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Shifted orbifold models with magnetic flux
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We propose a mechanism to obtain the generation of matter in the standard model. We start
from the analysis of the T?/Zy shifted orbifold with magnetic flux, which imposes a Zy symmetry
on torus. We also consider several orbifolds such as (T? X T?)/Zy, (T?> X T? X T?)/(Zy X Zy) and
(T? X T?> X T?)/(Zy X Zn» X Zyn). On such orbifolds, we study the behavior of fermions in two different
means—the operator formalism and the explicit analysis of wave functions. For an interesting result, it is
found that the number of zero-mode fermions is related to N of the Zy symmetry. In other words, the
generation of matter relates to the type of orbifolds. Moreover, we find that shifted orbifold models are
severely restricted from realizing three generations. For example, the three-generation model on the type
of M* X (T? X T?)/Z, is unique. One can also construct other types of three-generation orbifold models
with rich flavor structure. Those results may bring us a realistic model with desired Yukawa structure.
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I. INTRODUCTION

Extra-dimensional field theories play an important role
in particle physics and cosmology. In particular, string-
derived higher-dimensional models would be interesting.

A key issue is how to realize a four-dimensional chiral
theory through a certain type of compactification, when we
start with a higher-dimensional theory. For example, the
toroidal compactification is simple, but it does not lead to a
four-dimensional chiral theory without any gauge back-
ground. More complicated geometrical backgrounds such
as Calabi-Yau compactifications can lead to a four-
dimensional chiral theory. In general, it is difficult to solve
zero-mode equations analytically on Calabi-Yau mani-
folds, although topological discussions are applicable.

Torus compactifications with magnetic fluxes are quite
interesting extra-dimensional backgrounds [1,2]." Chiral
massless spectra in a four-dimensional theory can be real-
ized. One can solve zero-mode equations analytically and
their zero-mode profiles are nontrivially quasilocalized.
Furthermore, such supersymmetric Yang-Mills models on
the torus with magnetic fluxes can be derived from the
superstring theory with D-branes [4]. Also, the general
form of wave functions and the spectra have been derived
in arbitrary n-dimensional torus with magnetic flux [5].

The number of zero modes is determined by the magni-
tude of the magnetic flux. Thus, one can realize the three
generations of chiral matter fields by choosing a proper
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pattern of magnetic fluxes.” In addition, nontrivial profiles
of quasilocalized zero modes can lead to hierarchically
small couplings when they are localized far away from
each other, although their couplings would be of O(1) for
zero modes localized near places. Thus, these models are
phenomenologically quite interesting. Indeed, several
studies have been carried out for various phenomenologi-
cal aspects such as explicit model building and computa-
tions of four-dimensional low-energy effective field
theories, e.g., Yukawa couplings [2], realization of quark/
lepton masses and their mixing angles [8], higher order
couplings [9], flavor symmetries [10—12], massive modes
[13], etc. (See also Refs. [14-17].)

The orbifold compactifiction with magnetic flux is also
interesting [18,19].> The (twisted) orbifold is constructed
by dividing the torus by a discrete rotation [21]. On the Z,
orbifold with magnetic flux, zero-mode wave functions are
classified into even and odd functions under the Z, reflec-
tion. Either Z, even or odd zero modes are projected out
exclusively by the orbifold projection. Then, we can obtain
that the number of generations differs from one in the
simple toroidal compactification with the same magnetic
flux. Hence, the flavor structure becomes rich.

In this paper, we study another type of orbifolds with
magnetic flux. Instead of the discrete rotation, we divide

20On the other hand, there have been some bottom-up ap-
proaches realizing the three generations of chiral matter fields,
which are called the extra-dimensional models. For example, an
attempt is to derive the three generations of chiral matter fields
on the basis of the relation between gauge symmetry and
boundary conditions on four-dimensional spacetime added to
S'/Z, twisted orbifold [6]. Another one is to derive the three
generations of chiral matter fields through the geometry of extra
dimension with point interactions instead of magnetic flux [7].

3See also for heterotic models on magnetized orbifolds [20].
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the simple toroidal compactification with magnetic flux by
some discrete shift symmetries such as Z, i.e., the shifted
orbifold.* We can classify zero-mode wave functions by
their behaviors under the shift symmetry and project out
some of them. Then, we derive a new type of models
and flavor structures. In particular, we consider T2%/Zy,
(T’XT?/Zy, (T?XT?/Zy XT? (T*>XT*XT?/
(Zy X Zy1), and (T?>XT?>XT?)/(Zy X Zy X Zyn) shifted
orbifolds. Then, we study the number of zero modes and
their wave functions on the above shifted orbifolds with
magnetic fluxes. For an interesting result, it is found that
the number of zero-mode fermions is related to N of the Z
symmetry. In other words, the generation of matter relates
to the type of orbifolds. Moreover, we find that shifted
orbifold models are, in general, severely restricted from
realizing three generations. For example, the three-
generation model on the type of M* X (T? X T?)/Zy is
unique. One can also construct other types of three-
generation orbifold models with rich flavor structure.
Those results may bring us a realistic model with desired
Yukawa structure.

This paper is organized as follows. In Sec. II, we study
the shifted orbifold with magnetic fluxes in the operator
formalism. In Sec. III, we study zero-mode wave functions
of spinor fields and flavor structure. Section IV is devoted
to the conclusion and discussion. In Appendix A, we
discuss the general form of Zy shifted orbifold and basis
transformation. In Appendix B, we discuss the degeneracy
of spectrum on (72 X T2 X T?)/(Zy X Zy' X Zy»). In
Appendix C, we discuss Wilson line phases and the re-
definition of fields under the existence of magnetic flux.

II. OPERATOR FORMALISM ON SHIFTED
ORBIFOLD WITH MAGNETIC FLUX

First of all, we introduce a homogeneous magnetic flux
along a U(1) gauge group, which may be a subgroup in
some non-Abelian gauge group, and concentrate only on
the U(1) gauge theory. In this section, we consider the
quantum mechanical system of the U(1) gauge theory on
some shifted orbifold with homogeneous magnetic flux.
The shifted orbifold is defined by orbifolding with some
discrete symmetries on the torus, as we will see below. For
the analysis, we make use of a technique of operator
formalism, in which it is easy to understand the number
of degeneracy compared with the analysis with the wave
functions. We first investigate the quantum mechanical
system with a homogeneous magnetic field on T2/Z,
and show that the energy spectrum of this system has
degeneracy due to the magnetic flux, which is well known
as the Landau levels. In this case, however, there is no
reason to restrict the number of degeneracy. After that, we

“For example, the shifted orbifolds have been studied within
the framework of the heterotic string theory [22-24] and also in
the context of the torus-orbifold equivalence [25,26].
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also investigate the system on (T2 X T?)/Zy. Differently
from T?/Zy, we obtain the remarkable result that the
number of degeneracy is restricted to a multiple of N.
This result implies that the three-generation structure could
be derived from some higher-dimensional gauge theory. We
also discuss the extension of this idea to (T2 XT?XT?)/
(Zy X Zy1) as well as (T?XT?XT?)/(Zy X Zyi X Zyn) in
the latter half of this section.

A. T?/Zy shifted orbifold
1. Operator formalism on T*

Let us start from an analysis of a quantum mechanical
system in a homogeneous magnetic field on 72. We define
the vector notation on 72 as y = (y;, v,)*. The Schrédinger
equation and the Hamiltonian we consider are written as

Hip(y) = E¢(y), H=(=iV+qA®y)? ()

where V = (9,,, d,,)", ¢ is a U(1) charge, and A(y) pro-
vides a homogeneous magnetic field on 77 as

A(y)=——ﬂy+7a 2
or in the component
12

Aily) = =3 Z gy, t—a, (=12. (3)

Here, a is a Wilson line phase which is composed of real
constants. We emphasize that only the antisymmetric part
of () is physical, and the symmetric part depends on a
choice of gauge. We will take a suitable gauge as we will
see later. Introducing a two-dimensional lattice,

A= {i na,ln, € Z}, 4)

a=1

we define the two-dimensional torus as 72 = R?/A. Here
u, and u, are the basis vectors of torus. In other words, 7?2
is defined with the identification

2
y~y+ Y n, (5)

a=1

For the Schrodinger equation to be compatible with this
condition, the wave function ¢ (y) has to satisfy the pseu-
doperiodic boundary conditions,

Py +u,) = e %2y(y) fora=1,2  (6)

Here we made a constant phase appearing at the right-hand
side of this equation absorbed into a. Now, we require
that the wave function must be single-valued on the torus.
The requirement leads to the magnetic flux quantization
condition,

quiBu;, =270, @)
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where B = 1(Q — QT), which corresponds to a homoge-

neous magnetic field, and Q,, = —Q;, € Z.
To move on the operator formalism, we introduce a
momentum operator as p = —iV, which is canonically

conjugate to y. This operator satisfies the canonical com-
mutation relations,

the others = 0, (,k=1,2). (8

We rewrite the wave function ¢ (y) in the language of the
operator formalism as ¢/ (y) = (y|¢) and then the system is
rewritten by

Lvj» Pkl = i 4

N A 2
Ay =l A =(p-205+2ma) = "

®)

This is restricted by the constraint conditions,
emn=lw, T,=ui(p-5075) @=12. (0

These conditions come from the pseudoperiodic boundary
conditions (6), and we have taken the suitable gauge in
which the additional term in 7', vanishes, i.e., ufQu, = 0.
To investigate the eigenstates of this system and their
energy eigenvalues, it is convenient to define new variables
under a canonical transformation. Then we introduce the
new variables,

N 2 A A
YE\/__ﬁ/Z’ T2, P= Tl!
w
(11)

where @ = 2¢gB;, = 2gb/|u; X u,|’ and M = Q,,. They
satisfy the canonical commutation relations, i.e.,

p=2p,, Y=-

2aM

[Y,P]=i [Y,P] =i theothers=0. (12)
The transformation {y;, p;;i = 1,2} — {Y, P, Y, P}is a ca-
nonical one since it preserves the canonical commutation
relations. Moreover, under the new variables, the system
can be reformulated into an effectively one-dimensional
harmonic oscillator,

1. 2
A= 2+%Y2, (13)

with the two constraint conditions

ePlgy=1), e P™MNy)y=1y). (14
These two constraint conditions are, however, independent
of the energy spectrum of the harmonic oscillator because

H is constructed only from ¥ and P but not from Y and P.
The constraint conditions (14) lead to the coordinate quan-
tization as below. We take the coordinate representation |j)

which diagonalizes the operator Y as

>The b is the magnitude of magnetic flux and b = [ F as
Eq. (73).
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FIG. 1. Schematic figure of the quantization of § = j/|M|.
e—zmM?b;) = o 2miMI| 5, (15)
Making e 2™7 operate on e¢“P|§)(a € R) and using

Eq. (12), we can obtain the condition
e “Ply) =15 — a). (16)

From Egs. (14) and (16), we can obtain the periodic
condition,

Iy =1 =19 7)

with the coordinate quantization condition,

- J .
== =012...,|M—1). 18
V= (j M| —1).  (18)
A schematic figure of the quantization condition is repre-
sented in Fig. 1. These results imply that the eigenstates of

H and their energy eigenvalues are given by
j 1
n, L> , E, = w(n + 7),
M T2 2

(19)
where n =0,1,2,... and j=0,1,2,...,|M| — 1. Thus,
there is |M|-fold degeneracy at each energy level in this
system, i.e.,

A

O J

n, —> =E,
M T2

the number of degeneracy = |M|. (20)

Note that E, corresponds to eigenvalues of the two-
dimensional Laplace operator with magnetic flux (1), i.e.,
the mass squares of scalar fields m2 = w(n + 1/2). The
spinor and two-dimensional vector have mass spectra as

m2 = wn and m2 = w(n — 1/2), respectively [2,13].

2. Z y shifted orbifolding

From here, we investigate the quantum system on 7%/ Zy
shifted orbifold, which is defined as the identification

1
Zviy~y+—u, 21
Ny Tyt (21)

where N is some positive integer. We should comment here
that Eq. (21) is not the general form in the Zy shifted
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orbifolding, but we can always transform the general form
into a special one such as Eq. (21) without any loss of
generality. We show the details in Appendix A. This iden-
tification can be translated into the requirement for physi-
cal states on T2/Zy in the operator formalism as®

U202, =Wy, Uz, =€V, (22)
where U 7z, 1s the operator that shifts the coordinate y by
%ul, as in Eq. (21). The Zy shift operator has to be
consistent with the torus identification (10) and leads to
the consistency conditions

0,7 =ell,, (a=12). (23)

From these conditions, we can obtain

M
e/Z. 24
N (24)

In other words, we can write
= tN, (25)

where ¢ is some integer. We can understand briefly what
this result means physically. Since the Z shifted orbifold-
ing reduces the fundamental region A of 7% to A /N, the
magnetic flux quantization requires that M has to be a
multiple of N.

Then we define the physical states on 72/Z as

j 1 N—1 -
n,~— = Uv,) ¢t >
M>T2/ZN Z( o M/

lNl

(26)

]+€t>

where j + €t is identical with an element of the set of j
modulo |M|. Here we used the fact that U operate on the
states on T2, i.e.,

1 j+t
ni | > —|n,]—>. 27)
M M N T2 M T2

Finally, we mention the number of degeneracy in this
system, which is given by

Oz

M
the number of degeneracy = % = |¢|. (28)

We notice that we cannot obtain any constraint for the
number of degeneracy on T2/Z,.

®We note that there is always a Zy-phase ambiguity to
put 2™/ (9 € Z) in the definition of Uy, . Here we assume
e2™i0/N = | because it does not affect the analysis below. For

the same reason, we will apply this assumption to the cases of
other orbifolds.
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B. (T? x T?)/Zy shifted orbifold

In this subsection, using the analysis in Sec. II A, we
analyze the quantum mechanics on (7% X T?)/Zy shifted
orbifold with a homogeneous magnetic field. The exten-
sion of the previous analysis is straightforward, but the
result is nontrivial. In this case, the number of degeneracy
is restricted to a multiple of N.

1. Operator formalism on T* x T?

Let us start from a Hamiltonian of the quantum system
on T? X T? with a homogeneous magnetic field, which is
given by

2
H= Z(_iv(g) + gA®(y'8)))?, (29)

g=1

where

1 2
A ©(y8))= _ig(g)y(g) + %a(g), (g=1,2). (30

Here we introduced an index g to be a label of each torus.
The two two-dimensional tori 72 X T? are defined as
T2 X T2 =R/AY X R/A@, 1)

where

A — {Z nOu® |0 e z}, (g=12. (2

In other words, T2 X T? can be defined with the

identifications,

y(g) ~ y(g) + Z n(g) (g) (33)

a=1
On each torus, the wave function (y", y?) has to
satisfy the pseudoperiodic boundary conditions,

Py + uy
Py, y@ + 42y = eiab®TAPuI /2 (5D y2)),

Ly = elayMTANEL /2y, (y(1) (@)
(34)

for the Schrodinger equation to be compatible with Eq. (33).
The requirement that the wave function is single-valued
on each torus leads to the magnetic flux quantization
conditions,

(&)TB(g)u(é) — 277sz%;’ (35)

where B¢ = %(Q(A’) — Q@) and Qggb) = — (bi) eZ.
Here we introduce momentum operators as p'¢) =

—iV®, which are canonically conjugate to y®. These

operators satisfy the canonical commutation relations

[y, P =i8,,6 the others = 0, (36)

where g, g’ =1, 2 and j, k = 1, 2. In the same way as
the previous subsection, the pseudoperiodic boundary
conditions (34) can be regarded as the constraint conditions
for the physical states in the operator formalism. The
system is rewritten by
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Aly)=Elyp),

2 2
A=y ( po 1 0w + 2m<g>) 3 (P,
=1

g=1
(37

with the constraint conditions
(® A o X
Ty =1y), TEf“=u2g”(p<g>—§ﬂ<g”y<g>), (38)

where a = 1, 2 and g = 1, 2. In the above, we chose the

gauge as uﬁf)TQ@)uﬁf’) = (. Under the system, we consider
the canonical transformation,

P = e P, PO = 2pe)
(g) 1 2(e) _ A 39)
Y 8 = T(g) P 8 = T(lg)’

27,-M(g)

where @8 = 2qB(f’;) = 2qb(g)/|u(1g) X u(zg)l and M®) = Q(lgz).
These new variables satisfy the relations

[P®, ple)]= i8gq [I}(g), ﬁ(g/)] =id,,, theothers=0.
(40)
Then, we can rewrite the Hamiltonian as
r S (8) (“’ P o z]
A ;[Z(P P+ L g 1)
with the constraints

ey =1, =19 (s=12. @)

In a way similar to the previous subsection, H is con-
structed only from P® and Y, so that the constraint
conditions (42) do not affect the energy spectrum of the
system. H is just the sum of the two one-dimensional
harmonic oscillators, which implies that the energy eigen-
values of H are given by

_ (2) Se)
e R2aMeY

2
1
Eo,0=> w<g><n<g> + —), (n®=0,1,2,...). (43)
g=1 2
Furthermore, the constraint conditions (42) lead to the
quantization on the coordinates 7%,
s = Jo :
where 7¢ is an eigenvalue of 7¢ with the identification
7@ ~ §© + 1. Thus the eigenstates of this system are
described by not only n" and n® but also j; and j, as
a0 p@. 1 )2
RSOk M(2)>Tz><7~2 (45)
Since the eigenvalues of the Hamiltonian are independent
of the value j,, there is [MM®|-fold degeneracy at each
energy level, i.e.,

=0,12....|IM9| - 1), (44)

the number of degeneracy = |[M1M®@)|. (46)
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2. Zy shifted orbifolding

From here, we investigate the quantum system on
(T? X T?)/Zy shifted orbifold, which is defined by the
identification

Zy: (Y, y?) ~ (y<” 4 Cull) @ 4 lu(ﬁ)), 47

N N

where each of N and d is some integer and d is relatively
prime with N. As we mentioned in the previous subsection,
Eq. (47) is not the general form in the Z, shifted orbifold-
ing. However, we can always transform the general form
into a special one such as Eq. (47) without any loss of
generality. We discuss it in Appendix A. This identification
can be translated into the requirement for physical states in
the operator formalism as

A A (1) L A2)
UZNl ¢>(TZXT2)/ZN =| '7Z’>(T2><T2)/ZN’ UZN = @l +T)/N,

(48)

Since the Zy shift operator has to be compatible with
Eq. (38), we obtain the consistency conditions

U6t =ei0,, (a=12g=12). (49)

These conditions lead to

) M®@
M P ey (50)
N N
which imply that both M) and M® must be multiples of
N, ie.,

MY =N, M@ = t,N, (51)

where each of #; and #, is some integer. The physical states
on (T? X T?)/Zy, which are nothing but Zy-invariant
states, can be constructed as

nD, @ J1 ]2>
M(l) M (T2XT2)/Zy

1 ~ Ji
- m ,@. J1 2
\/Ng)(UZN e M(l),M(2)>T2><T2
lN—l

=

(52)

n() Q). J1+€dt1 ]2+€t2>
MO MO [

where each of j; + €dt; and j, + €1, is identical with an
element of the set of j, modulo |M(®)]. Moreover, we can
obtain the result that the number of degeneracy in this
system is a multiple of N, i.e.,

MO p@)]
N

We would like to note that the number of zero-mode
fermions for (7% X T?)/Zy is given by a multiple of N,
while it can be an arbitrary integer for 72/Zy. This result
leads to an important conclusion—that there is only one

the number of degeneracy = =|1,5,|N. (53)
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possibility for deriving the three generations of matter, i.e.,
(N; MY, M@) = (3;3,3) on (T% X T?)/Zy. Moreover, in
a case of (T? X T?)/Zy X T?, we obtain only one condi-
tion delivering the three generations of matter such as
(N; MY, M?, M®) = (3;3,3,1). We will show that these
results coincide with that of the analysis with wave func-
tions in Sec. III.

C.(T* x T?* x T*/(Zy X Z,) shifted orbifold

We can also apply the previous results to the system on
(T?> X T?> X T?)/(Zy X Zy1) shifted orbifold. As in the
previous model, the number of degeneracy is also restricted
in this case and can produce threefold degeneracy. We
do not present the analysis by the quantum system
on T2 X T? X T? in detail because it is just a simple
extension of the previous one. The energy spectrum of
the system on 72 X T2 X T? is labeled by three quantum
numbers, (), n® and n®, and is given by

3
1
En(l)n(2)n(3) = gZ:I w(g)(n(g) + E)) (n(g) = Oy 1) 2) .. ')) (54)

which is constructed of the three one-dimensional har-
monic oscillators. Then the physical states compatible
with Eq. (54) are labeled by not only n¢) but also the
quantum numbers j,, which come from the constraint
conditions in each torus, i.e.,

) ,@ 0.1 J2 )3
SRR VO M(2>’M<3>>T2XT2XT2’ (55)
where j, =0,1,2,..., [M®| - 1.

Next we analyze the quantum system on (72 X T? X T?)/
(Zy X Zyr). We define the Zy, and Zy: shifted orbifoldings
as the identifications,

d 1
Zy: (YW, y?, yB)) ~ (y“) + Nu(l”, y? + Nu(f), y(3)),
1
Za: (3D, @, ) ~ (ym, ¥ & ﬁ(slu(f) T su®)

) d
yo ) (56)
where each of N, N/, d, and d' is some positive integer and
each of s, and s, is some integer. Here we require that d(d’)
is relatively prime with N(N'), and when we define s’ as the
greatest common divisor (gcd) of s; and s,, the ged of s” and
d' is relatively prime with N’. As in Appendix A, we can
always transform the general forms of the Z and Z shifted
orbifoldings into special ones such as Eq. (56) without any
loss of generality. In the operator formalism, we define the
operators generating the identifications (56) as

0 4, = @'+, (57)

PHYSICAL REVIEW D 87, 086001 (2013)

A . . S ~(2) (3
U, = enrs,szM(z)/N’et(s]T(12)+s2T(2 +d’T(1 >)/N’. (58)
N

We note that the phase factor e/™1:M”/N" in Eq. (58) is
necessary to be consistent with (U zN,)N " = 1. The identifi-

cations (56) lead to the requirement for physical states on
(T? X T* X T?)/(Zy X Zy) as

UZN | l//>(T2 XT2XT2) [(ZyXZot) | ¢>(T2 XT2XT2) (Zy X Zp1)?

A 59
UZN, | l/f>(T2><T2xT2)/(szzN,) = | '7[’>(T2><T2><T2)/(ZN><ZN/)' (59)

Since these conditions have to be compatible with the torus
conditions,

T\ y=1y), T =u£;"’”(13<8> —%Q(g”ﬁ(g)), (60)

where g = 1, 2, 3 and a = 1, 2, we obtain the consistency
conditions,

~ l-fv(g)

(8) A ~ (8) i@
o = pila iTy = pily
UZN€ e UZN’ UZN,e e UZN" (61)

Moreover, the compatibility between the Zy and Zy. shift
operators leads to the extra consistency condition,

UZN UZN’ = UZN’ 0ZN' (62)
From Eq. (61), we obtain the conditions
NN’
MO =N, MO =n—— MO =4N, (63)
2

where each of 71, 1,, and 7} is some integer and d, is the gcd
of N and N’. From Eq. (62), we obtain the additional con-
straint,

()
oM~ ez (64)
NN’
Using Eq. (63), we can rewrite this constraint as
SHt
ez (65)
d,

When we define the gcd of s, and d, as v, we obtain

$2 =57, dy = dy, = hd, (66)

where each of §, and 7, is some integer and d is some positive
integer. In the case of (T2 X T2 X T?) /(Zy X Zx), the form of

M@ which is compatible with the consistency conditions,
can be rewritten as

. NN'
M® =7 —. (67)
Y

The physical states on (T2 X T? X T?)/(Zy X Zy1),
which are nothing but Zy- and Z,s-invariant states, can
be constructed as

"In the case of s, = 0, we define the gcd of 0 and d, as ds.
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2D q@ o, 1 J3>
MO @ (T2XT?XT?)[(Zy X Zy1)

N'-1

—NZ(UZN) ¢ Z(U )7

—1N -1
= :]\['Z z elW€52(212 (N'=€")s,15)/N'

=0 ¢'=

where N is the normalization factor, #, = 7,N'/y and

/I =
=nLN/y.
Then we obtain the result that the number of degeneracy
in this system is given by

the number of degeneracy

|M(1)M(2)M(3)| NN/
Y

which is a multiple of NN'/y. Hence, as a conclusion
similar to (7% X T?)/Zy, we would like to note that
the number of zero-mode fermions for (72X T2 X T?)/
(Zy X Zy) is given by a multiple of N and N'. This result
leads to an important conclusion—that there is only one
possibility to derive the three generations of matter, i.e.,
(N,N';MD M M) =(3,3:3,3,3) on (T2XT2XT?)/
(Zy X Zy1). We will show that this result coincides with
that of the analysis with wave functions.

In a similar way, we can consider the case of
(T> X T? X T?)/(Zy X Zp1 X Zyn). For example, we as-
sume three discrete symmetries as

1 1
Zo: (0, y, 40 ~< el ol (3)),
v Oy ~ (0 T Dy
1 1
Zo: (1, y@ 43 ~< My 4+ e ) 70
v Yy ~ YRy P+ T+ g (70)

1 1
2 3 2 3
Zyr: (31, 3@ >)~<y<1> + 9,50 +N”)’

where each of N, N’, and N’ is some integer. Then we obtain
the result that the number of degeneracy in this system is given
by (see Appendix B)

MO M@ p3)]
N Nl Nl/
N
= Inonl g an
where d, is the gcd of N and N’, d, is the gcd of N' and N”,
and dj is the gcd of N” and N. We would also like to note
that there are only two possibilities to derive the three
generations of matter, i.e., (N, N', N'; MYV, M@ MO =
(3,9,3;3,9,9),(3,9,9;9,9,9), up to the permutation of pa-
rameters for the magnitude of fluxes and the shift symmetries.
We will also show that this result coincides with that of the
analysis with wave functions.

the number of degeneracy =

MORMCRMON Ji
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W, @ 1 Ja J3
I @ M<3>>szrm

+ €dty j, + €ty + sty j3+ 'd't}
ML M@ M®

, (68)

5

>T2><T2><T2

III. WAVE FUNCTION ON SHIFTED ORBIFOLD
WITH MAGNETIC FLUX

In Sec. II, we considered the fields on shifted orbifolds
with magnetic flux by the operator formalism. Here we
reconsider it by analyzing wave functions explicitly be-
cause it is necessary to calculate some physical quantities,
e.g., Yukawa couplings and higher-order couplings [2,9].
We will see below that the results of the analysis with wave
functions coincide with results by the operator formalism.

A. Review of the U(1) gauge theory on T*>
1. Magnetic flux quantization

First, we review the U(1) gauge theory on the
two-dimensional torus with magnetic flux.® Here, it is
convenient to use the complex coordinate z = y; + iy,,
7 =y, — iy, instead of the vector notation y = (y;, y,)T in
order to write wave functions explicitly. They satisfy the
identification z ~ z + 1 ~ z + 7( € C, Im7 > 0) on T2.°
Similarly, we make use of the complex basis for the vector
potential as

. 1 .
A, ==(A, —iA,)), A; = E(Ay‘ +iA,).  (72)

| =

For the nonzero magnetic flux b on T2, we can write that
b = [, F by the field strength

F = dz A dZ. (73)

2ImT

For F = dA, the vector potential A can be written as

b
Ale2) = 5 — Im[(z + a)dz] = A (z, 2)dz + A;(z, 2)dz,

(74)

where a(€ C) is a Wilson line phase. From Eq. (74), we
obtain

8This subsection is based on Ref. [2].
°For convenience, we choose (1, 7) as two circumferences of
the two-dimensional torus.
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Az+ 1,2+ 1) =A(z2)

= A(z,2) +dxi(z 2),

b
e
Az, 2) S Im(7dz)

= A(Z) Z) + d/\/Z(Z: Z)» (75)

Az+77+7) =

where'?

xi1(z2) = % Im(z + a),
(76)

# Im(7(z + a)).

Moreover, let us consider a field ®(z, 7) with the U(1)
charge ¢ on T2. We require the Lagrangian density L to
be single-valued as

L(A(z,2), P(z,2) = LAz+ 1,2+ 1), P(z+ 1,2+ 1))
=LAGZz+ 1,7+ 7), P+ 1,7+ 7).
(77)

X2 (Z’ Z)

Then this field ®(z, 7) should satisfy the pseudoperiodic
boundary conditions,

D(z+ 1,Z+ 1) = ln@IP(z, 2),
Oz + 7,2+ 7) = 0EIP(g, 7).

From these, the consistency of the contractible loops, e.g.,
z—z+1—z+1+ 17— 7+ 17— z requires the mag-
netic flux quantization condition,
gb
27

(78)

=MezZ (79)

2. Zero-mode solutions of a fermion

Here we consider zero-mode solutions of a fermion
¥ (z,Z)on T2 with magnetic flux, which satisfy the equation

> 19, — igA)(z.2) =0, (80)
a=zzZ
where
1 . 1 .
9, = 5(8),] —idy,), 9; = 5(8),] + idy,),
0 2
=T+ =¢g' +io?= ,
i o' +io (0 0) (81)
, 00
M=I!'-?=¢' —-is?= .
20

YFor b # 0, the general functlons of x1(z 2) and x2(z,Z) can
be written as  x;(z,2) = 21m7' Im(z + a) + =2 o x2(z.2) =
21m7 Im(7(z + a)) + ”"2, where «; and «, are real numbers.

We can always make «; absorbed into the Wilson line phase a by
the redefinition of ﬁelds. (See Appendix C.)

PHYSICAL REVIEW D 87, 086001 (2013)

Then we can write /(z, 7) as a two-component spinor,
1,//+(Z, Z)
¥(z,2) = < ) (82)
(2,2
and Eq. (80) can be decomposed as
(a ™
° 2Imr
T™
- z+a))y_(z2)=0.
(az S (z a))z// (zz)=0

The fields ¥ . (z, Z) should obey the conditions (78), i.e.,

<z+a>)w+<z,z>=o, ©)

Yozt 1lz4+1)= einI(Z’Z)‘pt(Zy 2),

o (84)
dli(z + 7, Z + 7_-) = equZ(ZYZ)l//t(Z’ Z)

From Egs. (83) and (84), we find that for M > 0(M < 0)
only ¢ (¢_) has solutions. Their zero-mode wave
functions are given by

Pz ) = Nl
J
19|: ’6’ j|(M(z +a),Mt) forM >0, (89)
Wi(z,7) = Nl mME+aTe
J
0[ "04 i|(M(Z +a),M7) forM<0, (86)
where j =0,1,...,|M| — 1 and 2NV is the normalization

factor. Here the ¢ function is defined by

[ ](V 7.) — Zelﬁ(a+l)2’r 27rt(u+l)(v+b) (87)

ez

with the properties

19|: “ i|(1/ +n1) = ezm‘"’ﬁ[ ](V 7),
b (88)

19|: Z ](V + T, 7.) =¢ —imn?r— 277'1n(1/+b)13|: i|(V 7.)

where a and b are real numbers, v and 7 are complex
numbers, and Im7 > 0.

B. U(1) gauge theory on T?/Z

Next, we investigate the U(1) gauge theory on
T?/Zy with magnetic flux, in which the Z, shifted orbi-
folding satisfies the identification z~ z + e}"(e}l" =
(m + n7)/N;m,n € 7). Here we consider a general Zy
shift e}" for convenience of practical computations,
although we could take, say, (m, n) = (1, 0) without any
loss of generality as in Eq. (21). From Eq. (74), we obtain
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M
Az + et 7+ e") = A(z, 7) + —— Im(e?™dz
o+ e 2+ ) = A D) + T Im(agd:)

=A(z, 7) + dXN(Z, 2). (39)

Then we define the physical state ®(z, 7) which is consis-
tent with Egs. (78) and (89) as

D(z + efp", z + apn) = @I D(z,2),  (90)

m n Ta

(@2 =<~ xi(z2) +—xlz2) +—=, O
N N q

where « is some real number and is determined below.

For Eq. (90) to be consistent with Eq. (78), we find the

relation

elINxv(22) = piglnx (22 Tnxa(32) pimmnM (92)

It follows that ay can be determined as ay = mnM/N.
Then the consistency of the contractible loops, e.g.,
z—mztl—oztl+tef' —z+1+7+eyf" —z+ 7+

mn

ey" — z+ ey —z, requires additional conditions
such as'!
M nM
ne ez (93)
N N

Since N has to be relatively prime with the gcd of m and n
for e}/ to represent a Zy shift symmetry, the conditions
(93) lead to the magnetic flux quantization condition,

M = N, 94)

where ¢ is some integer. We note that this result agrees
with Eq. (25), even though in Sec. II A 2, the magnetic flux
quantization condition was derived for a special case
of the identification (21), which may correspond to
(m,n) = (1,0). '

Furthermore, we consider zero-mode fermions l//ji (z, 2).
It follows from Egs. (85) and (86) that ¢’ (z, 7) satisfy the
equations,

P (z + €enn, 7 + Lenn)

_ eiq&y,\,(z,Z)eirr(m(Zj—(N—f)m)/Nlp.{j("l(zy 7, (95)

where € is any integer and yy(z + ef",z +ey") =
xn(z 7). Since ¢’ (z,7) do not, in general, satisfy the
physical state condition (90) on 72/Z,, we may need to
take appropriate linear combinations of them. For example,
when (m, n) = (0, 1), we obtain

T 7

l/,fi(z TR ﬁ> = et I i ) (96)

so the physical states ‘I’ji (z, 7) are given by

"'Actually, we find the consistency conditions e!™&*%) =

e ITMETR) = pimMER) = e=i"MER)  which lead to Eq. (93).

PHYSICAL REVIEW D 87, 086001 (2013)

; | Rt ; 7€ T
V. (7,7) = — —iglxy(z) 1+< +—, 7+ 7)
,(Z Z) \/N (;) e '7&7 Z N Z N
NS,
= N (2 2), o7
=0
where j=0,1,...,]t] = 1. We can check that these

W/, (z,7) indeed satisfy Eq. (90). When (m, n) = (1, 0),
we obtain

w’;(z + % 2+ %) — 9N EIRTIN Y (5,7), (98)

so the physical states ‘I’ji (z, Z) are given by
; 1S o ¢ ¢
V(7)) =— 3 e—ialxn(cd f+< + 4 +_)
(2 2) Ng_)e pilet ity
1

2|

N—1 B )
Z eij(f/N wji(z, Z)
=0

_ { ¥’(z2) (j =0modN)

99)
0 (j#0mod N).

We can check that these \I’ji (z, Z) satisfy Eq. (90).
For a general Zy shift ej", we can obtain the physical

states WY, (z, Z), which satisfy Eq. (90), as

N—1
\I’]i(z 7) =N’ Z e_"leN(Z'Z)lpji(z + Lefin, 7 + Lenr)
€=0
N-1 ‘
= N Z ei77€m(2j7(Nf€)m)/Nlpji+€nf(z, Z), (100)
€=0

where N7 is the normalization factor. We note that we
cannot obtain any constraint on the number of zero-mode
fermions, i.e., the generation of matter in the standard
model, because the number of degeneracy ¢ is a free
parameter.

Here, we comment briefly on couplings on T2/Zy. On
the two-dimensional torus, a generic L-point coupling
C/o-Jw in a four-dimensional low-energy effective field
theory is given by the overlap integral of zero-mode
functions [2,9],

Cinm-Jjoy = clm-iw f d’zyio o, (101)
TZ

where ¢/0-Jw  denotes the coupling in a higher-

dimensional field theory. Similarly, on the orbifold

C](])-"](L)

T?/Zy, a generic L-point coupling C,):/ is given as

J-J) — Ly D pi :
Corifod = €/0/® [2/ dozVin Wi, (102)
2/Zy

Since the zero-mode wave functions W/ are written by

linear combinations of /, as shown in Eq. (100), the

CJ(1)~~~J<L)

coupling C, ;4 is written by a proper linear combination
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of C/o-Jw_ Tts extension to other orbifolds such as
(T? X T?)/Zy, (T> X T?>XT?)/(Zy X Zy1), and (T? X
T? X T?)/(Zy X Zy1 X Zyn) is also straightforward.

Although we have constructed the Zy-invariant wave
functions ¥, (z, 7) as in Eq. (100), it is also worthwhile to
consider wave functions ®,(z,z) with a Zy charge «,
which is defined as

D, (z+ epn, 7 + ") = w<eiEIP, (z,2),  (103)

where « is some integer and w = ¢>™/N_ Then, in a way
similar to Eq. (100), the wave functions \I’ji,,((z, 7) satisfy-
ing Eq. (103) can be constructed from 7, (z, 7) and are
given by

W (z.2)
N-—1
= N’ Z
=0
N—1 )
= N! Z el mtm(2j—(N=Ont)/N ,—2milk/N 1,0/;{"’(1, 2).
=0

w e e—iatxn(z2) (p]t(z + e, 7 + 55%”)

(104)

C. U(1) gauge theory on (T2 X T?)/Zy
In a similar way, we consider the U(1) gauge theory on
(T? X T?)/Zy with magnetic flux. Let us define z(!) and
72 as the complex coordinates for each torus with the
identifications z®) ~ z(8) + 1 ~ z(®) + 78 When there
are nonzero magnetic fluxes b and 5 on T2 X T2, we
can write that b = f e F (8) by the field strengths,

ib®
2Im7(®

For F® = dA®  the vector potentials A®) can be
written as'?

F&) = dz® A dz7®,

(g=12). (105

A (z8) = Im[(Z® + a¢)dz(®]

2Im7(®

= Aii}) (z®)dz® + Aéil (Z9)dz®,  (106)

where a'®)(€ C) are Wilson line phases. From Eq. (106),
we obtain

A® (&) + 1) = A (®)) + Imdz(®

2Im7(8)
= A®(Z®) + dy'd (),

A® (&) + 78)) = A (£(8)) + Im(7®dz(®)

2Im7(®)

= AB(Z®) + dy¥(2®), (107)

2From here we omit z(®) such as A®)(z(&)), ®(z(#)), and i (z¥).
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where
(&) (,(9)) — (8 (g)
X (') T ® Im(z'® + a'®),
®)(, (@) bt ©(,8) + 4® (109
8 g2)) — T8 8 8
X5 (2') @ Im(7(z®) + a'®))).

Let us next consider a field ®(z(V, z®?) with the U(1)
charge g on T2 X T?. For the Lagrangian density to be
single-valued on T? X T?, we require that the field

®(zV, z?@)  satisfies the pseudoperiodic boundary
conditions,
Dz + 1, z0) = eiax (), 7)),
D) + 70, 7)) = (iaxa’ ) P71, ;@)
(109)

Dz, 7@ + 1) = P (), 7)),
Dz, 7@ + 7)) = (iaxs ) P51, ;).

The compatibility of the conditions (109) with any con-
tractible loops requires the magnetic flux quantization
conditions,

g _ o ab?

: =M? ez
2 2

(110)

Moreover, we consider (72 X T?)/Zy to impose a
Zy shift symmetry on 72 X T? with the additional identi-
fication (z(1), z?) ~ (zV) + '™, z® + £3?™). For the
Lagrangian density to be single-valued on (T2 X T?)/Zy,
we define ®(z\V, z1?) following Eq. (109) as

cp(z(l) + e]”\';lnly Z(2) + e%z"z)

= i1y T E P (7, @), (111)
(&) (g) Me @ ey o e (©(.(e) 77'“55)
XN(ZZ’)=WX1 (z5)+ﬁ){2 (Z9) +——, (112)

where ag\‘?) are some real numbers. For Eq. (111) to be

consistent with Eq. (109), we find the relation

NG E X ED) = T eidmext” ) +n x5 )

g=12
X eiwnlgngM(g) (113)
which determines the values of ag\f) to be a%’) =

mgngM(g) /N. Then the consistency of the contractible
loops requires the additional magnetic flux quantization
conditions,

my M n MY myM® n,M®?

’ y EZ.
N N N N

(114)

In the same way as 72/Zy, each of M® turns out to be a
multiple of N, i.e.,
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MDY =N, M@ =N, (115)
where each of #; and #, is some integer. We note that this
result also agrees with Eq. (51) and the number of degen-
eracy is given by Eq. (53).

Next, we consider zero-mode solutions of a fermion
P (zW, z®) on (T2 X T?)/Z,, which satisfies the equation

2

> Y T, - igAP) ", 2?) =0,

g=1 g=7(8 3

(116)

where

FZ“’=<8 3)@0’0, r?”:(Z g)®a°,
(117)

r =0 0 2, ¥ =¢e 0 O.
0 0 2 0

Then we can write i (z'", z(?)) as a four-component spinor,

D) P2 (z?)
Pz, @) = ( l/lj‘(Z(l))> ® ( 1/1-72(2(2))>

= (21, 2?)), (118)

where P = (%, %), (£, ¥), and J = (jj, j,). For the same
reason as T2, depending on M) = 0 and M?® = 0, only
one of p is well defined, while the others cannot be
normalizable.

Furthermore, the zero-mode fermions ¢7,(zV, z?) are
constructed of lﬁjig (z'®)) on each torus, and from Egs. (85)
and (86), ’f(z¥)) satisfy the equations

lpjig(z(g) +€exgng)

— eiqf,)(gﬁ)(z(g))eiﬂ'(mg(2jg7(Nf€)ngtg)/N lp{f*’“x’zz (Z(g)), (119)
where € is any integer and Xgé’)(z(g) +ey) = X%)(z(g)).
Then, since lﬂ{_p(z(l), 7)) do not, in general, satisfy the
physical state condition (111) on (T? X T?)/Z,, we may
need to take appropriate linear combinations of them in
order to obtain the physical states ‘lfé(z(l), 7). For ex-
ample, when (m|, nj, my, ny) = (0,1,0, 1), the physical
states W7, (zV, z?) are given by

1 N—1
Vp, 2?) = o= 3 93 T, 20),

WN 5

where J + €T = (j, + €1y, j, + €£1,) and the number of
degeneracy of W4,(z\V,z?) is |t;1,IN. When (m, ny,
my, ny) = (1,0, 1,0), the physical states ‘I’é,(z(l), z?) are
given by

(120)
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LS
«pé)(zﬂ), @) = ¥ Z 27l +)/N tp{p(z“), z®)
€=0

— { Pz, 2?) (1 + j2) = Omod N)
0 ((j; + j2)F#0modN),
(121)

where the number of degeneracy of W, (z, z?) is |#,1,|N.
In the same way, for a general Zy shift exgn”’, the
physical states W4,(z\), z?)), which satisfy Eq. (111), are

given by
Wz, z?)
N-1
=N'3 11

€=0g=12

it (2j,—(N=Onyt1,)/N l,lfg”"m (z, z®),

(122)

where N is the normalization factor and J + €T, ,, =
U1 + €ty jo + €naty).

We would like to notice that the number of zero-mode
fermions for (7% X T?)/Zy is given by a multiple of N,
while it can be an arbitrary integer for 72/Z,. This result
coincides with that of the operator formalism and leads to
an important conclusion that there is only one possibility
to derive the three generations of matter, i.e.,
(N; MY, M@P) = (3;3,3) on (T? X T?)/Zy. Moreover, in
a case of (T? X T?)/Zy X T?, we obtain only one condi-
tion delivering the three generations of matter such as
(N; MY, MP, M®) = (3;3,3,1).

Furthermore, it is also worthwhile to consider wave
functions @, (z\V, z?) with a Zy charge k, which is de-
fined by

(I)K(Z(l) + 67\;1"1, Z(2) + exznz)

= el VNP ;D 2 (123)

where « is some integer and w = ¢>7/V. Then the wave
functions ‘If{p’K(z(l), 7)) satisfying Eq. (123) can be con-

structed from wjif (z'¢)) and are given by

‘1’531,((2“), z®)

N-1
N2 1
=0 g=12

J+LT,
X l//f_p ! 2(Z(l), 1(2))-

eiw’fmg(ng—(N—f)ngtg)/Ne—27Ti€K/N

(124)

D. U(1) gauge theory on (T? x T?> x T*)/(Zy X Zy)

In a way similar to the case of (7% X T?)/Zy, we con-
sider the U(1) gauge theory on (T2 X T? X T?) /(Zy X Zx1)
with magnetic flux. Here we leave out the full analysis and
discuss some points. We impose the Zy shift symmetry on
the first and second tori, which relates the first torus with
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the second one as (z(V,z?, z3) ~ (z) 4+ ™, 2 +
myn,

ey ,z3). On the other hand, we impose the Zy: shift
symmetry on the second and third tori, which relates the

second torus with the third one as (z(V,z®,z03) ~
(=, z(z)+em 2 0) 4 ¢ ”). In this case, for the
Lagrangian densny to be single-valued, the pseudoperiodic

boundary conditions of the physical states ®(z(), z?, z(¥)
with the U(1) charge ¢ are given by

DV + ey, 2@ + e, 29)

= (0 AT EN P, ;0 ,3)), (125)
@y — e @00y L " &y ™ a§§)
XN (z )=Wz\/1 (z )+NX2 (z )+T’ (126)
D .2 mny (3 iy
Dz, z? + €72, 2P + o™
_ R0, 0 ) (127)
g my X&) pUiCE may)
— g ! g g ! N’
XN’ (&) = W () + £ N (280 + —N |
(128)
with the relations
SN @ +X P D) — I1 o1ame XY Hny X (29)
g=12
X eiﬂ'mgngM(S')’ (129)

. 2 (3)/.(3 AN (V) 1o e g
equ/(XN,(Z(Z))+XN,(Z(2))) _ l—[ ezq(mg,,\/l (¢ )+ng,,\/2 (&)
g'=23

. '
lﬂ'm’/n’,M(g )
¢e

X e , (130)

where g =1, 2, g’ =2, 3, al¥ = men,M® /N, and
a;\(ﬁ V=m! ol ,M¢)/N'_ Then the consistency of the con-
tractible loops requires the magnetic flux quantization
conditions,
m!, M)
g
) Nl

mgM(g) ngM(g)

N N

n' M)
, £ N €2

(131)

From these conditions, each of MV, M@ and M® turns
out to be a multiple of N and/or N, i.e.,

MWD =N, M@ =N = )N, M3 = N,

(132)

where each of 7, and t(’g , is some integer. Defining d as the

gcd of N and N/, we obtain N = 7id and N’ = ii’d, where
each of 7i and 7’ is some positive integer and 7 is relatively
prime with 7. Since t,N = t,N’, we obtain the relation
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i = thii'. When [7] is defined as the ged of 7, and 7, we
canrewrite 7] and 1, as t, = fi'f and t) = 7i 7, respectively.
Namely, we obtain

!
o = YNV

(133)
If d is defined as the ged of 7 and d, we obtain the same
equation as Eq. (67),

e — 7, M
y

(134)
where each of 7, and 7 is some positive integer, 7 = 7,d and
d = vyd. We note that this result also agrees with Eq. (67)
and the number of degeneracy is given by Eq. (69).

In a way similar to the case of (T? X T?)/Zy, we also
consider zero-mode solutions of a fermion t!/(z('), 22, 1(3))

on (T? XT*XT?/(Zy X Zy)), which satisfies the
equation
3
> Y 10, - igA)yED, 22,0 =0, (135
8=1 q=7(® 7
where
r = (% 2eseom
00
r" = 00 ® ' ® o”,
2 0
¥ =¢e 02 ® o?,
00 (136)
0
I =0eoc’e® 0 2 ,
0 0

I =reoe 0 O.
2 0

Then we can write (z;, zp, z3) as an eight-component
spinot,

YLD (RN (D)
1 ,2 ,0)y)=
= (P21, 2,29, (137)

where P = (£, +, %), (&, +, F), (&, F 2),(F = 5),
and J = (jy, j,, j3). For the same reason as 72, depending
on MV =0, M® =0 and M® = 0, only one of eight
fields of ¢ p is well defined, while the others cannot be
normalizable.
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Moreover, the zero-mode fermions lﬂé;(z(l), 7@, 7)) are
also constructed of ¢j£;(z(g)) on each torus, and from
Eqs. (85) and (86), ’f (z'¢)) satisfy Eq. (119). Then, since
Pp(z, 2@, z¥) do not, in general, satisfy the physical

|
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state conditions (125) and (127) on (T2 X T?> X T?)/
(Zy X Zy1), we may need to take appropriate linear com-
binations of them in order to obtain the physical states
Wz, z?), z). Thus, the physical states are given by

N-1 N'-1 ot i —(N'— N T T
‘Ifé,(z“), 7@, 70y = N7 Z l—[ oimm (2], —(N=Ongt)/N Z l—[ ol Qg —( )/ W () 0 4
(=0 g=1,2 '=0 g'=23

T =

nyny

where N’ is the normalization factor,
(n,1,, nyty, 0) and T;l,zng = (0, nhth, nt}).

As a conclusion similar to (7% X T?)/Zy, we would
like to note that the number of zero-mode fermions for
(T? X T? X T?)/(Zy X Zy1) is given by a multiple of N
and N'. This result leads to an important conclusion—that
there is only one possibility to derive the three generations
of matter, i.e., (N, N; MY, M@ MO) = (3,3;3,3,3) on
(T? X T? X T?)/(Zy X Zy). Furthermore, we consider the
case of (T? X T? X T?)/(Zy X Zy+ X Zyn), which also im-
poses the additional Zy» shift symmetry on the first and

(138)

[

third tori, which relates the first torus with the third one as
(0, 7@, 73y ~ () + e}"\jx”i” @ 0 4 e;’;%"fz’)_ Then, we
obtain an important conclusion that there are only
two possibilities for deriving the three generations of
matter, i.e., (N, N', N'; M), M@ M®) = (3,9,3:3,9,9),
(3,9,9;9,9,9), up to the permutation of parameters for the
magnitude of fluxes and the shift symmetries. (See
Appendix B.) These results coincide with that of the
operator formalism.

In the same way, the wave functions with Z, and Zy»
charges, « and &/, are given by

N—1
\IjéJKK'(Z(l)’ Z(2)’ Z(3)) = N Z l_[ ei77'€mg(2jg—(N—@)ngtg)/Ne—Zn'i{’K/N

=0 g=1,2
N'—1

X Z l_[ eiw{’m;/(2]177(N/,{5/);1;/f;,)/N/e_ZWM/K//NIlp iy
P

=0 g'=2,3

where each of k and k' is some integer.

+0T!

JHLT .
23 (70, 7 0,

(139)

E. Flavor structure

Here we study the flavor structure in shifted orbifold models with magnetic fluxes. First we give a brief review on the
torus models [10]. As seen in Sec. Il A, if M > 0, the number of zero modes is equal to M on T2, and those wave functions
are written by ’. (j =0,..., M — 1) in Eq. (85). Each mode has the Z,, charge j, which corresponds to the quantized

coordinate or momentum in terms of Y and P. Such Z,, transformation is represented on

(yp/) =

by

lpO
lﬂl
(140)
l’bll'd—l
, (141)
pM—l

where p = ¢27/M_They also have another symmetry under the cyclic permutation,
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W= it

where ™ = °. This cyclic permutation Z;f) is repre-
sented on the multiplet (140) by

(142)

010 -+ 0
001 --- 0

C= . (143)
000 --- 1
0

These generators, Z and C, are not commutable but satisfy
the following algebraic relation,'?

CZ = pZC. (144)

Hence, the flavor symmetry including Z and C is a non-
Abelian symmetry. Its diagonal elements are written by
Z™(ZY withm,n=0,...,M — 1, where

p

7' = (145)

p

on the multiplet (140). Then, this flavor symmetry would
correspond to (Z,, X ij)xZE‘? on T? (see for review on
non-Abelian discrete flavor symmetries [28]).1

Suppose that each of three tori has the magnetic flux
corresponding to M®) (g = 1,2, 3), where M(®) > 0. Then,
there are M®) zero modes on the gth torus. Their symmetry

is the direct product of [T)_, (Z,0 X Z;W(g))xZﬁ)g,. In order
to realize the three-generation models, we choose the
magnetic fluxes as (M), M@ M®) = (3,1,1) or their
permutations. In this model, only one torus, e.g., the first
torus for (MM, M@ M) = (3,1, 1) is important to the
flavor structure. That is, the three generations of fermions
are quasilocalized at places different from each other on
the first torus, while those sit at the same places on the
other tori. Thus, the zero-mode profiles on the first torus are
important to realize the mass ratios between three gener-
ations, while the zero-mode profiles on the other tori are
relevant to the overall strength of Yukawa couplings. This

model has the flavor symmetry (Z; X Z’S)ngc) isomorphic
to A(27).

It would be obvious that the 72/Z, model has a flavor
structure similar to the above. However, the (T2 X T?)/Zy
model as well as the (72 X T?)/Zy X T? model has a
different flavor structure. As an illustrating model, we
consider the (72 X T?)/Z; model, which leads to the three

generations by choosing M) = M@ = 3. Before the

3The symmetry, which is called the magnetic translational
group, has been discussed in Refs. [5,27].

4Similar flavor symmetries are obtained, e.g., within the
framework of heterotic orbifold models [29].
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Z5 shifted orbifolding, there appear the three zero modes
lﬁjg(z(g)) with ¢ = 1,2 and j, = 0, 1, 2 on each torus, and
a total of nine zero modes. They have the flavor symmetry
(Z3 X Zg)ngc) on each torus, and the total symmetry is
their direct product.

By Z; shift orbifolding with (m, ny, my, ny) =
(1,0, 1, 0) corresponding to Eq. (121), only the three zero
modes ¢/(zV) ® 37/(z?) with j = 0, 1, 2 remain, but
the others /1(z") ® 72(z?) with j, + j, # 0 (mod 3)
are projected out. Through orbifolding, the Z,,u_; and
Zy»—3 symmetries (141) on the first and second tori,
respectively, are broken into the diagonal Z; one. The other
symmetries such as Z;W) and Z;ﬁ&,) are also broken into the
diagonal ones. Then, the flavor symmetry A(27) X A(27)
is broken into the diagonal one A(27). The flavor symmetry
itself is the same as one in the three-generation model on
T? X T? X T? without shifted orbifolding. However, in the
three-generation model on (7% X T?)/Zs, the zero-mode
profiles of the three generations are localized at places
different from each other on both the first and second
tori. That is, both tori are relevant to the flavor structure
and mass ratios depend on geometrical aspects of both tori
such as complex structure moduli.

We have studied quite simple models so far.
Furthermore, the flavor structure of shifted orbifold models
can become richer in slightly extended models. Suppose
that there is an additional U(1) gauge symmetry. We do not
introduce the magnetic flux background for the additional
U(1), but we embed Z; shift orbifolding into this additional
U(1). That is, the fermion with the additional U(1) charge
¢', which is an integer, has the phase ¢>74'/3 In this case,
the zero modes, //(z;) ® 37/(z,) with j = 0, 1, 2, do not
survive in the above model, but the zero modes, /(z;) ®
37 7%K(z,) with j = 0, 1, 2 and k = —¢/, survive through
the Z5 shift orbifolding. The surviving number, i.e., 3, does
not change, but the combinations of surviving wave func-
tions depend on the U(1l) charge ¢'. Hence, the flavor
structure becomes rich. For example, when this charge ¢’
corresponds to the hypercharge, the three generations of
quarks and leptons have quite an interesting flavor struc-
ture. We will study such model building and its flavor
structure elsewhere.

IV. CONCLUSIONS

We have studied the U(1) gauge theory on some shifted
orbifolds with magnetic flux and proposed a mechanism to
obtain the generation of matter in the standard model. On
the space, we consider the behavior of fermions in two
different means. One is the operator formalism for the
quantum mechanical system and the other is the wave
functions for the field theory. The operator formalism turns
out to be useful to analyze the general structure of the
spectrum. On the other hand, the wave function approach
becomes important for computing the four-dimensional
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Yukawa coupling of phenomenological models on the
shifted orbifolds that we consider in this paper. We inves-
tigated the relations between the magnetic fluxes and the
number of degeneracy of zero-mode fermions in both
approaches and showed the results to be consistent with
each other.

Then we found that the number of degeneracy of zero-
mode fermions is related to N of Zy, that is, the geometry
of space such as (7% X T?)/Zy. Actually, while there
existed no constraint for the degeneracy of zero-mode
fermions on T?/Z,, we obtained the constraint on the
degeneracy of zero-mode fermions on (72 X T?)/Zy;
that is to say, the number of degeneracy of zero-mode
fermions is always a multiple of N.

This result is phenomenologically very important,
because we have a unique choice of (N;M,, M,) =
(3; 3, 3) if we want to construct a model deriving the three
generations of matter on M* X (T2 X T?)/Zy with the
magnetic fluxes (M, M@). In a similar way, we found
some candidates for the models to derive the three gener-
ations of matter in cases of (T2 X T? X T?)/(Zy X Zy1)
and (T? X T> X T?)/(Zy X Zyt X Zy»). In the case
of (T> X T?> X T?)/(Zy X Zy'), the candidate to derive
the three generations of matter is that (N,N';M O
M M®)=(3,3;3,3,3). In the case of (T2XT2XT?)/
(Zy X Zyi X Zyn), the candidates to derive the three gen-
erations of matter are that (N,N’,N";M"D M®@ pM®)=
(3,9,3;3,9,9),(3,9,9;9,9,9) up to the permutation of
parameters for the magnitude of fluxes and the shift sym-
metries. Thus, we may conclude that a very restricted class
of shifted orbifold models can produce the three genera-
tions of matter, in general.

We comment on the difference between the shifted
orbifold and the twisted orbifold. On the twisted orbifold,
there are fixed points. Thus, there is the degree of freedom
to put localized matter fields on the fixed points in the
twisted orbifold models with magnetic fluxes. There is no
such a degree of freedom in the shifted orbifold models,
because there is no fixed point. Hence, the spectrum of the
shifted orbifold models is completely determined by the
shift and magnetic fluxes.

For the three-generation models, the torus models with-
out shifted orbifolding and the shifted orbifold models
would lead to the same flavor symmetry, ie., A(27).
However, while only one of the tori is relevant to the flavor
structure in the former, two or three tori are important to
the flavor structure in the latter. These behaviors would
lead to phenomenologically interesting aspects. We would
study realistic model building and its phenomenological
aspects elsewhere.

Our approach is a field-theoretical one. However, our
model building, shifted orbifold with magnetic fluxes may
be embedded into heterotic string or type II string theory.
Such a study would be quite important, but it is beyond our
scope.
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APPENDIX A: Zy SHIFTED ORBIFOLDING AND
BASIS TRANSFORMATION

In this Appendix, we discuss the general form of Zy
shifted orbifold and its transformation into the simple form
using a basis transformation of the torus bases. We can
define the 72/Zy shifted orbifold as the general identifi-
cation,

1
Zy:y~y+ N(rlul + rauy), (A1)
where N is some positive integer, and the gcd of the
integers r; and r,, say r, is relatively prime with N.
However, a choice of lattice bases (u;, u,) is not unique,

and we can take another lattice base (u'|,u’,) using a
matrix U € SL(2, Z) as

()= (:)
u', u, )
and a suitable choice of a new basis leads to the simple

shifted orbifold form like Eq. (21). Since we assumed that r
is the gcd of ry and r,, both of them can be expressed as

(A3)

(A2)

r, = ar, r, = Br,

where each of « and 8 is some integer. Since « and 3 are
relatively prime with each other, there exist some integers
v and & such that

ad—By=1 foriy3sez (A4)
Constructing the SL(2, Z) matrix
_(« B
h W
we can take a new basis,
o)~ (i)
= U , A6
(u/2 ", (A6)
in which the shifted orbifold (A1) is written as
Zy: y~y+£u’1. (A7)

N

Since r and N are relatively prime with each other, they
satisfy
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pr—gN=1 forip igeZ (A8)

Using the above integer p, we can define the new
identification as

1
Z}V:y~y+ﬁu1~y+—ul, (A9)

N N
up to the torus identification.
In a similar way, we can define the (72 X T?)/Z,y shifted
orbifold as the general identification

1 1 1
Zy: (y(l), y(z)) ~ (y(l) + N(”n"(l )+ ”12"(2 )), y(z)

1
+ oy (e + rzzu(f))), (A10)
where N is some positive integer, each of r, j(g, j=1,2)is
some integer, and &) which are defined as the ged of ry
and r,, are relatively prime with N. Changing the lattice
bases like Eq. (A7), we can rewrite this identification as

) 2 1 v n e r® @
Zy: (yW, yl ))N(y(”rﬁul ,y()+ﬁul ) (ALI)

We have to note that each of (&) is relatively prime with
N, ie.,

per® —q,N=1 for3p,iq, €Z (A12)

Using p,, we can put 7@ to 1 and define the new identi-
fication as

d 1
Zy: (0, y@) ~ (y“) oy - ﬁu?)), (A13)

where

d= p,r'V >0, (Al4)

The above ZJ, shifted orbifolding is nothing but Eq. (47).

In the case of (T? X T? X T?)/(Zy X Zy), the situation
is a little bit different. For the Zy shifted orbifold, we can
apply the same argument which leads us to the simple
shifted orbifold,

d I
Zy: Y0,y y) ~ (y“) +ui, y? + —al?, y(3)),
N N
(A15)

where each of N and d is some positive integer and d is
relatively prime with N. However, for the Z,: shifted
orbifold, we cannot apply the same argument at the same
time since we are unable to execute a basis transformation
for the second torus anymore. Because we already exe-
cuted a basis transformation for the second torus to sim-
plify the Z shifted orbifold, we thus have to assume the
general form when we consider the Z, shifted orbifold.
However, for the third torus, we can still execute a basis
transformation which means that the Z shifted orbifold is
given by

PHYSICAL REVIEW D 87, 086001 (2013)
1
ZN/: (y(l)> y(2): y(’i)) -~ (y(l)) y(2) + ﬁ(slu(f) + Szu(ZZ))) y(3)

d @
)

v (A16)

where each of N’ and d' is some positive integer and each
of s; and s, is some integer. When we define s’ as the ged
of 51 and s,, the ged of s" and d’ is relatively prime with N'.

APPENDIX B: THE DEGENERACY OF SPECTRUM
ON (T> X T*> X T?)/(Zy X Zp: X Zpn)

We here discuss the degeneracy of the spectrum on
(T? X T? X T?)/(Zy X Zy» X Zy») shifted orbifold with
the identifications (70). We define N, N’ and N as

N = l1d»dy3dp3, N' = Ldydysd) s,

N" = Lyd 3dyd, a3, B

where any pair of /|, /,, and /5 are relatively prime with
each other, d;,3 is the gcd of N, N’, and N”, d, is relatively
prime with each of [, [, and d|,3, dy;3 is relatively prime
with each of 1,, I3, and d,3, and d3 is relatively prime with
each of [}, I3, and d 3. Since d; is the gcd of N and N/, d,
is the gcd of N’ and N”, and dj is the gcd of N and N, we
can rewrite d], dz, and d3 as d] = d13d123, d2 = d]2d123,
and d; = d,3d 53, respectively. The magnitude of flux on
each torus turns out to be of the form

M(l) = [ll] l3dl3d12d23d123’
M(z) = [lelzdl3d12d23d123’
MO = t30513d 3d 12 dy3d 23,

(B2)

where each of 1, t,, and 73 is some integer. Then it follows
that the number of degeneracy is given by

N N/ N//

=4l
Intas| Y

NN/N// -
which is the result of Eq. (71). When we want to
construct (T?> X T?> X T?)/(Zy X Zy» X Zy»)  shifted
orbifold models with the three generations, there are only
two possibilities up to the permutation of parameters
for the magnitude of fluxes and the shift symmetries.
One is (N, N, N"; MV, M® M®) = (3,9,3;3,9,9) on
t1=t2=t3=1, ll=l3=d12=d13=d23=1, and
l, = dp; = 3. The other is (N, N/, N"; MY, M@ M) =
(3,9,9,9,9,9) on tl = t2 = t3 = 1, ll = l2 = l3 = d12 =
d13 = 1, and d23 = d123 = 3.

(B3)

APPENDIX C: REDEFINITION OF FIELDS
AND a; PARAMETERS

We consider the relation between the redefinition of
fields A(z,Z) and ®(z,z) and a;(€ R) parameters in
xi(z, Z), which are given by
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b
x1(z2) =—1Im(z+a) + a2y
2ImT q (C1)
b T
X2(z 2) = —— Im(7(z + a)) + —=.
2ImT q

Let us redefine ®(z, 7) in Eq. (78), which has the U(1)
charge ¢q, by

PD(z, 7) = eRGIP(g, 7), (C2)

where vy is any complex number. With this the redefinition,
the covariant derivatives for @ can be written by

(az - iqu)q)(Z, Z) = eiqRe(?Z)(aZ - ith'z)(i)(Z, Z)!
(0: — igADD(z,2) = €T, — igh )bz, 2)

(C3)

Here we defined A, and A; as A, = A, — y/2 and A, =
A — /2, respectively. Then the Wilson line phases of A
are given by @ = a — yIlmr/b.
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We notice that under the transformation ® — & and
A— A, the Lagrangian density £ is invariant, i.e.,
L(A, @) = L(A, ®). Defining j; as

X1(z.2) = x1(z, 2) — Rey,

(C4)
X2(2,2) = x2(z, 2) — Re(7y),
we can check that A and ® with X satisfy
A+ 1,2+1)=A4(z2) +dy(z 2)
Az+ 17+ 7) =A2) +dip(z 2), (C5)

Dz + 1,7+ 1) = e 40@ID(g, 7),
Oz + 71,7+ 7) = 10CIP(z 7).

If we take vy to satisfy wa; — gRey =0 and wa, —
gRe(7y) =0, we obtain d=a— im(a;7+ ay)/qb.
Thus, since we can take any 7y, we can always make
«; absorbed into the Wilson line phase a by the redefini-
tion of fields. This result can be applied in the multitorus
case.

[1] C. Bachas, arXiv:hep-th/9503030; R. Blumenhagen, L.
Goerlich, B. Kors, and D. Lust, J. High Energy Phys. 10
(2000) 006; C. Angelantonj, I. Antoniadis, E. Dudas, and
A. Sagnotti, Phys. Lett. B 489, 223 (2000); R.
Blumenhagen, B. Kors, and D. Lust, J. High Energy
Phys. 02 (2001) 030.

[2] D. Cremades, L.E. Ibanez, and F. Marchesano, J. High
Energy Phys. 05 (2004) 079.

[3] R. Blumenhagen, M. Cvetic, P. Langacker, and G. Shiu,
Annu. Rev. Nucl. Part. Sci. 55, 71 (2005); R.
Blumenhagen, B. Kors, D. Lust, and S. Stieberger, Phys.
Rep. 445, 1 (2007).

[4] R. Blumenhagen, L. Goerlich, B. Kors, and D. Lust, J.
High Energy Phys. 10 (2000) 006.

[5] M. Sakamoto and S. Tanimura, J. Math. Phys. (N.Y.) 44,
5042 (2003).

[6] Y. Kawamura, T. Kinami, and K. Y. Oda, Phys. Rev. D 76,
035001 (2007); Y. Kawamura and T. Miura, Phys. Rev. D
81, 075011 (2010).

[71 Y. Fujimoto, T. Nagasawa, K. Nishiwaki, and M.
Sakamoto, Prog. Theor. Exp. Phys. 023B07 (2013); Y.
Fujimoto, K. Nishiwaki, and M. Sakamoto,
arXiv:1301.7253.

[8] H. Abe, T. Kobayashi, H. Ohki, A. Oikawa, and K.
Sumita, Nucl. Phys. B870, 30 (2013).

[9] H. Abe, K.-S. Choi, T. Kobayashi, and H. Ohki, J. High
Energy Phys. 06 (2009) 080.

[10] H. Abe, K.-S. Choi, T. Kobayashi, and H. Ohki, Nucl.
Phys. B820, 317 (2009).

[11] H. Abe, K.-S. Choi, T. Kobayashi, and H. Ohki, Phys. Rev.
D 80, 126006 (2009); Phys. Rev. D 81, 126003 (2010).

[12] M. Berasaluce-Gonzalez, P. G. Camara, F. Marchesano, D.
Regalado, and A.M. Uranga, J. High Energy Phys. 09
(2012) 059.

[13] Y. Hamada and T. Kobayashi, Prog. Theor. Phys. 128, 903
(2012).

[14] 1. Antoniadis and T. Maillard, Nucl. Phys. B716, 3 (2005);
I. Antoniadis, A. Kumar, and B. Panda, Nucl. Phys. B§23,
116 (2009).

[15] K.-S. Choi, T. Kobayashi, R. Maruyama, M. Murata, Y.
Nakai, H. Ohki, and M. Sakai, Eur. Phys. J. C 67, 273
(2010); T. Kobayashi, R. Maruyama, M. Murata, H. Ohki,
and M. Sakai, J. High Energy Phys. 05 (2010) 050.

[16] P. Di Vecchia, R. Marotta, 1. Pesando, and F. Pezzella, J.
Phys. A 44, 245401 (2011).

[17] H. Abe, T. Kobayashi, H. Ohki, and K. Sumita, Nucl.
Phys. B863, 1 (2012).

[18] H. Abe, T. Kobayashi, and H. Ohki, J. High Energy Phys.
09 (2008) 043.

[19] H. Abe, K.-S. Choi, T. Kobayashi, and H. Ohki, Nucl.
Phys. B814, 265 (2009).

[20] S. Groot Nibbelink
arXiv:1212.4033.

[21] K.-S. Choi and J.E. Kim, Lect. Notes Phys. 696, 1

and P.K.S. Vaudrevange,

(2006).

[22] A.N. Schellekens and N. P. Warner, Nucl. Phys. B308, 397
(1988).

[23] E.J. Chun and J.E. Kim, Phys. Lett. B 238, 265
(1990).

[24] T. Kobayashi, N. Ohtsubo, and K. Tanioka, Int. J. Mod.
Phys. A 08, 3553 (1993); H. Kawabe, T. Kobayashi, and
N. Ohtsubo, Prog. Theor. Phys. 88, 431 (1992).

086001-17


http://arXiv.org/abs/hep-th/9503030
http://dx.doi.org/10.1088/1126-6708/2000/10/006
http://dx.doi.org/10.1088/1126-6708/2000/10/006
http://dx.doi.org/10.1016/S0370-2693(00)00907-2
http://dx.doi.org/10.1088/1126-6708/2001/02/030
http://dx.doi.org/10.1088/1126-6708/2001/02/030
http://dx.doi.org/10.1088/1126-6708/2004/05/079
http://dx.doi.org/10.1088/1126-6708/2004/05/079
http://dx.doi.org/10.1146/annurev.nucl.55.090704.151541
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://dx.doi.org/10.1088/1126-6708/2000/10/006
http://dx.doi.org/10.1088/1126-6708/2000/10/006
http://dx.doi.org/10.1063/1.1616203
http://dx.doi.org/10.1063/1.1616203
http://dx.doi.org/10.1103/PhysRevD.76.035001
http://dx.doi.org/10.1103/PhysRevD.76.035001
http://dx.doi.org/10.1103/PhysRevD.81.075011
http://dx.doi.org/10.1103/PhysRevD.81.075011
http://dx.doi.org/10.1093/ptep/pts097
http://arXiv.org/abs/1301.7253
http://dx.doi.org/10.1016/j.nuclphysb.2013.01.014
http://dx.doi.org/10.1088/1126-6708/2009/06/080
http://dx.doi.org/10.1088/1126-6708/2009/06/080
http://dx.doi.org/10.1016/j.nuclphysb.2009.05.024
http://dx.doi.org/10.1016/j.nuclphysb.2009.05.024
http://dx.doi.org/10.1103/PhysRevD.80.126006
http://dx.doi.org/10.1103/PhysRevD.80.126006
http://dx.doi.org/10.1103/PhysRevD.81.126003
http://dx.doi.org/10.1007/JHEP09(2012)059
http://dx.doi.org/10.1007/JHEP09(2012)059
http://dx.doi.org/10.1143/PTP.128.903
http://dx.doi.org/10.1143/PTP.128.903
http://dx.doi.org/10.1016/j.nuclphysb.2005.03.026
http://dx.doi.org/10.1016/j.nuclphysb.2009.08.002
http://dx.doi.org/10.1016/j.nuclphysb.2009.08.002
http://dx.doi.org/10.1140/epjc/s10052-010-1275-9
http://dx.doi.org/10.1140/epjc/s10052-010-1275-9
http://dx.doi.org/10.1007/JHEP05(2010)050
http://dx.doi.org/10.1088/1751-8113/44/24/245401
http://dx.doi.org/10.1088/1751-8113/44/24/245401
http://dx.doi.org/10.1016/j.nuclphysb.2012.05.012
http://dx.doi.org/10.1016/j.nuclphysb.2012.05.012
http://dx.doi.org/10.1088/1126-6708/2008/09/043
http://dx.doi.org/10.1088/1126-6708/2008/09/043
http://dx.doi.org/10.1016/j.nuclphysb.2009.02.002
http://dx.doi.org/10.1016/j.nuclphysb.2009.02.002
http://arXiv.org/abs/1212.4033
http://dx.doi.org/10.1007/b11681670
http://dx.doi.org/10.1007/b11681670
http://dx.doi.org/10.1016/0550-3213(88)90570-6
http://dx.doi.org/10.1016/0550-3213(88)90570-6
http://dx.doi.org/10.1016/0370-2693(90)91734-S
http://dx.doi.org/10.1016/0370-2693(90)91734-S
http://dx.doi.org/10.1142/S0217751X93001430
http://dx.doi.org/10.1142/S0217751X93001430
http://dx.doi.org/10.1143/PTP.88.431

YUKIHIRO FUJIMOTO et al.

[25] K.-i. Kobayashi and M. Sakamoto, Z. Phys. C 41, 55
(1988); M. Sakamoto, Mod. Phys. Lett. A 05, 1131
(1990); Prog. Theor. Phys. 84, 351 (1990).

[26] Y. Imamura, M. Sakamoto, and M. Tabuse, Phys. Lett. B
266, 307 (1991); Y. Imamura, M. Sakamoto, T. Sasada,
and M. Tabuse, Nucl. Phys. B390, 291 (1993).

[27] S. Tanimura, J. Math. Phys. (N.Y.) 43, 5926
(2002).

PHYSICAL REVIEW D 87, 086001 (2013)

[28] H. Ishimori, T. Kobayashi, H. Ohki, Y. Shimizu, H. Okada,
and M. Tanimoto, Prog. Theor. Phys. Suppl. 183, 1 (2010);
Lect. Notes Phys. 858, 1 (2012).

[29] T. Kobayashi, S. Raby, and R.-J. Zhang, Nucl. Phys. B704,
3 (2005); T. Kobayashi, H.P. Nilles, F. Ploger, S. Raby,
and M. Ratz, Nucl. Phys. B768, 135 (2007); P. Ko, T.
Kobayashi, J.-h. Park, and S. Raby, Phys. Rev. D 76,
035005 (2007); 76, 059901(E) (2007).

086001-18


http://dx.doi.org/10.1007/BF01412578
http://dx.doi.org/10.1007/BF01412578
http://dx.doi.org/10.1142/S021773239000127X
http://dx.doi.org/10.1142/S021773239000127X
http://dx.doi.org/10.1143/PTP.84.351
http://dx.doi.org/10.1016/0370-2693(91)91045-W
http://dx.doi.org/10.1016/0370-2693(91)91045-W
http://dx.doi.org/10.1016/0550-3213(93)90458-2
http://dx.doi.org/10.1063/1.1513208
http://dx.doi.org/10.1063/1.1513208
http://dx.doi.org/10.1143/PTPS.183.1
http://dx.doi.org/10.1007/978-3-642-30805-5
http://dx.doi.org/10.1016/j.nuclphysb.2004.10.035
http://dx.doi.org/10.1016/j.nuclphysb.2004.10.035
http://dx.doi.org/10.1016/j.nuclphysb.2007.01.018
http://dx.doi.org/10.1103/PhysRevD.76.035005
http://dx.doi.org/10.1103/PhysRevD.76.035005
http://dx.doi.org/10.1103/PhysRevD.76.059901

