’ in Table IX are defined by the following
summations:

MVCþqlþmp ¼ MVC þMql þMmp; (91)

MNLO1 ¼ MNLOWC þMVCþqlþmp; (92)

Mtot
NLO ¼ MNLO1 þMFF: (93)

HereMNLO1 is equivalent to the total decay amplitudeM
as defined in Eq. (76) of Ref. [12] and MNLO is the decay
amplitude when all currently known NLO contributions are
taken into account.

TABLE VII. The LO pQCD predictions for the numerical values (in unit of 10�4) of the individual and total decay amplitudes of
B0 ! K0�ð0Þ and Bþ ! Kþ�ð0Þ decays, and in the �-�0 and �-�0-G mixing scheme.

Decay MS Maþb Mcþd Manni MLO RLO

K0� 1 �1:30þ i0:04 0:06� i0:11 �0:06þ i0:53 �1:30þ i0:47 1:69:0:01:0:29:1:91
2 �0:80þ i0:03 0:03� i0:07 0:01þ i0:54 �0:76þ i0:51 0:63:0:01:0:30:0:83

K0�0 1 3:42þ i0:03 0:25� i0:47 �0:07� i2:85 3:40� i3:29 11:7:0:29:8:1:22:4
2 4:12þ i0:03 0:24� i0:45 �0:03� i2:94 4:32� i3:37 17:0:0:27:8:6:30:0

Kþ� 1 �1:76� i0:37 0:07� i0:14 0:03þ i0:57 �1:67þ i0:06 3:23:0:02:0:33:2:79
2 �1:18� i0:52 0:03� i0:09 0:10þ i0:58 �1:05� i0:03 1:66:0:01:0:35:1:10

Kþ�0 1 3:65� i0:30 0:26� i0:54 �0:41� i2:99 3:50� i3:83 13:4:0:36:9:1:26:9
2 4:44� i0:49 0:25� i0:52 �0:38� i3:07 4:31� i4:08 20:0:0:33:9:6:32:2

TABLE VIII. The numerical values (in units of 10�4) of the individual NLO contributions to the decay amplitudes, coming from
different sources in the �-�0 and �-�0-G mixing schemes.

Decays MS MNLOWC MVC Mql Mmp MVCþqlþmp MFF

K0� 1 �1:54þ i0:48 �0:03� i0:26 �0:32� i0:44 0:35� i0:27 �0:004� i0:97 0:05� i0:04
2 �0:96þ i0:54 �0:07� i0:08 �0:25� i0:36 0:22� i0:25 �0:10� i0:68 �0:001� i0:02

K0�0 1 4:83� i3:94 0:63� i1:34 1:29þ i1:59 �1:35þ i0:37 0:57þ i0:62 0:50� i0:25
2 5:62� i4:03 0:61� i1:22 1:40þ i1:73 �1:47þ i0:36 0:54þ i0:87 0:47� i0:24

Kþ� 1 �1:65þ i0:11 �0:05� i0:35 �0:32� i0:44 0:37� i0:27 0:00� i1:06 0:001� i0:18
2 �1:13þ i0:06 �0:10� i0:18 �0:25� i0:36 0:26� i0:26 �0:09� i0:80 �0:04� i0:13

Kþ�0 1 4:66� i4:34 0:65� i1:38 1:30þ i1:59 �1:38þ i0:36 0:57þ i0:57 0:46� i0:36
2 5:39� i4:57 0:62� i1:29 1:41þ i1:73 �1:50þ i0:35 0:53þ i0:79 0:43� i0:35
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The ratio RNLO in Table IX is defined as

RNLO ¼ jMLOj2:jMNLO1j2:jMtot
NLOj2: (94)

From the numerical results shown in Tables VII, VIII,
and IX, we find the following points.

(i) For all four B ! K�ð0Þ decays, there are strong
cancelations between MVC, Mql, and Mmp.

(ii) For two B ! K� decays, the corresponding MFF

are also much smaller in magnitude than the other
NLO parts (MVC,Mql andMmp), and also smaller

in size than their summation, MVCþqlþmp.

(iii) For the two B ! K�0 decays, the corresponding
MFF are also much smaller than the other NLO
parts (MVC, Mql and Mmp), but comparable in

size with their summation, MVCþqlþmp, and there-

fore all NLO contributions together provide the
required enhancements to BrðB ! K�0Þ to account
for the measured values.

(iv) The only missing NLO parts in the pQCD approach
are Mcþd

NLO from Figs. 5(a)–5(d) and Manni
NLO from

Figs. 5(e)–5(h). They are most probably small in
size according to the studies in this paper and the
general expectations based on the isospin cancel-
ation and power suppression.

VI. SUMMARY

In this paper, we made a systematic study of the four

B ! K�ð0Þ decays in the pQCD factorization approach. We
calculated the CP-averaged branching ratios and

CP-violating asymmetries of the four B ! K�ð0Þ decays
in three different mixing schemes: the ordinary FKS �-�0
mixing scheme, the �-�0-G mixing scheme, and the
�-�0-G-�c mixing scheme. We considered the full LO
contributions and all currently known NLO contributions

to B ! K�ð0Þ decays in the pQCD approach. Besides those
NLO contributions considered in Ref. [12], we here took

the newly known NLO part of the B ! ðK;�ð0ÞÞ transition
form factors into account as well.

From our numerical calculations and phenomenological
analysis, we find the following points.

(i) In all three mixing schemes considered, the NLO
pQCD predictions for the branching ratios and
CP-violating asymmetries agree with the data within
one standard deviation; of course, this is partially
due to the still large theoretical errors. However, the
NLO pQCD predictions in the �-�0-G mixing
scheme provide a nearly perfect interpretation of
the measured values. The NLO pQCD predictions
in MS-2 are the following:

BrðB0 ! K0�Þ ¼ ð1:13þ1:95
�1:01Þ � 10�6;

BrðB0 ! K0�0Þ ¼ ð66:5þ25:9
�19:4Þ � 10�6;

BrðB� ! K��Þ ¼ ð2:36þ2:63
�1:50Þ � 10�6;

BrðB� ! K��0Þ ¼ ð67:3þ26:0
�19:4Þ � 10�6

(95)

for branching ratios, and

Adir
CPðB� ! K��Þ ¼ ð�22:9þ15:2

�19:1Þ � 10�2;

Adir
CPðB� ! K��0Þ ¼ ð�5:5þ1:9

�1:9Þ � 10�2;

Adir
CPðB0 ! K0

S�Þ ¼ ð�16:0þ7:9
�14:3Þ � 10�2;

Amix
CP ðB0 ! K0

S�Þ ¼ ð66:7þ3:7
�8:5Þ � 10�2;

Adir
CPðB0 ! K0

S�
0Þ ¼ ð3:3� 0:3Þ � 10�2;

Amix
CP ðB0 ! K0

S�
0Þ ¼ ð70:0� 0:3Þ � 10�2

(96)

for the CP-violating asymmetries, where the indi-
vidual theoretical errors have been combined in
quadrature.

(ii) For the B0 ! K0�0 and Bþ ! Kþ�0 decays, the
NLO contributions provide significant enhance-
ments to their branching ratios. In the �-�0-G mix-
ing scheme, for example, the NLO contribution
provides a 89% (73%) enhancement to BrðB0 !
K0�0Þ [BrðBþ ! Kþ�0Þ] with respect to the LO
prediction. Such enhancements play a key role in

our effort to resolve the K�ð0Þ puzzle and to under-

stand the patten of BrðB ! K�ð0ÞÞ.
(iii) For the B0 ! K0� and Bþ ! Kþ� decays, the

inclusion of the NLO contributions only leads to
relatively small changes to their branching ratios,
but the resulting variations are in the right direction

TABLE IX. The numerical values of MLO, MNLO1, MNLO (in units of 10�4) and the ratio RNLO for B ! K�ð0Þ decays in the �-�0
and �-�0-G mixing schemes.

Decay MS MLO MNLO1 Mtot
NLO RNLO

K0� 1 �1:30þ i0:47 �1:54� i0:49 �1:49� i0:53 1:91:2:61:2:50
2 �0:76þ i0:51 �1:05� i0:14 �1:05� i0:15 0:84:1:12:1:13

K0�0 1 3:40� i3:29 5:41� i3:32 5:91� i3:57 22:4:40:3:47:7
2 4:32� i3:37 6:16� i3:16 6:63� i3:40 30:0:47:9:55:5

Kþ� 1 �1:67� i0:06 �1:65� i0:96 �1:65� i1:13 2:79:3:64:4:00
2 �1:05� i0:03 �1:22� i0:74 �1:26� i0:87 1:10:2:04:2:35

Kþ�0 1 3:50� i3:83 5:22� i3:77 5:69� i4:13 26:9:41:5:49:4
2 4:31� i4:08 5:91� i3:78 6:34� i4:13 32:2:49:2:57:3
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and helpful for us in improving the consistency
between the pQCD predictions and the measured
values. In the �-�0-G mixing scheme, for instance,
the central values of the pQCD predictions are
BrðB0 ! K0�Þ ¼ 0:90� 10�6 and BrðBþ !
Kþ�Þ ¼ 1:98� 10�6 at the leading order; these
changed to BrðB0 ! K0�Þ ¼ 1:13� 10�6 and
BrðBþ ! Kþ�Þ ¼ 2:36� 10�6 when the NLO
contributions were taken into account, while the
corresponding measured values are 1:23þ0:27

�0:23 �
10�6 and 2:36þ0:22

�0:21 � 10�6, respectively.

(iv) By comparing the pQCD predictions given in the
‘‘NLO1’’ and ‘‘NLO’’ columns in Tables II, III, and
IV, one can directly see the effects of the NLO form

factors: the NLO part MFF of the B ! K and B !
�ð0Þ form factors can produce an about 20% en-
hancement to the branching ratios BrðB ! K�0Þ,
which plays an important role in closing the gap
between the pQCD predictions and the relevant
data.

(v) In the �-�0-G-�c mixing scheme, the decay chain

B ! K�c ! K�ð0Þ can provide an effective en-
hancement to the branching ratios at the leading
order, but when the large NLO contributions are
taken into account the effects of the �c component
become unimportant.

(vi) For B� ! K�� decays, the LO pQCD predictions
for Adir

CP in all three mixing schemes have a sign

opposite that of the measured value. The inclusion
of the NLO contributions changed the sign of the
pQCD predictions forAdir

CP, while the NLO pQCD

predictions forAdir
CPðB� ! K��Þ in the MS-1 and

MS-2 cases are now becoming consistent with the
data within one standard deviation. However, the
NLO pQCD prediction for Adir

CPðB� ! K��Þ in

the MS-3 case is still much smaller in magnitude
than the measured value.

(vii) For Adir
CPðB� ! K��0Þ, the NLO pQCD predic-

tions agree with the data within one standard de-
viation, while the consistency between the pQCD
predictions and the data is improved by the inclu-
sion of the NLO contributions.

(viii) For the direct and mixing-induced CP-violating

asymmetries Adir
CPðB0 ! K0

S�
ð0ÞÞ and

Amix
CP ðB0 ! K0

S�
ð0ÞÞ, the pQCD predictions have

a weak dependence on the NLO contributions and
the choice of different mixing schemes. For

Adir;mix
CP ðB0 ! K0

S�
0Þ, for example, the NLO

pQCD predictions are Adir
CPðB0 ! K0

S�
0Þ � 3%

andAmix
CP ðB0 ! K0

S�
0Þ � 70%, which are consis-

tent with the measured values of ð1� 9Þ% and
ð64� 11Þ%, respectively.

(ix) The factorizable emission diagrams [Figs. 1(a) and
1(b)] provide the dominant contribution to the con-
sidered decays. The LO contribution Mcþd from

the spectator diagrams [Figs. 1(c) and 1(d)] is
already less than 3% of the total contribution. The
next-to-leading-order contributions Mcþd

NLO from

the Figs. 5(a)–5(d) are the higher-order contribu-
tions and therefore should be smaller than their LO
counterpart Mcþd. Consequently, it is reasonable
for us to neglect Mcþd

NLO from the spectator dia-

grams [Figs. 5(a)–5(d)].
(x) The real part of Manni is always negligibly small,

but its imaginary part is relatively large and leads to
a large strong phase, which can also produce an
effective enhancement to the branching ratios of
the considered decays. Although jManni

NLOj is most

probably much smaller than its LO counterpart
jMannij, but the still missing NLO contribution
Manni

NLO from Figs. 5(e)–5(h) may be comparable in

size with MFF, and should be calculated as soon as
possible.
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APPENDIX A: DISTRIBUTION AMPLITUDES

The expressions for the relevant distribution amplitudes
(DAs) of the K meson are the following [34,39]:

�A
KðxÞ ¼

fK
2
ffiffiffiffiffiffiffiffiffi
2Nc

p 6xð1� xÞ½1þ aK1 C
3=2
1 ðtÞ þ aK2 C

3=2
2 ðtÞ

þ aK4 C
3=2
4 ðtÞ�; (A1)

�P
KðxÞ ¼

fK
2
ffiffiffiffiffiffiffiffiffi
2Nc

p
�
1þ

�
30�3 � 5

2
�2
K

�
C1=2
2 ðtÞ

� 3

�
�3!3 þ 9

20
�2
Kð1þ 6aK2 Þ

�
C1=2
4 ðtÞ

�
; (A2)

�T
KðxÞ ¼ � fK

2
ffiffiffiffiffiffiffiffiffi
2Nc

p t

�
1þ 6

�
5�3 � 1

2
�3!3 � 7

20
�2
K

� 3

5
�2
Ka

K
2

�
ð1� 10xþ 10x2Þ

�
; (A3)

with the mass ratio �K ¼ mK=m0K. The Gegenbauer
moments are of the form [34]

aK1 ¼ 0:2; aK2 ¼ 0:25; aK4 ¼ �0:015: (A4)

The values of the other parameters are �3 ¼ 0:015 and
! ¼ �3:0. Finally, the Gegenbauer polynomials C�

nðtÞ are
given as
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C1=2
2 ðtÞ ¼ 1

2
ð3t2 � 1Þ; C1=2

4 ðtÞ ¼ 1

8
ð3� 30t2 þ 35t4Þ; C3=2

1 ðtÞ ¼ 3t;

C3=2
2 ðtÞ ¼ 3

2
ð5t2 � 1Þ; C3=2

4 ðtÞ ¼ 15

8
ð1� 14t2 þ 21t4Þ; (A5)

with t ¼ 2x� 1.
The distribution amplitudes �A;P;T

�q
are given as [34]

�A
�q
ðxÞ ¼ fq

2
ffiffiffiffiffiffiffiffiffi
2Nc

p 6xð1� xÞ½1þ a
�q

1 C3=2
1 ð2x� 1Þ þ a

�q

2 C3=2
2 ð2x� 1Þ þ a

�q

4 C3=2
4 ð2x� 1Þ�; (A6)

�P
�q
ðxÞ ¼ fq

2
ffiffiffiffiffiffiffiffiffi
2Nc

p
�
1þ

�
30�3 � 5

2
�2
�q

�
C1=2
2 ð2x� 1Þ � 3

�
�3!3 þ 9

20
�2
�q
ð1þ 6a

�q

2 Þ
�
C1=2
4 ð2x� 1Þ

�
; (A7)

�T
�q
ðxÞ ¼ fq

2
ffiffiffiffiffiffiffiffiffi
2Nc

p ð1� 2xÞ
�
1þ 6

�
5�3 � 1

2
�3!3 � 7

20
�2
�q

� 3

5
�2
�q
a
�q

2

�
� ð1� 10xþ 10x2Þ

�
; (A8)

where ��q
¼ 2mq=mqq, a

�q

1 ¼ a�1 ¼ 0, a
�q

2 ¼ a�2 ¼ 0:44� 0:22, a
�q

4 ¼ a�4 ¼ 0:25, and the Gegenbauer polynomials
C�
nðtÞ have been given in Eq. (A5). As for the wave functions and the corresponding DAs of the s�s components, we also use

the same form as q �q but with some parameters changed: ��s
¼ 2ms=mss, a

�s

i ¼ a
�q

i for i ¼ 1, 2, 4.

APPENDIX B: RELATED HARD FUNCTIONS

The hard scales appearing in the decay amplitudes are chosen as

ta ¼ max f ffiffiffiffiffi
x3

p
MB; 1=b1; 1=b3g; t0a ¼ max f ffiffiffiffiffi

x1
p

MB; 1=b1; 1=b3g;
tb ¼ max

� ffiffiffiffiffiffiffiffiffi
x1x3

p
MB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1� x1 � x2jx3

q
MB; 1=b1; 1=b2

�
; t0b ¼ max

� ffiffiffiffiffiffiffiffiffi
x1x3

p
MB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1 � x2jx3

q
MB; 1=b1; 1=b2

�
;

tc ¼ max

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x3

p
MB; 1=b2; 1=b3

�
; t0c ¼ max f ffiffiffiffiffi

x2
p

MB; 1=b2; 1=b3g;

td ¼ max

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� x1 � x2Þx3

q
MB; 1=b1; 1=b2

�
;

t0d ¼ max

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1 � x2jð1� x3Þ

q
MB; 1=b1; 1=b2

�
; te ¼ max

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3ð1� r2�c

Þ
q

MB; 1=b1; 1=b3

�
;

t0e ¼ max

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1� r2�c

Þ
q

MB; 1=b1; 1=b3

�
;

tf ¼ max

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x3ð1� r2�c

Þ
q

MB;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jð�1þ x1 þ x2Þ½x3 þ ð1� x2 � x3Þr2�c

� þ r2�c
j

q
MB; 1=b1; 1=b2

�
;

t0f ¼ max

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x3ð1� r2�c

Þ
q

MB;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðx1 � x2Þ½x3 þ ðx2 � x3Þr2�c

� þ r2�c
j

q
MB; 1=b1; 1=b2

�
:

(B1)

The hard functions his appearing in the decay amplitudes are defined by

heðx1; x3; b1; b3Þ ¼ ½	ðb1 � b3ÞI0ð ffiffiffiffiffi
x3

p
MBb3ÞK0ð ffiffiffiffiffi

x3
p

MBb1Þ þ 	ðb3 � b1ÞI0ð ffiffiffiffiffi
x3

p
MBb1ÞK0ð ffiffiffiffiffi

x3
p

MBb3Þ�
� K0ð ffiffiffiffiffiffiffiffiffi

x1x3
p

MBb1ÞStðx3Þ;
hnðx1; x2; x3; b1; b2Þ ¼ ½	ðb2 � b1ÞK0ð ffiffiffiffiffiffiffiffiffi

x1x3
p

MBb2ÞI0ð ffiffiffiffiffiffiffiffiffi
x1x3

p
MBb1Þ þ 	ðb1 � b2ÞK0ð ffiffiffiffiffiffiffiffiffi

x1x3
p

MBb1ÞI0ð ffiffiffiffiffiffiffiffiffi
x1x3

p
MBb2Þ�

�
8<
:

i�
2 H

ð1Þ
0 ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 � x1Þx3

p
MBb2Þ; x1 � x2 < 0;

K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx1 � x2Þx3

p
MBb2Þ; x1 � x2 > 0;

(B2)
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haðx2; x3; b2; b3Þ ¼
�
i�

2

�
2
Stðx3Þ½	ðb2 � b3ÞHð1Þ

0 ð ffiffiffiffiffi
x3

p
MBb2ÞJ0ð ffiffiffiffiffi

x3
p

MBb3Þ þ 	ðb3 � b2ÞHð1Þ
0 ð ffiffiffiffiffi

x3
p

MBb3ÞJ0ð ffiffiffiffiffi
x3

p
MBb2Þ�

�Hð1Þ
0 ð ffiffiffiffiffiffiffiffiffi

x2x3
p

MBb2Þ;
hnaðx1; x2; x3; b1; b2Þ ¼ i�

2

�
	ðb1 � b2ÞHð1Þ

0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MBb1

�
J0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MBb2

�

þ 	ðb2 � b1ÞHð1Þ
0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MBb2

�
J0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MBb1

��
K0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� x1 � x2Þx3

q
MBb1

�
;

(B3)

h0naðx1; x2; x3; b1; b2Þ ¼ i�

2

�
	ðb1 � b2ÞHð1Þ

0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MBb1

�
J0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MBb2

�

þ 	ðb2 � b1ÞHð1Þ
0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MBb2

�
J0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
MBb1

��

�
8<
:

i�
2 H

ð1Þ
0 ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 � x1Þð1� x3Þ

p
MBb1Þ; x1 � x2 < 0;

K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx1 � x2Þð1� x3Þ

p
MBb1Þ; x1 � x2 > 0;

(B4)

where Hð1Þ
0 ðzÞ ¼ J0ðzÞ þ iY0ðzÞ,

h0eðx1; x3; b1; b3Þ ¼ ½	ðb1 � b3ÞI0ð
ffiffiffiffi
�

p
MBb3ÞK0ð

ffiffiffiffi
�

p
MBb1Þ þ 	ðb3 � b1ÞI0ð

ffiffiffiffi
�

p
MBb1ÞK0ð

ffiffiffiffi
�

p
MBb3Þ�K0ð

ffiffiffiffi
�

p
MBb1ÞStðx3Þ;

(B5)

where � ¼ x3ð1� r2�c
Þ and � ¼ x1x3ð1� r2�c

Þ,
h0nðx1; x2; x3; b1; b2Þ ¼ ½	ðb2 � b1ÞK0ð

ffiffiffiffiffi
�0p
MBb2ÞI0ð

ffiffiffiffiffi
�0p
MBb1Þ þ 	ðb1 � b2ÞK0ð

ffiffiffiffiffi
�0p
MBb1ÞI0ð

ffiffiffiffiffi
�0p
MBb2Þ�

�
8<
:

i�
2 H

ð1Þ
0 ð ffiffiffiffiffiffiffiffiffiffij�02jp

MBb2Þ; �02 < 0;

K0ð
ffiffiffiffiffiffiffiffiffiffij�02jp

MBb2Þ; �02 > 0;
(B6)

where �0 ¼ x1x3ð1� r2�c
Þ and �02 ¼ ðx1 � x2Þ½x2r2�c

þ x3ð1� r2�c
Þ� þ r2�c

.
The function StðxÞ has been parametrized as [32,40]

StðxÞ ¼ 21þ2c�ð3=2þ cÞffiffiffiffi
�

p
�ð1þ cÞ ½xð1� xÞ�c; (B7)

with c ¼ 0:3.

The evolution factors Eð0Þ
e and Eð0Þ

a appearing in the decay amplitudes are given by

EeðtÞ ¼ �sðtÞ exp ½�SBðtÞ � S3ðtÞ�; E0
eðtÞ ¼ �sðtÞ exp ½�SBðtÞ � S2ðtÞ � S3ðtÞ�jb1¼b3 ;

EaðtÞ ¼ �sðtÞ exp ½�S2ðtÞ � S3ðtÞ�; E0
aðtÞ ¼ �sðtÞ exp ½�SBðtÞ � S2ðtÞ � S3ðtÞ�jb2¼b3 ;

(B8)

where the Sudakov exponents are defined as [5,6,9]

SBðtÞ ¼ s

�
x1

MBffiffiffi
2

p ; b1

�
þ 5

3

Z t

1=b1

d ��

��
�qð�sð ��ÞÞ; S2ðtÞ ¼ s

�
x2

MBffiffiffi
2

p ; b2

�
þ s

�
ð1� x2ÞMBffiffiffi

2
p ; b2

�
þ 2

Z t

1=b2

d ��

��
�qð�sð ��ÞÞ;

(B9)

with the quark anomalous dimension �q ¼ ��s=�. Replacing the variables ðx2; b2Þ in S2 by ðx3; b3Þ, we get the expression
for S3. At the one-loop order, the explicit expression of the function sðQ; bÞ is [5,6]

sðQ; bÞ ¼ Að1Þ

2�1

q̂ ln

�
q̂

b̂

�
� Að1Þ

2�1

ðq̂� b̂Þ þ Að2Þ

4�2
1

�
q̂

b̂
� 1

�
�
�
Að2Þ

4�2
1

� Að1Þ

4�1

ln

�
e2�E�1

2

��
ln

�
q̂

b̂

�
þ � � � ; (B10)

where the variables are defined by
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q̂ 
 ln ½Q=ð ffiffiffi
2

p
�Þ�; b̂ 
 ln ½1=ðb�Þ�; (B11)

and the coefficients AðiÞ and �1 are of the form

�1 ¼
33� 2nf

12
; Að1Þ ¼ 4

3
; Að2Þ ¼ 67

9
� �2

3
� 10

27
nf þ 8

3
�1 ln

�
1

2
e�E

�
; (B12)

where nf is the number of quark flavors and �E is the Euler constant.
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