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In the Einstein gravity, it is well known that strictly stationary and vacuum regular spacetime should be

the Minkowski spacetime. In the Einstein-Gauss-Bonnet theory, we shall show that strictly static (no event

horizon), vacuum, and asymptotically flat spacetimes with conformally static slices are the Minkowski

spacetime when the curvature corrections are small.
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I. INTRODUCTION

String theory predicts the higher curvature corrections to
the gravitational theory at high energy [1]. Although we do
not know the definite expression for the corrections, we
know that the Gauss-Bonnet correction term appears in the
heterotic string theory [2,3]. Then one often discusses
cosmology and black hole physics in the gravitational
theory with the Gauss-Bonnet term [4], that is, the
Einstein-Gauss-Bonnet theory. One striking thing is that
almost all fundamental theorems for the Einstein theory
cannot be extended to the Einstein-Gauss-Bonnet theory.
The singularity theorem [5], positive mass theorem [6,7],
and so on do not hold in general. About black holes, we do
not know if the uniqueness theorem holds [8]. At first
glance, the way to prove the static black hole uniqueness
in the Einstein theory [9] cannot be simply extended to the
Einstein-Gauss-Bonnet case.

There is also a simple question on the strictly stationary
vacuum spacetimes. By strictly stationary spacetime, we
mean that the timelike Killing vector exists in whole space-
time; that is, there are no event horizons. In the Einstein
theory, it is well known that the strictly stationary vacuum
spacetimes are only the Minkowski spacetime [10] (see
Ref. [11] for higher dimensions). This statement tells us
that there is no nontrivial solution. One might have the
same question in the Einstein-Gauss-Bonnet theory. In this
paper we shall address this issue. At the same time, we can
briefly discuss the positive mass theorem because we will
use it in our argument. Of course, there is no reason why
the same features hold in the Einstein-Gauss-Bonnet the-
ory because the large curvature corrections may drastically
change the structure of spacetimes. However, one can
expect that they hold when curvature corrections are small.
Indeed, we can show that the strictly static vacuum and
asymptotically flat spacetimes with the conformally flat
slices are the Minkowski spacetime in the Einstein-Gauss-
Bonnet theory when the curvature correction to the
Einstein theory is small and the Gauss-Bonnet coupling
constant is positive. We note that our argument in this
paper relies on the perturbative treatment.

The remaining parts of this paper are organized as fol-
lows. In Sec. II, we describe the Einstein-Gauss-Bonnet

theory and the basic equations in the static spacetimes.
In Sec. III, we show that the strictly static spacetimes with
the conformally flat and static slices are the Minkowski
spacetime for a certain case. Finally we give the summary
and discussion in Sec. IV.

II. STATIC SPACETIMES IN
EINSTEIN-GAUSS-BONNET THEORY

In this section, we introduce the Einstein-Gauss-Bonnet
theory and write down the field equations for the static
spacetimes.
We consider the gravitational theory with the Gauss-

Bonnet term in (nþ 1)-dimensional spacetimes described
by the action

S ¼
Z

dnþ1x
ffiffiffiffiffiffiffi�g

p ðRþ �ðRabcdR
abcd � 4RabR

ab þ R2ÞÞ;
(1)

where � is the coupling constant. In the four-dimensional
spacetimes, the Gauss-Bonnet term does not affect the field
equations.
The gravitational field equations are

Rab ¼ �� ~Hab; (2)

where

~Hab ¼ 2RacdeRb
cde � 4RacbdR

cd � 4Ra
cRbc þ 2RRab

� 1

n� 1
gabLGB (3)

and

LGB ¼ RabcdR
abcd � 4RabR

ab þ R2: (4)

Note that, for example, the null convergence condition
Rabk

akb � 0 does not hold for the tangent vector of null
geodesics ka in general situations of the Einstein-Gauss-
Bonnet theory. This condition is required to show some
fundamental theorems like the singularity theorem, black
hole area theorem, and so on Ref. [5].
Here we consider the strictly static spacetimes with the

hypersurface orthogonal timelike Killing vector, @t. The
metric of the static spacetime can be written as
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ds2 ¼ �V2ðxiÞdt2 þ gijðxkÞdxidxk; (5)

where gij is the metric of n-dimensional t ¼ constant

space and indices i, j run over 1; 2; . . . ; n� 1. The strictly
static spacetime means that there are no Killing horizons;
that is, V is positive. In static spacetimes, the nontrivial
components of the Riemann tensor are

Rijkl ¼ ðnÞRijkl (6)

and

R0i0j ¼ VDiDjV; (7)

and then those of the Ricci tensor are

R00 ¼ VD2V (8)

and

Rij ¼ ðnÞRij �
1

V
DiDjV; (9)

where ðnÞRijkl,
ðnÞRij, and Di are the n-dimensional

Riemann tensor, Ricci tensor, and the covariant derivative
with respect to gij, respectively.

Now LGB is written as

LGB ¼ ðnÞLGB þ 8

V
ðnÞGijD

iDjV; (10)

where ðnÞGij ¼ ðnÞRij � ð1=2ÞgijðnÞR and ðnÞLGB is

ðnÞLGB
:¼ ðnÞRijkl

ðnÞRijkl� 4ðnÞRij
ðnÞRijþðnÞR2

¼ ðnÞCijkl
ðnÞCijkl� 4

n� 3

n� 2

�
ðnÞR2

ij�
n

4ðn� 1Þ
ðnÞR2

�
:

(11)

In the above, ðnÞCijkl is the n-dimensional Weyl tensor with

respect to gij.

In static spacetimes, the Hamiltonian constraint is

ðnÞRþ �ðnÞLGB ¼ 0: (12)

(See Ref. [12] for the Arnowitt, Deser, and Misner (ADM)
formalism of the Einstein-Gauss-Bonnet theory).

III. STRICTLY STATIC SPACETIME WITH
CONFORMALLY FLATAND STATIC SLICES

Now we can discuss strictly static and vacuum space-
times. The equation R00 ¼ �� ~H00 gives us

D2V ¼ 4
n� 3

n� 1
�DiDjV

ðnÞGij � �

n� 1
VðnÞLGB; (13)

and then it is reexpressed as

Di

�
DiV� 4

n� 3

n� 1
�DjV

ðnÞGij

�
¼� �

n� 1
VðnÞLGB: (14)

In the above we used the Bianchi identity.

In the Einstein gravity, the above becomesD2V ¼ 0. Then
if the spacetime is strictly static, that is, the hypersurface-
orthogonal timelike Killing vector is everywhere, the volume
integral of D2V ¼ 0 directly implies that the ADM mass
vanishes. Then the positive energy theorem implies that the
spacetime is the Minkowski one. This statement holds in
strictly stationary cases too. This is a well-known fact [10]
(see Ref. [11] for higher dimensional cases).
Next we address the same issue in the Einstein-Gauss-

Bonnet theory. In Eq. (14), the right-hand side does not
vanish. Here we consider some restricted cases, that is,
t ¼ constant hypersurfaces are conformally flat. And we
employ the perturbative argument with respect to �; that is,
we will consider the field equations up to the linear order of

�. In Eq. (14), this means that it is enough to estimate ðnÞLGB

in the zeroth order of �. Since the slices are assumed to be
conformally flat, the n-dimensional Weyl tensor vanishes,
ðnÞCijkl ¼ 0. The Hamiltonian constraint [Eq. (12)] gives us

ðnÞR ¼ Oð�Þ: (15)

The field equation Rij ¼ �� ~Hij with Eq. (9) is approxi-

mated as

ðnÞRij ¼
1

V
DiDjV þOð�Þ: (16)

Using all of the above, we can compute ðnÞLGB as

ðnÞLGB ¼ �4
n� 3

n� 2

1

V
DiDjV

ðnÞRij þOð�Þ: (17)

Then Eq. (14) becomes

Di

�
DiV � 4

n� 3

n� 2
�ðnÞRijD

jV

�
¼ Oð�2Þ: (18)

Note that Eq. (14) does not have the divergence-free form as
above if the n-dimensional Weyl tensor does not vanish. One
may think that the imposing of the conformal flatness of gij is

too restrictive. But, it is still nontrivial to discuss the configu-
ration of the strictly static vacuum spacetimes.
The volume integral of the above becomes the surface

integral at the spatial infinity:

Z
S1

�
DiV � 4

n� 3

n� 2
�ðnÞRijD

jV

�
dSi ¼ Oð�2Þ: (19)

This is because we assumed that there are no event hori-
zons. In asymptotically flat spacetimes, near the spatial

infinity(r ¼ 1), ðnÞRijD
jV ¼ Oð1=r2n�1Þ, and then we see

that the second term in the integrand of Eq. (19) does not
contribute to the integral. Thus, we can see that the ADM
mass vanishes.
The Ricci scalar of gij is now computed as

ðnÞR ¼ ��ðnÞLGB ¼ 4ðn� 3Þ
n� 2

�ðnÞRij
ðnÞRij þOð�2Þ: (20)

We know that the positive mass theorem holds if ðnÞR � 0
is satisfied regardless of theories as long as we consider
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asymptotically flat spacetimes (the Riemannian positive

mass theorem). We can see that ðnÞR is non-negative if �
is positive. In the heterotic string theory, � is shown to be
positive [3]. Thus, the positive energy theorem holds. In the
full order of �, the positive mass theorem holds if

�ðnÞLGB � 0 is satisfied (see Ref. [13] for the related

argument for the positive mass theorem in the Einstein-
Gauss-Bonnet theory). But, we cannot expect that we can
show that in general. After all, the positive mass theorem
tells us that the static slice with the vanishing ADMmass is

the Euclid space. Therefore, ðnÞRij ¼ 0 holds and Eq. (14)

impliesD2V ¼ 0. These show us that V is constant and the
spacetime is indeed the Minkowski spacetime.

As a summary, we obtain the following statement:
Let us consider the asymptotically flat and strictly static

spacetimes governed by the Einstein-Gauss-Bonnet theory
with positive �. We assume that the static slice is confor-
mally flat. Up to the order Oð�Þ, then, it turns out that the
spacetime must be the Minkowski spacetime.

There are several branches of the solutions in the
Einstein-Gauss-Bonnet-theory. The condition of the
asymptotic flatness may choose the Einstein branch where
the system reduces to the Einstein theory as � to zero.
In such cases, it is natural to expect that the same features
are shared with the Einstein theory.

IV. SUMMARYAND DISCUSSION

In this paper we discussed the strictly static vacuum and
asymptotically flat spacetimes in the Einstein-Gauss-
Bonnet theory. We employed the perturbative argument
with respect to the Gauss-Bonnet coupling constant �.
Here we considered the corrections up to the linear order
of �. Then we could show that the strictly static and

conformally flat slices are the Euclid space for the cases
with positive � and then the spacetime is the Minkowski
spacetime. To show that, we used the positive mass theorem
for the Einstein-Gauss-Bonnet theory. At the perturbative
level, we saw that the Ricci scalar of the slices is non-
negative, and then the positive mass theorem indeed holds.
There are many remaining issues. In this paper we

adopted the perturbative argument with respect to �.
Therefore one may consider the higher order terms of �
or the Lovelock theory [14]. We also focused on the strictly
static vacuum spacetimes as a first step. Then, there is still
the same issue in the strictly stationary spacetimes. In our
discussion we used the Riemannian positive mass theorem
which has been already proven. But, one might be able to
improve/optimize the positive mass theorem for the
Einstein-Gauss-Bonnet theory; that is, the condition of
ðnÞR � 0 may be relaxed. We are also interested in the
black hole spacetimes. For example, we want to examine
the uniqueness properties in the Einstein-Gauss-Bonnet
theory. At least, one might be able to prove the black
hole uniqueness at low energy scales.
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