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We show that, leaving aside accelerated cosmic expansion, all experimental data in high energy physics

that are commonly agreed to require physics beyond the Standard Model can be explained when

completing the model by three right-handed neutrinos that can be searched for using present-day

experimental techniques. The model that realizes this scenario is known as the Neutrino Minimal

Standard Model (�MSM). In this article we give a comprehensive summary of all known constraints in

the �MSM, along with a pedagogical introduction to the model. We present the first complete quantitative

study of the parameter space of the model where no physics beyond the �MSM is needed to

simultaneously explain neutrino oscillations, dark matter, and the baryon asymmetry of the Universe.

The key new point of our analysis is leptogenesis after sphaleron freeze-out, which leads to resonant dark

matter production, thus evading the constraints on sterile neutrino dark matter from structure formation

and x-ray searches. This requires one to track the time evolution of left- and right-handed neutrino

abundances from hot big bang initial conditions down to temperatures below the QCD scale. We find that

the interplay of resonant amplifications, CP-violating flavor oscillations, scatterings, and decays leads to a

number of previously unknown constraints on the sterile neutrino properties. We furthermore reanalyze

bounds from past collider experiments and big bang nucleosynthesis in the face of recent evidence for a

nonzero neutrino mixing angle �13. We combine all our results with existing constraints on dark matter

properties from astrophysics and cosmology. Our results provide a guideline for future experimental

searches for sterile neutrinos. A summary of the constraints on sterile neutrino masses and mixings has

appeared in Canetti et al. [Phys. Rev. Lett. 110, 061801 (2013)]. In this article we provide all details of our

calculations and give constraints on other model parameters.
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I. INTRODUCTION

The Standard Model of particle physics (SM), together
with the theory of general relativity (GR), allows one to
explain almost all phenomena observed in nature in terms
of a small number of underlying principles—Poincaré
invariance, gauge invariance, and quantum mechanics—
and a handful of numbers. In the SM these are 19 free
parameters that can be chosen as three masses for the
charged leptons; six masses, three mixing angles, and
one CP-violating phase for the quarks; three gauge cou-
plings and two parameters in the scalar potential and the
QCD vacuum angle. Three leptons, the neutrinos, remain
massless in the SM and appear only with left-handed
chirality. GR adds another two parameters to the barcode
of nature, the Planck mass and the cosmological constant.

Despite its enormous success, we know for sure that the
above is not a complete theory of nature for two reasons.1

On one hand, it treats gravity as a classical background for

the SM, which is a quantum field theory. Such a description
necessarily breaks down at energies near the Planck scale
MP and has to be replaced by a theory of quantum gravity.
We do not address this problem here, which is of little
relevance for current and near-future experiments. On the
other hand, the SM fails to explain a number of experi-
mental facts. These are neutrino oscillations, the observed
baryon asymmetry of the Universe (BAU), the observed
dark matter (DM), and the accelerated expansion of the
Universe today. In addition, there are a number of cosmo-
logical problems (e.g., the flatness and horizon problems).
These can be explained by cosmic inflation, another phase
of accelerated expansion in the Universe’s very early his-
tory, for which the SM cannot provide a mechanism either.
To date, these are the only confirmed empirical proofs of
physics beyond the SM.2 In this article we argue that,
leaving aside accelerated cosmic expansion, all of them

1We do not address theoretical issues of ‘‘aesthetic’’ nature
such as fine-tuning in the context of the hierarchy problem, the
strong CP problem, and the flavor structure. They may be
interpreted as hints for new physics, but could also simply
represent nature’s choice of parameters.

2We leave aside all experimental and observational anomalies
that do not lead to a claim of detection of new physics, i.e., that
may be explained within the SM or by systematic errors. This
includes the long-standing problem of the muon magnetic mo-
ment, the inconclusive results of different direct DM searches, as
well as various anomalies of limited statistical significance.
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may be explained by adding three right-handed (sterile)
neutrinos to the SM that can be found in experiments.

The model in which this possibility can be realized is
known as the Neutrino Minimal Standard Model (�MSM)
[1–3]. The �MSM is an extension of the SM that aims to
explain all experimental data with only minimal modifica-
tions. This, in particular, means that there is no modifica-
tion of the gauge group, the number of fermion families
remains unchanged, and no new energy scale above the
Fermi scale is introduced.3 The matter content is, in com-
parison to the SM, complemented by three right-handed
counterparts to the observed neutrinos. These are singlet
under all gauge interactions. Over the past years, different
aspects of the �MSM have been explored using cos-
mological, astrophysical, and experimental constraints
[1–3,6–31]. Moreover, it was suggested that cosmic infla-
tion [32–34] and the current accelerated expansion [35–38]
may also be accommodated in this framework by non-
minimal coupling of the Higgs field to gravitational Ricci
scalars and by introducing yet another particle—the
dilaton—realizing exact, but spontaneously broken scale
invariance.4 However, though the abundances of dark and
baryonic matter have been estimated individually in the
framework of the �MSM, to date it has not been verified
that there is a range of right-handed neutrino parameters
for which they can be explained simultaneously without
any new physics between the Fermi and Planck scales, and,
in particular, for experimentally accessible sterile neutri-
nos. Claims made in Ref. [3] were based on estimates and
turn out to be somewhat premature from today’s point of
view due to constraints on the properties of DM sterile
neutrinos from Ly� and x-ray observations, which were not
known at that time. These constraints can be resolved if
DM production is enhanced by a lepton asymmetry gen-
erated after sphaleron freeze-out. In this article we present
detailed results of the first complete quantitative study to
identify the range of parameters that allows one to simul-
taneously explain neutrino oscillations, the observed DM
density �DM, and the observed BAU, responsible for
today’s remnant baryonic density �B. In the following
we refer to this situation, in which no physics beyond the
�MSM is required to explain these phenomena, as scenario
I. In this scenario DM is made of one of the right-handed
neutrinos, while the other two are responsible for baryo-
genesis and the generation of active neutrino masses. We
also study systematically how the constraints relax if one
allows the sterile neutrinos that compose DM to be

produced by some mechanism beyond the �MSM
(scenario II). Finally, we briefly comment on a scenario III,
in which the �MSM is a theory of baryogenesis and
neutrino oscillations only, with no relation to DM. A
more precise definition of these scenarios is given in
Sec. II B. Only scenarios I and II are studied in this article,
which is devoted to the �MSM as the common origin of
DM, neutrino masses, and the BAU. While scenario II has
previously been studied in Ref. [22], the constraints com-
ing from the requirement to thermally produce the ob-
served �DM in scenario I are calculated for the first time
in this work. We combine our results with bounds coming
from big bang nucleosynthesis (BBN) and direct searches
for sterile neutrinos, which we rederive in the face of recent
data from neutrino experiments (in particular, �13 � 0).
The centerpiece of our analysis is the study of all lepton

numbers throughout the evolution of the early Universe. As
will be explained below, in the �MSM, lepton asymmetries
are crucial for both baryogenesis and DM production. We
determine the time evolution of left- and right-handed neu-
trino abundances for a wide range of sterile neutrino pa-
rameters from hot big bang initial conditions at temperatures
T � TEW � 200 GeV down to temperatures below the
QCD scale by means of effective kinetic equations. They
incorporate various effects, including thermal production of
sterile neutrinos from the primordial plasma, coherent os-
cillations, backreaction, washouts, resonant amplifications,
decoherence, finite temperature corrections to the neutrino
properties, and the change in the effective number of degrees
of freedom in the SM background. Many of these were
only roughly estimated or completely neglected in previous
studies. The various different time scales appearing in the
problem make an analytic treatment or the use of a single
CP-violating parameter impossible in most of the parameter
space. Most of our results are obtained numerically.
However, the parametric dependence on the experimentally
relevant parameters (sterile neutrino masses and mixings)
can be understood in a simple way. Furthermore, we dis-
cover a number of tuning conditions that can be understood
analytically and that allow one to reduce the dimensionality
of the parameter space.
We find that there exists a considerable fraction of the

�MSM parameter space in which the model can simulta-
neously explain neutrino oscillations, dark matter, and the
baryon asymmetry of the Universe. This includes a range
of masses and couplings for which the right-handed neu-
trinos can be found in laboratory experiments [16]. The
main results of our study, constraints on sterile neutrino
masses and mixings, have previously been presented in
Ref. [1]. In this article we give details of our calculation
and constraints on other model parameters, which are not
discussed in Ref. [1].
The remainder of this article is organized as follows. In

Sec. II we overview the �MSM and its parametrization and
describe the Universe history in this framework, including

3Because of this, the technical hierarchy problem may be
absent in the �MSM because no new states with energies
between the electroweak and the Planck scale are required [4,5].

4Inflation can be realized without introducing the nonminimal
coupling by adding an extra scalar to the �MSM [15]. This
inflaton can be light enough to be detected in direct searches
[39]. It also provides a new mechanism for sterile neutrino dark
matter production [15] (see also Refs. [40,41]).
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baryogenesis and dark matter production. In Sec. III we
discuss different experimental and cosmological bounds on
the properties of right-handed neutrinos in the �MSM. In
Sec. IV we formulate the kinetic equations which are used
to follow the time evolution of sterile neutrinos and active
neutrino flavors in the early Universe. In Sec. V we present
our results on baryogenesis in scenario II. In Sec. VI we
study the generation of lepton asymmetries at late times,
essential for thermal dark matter production in the �MSM.
In Sec. VII we combine the constraints of the two previous
sections and define the region of parameters where sce-
nario I can be realized; i.e., the �MSM explains simulta-
neously neutrino masses and oscillations, dark matter, and
baryon asymmetry of the Universe. In Sec. VIII we present
our conclusions. In a number of appendixes we give tech-
nical details on kinetic equations (Appendix A), on the
parametrization of the �MSM Lagrangian (Appendix B),
on different notations to describe lepton asymmetries
(Appendix C), and on the decay rates of sterile neutrinos
(Appendix D).

II. THE �MSM

The �MSM is described by the Lagrangian

L�MSM ¼ LSM þ i�R 6@�R � LLF�R
~�� �RF

yLL
~�y

� 1

2
ð�c

RMM�R þ �RM
y
M�

c
RÞ: (1)

Here we have suppressed flavor and isospin indices.LSM is
the Lagrangian of the SM. F is a matrix of Yukawa
couplings and MM a Majorana mass term for the right-
handed neutrinos �R. LL ¼ ð�L; eLÞT are the left-handed
lepton doublets in the SM and � is the Higgs doublet. We
chose a basis where the charged lepton Yukawa couplings
andMM are diagonal. The Lagrangian (1) is well known in
the context of the seesaw mechanism for neutrino masses
[43–46] and leptogenesis [47]. While the eigenvalues of
MM in most models are related to an energy scale far above
the electroweak scale, it is a defining assumption of the
�MSM that the observational data can be explained with-
out involvement of any new scale above the Fermi one.

A. Mass and flavor eigenstates

For temperatures T <MW below the mass of the W
boson we can, to a good approximation, replace the
Higgs field � by its vacuum expectation value v ¼
174 GeV. Then (1) can be written as

L¼LSMþ i�R;I 6@�R;I�ðmDÞ�I�L;��R;I�ðm�
DÞ�I�R;I�L;�

�1

2
ððMMÞIJ�c

R�R;JþðMMÞ�IJ�R;I�
c
R;JÞ (2)

with the Dirac mass matrix mD ¼ Fv. When the eigenval-
ues of MM are much larger than those of mD, the seesaw
mechanism naturally leads to light active and heavy sterile
neutrinos. This hierarchy is realized in the �MSM.

In the seesaw limitmD � MM (in terms of eigenvalues),
the complete 6� 6 neutrino mass matrix has two sets of
eigenvalues in vacuum. Three of them are of the same
order as the eigenvalues of MM; the other three are sup-
pressed by two powers of the active-sterile mixing matrix
��I ¼ ðmDM

�1
M Þ�I. Expansion in � allows us to block-

diagonalize the mass matrix. At leading order one obtains
the 3� 3 mass matrices

m� ¼ ��MM�
T; (3)

MN ¼ MM þ 1

2
ð�y�MM þMT

M�
T��Þ: (4)

The mass matricesm� andMN are not diagonal and lead to
neutrino oscillations. Diagonalizing them yields the mass
eigenstates in vacuum. Due to the seesaw hierarchy � � 1
there are two distinct sets of them: on one hand, active
neutrinos �i with masses mi, which are mainly mixings of
the SU(2) charged fields �L,

PL�i ¼
�
Uy

�

��
1� 1

2
��y

�
�L � ��c

R

��
i
; (5)

and on the other hand, sterile neutrinos5 NI with masses
MI, which are mainly mixings of the singlet fields �R,

PRNI ¼
�
Uy

N

��
1� 1

2
�T��

�
�R þ �T�c

L

��
I
: (6)

Here PR;L are chiral projectors and NI (�i) are Majorana

spinors, the left chiral (right chiral) part of which is fixed
by the Majorana relations Nc

I ¼ NI and �i ¼ �c
i . The

matrix UN diagonalizes the sterile neutrino mass matrix
MN defined in (4). The entries of the matrix � determine
the active-sterile mixing angles. While there is very little
mixing between active and sterile flavors at all tempera-
tures of interest, the oscillations between sterile neutrinos
can be essential for the generation of a lepton asymmetry.
m� can be parametrized in the usual way by active

neutrino masses, mixing angles and phases, m�¼
U�diagðm1;m2;m3ÞUT

� . In the basis where the charged
lepton Yukawas are diagonal, U� is identical to the
Pontecorvo-Maki-Nakagawa-Sakata lepton mixing matrix.
The physical sterile neutrino masses MI are given by the

eigenvalues of My
NMN . In the seesaw limit the diagonal

elements of MN are much bigger than the off-diagonals
and are very close to the entries of MM. We nevertheless
need to keep termsOð�2Þ because themassesM2 andM3 are
degenerate in the �MSM (see Sec. II F), and the mixing of
the sterile neutrinos N2;3 amongst each other may be large

despite the seesaw hierarchy.6 This mixing is given by the
matrix UN , which can be seen as an analogue to U�. We

5In Ref. [6] the notation is slightly different and the letter
‘‘NI’’ does not denote mass eigenstates.

6It turns out that in scenario I the region where UN is close to
the identity phenomenologically is the most interesting: see
Sec. II F.

DARK MATTER, BARYOGENESIS AND NEUTRINO . . . PHYSICAL REVIEW D 87, 093006 (2013)

093006-3



chose the phase convention in UN such that MN ¼
UNdiagðM1;M2;M3ÞUT

N , with MI real and positive. Note,
however, that UN cannot be tested in realistic low energy
experiments at this stage. The experimentally measurable
combination is defined in Eq. (7).7 It is worth noting that due
to (4) the matrix UN is real at this order in F.

The experimentally relevant coupling between active
and sterile species is given by the matrix � with8

��I � ð�U�
NÞ�I ¼ ðmDM

�1
M U�

NÞ�I: (7)

In practice, experiments to date cannot distinguish the
sterile flavors and are only sensitive to the quantities

U2
� �X

I

��I�
�
�I ¼

X
I

��I�
�
�I: (8)

B. Benchmark scenarios

The notation introduced above allows us to define sce-
narios I–III, introduced in Sec. I, more precisely.

(I) In scenario I no physics beyond the �MSM is needed
to explain the observed �DM, neutrino masses and
�B. DM is composed of thermally produced sterile
neutrinos N1. N2 and N3 generate active neutrino
masses via the seesaw mechanism, and their
CP-violating oscillations produce lepton asymme-
tries in the early Universe. The effect of N1 on
neutrino masses and lepton asymmetry generation
is negligible. This is because its Yukawa couplings
F�1 must be tiny by the known constraints on DM,
cf. Sec. III A 2. The lepton asymmetries produced by
N2;3 are crucial on two occasions in the history of the

Universe: On one hand, the asymmetries generated
at early times (T * 140 GeV) are responsible for
the generation of a BAU via flavored leptogenesis;
on the other hand, the late-time asymmetries
(T � 100 MeV) strongly affect the rate of thermal
N1 production. Due to the latter the requirement to
produce the observed �DM imposes indirect con-
straints on the particles N2;3. There are determined

in Secs. VI and VII and form the main result of our
study.

(II) In scenario II the roles of N2;3 and N1 are the same

as in scenario I, but we assume that DM was
produced by some unknown mechanism beyond
the �MSM. The astrophysical constraints on the

N1 mass and coupling equal those in scenario I.
N2;3 are again required to generate the active neu-

trino masses via the seesaw mechanism and to
produce sufficient flavored lepton asymmetries at
T � 140 MeV to explain the BAU. However, there
is no need for a large late-time asymmetry. This
considerably relaxes the bounds onN2;3. Scenario II

is studied in detail in Sec. V.
(III) In scenario III the �MSM is not required to explain

DM; i.e., it is considered to be a theory of neutrino
masses and low energy leptogenesis only. Then, all
three NI can participate in the generation of lepton
asymmetries. This makes the parameter space
for baryogenesis considerably bigger than in
scenarios I and II, including new sources of CP
violation. We do not study scenario III in this work;
some aspects are discussed in Ref. [30].

C. Effective theory of lepton number generation

In scenarios I and II the lightest sterile neutrino N1 is a
DM candidate. In this article we focus on these two sce-
narios. If N1 is required to compose all observed DM, its
massM1 and mixing are constrained by observational data;
see Sec. III. Its mixing is so small that its effect on the
active neutrino masses is negligible. Note that this implies
that one active neutrino is much lighter than the others
[with mass smaller than Oð10�5Þ eV [2]]. If experiments
find three massive active neutrinos, this finding would
exclude the �MSMwith three sterile neutrinos as common
and only origin of active neutrino oscillations, dark matter
and baryogenesis. N1 does not contribute significantly to
the production of lepton asymmetry at any time either. This
process can therefore be described in an effective theory
with only two sterile flavors N2;3. In the following we will

almost exclusively work in this framework. To simplify the
notation, we will use the symbols MN and UN for both the
full (3� 3) mass matrix and mixing matrices defined
above and the (2� 2 and 3� 2) submatrices that only
involve the sterile flavors I ¼ 2, 3, which appear in the
effective theory. The mixing between N1 and N2;3 is neg-

ligible due to the smallness of F�1, which is enforced by
the seesaw relation (3) and the observational bounds onM1

summarized in Sec. III A 2. The effective N2;3 mass matrix

can be written as

MN ¼ M12�2 þ�M�3 þM�1Reðmy
DmDÞ; (9)

where �3 is the third Pauli matrix and we choose the
parametrization MM ¼ diagðM� �M;Mþ �MÞ. This
equality holds because we choose MM real and diagonal.
The physical masses M2 and M3 are given by the eigen-
values of MN . They read

M2;3 ¼ �M� �M; (10)

7This does not mean thatUN is not physical. After diagonaliza-
tion of MN , it appears in the coupling of the sterile mass eigen-
states NI to the electroweak current (in contrast to �R, NI couples
to the weak current via its �c

L component). Six of the 18 �MSM
parameters are contained in UN . Experimentally these are, how-
ever, only accessible in processes of higher order in F and with
ideal detectors,which have amass resolution that is high enough to
distinguish different sterile neutrino mass eigenstates.

8In Eq. (6) the matrix Uy
N�

T ¼ �T appears (rather than �)
because the NI couple to �L;�, but overlap with �c

L;�.
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�M ¼ Mþ 1

2M
Reðtrðmy

DmDÞÞ; (11)

ð�MÞ2 ¼
�
1

2M
ðReðmy

DmDÞ33 � Reðmy
DmDÞ22Þ þ �M

�
2

þ 1

M2
Reðmy

DmDÞ223: (12)

For all parameter choices we are interested in, �M ’ M
holds to a very good approximation. The masses M2;3 are

too big to be sensitive to loop corrections. In contrast, the
splitting �M can be considerably smaller than the size of
radiative corrections to M2;3 [48]. The above expressions

have a different shape than those given in Ref. [6] because
we use a different base in flavor space; see Appendix B.

These above formulas hold for the (zero temperature)
masses in the microscopic theory. At finite temperature the
system is described by a thermodynamical ensemble, the
properties of which can usually be described in terms of
quasiparticles with temperature-dependent dispersion rela-
tions. We approximate these by temperature-dependent
‘‘thermal masses.’’

D. Thermal history of the Universe in the �MSM

Apart from the very weakly coupled sterile neutrinos,
the matter content of the �MSM is the same as that of the
SM. Therefore, the thermal history of the Universe during
the radiation dominated era is similar in both models. Here
we only point out the differences that arise due to the
presence of the fields �R; see Fig. 1. They couple to the
SM only via the Yukawa matrices F, which are constrained
by the seesaw relation. For sterile neutrino masses below
the electroweak scale, the abundances are too small to
affect the entropy during the radiation dominated era sig-
nificantly. However, the additional sources of CP violation
contained in them have a huge effect on the lepton chemi-
cal potentials in the plasma.

1. Baryogenesis

The �MSM adds no new degrees of freedom to the SM
above the electroweak scale. As a consequence of the
smallness of the Yukawa couplings F, the NI are produced
only in negligible amounts during reheating [33].
Therefore, the thermal history for T � TEW closely
resembles that in the SM.9 The sterile neutrinos have to
be produced thermally from the primordial plasma in the
radiation dominated epoch. During this nonequilibrium
process, all Sakharov conditions [49] are fulfilled:

Baryon number is violated by SM sphalerons [50], and
the oscillations amongst the sterile neutrinos violate CP
[51]. Sources of this CP violation are the complex phases
in the Yukawa couplings F�I. Due to the Majorana
mass MM neither the individual (active) leptonic currents,
defined in (A45) and (A46), nor the total lepton number are
strictly conserved. However, for T � M the effect of the
Majorana masses is negligible. Though the neutrinos are
Majorana particles, one can define neutrinos and anti-
neutrinos as the two helicity states, transitions between
which are suppressed at T � M. We will, in the following,
always use the terms ‘‘neutrinos’’ and ‘‘antineutrinos’’ in
this sense.
In scenarios I and II the abundance of N1 remains

negligible until T � 100 MeV because of the smallness
of its coupling that is required to be in accordance with
astrophysical bounds on DM; see Sec. III A 2. N2;3, on the

other hand, are produced efficiently in the early Universe.
During this process flavored ‘‘lepton asymmetries’’ can
be generated [51]. N2;3 reach equilibrium at a temperature

Tþ [6]. Though the total lepton number (A45) at Tþ � M
is very small, there are asymmetries in the above helicity
sense in the individual active and sterile flavors.
Sphalerons, which only couple to the left chiral fields,
can convert them into a baryon asymmetry. The washout
of lepton asymmetries becomes efficient at T & Tþ. It is a
necessary condition for baryogenesis that this washout has
not erased all asymmetries at TEW, which is always ful-
filled for Tþ & TEW. The BAU at T � TEW can be esti-
mated by today’s baryon to photon ratio; see Ref. [42] for a
recent review. A precise value can be obtained by combin-
ing data from the cosmic microwave background and large
scale structure [52],

�B ¼ ð6:160� 0:148Þ � 10�10: (13)

FIG. 1 (color online). The thermal history of the Universe in
the �MSM.

9If a nonminimal coupling of the Higgs field � to gravity is
introduced in the �MSM, � can play the role of the inflaton.
Though in this way no fields are added, the thermal history at
very early times (during reheating) changes due to a nonminimal
coupling to curvature; see Ref. [33]. Here we assume an initial
state without NI at T � TEW.
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The parameter �B is related to the remnant density of
baryons �B, in units of the critical density, by �B ’
�B=ð2:739� 10�8h2Þ, where h parametrizes today’s
Hubble rate H0 ¼ 100h ðkm=sÞ=Mpc. In order to generate
this asymmetry, the effective (thermal) masses M2ðTÞ and
M3ðTÞ of the sterile neutrinos in the plasma need to be
quasidegenerate at T * TEW; see Sec. II F.

After N2 and N3 reach equilibrium, the lepton asymme-
tries are washed out. This washout takes longer than the
kinetic equilibration, but it has been estimated in Ref. [6]
that no asymmetries survive until N2;3-freeze-out at

T ¼ T�. In Ref. [53] it has been suggested that some
asymmetries may be protected from this washout by the
chiral anomaly, which transfers them into magnetic fields.
Here we take the most conservative approach and assume
that no asymmetry survives between Tþ and T�. Around
T ¼ T�, the interactions that keep N2;3 in equilibrium

become inefficient. During the resulting freeze-out the
Sakharov conditions are again fulfilled and new asymme-
tries are generated. Even later, a final contribution to the
lepton asymmetries is added when the unstable particles
N2;3 decay at a temperature Td.

2. DM production

The abundance of the third sterile neutrino N1 in sce-
nario I remains below equilibrium at all times due to its
small Yukawa coupling. In the absence of chemical poten-
tials, the thermal production of these particles (Dodelson-
Widrow mechanism [54]) is not sufficient to explain all
dark matter as relic N1 abundance if the observational
bounds summarized in Sec. III are taken into considera-
tion. However, in the presence of a lepton asymmetry in the
primordial plasma, the dispersion relations of active and
sterile neutrinos are modified by the Mikheyev-Smirnov-
Wolfenstein effect (MSW effect) [55,56]. The thermal
mass of the active neutrinos can be large enough to cause
a level crossing between the dispersion relation for
active and sterile flavors at TDM, resulting in a resonantly
enhanced production of N1 [19] (resonant or Shi-Fuller
mechanism [57]). This mechanism requires a lepton asym-
metry j��j * 8� 10�6 to be efficient enough to explain
the entire observed dark matter density �DM in terms
of N1 relic neutrinos [19]. Here we have characterized
the asymmetry by10

�� ¼ n�
s
; (14)

where s is the entropy density of the Universe and n� the
total number density (particles minus antiparticles) of
active (SM) leptons of flavor �. The relations between

�� defined in (14) and other ways to characterize the
asymmetry (e.g., the chemical potential) are given in
Appendix C.

3. Cosmological constraints

Thus, in scenario I there are two cosmological require-
ments related to the lepton asymmetry that have to be
fulfilled to produce the correct �B and �DM within the
�MSM:
(i) �� � 10�10 at TEW � 200 GeV for successful bar-

yogenesis and
(ii) j��j> 8� 10�6 at TDM for dark matter production.

In scenarios I and II the asymmetry generation in both
cases relies on a resonant amplification and quasidegener-
acy ofM2 andM3, which we discuss in Sec. II F. This may
be considered as fine-tuning. On the other hand, the fact
that the BAU (and thus the baryonic matter density �B)
and DM production in the SM both rely on essentially the
same mechanism may be considered as a hint for an
explanation for the apparent coincidence �B ��DM,
though the connection is not obvious as �B and �DM

also depend on other parameters.
In scenario II only the condition (i) applies. The result-

ing constraints on the N2;3 properties have been studied in

detail in Ref. [22]. In Sec. V we update this analysis in the
face of recent data from neutrino experiments, in particu-
lar, evidence for an active neutrino mixing angle �13 � 0
[58–60]. In Sec. VI we include the second condition and
study which additional constraints come from the require-
ment j��j> 8� 10�6 at TDM. Previous estimates suggest
TDM � 100 MeV & TQCD [19] and T� <MW [6,21],

where MW is the mass of the W boson and TQCD the

temperature at which quarks form hadrons.
Though we are concerned with the conditions under

which N1 can explain all observed dark matter, the N1

will not directly enter our analysis because the lepton
asymmetry that is necessary for resonant N1 production
in scenario I is created by N2;3. Instead, we derive con-

straints on the properties ofN2;3, which can be searched for

in particle colliders. N1, in contrast, cannot be detected
directly in the laboratory due to its small coupling.
However, the N1 parameter space is constrained from
all sides by indirect observations, including structure
formation, Ly� forest, x rays, and phase space analysis;
see Sec. III.

E. Parametrization

Adding k flavors of right-handed neutrinos to the SM
with three active neutrinos extends the parameter space of
the model by 7k� 3 parameters. In the �MSM k ¼ 3;
thus, there are 18 parameters in addition to those of the
SM. These can be chosen as the masses mi and MI of the
three active and three sterile neutrinos, respectively, and
three mixing angles as well as three phases in each of the

10Note that�� is not a chemical potential, but an abundance (or
yield). We chose the symbol � for notational consistency with
Ref. [6]. The relation of �� to the lepton chemical potential ��
is given in Appendix C.
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mixing matrices U� and UN that diagonalize m� and MN ,
respectively.

In the following we consider an effective theory with
only two right-handed neutrinos, which is appropriate
to describe the generation of lepton asymmetries in
scenarios I and II. After dropping N1 from the Lagrangian
(2), the effective Lagrangian contains 11 new parameters in
addition to the SM. Seven of them are related to the active
neutrinos. In the standard parametrization these are two
masses mi (one active neutrino has a negligible mass),
three mixing angles �ij, a Dirac phase �, and a Majorana

phase �. They can, at least in principle, be measured in
active neutrino experiments. The remaining four are re-
lated to sterile neutrino properties. In the common Casas-
Ibarra parametrization [61] two of them are chosen as M2,
M3. The last two are the real and imaginary parts of a
complex angle !.11 The Yukawa coupling is written as

F ¼ U�

ffiffiffiffiffiffiffiffiffiffiffi
mdiag

�

q
R

ffiffiffiffiffiffiffiffi
MM

p
; (15)

where mdiag
� ¼ diagðm1; m2; m3Þ. For normal hierarchy of

active neutrino masses (m1 ’ 0), R is given by

R ¼
0 0

cos ð!Þ sin ð!Þ
�	 sin ð!Þ 	 cos ð!Þ

0
BB@

1
CCA normal hierarchy; (16)

while for inverted hierarchy (m3 ’ 0), it reads

R¼
cosð!Þ sinð!Þ

�	sinð!Þ 	cosð!Þ
0 0

0
BB@

1
CCAinverted hierarchy; (17)

where 	 ¼ �1. The matrix U� can be parametrized as

U� ¼ V23U�V13U��V12diagðei�1=2; ei�2=2; 1Þ (18)

with U�� ¼ diagðe	i�=2; 1; e�i�=2Þ and

V23 ¼
1 0 0

0 c23 s23

0 �s23 c23

0
BB@

1
CCA;

V13 ¼
c13 0 s13

0 1 0

�s13 0 c13

0
BB@

1
CCA;

V12 ¼
c12 s12 0

�s12 c12 0

0 0 1

0
BB@

1
CCA;

(19)

where cij and sij stand for cos ð�ijÞ and sin ð�ijÞ, respec-
tively, and �1, �2 and � are the CP-violating phases. For
normal hierarchy the Yukawa matrixF only depends on the

phases �2 and �; for the inverted hierarchy, it depends on �
and the difference �1 � �2. This is because N1 has no
measurable effect on neutrino masses due to M1 � M2;3.

In practice, we will use the following parameters: two
active neutrino masses mi, five parameters in the active
mixing matrix (three angles, one Dirac phase, one
Majorana phase), the average physical sterile neutrino
mass �M ¼ ðM1 þM2Þ=2 ’ M, and the mass splitting �M.
The masses and mixing angles of active neutrinos have

been measured (the absolute mass scale is fixed, as the
lightest active neutrino is almost massless in scenarios
I and II). We use the experimental values obtained from
the global fit published in Ref. [62] in all calculations,
which are summarized in Table I. Shortly after we finished
our numerical studies, the mixing angle �13 was measured
by the Daya Bay [60] and RENO [63] collaborations. The
values found there slightly differ from the one given in
Ref. [62]; see also Ref. [64]. We checked that the effect of
using one or the other value on the generated asymmetries
is negligible, which justifies using the self-consistent set of
parameters given in Table I. The remaining parameters
can be constrained in decays of sterile neutrinos in the
laboratory.
It is one of the main goals of this article to impose

bounds on the parameters to provide a guideline for ex-
perimental searches. In order to identify the interesting
regions in parameter space, we proceed as follows. We
neglect �M in (15), but of course keep it in the effective
Hamiltonian introduced in Sec. IV. This is allowed in the
region �M � M, which we consider in this work. Unless
stated differently, we always allow the CP-violating
Majorana and Dirac phases to vary. We then numerically
determine the values that maximize the asymmetry and fix
them to those. In Sec. V, where we study condition (i) for
baryogenesis, we apply the same procedure to !. On the
other hand, requirement (ii), necessary to explain �DM in
scenario I, almost fixes the parameter Re! to a multiple of

=2.12 In Sec. VI we therefore fix Re! ¼ 
=2.
The remaining parameters 	,M, �M and Im! contain a

redundancy. For �M � M changing simultaneously the
signs of 	, �M and Im!, along with the transformation
Re! $ 
� Re!, corresponds to swapping the names of
N2 and N3. To be definite, we always choose 	 ¼ 1 and

TABLE I. Neutrino masses and mixings as found in Ref. [62].
We parametrize the masses mi according to m1 ¼ 0, m2

2 ¼ m2
sol,

m2
3 ¼ m2

atm þm2
sol=2 for normal hierarchy and m2

1 ¼
m2

atm �m2
sol=2, m

2
2 ¼ m2

atm þm2
sol=2, m3 ¼ 0 for inverted hier-

archy. Using the values for �13 found more recently in
Refs. [60,63] has no visible effect on our results.

m2
sol½eV2
 m2

atm½eV2
 sin 2�12 sin 2�13 sin 2�23

7:58� 10�5 2:35� 10�3 0.306 0.021 0.42

11Note that F as a polynomial in z ¼ ei! only contains terms of
the powers z and 1=z. 12This is explained in Sec. II F.
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consider both signs of Im!. Our main results consist of
bounds on the parameters M, Im! and �M.

For experimental searches the most relevant properties
of the sterile neutrinos are the masses �M ’ M and their
mixing with active neutrinos. We therefore also present our
results in terms of M, the physical mass splitting �M and

U2 � trð�y�Þ ¼ trð�y�Þ ¼ X
�

U2
�; (20)

where � and U2
� are given by (7) and (8), respectively. U2

measures the mixing between active and sterile species.
�M and U2 can, however, not be mapped on parameters in
the Lagrangian in a unique way; there exists more than one
choice of ! leading to the same U2.

F. ‘‘Fine-tunings’’ and the constrained �MSM

In most models that incorporate the seesaw mechanism
the eigenvalues of MM are much larger than the electro-
weak scale. It is a defining feature of the �MSM that all
experimental data can be explained without the introduc-
tion of such a new scale. In order to keep the sterile
neutrino masses below the electroweak scale and the
active neutrino masses in agreement with experimental
constraints, the Yukawa couplings F have to be very small.
As a consequence of this, the thermal production rates for
lepton asymmetries are also very small unless they are
resonantly amplified. In scenarios I and II this requires a
small mass splitting betweenM2 andM3. This can either be
viewed as fine-tuning or be related to a new symmetry
[6,10]. In the following we focus on these two scenarios, I
and II. We do not discuss the origin of the small mass
splitting here, but only list the implications.13

Fermionic dispersion relations in a medium can have a
complicated momentum dependence. In the following we
make the simplifying assumption that all neutrinos have
hard spatial momenta �p� T and parametrize the effect of
the medium by a temperature-dependent quasiparticle
mass matrix MNðTÞ,14 which we define as MNðTÞ2 ¼
H2 � �p2 at jpj ¼ �p� T. Here H is the dispersive part of
the temperature-dependent effective Hamiltonian given in
Appendix A, cf. (A32). The general structure of MNðTÞ
is rather complicated, but we are only interested in the

regimes T & M (DM production) and T > TEW (baryo-
genesis). Analogous to the vacuum notation in (10)–(12),
we refer to the temperature-dependent eigenvalues of
MNðTÞ as M1ðTÞ and M2ðTÞ, their average as �MðTÞ and
their splitting as �MðTÞ. Though NI are the fields whose
excitations correspond to mass eigenstates in the micro-
scopic theory, the mass matrix MNðTÞ in the effective
quasiparticle description is not necessarily diagonal in
the NI basis for T � 0. The effective physical mass split-
ting �MðTÞ depends on T in a nontrivial way. This depen-
dence is essential in the regime �MðTÞ � �MðTÞ, which we
are mainly interested in. In principle, �MðTÞ also depends
on temperature. This dependence is practically irrelevant at
T & T� and replacing �MðTÞ by M during late time lepto-
genesis does not cause a significant error.
There are three contributions to the temperature-

dependent physical mass splitting: the splitting �M that
appears in the Lagrangian, the Dirac massmDðTÞ ¼ FvðTÞ
that is generated by the coupling to the Higgs condensate,
and thermal masses due to forward scattering in the
plasma, including Higgs particle exchange.15 The interplay
between the different contributions leads to nontrivial
effects as the temperature changes.

1. Baryogenesis

For successful baryogenesis it is necessary to produce a
lepton asymmetry of �� � 10�10 at T * Tþ that survives
until TEW and is partly converted into a baryon asymmetry
by sphalerons; see condition (i). In this work we focus on
scenarios I and II, in which only two sterile neutrinos N2;3

are involved in baryogenesis. In these scenarios baryo-
genesis is only possible if the physical mass splitting is
sufficiently small [�MðTÞ � M] and leads to a resonant
amplification. On the other hand, it should be large enough
for the sterile neutrinos to perform at least one oscillation.
Thus, baryogenesis is most efficient if it is of the same
order of magnitude as the relaxation rate (or thermal damp-
ing rate) at T * Tþ,

�MðTÞ � ð�NÞðTÞIJ: (21)

Here �N is the temperature-dependent dissipative part of
the effective Hamiltonian that appears in the kinetic equa-
tions given in Sec. IV; it is defined in Appendix A 3 b and
calculated in Sec. IVB. It is essentially given by the sterile
neutrino thermal width. However, (21) only provides a rule
of thumb to identify the region where baryogenesis is
most efficient. Numerical studies in Sec. V show that the
observed BAU can be explained even far away from this
point, for M � �MðTÞ � �NðTÞ. Thus, the mass degen-
eracy �MðTÞ � M is the only serious tuning required in
scenario II. In Ref. [30] it has been found that no such mass
degeneracy is required in scenario III.

13As far as this work is concerned the sterile neutrino mass
spectrum in the �MSM follows from the requirement to simul-
taneously explain �B and �DM. It is in accordance with the
principle of minimality and the idea to explain new physics
without the introduction of a new scale (above the electroweak
scale). In this work we do not discuss a possible origin of the
mass spectrum and flavor structure in the SM and �MSM, which
to date is purely speculative. Ideas on the origin of a low seesaw
scale can be found in Refs. [65,66] and references therein, cf.
also Refs. [67–83]. Some speculations on the small mass split-
ting have been made in Refs. [6,10,48,84]. A similar spectrum
has been considered in a supersymmetric theory in Ref. [85].
14See, e.g., Refs. [86–89] for a discussion of the quasiparticle
description.

15We ignore the running of the mass parameters, which has
been studied in Ref. [48].
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2. Dark matter production

In scenario I N1 dark matter has to be produced ther-
mally from the primordial plasma [54]. In the absence of
chemical potentials, the resulting spectrum of N1 momenta
has been determined in Ref. [24]. State of the art x-ray
observations, structure formations and Ly� forest observa-
tions suggest that this production mechanism is not suffi-
cient to explain �DM because the required N1 mass and
mixing are astrophysically excluded [21,90]. However, in
the presence of a lepton chemical potential, the dispersion
relation for active neutrinos is modified due to the MSW
effect. If the chemical potential is large enough, this can
lead to a level crossing between active and sterile neutri-
nos, resulting in a resonant amplification of the N1 pro-
duction rate [57]. The full dark matter spectrum is a
superposition of a smooth distribution from the nonreso-
nant production and a nonthermal spectrum with distinct
peaks at low momenta from a resonant mechanism. In
order to explain all observed dark matter by N1 neutrinos,
lepton asymmetries j��j � 8� 10�6 are required at
TDM � 100 MeV [19]. This is the origin of condition (ii)
already formulated in Sec. II D. Again, the resonance
condition (21) indicates the region where the asymmetry
production is most efficient. For Td, T� � TEW it imposes
a much stronger constraint on the mass splitting than
during baryogenesis because the thermal rates �N are
much smaller.

The asymmetries �� can be created in two different
ways, either during the freeze-out of N2;3 around T � T�
or in their decay at T � Td. During these processes we can
use the vacuum value for v. As discussed in Appendix A 3 a,
the temperature dependence of �MðTÞ is weak for T < T�.
The rates, on the other hand, still depend rather strongly on
temperature; thus, it is usually not possible to fulfill the
requirement (21) at T ¼ T� and T ¼ Td simultaneously.
Therefore, one can distinguish two scenarios: The asymme-
try generation is efficient either during freeze-out (freeze-
out scenario) or during decay (decay scenario). On the other
hand, (21) can be fulfilled simultaneously at T ¼ Tþ and
T ¼ Td or at T ¼ Tþ and T ¼ T� because at T ¼ Tþ the
mass splitting also depends on temperature. The strongest
fine-tuning requirement in the �MSM is therefore16

�MðTþÞ � ð�NÞIJðTþÞ and �MðT�Þ � ð�NÞIJðT�Þ
or �MðTþÞ � ð�NÞIJðTþÞ and �MðTdÞ � ð�NÞIJðTdÞ:

(22)

From (12) it is clear that during the decay �MðTdÞ �
�MðT ¼ 0Þ and

�M � 1

2M
ðReðmy

DmDÞ33 � Reðmy
DmDÞ22Þ þ�M; (23)

j�Mj � 1

M
Reðmy

DmDÞ23: (24)

Fulfilling the resonance condition (21) at low temperatures
requires a precise cancellation of the parameters in (23) and
(24), both of which have to be fulfilled individually. The
condition (24) imposes a strong constraint on the active
neutrino mass matrix (3). It can be fulfilled when the real
part of the off-diagonal elements is small. Note that this, due
to (9), implies that UN is close to unity. This is certainly the
case when the real part of complex angle ! in R is a
multiple of 
=2. In Secs. VI and VII we will focus on this
region and always choose Re! ¼ 
=2. It should be clear
that this is a conservative approach, since the production of
lepton asymmetries can also be efficient away from the
maximally resonant regions defined by (22). The lower
bound (23) can always be made consistent with (21) by
adjusting the otherwise unconstrained parameter �M. At
tree level this parameter is effectively fixed by

�M ¼ � 1

2M
ðReðmy

DmDÞ33 � Reðmy
DmDÞ22Þ � �M;

(25)

where the dependence of the right-hand side on�M is weak.
The range of values for �M dictated by this condition is
extremely narrow; it is fixed to values around �M=M�
10�11 at a relative precision of roughly 10�13. This is
imposed by the required tuning �M=M & 10�13 we find
numerically. Quantum corrections are of order �mi [48],
i.e., much bigger than �MðT�Þ. The high degree of tuning,
necessary to explain the observed �DM, is not understood
theoretically. Some speculations can be found in
Refs. [6,10,48,84]. However, the origin of this fine-tuning
plays no role in the present work.
In the following we will refer to the �MSM with the

condition Re! ¼ 1
2 and the fixing of �M as constrained

�MSM. Since the first term in the square root in (12) also
depends on Re!, fixing this parameter exactly to a mul-
tiple of
=2 usually does not exactly give the minimal �M.
However, it considerably simplifies the analysis, and devi-
ations from such a value can, in any case, only be small due
to the above considerations.

III. EXPERIMENTAL SEARCHES AND
ASTROPHYSICAL BOUNDS

The experimental, astrophysical and BBN bounds pre-
sented in this section and in the figures in Secs. V, VI, and
VII are derived under the premise that the mass and mixing
of N1 qualify it as a DM candidate, while N2;3 are respon-

sible for baryogenesis (scenarios I and II). Some of them
loosen if one drops the DM requirement and considers the
�MSM as a theory of baryogenesis and neutrino oscilla-
tions only in scenario III.

16It is in fact sufficient for baryogenesis if �MðTÞ � ð�NÞIJðTÞ
at some temperature T > Tþ as long as some flavor asymmetries
survive until TEW. The washout of the �� typically becomes
efficient around Tþ, but chemical equilibration can take a long
time if active neutrinos of one flavour couple to the sterile
neutrinos much weaker than those of the other two.
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A. Existing bounds

A detailed discussion of the existing experimental and
observational bounds on the �MSM can be found in
Ref. [21]. Some updates that incorporate the effect
of recent measurements of the active neutrino mixing
matrix U�, in particular, �13 � 0, have been published in
Refs. [26,27,29]. In the following we reanalyze all relevant
constraints on the seesaw partners N2;3 from direct search

experiments and BBN in the face of these experimental
results. We also briefly review existing constraints on the
dark matter candidate N1.

As far as the known (active) neutrinos are concerned,
the main prediction of the �MSM is that one of them is
(almost) massless. This fixes the absolute mass scale of the
remaining two neutrinos [2]. Currently, there is neither a
clear prediction for the phases in U� in the �MSM nor
an experimental determination, though the experimental
value for �13 [60,63] suggests that a measurement, in
principle, might be possible. Regarding the sterile neutri-
nos, one has to distinguish between N2;3 and N1.

1. Seesaw partners N2 and N3

LHC.—The small values of MI � v, in principle, make
it possible to produce them in the laboratory. However, the
smallness of the Yukawa couplings F implies that the
branching ratios are very small. Therefore, the number of
collisions (rather than the required collision energy) is the
main obstacle in direct searches for the sterile neutrinos.
This number is too small in high energy experiments such
as ATLAS or CMS [91].17 It is therefore a prediction of the
�MSM that the LHC finds no new particles except the
Higgs boson. Vice versa, the lack of findings of new
physics beyond the SM at the LHC can be viewed as
indirect support for the model (though this prediction is
of course relaxed if nature happens to be described by the
�MSM plus something else).

Direct searches.—The sterile neutrinos participate in all
processes that involve active neutrinos, but with a proba-
bility that is suppressed by the small mixings U2

�. The
mixing of N2;3 to the SM is large enough that they can be

found experimentally [16]. A number of experiments that
allow us to constrain the sterile neutrino properties have
been carried out in the past [92,93], in particular, CERN
PS191 [94,95], NuTeV [96], CHARM [97], NOMAD [98]
and BEBC [99] (see Ref. [100] for a review). These can be
grouped into beam dump experiments and peak searches.

Peak search experiments look for the decay of charged
mesons into charged leptons (e� or��) and neutrinos. Due
to the mixing of the active neutrino flavor eigenstates with
the sterile neutrinos, the final state in a fraction of decays

suppressed by U2
e (or U2

�) is e� þ NI (or �� þ NI).

The kinematics of the two-body decay can be reconstructed
from the detected charged lepton, but the sterile flavor
cannot be determined because of the NI mass degeneracy.
Therefore, these experiments are only sensitive to the
inclusive mixing U2

� defined in (8), where � is the flavor
of the charged lepton.
In beam dump experiments, sterile neutrinos are also

created in the decay of mesons, which have been produced
by sending a proton beam onto a fixed target. A second
detector is placed near the beamline to detect the decay of
the sterile neutrinos into charged particles. Also in beam
dump experiments, the sterile flavors cannot be distin-
guished. In this case, the expected signal is of the order
U2

�U
2
� because creation and decay of the NI each involve

one active-sterile mixing. For instance, the CERN PS191
experiment constrains the combinations ðU2

eÞ2, ðU2
�Þ2,

U2
eU

2
� and18 X

�

U2
�ðc�U2

�Þ; (26)

where

ce ¼ 1þ 4sin 2�W þ 8sin 2�W
4

;

c� ¼ c� ¼ 1� 4sin 2�W þ 8sin 2�W
4

:

(27)

This set differs from the quantities considered by the
experimental group [94,95]. It has been pointed out in
Ref. [27] that the original interpretation of the PS191
(and also CHARM) data cannot be directly applied to the
seesaw Lagrangian (1). The authors of Ref. [27] translate
the bounds on active-sterile neutrino mixing published by
the PS191 and CHARM collaborations into bounds that
apply to the �MSM and kindly provided us with their data.
We use these bounds, along with the NuTeV constraints, as
an input to constrain the region in the �MSM parameter
space that is compatible with experiments.
Our results are displayed as green lines of different

shades in the summary plots in Figs. 7, 13, and 14 in
Secs. V and VII. The different lines have to be interpreted
as follows. Each shade of green corresponds to one experi-
ment. For each experiment, there is a solid and a dashed
line. The solid line is an exclusion bound. This means that
there exists no choice of �MSM parameters that leads to a
combination of U2 and M above this line, which is con-
sistent with Table I and the experiment in question. In order
to obtain the exclusion bound from an experiment for a
particular choice of M, we varied the CP-violating phases
and Im!.19 We checked, for each choice, whether the

17The authors of Ref. [91] claim that this conclusion may be
avoided for M near the electroweak scale if there is a strong
cancellation between the contributions from different right-
handed neutrinos to the light neutrino masses.

18There are also constraints on U2
� which are, however, too

weak to be of practical relevance.
19The mixings U2

� do not depend on Re!, and the dependence
on �M is negligible.
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resulting U2
� are compatible with the experiment in ques-

tion. The exclusion bound in the M-U2 plane is obtained
from the set of parameters that leads to the maximalU2 for
a given M amongst all choices that are in accordance with
experiment. The exclusion plots are independent of the
other lines in the summary plots. The dashed lines (in the
same shade as the exclusion plots) represent the bounds
imposed by each experiment if the CP-violating phases are
self-consistently fixed to the values that we used to produce
the red and blue lines in the summary plots, which encircle
the regions in which enough asymmetry is created to
explain the BAU and DM. The NuTeV experiment puts
bounds only on the mixing angle U2

�. This induces a much

weaker constraint in the M-U2 plane for inverted mass
hierarchy than the other experiments. Our results differ
from those of Ref. [22]. In this reference, the experimental
constraints on the individual U2

� were directly reported in
the M-U2 plane plotted in Fig. 3 of Ref. [22]. Moreover,
only the PS191 exclusion bound was computed by distin-
guishing between mass hierarchies.

Active neutrino oscillation experiments.—The region
below the seesaw line in Figs. 7, 11, 13, and 14 is excluded
because, for the experimental values listed in Table I, there
exists no choice of �MSM parameters that would lead to
this combination of M and U2.

Big bang nucleosynthesis.—It is a necessary require-
ment that N2;3 have decayed sufficiently long before

BBN that their decay products do not affect the predicted
abundances of light elements, which are in good agreement
with observation. The total increase of entropy due to the
N2;3 decay is small, but the decay products have energies in

the GeV range and even a small number of them can
dissociate enough nuclei to modify the light element abun-
dances. Since the sterile neutrinos are created as flavor
eigenstates, they oscillate rapidly around the time of
BBN. On average, they spend roughly half the time in
each flavor state, and it is not the individual lifetimes of
each flavor that determine the relaxation time, but rather
their average. This allows us to estimate the inverse N2;3

lifetime � by ��1 ’ 1
2 tr�N at T ¼ 1 MeV. For � < 0:1 s

the decay products and all secondary particles have lost
their excess energy to the plasma in collisions and reached
equilibrium by the time of BBN.20 We impose the condi-
tion � < 0:1 s and vary all free parameters to identify the
region in the M-U2 plane consistent with this condition.
The BBN exclusion bounds in Figs. 7, 13, and 14 represent
the region in which no choice of �MSM parameters exists
that is consistent with Table I and the above condition.
Note that ��1 ’ 1

2 tr�N and the condition � < 0:1 s are

both rough estimates; the BBN bound we plot may change
by a factor of order 1 when a detailed computation is
performed.

2. Dark matter candidate N1

The possibility of sterile neutrino DM has been studied
by many authors; see, e.g., Refs. [7,13,21,90,101–131].
The coupling of the DM candidate N1 is too weak to be
constrained by any past laboratory experiment. However,
there are various different requirements that constrain the
allowed region in the �2�1-M1 plane. N1 has to have a

lifetime comparable to the age of the Universe and be
consistent with bounds from indirect DM searches; it is
subject to phase space density restrictions (because it is a
fermion) and its gravitational clustering must reproduce
the observed structure in the Universe.21 In scenario I, it is,
in addition, crucial that the right amount of �DM can be
produced within the �MSM.
As a decaying dark matter candidate, N1 particles pro-

duce a distinct x-ray line in the sky that can be searched for
(see, e.g., Refs. [7,12,13,109,122–125,127,128,134–136]).
These pose an upper bound on M1 in the keV range
[109,110,124] that depends on the mixing, cf. Fig. 2. A
lower limit M1 � 1 keV can be obtained when applying
the Tremaine-Gunn bound on phase space densities [137]
to the Milky Way’s dwarf spheroidal galaxies [114,115].
Other bounds can be derived from the observed matter
distribution in the Universe, as the gravitational collapse
of DM overdensities was the driving force for nonlinear
structure formation in the matter dominated era. This
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FIG. 2 (color online). Different constraints on N1 mass and
mixing. The blue region is excluded by x-ray observations, and
the dark gray region M1 < 1 keV by the Tremaine-Gunn bound
[114,115,137]. The points on the upper solid black line corre-
spond to observed �DM produced in scenario I in the absence of
lepton asymmetries (for �� ¼ 0) [19]; points on the lower solid
black line give the correct �DM for j��j ¼ 1:24� 10�4, the
maximal asymmetry we found. The region between these lines is
accessible for 0 
 j��j 
 1:24� 10�4. We do not display
bounds derived from Ly� forest observations because they
depends on �� in a complicated way, and the calculation
currently includes considerable uncertainties [90].

20A more precise analysis of this condition for M< 140 MeV
has been performed in Ref. [29].

21See, e.g., Refs. [132,133] for a more detailed discussion of
these bounds.
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constrains the DM free-streaming length; the formation of
structure smaller than the free-streaming length is strongly
suppressed. In order to translate the free-streaming length
into a bound on the N1 properties, one needs to make
assumptions on the N1 momentum distribution. If it is
simply proportional to a Fermi-Dirac distribution,
the DM distribution in the observable Universe recon-
structed from Ly� forest observations (cf. e.g.,
Refs. [105,110,112,138–142]) suggests a lower bound on
the mass M1 * 8 keV [110].22

The expected momentum distribution depends on the
production mechanism for N1; hence, we can only make
quantitative predictions in scenario I, where this mecha-
nism is specified. Within the �MSM, there are two differ-
ent ways to produce N1 thermally. The first one, common
thermal (nonresonant) production [54], leads to a smooth
distribution of momenta that is roughly proportional to a
Fermi-Dirac spectrum. If this were the only mechanism,
then tension between the x-ray and structure formation
bounds would exclude scenario I. However, the DM pro-
duction rate can be resonantly amplified by the presence of
a lepton chemical potential in the plasma [19,57]. While
the presence of a lepton chemical potential created by the
N2;3 freeze-out and decay at late times (T & GeV) is a very
generic prediction in the �MSM, it turns out to be highly
nontrivial to produce the right amount of lepton asymmetry
to explain �DM. The resonant amplification of the thermal
N1 production rate occurs due to a level crossing between
active and sterile neutrino dispersion relations, caused by
the MSW effect. It enhances the production rate for par-
ticular momenta as they pass through the resonance,
resulting in a nonthermal DM momentum distribution
that is dominated by low momenta and thus ‘‘colder.’’23

Effectively, this mechanism ‘‘converts’’ lepton asymme-
tries into DM abundance, as the asymmetries are erased
while DM is produced. The full DM spectrum in the
�MSM is a superposition of the two components. The
dependence on �� is, however, rather complicated. In
particular, the naive expectation that the largest j��j,
which maximized the efficiency of the resonant production
mechanism, leads to the lowest average momentum
(‘‘coldest DM’’) is not true because �� does not only
affect the efficiency of the resonance, but also the momen-
tum distribution of the produced particles. In a realistic
scenario involving both production mechanisms (j��j *
10�5), the lower bound on M1 from structure formation

relaxes and has been estimated asM1 > 2 keV [90]. In our
analysis we take these results for granted, though some
uncertainties remain to be clarified; see Sec. III B 1.
The N1 abundance must correctly reproduce the ob-

served DM density �DM. In scenario I this requirement
defines a line in the M1-

P
�j��1j2 plane, the production

curve. All combinations of M1 and
P

�j��1j2 along the
production curve lead to the observed DM abundance.
Because of the resonant contribution, the production curve
depends on ��. This dependence has been studied in
Ref. [19], where it was assumed that �e ¼ �� ¼ ��.

Finally, DM sterile neutrinos may have interesting
effects for supernova explosions [117–121].
Figure 2 summarizes a number of bounds on the proper-

ties of N1. The two thick black lines are the production
curves for �� ¼ 0 and j��j ¼ 1:24� 10�4, the maximal
asymmetry we found at T ¼ 100 MeV in our analysis;
see Fig. 12. The allowed region lies between these lines;
above the �� ¼ 0 line, the nonresonant production alone
would already overproduce DM, and below the production
curve for maximal asymmetry N2;3 fail to produce the

required asymmetry for all choices of parameters. The
maximal asymmetry has been estimated as �7� 10�4 in
Refs. [6,19], which agrees with our estimate shown in
Fig. 12 up to a factor �5. (The production curve corre-
sponding to that estimate is shown as a dotted line in Fig. 2.)
Our result is smaller and imposes a stronger lower bound on
theN1 mixing, which makes it easier to find this particle (or
exclude it as the only constituent of the observed �DM) in
x-ray observations. However, though our calculation is
considerably more precise than the previous estimate, the
exclusion bound displayed in Fig. 12 still suffers from
uncertainties of order 1 due to the issues discussed in
Appendix A 4. It also relies on the assumption24 �e ¼
�� ¼ ��, made in Refs. [6,19] to find the dependence of

the production curve on the asymmetry. In order to deter-
mine the precise exclusion bound, the dependence of the
production curve on individual flavor asymmetries has
to be determined. The shadowed (blue) region is excluded
by the nonobservation of an x-ray line from N1 decay in
DM dense regions [7,13,101,103,109,122–128].

B. Future searches

1. Dark matter candidate N1

Indirect detection.—The DM candidate N1 can be
searched for astrophysically, using high resolution x-ray

22See also Refs. [105,111,112]. There, it has been assumed that
baryonic feedback on matter distribution (see, e.g., Refs. [143]
for a discussion) has a negligible effect.
23The results quoted in Ref. [113] suggest that the resonantly
produced sterile neutrino is ‘‘warm enough’’ to overcome some
problems of cold DM simulations [144,145] (i.e., change the
number of substructures of a Galaxy-size halo), but ‘‘cold
enough’’ to be in agreement with Ly� bounds on large scale
structures [90].

24Indeed, we find that this assumption does not hold in most of
the parameter space. The asymmetries in individual flavors can
be very different and even have opposite signs. The reason is that
asymmetries generated at T >M are mainly ‘‘flavored’’ asym-
metries (i.e., the total lepton number violation is small), but the
individual flavors can carry asymmetries. In spite of this we
believe that the condition

P
�j��j still gives the right order of

magnitude, see Appendix A 4.
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spectrometers to look for the emission line from its
decay in DM dense regions. For details and references
see the proposal submitted to European Strategy
Preparatory Group by Boyarsky et al. [146], cf. also
Refs. [65,132,147,148].

Structure formation.—Model-independent constraints
on N1 can be derived from the consideration of dynamics
of dwarf galaxies [114,115,137]. The existing small scale
structures in the Universe, such as galaxy subhalos, provide
another probe that is sensitive to N1 properties, because
such structures would be erased if the mean free path of
DM particles were too long. This can be exploited by
comparing numerical simulations of structure formation
to the distribution of matter in the Universe that is recon-
structed from Ly� forest observations. However, the
momentum distribution of resonantly produced N1 parti-
cles can be complicated [19,57], leading to a complicated
dependence of the allowed mixing angle on the N1 mass
and lepton asymmetries �� in the plasma [90,110]. It is
difficult to understand the implications of these spectra for
the formation of small scale structures [83,90,106,107]. A
reliable quantitative analysis would involve numerical
simulations that use the nonthermal N1 momentum distri-
bution predicted in scenario I as input. While for cold dark
matter extensive studies have been performed (see, e.g.,
Ref. [149]), simulations for other spectra have only been
done for certain benchmark scenarios [113].

Direct detection.—As the solar systempasses through the
interstellar medium, the DM particles N1 can interact with
atomic nuclei in the laboratory via the ��1�

�
�1 suppressed

weak interaction. This, in principle, opens the possibility of
direct detection [150]. Such detection is extremely chal-
lenging due to the small mixing angle and the background
from solar and stellar active neutrinos. It has, however, been
argued that this may be possible [151,152].

BBN.—The primordial abundances of light elements are
sensitive to the number of relativistic particle species in the
primordial plasma during BBN because these affect the
energy budget, which determines the expansion rate and
temperature evolution. Any deviation from the SM predic-
tion is usually parametrized in terms of the effective num-
ber of neutrino species, Neff . At temperatures around
2 MeV, most N1 particles are relativistic. However, the
occupation numbers are far below their equilibrium value,
and the effect of the N1 on Neff is very small. Given the
error bars in current measurements [153–155], the �MSM
predicts a value forNeff that is practically indistinguishable
from Neff ¼ 3.

In principle, the late-time asymmetry in active neutrinos
predicted by the �MSM also affects BBN because the
chemical potential modifies the momentum distribution
of neutrinos in the plasma. However, the predicted asym-
metry is several orders of magnitude smaller than existing
bounds [42], and it is extremely unlikely that this effect can
be observed in the foreseeable future. In particular, though

N1 DM particles are relativistic during BBN (while they
are nonrelativistic at the time of photon decoupling), they
cannot explain tentative hints for ‘‘dark radiation’’ in
recent observations (see, e.g., Ref. [156] for a summary).

2. Seesaw partners N2;3

The singlet fermions participate in all the reactions in
which the ordinary neutrinos do, with the probability sup-
pressed roughly by a factor U2. However, due to their
masses, the kinematic changes when an ordinary neutrino
is replaced by NI. The N2;3 particles can be found in the

laboratory [16] using the strategies outlined in Sec. III A 1,
which have been applied in past searches.
One strategy, used in peak searches, is the study of

kinematics of rare K, D, and B meson decays that can
constrain the strength of the NI masses and mixings. This
includes two-body decays (e.g., K� ! ��N, K� ! e�N)
or three-body decays (e.g., KL;S ! 
� þ e	 þ N2;3). The

precise study of the kinematics is possible in � (like K
long experiment), charm, and B factories, or in experi-
ments with kaons where the initial 4-momentum is well
known. For 3 MeV<MI < 414 MeV this possibility has
recently been discussed in Ref. [157].
The second strategy aims at observing the decays of the

NI themselves (“nothing” ! leptons and hadrons) in pro-
ton beam dump experiments. The NI are created in the
decay of K, D, or B mesons emitted by a fixed target, into
which the proton beam is dumped. The detector must be
placed at some distance along the beamline. Several exist-
ing or planned neutrino facilities (related, e.g., to CERN
SPS, MiniBooNE, MINOS or J-PARC) could be comple-
mented by a dedicated near detector for these searches.
Finally, these two strategies can be unified [31], and the
production and the decay could occur inside the same
detector [158].
For the mass interval M<mK, both strategies can be

used. An upgrade of the NA62 experiment at CERN would
allow us to search the mass region below the kaon mass
mK. For mK <M<mD it is unlikely that a peak search
for missing energy at beauty, charm, and � factories will
gain the necessary statistics. Thus, in this region the
search for N2;3 decays is the most promising strategy.

Dedicated experiments using the SPS proton beam at
CERN can completely explore the very interesting parame-
ter range for M< 2 GeV. This has been outlined in
detail in the European Strategy Preparatory Group by
Gorbunov et al. [159].
An upgrade of the LHCb experiment could allow us to

combine both strategies. This would allow us to constrain
the cosmologically interesting region in the M-U2 plane.
With existing or planned proton beams and B-factories, the
mass region between the D-mass and B-meson thresholds
is, in principle, accessible, but such experiments would be
extremely challenging. A search in the cosmologically
interesting parameter space would require an increase in
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the present intensity of the CERN SPS beam by 2 orders of
magnitude or to produce and study the kinematics of more
than 1010 B mesons [159].

IV. KINETIC EQUATIONS

Production, freeze-out and decay of the sterile neutrinos
are nonequilibrium processes in the hot primordial
plasma. We describe these by effective kinetic equations
of the type used in Ref. [160] and further elaborated in
Refs. [3,6,8,51], cf. also Refs. [161–164]. These equations
are similar to those commonly used to describe the propa-
gation of active neutrinos in a medium. They rely on a
number of assumptions and may require corrections when
memory effects or off-shell contributions are relevant.
These assumptions are discussed in Appendix A. We post-
pone a more refined study to the time when such precision
is required from the experimental side. In the following we
briefly sketch the derivation of the kinetic equations we
use. More details are given in Appendix A.

A. Short derivation of the kinetic equations

We describe the early Universe as a thermodynamical
ensemble. In quantum field theory, any such ensemble—
whether it be in equilibrium or not—can be described by a
density matrix 
̂. The expectation value of any operatorA
at any time can be computed as

hAi ¼ trð
̂AÞ: (28)

As there are infinitely many states in which the world can
be, infinitely many numbers are necessary to exactly char-
acterize 
̂. These can either be given by all matrix elements
of 
̂ or, equivalently, by all n-point correlation functions
for all quantum fields. Either way, any practically comput-
able description requires truncation.

The leptonic charges can be expressed in terms of field
bilinears; thus, it is sufficient to concentrate on the two-
point functions. Instead of bilinears in the field operators
themselves, we consider bilinears in the ladder operators

aI, ayI for sterile and a�, ay� for active neutrinos. In
principle, there is a large number of bilinears, but only a
few of them are relevant for our purpose.

For each momentum mode of sterile neutrinos, we con-
sider two 2� 2 matrices formed by products of ladder

operators ayI aJ, one for positive and one for negative

helicity.25 Since MN is diagonal in the NI basis, a
y
I aI can

be interpreted as a number operator for physical sterile

neutrinos, while ayI aJ with I � J correspond to coher-
ences. NI are Majorana fields, but we can define the notion
of ‘‘particle’’ and ‘‘antiparticle’’ by their helicity states. In
the limit T � M, i.e., for a negligibly small Majorana

mass term, the total lepton number (sum over � and I)
defined in this way is conserved. All other bilinears in the
ladder operators for sterile neutrinos are either of higher
order in F or quickly oscillating and can be neglected.
Practically, we are not interested in the time evolution of
individual modes, but only in the total asymmetries. We
therefore describe the sterile neutrinos by momentum
integrated abundance matrices 
N for particles and 
 �N

for antiparticles. The precise definitions are given in
Appendix A 1.
The active leptons are close to thermal equilibrium at all

times under consideration. This is because kinetic equili-
bration is driven by fast gauge interactions, while the
relaxation rates for the asymmetries are of second order
in the small Yukawa couplings F. We thus describe the
active sector by four numbers,26 the temperature and three
asymmetries (one for each flavor, integrated over momen-
tum). More precisely, the asymmetry in the SM leptons
of flavor � is given by the difference between lepton
and antilepton abundances, which we denote by ��;
see (14).27 We study the time evolution of each flavor
separately and find that they can differ significantly from
each other. Following the steps sketched in Appendix A,
one can find the effective kinetic ‘‘rate equations’’

i
d
N

dX
¼ ½H;
N
 � i

2
f�N; 
N � 
eqg þ i

2
��

~��
N; (29)

i
d
 �N

dX
¼ ½H�; 
 �N
 �

i

2
f��

N; 
 �N � 
eqg � i

2
��

~���
N ; (30)

i
d��

dX
¼ �i��

L�� þ itr½~��
Lð
N � 
eqÞ


� itr½~���
L ð
 �N � 
eqÞ
: (31)

Here X ¼ M=T, 
eq is the common equilibrium value of
the matrices 
N and 
 �N , H is the dispersive part of the
effective Hamiltonian for sterile neutrinos that is respon-

sible for oscillations, and rates �N ,
~��
N and ��

L form the
dissipative part of the effective Hamiltonian.
It is convenient to describe the sterile sector by 
þ and


�, the CP-even and CP-odd deviations from equilibrium,
rather than 
N and 
 �N ,


N � 
eq ¼ 
þ þ 
�
2

; 
 �N � 
eq ¼ 
þ � 
�
2

: (32)

In terms of 
þ and 
�, (29)–(31) read

25This description is similar to the one commonly used in
neutrino physics and could also be formulated in terms of
‘‘polarization vectors.’’

26It has been found in Ref. [165] that mixing amongst the
different SM lepton doublets can occur due to their coupling to
the right-handed neutrinos and could affect leptogenesis.
However, in the �MSM the Yukawa couplings F are too tiny
to lead to a sizable effect.
27Note that the �� here are abundances, not chemical poten-
tials, which could alternatively be used to characterize the
asymmetries. The relations between different characterizations
of the asymmetries are given in Appendix C.
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i
d
þ
dX

¼ ½ReH;
þ
 � i

2
fRe�N; 
þg þ Sþ; (33)

i
d
�
dX

¼ ½ReH;
�
 � i

2
fRe�N; 
�g þ S�; (34)

i
d��

dX
¼ �i��

L�� þ S�; (35)

with

Sþ ¼�i
d
eq

dX
þ i

2
½ImH;
�
þ1

4
fIm�N;
�g�1

2
��Im~��

N;

(36)

S� ¼ 2i½ImH;
þ
 þ fIm�N; 
þg þ i��Re~�
�
N; (37)

S� ¼ itr½Reð~��
LÞ
�
 � 2tr½Imð~��

LÞ
þ
: (38)

Equations (33)–(38) are the basis of our numerical studies.

B. Computation of the rates

The rates appearing in (33)–(38) can be expressed as

�N ¼ �
X
�

ð ~F�I
~F�
�JRðT;MÞ�� þ ~F�

�I
~F�JRMðT;MÞ��Þ;

(39)

ð~��
LÞIJ ’ ð~��

NÞIJ
¼ �ð ~F�I

~F�
�JRðT;MÞ�� � ~F�

�I
~F�JRMðT;MÞ��Þ;

(40)

��
L ¼ �ððFFyÞ��ðRðT;MÞ�� þ RMðT;MÞ��ÞÞ; (41)

with no sum over � in (40) and (41). The flavor matrices R
and RM are defined in Appendix A 3; see (A42) and (A43).
Here ~F ¼ FUN and

� ¼ @t

@X
¼ �T2

M

@

@T

M0

2T2
; (42)

where T2=M0 is the Hubble rate and M0 ¼
MPð45Þ1=2=ð4
3g�Þ1=2, with the effective number of rela-
tivistic degrees of freedom g� computed in Ref. [166] and
shown in Fig. 3.
The flavor matrices RðT;MÞ and RMðT;MÞ are almost

diagonal since off-diagonal elements of 
��ðpÞ include

active neutrino oscillations, which are at least suppressed
by mi=T. We will always neglect the off-diagonal ele-
ments. RðT;MÞ and RMðT;MÞ contain contributions from
decays and scatterings. In finite temperature field theory
these can be associated with different cuts [167] through
theNI self-energy shown in Fig. 4. The scatterings keep the
NI in thermal equilibrium for T > T�. At T ’ T� they
become inefficient and the sterile neutrinos freeze out.
Because of their small coupling they are long-lived but
unstable and decay at a temperature Td. For Td � T�,
decay and freeze-out are two separate processes and can
be treated independently. This is the case in the interesting
part of the �MSM parameter space.

1. Baryogenesis

For T > v the SM fields are light and MM is negligible.
We can therefore neglect RMðT;MÞ as well as the flavor
dependence of RðT;MÞ. Dispersion relations as well as
relaxation rates are dominated by contributions from scat-
terings between �R and Higgs and lepton particles. The
corresponding rates can be extracted from cuts through the
diagrams shown in Fig. 4(b). They have been computed
in Refs. [3,22],
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FIG. 3 (color online). Number of effective relativistic degrees
of freedom g� as a function of temperature [166].

FIG. 4. Contributions to the NI self-energies. Diagram
(a) dominates for T < v, and diagram (b) for T > v. �N is
obtained from the discontinuity of the diagrams [205], which
can be computed by cutting it in various ways [167]. The gray
self-energy blobs indicate that dressed lepton and Higgs propa-
gators have to be used. Cuts through them reveal a large number
of processes, which are summarized in Refs. [8,24] and
Appendix A of Ref. [6]. Recently, it has been pointed out that
current estimates suffer from an error Oð1Þ due to infrared and
collinear enhancements at high temperatures. Systematic
approaches to include these effects can be found in
Refs. [176,206] for T >M (relevant for baryogenesis) and
[177,207,208] for M> T (relevant for late-time asymmetries).
We ignore this effect in our current study, as it is comparable to
other uncertainties in the kinetic equations and would only
slightly change the results for the relevant regions in the
�MSM parameter space.
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RðT;MÞ ¼ 0:02
T

4
12�2;

RMðT;MÞ ¼ 0 for T * TEW:
(43)

2. Dark matter production

For Td � T�, which is the case in the interesting part of
the �MSM parameter space, freeze-out and decay happen
in different temperature regimes. At temperatures T * T�
the processes that keep the plasma in equilibrium are
scatterings mediated by the weak interaction. Further-
more, the lepton masses are, in a first approximation,
negligible.28 Thus, RðT;MÞ and RMðT;MÞ are proportional
to the unit matrix and can be described by two scalar

functions RðSÞðT;MÞ and RðSÞ
M ðT;MÞ. Around T� �M,

RðSÞ
M ðT;MÞ gives a small correction, which we account for

in our analysis. In practice, these functions have to be
computed numerically. They are displayed in Fig. 5.

To be specific, in the high temperature limit, when all
lepton masses are negligible, (39) simplifies to

�N ’ �UT
NððFyFÞ�RðSÞðT;MÞ þ FyFRðSÞ

M ðT;MÞÞU�
N

at T � T�: (44)

In the low temperature regime, where R ’ RM, one finds

�N ’ �
X
�

Reð ~F�I
~F�
�JÞRðDÞ

� ðMÞ at T � Td: (45)

The indices ðSÞ and ðDÞ indicate that the dominant contri-
bution to the rate comes from scatterings or decays,

respectively. The functions RðSÞðT;MÞ and RðSÞ
M ðT;MÞ can

be obtained from the discontinuity of the NI self-energies
shown in Fig. 4 at finite temperatures. At T <M the differ-
ent SM lepton masses become relevant.

When the sterile neutrinos decay around Td � M, the
flavors are distinguishable. The decaying particle is

nonrelativistic, and the density of the surrounding plasma
is low. For T¼0, Rð0;MÞ¼RMð0;MÞ take the same values,

and their elements are given by Rð0;MÞ��¼RMð0;MÞ��¼
RðDÞ
� ðMÞ, where RðDÞ

� ðMÞ are functions that can be com-
puted from the vacuum decay rates for sterile neutrinos.
The NI can decay into various different final states; see
Appendix D. There are leptonic and semileptonic channels,
depending on the temperature, either with quarks (before
hadronization) or mesons (after hadronization) in the final
state. Let �NI!c �

be the rate at whichNI decays into a final

state c � of flavor � (e.g., ��q �q or ��
�L�L�). Then

RðDÞ
� ðMÞ ¼ 2

X
c �

�NI!c �

j ~F�Ij2
; (46)

where the sum runs over all possible final states that have
flavor �. The factor 2 is due to the equal probabilities
for decay into particles and antiparticles at tree level. The
simple form of (46) is a result of the fact that the Yukawa
couplings can be factored out of the corresponding ampli-
tudes, and the kinematics of N2 and N3 is the same due to
their degenerate mass. Most of the rates required for our
study have been computed in Ref. [16]; the remaining ones
are given in Appendix D. For T�Td�0 with Td�M
the sterile neutrinos are nonrelativistic, and one can
estimate

RðT � M;MÞ�� ’ M

E
RðDÞ
� ðMÞ; (47)

RMðT � M;MÞ�� ’ E� �p

Eþ �p

M

E
RðDÞ
� ðMÞ; (48)

with E ¼ ðM2 þ �p2Þ1=2. Here �p� T is the average sterile
neutrino momentum. We therefore do not need all elements
of the matrices RðT;MÞ and RMðT;MÞ at all temperatures,

but only two functions RðSÞðT;MÞ and RðSÞ
M ðT;MÞ for T*

T� and three other functions RðDÞ
� ðMÞ for T & Td � M. In

practice, we can simply add these contributions at all tem-
peratures. In principle, however, we do not know the scat-
tering contribution outside the range plotted in Fig. 5, and
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FIG. 5 (color online). The functions RðSÞðT;MÞ and RðSÞ
M ðT;MÞ for M ¼ 1:2 GeV (darkest curve), M ¼ 1:6 GeV, M ¼ 2 GeV,

M ¼ 2:5 GeV, M ¼ 3 GeV, M ¼ 3:5 GeV, M ¼ 4 GeV (lightest curve).

28For some parameter choices this assumption can be violated
for the � mass, introducing a small error.
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the decay contribution is obtained from vacuum rates. This
is justified because for T * T� our expressions for the

decay rates are incorrect, but RðDÞ
� ðMÞ � RðSÞðT;MÞ. On

the other hand RðDÞ
� ðMÞ � RðSÞ

M ðT;MÞ in the regime T �
M, T�, which is not covered by the data shown in Fig. 5. For
Td < T < T� our expressions for both decay and scattering
rates are incorrect, but they are both smaller than the rate of
Hubble expansion and have a negligible effect.

V. BARYOGENESIS FROM STERILE
NEUTRINO OSCILLATIONS

The BAU in the �MSM is produced during the thermal
production of sterile neutrinos NI. This is in contrast to
most other (thermal) leptogenesis scenarios, where decays
and inverse decays play the central role. The violation of
total fermion number by the Majorana mass term MM is
negligible at TEW � M, but asymmetries in the helicity
states of the individual flavors can be created. The sum
over these flavoured asymmetries vanishes up to terms
suppressed by M=TEW, but because sphaleron processes
only act on left chiral fields, the generated BAU can be
much bigger. In this sense baryogenesis in the �MSM can
be regarded as a version of ‘‘flavored leptogenesis.’’

In this section we explore the part of the �MSM
parameter space where a BAU consistent with (13), i.e.,
�� 10�10, can be generated. We assume two sterile
neutrinos N2;3 participate in baryogenesis, as required in

scenarios I and II. This assumption is motivated by the
premise that N1 should be a valuable DM candidate, with
masses and mixing consistent with astrophysical bounds.
These bounds require its Yukawa interaction to be too
small to be relevant for baryogenesis; see Sec. III. In this
sense, we consider the �MSM as a model of both baryo-
genesis and DM production, but are not concerned with the
DM production mechanism, which is discussed in Sec. VI.
This corresponds to scenario II. The requirement to explain
�DM only enters implicitly, as we demand the N1 mass and
mixing to be consistent with astrophysical observations.
If one completely drops the requirement to explain the
observed DM and study the �MSM as a theory of baryo-
genesis and neutrino oscillations only (scenario III), the
resulting bounds n the parameters weaken considerably. In
particular, it was found in Ref. [30] that no mass degener-
acy between the sterile neutrino masses is needed.

We extend the analysis performed in Ref. [22] but take
into account two additional aspects. First, we use the non-
zero value for the active neutrino mixing angle �13 given in
Table I, which brings in a new source of CP violation
through the phase �. Second, we include the contribution
from the temperature-dependent Higgs expectation value
vðTÞ to the effective Hamiltonian, coming from the real
part of the diagram in Fig. 4(a). It is relevant for tempera-
tures close to the electroweak scale.

We solve numerically the system of equations (33)–(38)
to find the lepton asymmetries at T � TEW, assuming that

there is no initial asymmetry. The effective Hamiltonian is
given by (A36) and (39)–(41) with (43). We fix the active
neutrino masses and mixing angles according to Table I
and choose the phases �, �1 and �2, as well as Re!, to
maximize the asymmetry. Interestingly, for normal hier-
archy of neutrino masses, the value of Re! that maximizes
the asymmetry is close to 


2 , as required in the constrained

�MSM. This allows us to identify the region in the remain-
ing three-dimensional parameter space consisting of M,
�M and Im!, where an asymmetry * 10�10 can be cre-
ated. Deep inside this region, the asymmetry generated for
this choice of phases can be much too large, but it can
always be reduced by choosing different phases. Thus, any
choice ofM,�M and Im! inside this region can reproduce
the observed BAU.
In practice, it is difficult to find the phases that maximize

the asymmetry in each single point, as we are dealing with
a seven-dimensional parameter space. However, the analy-
sis can be simplified. First, the choice of phases that max-
imize the asymmetry practically does not depend on �M
because the dependence of the Yukawa coupling (15) on
�M is very weak. Second, our numerical studies reveal
that, in most of the parameter space, Im! is the main
source of CP violation. The other phases have comparably
little effect on the final asymmetry, except for the region
around Im! ¼ 0. Surprisingly, the values for �, �1 and �2

that maximize it vary only very little and are always close
to zero. One possible interpretation is that Im! provides
the main source for the asymmetry generation, while �, �1

and �2 contribute more strongly to the washout. However,
due to the various different time scales involved, we cannot
extract a single CP-violating parameter at this point, which
is commonly used in thermal leptogenesis scenarios to
study such connections analytically. The above seems to
be valid everywhere except in the region Im!� 0, where
�, �1 and �2 are the only sources of CP violation.
We therefore split the parameter space into two regions.

In the region 0:5< eIm! < 1:5 we choose �2 ¼ 
, � ¼ 0,
Re! ¼ 7

10
 for normal hierarchy and �2 � �1 ¼ 
, � ¼

, Re! ¼ 3

4
 for inverted hierarchy. Everywhere else we

choose �2 ¼ 7

5 and � ¼ 3

20
, Re! ¼ 1
2
 for normal hier-

archy and �2 � �1 ¼ 11
10
, � ¼ 11

20
, Re! ¼ 4
5
 for

inverted hierarchy. Note that for normal hierarchy F only
depends on �2 and �, while for inverted hierarchy it
depends on �2 � �1 and � because one neutrino is mass-
less. In order to determine vðTÞ one needs to fix the Higgs
massmH. We used the value mH ¼ 126 GeV suggested by
recent LHC data [168,169], corresponding to an electro-
weak scale of TEW � 140 GeV. This is consistent with the
�MSM being a valid description of nature up to the Planck
scale [170].
We present our results in Fig. 6, which shows the al-

lowed region in the �M-Im! plane for several masses M.
The lines correspond to the exact observed asymmetry;
inside, more asymmetry is generated. As pointed out
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above, any point inside the lines is consistent with obser-
vation because the asymmetry can be reduced by choosing
different phases. Figure 6 shows that, even for small
masses around 10 MeV, enough asymmetry can be created.
However, for small masses theCP violation contained in �,
�1 and �2 is not sufficient, and the allowed region consists
of two disjoint parts that are separated by the Im! ’ 0
region. The area of these increases withM. For masses of a
few GeV, the CP violation from �, �1 and �2 alone is
sufficient and the regions join. Interestingly, there appear to
be mass-independent diagonal lines in the �M-eIm! plane
that confine the region where enough asymmetry can be
generated. We currently have not understood the origin

of these lines parametrically. The inverted hierarchy
generally allows one to produce more asymmetry than
the normal hierarchy. There is an approximate symmetry
between regions with positive and negative Im!. It would
be exact when simultaneously changing 	 and is related to
the symmetry of the Lagrangian under the exchange of N2

and N3. As expected, these results are close to those
obtained in Ref. [22], which provides a good consistency
check. The slightly bigger asymmetry is due to the addi-
tional source of CP violation for �13 � 0.
For experimental searches, the most relevant parameters

are the mass M and the mixing between active and sterile
neutrinos. In Fig. 7 we translate our results into bounds on
the flavor-independent mixing parameter U2 defined in
Eq. (20). Using the results displayed in Fig. 6, we choose
�M to maximize the asymmetry and find the region in the
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FIG. 6 (color online). Values of �M and Im! that lead to the
observed baryon asymmetry in scenarios I and II for different
sterile neutrino masses M ¼ 10, 100 MeV, 1 and 10 GeV. The
blue (shortest dashed) line corresponds to M ¼ 10 MeV, red
(short dashed) to M ¼ 100 MeV, brown (long dashed) to M ¼
1 GeV and green (longest dashed) to M ¼ 10 GeV. The phases
that maximize the asymmetry differ significantly for Im! � 0
and away from that region. In the region 0:5< eIm! < 1:5 we
choose �2 ¼ 
, � ¼ 0, Re! ¼ 7

10
 for normal hierarchy and

�2 � �1 ¼ 
, � ¼ 
, Re! ¼ 3
4
 for inverted hierarchy.

Everywhere else we choose � ¼ 3
20
, Re! ¼ 1

2
 for normal

hierarchy and �2 � �1 ¼ 11
10
, � ¼ 11

20
, Re! ¼ 4
5
 for

inverted hierarchy. The upper panel shows the results for normal
hierarchy, the lower panel for inverted hierarchy.
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FIG. 7 (color online). Constraints on the N2;3 massesM2;3 ’ M
and mixing U2 ¼ trð�y�Þ from baryogenesis in scenarios I and
II: upper panel—normal hierarchy; lower panel—inverted hier-
archy. In the region between the solid blue ‘‘BAU’’ lines, the
observed BAU can be generated. The regions below the solid
black ‘‘seesaw’’ line and dashed black ‘‘BBN’’ line are excluded
by neutrino oscillation experiments and BBN, respectively. The
areas above the green lines of different shades are excluded by
direct search experiments, as indicated in the plot. The solid
lines are exclusion plots for all choices of �MSM parameters; for
the dashed lines the phases were chosen to maximize the BAU,
consistent with the blue lines.
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U2-M plane within which baryogenesis is possible. The
plot has to be read as follows: For each point in the region
between the blue lines, there exists at least one choice of
�MSM parameter that allows for successful baryogenesis.
The plots in Fig. 7 are similar to the ones of Fig. 3 in
Ref. [22], but the allowed region is slightly bigger due to
the effect of the new source of CP violation for �13 � 0.

The constraints on the mixing angle U2 shown in Fig. 7
can be translated into constraints on the neutrino lifetime
��1 ’ 1

2 tr�N (at T ¼ 1 MeV) shown in Fig. 8. The plot in

Fig. 8 is similar to the ones of Fig. 4 in Ref. [22].

VI. LATE-TIME LEPTON ASYMMETRYAND
DARK MATTER PRODUCTION

The lepton asymmetry at temperatures of a few hun-
dred MeV is of crucial importance for the dark matter
production in scenario I. Resonant dark matter production
requires a lepton asymmetry j��j�8�10�6 in the
plasma, much larger than the baryon asymmetry. The
details of this process have been outlined in Ref. [8].
Here, we are not concerned with the dark matter produc-
tion itself, but with the mechanisms that generate the
required lepton asymmetry. This asymmetry must come
from a source that is different from that of the baryon
asymmetry because N2;3 reach chemical equilibrium at

some temperature Tþ < TEW and the asymmetry in the
leptonic sector is washed out (while the baryon asymme-
try remains, as sphalerons are inefficient at T < TEW).29

There are two distinct mechanisms that contribute to the

late-time asymmetry: the freeze-out of N2;3 at T � T� and

their decay at T � Td.
The requirement that these two mechanisms produce

enough asymmetry puts severe constraints on the parame-
ters of the model, described in Sec. II F. The value of Re!
is fixed to values near 
=2. The mass splitting �M is
limited to a very narrow range by Eq. (25). Therefore, we
will use the mass splitting in vacuum �M instead of �M as
a free parameter in the following. All experimentally
known parameters are fixed to the values given in
Table I. The phases �, �1 and �2 are chosen to maximize
the asymmetry. As in Sec. V we observe that in most of the
parameter space Im! is the main source of CP violation.
We again find that it is convenient to split the parameter
space into the region 0:5< eIm! < 1:5 and its comple-
ment. For normal hierarchy we choose the phases �2 ¼


2 , � ¼ 3

2
 in the region 0:5< eIm! < 1:5 and �2 ¼ 

5 and

� ¼ 0 everywhere else. For inverted hierarchy we choose
�2 � �1 ¼ 7

5 and � ¼ 3
5
 in the region 0:5< eIm! < 1:5

and �2 � �1 ¼ 0, � ¼ 9
10
 everywhere else. Note that for

normal hierarchy F only depends on �2 and �, while for
inverted hierarchy it depends on �2 � �1 and � because
one neutrino is massless. We then study the parameter
space spanned by M, �M and Im!.
As in Sec. V, we use the kinetic equations (33)–(38) in

order to calculate the lepton asymmetries as a function of
T. The effective Hamiltonian is calculated from (A39) and
(39)–(41) with (44)–(48). We impose thermal equilibrium
with vanishing chemical potentials as initial conditions at a
temperature T > T� and look for the parameter region
where

P
�j��j> 8� 10�6 at T ¼ 100 MeV.30

The results are shown in Figs. 9 and 10. The required
asymmetry can be created when the sterile neutrinos have
masses in the GeV range. For small masses of M ¼
2–4 GeV the CP violation contained in �1, �2 and � alone
is not sufficient for normal hierarchy and barely sufficient
for inverted hierarchy; a nonzero Im! is required, and the
allowed region consists of two disjoint parts along the Im!
axis which are separated by the Im! ’ 0 region. For larger
masses (M * 7 GeV for normal hierarchy, M * 4 GeV
for inverted hierarchy), the regions merge, but Im! con-
tinues to be the most relevant source of CP violation in
most of the parameter space. In addition, one can also
observe disjoint regions along the �M axis. These can be
identified with the decay scenario and freeze-out scenario.
In the upper part of the figures, the asymmetry is mainly
created during the freeze-out of N2;3, in the lower part

during the decay. At T�, �N has considerably larger entries
than at Td. Thus, the resonance condition (21) requires a
smaller mass splitting in the decay scenario. For larger
masses, both regions merge. However, freeze-out and de-
cay are always two separated processes, i.e., T� � Td.
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FIG. 8 (color online). Constraints on the N2;3 massesM2;3 ’ M
and lifetime ��1 ’ 1

2 tr�NjT¼1 MeV from baryogenesis in

scenarios I and II. In the region between the blue ‘‘BAU’’ lines,
the observed BAU can be generated (solid line—normal hier-
archy; dotted line—inverted hierarchy). The region above the
solid black ‘‘BBN’’ line is excluded by BBN.

29It has been suggested that some asymmetry may be preserved
in magnetic fields down to temperatures T < T� due to the chiral
anomaly [53]. Here we take the most conservative approach and
do not take into account this possibility.

30We solve the kinetic equations down to T ¼ 50 MeV in order
to avoid numerical artifacts at the boundary.
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As in Fig. 6, there is an approximate symmetry under a
change of sign for Im!, which is related to the symmetry
of the Lagrangian under exchange of N2 and N3 and
becomes exact when also changing 	.

For experimental searches for sterile neutrinos, the most
relevant parameters are the mass M and the mixing
between active and sterile species. As in Sec. V, we trans-
late our results for the parameters in the Lagrangian into
bounds on the mass and mixing. For each mass, we choose
�M in a way that maximizes the allowed region in the
U2-M plane. The results are shown in Fig. 11.

Finally, we estimate the maximal asymmetry that can
be generated at T � 100 MeV as a function of M by its
largest value within the data files that we used to create
Figs. 9 and 10. The maximal asymmetry allows us to
impose a lower bound on the N1 mixing; bigger lepton
asymmetries make the resonant DM production more
efficient and allow for smaller N1 mixing, as displayed
in Fig. 2. Furthermore, the maximal j��j is of interest
because in Ref. [171] it was pointed out that a large
lepton asymmetry may lead to a first order phase transi-
tion during hadronization. The maximal asymmetries we
found are shown in Fig. 12. For both hierarchies they
remains well below cosmological bounds (see Ref. [42])
at all masses under consideration and are about a factor 5

smaller than the value 7� 10�4 estimated in Ref. [6].
However, given the uncertainties summarized in
Appendix A 4, they can easily change by a factor O½1
.

VII. DM, BAU AND NEUTRINO
OSCILLATIONS IN THE �MSM

In Secs. V and VI we have studied independently the
conditions for successful baryogenesis on one hand, and
sufficient dark matter production on the other. The most
interesting question is of course in which part of the
�MSM parameter space scenario I can be realized; i.e.,
both can be achieved simultaneously. This region cannot be
found by simply superposing the figures from the previous
sections because the phases that maximize the asymmetry
are different for T * TEW and T & T�. The requirement to

produce enough DM imposes the stronger constraint. We

therefore fix the CP-violating phases in a way that is

consistent with
P

�j��j> 8� 10�6 at T ¼ 100 GeV in

some significant region in the M-U2 plane. We then check

for which combination of M and U2 the correct BAU is

created by these phases.
We start with the phases used in Fig. 11, which were

chosen to maximize the area in the M-U2 plane whereP
�j��j> 8� 10�6 at T ¼ 100 MeV. The result is shown
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FIG. 9 (color online). Values of �M and Im! that lead to the lepton asymmetry required for dark matter production in scenario I for
different singlet fermion masses, M ¼ 2:5, 4, 7, and 10 GeV and for normal hierarchy. The upper left panel corresponds to M ¼
2:5 GeV, the upper right panel to M ¼ 4 GeV, the lower left panel to M ¼ 7 GeV and the lower right panel to M ¼ 10 GeV. The
phases that maximize the asymmetry differ significantly for Im! � 0 and away from that region. We choose the phases �2 ¼ 


2 ,

� ¼ 3
2
 in the region 0:5< eIm! < 1:5 and �2 ¼ 


5 and � ¼ 0 everywhere else.
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in Fig. 13. The blue line corresponds to the points where
the asymmetry at TEW corresponds to the observed BAU.
While the requirement to produce enough DM only im-
poses a lower bound on the asymmetry at 100 MeV, the

value of the BAU is known to be given by (13), i.e., has a
fixed value. Thus, only the points on the blue line that lie
within the region encircled by the red line (DM region)
form the allowed parameter space. The shape of the blue
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FIG. 10 (color online). Values of �M and Im! that lead to the lepton asymmetry required for dark matter production in scenario I for
different singlet fermion masses,M ¼ 2:5, 4, 7, and 10 GeVand inverted hierarchy. The upper left panel corresponds toM ¼ 2:5 GeV,
the upper right panel to M ¼ 4 GeV, the lower left panel to M ¼ 7 GeV and the lower right panel to M ¼ 10 GeV. The phases that
maximize the asymmetry differ significantly for Im! � 0 and away from that region. We choose �2 � �1 ¼ 7

5 and � ¼ 3
5
 in the

region 0:5< eIm! < 1:5 and �2 � �1 ¼ 0, � ¼ 9
10
 everywhere else.
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FIG. 11 (color online). Constraints on the N2;3 masses M2;3 ’
M and mixingU2 ¼ trð�y�Þ in scenario I. The lepton asymmetry
at T ¼ 100 MeV can be large enough that the resonant enhance-
ment of N1 production is sufficient to explain the observed �DM

inside the dashed blue and red lines for normal and inverted
neutrino mass hierarchy, respectively. The regions below the
‘‘seesaw’’ lines are excluded by neutrino oscillation experiments
for the indicated choice of hierarchy.
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FIG. 12 (color online). Estimate of the maximal lepton asym-
metry that can be created in scenario I around T ¼ 100 MeV.
The blue small dashed line corresponds to normal hierarchy, the
red long dashed line to inverted hierarchy. This plot was gen-
erated using the maximal values found in the data files used to
produce Figs. 9 and 10.
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BAU line can be modified by changing the phases (see
Fig. 14), but this also changes the shape of the red line (DM
region). Solving the kinetic equations for different phases
reveals that the BAU line can be brought to most points
within the DM region. This region therefore gives a good
estimate of the allowed parameter space.

The constraints derived on the mixing angle U2 are
translated into constraints on the neutrino lifetime ��1 ’
1
2 tr�N (at T ¼ 1 MeV) in Fig. 15.

In the plots of Fig. 14, there are two regions where the
BAU and DM lines are close to each other, leading to the

successful baryogenesis and dark matter production. One is
near the seesaw line and the other is for higher mixing.
These regions are easier to identify in the Im!-M plane
shown in Fig. 16. The baryon asymmetry almost vanishes
for Im! close to 0, but this is not the case for dark matter
production. Therefore, there is a region near Im! ¼ 0
which produces the right amount of baryon asymmetry
and enough dark matter. This is the region where the
blue BAU line is inside the red DM line in Fig. 16. For
large values of jIm!j, there also are regions where the two
lines are close.
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FIG. 13 (color online). Constraints on the N2;3 masses M2;3 ’
M and mixingU2 ¼ trð�y�Þ in the constrained �MSM (scenario I):
upper panel—normal hierarchy; lower panel—inverted hier-
archy. In the region between the solid blue ‘‘BAU’’ lines, the
observed BAU can be generated. The lepton asymmetry at T ¼
100 MeV can be large enough that the resonant enhancement of
N1 production is sufficient to explain the observed �DM inside
the solid red ‘‘DM’’ line. The CP-violating phases were chosen
to maximize the asymmetry at T ¼ 100 MeV. The regions
below the solid black ‘‘seesaw’’ line and dashed black
‘‘BBN’’ line are excluded by neutrino oscillation experiments
and BBN, respectively. The areas above the green lines of
different shades are excluded by direct search experiments, as
indicated in the plot. The solid lines are exclusion plots for all
choices of �MSM parameters; for the dashed lines the phases
were chosen to maximize the late-time asymmetry, consistent
with the red line.
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FIG. 14 (color online). Same as Fig. 13, but with a different set
of CP-violating phases. The plot illustrates how the ‘‘BAU’’ line
moves when the phases are changed; it can cross through points
deep inside the maximal ‘‘BAU’’ region, while the phase still
allows for DM production. The sign of the BAU is opposite in
the two disjoint ‘‘BAU’’ regions.
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FIG. 15 (color online). Constraints on the N2;3 masses M2;3 ’
M and lifetime ��1 ’ 1

2 tr�NjT¼1 MeV in the constrained �MSM

(scenario I). In the region between the blue ‘‘BAU’’ lines, the
observed BAU can be generated. The lepton asymmetry at T ¼
100 MeV can be large enough that the resonant enhancement of
N1 production is sufficient to explain the observed �DM inside
the red ‘‘DM’’ line. The CP-violating phases were chosen to
maximize the asymmetry at T ¼ 100 MeV. Solid lines—normal
hierarchy; dotted lines—inverted hierarchy.
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VIII. CONCLUSIONS AND DISCUSSION

We tested the hypothesis that three right-handed neutri-
nos with masses below the electroweak scale can be the
common origin of the observed dark matter, the baryon
asymmetry of the Universe and neutrino flavor oscillations.
This possibility can be realized in the �MSM, an extension
of the SM that is based on the type-I seesaw mechanism
with three right-handed neutrinos NI. The centerpiece of
our analysis is the study of sterile and active neutrino
abundances in the early Universe, which allows us to
determine the range of sterile neutrino parameters in which
DM, baryogenesis and all known data from active neutrino
experiments can be explained simultaneously within the
�MSM. We combined our results with astrophysical con-
straints and reanalyzed bounds from past experiments in
the face of recent data from neutrino oscillation experi-
ments. We found that all these requirements can be fulfilled

for a wide range of sterile neutrino masses and mixings; see
Figs. 13 and 14 in Sec. VII.
This is the first complete quantitative study of the above

scenario (scenario I), in which no physics beyond the
�MSM is required. We found that the �MSM can explain
all experimental data if one sterile neutrino (N1), which
composes the dark matter, has a mass in the keV range,
while the other two (N2;3) have quasidegenerate masses in

the GeV range. The heavier particles N2;3 generate neu-

trino masses via the seesaw mechanism and create flavored
lepton asymmetries from CP-violating oscillations in the
early Universe. These lepton asymmetries are crucial on
two occasions in the early Universe. On one hand, they
create the BAU via flavored leptogenesis. One the other
hand, they affect the rate of thermal DM production via the
MSW effect. The second point allows us to derive strong
constraints on the N2;3 properties from the requirement to

explain the observed �DM by thermal N1 production; see
Sec. VI. This can be achieved by resonant production,
caused by the presence of lepton asymmetries in the pri-
mordial plasma at T � 100 MeV. The required asymme-
tries can be created when N2;3 are heavier than 1–2 GeV

and the physical mass splitting between the N2 and N3

masses is comparable to the active neutrino mass differ-
ences. This can be achieved in a subspace of the �MSM
parameter space that is defined by fixing two of the
unknown parameters (the Majorana mass splitting �M
and a mixing angle Re! in the sterile sector). This choice,
in which scenario I can be realized, is dubbed ‘‘constrained
�MSM.’’
We also studied systematically how the parameter

constraints relax if one allows N1 DM to be produced
by some unspecified mechanism beyond the �MSM (sce-
nario II); see Sec. V. In this case the strongest constraints
come from baryogenesis and the required mass degener-
acy is much weaker, �M=M & 10�3. These results are
based on an extension of the analysis performed in
Ref. [22] that accounts for a nonzero value of the neu-
trino mixing angle �13 and a temperature-dependent
Higgs expectation value. While the low mass region is
severely constrained by BBN and experiments, the
allowed parameter space becomes considerably bigger
for masses above �0:5 GeV. Detailed results for the
allowed sterile neutrino masses and mixings are shown
in Figs. 6 and 7.
If one completely drops the requirement that DM is

composed of N1 and considers the �MSM as a theory of
baryogenesis and neutrino oscillations only (scenario III),
no degeneracy in masses is required. Note that this also
implies that no degeneracy is required in scenario II
if more than three right-handed neutrinos are added to
the SM.
We conclude that right-handed neutrinos can explain all

confirmed detections of physics beyond the standard
model, except accelerated cosmic expansion.
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FIG. 16 (color online). Constraints on the N2;3 masses M2;3 ’
M and parameter Im! in the constrained �MSM (scenario I):
upper panel—normal hierarchy; lower panel—inverted hier-
archy. In the region between the solid blue ‘‘BAU’’ lines, the
observed BAU can be generated. The lepton asymmetry at T ¼
100 MeV can be large enough that the resonant enhancement of
N1 production is sufficient to explain the observed �DM inside
the solid red ‘‘DM’’ line. The CP-violating phases were chosen
to maximize the asymmetry at T ¼ 100 MeV.
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The testability of the model depends on the type of
scenario and on the mass of sterile neutrinos. If scenario I
is realized, the DM mass and mixing N1 is bounded from
all sides, allowing one to exclude (or confirm) the pre-
diction of the �MSM by the searches of a narrow decay
line in a dedicated x-ray mission (see Ref. [146] for a
detailed discussion). The searches for N2;3 at the SPS-type

experiment [159], which can look for N2;3 below the

charm threshold, can only explore the case of inverted
hierarchy (see Fig. 13) in a limited domain of N2;3 masses.

Going above 2 GeV is very challenging, as discussed in
Ref. [16].

For scenario II the lower bound on the mixing angle of
dark matter sterile neutrinos (see Fig. 2) is lost, as N1 can
be produced by some other mechanism, not related to the
sterile-active neutrino mixing. In this case the x-ray
searches may confirm, but will not be able to exclude,
the �MSM. At the same time, the parameter space for
N2;3 opens up, allowing their search even in K-meson

decays; see Fig. 7. For scenario III the constraints on N2;3

masses and mixing angles are even more relaxed.
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APPENDIX A: KINETIC EQUATIONS

In the following we sketch the derivation of the kinetic
equations (29)–(31). Our basic assumptions can be sum-
marized as follows:

(1) Coherent states containing more than one NI quan-
tum are not relevant. Their contributions are sup-
pressed by additional powers of the small mixing
��I. Processes involving one sterile neutrino include
decays of NI particles, their scatterings with SM
particles, and flavor oscillations.

(2) Screened one-particle states are the only relevant
propagating neutrino degrees of freedom. In particu-
lar, we do not consider any collective excitations,
which are infrared effects and only give a small
contribution when the typical neutrino momenta
are hard, �T.

(3) The interactions that keep the SM fields in equilib-
rium act much faster than interactions involving NI

at all times due to the smallness of F.
(4) T� * Td, i.e., the lifetime of the NI is suffi-

ciently long that freeze-out and decay are two

well-separated events. This is the case in the
parameter space we study.

(5) The typical momentum of NI particles is �p� T
even when they are out of equilibrium. This is
justified because they are produced from a thermal
bath and freeze out from a thermal state; hence, their
distribution functions are proportional to equilib-
rium distributions even when out of equilibrium
[101].

(6) We neglect the effect of the N2;3 on the time evolu-

tion of the entropy (or temperature). This is justified,
as their contributions to the total entropy and energy
densities are always small.

(7) We neglect the effect of the lepton asymmetry on
hadronization. This aspect has, e.g., been discussed
in Ref. [171].

1. How to characterize the asymmetries

The leptonic charges that we are interested in can be
expressed in terms of field bilinears. Instead of bilinears in
the field operators themselves, we consider expectation

values of bilinears in the ladder operators aI, a
y
I for sterile

and a�, a
y
� for active neutrinos. To be explicit, we decom-

pose NI as
31

NI ¼
Z d3p

ð2
Þ3
X
s

1ffiffiffiffiffiffiffiffiffi
2!p

p ðusI;pe�ipxaI;sðp; tÞ

þ vs
I;pe

ipxayI;sðp; tÞÞ: (A1)

Here p is momentum, s the spin index, and u, v the usual
plane wave solutions to the Dirac equation,

ð6p�MIÞusI;p ¼ 0 ð6pþMIÞvs
I;p ¼ 0: (A2)

We will, in the following, always assume that the spatial
momentum is directed along the z axis, which is also the
axis of angular momentum quantization. We choose the
convention that husp ¼ ð�1Þsþ1usp, while hv

s
p ¼ ð�1Þsvs

p,

where h is the helicity matrix

h¼1

2

pi

jpj�
i�0�5¼1

2

pi

jpj�i; �i¼ i

2
�ijk�

j�k: (A3)

All relevant matrix elements of the density matrix 
̂ can be
identified with expectation values of bilinears in the ladder
operators. Because of this, the matrix 
 of bilinears, to be
defined in (A4), is often referred to as the ‘‘density matrix’’
(rather than 
̂ itself). In principle, there is a large number
of such bilinears. A complete characterization of the

31The sterile neutrinos may be described as Weyl, Dirac or
Majorana spinors. Here we have chosen to write �R as a right
chirality four-spinor and pulled the PR out of the definition (6) so
that the NI are Majorana spinors.
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system requires knowledge of all their expectation values
at all times. However, it can be simplified dramatically, and
for our purpose, it will be sufficient to follow the time
evolution of two 2� 2 matrices 
N and 
 �N and three
chemical potentials.

The only term in (1) that violates lepton number is MM.
For T � M, it is negligible and lepton number is approxi-
mately conserved. The total lepton asymmetry is negligible
at TEW in the �MSM, but there can be asymmetries of
opposite sign for fermions with different chirality.
Baryogenesis occurs because sphalerons only couple to
left-handed fermions. As far as the (Majorana) neutrinos
are concerned, the two helicity states act as a ‘‘particle’’
and an ‘‘antiparticle.’’ Terms containing two creation or

two annihilation operators, such as haIaJi or hay�ay�i, can
be related to processes that violate lepton number and are
suppressed at T >M. For T & M they could, in principle,
contribute, but the leading order contribution in the
Yukawa coupling F to the corresponding rates d

dt haIaJi,
etc.32 oscillates fast. We therefore only consider terms that
contain exactly one creation and one annihilation operator.
Since only two of the sterile neutrinos are relevant here,
these form a 10� 10 matrix that can be written as


 ¼


NN 
N �N 
NL 
N �L


 �NN 
 �N �N 
 �NL 
 �N �L


LN 
L �N 
LL 
L �L


 �LN 
 �L �N 
 �LL 
 �L �L

0
BBBBB@

1
CCCCCA; (A4)

with

ð
NNÞIJ ¼ hayI;1aJ;1i=V ð
N �NÞIJ ¼ hayI;1aJ;2i=V
ð
NLÞI� ¼ hayI;1a�;1i=V ð
N �LÞI� ¼ hayI;1a�;2i=V
ð
 �NNÞIJ ¼ hayI;2aJ;1i=V ð
 �N �NÞIJ ¼ hayI;2aJ;2i=V
ð
 �NLÞI� ¼ hayI;2a�;1i=V ð
 �N �LÞI� ¼ hayI;2a�;2i=V
ð
LNÞ�J ¼ hay�;1aJ;1i=V ð
L �NÞ�J ¼ hay�;1aJ;2i=V
ð
LLÞ�� ¼ hay�;1a�;1i=V ð
L �LÞ�� ¼ hay�;1a�;2i=V
ð
 �LNÞ�J ¼ hay�;1aJ;1i=V ð
 �L �NÞ�J ¼ hay�;2aJ;1i=V
ð
 �LLÞ�� ¼ hay�;2a�;1i=V ð
 �L �LÞ�� ¼ hay�;2a�;2i=V;

(A5)

where we have suppressed time and momentum indices (all
momenta are p and all times t). V is the overall spatial
volume, which will always drop out of the computations in
the end.

2. Effective kinetic equations

The time evolution of 
 is governed by an effective
Hamiltonian. In the absence of a Hubble expansion, which
we will add later, we get kinetic equation

i
d


dt
¼ ½H; 

 � i

2
f�>; 
g þ i

2
f�<; 1� 
g: (A6)

H can be viewed as the dispersive part of the effective
Hamiltonian. The absorbtive part given by the matrices �_

arises because the system is coupled to the background
plasma formed by all other degrees of freedom of the SM.
Note that (A6) is valid for each momentum mode
separately. The different modes are coupled by H and
�_, which, in principle, depend on 
 and the lepton
chemical potentials. The smallness of the sterile neutrino
couplings F allows us to simplify (A6) due to a separation
of time scales: The time scale associated with the NI

dynamics and the time scale on which chemical equilibra-
tion of the lepton asymmetries occurs are much longer than
the typical relaxation time to kinetic equilibrium in the
SM plasma. This allows us to employ a relaxation time
approximation and relate �> and �< by a detailed balance
(or Kubo-Martin-Schwinger) relation [3,6,160],

i
d


dt
¼ ½H; 

 � i

2
f�; 
� 
eqg; (A7)

with � ¼ �> � �<. 
eq is 
 evaluated with an equilibrium

density matrix, 
̂ ¼ Z=trZ, Z ¼ exp ð�Ĥ=TÞ, where Ĥ is
the Hamiltonian corresponding to (1). The matrices H and
� are Hermitian.
The effective masses of active and sterile neutrinos are

very different, and fast oscillations between them play no
role. We thus put 
NL, 
LN , 
 �NL, 
 �LN , 
N �L, 
L �N , 
 �N �L and

 �L �N to zero. The time evolution of the asymmetries is
related to the relaxation time scales of the NI. Since inter-
actions of the active neutrinos amongst themselves andwith
other SM fields are much faster, coherent effects in the
active sector are negligible on this time scale. This allows
us to furthermore neglect 
L �L and 
 �LL. 
LL and 
 �L �L are
taken to be diagonal with equilibrium occupation numbers
and are thus characterized by the temperature T and three
slowly varying chemical potentials. Thus, we can entirely
describe the active sector by four numbers. Instead of the
chemical potentials, we will, in the following, use n� ¼
ð
LLÞ�� � ð
 �L �LÞ��, i.e., the number of particles minus the
number of antiparticles, to characterize the asymmetries.33

32Whether the ladder operators or 
̂ or both change with time
depends on whether one chooses the Heisenberg, Schrödinger or
interaction picture. The expectation value, however, always has
the same time dependence.

33We work in the ~F ¼ FUN base in flavor space. This is the
mass base of sterile neutrinos in vacuum, but the flavor base for
active neutrinos. Hence, the diagonal elements of 
NN and 
 �N �N
have a straightforward interpretation as number densities for
physical particles in vacuum, while the ladder operators ay�
create linear combinations of physical particles, and the matrices

LL and 
 �L �L are, strictly speaking, not diagonal in thermal
equilibrium. This adds a subtlety to the interpretation of n� as
‘‘particles minus antiparticles,’’ which, however, is of no prac-
tical relevance due to the smallness of the neutrino masses.
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The relation between both can be found in the Appendix C.
In the sterile sector we have to keep track of coherences.
The system can then be described by the following set of
kinetic equations,

i
d
NN

dt
¼½H;
NN
� i

2
f�N;
NN�
eq

NNgþ
i

2
n� ~�

�
N; (A8)

i
d
 �N �N

dt
¼ ½H�; 
 �N �N
 �

i

2
f��

N; 
 �N �N � 
eq
�N �N

g � i

2
n� ~�

��
N ;

(A9)

i
dn�
dt

¼ �i��
Ln� þ iTr½~��

Lð
NN � 
eq
NNÞ


� iTr½~���
L ð
 �N �N � 
eq

�N �N
Þ
: (A10)

Here �N , � �N are the appropriate block-diagonal submatri-
ces of �; for the corresponding submatrix of H, we used the
same symbol as for the full matrix to simplify the notations.
These equations do not take into account the expansion of
the Universe. As usual, it can be included by using abun-
dances (or ‘‘yields’’) instead of number densities. It is also
convenient to introduce the variable X ¼ M=T rather than
time t.

All quantities appearing in the above equations depend
on momentum. The different momentum modes are
coupled by the scattering and decay processes. We
have suppressed this momentum dependence. We
define the abundances 
N ¼ R

d3p=ð2
Þ3
NN=s, �
N ¼R
d3p=ð2
Þ3
 �N �N=s, 
eq¼R

d3p=ð2
Þ3
eq
NN=s�

R
d3p=

ð2
Þ3
eq
�N �N
=s and �� ¼ R

d3p=ð2
Þ3n�=s.34 Assumption

(5) is justified if the common kinetic equilibrium
assumption

ð
NNÞIJ
ð
eq

NNÞIJ
¼ ð
NÞIJ

ð
eqÞIJ (A11)

holds. We can use (A11) to rewrite the anticommutator in
(A8) as f�N; 
N � 
eqg with

�N ¼ �
Z

d3p�N


eq
NNs


eq ¼ �
Z

d3p�N

fFð!pÞ
nF

; (A12)

nF ¼
Z

d3qfFð!qÞ: (A13)

We again emphasize that 
NN , �N , etc., appearing in
(A8)–(A10) depend on momentum, while �N , 
N , 


eq,
etc. do not.

For T � M, almost all particles have the momentum
�p� T, and �N is essentially obtained by evaluating �N

at p ¼ �p. Practically, we compute the rates as described
in Sec. IVB 2. Similarly, we can use H ¼ �Hjp¼ �p for

the Hermitian part of the effective Hamiltonian. For

jpj � T * M, nF can be approximated by nF �
3
2 �ð3ÞT3 � 1:8T3, but �N has to be computed numerically.

Using the above considerations, we can write down the
following effective kinetic equations:

i
d
N

dX
¼ ½H;
N
 � i

2
f�N; 
N � 
eqg þ i

2
��

~��
N; (A14)

i
d
 �N

dX
¼ ½H�; 
 �N
 �

i

2
f��

N; 
 �N � 
eqg � i

2
��

~���
N ; (A15)

i
d��

dX
¼ �i��

L�� þ iTr½~��
Lð
N � 
eqÞ


� iTr½~���
L ð
 �N � 
eqÞ
: (A16)

These equations are equivalent to the ones used in Ref. [3].
Their interpretation is straightforward. In the mass base,
the diagonal elements of 
N and 
 �N are the abundances of
sterile neutrinos and antineutrinos, respectively. The off-
diagonal elements are flavor coherences. 
N thus gives the
abundances for particles and 
 �N those for antiparticles,
defined as the helicity states of the Majorana fields NI.
This interpretation holds in vacuum, while at finite
temperatures the effective mass matrix rotates due to the
interplay between the (temperature-dependent) Higgs ex-
pectation value, the Majorana mass MM and thermal
masses in the plasma.
The first two terms in (A14) and (A15) are due to

sterile neutrino oscillations and dissipative effects,
respectively, either by scatterings or by decays and in-
verse decays of sterile neutrinos. More precisely, the
Hermitian 2� 2 matrix H in (A14) and (A15) is the
dispersive part of the effective Hamiltonian for 
N and
�
N . The matrix �N is the dissipative part of the effective
Hamiltonian for 
N and �
N that arises because the sterile
neutrinos are coupled to the SM. 
eq is the common
equilibrium value of 
N and �
N in the absence of an
asymmetry. All these terms appeared already in earlier
studies [51]. The equations of motion (A16) for the
asymmetries in the active sector follow from consistency
considerations and the symmetries of the �MSM. The

terms containing ~��
L in (A16) are their counterparts in

the active sector. The last term is due to backreaction and
has been discussed in Ref. [161].

3. The effective Hamiltonian

We follow the approach used in Ref. [8] and split the

Hamiltonian in the Heisenberg picture into a free part Ĥ0

and an interaction Ĥint. We perform the computation in
Minkowski spacetime and, for the moment, omit the factor
@t=@X included in the definition (A12). The same rates,
multiplied by this factor, can be used in the early Universe
when abundances are considered instead of number den-
sities. The starting point of this computation is the von
Neumann equation in the interaction picture,

34Note that the �� defined this way are dimensionless and
basically abundances, not chemical potentials, cf. Appendix C.
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i
d
̂IðtÞ
dt

¼ ½ĤIðtÞ; 
̂IðtÞ
; (A17)

where 
̂I � exp ðiĤ0tÞ
̂ exp ð�iĤ0tÞ is the density

matrix in the interaction picture and ĤI ¼ exp ðiĤ0tÞ�
Ĥint exp ð�iĤ0tÞ, where 
̂ is the (time-independent) den-
sity matrix in the Heisenberg picture. Equation (A17) can
be solved perturbatively,


̂IðtÞ ¼ 
̂0 � i
Z t

0
dt0½ĤIðt0Þ; 
̂0
 þ ð�iÞ2

Z t

0
dt0

�
Z t0

0
dt00½ĤIðt0Þ; ½ĤIðt00Þ; 
̂0

 þ � � � ; (A18)

where 
̂0 � 
̂ð0Þ ¼ 
̂Ið0Þ.
We use (A18) to compute the expectation values

hayI;rðp; tÞaJ;sðp; tÞi=V by insertion into (28). For 
̂0 we

choose a product density matrix 
̂0 ¼ 
̂N � 
̂eq
SM, where


̂eq
SM is an equilibrium density matrix for the SM fields and


̂ N ¼ X
I

PI;sa
y
I;sj0ih0jaI;s: (A19)

This is not the most general density matrix that can be built
from one-particle NI states, but it is sufficient to derive the

effective Hamiltonian. The formula (A18) formally gives
expressions for the bilinears at all times. These are strictly
valid only at times much shorter than the sterile neutrino
relaxation time because the perturbative expansion at some
point breaks down due to secular terms. In the relaxation
time approximation (A7) we can use a trick to deal with

this problem. We differentiate hayI;rðp; tÞaJ;sðp; tÞi=V with

respect to time to obtain a ‘‘rate.’’ We then send t to infinity
to eliminate its explicit appearance from the rate. This last
step is allowed because all correlation functions of SM
fields are damped on time scales much shorter than the
sterile neutrino relaxation time by thermal damping rates
due to the gauge interactions. Thus, the late-time part of the
integrand in (A18) does not contribute significantly to

dhayI;rðp; tÞaJ;sðp; tÞi=ðVdtÞ. This way, we obtain the rate

of change of the matrices 
NN and 
 �N �N at the initial time.
In the relaxation time approximation, these rates can also
be used at later times because backreaction is accounted
for in the 
N � 
eq term.
Repeating literally all steps in Sec. 2.2 of Ref. [8] for the

two-flavor case and the initial density matrix (A19), we
obtain

d

dt

hayI;raJ;si
V

¼ X
A¼1;2

PA

�
�ið�AI � �AJÞ M!p

Reð� ~MMÞIJ
1� 2fFð!pÞ

2!p

�
�
ð�AI þ �AJÞtrðPRðPrs

u ÞIJPL�
�
IJðpÞ þ PRðPsr

v ÞJIPL�
�
JIðpÞÞ

þ ið�AI � �AJÞP
Z dq0

2


1

!p � q0
trðPRðPrs

u ÞIJPL�
�
IJðq0;pÞ þ PRðPsr

v ÞJIPL�
�
JIðq0;pÞÞ

��
; (A20)

with

� ~MM ¼ ~MM � 1 �M; ~MM ¼ UT
NMMUN (A21)

and

ðPrs
u ÞIJ¼uI;rðpÞ �uJ;sðpÞ; ðPrs

v ÞIJ¼vI;rðpÞ �vJ;sðpÞ: (A22)

In the limit �M ! 0 the projectors are independent of the
sterile flavor indices and reduce to

ðPuÞssIJ ¼ ð6pþ �MÞ
�
1

2
� ð�1Þsh

�
;

ðPvÞssIJ ¼ ð6p� �MÞ
�
1

2
þ ð�1Þsh

�
;

(A23)

where h is the helicity matrix (A3). We have used uc ¼
C �uT ¼ v and introduced the self-energies

�_
IJðpÞ ¼ ~F�I

~F�
�J

Z d4k

ð2
Þ4 ðv
2�ðp� kÞ

þ �_ðpþ kÞÞS+��ðkÞ; (A24)

with ~F ¼ FUN . The thermal Wightman functions appear-
ing therein are defined as

�>ðx1 � x2Þ ¼ h�ðx1Þ�ðx2Þi; (A25)

�<ðx1 � x2Þ ¼ h�ðx2Þ�ðx1Þi; (A26)

S>��ijðx1 � x2Þ ¼ h��iðx1Þ ���jðx2Þi; (A27)

S<��ijðx1 � x2Þ ¼ �h ���jðx2Þ��iðx1Þi: (A28)

Here i, j are spinor indices, which we suppress in the
following. Transitions with r � s do not contribute at
leading order in ��I due to the projectors. This justifies
our description of the sterile sector by two 2� 2 matrices

N and 
 �N rather than a 4� 4 matrix including elements
/ 
N �N , etc. Transitions with � � � are suppressed by the
small active neutrino masses mi=T � 1. The above ex-
pressions are written in the ~F base (vacuum mass base).
They can be translated into the F base used in (1) by the
replacements ~F ! F and � ~MM ! �M�3. Note that �M is
defined at T ¼ 0.
With (A19), the initial value for 
N can be written as


N / diagðP1; P2Þ. The right-hand side of (A20) has a real
and an imaginary part. These parts allow us to extract the
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dispersive and dissipative parts, H and �N , of the effective
Hamiltonian.

a. Dispersive part H

Comparison of (A20) and (A8) in the absence of active
lepton asymmetries (since we choose 
̂eq

SM without chemi-

cal potentials) allows us to define the dispersive part of the
effective Hamiltonian appearing in (33),

HIJ ¼ �ð �M2 þ �p2Þ12�IJ þ �
Z

d3p
fFð!pÞ
nF

�
�
� M

!p

Reð� ~MMÞIJ þ
1� 2fFð!pÞ

2!p

�
�
P
Z dq0

2


1

!p � q0
trðPu��

IJðq0;pÞ

þ Pv�
�
JIðq0;pÞÞ

��
; (A29)

where we have introduced the short notation

Pu ¼ PRðP11
u ÞIJPL ¼

�
1

2
þ h

�
PL;

Pv ¼ PRðP11
v ÞJIPL ¼

�
1

2
� h

�
PL:

(A30)

The additional factor fFð!pÞ=nF and the momentum in-

tegral come from the momentum averaging, cf. (A12). One
can distinguish between three contributions. The term in-
volving � ~MM comes from the splitting of the Majorana
masses and remains present in vacuum. The term involving
��

IJ is due to the Yukawa interactions. It contains two
contributions [see (A24)], which are related to the
Feynman diagrams shown in Fig. 4. The part / vðTÞ2 is
due to the interaction with the Higgs condensate and
produces the Dirac mass at T < TEW. The part involving
�_ comes from scatterings with Higgs particles. The
Higgs expectation value as a function of temperature can
be calculated for a given Higgs mass. We used mH ¼
126 GeV, as suggested by recent LHC data [168,169], to
obtain the dependence shown in Fig. 17. However, we
checked that varying mH within the allowed window
115–130 GeV does not have a big effect on the results.

Evaluation of (A29) requires knowledge of the dressed
active neutrino and Higgs propagators, S_��ðpÞ and �_,

respectively. These are, in principle, complicated functions
of p and T. However, we are mostly interested in very high
or low temperatures, T * TEW � M during baryogenesis
and T & M in the context of DM production. This allows
us to simplify the expressions. It is convenient to dissect
the self-energy �� into the Lorentz components

PL�
�
IJðpÞ ¼ PLðAIJðpÞ6pþ BIJðpÞ6uÞ; (A31)

where u ¼ ð1; 0; 0; 0Þ is the four-velocity of the primordial
plasma, and write

HIJ ¼ �ð �M2 þ T2Þ�IJ þ �
Z

d3p
fFð!pÞ
nF

�
�
� M

!p

Reð� ~MMÞIJ þ
1� 2fFð!pÞ

2!p

�
�
P
Z dq0

2


1

!p � q0
ð!pðBIJ þ BJIÞ

þ pðBIJ � BJIÞ þM2ðAIJ þ AJIÞÞ
��

: (A32)

Here, the momentum dependence of BIJðqo;pÞ, AIJðq0;pÞ
has been suppressed and p has to be read as jpj. At
temperatures T � M, the integral is dominated by hard
momenta �T and the term involving BIJ dominates HIJ.
For T & vðTÞ, the interaction with the Higgs condensate
dominates the NI self-energy and BIJ can be estimated as

BIJðpÞ ’ vðTÞ2 ~F�I
~F�
�J




jpjb��ðpÞð�ð!� jpj þ bÞ
� �ð!þ jpj þ bÞÞ

for T & vðTÞ: (A33)

Here, b is the so-called ‘‘potential contribution’’ to the
active neutrino propagator [6], obtained by decomposing
the retarded active neutrino self-energy as

Re�R
��ðpÞ ¼ a��ðpÞ6pþ b��ðpÞ6u: (A34)

Since active neutrinos mainly scatter via weak gauge in-
teractions, the coefficients are, to a good approximation,
flavor independent in the primordial plasma; we can define
b��� � b��ðpÞ, where b��ðpÞ is to be evaluated on shell.

For hard momenta, b gives [172,173]

b ¼
8><
>:
� 
�WT2

8p

�
2þ 1

cos 2�W

�
T � MW

16G2
F


�W
ð2þ cos 2�WÞ 7
2T4p

360 T � MW:
(A35)

Here, �W is the Weinberg angle and �W the weak gauge
coupling. This leads to a contribution to HIJ of the form

10 1005020 2003015 15070
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FIG. 17 (color online). The Higgs expectation value as a
function of temperature for mH ¼ 126 GeV.
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vðTÞ2 ~F�I
~F�
�J

!p þ p

2p

b!p

M2 þ 2b!p

:

For T > TEW, scatterings with Higgs bosons dominate and

the hard thermal loop result H ’ ~Fy ~FT=8 from Ref. [3]
can be used. Combining the two contributions, we approxi-
mate H by

H ’ �M

T
� ~Mþ ð ~Fy ~FÞ�

�
T

8
þ v2ðTÞ

T

�
(A36)

during the calculations in Sec. V. In practice, it is more
convenient to work in the F base, where the Hamiltonian

reads ��3
M
T �Mþ FyFðT8 þ v2ðTÞ

T Þ.
At temperatures T � TEW, there are no Higgs particles

in the plasma and the Higgs expectation value is constant;
thus, BIJ¼v2 ~F�

�I
~F�Jb��, AIJ¼v2 ~F�

�I
~F�Ja��. In Ref. [6]

it has been estimated that thermal corrections to the active
neutrino propagator are small, below a temperature

Tpot ¼ 13

�
M

GeV

�1
3
GeV: (A37)

For the masses under consideration in this work, we can
approximately use free active neutrino propagators in
Sec. VI because T� < Tpot. Furthermore, due to the con-

siderations in Sec. II F, we are mainly interested in the
case UN ’ 1 for DM production; thus, ~F ’ F. Then
b��ðp0; jpjÞ ’ 0 and a��ðp0; jpjÞ ’ ðU�Þ�iðU�Þ��i 


!i
�

ð�ðp0 �!iÞ � �ðp0 þ!iÞÞ, with !i ¼ ðp2 þm2
i Þ1=2

[174], where mi are the active neutrino masses. This
recovers the vacuum result for the mass matrix at jpj ¼
0, cf. (9). H can be approximated by

H ¼ �ð �p2 þM2
NÞ1=2: (A38)

In the basis of vacuum mass eigenstates, it has the form

H ¼ diagððp2 þM2
2Þ1=2; ðp2 þM2

3Þ1=2Þ. Since �M � T,
M we can expand in �M and obtain for �p ¼ T

H ’ ��MðX�2 þ 1Þ�1=2�3; (A39)

with X ¼ M=T and the third Pauli matrix�3. The part ofH
that is proportional to the identity matrix has been dropped,
as it always cancels out of the commutators in the kinetic
equations.

b. Dissipative part �N

Again comparing (A20) and (A8), we define

ð�NÞIJ ¼ �
Z

d3p
fFð!pÞ
nF

1� 2fFð!pÞ
2!p

trðPu��
IJðpÞ

þ Pv�
�
JIðpÞÞ: (A40)

The rate for the antiparticles 
 �N can be found by using
projectors analogous to (A30), but with helicity index 2.

It is given by ð�<
N Þ�, as expected.35 For what follows, it is

useful to pull the Yukawa matrices out of the self-energies
and define

��_
��ðpÞ ¼

Z d4k

ð2
Þ4 ðv
2�ðp� kÞ þ �_ðpþ kÞÞS+��ðkÞ:

(A41)

Obviously,�_ ¼ ~F�
�I

~F�J
��_
��. For the computation of �N

according to (39) we can now define the matrices

RðT;MÞ�� ¼
Z

d3p
fFð!pÞ
nF

1� 2fFð!pÞ
2!p

trðPu ���
��ðpÞÞ;
(A42)

RMðT;MÞ�� ¼
Z

d3p
fFð!pÞ
nF

1� 2fFð!pÞ
2!p

trðPv ���
��ðpÞÞ:

(A43)

These matrices, in general, have to be computed numeri-
cally. We discuss their properties in Sec. IVB.
As usual in thermal field theory, the sterile neutrino self-

energies �< and �> can be associated with the gain and
loss rate. Their difference�� ¼ �> ��< gives the total
relaxation rate �N for the sterile neutrinos. This acts as the
thermal production rate when their occupation numbers are
below their equilibrium values and as a dissipation rate in
the opposite case. In configuration space, the self-energy
��ðxÞ is related to the retarded self-energy by �RðxÞ ¼
�ðx0Þ��ðxÞ. This implies ���ðpÞ ¼ 2iIm ��RðpÞ in mo-
mentum space. As usual in field theory, the imaginary

part of ��R can be related to the total scattering cross
section by the optical theorem (or its finite temperature
generalization) [167], while the real part is responsible for
the mass shift (or modified dispersion relation in the
plasma). Both are related by the Kramers-Kronig relations.
The appearance of �� in (A40) is in accordance with the
optical theorem, and the contributions to the dispersive and
dissipative parts of the effective Hamiltonian are indeed
related by a Kramers-Kronig relation, cf. (A29) and (A40).
This provides a good cross-check for our result.

c. The remaining rates

The remaining rates (40) and (41) appearing in (29)–(31)
have to, in principle, be calculated independently. The
precise computation is considerably more involved than
in the case of �N . �N is related to the discontinuities of the
NI self-energies, which to leading order in the tiny Yukawa
couplings F�I only contain propagators of SM fields as
internal lines. Due to the fast gauge interactions these are
in equilibrium in the relaxation time approximation, and

35This can be seen by noticing that the traces are real and
PRP

22
u PL ¼ PRP

11
v PL, PRP

22
v PL ¼ PRP

11
u PL under the trace.
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the right-hand side of (A40) can be computed by means of
thermal (equilibrium) field theory. This is not possible in
the computation of the damping rates for the SM-lepton
asymmetries, which are related to self-energies where the
out of equilibrium fields NI appear as internal lines. For
simplicity we follow the approach taken in Ref. [6] (see
Sec. VI therein) and use the symmetries of the �MSM in
certain limits to fix the structure of the rates.

We first consider the limit ðMMÞIJ ! 0, that is, the
absence of a Majorana mass term. In this case the ‘‘total
lepton number’’ is conserved,

0 ¼ @�

�X
I

J
�
I þX

�

J
�
�

�
MM¼0

; (A44)

J�I ¼ ��R;I�
��R;I; (A45)

J�� ¼ ��L;��
��L;� þ �eL;��

�eL;�: (A46)

To leading order in the small mixing ��I this implies

d

dt

�
tr
� þX

�

��

�
MM¼0

’ 0: (A47)

This situation is, to a good approximation, realized for
T � M, when baryogenesis takes place—the total lepton
number is not violated during this process and a nonzero
baryon number is only realized because sphalerons couple
exclusively to left-handed fields. Equation (A47) implies

�N ’ X
�

~��
L tr~��

N ’ ��
L for ðMMÞIJ ¼ 0: (A48)

Other interesting limits considered in Ref. [6] include
F�I ! 0 with fixed � for all I (leading to conservation of
J�� ) and F�I ! 0 with fixed I for all � (leading to individ-
ual conservation of the combination J�I þP

�J
�
� and the

remaining current J�J�I). These limits allow us to fix the
basic structure of Eqs. (40) and (41). For a general choice
of parameters some corrections of O½1
 to these relations
may be necessary, the determination of which we postpone
until the precision of experimental data on the �MSM
requires it.

We also introduced an error when neglecting the NI

background in the plasma. However, at this point we are
only interested in the cases T * Tþ (baryogenesis),
T � T� and T � Td (creation of late time asymmetry).
During baryogenesis the NI-abundances are below their
equilibrium values and can be neglected in first approxi-
mation. For T � M the effects of the NI background
are suppressed by T=M (e.g., in equilibrium fFðMÞ ¼
ðexp ðM=TÞ þ 1Þ�1). This is certainly the case at Td �
M. For the decay there may be corrections O½1
 as for
some choices of parameters Tþ >M. We also postpone the
computation of these until the precision of experimental
data on the �MSM requires it.

4. Uncertainties

Our study is the most complete quantitative study of
bounds on the �MSM parameter space from cosmology to
date. However, the various assumptions made in the deri-
vation of the kinetic equations lead to uncertainties that
may be of order 1. These can be grouped into three
categories.
(i) We only consider momentum averaged quantities.

Since the sterile neutrinos can be far from thermal
equilibrium, one, in principle, has to study the time
evolution of each mode separately. Our treatment is a
reasonable approximation as long as the kinetic
equilibrium assumption (A11) holds. A study of
this aspect published in Ref. [161] suggests that
deviations from kinetic equilibrium are indeed only
of order 1.

(ii) The rates (40) and (41) have been calculated in a
rather crude way in Appendix A 3 c, leading to
another source of uncertainty of order 1. In addition,
a precise calculation of the BAU requires knowl-
edge of the sphaleron rate throughout the electro-
weak transition. Including this is expected to yield a
slightly bigger value for the BAU [175].

(iii) Though they are matrix valued and allow us to
study flavor oscillations, Eqs. (A14)–(A16) are of
the Boltzmann type. They assume that the system
can be described as a collection of (possibly
entangled) individual particles that move freely
between isolated scatterings and carry essentially
no knowledge about previous interactions
(‘‘molecular chaos’’).

The first two issues can be fixed by more precise computa-
tions. However, with the current experimental data, order 1
uncertainties are small compared to the experimental and
observational bounds on the model parameters. The correc-
tions will only slightly change the boundaries of the allowed
regions in parameter space found in this work. We therefore
postpone more precise calculations to the time when such
precision is required from the experimental side.
In contrast, the third point is more conceptual. In a dense

plasma, multiple scatterings, off-shell and memory effects
may affect the dynamics. The effect of these cannot be
estimated within the framework of Boltzmann-type equa-
tions; it requires a derivation from first principles that either
confirms (A14)–(A16) and allows us to estimate the size of
the corrections or replaces them by a modified set of equa-
tions. In the past years, much progress has been made in the
derivation of effective kinetic equations from first principles
[86–89,160,165,176–204]. Recent studies suggest that
kinetic equations of the Boltzmann type are, in principle,
applicable to study leptogenesis [88,89,188,202], but the
resonant amplification may be weaker than found in the
standard Boltzmann approach [88]. It remains to be seen
which effects possible corrections have in the �MSM, where
baryogenesis and dark matter production both crucially rely
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on the resonant amplification. A first principles study is
difficult in the �MSM due to the various different time-
dependent scales related to production, oscillations, freeze-
out and decay of the sterile neutrinos and the vast range of
relevant temperatures. However, at this stage it seems likely
that a first principles treatment is, if at all, only of phenome-
nological interest in the region around �N � �M, which
makes up only a small fraction of the relevant parameter
space, cf. Fig. 6.

APPENDIX B: CONNECTION
TO PSEUDO-DIRAC BASE

In our notation, the elements of 
N and 
 �N are bilinears
in ladder operators that create quanta of the fields NI,
i.e., mass eigenstates in vacuum. This has the advantage
that the diagonal elements can be interpreted as abundan-
ces of physical particles. The rates R and RM have been
introduced in Ref. [6], to which we regularly refer in this
article. The basis in the field space of right-handed neu-
trinos there differs from the one we use in (1) and corre-
sponds to U�R with

U ¼ 1ffiffiffi
2

p i 1

�i 1

 !
: (B1)

In this basisMM is not diagonal and the Yukawa couplings
should be rewritten as hU ¼ F. The computation of the
rates is then performed by defining a Dirac spinor

	 ¼ U2I�R;I þ ðU3I�R;IÞc: (B2)

This is possible when the small mass splitting between the
sterile neutrinos is neglected (or viewed as a perturbation
and placed in the interacting part ofL). The fields �R;I can

be recovered from this as �R;I ¼ U�
2IPR	þU�

3IPR	
c. In

terms of 	, the �MSM Lagrangian reads

L ¼ LSM þL0 þLint; (B3)

L0 ¼ �	ði6@� �MÞ	;

Lint ¼ �vðh�3 ��L�	
c � h��3 �	

c�L� � h�2 ��L�	

� h��2 �c�L�Þ � 1

2
�Mð �	c	þ �		cÞ: (B4)

The analogue of our matrix 
N (which is also called 
N in
Ref. [6]) is defined as


	
N ¼

Z d3p

Vð2
Þ3
hcy1c1i hcy1d1i
hdy1c1i hdy1d1i

0
@

1
A; (B5)

where cs (cys ) and ds (dys ) are the annihilation (creation)
operators for	 particles (antiparticles) with momentum p
and helicity s. The corresponding rate �	

N in the kinetic
equations is given by36

�	
N ¼�

Z
d3p

fFð!pÞ
nF

v2fFðp0Þ
2!p

ðh�Ih��JRðT;MÞ��
þð�1h

yÞI�ðh�1Þ�JRMðT;MÞ��Þ; (B6)

where h ¼ FUy, �1 is the first Pauli matrix and we have
neglected flavor off-diagonal elements. In the high
temperature regime that was considered in Ref. [6], this
simplifies to

�	
N�

�1 ¼ ðhyhÞ�RðSÞðT;MÞ þ �1h
yh�1R

ðSÞ
M ðT;MÞ: (B7)

�1h
yh�1 is ðhyhÞ� with the diagonal elements swapped.

Equation (A42) defines the quantities RðT;MÞ and
RMðT;MÞ.37 Ignoring the small mixing between active
and sterile neutrinos, �N is related to �	

N by

�N ’ ðUUNÞT�	
N ðUUNÞ� (B8)

for T � mi.
Finally, the Yukawa matrix in Refs. [6,22] is expressed

in terms of the parameters �di, �di, �di, which differ from
those we use here. In the limit �di � 1, these can be related
to our parameters byffiffiffiffiffiffi

�di
p ¼ e�Im!; �di ¼ 2Re!;

�di ¼ �2

2
; �di ¼ �: (B9)

Here, we prefer to use the parametrization fixed in Sec. II E
because the expressions in terms of (B9) given in Ref. [6]
are only approximate.

APPENDIX C: HOW TO CHARACTERIZE
THE LEPTON ASYMMETRIES

In the �MSM neither the individual lepton numbers,
related to the currents (A46), nor their sum are conserved.
However, since the rates of all processes that violate them
are suppressed by the small Yukawa couplings F, they
evolve on a much slower time scale than other processes
in the primordial plasma and are well defined. For practical
purposes the magnitude of flavored lepton asymmetries in
the primordial plasma can be characterized in different
ways. In this article we describe them by the ratio between
the number densities (particles minus antiparticles) and the
entropy density s � 2
2T3g�=45,

�� ¼ n�
s
; cf: ð14Þ:

This quantity is convenient because it is not affected by the
expansion of the Universe, as long as the expansion is
adiabatic. In the following we relate �� to other quantities
that are commonly used in the literature, using the relations
given in the Appendix of Ref. [19].

36Note that there were errors in the corresponding expressions
(5.19), (5.20) in Refs. [6] and that, there, only the case T � M
was considered.

37Our definitions of R and RM differ from those in Ref. [6] by a
constant factor F2

0 with F0 ¼ 2� 10�9.
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In quantum field theory calculations it is common
to parametrize the asymmetries by chemical potentials
��, which can be extracted from the distribution func-
tions that appear in the free propagators at finite tem-
perature. In the massless limit T � mi these are related
to n� by

n� ¼ ��T
2

6
þ �3

�

6
2
; (C1)

leading to

�� � 15

4
2g�

��

T
: (C2)

Alternatively, one can normalize the lepton numbers n�
(particles minus antiparticles) by the total density of
‘‘particles plus antiparticles’’ in the plasma,

�� ¼ n�
neq�

; (C3)

where neq� � 2
R
d3q=ð2
Þ3=ðejqj=T þ 1Þ ¼ 3�ð3ÞT3=2
2

and

�� ¼ 135�ð3Þ
4
4g�

��: (C4)

Finally, one can normalize with respect to the photon
density,

L� � n�
n�

; (C5)

where n� � 2
R
d3q=ð2
Þ3=ðejqj=T � 1Þ ¼ 2�ð3ÞT3=
2,

which yields

�� ¼ 45�ð3Þ

4g�

L�: (C6)

APPENDIX D: LOW TEMPERATURE DECAY
RATES FOR STERILE NEUTRINOS

Most of the rates relevant for this work have been
computed in Ref. [16], where they are listed in the
Appendix. Here, we only list those rates that are needed
in addition to those or that require refinement. This was
necessary for the decay rates into leptons, where masses of
the final state particles had been neglected in the original
computation.

1. Semileptonic decay

The decay into up-type quarks through a neutral current
is given by

�NI!��u �u¼
G2

Fj��Ij2M5

192
3

�
fðuÞðxqÞSðxq;xqÞþx4q

�
3�16

3
C1x

2
qþð3�8C1Þx4q

�
log

�
1�4x2qþ2x4qþSðxq;xqÞð1�2x2qÞ

2x4q

��
;

(D1)

where xq ¼ mq=M.
The decay into down-type quarks through a neutral current is given by

�NI!��d �d¼
G2

Fj��Ij2M5

192
3

�
fðdÞðxqÞSðxq;xqÞþx4q

�
3�8

3
C2x

2
q�ð1�4

3
C2Þx4q

�
log

�
1�4x2qþ2x4qþSðxq;xqÞð1�2x2qÞ

2x4q

��
:

(D2)

The decay into quarks through a charged current is given by

�NI!e�un �dm
¼ G2

FjVnmj2j��Ij2M5

192
3

�
gðx; yÞSðx; yÞ � 12x4 log

�
1� Sðx; yÞð1þ x2 � y2Þ � 2y2 þ ðx2 � y2Þ2

2x2

�

� 12y4 log

�
1� Sðx; yÞð1� x2 þ y2Þ � 2x2 þ ðx2 � y2Þ2

2y2

�

þ 12x4y4 log

�
1� 2x2 � 2y2 þ x4 þ y4 � Sðx; yÞð1� x2 � y2Þ

2x2y2

��
; (D3)

where min ðm�;mun ;mdmÞ is neglected, and x and y are the two heavier masses divided by M.
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2. Leptonic decay

�NI!e�
���

eþ
�
��

¼ G2
Fj��Ij2M5

192
3

 
Sðx�; x�Þgðx�; x�Þ � 12x4� log

"
1� Sðx�; x�Þð1þ x2� � x2�Þ � 2x2� þ ðx2� � x2�Þ2

2x2�

#

� 12x4� log

"
1� Sðx�; x�Þð1� x2� þ x2�Þ � 2x2� þ ðx2� � x2�Þ2

2x2�

#

þ 12x4�x
4
� log

"
1� 2x2� � 2x2� þ x4� þ x4� � Sðx�; x�Þð1� x2� � x2�Þ

2x2�x
2
�

#!
(D4)

with

Sðx; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� ðxþ yÞ2Þð1� ðx� yÞ2Þ

q
C1 ¼ sin 2�Wð3� 4sin 2�WÞ

fðuÞðxÞ ¼ 1

4
� 2

9
C1 �

�
7

2
� 20

9
C1

�
x2 �

�
1

2
þ 4C1

�
x4 þ ð�3þ 8C1Þx6

C2 ¼ sin 2�Wð3� 2sin 2�WÞ
fðdÞðxÞ ¼ 1

4
� 1

9
C2 þ

�
10

9
C2 � 2

7

�
x2 �

�
1

2
þ 2C2

�
x4 � ð3� 4C2Þx6

gðx; yÞ ¼ 1� 7x2 � 7y2 � 7x4 � 7y4 þ 12x2y2 � 7x2y4 � 7x4y2 þ x6 þ y6:
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